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Some preliminaries. Let B(t) be the configuration used at time ¢, i.e., B(t) is a column of the

matrix C; see §4. Then, ,
To(t) = / 1{B(s) = c}ds.
0

Define the state descriptor

and denote by X its state space. We use x = (¢,b) for a point in this state space. A policy is said to
be stationary if the process X(t) is a Continuous Time Markov Chain. This rules out for example,
policies that use residual service or inter-arrival times (e.g. shortest processing time first) but is
otherwise fairly general.

We use standard Markov chain notation throughout: for a function f: X - R, E,[f(X(t))] is the
expectation of f(X(t)) conditional on the state at time ¢ =0 being z € X. We write E.[f(X(t))]
to denote this expectation when the chain is initialized with a distribution 7. Also, we follow the
convention for positive sequences that a, = O(b,) means limsup,,_,  a,/b, < 00, a,, = o(b,,) means
lim,, , a,/b, =0, and a, = ©(b,) means that a,, = O(b,) but a,, # o(b,).

In our proofs we make frequent use of the relationship between a continuous time Markov chain
and a discrete time chain sampled at hitting times of a subset B C X. The following known fact
will be used: Let 7; be the [** hitting time of the set B and suppose that Q' = X(7;) is a discrete
time chain with a steady-state distribution 7 such that ) _.m,E,[r1] < oo. The CTMC X(t) is
then also positive recurrent with a steady-state distribution v, and 7 and v are related through

>ees TeBe [y F(Q(s))ds] |
erl’)’ ﬂ-gﬂEx [Tl] 7

E,[£(Q(0))] = (23)

see e.g. Asmussen (2003)[Proposition VIL.5.2].

A.1. Proofs for Section 3

Proof of Proposition 1. Under preemptive priority to the individual tasks, the process
(Qo(t),Q1(t),Q=(t)) is a continuous time Markov chain. Let 7; be the time of the I*" return of the
resources to the collaborative task. At these moments the individual queues are empty so that

Qo(m),l=0,..., is a discrete time Markov chain.
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Because of preemption, queues 1 and 2 are two independent M/M/1 queues. In particular,
E(4,0,0)[71] is (independently of g) the expected time it takes two independent M/M/1 queues,
starting at 0, until the first return to (0,0): for any go

1 1 1
= = <OO,

Fanoo 0 = 077 0.0) - e 0.0) - Oy - Ao —73)

where 7 is the steady state of two independent M /M /1 queues so that 7 (0,0) = (1 — p¢)(1— p3).
(recall that p? = \;/p;.)
We will show that the DTMC Q} = (Qo(7),l=1,2,...) is positive recurrent if

(P — (1 =p1) (1= p3)) <0 (24)

Let 7 be its stationary distribution. Since sup, E(.0.0)[71] < 00, Ex[11] < 0o so that by (23) the
CTMC is also stable.

To prove that Q) is stable let Dy(t) be the number of service completions in the collabora-
tive queue 0 by time ¢. Then, the server processes until the first arrival 7, < 7, to an individ-
ual queue and then stops. Thus, the expected number of completions by 71 is E(y,.0,0)[Do(71)] =
E (0000 [50 (uo 7 1{Qo(s) > O}ds)] = E(.00) [MO J71{Qo(s) > 0}ds|. B[R] = (A + M)t < o0
(independently of ¢o) and for any finite ¢, fot 1{Qo(s) > 0}ds — t as gy — oo almost surely. It
follows that Eg.0.0) [f;1 1{Qo(s) > 0}ds] — E(4y,0,0[71] =0 as gy — oo and, in particular, that

lim supqo_,oo E(q0,070) [Do(Tl)] = A;f)a . Since E(q07070) [AO (7'1)] = )\0E(q0,070) [Tl] we have

limsup(Eq, [Qp] — o) = limsup (Egy.0,0)[Ao(71)] — Ego,0,0) [Do(71)])

qo— 00 qo—>00
Ao Mo
A+ A)(I=pf)(1—pg) A+ Ao

Ho a a a
)\1+)\2)(1 —p‘f)(l—p%) (Po - (1_p1)(1 _p2))'

=1

=1

The right hand side is negative if (24) holds which concludes the sufficiency argument; see e.g.
(Robert, 2003, Theorem 8.6).
Necessity: Since task 0 idles whenever the individual queues have work, it follows from the strong

law of large numbers that, almost surely,
N | o1/
h}nmf M—;Qo(t) >(XNo/1o—1)+ thm n 1{Q1(s) + Q2(s) > 0}ds
> (pi—1)+ (1= (1—p2) (1— )

(ps — (1 —=p1) (1= p3)) >e>0.

v

Thus, if the necessary condition holds Qo (t)/t diverges to infinity almost surely which implies the

transience of X(t).
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We turn to the non-preemptive policy. Under non-preemptive priority to the individual tasks the
process X(t) = (Q(t),B(t)) is a continuous time Markov chain. We study the collaborative queue
at moments 7; of return to that queue. Let 7, be the first time after ¢ = 0 that resources move to
the individual tasks. Then, for z = ((qo,0,0),(1,0,0)) (to simplify notation, we write below E, [-] to
mean E g, 0.0).1,0,0)[]); Eq[To] < /\171/\2 +my (the time until an arrival to one of the individual queues
plus one collaborative service time). In expectation there are at most 110K, [7o] service completions

on [0,7y) in the collaborative queue so that

1
E, [Qo(m1)] = do = AoEo [11] — o ( o m) .

Thus, the chain Q) = Qo(7;) is unstable if liminf, .. (E,[Qo(71)] — ¢o) > 0 which holds, in partic-
ular, if
1

p% > lim sup 21522
oo Bgo[Ti]

+my
(25)

We will show that

1—(1—p9)(1—p5)

liminfE, |7| > T := +mo+ ,
i Bl 2 L= 5 o o — o) — p8)
so that the chain is unstable if
=+ m
a o A+do 0
0 T bl

which implies (25).

To lower bound E, [7;] denote by 7(g1,¢2) the time it takes for two independent M /M /1 queues to
reach (0,0) starting at (¢q1,¢2). Then, 7, = 7o+ 7(Q1(70), @2(70)). The stopping time 7 is monotone
(in the sense of standard stochastic ordering) in the initial states of the queues, that is 7(q1,¢2) >«
7(q1,G2) when ¢; > G;, i =1,2. Conditioning on whether the move is triggered by arrival to queue

1 or to queue 2, we have

Eq [7(1,0)] + ﬂl@:qo [7(0,1)] =: Z.

~ — = )\1
Ey, [7(Q1(70), Q2(70))] > A+ Ao

T At

The sum Z + ﬁ is the time it takes, starting at 0, for two independent M/M/1 queues

to return to 0 after having left it. From the standard relationship between return times and the

stationary distributions of a Markov chain (e.g. (Asmussen, 2003, Chapter I1.4)) applied to the
two M /M /1 queues, it holds that

1 1

7+ = :
)\1 +)\2 ()\1 +)\2)7TP(O,O)
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where 77(0,0) = (1 — p$)(1 — p3) is the steady-state probability of the two M/M/1 queues being

empty. Further, since E, [7)] = Y + p +moPg {Qo(71) > 0} independently of ¢, we have, as gy — 00,

that E,, [7o] — +mg. We conclude that

>\1+>\2
1 1—7(0,0)
N L _
i Bl 2 BB o)+ 2 = 3 et R (0,0)

This establishes (25) which implies the transience of the chain as well as the existence of a

constant v > 0 such that, almost surely,

lim inf
l— 00

CLCR A (26)
see e.g. (Robert, 2003, Theorem 8.11).

We finally translate the transience of the DTMC to that of the CTMC. First, each time the
resources return to the individual tasks, the expected queue in task i is in expectation smaller
than \; ( SYES +m0> and it follows that limsup, . Eg [7i] <oc. Let N(t) the number of returns
to the collaborative task by time ¢. It then follows from (26) that liminf, . Qo(Tn()+1)/(N(t) +
1) > v almost surely. Further, by Wald’s lemma 0 < E,[Tx()+1 — t] < sup, Eg 1] < 0o and, in
particular, Tn 41/t — 1 in probability and (Ao (7nx()+1) — Ao(t))/t — 0 in probability. Finally, since
Q(Tnw+1) < Qo(t) + Ao(Tn(y)+1) — Ao(t), then

Qo(t) o Qo(tvw+1) vyt AlTvw) — A(t).

TN(t)+1 t t

Using (26) we conclude that Qo(t)/t — oo in probability as required. |

Proof of Theorem 1. Notice that this proof does not rely on the indivisibility of resources.

We first prove that, regardless of whether the policy is preemptive or not, at least one of the indi-
vidual queues must be non-negligible. We will then prove that there exists a preemptive policy under
which one of the queues does not grow with pBN. Finally, for the fact that, with non-preemption,
both individual queues must be non-negligible; see the comment and the end of Theorem’s 3.3
proof.

Let T7(t) = (CT(t)); be the time allocated to task i by time ¢ and T7(t) =t — T¢(t) be the time
remaining after allocating T (t) to the collaborative task. In particular, T (t) > T/ (t) for all t >0
and ¢ =1,2. Then,

Qi(t) = Qi(0) + Ai(t) — Si(Ti(t))
= Qi(0) + Nit — p T (t) + pa(Tr () — T (t)) + Mi(2),
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where M;(t) := A;(t) — N\t — (Si(T7(t)) — T2 (t)). We add the superscript p®N to make explicit the
dependence on the bottleneck load. Towards contradiction suppose that, for each pBYN, the network
has a steady-state distribution 7" and that
limsup(1—p"™)E_ e~ [QfBN(O)] =0fori=1,2. (27)
pBNT1

BN

That the same applies to the waiting time W/ ™ follows  from E_sx[QF (0)] =
AP BNEﬂ_pBN (w/f BN(O)] and the assumption that A/ " is bounded below by a constant n > 0.
Since m; = u; ' > 0 is fixed, the sequence \} o is bounded. We assume without loss of generality
that the whole sequence converges since the argument below apply to all convergent subsequences.
Fix e >0 and let ¢ = €(1 — pBN)~2. Initializing the network at ¢ =0 with this distribution, it
follows that
(1) 21 (™) = (W p)e, 1= 1,2, (28)

BN
where \; =lim sx4; A7 . A standard random time change argument leads to

(1= ") M?™ (12" = 1, (29)

K2

where ]\Zfi is a zero mean normally distributed random variable with variance 2e);. Further, from
the properties of the Poisson process it follows that (1 — pBN)M/ . (t*"™) is a uniformly integrable

sequence and, consequently, that
BN BN ~
(L= p"ME[M; ()] = E[|M]). (30)

Since p; = po = pBN we have )\’fBN [ = )\SBN /2. (All the below holds under the relaxed require-
ment that p; — p, = o(1 — pBY)). Notice that IfBN (t):= TfBN (t) — Tf‘”’BN (t)y=t— Té’BN (t) — TipBN (t)
is the accumulated idleness of resource i by time t. Then, for all ¢ > 0.

