Electronic Companion A Proofs

A.1 Proof of Proposition 2.1

For notational convenience, we define the nonnegative random variables Z, = (d — m)* and 7. =
(m — d)T. From the definition of s, we have E(#2) = (14 s)o? and E(32) = (1 — s)o?. Since
d is nonnegative, Z_ must not exceed m. This implies that E(Z2_(m — 2_)) > 0, or equivalently,
E(z.) > E(32)/m = (1 — s)0?/(2m). Also since E(2%2|2_ > 0) > (E(2_|2_ > 0))?, then we have

_ (E(2_2- > 0)Pr (2 >0)+0-Pr(3-=0))>  (E(2))* _ (1—s)o?
P> 0 2 e S >0 10 Pr(i=0) _ B(Z) ©  om? (A1)
By a similar argument, and since E(Z;) = E(Z_), we also find that
(G5 > 0)Pr(5: > 0) 40 Pr(5 =0)° (B _ (1-5)? o
Pr(2>0)2 E(22]24 >0)Pr(3y >0)+02-Pr(z, =0)  E(3) = (1+s) 2m?2’ (4.2)

Finally, note that by our definition, Pr(z, > 0) = Pr(d > m) and Pr(3_ > 0) = Pr(d < m). Thus, by
inequalities (A.1)—(A.2), it follows that

- - 1—
12Pr(d>m>+Pr<d<m)Za—( s) (A.3)
m? (1+s)’
which gives us the lower bound on s. Observe that if s = z —mz, then inequalities (A.1)-(A.3) tight.

This implies that

Therefore, we have the following conditional moments:

~ o2 ~ 4
E <2+|d > m) =72 B <5i|d > m) -

m

E (2_\J<m> =m, E(23|d< m) =m?,

where the second moments follow from the expression for s. Thus, Z; and Z_ can only have one
positive mass above and below m respectively. Thus, d can only have strictly positive mass on 0 and
(m? 4 02)/m, and a nonnegative mass at m. However, since Pr(d > m) + Pr(d < m) = 1, then the only
possible distribution is a two-point distribution.

Now let us verify that we can construct a nonnegative distribution for any triplet (m, o, s) satisfying
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the conditions in Proposition 2.1. Consider the two-point distribution:

i m—m/%—lz, w.p. %,
m—i—a,/%, W.p. %
These support points are nonnegative in the range (2.1). In fact, s can be arbitrarily close but never

equal to one since, by definition,

RO R N BPRRP o)

Since we assume that o > 0, then there exists d < m with nonzero probability. O

(o2 g

A.2 Proof of Theorem 2.1

Consider the primal problem

st B ((i-m)") e ((m-d)") 0.
5y ((0-m) ) = e
e ((=0)7) - 555
Ef(1)=1, f(d) >0, Vd=>0.

The constraints are equivalent to having dbe a nonnegative random variable with moments E <d~) =m,
var (d) = 02, and sv (d~) = so2. Define m; = @02, mg = @02. Proposition 2.1 is equivalent to
the following: %(ml +mg) < m? and my, my > 0. Then we can write the dual as

sup t+miy1 + moyo
t,?"7y1 »Y2

s.t. t+r(x—m)+y(x—m)? <min{z,q}, Vz>m,

t—r(m—z)+yo(m —z)? <min{z,q}, Y0 <z <m.
By a simple transformation, the dual problem can be rewritten as

sup t+miy1 + moyo
t,?”7y1,y2

s.t. t+rr+yz® < min{z +m,q}, V>0,

t —rx + yo? < min{m —z,q}, V0<z<m.
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Figure 12: Graphical illustration of functions satisfying feasibility conditions of the dual problem under the case when ¢ < m.

Throughout this section, we will refer to this last formulation as the dual problem. Given a set of
variables t,7,y1,y2, m, q, we define the following quadratic functions: g1(z) = t + rz + y122, go(x) =
t—rx+yex?, and the following piecewise linear functions: fi(r) = min{x+m,q}, f2(z) = min{m—=x, q}.
Checking dual feasibility of a set of parameters t,,y1,y2 is equivalent to checking if g1 (z) < fi(z) for
x > 0, and go(z) < fo(x) for 0 < z < m. Our strategy in finding a closed-form solution for finding
an optimal solution to the primal problem is by constructing primal and dual feasible solutions which
achieve the same objective cost. By weak duality, the two solutions are primal and dual optimal

respectively.

