Supplementary Appendix A: Proofs

Proof of Proposition 1: First, consider the following optimization problem:

0<A< <g‘l%§>\< <ra rA - cip = c2ft
> _Ml_qy > _“2—5 (Al)

st. A=a— B (wi(p,A) +wapz,A))

Since the constraint set is compact and the objective function is continuous, by Weierstass Theorem,
there is a maximum to (A.l). Let’s denote the optimal solution to (A.l) as A*, uj, u3, then the
corresponding optimal objective value m* = rA\* — ciu] — caps.

Lemma A.1. If 7 > 0, then (\*, ui, ) must be the optimal solution to the optimization problem
(1); if m* < 0, then there is no solution to (1) that yields positive profit.

Proof of Lemma[A.1: If #* > 0, then we must have \* > 0. Thus, (\*, u}, u3) is also a feasible
solution to (1). Suppose the optimal solution to (1) is (A?, ub, ub) # (N, p%, u3). Then, it means
that 7% = r\b— cl/fl’ — CQMQ’ > 7* > 0. Then, it is easy to check that (A°, u?, ug) is a feasible solution
to as well. But it leads to a higher objective value 7° for , which contradicts to the fact
that (A*, uf, p3) is the optimal solution to . Thus, we must have (A°, b, ub) = (\*, ut, 13).

If 7 < 0, suppose there exists a solution (A%, 114, t%) to (1) such that 7° = rA\P—cy b —coub > 0.
Then, it is easy to check that (A°, u%, u%) should also be a feasible solution to , which leads to
a positive objective value 7° for . This contradicts to the fact that 7* < 0. Thus, there is no
solution to (1) that yields positive profit. O

By Lemma finding the optimal solution to (1) that yields positive profit is equivalent to
finding the optimal solution to (A.1) that yields positive profit.

The Lagrangian of (A.1]) is defined as follows:

1 1
L()\,ul,ug,p):r)\—clpl—cwg—l—p[A—a—l—ﬁ( + )}
p1— A p2 — A
where p € R is the Lagrange multiplier. To find the critical points of L (A, u1, p2, p), we solve the
following equation set:
% =raed pﬁ(mi)\)2 + pB(M2i>\)2 =0

G =—ci— PPy S =0,i=1,2

1 1

0<A<Sm < 0<A<pp <3
By Proposition 5.6 in (Sundaram)| 1996)[page 122], we know the optimal solution to is one of
the critical points. (Note the constraint qualification holds everywhere on the feasible set.) Let’s
first ignore the boundary conditions that 0 < A and p; < %, and solve the equation set above,
which gives us a unique solution:

Ar=a— ﬂ\/ﬂ(r—?l—@) a ﬁ\/ﬁ(r—z—@)
i 4 /e (A2)

C1

Mz = \*+ / B(r—c1—c2)
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So, if A* > 0 and pf < %, i = 1,2, then (A\*, ], p3) must be the optimal solution to 1'
otherwise, the optimal solution to (A.1)) must be corner solution (i.e., at least one of the follow
holds, A* = 0 and pu; = %, i = 1,2), in which case the optimal value is clearly nonpositive.
Note, with (X*,u}, p3) defined in (A.2), we have 7* = rX\* — ciuf — cop = (r — c1 — c2)a —
2\/ﬁ(r —c] —c2)cy — 2\/B(T — ¢1 — ¢2)cg, which is positive if a > M. It is easy to check

Jr—1—ca
: 2V/B(/er /@) . . e s S .
that if a > e We have \* > 0 and p; < oo i=12 This implies that there is an

optimal solution (\*, 1}, 13) that yields positive profit for (A.1) if and only if @ > & = %\/%‘/2@

Then, by Lemma we can conclude that same result holds for the optimization problem (1). O

Proof of Proposition 2: Suppose we set the two capacity levels at ,ul{, ug (i.e., the optimal solution
in the base model). Then, the demand rates are

Ny = o — EBwa(ph, (1 — )5 +0A%)] "
X2 = o= B (wi(pd, (1= 0)AL) + wa (b, (1 — O)NS +0X5))] "

It is easy to check (1—@)A\5+60X5 > A’. This implies that the profit with %, 45 and online self-order
technology is greater than 7°. Therefore, under optimal solution, there must be customers coming
to store after the implementation of online self-order technology, i.e., at least one of A\ and \¢ is
positive. Note, if AJ > 0, we must have A\ > 0. Thus, we must have A > 0 in the optimal solution.
So the optimization problem (2) is equivalent to the following problem

max r((1—60) s +0X,) — c1i1 — Copio
0< 0, (1=0)As <pin,(1-0) As+OAo<pi2
st Ao = — EPwa(pa, (1 — O) A + OX,) (A.3)

N = o — B (wr(jar, (1= 0)A,) + ws i, (1 — O) A, + 02,))]*
Then, the firm has two choices:

i. Shut down stage 1 (i.e., u1 = 0) and sell only to online customers. In this case, the optimal
solution is obtained by solving the following optimization problem:

max rOA, — caio
0= X0, 000 Sp2 <22 (A.4)

st Ao = a— ELwa(p2,0N,)

The Lagrangian of (A.4]) is defined as follows:

L (Xo, pi2, p) = 10Xo — copiz 4+ p | Ao — @ + {f———
M2 — 0>\o

where p € R is the Lagrange multiplier. To find the critical points of L (Ao, e, p), we solve
the following equation set:

g—i:r9+p+p569( =0

1
oL 1“2_9%)2
Bz - €2~ p&B (2—6r0)? =0
)\0 —a+ &ﬂm =0
OS)\O,Q)\OSMQ <z
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By Proposition 5.6 in (Sundaram, [1996)[page 122], we know the optimal solution to is
one of the critical points. (Note the constraint qualification holds everywhere on the feasible
set.) Let’s first ignore the conditions that 0 < X\, and pe < %, and solve the equation set
above, which gives us a unique solution:

)\Z = O — &6\/ 955(32782) (A 5)

M; = \* + 0€B(r—cz)
o

Cc2

So, if A* > 0 and p5 < %, then (A, pu3) together with A7 = 0,u] = 0 must be the optimal

-
solution to (A.4); otherwise, the optimal solution to (A.4) must be corner solution (i.e., at
least one of the follow holds, A} = 0 and p5 = %), in which case the optimal value is clearly

nonpositive, and thus the firm won’t choose this option at all.

Sell to both types of customers. In this case, the optimal solution is obtained by solving the
following optimization problem:
1—-0) s +0X,) — —
osxo,os(l—e)xgs;uéng}f(l—wﬁms“gsg r(( ) s 1 6%0) = crpi1 = capr
s.t. Ao =a—ELwa(ua, (1 —0)\s +0X,)
As = a— B (wi(p1, (1= 0)As) + wa(pz, (1 = 0)As +60X,))

The Lagrangian of (A.6|) is defined as follows:

L (A, Aos 1, 2, p1, p2) =1 (1 = ) Ag + OXo) — c1pu1 — capta

1
+p1 |:AO_O[+§B/J/2_(1_0))\S_9)\O
- [/\ +8 ! +8 !
s —
P2 - 1= Tua— (1= 0)x — 0

where p1, p2 € R are the Lagrange multipliers. To find the critical points of L (Nss Aoy 115 142, P15 P2)5
we solve the following equation set:

o

e =r(1—-0)+p+mEs(1 1— 6) (W(H;HAO)Q + p2B(1—10) 7@17(139)&)2

+p25 (1 - 9) (N2_(1—9))\5—9)\o)2 =0
1

of 1 _
e =10+ p1+pEBY s T P80 e ey = O

oL _ . 1 ;
oL _ o — 5/3 1 _ 5 1 =0
s 2T PSP 1= —0r) PP (e (1=0)re—0r,)?

1 _
Ao — a4 &0~ —a, =0 ,
)\3 — o+ 5/1,1—(1—9))\5 +’8M2—(1—9))‘s_9/\0 - 0
0< A, 0< (1= A <pn ST (1 =) As + 0N S pp <22

By Proposition 5.6 in (Sundaram, |1996))[page 122], we know the optimal solution to (A.6) is
one of the critical points. (Note the constraint qualification holds everywhere on the feasible
set.) Let’s first ignore the boundary conditions (i.e., 0 < Ay, 0 < Ag and p; < % i=1,2),



and solve the equation set above, which gives us a unique solution:

As=a -8/ m=apt—aa P \/ Ao ) FOERGea)
)\ = 55\/ 1-0)8(r—c1— 62)+9§/3(7" c2)
it =(1- 9))\2 (1=0)B(r—ci—c2)

c1

iy =(1— 9)5\2 + 05\3 + \/(1—9)ﬂ(7”—01—02)+9§/5(7‘—02)

Cc2

So, if ()\ )\S,,ul,,uz) is an interior solution, then it must be the optimal solution to ;
otherwise, the solution to must be corner solution, in which case we can check the
optimal value is either nonpositive or strictly less than that under option (i), and thus the
firm never chooses this option.