1 M2 Ha Ha2

and, in turn,

17 -1 )| =

BN

QW @0 (@70 AT e
| fn 2 ( 1 1 ) (M (t) = My (t))‘. (31)

Using (27) and the triangular inequality we have

Q™) Qs ™) (QTBN (0) @ (0)

BN BN

)—(MfBNwBN)—M; (™)

M1 M2 H1 M2

|

"™)|] =0,

(1— pBN)Eﬂ_pBN [

BN

_(1 _pBN)EﬂpBN H(MlpBN (thN) B M§
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as pPN 1 1. Plugging this into (31) we get

lim (1—p"E en ([T (™) =187 (¢°™)|) = lim (1= p®)E[ML (07 ) = Mg (#2°)]).

pBNTl pBNTl
By (29), (1 — pPN (™™ 2™y — Mg™ (##™)) = N, — My, which is normally distributed with
variance 2e(\; + \2) so that, for all pBN sufficiently close to 1,

(1= ™) (B on 10 (0" N+ E on [ (7)) 2 ev/e (32)

BN
for some constant ¢ > 0. Denote the total idleness (summing over resources) by 17 (t”BN). Then,

BN BN

E on [ (7)< B _ox (I (@) 4B on [ (277)].

The inequality (32) implies that for pBN sufficiently close to 1

BN

BN BN
B (1 0] B[ (1 0" 2) _ e/el— PN _ el =)
T T (. .
Since € was arbitrary we have, in particular, that
BN BN
E_e~x[I? (t" )]
TP t:)FBN > 4(1 _pBN),
for all pBN sufficiently close to 1. Stationarity, however, requires that
PBN BN BN BN
E ex[I7 (t7 )] <2(1—p")tr . (33)

(Recall that p; = po = p®N) which is a contradiction. We conclude that there is no stationary
stabilizing control that has (1 — p"N)E_ e~ [Qf . (0)] = 0 for both individual queues.

We next construct a preemptive policy that keeps one individual queue from growing with pBN
while retaining network stability. We will prove that given € > 0, the proposed policy stabilizes
Q(t) = (Qo(t),Q1(t),Q2(t)) and that under the corresponding (sequence of) steady state distribu-
tions v#”" it holds that

limsup(1 — p"™)E e~ [W{’BN (0)]=0, and limsup(l — p"™)'*“E e~ [WiBN (0)] < o0,
pBN11 pBN41
where W, (t) = 2poQo(t) + p1Q1(t) + p2Q2(t) is the total workload. Or similarly, with 1 replaced
with 2.
Our policy is as follows: if, upon a service completion of resource 1, W, (t) < (1 — pBN) =2, resource
1 picks a job from queue 1 (its individual queue) if it is non-empty. If queue 1 is empty at that point,
both resources move to the collaborative task. In other words, when W, (t) < (1 — pBN)~2, resource

1 prioritizes its individual task while resource 2 prioritizes the collaborative task but works in its
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individual task if resource 1 is working in activity 1. When W, (¢) > (1 — p®N)~2 both resources

prioritize activity 0 (the collaborative task). Mostly, the policy is one where resource 1 prioritizes
his individual task and resource 2 follows. The difference is only in point in time where the total
workload is very large.

Under our proposed policy, resource 1 is always busy as long as it has work in either queue 0 or
queue 1. Hence, as in a work conserving single-server queue, resource 1’s workload is of the order
of (1 —pBN)~1. The workload moQo(t) in queue 0 (that is a part of resource 1’s workload) will,
in particular be of this order. If the workload of resource 2, Wy (t) = moQo(t) + m2Q2(t) is greater
than (1 — pBN)=0+9) S>> (1 — pBN) =1 then myQy(t) = W, (t) — moQo(t) > 0 and resource 2 will be
BN)

working and depleting his workload at a speed of (1 — p""). In words, the “constrained drift” of

Ws(t) (constrained on the workload of resource 1’s being O(1 — p®N)~!) will be suitably negative.
A mechanism for deriving steady-state bounds based on such “constrained drift” was developed in

Gurvich (2013) but the analysis below is self-contained.

Lemma A.1 Suppose that Q is a J dimensional non-explosive and positive recurrent continuous
time Markov chain on Z] with generator Q and let 7 be its steady-state distribution. Suppose further
that there exist functions V,U integrable with respect to m, inclusion set £ C Zi and constants

c1,¢a,¢3 such that | QU (z)| < ci(14V(x)) for all x € Z7 and
QU(z) < —cV(z)+c3, z€€&.

Then,
EVQO)] < 7 + LE[(1+V(Q(0)L{Q™ (0) ¢ €}]. (34)

_Cg

All auxiliary lemmas are proved in Section A.4 at the end of this companion.

Given a state = = (qo,q1,92), let w;(x) = moqo + m;q;, @ = 1,2 and w,(z) = w(z) +
wy(x). Then, W;(t) = w;(Q(t)) and W, (t) = wi(Q(t)). Consider the Markov chain Q""" (1)
(QSBN (1), Q’l’BN (1), Q’Q’BN (t)) and denote by 0°"" its generator. Define the function

Vyon () = 1= @) =(=p )= (29]F
g .

The following allows us to apply Lemma A.1 to our setting. We will show that U =V =V gx

exhibit the desired drift condition with the exclusion set

BN

=z w(x) < (1 —pBPN)~0Fe/2,
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Lemma A.2  Consider the scaled Markov chain Q" (t) = Q°"" (1 — pBN¥)=2t). Let O*"" be its

generator. There exist constants ¢,,Cy,¢3 that do not depend on pPN and such that
OV aw(z) <~V (x) + (1 — o) 1, we e,
and, |QpBvaBN(g;)| <e(1—pPM~1(1+ V,sn(x)), for all queue values x = (q1,q2,q3).

The next lemma completes the requirements for Lemma A.2 and provides some initial crude

bounds.

Lemma A.3 Suppose that pPN < 1. The process Q"BN(t) is positive recurrent (with the steady-

state distribution denoted by m° and, for each k, the moment satisfies
distrib denoted by 7" ) and, f h k, the kth fi
E_sv Wi (0)] = O((1 - p"™)7"), (35)

and

E_sx W5 (0)] = O((1 - p"N) %),

Using these we have that

E_ o [(1+ Vo (@ (0)1{Q7 (0) ¢ €Y <@/ 1+ B [V (0021 /P ox {Q7 (0) ¢ £
<G(1— p™N) 21— PN

for constants ¢i, ¢,, where the last inequality follows from lemma A.3 that guarantees, by Markov’s

inequality, the existence of ¢3, such that
P on{Q ¢ &Y =P ox IW(0) > (1— pPN)"0H9} <y(1— pPN)F, for all k=1,2,....
Choosing k > 3/e we finally have a constant ¢, such that
E,on[(1+V,on (@ (0)L{Q (0) g €7 )] <,

Replacing in Lemma A.1, ¢y =&, c3 =¢c3(1 — pBN)~! and ¢; =&, (1 — pBN)~! (with &, ¢y, ¢ from

Lemma A.3) we then have

BN C3 C1 —~

]ETFPBN [VPBN (Qp (0))] < + — pBN C4,

and we conclude that
BN

limsup(1 — p"ME e~ |V,5x(Q” (0))] < 0.

pBNTl
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(1t
Recalling that ‘/;BN (l’) = 6(17PBN)[U)2(I)7(17PBN) e )] , this lmphes that

limsup(1 — p®¥)" IR sy [(WQ’JBN)Z(O)} < o0, (36)
pBENT1

for each integer [.
To complete the proof it remains to show that
(1= p™)E_on [QF (0)] =0, as p™ 1 1.
Here, we take V(x) =m;q; and U =V? and for the exclusion set we take
B = {wwy (x) < (1— pPN)~ (4293,

In contrast to Lemma A.2, no time or space scaling is used below.

Lemma A.4 There exist constants b,cy,cy that do not depend on pBN and such that
0"V (z) < —2(1— p* VW (@) + (L+p* Yma, z€ B,
and, |QPBNV2(3:)| <c(1+V(x)), for all queue values x = (q1,q2,q3).

Since W, ((t) = Wi(t) + Ws(t), we have from (36) and (35) that E_ax[(W] )*(0)] <
26 (E o (V5 )H(0)] + B, on [V )H(0)]) = O((1 — pB¥)*19). By Markov’s inequality

BN B . 1— pBN —(k+ke) .
P s (W2 (0)> (1= p™) 0129} =0 (((1 pBNfMe) = O((1=p™)™)

Then,
E,ox[[QUQ” ) 1{Q"" (0) & B Y <E_an[e(1+V(Q" (0))1{Q" (0) ¢ B” ]
<E_ox[c(1+V(Q" (0))1{Q" (0) ¢ B }]
< /1 Eon (W7 (0))2)/PLQ (0) ¢ B )
<e(1—pPN)TH(L = pP)Re

Taking ke > 1 we have, as required, that

E sn [V(QpBN (0))] < (1 + plll’PBN)ml + c(l _ pBN)]“,l

201 p") |
so that for any 6 > 0, and for all pBY sufficiently large,
a,pBN +
limsupE_ex [V(Q7 (0))] < 22— s,
PBNTL 21=p1")
BN
Finally, since p* <1,
pBN 2m1
E _on [Wi(0)] <ma(E_en[Q1(0)]+1) =E ex[V(Q” (0))]+my < (1= ™ +4.
—p1
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Proof of Theorem 3.3. For each pBY, we fix a stationary policy that induces a steady-state
distribution 7#" . Define

B:={zeX:bd{(1,0,0),(0,1,1)}}.