Case 1: ¢ < m. Under this case, we find that f1(z) = ¢ for all x > 0. Figure 12 illustrates a dual
feasible solution. Table 5 shows the primal and dual optimal solutions under three subcases, which we

discuss briefly.

Case 1(a): 0 < g < 7. By Proposition 2.1, the support points of the primal distribution are well-
defined and the probabilities are valid. Moreover, the range of 7 is nonempty. This range guarantees
that the nonzero support points are at least m. Then we can verify that this is a primal feasible distri-
bution. Note that gi(z) = fi(x), for all z > 0, while ga(x) is concave and intersects g2(z) at points 0
and m. Moreover, go(x) < ¢ for all z. If ¢ < %, then gy(m) > —1 and ga(x) < m —x forall 0 < 2 < m.
Thus, it is dual feasible.

Case 1(b): 5 <qg<m — 72,/ % Note that for the range of ¢ under this case, the support
points are well-defined and the probabilities are valid. Moreover, the range of 7 is nonempty and guar-
antees that the last two support points are at least m. We can then verify that the distribution is primal
feasible. Note that gi(xz) = fi(x) for all x > 0, while ga(x) < fao(x) for all z. Thus, the dual solution is

always feasible.
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Figure 13: Graphical illustration of functions satisfying feasibility conditions of the dual problem under the case when q¢ > m.

Case 1(c): m — 32,/ % < q < m. Under Proposition 2.1, the support points are always non-
negative. It is easy to check that it is a primal feasible distribution. Moreover, g;(x) intersects ¢ and

g2(x) intersects m — z at exactly one nonnegative point each. Note that the dual solution is feasible if
g,(0) >0, or ¢ > m — %\/%

Case 2: g > m. Under this case, it is not difficult to verify that fo(x) = m — z for all z > 0. Fig-
ure 13 shows the functions corresponding to a dual feasible solution. Table 6 shows the primal and dual

optimal solutions under three subcases.

Case 2(a): m < q < m+ 3,/ % Note that the primal and dual optimal solutions are ex-
actly the same as that of Case 1(c). We can verify that g;(x) intersects ¢ and g2(x) intersects m — x at

exactly one nonnegative point each. Dual feasibility is equivalent to the condition that g5(0) > —1, or
+
g<m o [rtm

Case 2(b): m + 3%,/ % <g<m+ ";Tm; Unlike the previous cases, it is not obvious that

the range of 7 is nonempty. To prove that the range is valid, consider the following random variable

2(g—m)
4(g—m)?—mq

e (i — fAmaa — w2 = G )yt ) w17

for any # € (0,1). Note that under the range of ¢, E(#?) < mE(%), or equivalently, var(z) <
E(%) (m — E(Z)). Taking the square of both sides and adding var(z) (m — E(Z))?, we find that

1—7 ~

(ml — /4ma(q — m)2 — my(my + ma) 7Ar> , W.p. 7T,

IS
|

var(%) <var(5u) +(m— E(i))Q) < (m—B())® (var() + B(3)?).

Substituting the values of the mean and variance of Z, we find that this is equivalent to saying that

the range of 7 is nonempty. The range of values for 7 ensures that the first two support points of d
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Case 1(a): 0<q< 2
PRIMAL OPTIMAL DISTRIBUTION:
0, w.p. %

d={ mrtms m? — /mi(m? —ma) —m3\/1=T) . wp. w(1—2%),

e (m? 4 S — ) — ), wap. (1—m) (1 2).

