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Online Appendices
Appendix A: Proofs

Proof of Lemma 1: Clearly, formulation (2) is a special case of formulation (1). To show the opposite
direction, we transform formulation (1) into (2), whose coefficients and states are represented by hat symbols.
Let n=mnp, m=m+p—1, and divide stage ¢ into p sub-stages {i1,...,i,}. At the start of stage i, let
X, = (x4,yi,) € R™PP~1 and y,;, = 0. The multivariate action u; can be decomposed as follows. For j =
1,...,p—1, let 4;; =u;(j) (jth component of u;) and %X;,,, = (x;,¥s,,,), where y;, (k) =y, (k) for k#j
and y;, MO @;;. In other words, we record the action u by the auxiliary state vector y. Meanwhile, let
S',-j =S, and C = 0. For Jj=p, let 4;, = u;(p) and flip, éip, and C’ip be the same as A;, B;, and C;, except
that y;, = u;(1:p—1) is now the state rather than the action. Hence, stage 4, of the new formulation is
equivalent to stage i, the formulation (1). In terms of the constraint, Fg. ,;x; < Dy, ,u; < G, ;X; is considered
only at sub-stage i;, where u,(i;/) is the last component appearing in the constraint, i.e., Dg, ;(i;) # 0,
while Dg, ;(ij/41) =---= Ds, ;(i,) = 0. This naturally defines a constraint at sub-stage i;/, as the first j' —1
components of u; are recorded by the endogenous state Yij - It is easy to see that the transformed problem,

in the form of (2), is equivalent to the original problem. O

LEMMA 2. If (4) holds, then V;(x;,S;,u;) is strictly convex in u; for any (x;,S5;) €R™ x {s1,...,8} and
i=0,...n—1.
1

)\I/}(xi7Si,u§1)) +(1- )\)Vi(xi,Sl-,ugm) > Vi(thh)\uEI) +(1- ,\)uﬁf")). For any feasible policy {u;}};, the

Proof of Lemma 2: We show that for any A € (0,1) and two feasible actions wu and ugz)’
realized cost-to-go is convex by the condition. Because expectation is simply a weighted sum of all re-

alizations, the expected cost-to-go is also convex. Let {uil)};’:iJr1 and {uf)}?:iJrl be the corresponding
(1) (2)

policies that minimize the cost starting from ¢+ 1 after ;" and u;”’ are taken at ¢. We can define a policy
{)\ugl) +(1- )\)u§2) 11, Clearly, it is a feasible and non-anticipating policy. Its expected cost-to-go is less than
AV (x4, Si,u§1)) + (1= N)Vi(xi, S,-,UEQ)) by the convexity shown above. Because it is a member of all feasible
policies with u; = )\ugl) +(1- )\)u§2), the expected cost is greater than equal to V;(x;,.S;, )\ugl) +(1- )\)ul(?)).
This completes the proof. [

Proof of Theorem 1: Now, we prove Theorem 1 by backward induction, naturally leading to the parti-
tioning algorithm. For ¢ = n, it is obvious that in the interior of the region (Gs, »)'%Xn < (Fs, n)'Xn, the
problem is infeasible. We rearrange the objective function of the last stage into as, ,uZ + (bs, n) Xntn +
X,,Cs, ,nXn, Wwhere a € R, b€ R™ and ¢ € R™*™. By Lemma 2, ag, , >0, and the unconstrained minimizer
is @} (Xpn,Sn) = —(bs, .n) Xn/2as, n, a linear function of the state x,,. For each k=1,...,] and S,, = 55, we
partition the feasible state space by the linear boundaries 4} < (Fs, n) Xn, (Fs, n)'%Xn < U5 < (Gs, n)'Xn
and (Gs, »)'%x, < u}. In each region, we let u’ = (Fs, »)'Xn, v =u) and u’ = (Gg, ) Xn, respectively,
and compute the quadratic value function. For differentiability, it is sufficient to check the boundaries, e.g.,
(Fs, n+bs, n/2as, n)'%x, =0. One can easily verify that the value functions of the two neighboring re-
gions differ by ag,, x},LL'x,,, where L = Fs_ , +bs, n/2as, ». Therefore, they have equal gradients at the