This is the set of states in which at least one of the two resources idles. Set 7 = 0 and define

recursively
;=inf{t >7;_; : B(t—) € {(0,1,0),(0,0,1),(0,1,1)} and B(t) € {(1,0,0),(0,0,0)}}.

These are times where the two resources leave the individual tasks. Let N(¢) be the number of
such switches by time ¢, i.e.,

N(t) =sup{m: 1, <t}.

Let
7, =inf{t > 7;_, : B(t) € {(0,1,0),(0,0,1),(0,1,1)}.

This is the first time after the j* visit to the collaborative task that at least one of the resources
1 or 2 begins working on an individual activity. Due to non-preemption there must exist ¢ € [7;,7;)
with X(¢) € B, i.e., at least one of the servers 1 or 2 must be idle before switching to activity 0. Here,
we use also the fact that because of the exponential service times, the probability of simultaneous
service completions in two tasks is 0.

Let X; be the time that the process stays in B when visiting it for the first time after 7;. The
random variables X, X5, ..., are independent and X is at least as long as the time it takes until
some arrival or service completion. In particular, E[X;] > 1/(2A) where A =" (Ao + ;). Choose a
constant cx such that E[X; Acy] > 55. Let I;(t) be the cumulative idleness of resource i by time ¢.
Let I;(t) be the accumulated idleness of resource i by time ¢. The total idleness I, (t) = I, (t) + I5(¢)

is bounded from below by the idleness accumulated during visits to B, i.e.,

N ()
E_on [I1(8)] > E_p~ [Z Xj] ,
j=1

and

N(t)

E_ BN [I,.(t)] > E_BN [Z X Nex

j=1

N(t)+1

Z Xj /\CX
j=1

> EﬂpBN — EﬂpBN [XN(t)+1 A CX]

1
Z ﬁ]ETrPBN [N(t) + 1] —Cx,

where the last inequality follows from Wald’s identity. Thus,

E_»sn[NOIEX; Aex] < (1—pr+1—po)t+ex <2(1—p"N)t +cx,
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so that
E_en[N(t)] < 2A(1— p®M)t + 2Acx (37)

Denote by Z; = 1;,; — 7; the time allocated to individual tasks during the j* cycle. The total
time spent in individual task 1 must satisfy, in stationarity,
N(t)+1

E_ox [ S 7| 2E [/tH{B(s)e{(O,l,O),(O,l,l)}}ds

—(E_px [B(0) € {(0,1,0),(0,1,1)}] = p*" ¢, ¢ >0, (38)

BN BN
where, recall, pi” =N/ /uo. The same applies to activity 2. Moreover, using (37), we have for

any 6 >0
N(t)+1 BN N(t)
E 5N [ > Z1{Z; =8| = pi" t—FE ov | Y Z;1{Z; <6}
Jj=1 j=1
> p?t - 5E7TPBN [N(t)]
>4t —25(1 — pPN)At — 2Acy,
where V’JBN = min{pg’pBN,pg”’BN,pg’pBN}. Letting ~ := liminf sy W’JBN and setting 6 =
i2(1—ZBN)A we have
X v | 3
j=1

Taking ¢*° = (1— pPN)~1, we have that for all pBN sufficiently close to one
NGt pBN)
BN

1
Eox | Y Z1{Z,>57} > ot (39)

TP
j=1
Intuitively speaking, we expect to see in queue 0 the pattern in Figure A.1 with an accumulation of
the order of Ay(7; + Z;) — Ao(T;) = )\SBN Z; during the j™* cycle through the individual tasks. The
area of the j* triangle should be of the order )\SBN Z? so that, initializing the chain in stationarity,
the average queue should be bounded below by ;E_ e~ Zj\;(? )\SBN Zj5”BN 1{Z; > 5" }} which can
be further bounded using (39).

To formalize this intuition introduce the event

_ A -
’Ao(u)()\p];l\lo((S) ;‘)ol/H(U Gl <1, forall s,u<t’ lu—s| > (5”BN} :
o (u—s €

AthN = {w c):

On A, sx, we have for all j < N(t) with Z; > """ that

BN BN
|Ao(Fj+ Z;) — Ao(T) = N§ Z;| < (N Z;)Y/2Te.
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t

Figure 15 A buildup diagram for the collaborative queue

. BN _ BN .
Noticing that \j 67 >1 for all sufﬁc1ently large pBN, we then get

N(t) N(t)

/QO ds>z J1{Z >0 ZZ X’ Z YWt {z, > 60"}

BN

For all z > 67" and all pPN sufficiently close to 1, /\8 22/2— (NS )1/2+E 12+e > g2

8 (1— p‘]\{E‘N)A
for some constant ¢ that does not depend on pN. On A, B,

BN BN

N NP ) NE)
BN BN BN
/ QQ(S)dSZ E EZ?l{ZJ Z(Sp }265” E Z]].{ZJ 25’) },
0 j=1 =1

where in the last inequality we replaced ZJZ with 6¢" Z;. Thus,

N N
BN BN
E_ B~ :H.{.AthN} Qo(s)ds >E_ B~ ]].{AthN}E(Sp Z Z;1{Z;>¢6" '}
0 oy
B N(thN)
=E o~ |07 Y Z,1{Z;>8}
j=1
NN
BN BN
—E_,x ]l{(AthN)C}E(sP Z Z;1{Z; > 6"}
j=1

BN , _ BN
> ct? ((5p — PW{AthN })

B
for a re-defined constant ¢. In the last inequality we used (39) and Z],Vz(ip ) Z; < R particular,
E_ B~ /
0

Lemma A.5

thN
_ BN oBN

Qols)ds| > E_sx | 1{A ux} / Qos)ds | = @™ 47" — P _on {(A,ox )}

BNPWPBN{(.AthN)C} —1, as p"V 1 1. (40)
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Using (A.5) and stationarity we have

thN
BN BN

B ox [Qo(0)] = E_ox / Qo(s)ds| > 5”1
0
for a re-defined constant ¢. We assume here without loss of generality that E_ e~ [QSBN (0)] < o0. If
it does not, our result holds trivially. Dividing by "™ on both sides and using 57 = /(41—
pPN)A) we have then
1

thN

1
1_pBN’

E o [Qo(0)] = gt E_mn[Qo(0)] 2 ¢

for a re-defined constant ¢ which, by Little’s law and since A\gmo < 1, implies E_ s~ [W5(0)] >
1 c c
N [T=pPN) = M0, BNy

Finally, we note that one could repeat the arguments above taking an individual task ¢ as the
focal activity to conclude that each of the individual tasks must grow with pPN. In that proof N(t)

would be the number of returns to individual tasks. [ |

Proof of Proposition 2. Under polling, the process X(¢) = (Q(¢), B(t)) is a continuous time
Markov chain. We study the collaborative queue )y sampled at times in which the resources move
from the individual tasks to the collaborative task. These are return times to the family of states

{((¢0,0,0),(1,0,0))} with gy > 0. Formally, set 7o =0, (Q(0), B(0)) = ((¢0,0,0),(1,0,0)), and define

T =1nf{t > 7 : Qo(t) > 0,Q1(t) + Q=2(t) =0, B(t—) € {(0,1,0),(0,0,1) } };

(as the probability of simultaneous service completions is 0 it cannot be that B(t—) = (0,1,1)). Since
the individual queues are empty at 7;, the discrete time process Q) = Qy(7;) is a one-dimensional
discrete time Markov chain. It is also aperiodic and irreducible.

For [=0,..., let
T =inf{t >7:Qo(t) =0,Q:(t) + Q2(t) > 0}

be the first moment after 7; that resources drain the collaborative activity 0 and return to the
individual activities. Since p, = py = pBN p® := max{p?, p4} = p% = p2. To simplify notation we write

Eq[-] to mean Ey,.0,0),1,0,0)[']

Lemma A.6 Suppose that x = ((qo,0,0),(1,0,0)) for some qo > 0. Then, E,[(7)?] < oo,

%
l#o*Ao

_ _ _ Pi ~
E = dg =E ; = = ; = [ 41
90 [TO] Lo — )\0 y ana g; q0 [QZ(TO)} qolt; Ho(l — PS) Hig, ( )
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where §:= qop® /(o1 — pf). Also,

+0(V), (42)

Ego[m1 —70] =

and

Ego[m1] =O(q0)- (43)

Lemma A.6 shows that, as the initial collaborative queue length g, grows, the time until all
resources deplete their individual queues and ready to move to the collaborative task takes ,/qo
more than the fluid depletion time /(1 — p*). The queue that hits zero first will oscillate and
accumulate substantial (specifically order ,/qo) idle time before the resources move. This is the
mathematical manifestation of the simulation in Figure 8.