2
foranyTrG[l—L 1)

m1(m2—mz)’
DUAL OPTIMAL SOLUTION: t = q,7 = 0,y1 = 0,42 = — %
PRIMAL AND DUAL OPTIMAL COST: g — ™3¢

Case 1(b): 5 <g<m — 732 mitma

mime
PRIMAL OPTIMAL DISTRIBUTION:
m
2q = m. WP g7

m—i—% ma — /4my(m — ¢)2 — ma(my + my) w.p. 7T<1_4(77Ti_2q)2

m—i—% ma + /4mi(m — q)% — ma(my + ma)

IS
Il

Bz

for any 7 € [1— 1)
or any 7m m1(4(qu)27m2)’
DuAL OPTIMAL SOLUTION: t =¢q,r =0,y1 = 0,y2 =

PRIMAL AND DUAL OPTIMAL COST: g —

—1

4(m—q)
m2

4(m—q)

1—7r)(1—7

Case 1(c): m — %\/ml"'mz <g<m

mimse
PRIMAL OPTIMAL DISTRIBUTION:

o mi1+mo mi

CZ _ m m2 \/ mimz ’ w.p. mi+mso’
mi+mo ma

m+my \/ mimg ’ W-p. ma+mo’

DuaL OPTIMAL SOLUTION:

_ gmgt+mm; 1 mi1mo
mi1+ma 2\/ mi+ma’

= 2 [ mumy ml(qu)_|_1 _mymgy
mi mi+mso m1+mao 2 mi+mz )’

—mg (ml(q—m) _|_% mime )

Y1 = Sitmatma) \ mitmae mi1+ma

- m ma(g=m) _ 1 [‘mimy
Y2 = atmitma) U mitme 2\/ mi+ma )’

. ogmotmmg mi1mso
PRIMAL AND DUAL OPTIMAL COST: T g T

Table 5: Primal and dual optimal solutions when ¢ < m
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are nonnegative and no more than m. We can then verify that the distribution is primal feasible. Note
that gi(x) < fi(z) for all x, while g2(z) = fa(x) for all z > 0. Thus the solution is dual feasible.

Case 2(c): ¢ > m + "21::21. Define a = 2(;371)2 — m(?fm), and b =1 — —3. Note that a < 0 for the
range of ¢ in Case 2(c). By Proposition 2.1, b € (0,1) and 2a + b > 0 for all g. All the probabilities

take values within the range of 0 to 1 by Proposition 2.1. It can be verified that the distribution is

primal feasible. Note that gi(z) < fi(z) for all z and they intersect at exactly two points. Moreover,

g2(z) is convex and intersects fo(x) at some negative value and at m. Thus, the dual solution is feasible.

If we multiply the primal optimal cost by p and subtract cq in all cases, then we get ﬂMvs(q). Combining

all the cases and letting m1 = (14 s)0?/2 and ma = (1 —s)0?/2, we get the closed-form expression. [
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mi+ma

Case 2(a): m < q<m+ "+

mime
PRIMAL OPTIMAL DISTRIBUTION:
o mi+mo mi
dN— m—=1mz V maima Wb tmeo
mi+mo m2
m o my V mimz WP matma

DuaL OPTIMAL SOLUTION:

4 — amatmmi 1 [ mymg

T mitme 2 mi+mso’
r— 2 [mamy (mi(g=m) 4+ L [ mymay

m1\/ mi+mz \ mit+ma 2\/ mi+mso )’

Y = —ma malg=m) 4 1 [ mymy

1 m1(mi1+ma) m1+mao 2\ mi+me )’
Yo = my ma(g—m) 1 mima

27 ma(mit+me) \ mitma 2\/ mi+ma )’

PRIMAL AND DUAL OPTIMAL Cost: dm2tmmi

mim2

m1+m2

mi1+ma

Case 2(b): m + %3t /50

PRIMAL OPTIMAL DISTRIBUTION:

matm: <q<m+

mma
2mo

% (ml + \/4ma(q — m)? — my(my + my)

m —

1 = 2(g—m)

d m— 4(g—m)2—mq
2(] —m,

m3
m1(4(m—q)2—ma2)’

)

for any 7 € {1 —

(ml — \/4m2(q —m)? —mi(my +mz)

m

), Ww.p. (lfw)(lfm

).

), W.p.ﬂ'(l—ﬁ

m
WP g

).