boundary, and J,, is differentiable if (Gg, , — Fs, »)'%xn > 0.
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Suppose that the result holds for i + 1. At time i, we define a refinement {2:*1}“4" of all partitions
{Prit Vit b =1,...,1, i.e., two points belong to the same region in {Z271}"1" if and only if they
belong to the same region of all [ partitions. For S; = s, in the feasible region (st,i - st,i)’xl- <0, consider

the set of (x;,u;) that transit into the region 2! contained in ZF**1 for k=1,...,1. We require 2!

to be a feasible region if Pj(li) > 0. The unconstrained minimizer % is given by a scalar quadratic program:

’
. . U, U () kyit1
Us aruglggn{<){:) Cs;,z( Z)"‘E :P]k X1 Ny, ’ +1}

= argmin {asm,u + (bs, i) Xius + X, i X }
when we substitute in x;4; Zeﬁsj iX; + By, ;u;. Because a is positive, as implied by Lemma 2, 4} =
—(bs,,i)'%:/2as, ; is a linear function of x;. Because of the differentiability of J;1 and, thus, Vi(-,s;,-), the
minimum of the Bellman equation is attained if and only if one of the following occurs: (1) @; < (Fj, :)'%;
and uj = (Fy,:)'%; (2) (Fs, )% <0 < (G, )% and u) = a5 or (3) (G, 5)'x; <) and uj = (G, ) X;.

Each corresponds to a region of the state space bounded by the following:

(1) (A i + B, z(FSj,z')l) X; € «@f,;i+17 *(bs,,z‘),xi/QasJ,i < (F.

SJ, Sj»

i)', (FSj,i - GSJ,i)IXz' <0;

(2) (ASj,i - BSN( 545 ) /QCLSJ )Xi S @Jf,;iﬂy (st,i)lxi < _(ij,i)lxi/za‘Sj,i < (st-,i)lxi;

(3) (ASj,i +BSj,i(G5j,i),) X; € ngkiiﬂ, (GSj,i)/Xz‘ < —(bsj,i),Xi/Qasj,n (st,i - st-,i)lxi <0
for all k=1,...,1 such that Pj(,? > 0. By the induction hypothesis, 2F,"*! is a polyhedron. Hence, the
boundaries above are linear in x;. We substitute in «}, which is linear in x;, into the Bellman equation and
compute the value function, which is quadratic in x;.

We then show that the regions defined above for all possible (r1,...,r;) are disjoint and form a partition
of R™. If the intersection of two regions has interior points, then for any such interior point, there exist
uj # u?, being a local minimizer and bringing x; to x},; and x7,, in different regions at i + 1 for at least
one S; ;1 = si. However, this possibility is ruled out by Lemma 2 because of the strict convexity of V; in w;.
Moreover, the points that are not covered in any region listed above must be infeasible.

Finally, we show that J;(-,s;) is differentiable in the interior of the feasible set of the state space for all
j=1,...,1. If a boundary L'x; =0 is of the type (Fs, ; +bs, i/2as,:)x;i =0 or (Gs, ;+bs,,i/2as,,:)%; =0,
the differentiability can be shown, similar to the case i = n. If the boundary is inherited from ¢+ 1, then
because of the differentiability of J;,1, the value function is differentiable at the boundary. Suppose that
Ji(-,s;) is non-differentiable at some x;. Then, we can always find a boundary that contains x;, and the
gradients of the value function of the two neighboring regions are not equal at the boundary. This cannot
occur because the boundary must be of either or both types. Therefore, we have completed the inductive
step. O

Proof of Proposition 1: Note that the Bellman equation is in the following form:

T
Jn(xn,dann) - (dn + E) Tn

. . . ) — 1 . . p—PiAt . & .
Jl(mladMQl) _OSIE,',Hﬁla:, { (d + Qz) U; +]E [Jz+1 (mz Ui, € <dz+ Qz) 7Q1+1):| }

u;(xn7dn7Qn):mn
ul(z;,d;, Q) = argmin{ (dz + — ) u; + E; [Jz'+1 (mz —uy, e PR (di + &> ,Qi+1)] },
0<u;<a; 2Q; Qq
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where E;[-] = E[-|F;]. Similarly, for (7), we have

Jn(zn’dannan) (M +d +2Qn)1n

- ) u; - .
Ji(xi, di, Qs, M;) :nggilfglwi{ (Mﬁ-dri- QQZ) u; +E; {J¢+1 ($¢—Ui7€ Pl <d‘ Qz> Qit1, z+1>:| }
ﬂjb(xrudannaMn) =Tn

uj (@i, di, Qs M;) :argmin{ (M +d; + )Ui+Ei |:j’i+1 (ifi—une_mm (d' ) Qit1, z+1>:| }
0<u;<z; 2@1 Q

For part (i) and (ii), we use backward induction to show that

Ji(zs, di, Qi My) = Ji(2s,d;, Qi) + 2 M,
ﬁ:(xwduQuMl) :U:(l'“d“Ql)

At time t,,, we have

jn(xnydn7Qn7Mn) <d +2Q )xn+ngn:Jn(lnvdnaQn)+ngn
f:z(xnvdanmMn):wn:xn(xmdnaQn)a

and the result holds. Suppose that at stage ¢ + 1, we have

ji-H (Ii+17 di+1aQi+17Mi+1) = Ji+1(1‘i+17 di+1, Qi-H) + $i+1Mi+1

U (Tigr, digr, Qirs Migr) =y (Tig1, digr, Qi)

Then, according to the Bellman equation, we have

. U
+E; Ji+1< —u;,e it (d JrQ ) Q'H»l) JrEi[(lEz'*Ui)MiH]}

o {3 o

+E; | Jita (xl_uue pifh (d +Q> Q1+1> + (@ —u;)M;

— i ) . ; g e PiAL g U ) M.
=, min, { (0 g5 ) B s (et (a0 5 ) @) o

=J(x;,d;, Q) +x; M,

because M; is a martingale. Given that the optimization problem of u; does not involve M;, we can deduce
that u} and @} must be equal. Thus, the result is proved by induction.
For part (iii), we first show that J;(z;,d;, @Q;) is an increasing function of d; by backward induction: It is

straightforward for ¢,,; the inductive step is given by the Bellman equation

Ji(xi,di, Q;) :OSIBEISIW{ (di+ ;g) u; +E; |:Ji+1 ( —ug,e it <d + 0 ) Q7,+1):| }
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Note that the expectation is increasing in d; by induction. Thus, J; increases in d;. Next, in the above
Bellman equation, p; appears only in d; ;. As J is increasing in d, it must be decreasing in p.

For part (iv), we use backward induction to prove a stronger result: J;(z;,d;, Q%) < Ji(z;,d;, Q;) for Q} >
Q;. Note that at time t,,, J,(2n,dn,Qn) = (dn + 2, /2Q,) 2, is a decreasing function of @Q,,. If this is true

for i+ 1, then for i, we have

1
Ji(xs,di, Qs) :O<T£1_i£1m{ <d + )ui+ZP(Qi+1 =5;|Q:)Jis1 < —u;, e P (d + Q-) »Qz+1> }
<ui<w; ~

2Q;

!
. U; . U;
2 { (40 5 ) vt 2@ =@ (e (a0 G ) 0 ) |

By induction, J;; is a decreasing function of @;,;. Thus,

MN

(B(Qist = 5,105 = P(Quss = 5,1Q) M( g, e (d +Q) Qm)