Since Qy(Ty) =0 by definition, we have that

Eg [Qo(m1)] = Eyy [Ao(11) — Ao (To)] = AoEge[1 — To]

= Aof” _ 70
ST (= h) T OOV =y OV

and

P po
(L—=p*)(1—pf)
(1-p"%) +0O(Va)

E 1y [Q3] — Euo [Q9] = E+[Qo(m)] — Euo [Qo(r0)] = — g0 (1 - ) N

B 1
A= -

There then exists constant c¢,7,b such that

sup (qu [Q(l)] - QO) < _77(]0(1 — pBN), and qu [Qé] —qo < b(l - pBN)_l,

qo>c(1—pBN)—2
In particular,
(Ego[Q0] = a0) < —ng0(1 = p°) +b(1 = pPN) 71,

This implies that the DTMC is positive recurrent (e.g. (Robert, 2003, Theorem 8.6)) and moreover,

that under its steady-state distribution m

B Qo] < —(1—p"")7%

I | o

see (Glynn and Zeevi, 2008, Corollary 4). In turn, E,[r;] = O(E,[Q)]) < co. By (23) this further
guarantees that the CTMC is also positive recurrent. Applying expectations with respect to the

stationary distribution, we get

1
(=)= po)

0 =Er[Q] — Ex[Qo] = —E-[Qy] (1= p"%) + O(Ex[v Q7))
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so that
E- @] _ 1
=0 = | -
Ex[v Q0] 1—p
If
E.[v Q3] =Q((1 - p®")~V?), (44)

then there exists a constant ¢ > 0 for which

EQY  _ E.Q)
5(1 _pBN)fl/Z — Eﬂ[\/@]

=0(1/(1-p"")),

and, in turn,

E.[Qo] = Q((1 = p™) 7).

We postpone the argument for (44) and translate this DTMC bound to one for the continuous

time chain. The following is standard.
Lemma A.7 Fiz x and let 7, be a stopping time with E,[(7;)?] < co. Then,

E,[Q3()] = E, [Q2(0)] + 2AoE. /0 " Qo(5)1{Qu(s) > 0}ds| . (45)

/ 1 Qo(s)ds] —2uoE,
0

Taking 7, = 7y, we have by Lemma A.6 that E,[(7)?] < co. A standard argument then also show

that E,[Q3(7o)] = 0. Since, by definition, 1{Qq(s) >0} =1 for all t € [0,7,), Lemma A.7 then gives

for all z = ((qo,0),(1,0,0)). Let v be the steady-state distribution of the CTMC and suppose
that E,[Qo(0)] < co (otherwise, our result holds trivially). Since E,[r1] < co, we have by (23) that
E. [f," Qo(s)ds] < oo and, since 7; > 7, also that E, [fo?o Qo(s)ds} < oo and E.[(Q)?*] < co. We
have that

Eo[fy' Qols)ds] _ Ed[f;° Qo(s)ds] _  B.[(Q?] _  E2[QY

E,[Qo(0)] = E,[r] < E.[r] ~ 2(po — Xo0)Ex[11] T 2(po — No)Ex[1]’

where the last step follows from Jensen’s inequality. By (43), E,[r1] = O(E,[Q}]]) and we conclude
that

E,[Qo(0)] = Q(EA[Q5]) = Q((1 - p™)7*/%),

as in the statement of the theorem.
It only remains to argue (44). This follows from a simple bound. Consider a two class single

server polling queue with (X\g,m) and (A;,m;) as the parameters for the two classes. Let Qf) be
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the length of queue 0 in this queue upon returns to queue 0 and let 7 be the stationary distribution
of this discrete time chain. It is a simple argument that, in stationarity, Qg <. QY. By (van der
Mei, 2007, Theorem 2 and Remark 1), there exists C, e > 0 such that P;{Q0 > C(1 — pBN)"1} > .
The stochastic ordering then implies that E,[/QY] = Q((1 — p®Y)~1/?) as needed. |

Proof of Proposition 3. Let 7; be the time of the I** return of the resources to the individual
tasks after depleting the collaborative queue. The process Q' = (Qo(7;), Q1(71), Q2(1)) is a discrete
time Markov chain and has Qy(7;) =0 for all [ =1,.... We will prove that this discrete time chain
is positive recurrent and has a steady-state distribution 7. Since, for any initial state with an
empty collaborative queue, z = (0,q1,¢2),

S S+ MET,
S S+MEL]

E,|m] <
[1] Ao o — Ao

we have E_p[m] < oo. This subsequently guarantees, by (23), that the chain Q(t) =
(Qo(t),Q1(t),Q2(t)) is positive recurrent.

The following result will be useful in the study of the discrete chain.

Lemma A.8 Let X = ((X!,...,X});1=0,1,...) be an irreducible and aperiodic Markov chain
on Z7 with transition probability P,{-}. Suppose that for each coordinate i there exists a one
dimensional Markov chain'Y; = (Y};1=0,1,...) with transition probability P} {-} such that for each
z€Z] and ally € Zy

P (X1 >y} <P V) >y}, for alli. (46)

Suppose further that each Y; is aperiodic, monotone (Pi{Y;'! >y} <P {Y! >y} for all z <z and

all y) and positive recurrent. Then X is positive recurrent.

To generate the bounding chains Y;, consider a two-class single-server queue with two queues
labeled 0 and ¢ and corresponding arrival and service time means Ag,mg and A;, m;. The server
follows a threshold rule: When queue 0 reaches S jobs in the queue, the server moves to queue 0
as soon as its current processing is complete plus a switchover time T, which is distributed as the
maximum of 2 exponential random variables with means mq and m;.

Let 7/ be the time of the I return of this server to queue i and let Y} be the length of queue
i upon this return. Then, Y} is a (one-dimensional) discrete time Markov chain that satisfies the
comparison (46). Indeed, in the original chain, the ”switchover” time will be at most as the maxi-

mum of exponentials above. It is also monotone and aperiodic. We omit the simple formalization

of these facts.
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Tp apply Lemma A.8 it only remains to prove that, for each 4, Y is positive recurrent. We fix 4

K3

and omit the subscripts from Y. Set 7 =0 and formally define [ > 1
T = mf{t 2 Ti—1 -+ Qo(t—) = 1, Qo(t) = 0}

At 7, the resource moves back to queue i. We will show that limsup, . (Eg,[Y"'] = ¢;) < —c, which,

in particular, implies the existence of g; such that
(Bq,[Y'] = q:) < —c/2, (47)

for all ¢; > @;. This guarantees that the discrete chain Y is positive recurrent. It is also irreducible
and aperiodic and, thus, has a steady-state distribution.

Let D;(t) be the number of service completions by time ¢ in queue i. Then,

B, i)~ Dir)] = (£ + iy (Y >0} )

The expected time until the threshold is hit is S/\g. If Q; is positive at that moment, there will be
an additional service before the resource actually moves. Between the time S is reached and until
the resource moves there are arrivals but no service completions. The time that the server works
in queue 0 equals in expectation to (S + AE[Ts])/ (1o — Ao) so that the arrivals to queue ¢ on [0,7)
satisfy

B, [Ai(m) — Ai(ro)] < ( S SHE[T]) |

Ao [ ] Ho — Ao
In sum,
1 S 1
EqL[Y ] —4q; < - )\7+m2PqL{Y >O} (Ml_)‘l)
0
Ai(S + ME[TY])

Ho — Ao
As ¢; — 00, P, {Y"' > 0} — 1 (the probability of serving all ¢; customers before the threshold is

+ XN(E[T] — mP, {Y" > 0}) +

reached goes to 0 as the initial queue grows — we omit the simple argument) and we get

limsup (E,,[Y'] —q;) <— <f + ml) (i — A)
q; =00 0
Ai(S 4+ AE[T4])
o — Ao '
Dividing both sides by 7 := AgA; and multiplying by ¢ := p&p?/(S/ Ao +m;) (recall p? = X\;/p;) we
have that

lim sup é (E‘Ii [Yl] — qi)

gi—oo 1]
pi(1 = p8) (BIT] = mi) + (£ +EIT]) pips — oot (£ +mi)

S .
g T

<—(1—pg—pf)+

pi (E[T] —m,)

<—(1—p%—p")+
(1—p5—pi) 5 m
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The right-hand side is strictly negative if
pi (B[T,] —m;)

a+ a
pO pz+ )\i_*_mz
0

<1,

as in the statement of the Proposition. Finally, the fact that 2piEW;(o0) + pEW;(c0) +
PIEW,(00) < ep(1 — pBN)~1 is a special case of Theorem 5. [ |

A.2. Proofs for Section 6
Proof of Theorem 6. The theorem is a direct corollary of the representation for W' that

precedes it. |

Proof of Theorem 7. We start with an observation about hierarchical networks and the set

of solutions to the SPPC dual
max y'(m* \)
yer]
s.t. yC<e.

Take a bottleneck resource j. Let 3’ be the vector given by 3/ =1 for all activities [ : j € R(1)
and yi = 0 otherwise. That 37 is an optimal solution to the dual follows then from Zlylj Amy =
PPN = pne® (where pBN = p™* follows from the hierarchy and the results of GVM). Further, as a
feasible configuration contains at most one of a resource’s activities, we have (y7)'C' < ¢€’. Thus, for
every input parameters A, m there exists an integer optimal solution to the dual corresponding to
a bottleneck resource. This guarantees that all extreme points of the polyhedron 3'C <e, y >0
are convex combinations of such (bottleneck-based) vectors.

A configuration k that uses a bottleneck resource j has ((y7)'C)r =1 for each bottleneck j and
in particular 1 — (y7)'C = 0. Hence, only configurations that do not use bottleneck resource j can
contribute to the network availability idleness under 7. Further, by assumption, such a sub-optimal
configuration is used only when j has no work in any of its queues. In turn, the network availability

idleness under 3’ is bounded above by the average amount of time that bottleneck j has no work.

BN) as required. Thus, we have

In parallel networks this is further bounded by (1 —p

limsup > 3 (1= (57 C)IE(E) < (1— pP).

i—oo k?:ﬂ'Z:O

Let g = ; a;y7 be a convex combination of such bottleneck-based extreme points. Then,

. 1 — N/ a . 1 \/ a
lugnsupf E (1= () C)p) I (t) = g ozjh]insupg E a;(1— () C)) I (t) < (1—pBN),
—00 . — 0
k:Tr;;:O J k

ok =0
as required.