Therefore, the optimal solution to (and thus to (2)) must be chosen from the inte-
rior solutions under the two options, whichever gives higher optimal value. For option (i), under
the interior solution (A}, )\*,ul, p3), the optimal value is 7 = r((1 — 0)A] + OA7) — c1p] — copsy =
(r—c2)0a—2,/08B(r — c2)c; for option (ii), under the interior solutlon (A%, A%, /]1, /12), the optimal

value is 7 = r((1 0))\*+9)\*)—01u1—02u2 (r—co—ci(1—0))a— 2\/ 1-0)8(r —c1 —c2)e1 —

2/[(1 = 0)B(r —c1 — c2) + 0£B(r — c2)]cz. Thus, 7* < 7* if and only ifa>a = # V(ﬂcl)+
—0)(r—c1—cso

2\/[(1_9)[(375:161__626)2 ();r_eg)ﬁ (r=czlea (ZT\_/ifé (c;(cf_)?) . Then, we conclude the proof by setting @ = max(a, @").

O]

Proof of Proposition 3: From Propositions 1 and 2, we get w} = | /m, wh =, /m,
— — : b
wy =, /(100,5&—1@@)7 and wg = \/(179),6’(1“701fiz)JerB(TfCQ)' Since 6 > 0, we have w{ > wj. Also,

note that M > 0 and lin}r (wg — wg) < 0. Thus, given c¢; and cg, 37 > ¢1 + co such that
r—C1+cC2

c1tco citer
w§ < wh if and only if 9F2 > At —

O
.y . . _ 6252 B
Proof of Proposition 4: \% = a — \/(1—0)6(r—cl—020)24-05,8(7“—02) > o — \/(1—0)(r—cl—c§2)+9(7“—c2) > —
T_g”_ >a— /B9 /B — \b where the first inequality is because of € < 1.
1—C2 r—Cc1—c2 r—Cc1—C2
Next, let’s prove the second bullet point in Proposition 4. Note,
(Ag_)\g> T_CI_CQZ\/E—FVCQ_\/ - B & r—c
which is decreasing in r for r > ¢y + co. When r — ¢; + ¢, ()\g - )\Z) 7\/"“—21—02 — /% + %2 _
2
\/% >0ifd <y =1-— (ﬁfﬁ) . Then, we can conclude the result.
By Proposition 3, A2 > A’ must happen when w$ < w}, and thus we have my > m.,.
Finally, let’s prove the third point in Proposition 4. Note (1 — 0) A2 + )% = o — (7“1_—(:91)_6521 -
9(1=0)B(c1+cp)+08hc
Ve /(-0)3+068 Also, 0v/(-0)Ber _ 0, ay/(1— 9 5+9§ <0, and ey ea)toeics 0. Thus.
\/'r— (1—9)(5(05)-![-3029)2[395502 00 00
1-0)5+



(1 —0) X2 + 60X is increasing in 6. Note when § = 0, we have (1 —6) X2 + 0\ = A\°. Thus,
(1—0) X2+ 60X > \b for all 6 > 0. O

Proof of Proposition 5: Note uf = /1 — 60 (\/1 —ba — \/T_gfl_cz — \/(r701702)+g/05179)£(r702) + 4 //3(7“—;:11—cz)>7

which is decreasing in 6. Since when 6 = 0 we have pf = ,uZ{, we can conclude pf < ,ul{ for any
6> 0.

Next, let’s prove part (ii). Note that

2_(1_0+9£) 1_91Lpc_"—c2 r—co
Mg_ug /1_ +§T ) \/19+9€T ci-cp l

5(7’—01—62) r—cC—C r—ocC1 — C2

(A.7)
It is easy to find the 1st and 3rd terms in (A.7) are decreasing in r. Also, since £ < 1, we have

Ve — (1 —0468) W > 0. Thus, we find the 2nd term in (A.7)) is also decreasing in 7.

T—Cc1—C9

(g —ps
B(r—c1—c2)

r:%>cl+02) then g — pb = (1—v1-6) ber 4 (1-¢)6 B2 > (. Thus,

r—ci—ca r—c1—ca

In sum, we find is decreasing in r. Note, when —f3 (r —c1 —ca) + €6 (r —c2) =0 (i.e

°)

c1 +02 [

there exists 7 > such that u$ > b if and only if r < 7. Then, we can define m,, = <1+

T
and conclude the result. Because (1 — 0)A2 + 09 > AP, w§ < wh implies g > pf. Thus, we must
have m,, < my,. ]

Proof of Proposition 6:

Bea

r—ci—cg (Tl + 7-2) (1 -Vv1- 0)

(L= 9)8+ 868) [ ir=pmr=mrSioerien — P/ |

B(T—cl—cg)Tl (1_m) NI, <\/(1 0)B(r—c1—c2)+058(r—c2) \/Br c1— cz))

KO+ kS — K — kb = —Bar +

— (Tl —f—Tg)

C1 Cc2

+7_10£B\/(1—0)6(r—c1—(:22)+9£B(T—02)

(A.8)
Let’s first show the 3rd term in (A.8)), i.e., — (71 + 72) [((1 —0) B+ 0¢5) \/(1_9)5(7~_Cl_Cig)wgﬁ(r_@) _

B M] (denoted as f3(r)) is decreasing in 7:

0 VA —0)5 + 068
O - (rypmy) | -¥2 VUZOBT0D VBes 3
d 2 (r—c _M)E 2(r —c1 —c2)?
27 [1-0)5+0€p
9[(1-6)5+0¢p] ] G L ,
Since ———= < 0 and (810 DB19B- ~ (0, we can find that iﬁ is decreasing in 6. Note

when 6 = 0, %2 = 0. Thus, %2 < 0 for all § > 0.

Next, let’s show the 5th term in (A.8), i.e., ™ <\/(1 0)B(r—ci—ca)+085(r—cy) \/’3 Ul >

C2

5



04/ (1=0)B(r—c1—ca)+0EB(r—ca) \/(1-0)B+0¢p

(denoted as f5(r)) is decreasing in r: Note, T = 2\/ NS CE TR
5 (1=0)8(c1 +e3)+0€8 (o
ay/(1— 9 0¢B SR TIa 04/(1—6 0
Since Y—7—— )5+0<8 <0a d = 955*953 < 0, we find V(=086 6(19 c2) 166A(r—e2) is decreasing

in 6, and thus 8—{? is decreasing in #. Note when 6 = 0, we have % = 0. Thus, af5 < 0 for all
6> 0.

O(k9+ks—k7—k3) ; 0
Therefore, we can conclude that —~-——=3——2> < 0. Note, if r — ¢1 + c2, we have (k{ +

kg — k) — kb)) —c1 —ca — (1 + m)VBex + VBei(m + 12)(1 — /(1 —0)) > 0, which implies
kS + kg — kb — kS > 0 if r is very close to c; + ca. Thus, there exists ¥ > ¢; + ¢ such that
k¢ + k3 — kY — k% > 0 if and only if r < 7. Then, we can define my, = <. Since to have
kS + kg — kb — kb > 0, we must have g > p8, this implies my > my,. O

Proof of Proposition 7: The retailer has three options to choose from:

1. Serve only tech savvy customers (i.e., by setting u1, = 0), and the optimization problem is

max TN Am — ClmMim — C2H2
0<n A prgn < 22 e e
TaC1m
OSnAmSuzég
_ 1 _ 1
§tAm = o Bum—nkm Bm—n/\m

if we ignore the boundary conditions, we can derive the unique optimal solution as

An = a =B\ [oan=et— — B/ s
i =\ + W (A.9)

nB(r—cim—cz)
c2

fis = n\h, +

and the corresponding optimal value is 7 = (r — ¢y, — c2)na — 2\/775(7" — Clm — €2)Clm —
24/nB(r — c1m — ca)ca. So, if (N5, it,,,, fi3) is an interior solution, then it must be the optimal
solution to ; otherwise, the solution to must be corner solution, in which case we
can check the optimal value is clearly nonpositive, and thus the firm never chooses this option.

2. Serve only traditional customers (i.e., by setting p,, = 0), and the optimization problem is

max (1 —n) Ap — ciaptin — c2pi2
OS(I_"])AhSNIhS% ( )
0<(A=mAn<p2< T3 (A.10)
— 1 _ 1
st =a === ~ Pt
if we ignore the boundary conditions, we can derive the unique optimal solution as
)\;kl (1 B (r—ci—c2) f“Q c1—c2)
i = (1 -n)A \/ e
iy = (1—n)Ay, +/Uilaze)

and the corresponding optimal value is 7* = (r—c; —62)(1—77)a—2\/(1 —n)B(r—c1 —c2)er—
20/(1 = n)B(r —c1 — ca)ea. So, if (;\;‘L,ﬂ*f,ﬂ%) is an interior solution, then it must be the
optimal solution to ; otherwise, the solution to must be corner solution, in
which case we can check the optimal value is clearly nonpositive, and thus the firm never
chooses this option.