1

.
1

MN

( (Ql+1 _SJ|Q ) (Q1+1 _Sj|Q )) i+1 <I231 —U;, € —pilt (d + a) ) :0

1

.
Il

Therefore, we have shown that J;(x;,d;,Q;) > J;(x4,d;, Q%) for i and have thus completed the proof. [
Proof of Proposition 2: Note that the realized cost can be expressed as follows:

2:?( ;gi)—Xn:<exp<—§ijt>do+§exp< ZpkAt)Q Qz>

i=0

_Z 50, —i—ZeXp ( ZpkAt> Y4 do (Zexp (—;mAt) u,-) .

1<j

If we index the rows and columns from 0, then the symmetric quadratic matrix H € R+Dx(»+1) g in

the form H,;; =1/2Q; and H;; = exp(— fc;i prAL)/2Q; for 0 <i< j<n.If Q;>exp(—2p;At)Q;41 for

1=0,1,...,n—1, then we can perform the Cholesky decomposition of H: Let L be a lower triangular matrix
with
1 1 1
Loo=14/—1, Ly= _ e—2pi—1At Ly=e PitAtL. :
o 2Q0’ \/2Qi ¢ 2Qi—1’ 1= I

for 0 <j <i<mn. It is easy to confirm that LL' = S. Because L;; >0, H is positive definite. Therefore, if
s1 > exp (—2p;At) s, then the realized cost is always convex in {u;}]_,. The same argument holds for the
realized cost starting from stage i for i =0,...,n — 1. Thus, using Lemma 2, we have completed the proof.

O

Proof of Proposition 3: Part (i) is straightforward because the set of all admissible deterministic policies
is a subset of ©. For part (ii), let {Go,d1, -, } be a deterministic vector valued in the space {s1,...,s,}" "'
We construct a sequence of Markov chains {Qi}é’;)ign that converge to {qo,q1,---,Gn}, With volatility agk).
The initial exogenous states Qék) are equal to §p, and their parameters satisfy the following:

a= min min {(SJ76179(M17q2)At)27(q7(+176179(‘11/1752)At)2} > 0.

0<i<n—1s;#Gi+1
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The condition guarantees that the deterministic chain {go,q1,...,4n} is the only likely sample path in
{Qz}(()k<)1<n Let Cc(lg, C§f3 be the optimal costs of the deterministic formulation and the MDP for-
mulation when the market depth follows {Qi}(()kg)igw We will show that if o) — 0 as k — oo, then

1im,€%o‘c§l’;g c®| =o.

sto

First, we compute the likelihood of {go,q1, - -, Gn }:

P({ng, §’€>,--~7QSZ“)}={Cio@l,.--,dn})
:P( (k):@I‘Qék)=@o)P( (= 0100 =0.) P (QW = ,jQ%, = 4. )

_ H exp QH—I - 0(:“/1 Qi)At)2/2(0—(k)Qi)2At)
o exp(—(s j*qz-*G(uifcii)At)Q/?(U(k)fL)QAt)
n—1

-1 i E

Pl Zé’:l exp (7 (Sg—01—9(Mi—Qi)At)2—(Qi+1—Qi—e(ui—Qi)At)2)

2(c(®) G;)2 At
> ! "
T\ L+ (I —1)exp(—a/2(c™G)?At)

=1-0 (exp (_Q(U(k) mai{sj})%t)) ’

as k — o0o. Therefore, the Markov chain {ng)} converges to the deterministic chain in probability.