The second part of the theorem follows noting that, under the stated conditions, lim sup, %Qi(t) =
0 almost surely for all queue 4. Since, Q;(t) = Q;(0) + A;(t) — S;((CT),(t)), the conclusion follows

from strong law of large numbers applied to the underlying Poisson processes. |
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A.3. Proofs for Section 5

Proof of Theorem 4. The key observation is that under hierarchical preemptive priorities
the queues served by any given resource evolve marginally like a multiclass single-server queue.
Consider, for example, the network in Figure 12 and the activities 1,2,3. When there is work in
activity 1, resources 1 and 2 are working in this activity. When there is work in activity 2 but none
in 1 these resources are working in activity 2. Preemption and hierarchy guarantee that resource 3
will also move to activity 1 when resources 1 and 2 do so. The process (Q1(t), Q2(t), @3(t)), has the
distribution of a three-class M/M/1 queue with utilization A\;m; + Agmsg + Azms < pBN < 1. The

formulas in theorem then follow those of static priority queues. |

Proof of Theorem 5. The non-preemptive case presents two challenges relative to Theorem
4: resources may idle waiting for the thresholds to be reached (coordination idleness) and, once
thresholds are reached, waiting for other resources (switching idleness). For coordination idleness,
hierarchy will guarantee that when a resource’s queues are sufficiently long there is no coordi-
nation idlenesses — the thresholds coordinate the transition of resources. We will also show that
switching idleness is kept sufficiently small by choosing sufficiently large threshold coefficients K;
(in S = K;(1—p®N)~!). Combined, these will guarantee that when a resource’s workload is large, it
decreases at rate that is proportional to (1 — pPN). Such a drift sets the ground for the application
of standard Lyapunov-based bounds. What follows is the formalization of the above.

For simplicity of notation, we do not superscript all processes by pEN but the reader should keep
in mind that all statement are made for pPV sufficiently close to 1 and that the statement “there
exists a constant ¢” points to the existence of a constant that does not depend on pBN.

It is useful to recall that, in networks with hierarchical architectures, activities on an (acyclic)
path from the top level to the bottom level share a resource and, moreover, that all of a resource’s
activities lie on a single such path; in Figure 12 the activities on the path al— > a2— > a4 share
resource 2. Similarly al— > a2— > a3 correspond to resource 1. We refer to these as resource paths.

For a resource path p and given a state x = (q,b), let wy(x) = Ei:keR(i) m;q; be the workload of

resource k. Define Wi (t) = w;,(Q(t)) and introduce the scaled versions

Wie(t) = (1= p"YWi(t(1 = p")72), @e(w) = (1= p™ )i (), x = K,
where £, recall, is the threshold coefficient in S; = k;(1 — pBN) =1
We assume that all resources are bottlenecks (or asymptotic bottlenecks, i.e., that (1 — p;) =

1—pBN) +o0(1—pBY)). The general case works similarly but different scaling is required for different
P P

resources.
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Central to our argument is establishing the existence of threshold coefficients x1,...,k; as well
as constants ¢, K,§ such that for all pPN sufficiently close to 1 and each resource k
sup <Ex Wi (to)] - @k(x)) < Gty (48)
zEX Wy (z)>K

This linear drift is the key. Our drift argument looks at the individual resources separately as if
they are independent. They are connected through the switching and coordination idleness bounds
that appear in the proof of (48). Nevertheless, the hierarchical structure facilitates is key in what
follows.

First, we deduce a geometric drift from the linear one.

Lemma A.9 There exist thresholds k1, ...,k and constants v <1 and b,ty,0 >0 such that for

each resource k and all t € X

E, [egw’“(t‘))} < ek @) 4 p, (49)

Notice that (49) implies the existence of 7 < 1 and b such that
ZEIL' [60)7\71@(?50):| <~ (Z eetﬁk(m))> +b.
3 k

In particular, since the chain X(¢) is non-explosive and (under our policy) irreducible, this guar-
antees that the CTMC is positive recurrent and has a steady-state distribution v; see (Robert,
2003, Theorem 8.13).

Taking expectations with respect to v on both sides of (49) we have

— b
O} < (50)

and by Jensen’s inequality that

(1= p"M)E, W (0)] = E,[W(0)] < c,

for a constant ¢ that does not depend on pBY. Since we can repeat this argument for all resources,
this proves (10).
We turn to prove (48). Each of the queues satisfies

Qi(t) = Qi(0) + Ai(t) — Si(T'(t)) = Qi(0) + Nit — w, T} (1) + M (t),
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where T7(t) = (CT);(t), M;(t) = Ai(t) — Nt + ;T (t) — S;(T7(t)). In turn, for all ¢ >0,

Wi(t) = Z miQi(t) = Wi (0) +¢( Z Aim; — 1)+ (t — Z T (1) + Z m; M;(t).

1:k€ER(7) 1:k€ER(7) 1:k€R(1) i:k€R(1)

Let T, (t) = > ke 11 (t). We decompose t — T/*(t) into two components: (i) idleness incurred at
times when the total work exceeds wy, (so that at least one queue is above its threshold) and (ii)
idleness incurred when W, is below wy. Specifically, T, B(t) =T.s(t) + I (t) where

t

Ty ot) = /0 LW ($) > ., AT (s) = 0)ds, and Iy(t) = / 1{Wi(s) < iy, dT)(s) = O}ds.

Thus,
Wit) =we(QO) +( > Nimy— Dt +Ths() + L)+ Y mMi(t
:kER(1) i:k€R(1)
=wi(x) — (1= pPVt + Ty 5(t) + L (t Z m; M;(t
©:k€R(1

Since M, is a zero mean martingale we have
E,[Wi(t)] — Gi(z) = —t + E, [Ths ()] + Eo [L(1)], (51)

where
Ts(t) = (1= pP) T s(t(1 — pPN)72) and T(t) = (1 — pPN) L ((1 - p™N) 7).

The following lemma is instrumental to the proof. It is here that collaboration hierarchy is used.
Consider again the network in Figure 12. When Wj(s) > wy, there is at least one queue that
requires this resource and exceeds its threshold. Suppose it is activity 1. If not already working
there, all resources 1,2 and 3 will, by our policy, switch to activity 1 as soon as they complete
their current processing. Idleness incurred at such times corresponds to switching delays and the

cumulative effect of these can be made small by choosing the thresholds to be sufficiently large.

Lemma A.10 Given € > 0, there exists a choice of threshold coefficients k; and constants ty, K

such that
supE, [T} (1)) < et, (52)
reX

for allt>0 and
sup B, [I(to)] < eto. (53)

TEX: Wy (z)>K
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Plugging (52) and (53) into (51) implies, in particular, the existence of constants to, K (that do
not depend on ty) such that

sup <Ex (Wi (to)] — @k(x)> < —(1—2€)to,

TEX: W (2)>K

which proves (48) and concludes the argument for (10) in the statement of the theorem.

We turn to prove (11). The argument is similar in spirit to the previous one but, for each resource,
looks only at its queues at levels 1,...,7Z, — 1. It excludes resource k’s lowest-level activity.
We re-define let wy(x) =, ker () Midi = Miy 7, Qr.Ty,» and update all other definition accordingly.

We will prove that (this time with no time or space scaling) there exists ¢, K ,c such that

sup Eo[(Wa(to) = @1(1 = p™) ™) "] = (wi(z) —@n(1 = p™) ) < —c. (54)

TEX Wy () >y (1—pBN) 1+ K

This will, again, imply a geometric drift.

Lemma A.11 Fiz resource k. There then exist constants v <1 and 0,b, tO,IN( > 0 such that

E, [ewwk<to>—wk(1—pBN>*1>+} < el r@—op(1=p"N T

Consequently, under the stationary distribution

E, [/ OV 0)-m (")t b

1=~
This guarantees that
B WL (0)) < g +e
for some constant ¢ and, in particular, that (11) holds.

It remains to establish (54). As before
B Wi (t)] — wi(z) < —cpt + Eo [Ty s (6)] + E[L ()],

where ¢, = > Aim; — 1. Since we do not include resource k’s activity at level Z, we have

i:k€R(4)
that 3, cre Aimti < pBN —min; \;m;. In turn, as pBY approaches 1, ¢;, > min; A\;m; remains bounds
away from 0. The following analogue of Lemma A.10 concludes the argument. Here, in contrast to

that lemma, T}, ¢ and I, are not scaled.
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Lemma A.12 Fiz ¢ > 0. There exist tO,IN( >0 such that

sup E. [Tk s(t)] <et,

zEX wy, (z)>wy, (1—pBN)—14+ K
for all t>0, and

sup E, [11(to)] < eto.
xEX!wk(x)Zwk(l—pBN)*l_;,_;?

A.4. Proofs of Auxiliary Lemmas
Proof of Lemma A.1. Under the condition that @ is non-explosive and QU (x) < (¢(14U(x)))

Dynkin’s formula holds: for each z, and all ¢t >0,

E[U(Q(1)] =U(x) +E, [ / t QU(@(s))ds] ;

see e.g. (Klebaner, 2005, Theorem 9.19). Provided that E.[U(Q(0))] < oo it also holds
B U(QU)] = B [0(Q(ON] + . | [ ou@(s)as|:

By stationarity E, [U(Q(t))] = E, [U(Q(0))] for all t >0 so that E, {fot QU(Q(S))dS} =0 and, by

the conditions of the lemma,

0=E, [/ QU(Q ds]_ [/ QU(Q()1{Q(s )g;A}ds}Ha [/ QU(Q )1{@()@4}@}
< —GF, UO V(Q(s ))ds}+cgt+E [/ QU(Q()1{Q(s )géA}ds].

In particular,

o, [/ V(Q ds]<c3t—|—IE [/ QU(Q(s))L{Q(s )¢A}ds}

Since |QU (z)| <c¢1(1+V(x)) and U,V are 7 integrable we can interchange expectation and inte-

gration to get

E.[V(Q(0)] < 2 4+ ZE,[(1+V(Q(0)))1{Q(0) ¢ A}].