DUAL OPTIMAL SOLUTION: t =m,r = 1,y; = 4({7}7@;92 =0
PRIMAL AND DuAL OPTIMAL COST: m — ﬁ
Case 2(c): ¢ > m + 72”77”21 Define a = 2((;7_171%)2 — m(ZL—me and b=1—"3.
PRIMAL OPTIMAL DISTRIBUTION:
0, w.p. 1 =0,
- / 2a+b 1 (1-b) b
J— m+(g—m)|{1— % ) W.p. 3 <b+ (b_ (q_mgl) 2a+b> ’
1—b
m+(g—m) 1+ /2% ), W.p.%(b—(b—ﬁ)\/ﬁ).

DuAL OPTIMAL SOLUTION:

= (rem- ),

r=5 (1)

y1=4(q_7_1m) %ﬂ,,

= (o= 1) o+ ok (o - 1),

1

PRIMAL AND DUAL OPTIMAL COST: 5

(m+ba— (a = m)\/b2a +1))

Table 6: Primal and dual optimal solutions when ¢ > m
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A.3 Proof of Theorem 2.2

The worst-case profit IIMVS(

q) is concave and continuous in gq. Note that unless the profit is maximized
by a range of ¢, the optimal quantity can only occur at 0 or in Regions (ii), (iv) or (v) (as defined in

Theorem 2.1). Let ¢ipyg be an order quantity that maximizes IIMV®(g). Define

16 2\ 2(p—¢)’
(I+s)p
Q(w) =m + 92 %2 ’
m (pb—2¢) [(1+ 8)o2b—2(1 —b)?>m?
Uy = b 20 2¢(pb — ¢) ’

which are the unconstrained maximizers of the aggregate functions in Regions (ii), (iv) and (v), re-
_ 2
spectively. Suppose 7 > 1 — % Then IIMVS(g) is strictly decreasing in Region (i). This implies

that the function is strictly decreasing for ¢ > 0. Thus, ¢yyg = 0. Note that qu.) lies in Region

(ii) if 3(1 —s) < ;< 1- % Under this case, qyryg = ¢(;;)- Similarly, g, lies in Region
2.2

(iv) if 5 ((11+Z))m2 < % < %(1 — s). If this is true, then ¢ g = qZ‘iv). Finally, if £ z < l%, then

IMVS(g) is increasing in Regions (i) to (iv). Therefore, the maximum is attained in Region (v). Thus,

Bivs = 9(y)- O

An illustration of the regions of profit margins % for the mean-variance and mean-variance-

semivariance distributionally robust newsvendors is shown in Figure 14.

quvs” =0 ' amvs” = " ! Amvs™ = Aiv)” . uvs” = qw)" .

N R S M
0 a ;:2)“2 uz—iz'v_z %(1 +5) 1- ; ((11155))2 Mz 1

a(p—20)

' quv” =0 : : T i

; ' Auv- =4+ '
: 2\Jc(p—c) !

Figure 14: Relationship between optimal solutions to the distributionally robust problems (mean-variance and mean-variance-
semivariance) under different ranges of the profit margin 2 ;C.

A.4 Proof of Theorem 3.1

Suppose that the random demand d has a support set R;. Further, we can partition the support
set in the following manner. Let {B;}!_,, where B; = [bj,bi11) for i < ¢ — 1 and B; = [b;,00), be
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non-overlapping intervals whose union is Ry. Note that

t
d=) d 1z
i=0
Note that, given the ¢-partitioned information (3.1), we can rewrite the moment problem as

- ~ +
inf By (pmin{d,q}—cq) =pm — cq — sup Ey <p (d—q) >,
feF fer

where F is the set of candidate demand distributions satisfying the known partitioned statistics. Hence,

for a fixed ¢, the worst-case distribution in moment problem (3.2) can be found by solving
> +
sw [ o)t i)
A 0
s.t. / d\(z

0

) =
/OO xd\(x) = m, (A4)

L,
m
0
x [:EEBZ} (':U)_O-za Z—O,...7t’
0

The dual of the above moment problem (A.4) is an upper bound to the optimal value of (A.4). The

dual is the following semi-infinite linear program:

¢
inf ¢ 2y;
tl,?,y +m'r—|—i§:%01yz

(A.5
st. t+ar+az%y; >0, VeeB;, Vi=0,...,t, )

t+ar+ 2%y >plz—q), Ve e B, Yi=0,...,t.