3. Serve both types of customers. In this case, the optimal solution is obtained by solving the
following optimization problem:

Am (1= 1) Ap) — - .
0<n/\m<;£?3)<(1—, r(MAm + (1 = 1) An) — Cimpam — C1ian — Cap2

0<(I—Ap<pp <28
NAm~+(1— ﬂ))\h<u2<* (A.11)

st. Am=a-— Bwlm (H1m, Am) — Bwa (2, NAm + (1 — 1) Ap)
An = o — Bwip (pan, (1 =n) Ap) — Bws (p2, nAm + (1 = 1) Ap)

Since the constraint set is compact and the objective function is continuous, by Weierstrass
Theorem, there is a maximum to (A.11]).

The Lagrangian of (A.11)) is defined as follows:

L( Xy Ay i1y B1hs 12, Py PR) = T (A + (1 = 1) Ap) — Clmulm — C1j41p — Co2
1
—Pm <)‘m ot Bm —m T Bl@*n)‘m*(l*n))‘h
1 1

—Pn (Ah —a+ B —amn T P

where p,,, pr, € R are the Lagrange multiplier. To find the critical points of L( Ay, An, fim, B1k, 1425 Pms Ph)s
we solve the following equation set:

L _ pmBn___ _ (pm+pn)Bn —
OAm =" Pm (Nlm_77>\7n)2 (N2_77>‘m_(1_77)>\h)2 0
oL _ . (1—n)—pn— prf=n) _ _ (pmtpn)B1=—m) __
M (Bn—(=mAn)*  (r2—nAm—(1—n)An)*
88L = —Cim, + pm B 5 = 0
Him (;U' 1m T])‘m)
0L _ . 4 prB—m)  _
A (pin—(1— ﬁ))\;L)z
OL _ _ . 4 (bmtpn)b—m)  _
Oz (M2—7I>\m_(1_77)/\h)2

0< A < pim < 250 < (L =) A < <25 nAm + (L =m) Ay S o < 52

By Proposition 5.6 in (Sundaram) |1996)[page 122], we know the optimal solution to (A.11) is
one of the critical points. (Note the constraint qualification holds everywhere on the feasible
set.) Let’s first ignore the boundary conditions, and solve the equation set above, which gives
us a unique solution:

’8\/577T C1m—C2) B\/ﬁ [(r—cim— 62)77+(T c1—c2)(1—n)]

)\;FL:O[ B\/ 77)(T c1—c2) ﬁ\/ﬁ[(r Clm—C2) 77+(7" c1—c2)(1-n)]

ﬂlm - 77)‘* fe cclinm =
* * 1-— —c1—
i = (1= X+ /& n)(; foes)

wy =0, + (1 =n)A; + \/5[(“817”*02)%(“61fca)(lfn)]

c2

Note it is easy to check that if A}, > 0 and A\j > 0, then p; < **. Thus, if A}, > 0 and A\j >0
(or « is large), then (A}, A;‘L,ulm,ulh,MQ) is the optimal solutlon to (]ﬁ[), and the corre-
sponding optimal value is 7* = (r—cy,;,—c2)na+(r—e1—c2)(1—n)a— 2\/nﬁclm(r — Clm — C2)—
2\/(1=n)B(r —c1 — c2)er = 2¢/Bea[(r — cim — c2)n + (r — e1 — e2) (1 = )]

So, if (A5, A7, i, 135, 45) is an interior solution, then it must be the optimal solution to
; otherwise, the solution to must be corner solution, in which case we can check
the optimal value is either nonpositive or strictly less than that under the first two options,
and thus the firm never chooses this option.




Note 7* — 7 and 7* — @* are linearly increasing in «, and thus if and only if « is large enough, we
have 77* > max(7*, 7*), and thus it is optimal for the firm to serve both types of customers.

O]

C1

Proof of Lemma 1: From the optimal solution given in Proposition 7, we know wj; = BO=n)(r—ci=es)’

Clm

Wim =\ Bitr—cim—a)> 20d w3 = \/ Bl —eim—ealnt r—ei—e) (="

Then, nw{,, +(1—n)w;, = /ﬂ(rl?cil:_@) 4 //B(S}_’C’Z)_CZQ) which is increasing in ¢1,,,. Also, when

cim = 0, nw§,, + (1 —n)ws, < w?b. Thus, there exists 1,5, > 0 such that nws,, + (1 —n)ws, < wh if
and only if c1,, < Cipm- O

Proof of Proposition §: Because n < 1, we can find wj;, > wll’. Since nws,, + (1 — n)w;, < wll’, we

must have wj, < wd. Also, since c1,, < c1, we have w§ < w}. ]

Proof of Proposition 9: First, because ws,, < w® and w§ < w$, we find A5, = a — Bw§,, — fws >
a — Bub — pul = \b.

Second, note

()\s )\b) \/r —c1 — Co Co
\/ s VB Bn=tin=2 g TR
s b /
which is decreasing in r. Then, if lim MX)vree =/ B 3 \/ T/ 6(1Cl > 0 (ie.,
r—ci1+co )

7 is small enough), then there exists 7 > ¢1 + co such that A; > A’ if and only if 7 < 7 (or
ctey o~ cter ml)\)
T T

Finally, note
n)‘fn _|_( 77501m 601 _ ,302
V=, — r—c1 — Co (r—cim—ca)n+(r—c1—ca2)(l—n)
\/ T — 61 — C2 \/:

where the inequality is due to c1,, < ¢1 and Assumption 1, which implies nw?,, + (1 — n)w;, < wlf
(by Lemma 1) or \/ nfeim 4 \/(1—77)&1 < Bcy ). -

T—Clm—C2 r—c1—c2 r—ci1—co

Proof of Proposition 10: Note puj, = /1 — 77(«1 — na—\/r_ffl_Q _\/(rfq702)+n/?lcin)(r701nrm) +

B(r—c1—c2)

o >, which is decreasing in 7. Since when 1 = 0 we have uf, = b, we can conclude



uiy < p8 for any 1 > 0. Also, note

M + M —a — n/Bclm ,301
tm 1h V r—cim — r—ocy—Cy

C2
_\/(T01m02)77+(7’0102)(177)
+\/577(7“—61m—02)+\/5(1—77)(7"—01—C2)

Clm C1

Because of Assumption 1 and Lemma 1, we have nuws,, + (1 — n)wy, < wll’, and thus \/T:ﬁfﬁ +

(1—n)Bcy Bei Bez Bez
Ve e <\ 7e o Because cim < c1, we have \/(T === =) <\ rma—a- Also,

define function f (n \/ Bnlr— Clm c2) 4 \/ Bl=m(r=c1=c2) Vo can easily check that f is a concave

function. Note f(0 ) \/w and f(1) > 5(75711762) This implies that f(n) > B(T%TCQ)

for any n € (0,1]. Based on the results above, we can conclude that uf,, + uf, > o — T_flcl_ o
o /P =

Second, note

T‘*Clm 7’*01*62

- fes +\/5[(T—Clm—02)77+(7“—01—02)(1—77)]
(r—cim —e)n+ (r—cr—e2) (1 -1) c2

Because of Assumption 1 and Lemma 1, we have nuws,, + (1 — n)wy, < wll’, and thus \/T:ﬁfﬁ +

1— c c . c T—C1m —C r—ci1—ca)(l—
Ve <\ [ B Also, define function g (1) = — /ity e e,

We can easily check that g is an increasing function. Thus, for any n € (0,1], g(n) > ¢(0) =

,_’fficz + \/B(PCPCQ) Based on the results above, we can conclude that p§ > o — Pgi@
=== .
Proof of Proposition 11: Note
Oki _ny/Bl-—ma m(1-n)VBe S AVAEA )
or 2(7“—01—02)% 2[(r —cym —c2)n+ (r—c1 — c2) (1—7))]% 2v/a(r—a—c)
which is decreasing in 7. Since k§ = k% when n = 0, we can conclude that —1 < 8k1 as n > 0.

Note

o ifem |, /BU—ma

or 2(r — c1m — 2)

[w

2(r—c — cz)%
N VBea . VB
2(r — cim — )+ (r—c1 — ) (L—n)]2  2v/e2[(r —cim —ca) n+ (r —e1 — e2) (1= 1)]
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Because of nws,, + (1 — n)w;, < w? (by Assumption 1 and Lemma 1) and ci,,, < c¢1, we have

Vfeim 4 ¥ i) 9 < Ber . Also, define function f () = Ve =+
2(r—cim—c2)2  2(r—ci—c2)2 2(r—c1—c2)2 2[(r—cim—c2)n+(r—c1—c2)(1-n)] 2
VB , which is a decreasing function. Thus, for any n > 0, f(n) < f(0).