Ca Ca
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Proof of Lemma A.2. Recall wy(z) = moqo +mags. Let wé’BN () = wq(x) — (1 — pBN)=(1+9) and
By ={(q,b) € X :q1 >0,by = 1}. The set B, contains the states in which resource 2 works in activity
0 and let By ={(q,b) € X : g2 > 0,b, = 1} be those on which it works in activity 2. Then,

O™ Vo () =
No(1— pPN)=2 [e<1pBN>[w§BN(x>+mo]+ _ 6(1pBN>[w5BN(x>1+] n

Dol — B2 [ezu—pBN)[wsBN(mmzﬁ _ e(l—pBNMwQBN(x)ﬁ] n
po(1— pP) 72 1{z € By} {eﬂ—pBNMwsBNm—mol* _ e(l—pBanzBN(wW} +
pa(1— pPN) "2 1{z € By} [eMBNMwSBNmmzl* - eOPBansBNW} . (55)

Fix a constant K > 3max{mg, my}. Notice that if x is such that wy(z) < (1 — pBN)=0+9 + K then

for all pBN sufficiently close to 1,
Q" Vx () <b(1—p™) 7,
for some constant b> 0. For instance, as p®N 11,
(1= p¥)=2 0= @remol* _ e[“’SBN(W] < (1= (1) [ =00

and the argument is identical for the remaining summands in (55).

Otherwise, for all pBN sufficiently close to 1 and z € £ := {z : wy(x) < (1 — pBN)~(1+e/2)}
with wy(z) > (1 — pBN)~(1+9 + K we have both mgge < (1 — pBN) =02 << (1 — pBYN)~(+9) and
Mogo +mage > (1 — pBN)~0+9 4 K and it must be the case that g, > 0. In particular, resource 2 is
working in one of the queues 0 or 2. For the point z € £°" for which wsy(z) > (1 — pBN) =0+ 4 K,

BN
P

wh  (z) > max{mgy, my} (so that the terms inside [|T are positive) and it can be verified that

QPBNVPBN (x) < —VpBN (CL’) + b(l — pBN)_l,

for a re-defined constant b. Finally, the fact that |QPBNVp2BN (@) < (1= pPN) "1+ Vin(2)) fol-

lows from (55) using the fact that e =1+ 2 + o(1) as z — 0. For example, e(1=#" )uf  (@+mo _

BN BN BN
(=Pl (@) = o(1=p")wf (@) ((1=p"Mmo _ 1) (1 — pBN)mped—r" 0wl (@), n

Proof of Lemma A.3. The bound on the workload for resource 1 is trivial as this resource never

idles as long as it has work. Viewed marginally, queues 0 and 1, follow a two-class M /M /1 queue.

For the total workload W (t), we take the Lyapunov function V,ex(z):= [z — (1 — p®Y)~?]". Since

above (1 — pBN)~2 hoth resources work, it is casy to show that Q7" Ve (x) < —(1—pPN)Voen(2) +b
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which gives the desired result as this implies that the chain is positive recurrent (see e.g. (Robert,

2003, Proposition 8.14)) and also, by a standard argument, that

BN N
p

0<E, [Vas(@" ()] = Vix(2) +E, [ /0 V(@™ (9)ds

< Vin(z) = (1 - p"M)E, [ /O t Von (Q”BN(S))ds] +bt.

For any given z € X', V(x)/t — 0 as t — oo we have that
. 1 ¢ BN
lim sup EEI Ven(Q7 (s))ds| <b.
t—o0 0

For each M, ergodicity guarantees that

E_ s~ [V,5x (Q’”BN (0)) A M] =limsup %Ex [/t VBN (QPBN (s)) A Mds}
0

t—o0

t
<limsup %ET [/ VBN (QpBN (s))ds} <,
0

t—o00

Taking M to infinity and applying the monotone convergence theorem gives the result. This argu-

ment can be repeated with higher moments by taking V* for arbitrary integer k. |

Proof of Lemma A.4. Take 2 € B*" = {w, (z) < (1 — pBN)~(1+29} For all pBYN sufficiently
+ P
close to 1 and all z € B*”™ | w, (z) < (1 — pBY)~2. In particular, resource 1 prioritizes queue 1 in

these states so that

BN

Q" U(x) = M[(migr +m1)? — (m1q1)?] + p L{q1 > 0} [(magr — m1)® — (maqr)?]
< 2()\17’)7,1 — 1)m1q1 + ,O‘fml +my
=-=2(1—-p})V(x)+ pims +m;.
Furthermore, regardless of x, QPBNU(x) < M[(magp + ma)? — (miq)?] < 2\miq + \ymi and

Q" U(z) > —2um2q — 2Am? so that |Q?” U(z)| < 2(A; + p1)(ma V 12(1 + maqr) = 2(A1 +
pin) (my V 1)(1 4 U(z)). u

Proof of Lemma A.5. There exists a Brownian motion W such that
Ap(t) — Aot

P sup
{0<t<t/’BN VA

for all x > 0 and fixed constants Cy;,Csy and Chs; see Csorgo and Horvéth (1996)[Theorem 2.2.1].

- W(t)‘ > Cy 10g(thN) + 17} < Cope™ 97

Fixing ¢ and taking x = ¢(1 — p®N)~! we have (with possibly re-defined constants)

P { sup  |Ao(t) — Aot — VIW(t)] > &(1 — pBN)l} < Chpe—Ca3=p"N71

o<t<trBN
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For pBN sufficiently close to 1 (and some x > 0)

]P){(AthN)C} < C22€fC23(1*PBN)_1 _|_]P>{ sup M >1 —I—G}

_ g|1/2+€
0<s<t<trPN |t —s|> 60BN |t —s|

< 0226—023(1—,;31\1)*1 +P{ sup  |[W(t)| > r((1— PBN)_1)1/2+6}

o<t<tpBN

Notice that t”BNCQQe*C%(l*”BN)_l — 0 and it remains to show that

tﬂBNP{ sup |w<t>|sz»«l—pBN)-l)““E}%o.

0<t<trBN

2
By known fact for Brownian motion P{supy,,|[W(s)| > K} < e~ 2T, so that

K2((1—pBN) 1) 3¢ e
P sup |W(3)‘ >rp<e 2tpBN < e—e1=p"N)
0<s<trBN
~ —2e
for a constant ¢. This concludes the proof since for any e > 0, (1 — pBN)fle,c(l, PN s
PN A1, .

Proof of Lemma A.6. Let z = ((¢o,0,0),(1,0,0)), 7o is the hitting time of 0 in an M/M/1
queue with parameters \g, mg. It is known that E,[7] = qo/(po — Ao) and that E,[(7y)?] < oo; see
e.g. (Robert, 2003, Chapter 5.3). Since ¢; = ¢ = 0 and there are no service completions in the
individual tasks on [0,7y) Q;(7o) is, conditional on 7y, a Poisson random variable with parameter
XiTo. thus, E [Q;(70)] = Mg, [To] = Aigo/ (o — Ao) = Gpe;. This proves (41).

From Robert (2003)[Proposition 5.5] is follows that 7y(q)/q — — in probability and from the

HO— A0

central limit theorem and an application of the random time change theorem that, jointly,

1 1
—(Qi(To) — N —X))=——=
NG (Qi(To) 0/ (ko 0)) N
The independence of X, X5 follows from the independence of the arrival processes. The proof of

(42) then builds on the following:

(Qi(q0(To/q0)) — Aigo/ (1o — Xo)) = Xii.

Consider two independent M/M/1 queues with arrival rate \; < u; for the i*" queue and with
p1 = p2 = p < 1. Fix the sequence of initial conditions (Q{(0),Q4(0)) = (qu1 + XV, qua + X3) where

q q A A~ A~
X1, X3 satisfy (%, %) = (X1,X>2) and X, are independent zero mean normal random variables
distributed with standard deviation of. Let

7, =inf{t > 0: (Q{(£),Q3°(t)) = (0,0)}.

Then, as ¢ — oo,
e

# :maX{YI’Y&}? (56)
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where Y; ¢ =1,2 are independent zero-mean random variables with

2
Oz

Var(Y;)=/o0% + —"—,
&) VB 21— )2

and
1+p

p*(1=p)?
is the variance of an M/M/1 busy period (starting at 1 until hitting 0). If the sequence X/ is

2 __
Op =

q
a" 1,

Va

uniformly integrable, so is the sequence and consequently

q
E[r,] = -, + V4E[max{Y7,Y>}] + o(/q)
Notice that, since E[maxY;, Y] > 0, this last result is exactly (42). Equation (43) then follows
by combining (41) and (42). To conclude the proof it remains to prove (56). To that end, consider

the individual-queue’s hitting time

Ti(q;) =inf{t > 0: Q;(t) =0},

where the argument ¢; captures the dependence on the initial condition.

Note that

q q q
_ X¢ XN — XY _ X9 _
= max{ry(a-+ X0, m(a-+ X0} = s max {4 X0 - —Lom(exp - L

and so,

Vi i v 57)

We next apply the central limit theorem for the hitting time of each of the individual queues and

Ty~ s {ﬁ(quX{‘)—#S Tz(quXS)—HS}
—————= =max .

the continuous mapping theorem using the continuity of the max operation. The weak convergence
for each individual queue is known; see e.g. Robert (2003)[Proposition 5.5]. We prove it here so
that we can use the same infrastructure for uniform integrability.

The hitting time of queue i to 0 is a sum of ¢+ X! M/M/1 busy periods (starting at 1 and
reaching 0) — notice that the time going from ¢ to ¢ — 1 is identically distributed as that from ¢ —1
to ¢ — 2 and from 1 to 0. In other words

q

Ti(qz’) = Z Z;

1=1
where Z; has the distribution of the M /M /1 busy period and, in particular,

1 1+p 2
and Var(Z;) = ——F =
f=A (Z) p*(1—p)?

E[Z)]=
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The strong law of large numbers gives
5 X! 1
rilg+X7) ,
q p=A

and by the central limit theorem
+X7 +Xx/
Ef 1 Zl q#,)\
V4
where E[7] =0 and Var(7) = o%. Further, by the assumption on X/
+X7 .
Zj 1 ‘ Zl )\ - N X
T =
Vi fr=A

=T, as ¢ — 00,

In particular,
Var(Y) =05+ ——+%—

Plugging this into (57) we have that

g+ X)) — L nlg+XJ
max{ 1 D A, 2 = /\}imax{YhYQ}

V4 q

which concludes the convergence argument. It only remain to establish uniform integrability but

this is immediate from the assumptions as then (by independence of the Z; and their independence

from X})

+x7 2 [ +1x7 2
= A N P O o Ay
V4 B Vi

q-HXq

—E |- Z ( >2 :CIH?X’Q’E[ZQ].