Next, consider the deterministic optimization problem of {x;}:

n W
i i di+ o=
min Zu ( +2qi)

1=0

s.t. Zui:X, u; >0 1=0,1,...,n

=0

dip1=e P& <d—|— >
i @

The objective function is a quadratic function of u;, and the constraints form a closed set. Hence, its minimum

can be achieved. Denote the optimal cost and an optimal solution as C and {u;}. Let { } be any policy

of ©. We use the notation {wgk)(w)} to emphasize the stochastic nature of the policy. Now, we have
n (k)
E 2" (w) (di w) + W) )}
[Z; 2@““)
w J— -
Z:v’” ( w) + f( ))> 1({Q%", gma---,ng)}?é{quh--qu})}
w

(k)
E Zwﬁ’”(w) (di >+$2q<ﬁ>)) 1({g", 5’”7‘..,@51”}—{ao,qh...,qm]
=0
ZCE |:1({Q(()k)7Q§k)77Q£Lk)}:{607q17,6n})]

>C (1 -0 <exp (*g(ow) mai{sj})w») '

+E
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Therefore, the optimal policy in © can achieve no better optimum than C when k goes to infinity. However,
(k)

if we let w; "’ (w) = 4;, which is a deterministic policy and a special member of ©, then the objective function
is
. i _ ~ i k) (k) (WY _ [7 = ~
E T di(w)+ —5—— || =E z; di(w)+> 1{Q”,Q",....Q! }_{QO7Q1a--~7Qn}):|
; ( 2@5’”<w)> ; < 20" (w)
~ i k) (k) (k) - .
+]E Zi dlw—"_i 1 Q( ) 7"'7Qn # Go,41,---59n
)3 ( (@) 2@5%)) ({Q5, Q) V£ o))

<C+0 <6XP <* 2(o® maZ{Sj})QAt>)

The second term in the last inequality is due to the boundedness of all variables, x, d and ¢. Thus, we have

shown that limy,_, oM =¢.

sto

n

Because the policy {Z;},_, is deterministic, the same argument holds for Cflg, and we can obtain
limg 00 Cc(lg =C. Hence, we have proven that the upper bound converges to the optimal value of the original
problem. [

The Upper Bound for the Complexzity of Both Applications (Section 2.4): To show that (21)"*+! is an up-
per bound for the LOB application, note that the terminal stage has two regions in a partition. Because
m = 2, the refinement of [ partitions, each having k regions, generates [k regions. For each such region,
wait /buy gives two options. Therefore, backward induction multiplies the complexity by 21 at each stage and
leads to the upper bound.

To show the bound for the complexity of renewable electricity management, note that the constraint is
present only at the terminal stage when there are two regions. Thus, only the refinement of [ partitions
creates new regions, which multiplies the complexity by [ at each stage. In the case of binomial noise, we

have m =3 and [ =4, leading to the bound 2{*. [
Appendix B: Details of the Numerical Examples in the Paper

When random noise is unobserved: ~Without loss of generality, consider the following formulation:
n /
Ug Uu;
min E L I OPN 10
o 25 () e (x)] @
st Fix;<u; <Glx;,i=0,...,n
Xit+1 :A1XZ+BZU,L+6,L, 2‘207...,”71,

where ¢; is a Markov chain, and only its distribution conditional on €;_; (not its realization) is known at

stage 4. This fits into the usual setting of random noise. We next show how (10) can be transformed into (2).

> (x2) () "

st Fpxi <ui <G jpxi, 1=0,2,...,2n

7

Consider the following formulation:

min [E

{ui flo

0<u;<0,i=1,3,...,2n—1
Xi+1:Ai/2Xi+Bi/2ui7 2207277277,72

Xi+1:Xi+€(ifl)/27 i:1,3,...,2n71,
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where €(;_1)/2 is observed at 7 if i is odd, as in formulation (2). In formulation (11), we divide each decision
stage i in (10) into a pre-decision stage 2i, when the decision is made, and a post-decision stage 2i+ 1, when
the randomness is realized. It is not difficult to show that (11) is equivalent to (10): Their costs and dynamics
are the same considering the even stages of (11); in terms of the information structure, when decision us; is
made in (11), the decision-maker observes ¢;_; and knows only the distribution of ¢;. Therefore, the setting
of unobserved random noises can be incorporated.