2y/ca[(r—cim—c2)n+(r—c1—c2)(1-n)]
Based on the results above, we can conclude that % <

ﬁcl = + BCQ + \/B —

= =
2(r—c1—c2)2 2(r—c1—c2)2 24/ ca(r—c1—c2)

ok}
or -
s s b s b b
Because %’j? < % and 88’? < %’j} , we can conclude that Ok 8:]62) < 8(k};k2)‘ Note when
7 — ¢1+co, then k§ +k§ — kY — k5 > 0. Thus, there exists 7 > ¢ + c2 such that k5 + k5 — k% — kS > 0
if and only if < 7. Then, define m) = (c1 + ¢2)/7 and we get the result. O

Proof of Proposition 12: Based on the optimal solutions, we have

o T =1r)\0— clull’ — cng =(r—c —c)a— 2\/ﬂ(r —c1 — )y — 2\/6(7“ —c1 — C2)C2

o T =7r((L—0)A]+0X)) —c1puf —cou§ =[r—ca—ci1(1—6 a—2\/ 1-0)8(r—c1—c2)er —
2/[(1=0)B(r —c1 — c2) + 0EB(r — c2)]ez

o w0 =1 ((L=n) X, +10\),)—Cimtim— clul—cwg =(r—cim—c)na+(r—c—c) (1l —n)a—
2\/17601m(r— m — C2) 2\/ 1—n r—cl—CQ)cl—Z\/BCQ [(r—cim—co)n+(r—c1—c2) (1 —n)]

Let’s first compare 7° and x®.

Suppose we keep using ull’ and ug in the case of online self-order technology. Then, we want to
show that total demand rate A > A’. Suppose not, i.e., A\ < Ab. Then, we have wy = 1/(u§—\) < wh.
Because £ < 1, we have A\, = a — {fwy > )\2. This means that \; < /\g (otherwise we cannot
have A = (1 — 0)\s + 60X, < A¥). Then, wy = 1/(p — (1 — 6)Xs) < wb. This implies that
As = a — fwy — Pwy > )\g. This contradicts the result \g < )\2 that we just obtained. So we must
have A > Ab. Then, with this feasible solution u¢ and p4 with online self-order technology, the total
profit is rA — cu® — cou > 7. Therefore, the optimal profit 7 > 7°.

Next, we look at how 7° — ¥ changes as different model parameters change.

o_ b
(1) w \/ af 4 \/ @28 _ \/ (1-0)c1 \/T (1=0268)c2B_ 0, because 6 < 1 and

r—c1—ce r—Cc1—C2 r—Cc1—cC2 = 9+9§cl c2
§<1.
o(no— b . 2(.0__ b .
(2) (WTQW) = ug — 8. Since a—’? > 0, we have S(JTaQ) < 0. Also, note that if £ = 1, then

b < pg, and thus 8(%070_2”1;) < 0.
(3) Let’s first prove the following lemma:

Lemma A.2. 7° is increasing in 0.

Proof of Lemma[A.2: For 01,0 € [0, 1], suppose 0; < 2. Denote the optimal solution when
0 = 0, as ,ulA, ,uQA, )\SA, )\OA. The corresponding total demand and profit are \> = (1—

191))\8A + 91)\0A and 72. It is easy to check that )\SA < )\OA.

10



When 6 = 65, suppose we keep using MlA and /J,QA. Then, under this feasible solution, we want

to show that total demand rate A > A\2. Suppose not, i.e., A < A2, Then, wy = “Al X <
5
e IAA = wQA, which implies that A\, > )\OA. Since \ < )\A, 01 < 65 and A\, > )\OA, we can find
5
A < )\S,A. Then, wy = 1 < L = wlA. However, if wy < w2A and w; < wlA,

“1 (1 02)As ,ulAf(lfel)/\sA
then we must have A\g > 2L , which contradicts to what we just found (i.e., As < )\SA). Thus,
we must have A > A\2. This implies that when 6 = 65, with the feasible solution ulA and

,uQA, we have more demand and thus more profit. Therefore, the optimal profit when 6 = 65,
denoted as 7%, must be greater than 72. This completes the proof. O

According to Lemma we have 22" > (. Therefore, d(%;ﬁ) > 0.

(4) Tt is easy to find that 8” < 0. Thus, (ﬂgigﬂb) < 0.

Nest, let’s compare 7° and 7.

Note
8(71'587 ) (e — e \/ﬂclm (r — cim — C2) N \/ﬂcl (r—ci—c) VBea (e1 — cim)
n U V(I —=cim —co)n+ (r—ci —e2) (1—n)

> (&1 — 1m) Berm  [Beim (r—cim —¢2) | ﬁcw—cl—ca
n (T — Cim — 02)

T—Cl—CQ /7 m — C2 r—«C —C2o

T —Cim —C2 ) Cim
>0

where the first inequality is because of A3, > 0 (and thus « > B\/m—iﬁ\/ﬁ[ T_CIm_CQ)nf(T_Cl_Q)(1_,])] )s

and the second inequality is because wf,, < w{, (and thus % - \/ = 1671:1 2 > 0).

Next, we look at how 7% — 7® changes as different model parameters change.

(1) Note

b
B(TI'S—W ) + 7)C1im _ (1-n)a
or r— c1 co r— c1 co T—Clm—C2 r—C1—C2

(r—cim— 02)77+(7‘ c1—c2)(1-n)

Because of Assumption 1 and Lemma 1, we have nws,, + (1 — n)wj, < w}, and thus

nCim (1=n)cr c1 2
Vicen e tVira—e < Vieea 02 Also, because c¢1,, < ¢1, we must have e

—)
Ve taaay Thus > 0.

A(ws —mb s
(2) A = b — 3 < 0.
(3) Let’s first prove the following lemma:

Lemma A.3. 7° is increasing in 7.

11



Proof of Lemma[A-3: For ny,m2 € [0, 1], suppose 11 < 1. Denote the optimal solution when
N = 1M as Ui, MK, M3, A5, A,. The corresponding total demand and profit are \* =
(L =mn1)A, +m Ay, and 7*. Since wi,, < wj,, we have A}, > A7.

When n = 19, consider the following feasible solution: )\ﬁ =\, /\hA =\, ,ulAm = Ui, +

(2= 01)Nws 5y, = 15, — (2 —m) N, 15" = g+ (n2—m)(Xs, — A;). Then, the corresponding
profit 78 = 7% + r(An, = Ap) — cim(m2 — M)A, +ci(ne — m)A;L — ca(ne — m) (A, — Ap) >
T4 (r—c1—c2)(n2—n1) (N, —A;) > 0, where the first inequality is due to c¢1,, < ¢1. Therefore,
the optimal profit with n = 72 must be greater than 7*. This concludes the proof. O

(x° =)

By Lemma |A.3| we find 8T > 0.

(4) Tt is easy to find that aaczr; < 0. Thus, 6(3;7:17) <0.

Proof of Proposition 13:

m—n=—c(1=0)a+[ctmn+c(1—1n)]a

+2¢/1B (r — c1m — ¢2) Cim + 20/ (1 =) B (r — 1 — ¢2) e1 + 2¢/Bea [(r — cam — c2) n+ (r — c1 — ¢2) (1 —1)]
72\/(179)5(7'701702)0172\/[(1—9)ﬁ(r—cl702)+0§B(r—62)]c2

o__

Note that W < 0. Whenn = 0, m° = ® < 7°. Define 7 such that ¢;(1—60) = cini+c1(1-7).
When n = 7, then we can check that 7° — 7* > 0. Thus, for n € (0,7], we have 7° — 7% > 0, or
B = 0. [It is easy to check that 7 > 6. Thus, if n € (0, 6], we must have 7° > 7° or 5 = 0.]

gro—n® 3—61(1—9>a+[61mn+01(1—77)]&
If n > 7, we have —c1 (1—0)a+[c1mn+c1(1—n)]a < 0. Then, a\g = 8“6‘7 >

0. Thus, there exists 4 > 0 such that 7° — 7 > 0 if and only if 8 > .
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Supplementary Appendix B: Extensions

We have three main insights in the paper:

1. [Demand] With self-order technologies, total demand increases; and those who don’t use the
technology may also benefit from their implementation and choose to visit store more often.
(I.e., Propositions 4 and 9)

2. [Workforce Level] With self-order technologies, total workforce level may increase, especially
for firms with high cost-revenue ratio. (Le., Propositions 6 and 11)

3. [Profit] Online self-order technology generates more profit than offline self-order technology
if and only if customer wait sensitivity is large. (I.e., Proposition 13)

Below, we extend our basic model in three different ways. The goal is to show the robustness
of the results listed above. All proofs for the analytical results in this appendix are presented in

Section [B4l

Bl Customer Heterogeneity

Suppose there are two types of customers. A fraction n are tech-savvy customers, and the rest
1 — n are traditional customers. Tech-savvy customers and traditional customers have different
base shopping rate and wait sensitivity, denoted as a,, and ap, B, and B, respectively. This
general demand model can capture customer heterogeneity in terms of two aspects: (1) Customers
may have different loyalty levels towards the firm (which is reflected by different base shopping
rates), and (2) customers may have different sensitivity levels towards wait in store. The model
presented in the paper is a special case of this general model with ap = a4, and By, = B, We
assume tech-savvy customers are more wait sensitive than traditional customers (i.e., 5, > Bp);
this is natural since customers adopt self-order technology primarily because of their impatience
with waiting lines (eMarketer, 2014).