Note that the constraints of (A.5) is equivalent to t+zr+z2y; > p(x — ¢)" for all z € B;. We can write
the dual problem (A.5) into a second-order cone programming problem by invoking S-lemma (P6lik and
Terlaky, 2007), which we state next.

Proposition A.1 (S-lemma, Pélik and Terlaky, 2007). Consider two quadratic functions of z € RN,
qi(z) = 2’ B;z + 2b,z + ¢;, i = 0,1, with q1(2) > 0 for some z. Then

q(z) >0 Vze{z:q(z) >0}

if and only if there exists T > 0 such that
Co blo _ C1 ,1 c SN_H
by By b1 B o
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where SiV'H denotes the set of all positive-semidefinite matrices of size (N + 1) x (N 4 1).

Note that intervals B; = [b;, b;41) for i = 0,...,t — 1 are bounded. Hence,
Bi:{l‘ERI(m—bi)($—bi+1)§0}, Vi=0,...,t—1.
By invoking S-lemma, we can write the constraints

t+ar+a2%y; >0, YVee B;, i=0,...,t—1,
t+ar+a2y; >plr—q), Ve e B, i=0,...,t—1

as the positive semidefinite constraints

—b;b; b; + b; .
I ! bitbic) Y g 0, -1,
Yi 3 (bi +biy1) -1

s 2r=p) ) _ s bitbie) Y g 50, o1,
3(r—p) Yi 7 (bi + biy1) -1

for some 7; > 0, v; > 0fort=0,...,t—1. In fact, for each ¢« < t— 1, we can rewrite the pair of positive

o
N[ =

o~
<

N[

N[ =

NO|—=

semidefinite constraints into the following form:

t + Tibibiy1 > 0, (A.6)

(44 ibibisn) (i +7) 2 7 (=7 b1+ b)) (A7)

t + pg + vibibiy1 > 0, (A.8)

(t + pg + vibibit1) (yi +vi) > % (r—p—v; (b +bir1))”. (A.9)

Inequalities (A.7) and (A.9) means that the determinant of the matrix must be nonnegative. Note
that these two constraints includes a hyperbolic term. We can further cast constraints (A.6)—(A.9) into

second-order constraints (Lobo et al., 1998):

t+ 7 (bibiy1 + 1) +y; > \/(t + 75 (bibig1 — 1) —y) 2 + (r — 73 (bi + big1))?,  (A.10)

t+ pg + v; (bz’bi-i-l + 1) + Y > \/(t + pg +v; (bibi-i-l — 1) — yi)z + (7“ —p—v; (bz + bi+1))2, (A.ll)

for some 7; > 0,v; > 0,4 =0,...,t — 1. Thus, we have shown that for i = 0,...,t — 1, the constraints
of the dual problem (A.5) are equivalent to second-order cone constraints.
For the case when i = t, note that the interval B; = [b;, o) is unbounded above. However, we can

still invoke S-lemma by recognizing that By = {x : x > b;}. Hence, following a similar logic to above,
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we can formulate the constraints of (A.5) for ¢ = ¢ into the following second-order cone constraints:

E by = /(4 Tib— o)+ (r — ), (A.12)

t+pq+ vb +yp > \/(t + pq + viby — Z/t)2 +(r—p-— ’Ut)Qa (A.13)

for , > 0,u; > 0. Hence, we can formulate the dual problem (A.5) as a second-order cone program
by replacing the constraints by the second-order cone inequalities (A.10)—(A.13) and the nonnegativity
constraints 7 > 0, v > 0. O

A.5 SOCP best-case bound with t partitions

Suppose that F is the set of all distributions satisfying the known t-partitioned statistics (3.1). For a
given ¢, the best-case expected profit

~ ~ +
sup Ey (pmin {d,q} — cq) =pm —cq — inf E; <p (d— q) > .
feFr feF
Hence, to find the best-case expected profit for a given ¢, we are need to solve the following moment

problem

A

s.t. / d\(z) =1,
0

/OO xd\(z) = m, (A.14)
0

inf /Ooop (x —q)" d\(z)

/0 5521[3:651-] d\(z) =02, Vi=0,...,t,
AMz) >0, Vo eRy.