By assumption E[Z?] = 0} < oo and since (again, by assumption) limsup, E[|X/[]/,/q < oo we
have that the right hand side is bounded uniformly in ¢ and the uniform integrability of each of

the sequences follows. Finally, we use the fact that

o e XD = mla XD -5\ (e XD - (e XD -k
ViV } va va |

Proof of Lemma A.7. By Dynkin’s formula, for each ¢ > 0,

. [Q5(71 At)] = E.[Q5(0)] + 2K, /OTIA (Ao = o 1{Qo(s) > 0})620(8)618]

Using the fact that E,[Qo(71)] < Eilgo + Ao(T1)] < qo + ME.[7i] < oo and that
E.[f, e Qo(s)ds] < E,[qo7s + Ao(T1)T1] < @EL[T1] + ME.[(T1)?] < oo we can apply the dom-
inated convergence theorem and take t — oo to conclude that E,[(Qo(71))?] = E.[Q3(0)] —

28, [ 77 (o — 1o1{Qo(5) > 0})Qo(s)ds] u
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Proof of Lemma A.8. We first show that the conditions of the lemma guarantee that if one

initializes X in state z; and Y; in state z;, then for all [ =1,...,
Xil Sst }/ila (58>

where <,; is standard stochastic ordering. We can argue this by induction. For [ =1, it holds by
assumption that P,{X! >y} >P, {Y;'}. The following argument is an adaptation of Derman and
Ignall (1975).

Suppose the result holds for all [=1,...,n— 1.

PAX! 2y} —Po{Y" 2y} < ) <Px{XZ’1 =z} sup P {X; >y} —P, {V"' =2}P.{Y} > y}>

Tix; =2
2=0°° K3

<STPHY >y} (PAX T =2} - P Y =2))

z=0

= > (Bu{XP T =2} =P Y7 =2)) (P{Y) >y} — B (Y] > y))

=D (PAXT T 20} =P {7 2 0}) (Y] >y} =P {7 > y)),

r=0
where the second inequality follows from the assumption on the one step transition probability,
the first equality is based on telescoping sums (and we take P*; =0). In the last row, P,{X"' >
r} —PL {Y""' >r} >0 by the induction assumption and PL{Y;' >y} —P.L_{V;' >y} >0 by the
assumed monotonicity of Y;. This concludes the induction argument and establishes (58).

Since Y} is assumed to be positive recurrent and aperiodic we have that Y} is a tight sequence
(that converges to the steady-state distribution of Y;). By the stochastic ordering X! is also a tight
sequence for each i and so is, in turn, the sum of the coordinates X} = Zile X!. We conclude

that the chain X' is tight. Since it is irreducible and aperiodic, it is also positive recurrent; see

(Asmussen, 2003, Proposition 1.4.1). [

Proof of Lemma A.9. It suffices to argue that, given ¢, there exists 6,0 > 0 such that for all

pBN sufficiently close to 1.

supE, [(Wy(to) — @y, (x)) 2" Wrlto)=B@) ™ < g (59)
reX
and
supE, [¢?(Wr(to) k()] < @, (60)
rxeX

From (Gamarnik and Zeevi, 2006, Theorem 6) (see also the first display in the proof of Theorem
5 there) it follows that these bounds together with the linear drift (48), guarantee (49).
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To establish the bounds (59) and (60), recall that

Wi (t) = i (z) + (1 — pBY) Sopr—1) (@-p"N) Trs(t) + T (t) + My(t)
i:k€R(1)

where M, (t) = D iker() mzl\//jz(t) Recall also that, by definition, I;(¢) does not increase when

I//I\/k > wy,. In particular, using (Ghamami and Ward, 2013, Lemma 8.3), we have the existence of a

constant ¢ such that

sup  [Wii(s) = Wi(w)] Sw +e(1—p") | Y pt =1 | (1—pPN) 2%

OSussst i:keR (i)

+a< sup |Ths(s) — Ths(u)|+ sup u\?k(s)—z\?k(u)o

0<u<s<t 0<u<s<t

< 3 pr—1| - pPN) 2+ 26T, s(t) + 22 sup |Mi(s)],
ik€R (i) Oss<t
for all ¢ > 0. For the second inequality we used the fact that fk, s(t) is increasing in t. Exponential
bounds for the Poissonian martingale are standard and those for the idleness terms follow from

Lemma A.10 proved below. |

Proof of Lemma A.10. We provide only the essential ingredients of this proof with some
standard details being omitted.

Notice that, because of hierarchy, dT}*(t) =0 and Wk(t) > Wy = ), per() ki can hold simul-
taneously only when resource k is waiting for the other resources to switch to an activity that
exceeded its threshold. Hierarchy guarantees that these other resources switch as soon as they
complete their current processing.

In particular, T} () < Zf\iﬁ(t) X; where N, (t) is the number of up-switches and X is the switch-
ing time. We say that an up switch occurs at ¢ if there exists i : k € R(i) such that T;(t—) =1,
T;(t) = 0, and there is an activity j with & € R(j) at a higher collaboration level than i, that
exceeds its threshold. At time ¢, resource k either starts processing at the highest level activity that
exceeds its threshold or is idling (waiting for other resources). Each X; is stochastically smaller
than a maximum of J exponentials with means my,...,m; and, in particular, E[X;] < Zj m;.

Let d be the number of levels in the collaboration graph. We say that a down switch occurs at
time t if there exists ¢ : k € R(¢) such that T;(t—) =1, T;(t) = 0,Q;(t) =0 and all the queues at a
higher level are below their threshold. At time ¢, resource k either starts processing at a lower level
activity or idles. Notice that if ¢ is such that N, (t) > 2d there must be at least one down-switch by
time t. Thus, N, (t) <2dN,(t) where Ny(t) is the number of down-switches by time ¢. The policy

dictates that down-switches occur only when a queue is drained starting at its threshold or above
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(how much above depends on the time it took the resources to switch). Let Z; be the random
variable for the time it takes to drain queue i starting at its threshold. Then,
Ki 1— BN)—1
E[Z,] = KQ-p"")"
i — i
For a sufficiently large constant b, we have that E[Z; Ab] > &1 (1 —pPN)~1/(1u;— \;), so that applying
standard renewal argument we have that

E.[Ny(t)] < tmiin {;(uz — )1 — pBN)} '

i

Taking K, such that = (u; — A;) <€/ 32, m; we have that E,[Ny(t)] < =5.—(1 — p"")t so that
i 77

E, [Ths()] = (1 - 0B, [T s (61— %) 2)] < 2d(1 — p")E[No(t(1 — p*) )E[X] < et.

A simple extension of the above gives a bound on the exponential moment of fkvs, i.e., that
given t, > 0 there exist 6,0 > 0 such that

sup E, [eOT’C’S(tO)] <0.
2EX Wy (v)>K

Finally, notice that fk(t) < fot H{Wk(s) < wy }ds. The path workload Wk(t) is bounded stochas-
tically from below by the workload in a multiclass M/M/1 queue (with the single server being a
focal resource of the path). For the latter, E, [fot IL{I//I\/'MMl(s) < wy pds] < tP, {75 <t} where 7 is the
hitting time of the scaled M /M /1 workload /WMMl to w starting at ¢. It is a standard argument
that P, {7, <t} <et for g=w+ K with sufficiently large K. [ |

Proofs of Lemmas A.11 and A.12. These are simpler versions of the proofs of Lemmas A.9

and A.10. We omit the details. [ |

A.5. Expanded Material
This last section is not necessary for the reading of the paper or for the support of its results. It
contains elaborated versions of content that is included in the paper and that could help the reader

interested in a more detailed exposition of some parts of the paper.

Remarks on Maximum Pressure policies Dai and Lin (2005) prove that resource-splitting,
preemptive maximum pressure policies, introduced by Tassiulas and Ephremides (1992), maximize
throughput in open networks (here we use the term to refer to networks where each activity has
a single buffer and routing is probabilistic). Dai and Lin (2005, Theorems 5 and 6) yields that
a non-resource-splitting preemptive maximum pressure policy achieves the theoretical throughput
and stabilizes the network for each pBN < 1. In the parallel network that we study here it also

achieves optimal scaling.
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Theorem 8 (Maximum pressure in hierarchical parallel networks)  Consider a parallel
network with J activities and a hierarchical collaboration architecture. Then, the preemptive maz-
imum pressure policy stabilizes the network (denote the stationary distribution by ) and achieves

the optimal scaling:

< 2Nt )
Be | 2 Qi0 ] G (61)

Proof of Theorem 8. We use a standard Lyapunov argument. We prove that when queues
are sufficiently large there is a “down drift” of the order of (1 — p®N). With preemptive maximum
pressure, Poisson arrivals, and exponential service times, the process Q(t) = (Q1(t),...,Qs(t)) is a
continuous time Markov chain. Since the transition rates are bounded by > . A; + >, u;, this chain
is non-explosive. It is also easily verified to be irreducible.

Let Q be the generator of the chain Q(t). Let g(q) =, ¢7. We will show that
1
Qg <= (1=p"lgl+D_(Ni+ ). (62)

This implies that the chain is positive recurrent with a steady-state distribution m. Being non-
explosive the chain also satisfies
2Nt i)

v(1—pBY)

see (Glynn and Zeevi, 2008, Corollary 1). This is consistent with the grounding of maximum

E-[lQ(0)[] <

pressure in quadratic Lyapunov functions; see Dai and Lin (2005).