Similar to what we did in the paper, in the following analysis, we focus on the case where the
firm serves both types of customers, which is a valid assumption when «,, and oy are large.

B1.1 Base Model

Given the demand rate function of each type of customers, i.e., Ay, = [ — Bm(w1 + we)]T and
An = [ap — Br(wy +ws)] T, the firm chooses the capacity level at each stage, p1 and g, to maximize
the profit rate, i.e.,

max TA— 11 — Cop2
(1= Ap+Am<pr, =) A +nAm <pe
st Am = [0 — By (W1 (p1, (1= ) Ak + nAm) + w2 (2, (1= 1)An + 1A))]* (BL.1)

An = [an = Br (wi(p1, (L= 0)An + nAm) 4+ w2, (1 — n)Ap 4+ nAm))]*

Proposition B1.1. The firm’s optimal solution is given as follows:



d le =\ + \/((1*77)6h+775m)(7“701702) ]

c1 ’

° Iu,g —)\b + \/((1_77)5h+7]5m)(r—c1—¢:2)

c2 ’

where A’ = (1—n) AL +nA8,, where A} = ah—ﬂh\/
and b = «

((1*77)Bh+7721n)(r701 —c2) 5’1\/ (- nﬁwnﬁm)(r c1—c2)

m = B[ G t—ae ~ B/ Tmm T

B1.2 Online Self-Order Technology

Suppose there is online self-order technology, then some tech-savvy customers will use the tech-
nology and become online customers. Suppose a fraction § < 7 of all customers are online cus-
tomers. Because of the instant-order and advance-order effects, their shopping rate is given by
Amo = [am — EBmwa]™, where ¢ € (0,1]. As for store customers, there are two types: traditional
customers (with demand function Ay, = [a,— B (w1 +w2)]T) and the remaining tech-savvy customers
who don’t have access to the online technology (with demand function s = [t — Bm (w1 +w2)] ™).

The firm chooses the capacity level at each stage, i.e., u1 and uo, to maximize profit rate:

max T (0Amo + (1 —=1) Ay + (1 —0) Apps) — 111 — ¢
(et B, EAme (A A (1=0) dmo) = e = ap
9>\'mo+(1_77)>\h+(77_6))\7ns§M2

sit. Amo = [m — EBmwa(p2, OAmo + (L — 1) Ap, + (n — 0) )\ms)]+
A = [, = Bp (w1 (pa, (1= 0) Ap + (0 = 0) Ams) + w2(p2, 0Amo + (1 = 1) Ay + (0 — 0) Ams))] ™
Ams = [am = B (w1 (p1, (1 =1) Ap + (1 = 0) Adns) + w22, OAmo + (1 = 1) Ap + (1 — 0) f‘mS));_
B1.2

Proposition B1.2. With online self-order technology, the firm’s optimal solution is given as fol-
lows:

) N(f = (1 — n))\z (77 9 + \/ 1 - 5h+(77 e)ﬁm)(r C1— CQ) .

o 1= (1— 77)/\;31 +(n—0)X%,, +0X2,, + \/((1—77)5h+(77—9)ﬂm)(7"—01—02)+‘955m(7"—02) )

Cc2

where

© Noo = Om = &by [ TG e T

o X = an = Buy/m et — O s e e e

* Nos = Om = B TG e~ O TR G e e

Proposition B1.3. With online self-order technology,

. ; o b .
e online customers come more often than before, i.e., Ao, > A} ;

e given c1 and c, store customers come to store more often (i.e., A7 > AZ and X2, > Ao ) if
and only if @ >my and 0 € (0,v5) for some my < 1 and s > 0;



o total demand increases, i.c., ON%, + (1 —n)A? + (7 — A%, > (1 — )AL +nAb,.

This shows that our original Proposition 4 still holds in this case.

Proposition B1.4. Given c¢; and co, then there exists a threshold my < 1 such that the firm
increases total workforce level after implementing online self-order technology (i.e., k§+k3 > ]‘3?4‘]“3)
if and only if 92 > my,.

This shows that our original Proposition 6 still holds in this case.

B1.3 Offine Self-Order Technology

With offline self-order technology, same as the base model, tech-savvy customers always prefer to
use the self-order machines, while traditional customers place an order only with human servers.
Then, the firm’s optimization problem is given as follows:

max r(NAm + (1 = 1) An) — Cimfim — C1pb1n — C2pt2
nAmgﬂlma
(I=m)An<pi1n,
NAmA+(1=mAn<p2 (B1.3)

st. Am = [am - /Bmwlm (Mlma 77/\m) — Bmw2 (/1’27 7’/\m + (1 - 77) )‘h)]Jr
A = [on = Brwin (pan, (1 — 1) M) — Brws (2, nAm + (1 — 1) Ap)] ™

Proposition B1.5. With offline self-order technology, the firm’s optimal solution is given as fol-
lows:

Bmn(r—cim—c2)

o Him =1Ant /T
. ”fhz(l—n)AiJr\/w;

. :UJS — 77>‘78n + (1 _ ,r’) )\;SL 4 \/ﬁm(r_clm_c2)77+ﬂh(7“—cl—52)(1_77),

Cc2

where

S Clm c2 .
* A\ = = Bm Bmn(r—cim—cz2) Bm\/5m(r—81m—62)n+ﬁh(r—61—62)(1—77)’

° Ay =an - Bh\/ﬁh 1— 77 r—ci—cz) ﬂh\/ﬁm (r—cim— 02)7l+céh(7”*01*02)(1*77)'

Similar to what we did in the paper, in the following analysis, we assume the machine capacity
cost c1,, is small enough such that the average wait time at stage 1 is shorter with self-order
technology compared to the base case, i.e., nwi,, + (1 — n)wj, < w?.

Proposition B1.6. With offiine self-order technology,

e tech-savvy customers come more often than before, i.e., 3, > A2 ;

® given Cim,C1,C2, traditional customers come to store more often (i.e., A\j > Y w) if and only if
c1+<:2 > m) and n € (0,¢)) for some m) <1 and ¢, > 0;



e total demand increases, i.c., N\, + (1 —n)A; > (1 — )AL +nAb,.

This shows that our original Proposition 9 still holds in this case.

Proposition B1.7. Given ci.,,, c1 and co, then there exists a threshold m?c < 1 such that the firm
increases total workforce level after implementing offline self-order technology (i.e., k{+k5 > kll’—i—kg)
if and only if 92 > m) .

This shows that our original Proposition 11 still holds in this case.

B1.4 Profit Implications

Suppose By = bby, and B,, = bb,,, i.e., b measures the base wait sensitivity in the market.

Proposition B1.8. There exists b > 0 such that online self-order technology generates more profit
than offline self-order technology (i.e., 7° > m°) if and only if b > b.

This shows that our original Proposition 13 still holds in this case.

B2 Convex Impact of Wait Time

In the paper, we assumed demand is a linear function of wait time. In this extension, we relax
this assumption. Specifically, we consider the following demand function: A = a — Bwf — ng) ,
where w; and wy represent the wait times at stages 1 and 2, and parameter ¢ € (0,1]. Since
¢ € (0,1], demand A is convex with respect to wait time at each stage. Note, the linear demand
model presented in the paper is a special case of this general demand model with ¢ = 1.

Similar to what we did in the paper, in the following analysis, we focus on the case where the
firm serves all types of customers (including online, store, tech-savvy, traditional), which is a valid
assumption when « is large.

B2.1 Base Model

Given the demand function, the firm chooses the capacity level at each stage, p1 and pa, to maximize
the profit rate, i.e.,

max TA—ciul — Coll
AL p1,AS 2 a a

st. A= [a — B (wy(p1, )\))¢ — B (wa(pe, )\))¢] "

Proposition B2.1. The firm’s optimal solution is given as follows:

(B2.1)
1
° ,U,l{ = )\b + (@3(7’_0?1—02))@;

() 'ug = )\b + (¢6(TCCICQ)>171¢7

2

o
<

where 30 = 0= 8 (g5 ) ™ =5 (simes)



B2.2 Online Self-Order Technology

With online self-order technology, because of the instant-order and advance-order effects, online
customer’s demand function is given as A\, = a — Eﬁwf . The store customer’s demand function
remains the same as before, i.e., Ay = a — ﬁw‘f — ﬂwg . Therefore, the firm’s optimization problem
is as follows:

1—0) A + 0X,) — c1py —
(1_9))\5§N1 %%}e()As'i‘e)\oS/LQ " (( ) + ) 01M1 CQ'LIQ
+
st o= [a — €8 (wa(pz, (1 — O)As + OX,))? (B2.2)

Ao = [0 = 8 (wn(n, (1 = 0N = B (wa(pa, (1= 00N, +00))°]

Proposition B2.2. With online self-order technology, the firm’s optimal solution is given as fol-
lows:

1

o uf=(1-0)\+ (w)m;

C1

_1
R S e ) I

Cc2

(2 (2

1+¢

o . ¥ .
s A=a-p (¢(1—0)6(71“—61—cz)) — (¢<1—e>ﬂ(r—c1—i2)+¢esﬁ(r—cz>) ,

¢
o _ o c 1+¢
*Ao=a—gh (qs(l—@)ﬁ(r—q—§2>+¢9£ﬁ(r—cz)) '

Proposition B2.3. With online self-order technology,

e online customers come more often than before, i.e., \J > AP

e given c; and ca, store customers come to store more often (i.e., A9 > ) if and only if
@ >my and 0 € (0,15) for some my < 1 and s > 0;

e total demand increases, i.e., (1 — 0)A2 + 6N > AP,

This shows that our original Proposition 4 still holds in this case.