The Matriz Formulation of Example 1: The convexity condition Assumption 1 is clearly satisfied, since
the stagewise cost is convex. The matrix A € R**! does not depend on i and S;. A(1,1) = A(2,2) =
A(j,j+1)=1 for j=2,...,10. For matrix B € R, Bg, ;(2)=1if S; =1 and Bg, ;(11) =1 if S; =9. The
matrix C' € R'?*12 js independent of 4 and S; with C(1,1) =C(2,2) =C(3,3)=1and C(3,2) =C(2,3) = —1.
The matrix F' =0, and there is no upper bound. All unstated components of the matrices are zero. To
incorporate the terminal cost c(x3) = >.12,(z; — 1), we can use the terminal value function V3(x) = c(x3 =
x)=(z—1)24+(x+dy —2)?>+---+ (x+dy + - +do — 10)2, which is quadratic in the endogenous state.

The MDP Formulation of the Electricity Management Problem: We use the pre- and post-decision for-
mulation for unobserved random noise. Let the Markov chain S; be i.i.d. draws of (¢!, ), with four states
s1=(1,1), so = (1,—1), s3=(—1,1) and s, = (—1,—1), from distribution P(s;) = P(s4) = (1 + p)/4 and
P(sg) =P(s3) = (1 —p)/4. Let x = (x,p,d, 1), where 1 represents a state variable that always equals 1. For
i=0,2,4,...,2n—2,

100 0 1 v 01/200
010 0 v 00000
ASj,i: 001 [J/At 7Bs]-,i: 0 705j,i: 1/20 0 00 ’
000 1 0 00 O0O00O0
00 0O00O0

and there is no constraint (no boundaries associated with F' or G are generated in the partition). For
i=1,3,...,2n—1,

100 0
010 o,s;(1)VAL

AS'i: BS'i: 4 Sy — Bx5 FS'i: 4 s, — 4~
i OOlesj(2)\/E » By i =07 Coy i =077, Fyy i =05Gy i =0
000 1
For i =n,
B+n mn 0-n0
n n0-n0
Cys=| 0 0000],
-n —-n0n 0
0 00O0O0

and the constraint is 4 > 0. Then, our algorithm can be applied to solve the optimal trading/production
problem for the power producer. To reduce complexity, one can also replace the state d and x with their
difference d — x.

Although we divide a stage into pre- and post-decision stages, the computational cost is significantly less
than (m,2n,l) because ¢; is white noise: at even stages in (11), there is no dependence on the previous

information, and no further partitions are generated. In fact, the complexity is still (m,n,1).
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Random Coefficient Matrices in the Randomized Computational Experiments (Section 2.4.1): A is the
identity matrix of size m for all (s;,4); the components of B, ; are drawn independently and uniformly
from [—1,1]; for C, we first generate a matrix L € R("+1Dx(m+1) whose components are independent and
uniformly distributed in [—1,1], and then, let C = LT L; F is a zero vector of size m; the components of G are
drawn independently and uniformly from [0, 1]; and the components in the transition probability matrix are
independent and uniformly distributed in [0,1] and then normalized by their row sum. Note that for B, C
and G, we generate [ sets of coefficient matrices (one for each exogenous state). The coefficients are assumed
to be constant over time. We use special forms of A and F'; otherwise, the problem is likely to be infeasible
in the whole state space even for a small n.

The Random Ezperiments for the Applications (Section 2.4.1): For the LOB application, for given m, n
and [, we randomly generate p ~ U(0,6), T ~ U(0,5), x¢ ~ U(0,10000), o ~ U(0,3) and 6 ~ U(0,5), where
U(a,b) is a random variable uniformly distributed within [a,b]. In the electricity application, m =3 ((d,x)
collapsing to a single state d — x, price p and the constant state 1) and [ = 4. We randomly generate
T ~U(1,24), 0, ~ U(0,1), 04 ~ U(0,1000), B ~ U(0,0.2), n ~ U(0,100) and p ~ U(0,0.8) and let v = 0.2,
v=4x1075.