Let x;(¢) be maximum pressure’s allocation to activity ¢ when Q(t) =¢q. Then,
Z/\ ((g; +1)* — ¢?) +Zuz zi(q)1{q >0} (¢ —1)* — q:)
:QZ)\iqi—2Zuiqi : +Z“z 2:(q)1{q: >0}+ZA
< 22% - 22,%%((]) +Z(>\i + ).

With p(q,z(q)) =2, igizi(q¢) —2 >, Xig; (this is the pressure at state ¢), the above is re-written

as

Qg(x) < —plg, @ +ZA+MZ

To prove (62) it remains to establish that

p(a: (2(0)) < == (1 = p"")lg. (63)
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By definition
p(q,%(q)) € argmax{p(q, z) : Az <1}, (64)

x>0

and define the “allocation”

Ai
T;,=—+ min (1-— J.
i oin, (1= pu)/

Since (1 — pBN) < (1 — py,) for any resource k, we have that

Pg2(9) =D (i — A Z% min (1 - py, /J>Z%1_ M)/ T = \q!%I(l—pBN)-

- kER({i})
Since
ZAM? < Y N/ (=) < p (1-pPN) <1,
i:k€R({i})
z is feasible for (64), and we conclude that (63) holds with y=1/J. [ |

Dai and Lin (2005) cover non-preemptive policies for the case of reversed Leontief networks (see
Definition 5 there), where each activity (task) requires a single resource. This, in particular, rules
out collaborative networks. Section 8 there includes a nice illustration of what could go wrong
when an activity requires multiple resources.

Figure 16 demonstrates the capacity loss due to increasing switching idleness as throughput
increases. In the symmetric base network, the non-preemptive maximum pressure policy becomes
unstable around p ~ 0.86 because switching idleness then consumes the entire “idleness budget”
1 — p. The policy thus no longer maximizes throughput, let alone achieves optimal scaling. In fact,
there exist no general results for non-preemptive maximum pressure policies in networks where

resources process multiple activities.

Achievable region of two-class M/M/1 queue. Here we use Dacre et al. (1999) to develop
the achievable region of R1’s two-class benchmark queue shown in Figure 3(LEFT). A pair (wy, w;)
is in the achievable region A if there exists a control policy under which the expected waiting time
E[W;] in queue i equals w;. The minimal delay for queue i € {0,1} stems from giving that queue

static, preemptive priority and is given by a simple single-class M /M /1 delay expression:

The third boundary of A stems from the fact that, in steady state, the expected workload in the
system is invariant among work-conserving policies. Consider serving the two-class arrival process
in FIFO in steady state. This is a single-class M/G/1 queue for which the expected workload
equals the expected delay, which is given by:

EY] - 1o,
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Non-Preemptive Maximum Pressure Policy
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Figure 16 The switching idleness of the non-preemptive maximum pressure policy in the symmetric base

network leads to capacity losses: the maximal throughput (equal to p given m; =0.5) is about 0.86.

where R is the remaining service time. In steady state, the job in service is class ¢ with probability
Ai/p; and the system is idle otherwise. Given two independent exponential service times which are

memoryless, we have that

E[R] = (Ao/po) - (1/pr0) + (A /pa) - (1/ppa) + (1 = Xo/ 1o — A1 /) - 0.

If E[W;] = w;, Little’s law yields that the expected queue-i count is \;w; with expected workload
Aiw; / ;. Summing over both classes yields total workload and the third boundary equation of A.

Dynamics of network workload W™t A control rule specifies which configuration vector is
active at each time t. Let T'(¢) be the cumulative allocation (vector) process. Its component T(t)

is the cumulative amount of time a configuration vector ¢ is active during [0, t]:

t
T.(t) :/ ]l{conﬁguration vector ¢ is active at time T}dT,
0

where 1{-} denotes the indicator function. Given that only one configuration can be active at any
point in time, the total time the network is processing during [0,¢] is Y T.(t) = €'T(t) <t. The
total time the network is idle (and no configuration is active) during [0,t] is I"**(¢) =t — €'T'(t).
To translate queue workload into network workload and activity load into network utilization we
first consider a long-run average time allocation vector m and use the configuration matrix C. For

a constant time-allocation vector , the total amount of time activity 7 is processed equals (C7);.
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We define the network workload W™*(Q) as the minimal expected time needed to process the work

embodied in the queue-length vector Q:

Wre'(Q) = min e'm
meR{ (65)
s.t. Cmr>mx*Q.

For the BC and BC+ networks of Figure 1 this yields the intuitive expressions:

Wge (Q) = moQo + max{m;Q1,m>Q>} and W&, (Q) = meQo +m1Q1 +m2Qs. (66)

It is instructive to consider the dual linear program to (65):

max y' (m* Q)
veR} (67)
s.t. yC<e.

Letting y*(Q) denote the optimal solution, strong duality then gives us a simple decomposition of

network workload directly in terms of queue workload:
W Q) =)y (Q)m,Q;. (68)
J

There are two extreme deconstructions depending on A or C: When A is the identity matrix
(networks without collaboration or multitasking), then W"**(Q) = max;(m;Q;) and y* is a piece-
wise linear function of Q). When C'is the identity matrix (as in the BC+ networks), then W"*(Q) =
Zj (m;Q;) and y* = e is the constant vector of ones, indicating that resources perform as a single
resource. In general, the dual variables of the instantaneous network workload depend on Q.

A long run average view simplifies these dual variables. Consider a network with initial queue
vector Q(0) and arrival and service processes A(t) and S(t), which denote the number of arrivals
and service completions, respectively, during [0,¢]. Recall that T.(¢) is the cumulative amount of

time configuration vector ¢ is active during [0,¢] so that:
Q(t) =Q(0) + A(t) = So CT (1), (69)

where S o CT(t) is the vector with components S;((CT);(t)). Dividing both sides by ¢, letting
t — oo and recalling the strong law that A;(t)/t — A; and S;(t)/t — 1/m,, then in a stable network,
we must have

Cnr=m=xX and 7= lim w (70)

t—o0 t
As shown earlier, the optimal time-allocation rates 7 satisfy (?77?). If 7, > 0, we say that configura-
tion vector k is optimal; otherwise it is a suboptimal configuration. We label the configurations to

allow the following block partitioning

7 =[r*,0] and C = [C*,C"], (71)
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where 7* > 0 and C* contains all optimal configuration vectors.
Let gy = y*(\) denote the solution to (67) when ¢ = A (this is the dual of SPP). By strong duality
> Jim;A; = p"* and complementary slackness further yields that y'C. ;=1 if the k" column is

an optimal configuration, meaning 7, > 0. In matrix notation, recalling (71), we have
yCcr=e'. (72)
Let the 0 configuration mean that no resource is processing (the network idles). Then,
JCr=y'C'n*=e'n*=1—,, (73)

where 7, is the optimal idleness rate (the fraction of time the zero configuration is used). The dual

variables ¢ provide us with a simplification: it can be shown that in heavy traffic as p"°* 1 1, then
W@ Z% 0)m; Q7 (1)~ Y 5m;Q
J

Henceforth, the network workload process refers to
Wt (t Z yim;Q;(t) (74)

Essentially, W™°*(¢) is the expected time the network needs to process the queue vector Q(t)

while using the steady-state optimal time-allocations 7. Combining (69) and (74) we have that
Whei(t) = W (0) + Z yim; A;(t) — Z yym;S;((CT);(1))

= W0 +Zyjmj/\ t— yCT( )+ M(t),
J

where M is the deviation from the fluid (first moment) processes:
Zy]m]( —Agt) + > am, (1 (CT),() = S,((CT); (1))
Similar to (71), block partition the control vector as
T(t) = [T*(t); T°(t)] (75)

where T* denotes the allocation to all optimal configurations and T° to the suboptimal configura-

tions. Complementary slackness then yields
YCT(t) =T (t) + 7 C'T ().
Recall that ¢'T'(t) =t — I"**(t) so that
YOT(t)=t—1""(t) — (¢ =g CO)T°(t).
Strong duality yields that > g;m;A; = p"** so that we arrive at

WP () = W (0) — (1 — p"")t + (¢ — g COVTO() + M (t) + I"'(t). (76)
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Prioritization in the BC network with underloaded resources. Our focus in the paper
has been on the tension between maximizing capacity and prioritizing specific queues over others.
A natural way to alleviate this tension is to give up on maximizing capacity. Here we provide
an example to support for our claim that if one resource is kept underloaded some prioritization
freedom is regained.

First, notice that Theorem 3.3 does not depend on whether one resource or both are bottlenecks:
preemptive priority to the collaborative task maintains optimal scaling and keeps the collaborative
queue from growing with pBN.

Consider the case of non-preemptive prioritiztion of the collaborative task. In Theorem 3.3 we
prove that maximizing capacity conflicts with making this queue short: there exists no policy that
can keep queue 0 from growing with pBN.

Suppose that we give up on maximizing capacity and have p; = ap®N = ap, for some a < 1.
Then, we use the C-priority policy with an added threshold S as in the paper. We change, however,
the mechanism for switching: when the collaborative queue hits the level S, resource 1 stops as
soon he completes his current service; say this happens at time ¢. Resource 2 will does not stop
working on his individual queue 2 until time ¢ (assuming queue 2 is non-empty). Resource 2, stops
upon his first service completion after time ¢.

This sequential switching is bad when both resources are bottlenecks but makes sense here. We
want to load all the switching idleness on the underloaded resource 1. At each switch resource 1

incurs at most one service time of resource 2, my so that E[T] <m, + my. The network is stable if
pr+—+— <1, and p, =p"N < 1. (77)
Notice that (77) since we assume p; = ap®N < a < 1. The network is stable if pims/(S/Xo+m1) <

pime pima
S>>\ - =X [ = —
0<l—p1 m1> O(l—apBN ml)

If the right hand side is negative than no threshold is needed and the policy is non-preemptive static

1— « and, in turn, if

priority to the collaborative task with sequential switching. More generally, notice that since o < 1,
the right hand side is bounded in pPN. The finite threshold S = ), (1"1—2& - m1> + 1 is sufficient.

Thus, the collaborative queue does not grow with pPV.
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