Proposition B2.4. Given c¢; and co, then there exists a threshold my < 1 such that the firm
increases total workforce level after implementing online self-order technology (i.e., k{+k§ > kb+k5)
if and only if @ > my.

This shows that our original Proposition 6 still holds in this case.



B2.3 Offline Self-Order Technology

With self-order technology, the firm’s optimization problem is given as follows:

max T (MAm + (1 =) An) — cimpam — c1fi1n — capo
7]>\m§lllm7
(I=m)An<pin
MAm+(1=m)AnZp2

St A = [0 = B (i 1Am))? = B0 (2 + (1= 1) M)?]
M= [ = Blwin Gurns (1= 1) M)® = B(ws (i hn + (1= 1) M))?]

(B2.3)

Proposition B2.5. With offline self-order technology, the firm’s optimal solution is given as fol-
lows:

1
® 1], =N\, + (M)m;

Clm
1
o ufy = (1—-n) A5+ (%@) 1+¢>’_

1

o 15 =nA5 +(1—n)A5 + (¢B77(7“*01m*62)+¢5(1*n)(7“*01*02))m’

c2

where

_¢ _o
o )\ Cim 1+¢

m=a— B(m) - 5(¢5n(r—clm—cz)+?6(1—n)(r—cl—cz)) ’

% [
*My=a—p <W) —F (wn(r—mm—C2>+55<1—"><T—01—02>)

1+¢

Similar to what we did in the paper, in the following analysis, we assume the machine capacity
cost c1m, is small enough such that the average wait time at stage 1 is shorter with self-order
technology compared to the base case, i.e., nwy,, + (1 — n)wj, < wll’.

Proposition B2.6. With offline self-order technology,

e tech-savvy customers come more often than before, i.e., A5, > \’;

® given Cim,C1,C2, traditional customers come to store more often (i.e., A\j > b)) if and only if
ate > ml and n € (0,9)) for some m) < 1) and ¢, > 0;

e total demand increases, i.c., N\, + (1 —n)A; > Ab.

This shows that our original Proposition 9 still holds in this case.

Proposition B2.7. Given ci.,,, c1 and co, then there exists a threshold mj,c < 1 such that the firm
increases total workforce level after implementing offline self-order technology (i.e., k§+k5 > kb+k5)
if and only if @ > mj,.

This shows that our original Proposition 11 still holds in this case.



B2.4 Profit Implications

Proposition B2.8. There exists 3 > 0 such that online self-order technology generates more profit
than offline self-order technology (i.e., 7° > m° ) if and only if § > f.

This shows that our original Proposition 13 still holds in this case.

B3 Alternative Wait Time Function

In the paper, we formulated firm’s optimization problem with respect to capacity u. The three
optimization problems (1, 2, 3) can also be reformulated with respect to the number of servers k
as follows:

e Basic model:
max A — llk‘l - l2k‘2
A§k1/n,)\<k2/‘rg (1/)

st. A= [a— B (wi(kr,\) + wa(ke, A))]T
e Online self-order technology:

max r (9)\0 + (1 - 9))\5) - llkl — lgkg
(1—0))\S§k1/T1,9)\0+(1—6))\S§k2/7—2

st Ao = o — EBwa(ka, OAo + (1 — O)As)]* (2')
As = [a — B (wy(ky, (1 — 0)Ng) + wa(ka, 0N + (1 — O)A))]T

e Offline self-order technology:

)\m L- A _lmkm_lk—lk’

77>\m§k171nn/§i<, r (77 + ( 77) h) 1mh1 1K1 L)

(A=) An<k1/m1,

77)\m+(1—n))\hSkQ/T2 (3/)

sit. A = [a— B (w1 (kim,nA\m) + w2 (k2,nAm + (1 — 1) )‘h))]+
An = [a = B (wr (k1 (1= 1) An) 4+ wa (k2, nAm + (1 =) Ap))] ™

where 1 = c¢1 /71, lim = c1m /71, l2 = ca/ T2, wi(k,\) = k/Tib\, and 7; is the average service time at
7

stage i = 1,2. Here, [; and Il can be interpreted as the labor cost per unit of time at stages 1 and
2, l1;m is the corresponding cost for machines. The number of machine servers is denoted by ki,,.

In the paper, we have assumed wait time function takes the following form: w;(k, \) = k/rﬁ

In this section, we numerically test the robustness of our main insights with a different wait time

function, i.e.,
2(k+1)—1

T P,
(kX)) = (i) i < B3.1
w;(k, A) L 1—p; + T ( )
where p; = A;i. This corresponds to the approximated average wait time in a M/M/k queue

(Cachon and Terwiesch, 2009).

In the numerical study, we consider the following parameter values:



o 7 = {%2 L} We assume the average service requirement is 0.5/60 or 1/60 hour (i.e., 30

seconds or 1 min) to place an order.

e 7o = t7y, where t = {3,5,7}. Here, we only look at the case where 7o > 7 because it generally
takes longer cooking food at stage 2 than processing an order at stage 1.

e o = 100. Here, we assume the maximum traffic (i.e., if there is no wait) in a store is 100
people per hour.

e 3 ={300,400,500,600}. This implies that the longest amount of wait time people can tolerate
(after which their shopping rate is 0) is a/8 = {1/3,1/4,1/5,1/6} hours.

o 17 ={0.6,0.7,0.8,0.9}
e 0 = (n, where ¢ = {0.2,0.4,0.6,0.8}.
o £=1{0.2,0.4,0.6,0.8}

o [} =1y ={8,9,10,11} The range of the hourly wage is consistent with the data provided by
the Bureau of Labor Statistics http://www.bls.gov/oes/current/oes353021.htm.

e i, = zly, where z = {0.01,0.1}.

° l”l% = {0.1,0.3,0.5,0.7}. The range of the cost-revenue ratio is selected based on the

following fact: According to |[National Restaurant Association (2010)), for a restaurant, the
median cost of food and beverage sales is 31.9%, and the median cost of salaries and wages
is 29.4%. Note, l171 + lom is the cost to serve one customer; r is the sales revenue from each
customer net of cost of food and beverage. Then, the data above implies that the median of
the cost-revenue ratio 17272 should be around 29.4%/(1 — 31.9%) = 43.2%.

There are 49.152 cases in total. After checking with the assumptions we made in the paper,
we end up having 35,620 cases. For each case, we solve the three optimization problems above with
the wait time function (B3.1). To simplify calculation, we assume ki, k2, k1, € Ry

First, we check the impact of self-order technology on demand. Here are the results:

e With online technology, compared to the base scenario:

— total demand increases (i.e., OA9 + (1 — 0)A2 > A®) in all cases;
— online customers come more often (i.e., A% > Ab) in all cases;

— store customers come more often (i.e., A2 > A\’) in about 21.7% of cases.
e With offline technology, compared to the base scenario:

— total demand increases (i.e., nA3, + (1 —7)A; > AP) in all cases;
— tech-savvy customers come more often (i.e., A3, > A?) in all cases;

— traditional customers come more often (i.e., A7 > AP) in about 5.4% of cases.

These results are consistent with Propositions 4 and 9 in the paper.

Next, we check the impact of self-order technology on workforce level:


http://www.bls.gov/oes/current/oes353021.htm

e Figure shows the proportion of instances that k¢ + k3 > k% + kS given the cost-revenue
ratio (Iy71 + lam2)/r. It shows that a firm with higher cost-revenue ratio will be more likely
to increase workforce level after the implementation of online self-order technology, which is
consistent with Proposition 6.

e Figure shows the proportion of instances that £ + k5 > kll’ + k:g given the cost-revenue
ratio (Iy71 + lam2)/r. It shows that a firm with higher cost-revenue ratio will be more likely
to increase workforce level after the implementation of offline self-order technology, which is
consistent with Proposition 11.

Finally, we check the optimal choice between online and offline self-order technologies: Fig-
ure shows the proportion of instances that 7w° > 7 given §. It implies that online self-order
technology is more profitable if 5 is large, which is consistent with Proposition 13.