Assume that ¢ lies strictly in the interior of one of the intervals By, (If ¢ is on one of the endpoints,
the proof can be trivially modified). Define the new intervals B;(q) = B; for i = 0,...,k(¢) — 1 and
Bi(g)(q) = [br(q), q]- We also define B;(q) = B; for i = k(g)+1,...,m and By (q) = [¢, bg(g)+1]. Hence,
the dual of the moment problem (A.14) is

t

sup t+mr+ Z oly;
t,ry i—0

st. t4+ar+2?y; <plx-—qT, YreB;, Vi=0,...,t,
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or, equivalently,

t

sup t+mr+20 UYs
t,ry i—0

st. t+ar+ 2%y <0, VxeBi(q), Vi=0,...,k(q),
t+ar +2y; < p(z —q), Yz € Bi(q), Vi=k(q),...,m,

(A.15)

Note that the intervals depend on the value of q. However, for a given ¢, we can apply the same method
of casting the constraints (A.15) into SOCP constraints as in the proof of Theorem 3.1.

Let b;, bii1 be the lower and upper bound of B;, respectively. Let i)i, [;i+1 be the lower and upper
bound of B;, respectively. By casting the dual constraints as second-order cone constraints using S-

lemma, we have that the constraints of (A.15) are equivalent to

—t+7 <Bii7i+1 + 1) —Yi 2 \/(—t +7i <3i5i+1 - 1) + yi)2 + (—7“ —Ti (Bi + Bi+1))2, i=0,...,k(q),
—t—pg v (Bibias + 1) =i >\ (<t pa -+ 0y (bibier — 1) +30) " + (=1 +p—v; (b +bis1))>
i=k(q),...,t —1,

- - 2
—t—pQ+Utbt—ytZ\/(—t—pQ+Utbt+yt) +(=r+p—wv)
7> 0,6 =0,... k(q), vi >0,i=k(q),...,t.

Hence, for a fixed ¢, the best-case expected profit can be found by solving a second-order cone program.

A.6 Proof of Lemma 4.1

Let x be a specific realization of the random demand d. Note that p' min(x,q) = p'x —c'q —
T

P (

and p4; = 0 otherwise. Then note that p' (x — q

X — q)+. For all A € 2", we define ps as the n-dimensional vector, where pa; = p; if i € A
)t = max o Py (x — q). Hence, if F is the set

off all distributions with mean and covariance information, then the inner moment problem of (1.1) is

equivalent to the semi-infinite linear program

gpké(mwplw—qﬁdxm

Ae2l
/d/\(x) =1,
/x d\(x) = m,

/XX d\(x) = Q,
A(x) >0, Vx.

Since 3 > 0, then the moments of the problem lie strictly in the interior of the feasible moment cone.

Then by strong duality (Isii, 1963), the primal moment problem is equivalent to the the dual problem:
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inf y+y m+Y -Q

Y
Y0¥, (A.16)
s.t. Yo+xy+x'Yx> max py(x—q), Vx.
Ag2ln
= inf y4+y m+Y -Q
0.y, Y (A.17)

s.t. Yo+x'y+x'Yx>pl(x—q), Vx, VA€ ol

Note that for any A € 2[”],

yo+x'y+x Yx> PE (x—q), Vx,

T 1 T
Liy— 1
- ( L 5T ) lyoﬂ)AOl 5 (Y —pa) >0, Vx,
i(y_PA) Y X

T 1 o T
©<yo+pAq 5 (y —pa) >>0.

3 (y — pa) Y

Hence, the infinite quadratic inequality constraints in (A.17) is equivalent to 2[7) semidefinite inequality
constraints. Thus, the distributionally robust problem (1.1) with mean and covariance information is
equivalent to the semidefinite program in Lemma 4.1. O
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