Figure B3.1: Proportion of instances that total workforce level increases after the implementation
of online self-order technology (i.e., k§ + k9 > k) + k)
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Figure B3.2: Proportion of instances that total workforce level increases after the implementation
of offline self-order technology (i.e., k§ + k5 > kb + kb)
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Figure B3.3: Proportion of instances that online self-order technology generates more profit than
offline self-order technology (i.e., 7° > 7¥)
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B4 Proofs of Results in Extensions

Proof of Proposition [B1.1: Let’s define o = (1 — n)ayp, + naw, and 8= (1 —n)Bn + 1Bm.

Since we only focus on the case where the retailer serves both types, the optimal solution can
be obtained by solving the following optimization problem:

max r((L = n)An + 1nAm) — c1p1 — cafto
Ay Ap = 0,
(L =m)An +nAm < pa <75,
(L =mAn +10Am < p2 < 55
s.t. )\m = Oy — Bm (wl(:u’b (1 - 77))\}1 + n/\m) + w2(M27 (1 - U))\h + n)‘m))
A = ap — By (wi(pr, (1 —n)An 4+ 1nAm) +wape, (1 —0)An +0Am))

the optimal solution of which can be obtained by the following optimization problem:

max  TA— Cifi] — Colo
0sASpis el (B4.1)

st. A=a— B (wi(u, ) +wa(uz, \))

where A = (1 — n)A\r, + nA,. The Lagrangian of (B4.1)) is defined as follows:

1 1
L(A,ul,,ug,p):rA—clul—cwz-l—,o[)\—a-l—ﬁ( + )}
P1— A p2— A

where p € R is the Lagrange multiplier. To find the critical points of L (X, u1, p2, p), we solve the
following equation set:

=P PG T Py =0
O :—Ci—l)ﬁm =0,0=1,2

1 1)
A—a—i—ﬂ(ul_)\—i-m_/\) =0

0<A<m <0< A< e <3

10



By Proposition 5.6 in (Sundaram| 1996)[page 122], we know the optimal solution to (B4.1) is one
of the critical points. (Note the constraint qualification holds everywhere on the feasible set.) Since
the firm finds it optimal to serve both types of customers, the solution must be interior, which gives

us a unique solution:
_a_ﬁ\/ﬁr c1—c2) B\/ﬁr c1—c2)

pb = 2\b + B(r—ci—c2)

C1

ph = A 4 Blrmazea)
Then, we can find )\2 = oy, — Brwr (pd, A) — Brwa(ub, A\°) = ap — B, /#702) — Bn ﬁ
and A, = a — Brwi (41, A°) = Brwa (6, A°) = i — Bim m Bmy/ m O

Proof of Proposition [BI.3: Since we only focus on the case where the retailer serves all types of
customers, the optimal solution can be obtained by solving the following optimization problem:
max T (0Amo + (1 — 1) Ap + (1 — 0) Ans) — c1p1 — copio
Amo,An;Ams >0,
(1= An+ (=0 Ams <pr T2,
OAmo+(1=m)An+(n—=0)Ams <p2 < T2
st Amo = m — EBmwa (2, OAmo + (1 =) A + (1 — 0) Ams)
A = ap = B (wi(p1, (1 =0) A+ (0 — ) Ams) + w2(p2, 0Amo + (1 —n) Ap + (7 — 0) As))
Ams = Qm — Bm(wl(ulv (1 - 77) An + (77 - 0) )‘ms) + w2(:u2> Ao + (1 - 77) An + (77 - 9) )‘ms))
the optimal solution of which can be obtained by solving the following optimization problem:
max 7 (0Amo + (1 — ) Xs) — c1pu1 — copuio
0<(1—0)A < <2,
OAmo + (1 = 0) As < po
st Amo = am — EBmwa (2, OAmo + (1 — 0) Xs)
)\s = Qs — 65 (wl(,uly )\s) + ’U)Q(,ug, 0)\m0 + (1 - 0) )\s))

(B4.2)

where \; = (l_n))‘h;r_(g_e)’\ms, o = (l_n)a’i?_g)am and Bs = (l_n)ﬁ’i(&"—e)ﬂm. The Lagrangian of
Bi2) i

L ()‘mm )‘Snulalu’Qa P17p2) =T (HAWO + (1 - 0) AS) — G — Copi2
+ p1 ()\mo — Oy + fﬁm’UJQ(,U«% Ao + (1 - 9) )‘S))
+ p2 (>\s — s+ B (wl(ﬂh )\s) + w2(1u’27 OAmo + (1 B 9) )\s)))

To find the critical points of L (Ao, As, fi1, f2, p1, p2), we solve the following equation set:
oL 1 1
o, =L =00t o2 1B (1 =) g s 2P (U= 6) G e
1 _
o 20, (1-6) (uz—(l—e»s;exof )
Tamg = 10+ 1+ p1EAmO Ga—(—0e—0ma)? p255‘9(u27(179)&79xm0)2 =0

oL _ S
% - 10268 (Ml 1 0))\3)2 - 0 .

{ —
Bua — plfﬁm (11 NDXs—0Amo)> p2Ps (2—(1=0)Xs—0Amo)? 0

Am (%n+£ﬁmﬂz(19M59Mm-_0
)\ as_i_ﬂs 1 9))\ +IBSM2 (1 9))\5 aAmo O
0<(1-6)A guls’;?OSAmo,( —O)As + 0o < 2 <

11



By Proposition 5.6 in (Sundaram| 1996)[page 122], we know the optimal solution to (B4.2) is one
of the critical points. (Note the constraint qualification holds everywhere on the feasible set.) Since
the firm finds it optimal to serve all types of customers, the solution must be interior, which gives
us a unique solution:

g = (1= 0) A + / Belr=ai=ea)

1
Iug — (1 _ 0) Ao+ QN0+ \/ﬁs(r—01—02)+9£ﬂm(r—02)

Cc2

mo — Om — S/Bm\/ﬁs(r—cl—CQ)cj-efﬁm(r_C?)
Then, X = = Buwr (18, (1=0)X) = Brwa (13, 0o+ (1-0)A2) = =B [ty 7~ e e —

b T e e A0 As = Q= B (1, (L= 0)X2) = Bwa (45, 035, +
(1 - H)As) = Qm

B ﬁm\/((1*77)5h+(77*9)ﬁm)(7‘*01*02) - ﬁm\/((1*77)/6’;#(?7*9)5771)(?*01*02)+9£/3m(?“*02)'

Proof of Proposition [BI.3; A7, = am— §5m\/ IOV (e s F0E B (r—cz) = O‘m_ﬂm\/ (=008 (1 —ca) T 0P r—ca)

— B/ m >y — Bm m B 4 /m = A\ where the first inequality is
because of £ < 1, and the second inequality is because 5 = (1 —n)B + 1SBm = (1 — 0)Bs + 0m.

Note (X, = M) Y= = (Mgyy — M) Y522 =\ [54 [% = [eym: \/1 AT =

Bot0Bim 2

which is decreasing in r. Then if %—1—1 /%2— ‘ /O—Cﬁ > 0 (or 6 is small enough), then given ¢; and
c2, there exists 7 > ¢ + ¢ such that Ay — A} > 0 and A9,, — A%, > 0 if and only if 2£22 > ate O

Proof of Proposition [BI.J:
kS 4 kS — kb — kb = —0ar +

Bea

pr—— (7'1 + 7'2) (1 — 41— 0)
((1=9) Bs +68m) \/tmym—erarrmemmt—e — Py F—2a m]
»3(1”701702)7_1 (1 _ m) + 7 <\/(19)ﬁs(r0162)+0£5m(7“02) _ ﬂ(rq@))

— (11 + )

C1 Cc2 Cc2

LA m\/ 0B (r—ci=ca 08 (7—c2)

(B4.3)
Let’s first show the 3rd term in (B4.3)), i.e., — (71 + 72) [((1 —0) Bs + 0£6m) \/(1*9)ﬁs(T*C1fcc22)+9518m(7"702) _

B /M] (denoted as f3(r)) is decreasing in 7:

or =0)8eer 2 2r — ey —co)d
(r — C2 = (T-0)3. 1068 (9)63_’_0&%) (r—c1—c2)

(1-0)Bscq
0[(1-0) B +0€Bm] Olr—C2— (=975, +0¢ )

Since > 0 and gg = Bm — Bs > 0 (because B, > Br),
we can find that % is decreasing in 6. Note when 6 = 0, 8—1;3 = 0. Thus, 6f3 < 0 for all 8 > 0.

12



Next, let’s show the 5th term in (B4.3), i.e., 7 (\/(1_9)’35(r_61_62)+0£ﬁ’”(r_02) — \/’B(T_;I_CQ)>

Cc2

(denoted as f5(r)) is decreasing in r:

Ofs 7 V(1L —0) Bs + 08B VB

Or  20c \/ ~ (1-0)Bs(c142)408Bmes /T —C1 — C2
ve " (1-0)Bs+0Bm

<0

6(k‘1’+kg—klf—kg) : o o b
Therefore, we can conclude that =——=—2——2> < 0. Note, if = ¢; + ¢z, we have (k{ + k§ — k7 —

k‘g) r—oc1 —co — (T1+72)V/Bea++/Bei(mi+72)(1—+/1 —60) > 0, which implies k‘f—l—k‘g—kll’—kzg >0
if r is very close to ¢1 + co. Thus, there exists 7 > ¢; + c2 such that k¢ + k9 — kb — kS > 0 if and

only if » < 7. Then, we can define my = @

O]

Proof of Proposition[BI.5: Since we only focus on the case where the retailer serves all types of
customers, the optimal solution can be obtained by solving the following optimization problem:

A+ (1= ) Ap) — e —
0<nAm <piim< P r(Am + (1 =) An) = Ctmpnm = Cifin = ezbz
0<(A=mAn<pin<TH,
MAmA(1=mAp<pa <72 (B4.4)
st Am = am — Bpwim (,Ulma 77)\m) — Bmwa (MQ, NAm + (1 — 77) )\h)

An = ap = Bpwin (pin, (1= 1) An) — Bawz (B2, nAm + (1 = 1) Ap)
The Lagrangian of (B4.4) is

L (Amms Abs o1hs i 142, Phy Pm) =T (NAm + (1 — 1) Ap) — c1pt1n — Cimfim — Cop2

<)\ 8 ! 8 ! >
—Ph | A —ap h h
g pin — (1 =n) An p2 — (1 =n) Ap — nAm
1 1
— Am — Qm + Bp——— +
fm ( e /Bm/ilm_n/\m BmﬂQ_(l_ﬂ))\h_n/\m>
To find the critical points, we solve the following equation set:
aiL — _ _ p7nﬁm7] _ (Pmﬁm‘f‘/?h/jh)n —
P = TP = GNP G O
oL _ . (1—1n)—pp— prBr(1=m)  _ (pmPBmtpnBn)(1—m) _
832 (mn—(=mAn)*  (p2—nAm—(1—n)An)?
= — ___PmPm
8,“1777, - Clm + (Nlm_n)‘m)2 o 0
oL _ . 4 _peubn(=n)
Optn (p1n—(1—1)Ap)?
oL = —¢y + (PmBm+pnBr)(1—n) —
Opia 2 Ga—mhm—(1—n)A)?

Ogn)\mgluflmg%yog(l_n)AhgﬂlhS%’n)\m+(1_n))\hgﬂ2§m

c2

By Proposition 5.6 in (Sundaram) 1996))[page 122], we know the optimal solution to (B4.2) is one
of the critical points. (Note the constraint qualification holds everywhere on the feasible set.) Since
the firm finds it optimal to serve all types of customers, the solution must be interior, which gives

13



us a unique solution:

Niw = m = B[ ety = B et e
_ o o C
Ap = 5h\/ e~ P e e T
=nAS, + W

/’Llh_(l_ )\s \/Bhl 777" c1—c2)
1_ )\S \//Bm(r cim—c2)n+Bn(r—c1—c2)(1-n)

Cc2

ws = nAy, +

Proof of Proposition [BI.G: First, note

(A5, =A%) VB _ \/ c1 +\/ c2 B CimfB _ c28
B r—ci—ca \\r—ci—c2 \| Bun(r—cim—c2) \| Bun(r —cim —c2) + B (1 —n) (r —c1 — c2)

Because c1, < c1, we have |/ —= 01 = \/an(T pry— +ﬁh(1 Nr—e=e) > 0. Also, we can easily
check that w{, > w?. Then, since nw$,, + (1 —n)ws, < w?, we must have ws,, < w?, which implies

B (X =20 ) VB b
\/T oo Tc1 5 > 0. Thus, we have “==—7"==—> 0 or A}, > Ay,.

Second, note

(X =) VB (r - ca) B 615
Bh sVatve (1- Bmn T Eim 2 C;r;j? + Br (1 —n)

which is decreasing in r. Then if \/c; + \/c2 — (lflryﬁ)ﬂh > 0 (or n is small enough), then there

exists 7 > ¢1 + ¢z such that A} — )\Z > 0 if and only if @ > %

Finally, let’s look at total demand rate. We first prove the following lemma:

Lemma B4.1. If nui,, + (1 — n)ws, < w?, then y/Lmicim 4 Brlomler Bey

T—Cim—C2 r—C1—C2 r—ci—cg”’

[ 2 m 2 1
Proof of Lemma[B{.1}: Because nw§,, + (1 —n)ws, < wl, we have \/Bm(ﬁ_nq 5+ \/Bf = 017’ 6012) <

T Clm—c2
Bea : BQUCIm 2 1 77)01 > anclm Bh(l 77 C1
e So all we need show is ,Bm(r—clm—@ Bh(r oimes) 2 pre vz SR Y e . Note
_ Bneim Br(l-nca Bmncim [ Ba(1=n)c1
Bm(r—cim—c2) Bh(r—c1—c2) r—Clm—C2 r—ci—ca

B2(1—n)c Br(1—7)c / / (1-m)c
= \//Bh(T’ c1— 012 o Th c1— 621 o |: :| |:\/ (r C611 —c2) /Bh(r c1 102:|

1 c
= /5 (B — ) (1 - >[ﬁ -

>0
: T B2ncim B2(1=n)c1 Bmncim Bn(1=m)e1 -
where the first inequality is because \/ Bm(r_qlm_cz) Brlr—ci—cs) — e :_61_621 is
decreasing in ¢y, and nwy,, + (1 —n)w;, < wll’, and the second inequality is because 3,, > 5} and
B > (1 —n)Bx. This completes the proof. O
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Because nws,, + (1 — n)wf, < w}, Lemma and c1,, < c1, we can check that nAj, +
_ ﬁnﬂ'lc m IBh(l 77 C1 BC
(1- ))‘8 R Y Clml_CQ o r—ci—cp ﬁ\/ﬁm"] (r— C1m—02)+ﬁh(1 n)(r—c1—c2) > o= \V 7“—011—62 o

_ b
B\ Br—e—ay = m

e ks T/ Br(l-n)ca 71 (1-7)BnB/a T14/Br(1-7)

Proof of Proposition [BI.7: Note 5+ = + +

fof P ar 2(7“*01762)% 2[ﬁm(T*C1m702)n+6h(r7c1fCQ)(lfn)]% 2¢/c1(r—ci—c2)

/ / b

nvba 4 _nvBe 4 VB = %, where the inequality is because ¢, < ¢; and

2(r—c1—c2)2 2(r—c1—c2)2 2\/Cl (r—c1—c2) T
B> (1—mn)Bh.

Also, note

Ok3 _ _ VnBmcim + Br(1— 77)01
or 3
2(r—cim—c2)2 2(r c1— 02)2
B2/ i 3

2[Bm (r—cim—c2)n+Bn(r—ci—c2)(1—n)] 2\/C2[5m(7“*01m*62)77+,3h(7“*01*02)(1*77)]

3
2

ViBmein _ o VBzmer B Also, define

By Lemma [B4.1| and ¢1,, < ¢1, we have

3 3 B
2(r—cim—c2)2 2(r—ci1—c2)2 2(r—c1—c2)2
2
function f (¢ = Fver + B , which
f( 1m> Q[Bm(r‘fclmfcg)rrkﬁh(rfcl702)(1777)}% 2\/‘32[5771(7’_01771 c2)n+Br(r—c1—e2)(1- 77)] v
. . . . . oKy VBer oks _ OkS
is an increasing function. Thus, f(c1,) < f(c1). Since 52 = ﬁ—i-f (c1), we have 2 o < B2
2(r—c1—co

O(k$+ks —k}—k3) ; s s b
Therefore, we can conclude that =———=2——2> < 0. Note, if 7 — ¢;+c2, we have (k{+k35—k]—

kg) r—c1 —c2 = (11 +72)(VBei ++Bea —/Br(l —n)er) > 0, which implies k5 + k5 — kb — kg >0
if r is very close to ¢; + co. Thus, there exists 7 > ¢; + ¢z such that k§ + k§ — k% — k5 > 0 if and

only if 7 < 7. Then, we can define mj, = 4t ]

Proof of Proposition [BI.8:
™ —nt=—c(l-0)a+[cimn+c(1—n)«a
+2v/1Bm (r — 1 —62)01m+2\/1— ) B (r—c1—c2)c1

+2v/¢2 [Bin (1 — c1m — c2) 1+ By (r — e1 — c2) (1 — )]
—2/(1=0)Bs (r—c1 —c2) 1 = 2¢/[(1 = 0) Bs (r — c1 — c2) + 0B, (r — c2)] 2

Note that % < 0. Also note that when 6 = 7, we must have the 7° > 7°, the proof of which
is as follows: Suppose the optimal solution for the offline model is pf,,, 1}, 115, Ay, A Consider
the following feasible solution for the online model: ,ulA, ,uQA, )\r%, )\hA, where ulA = pj, and ,LLQA = [5.
Then, suppose N\ + (1- 7]))\,1A < 1A, + (1 =n)A;. Then, we must have U)ZA < wj. Then, because
online customers don’t wait at stage 1, we have /\,% > A\J.. Then, )\hA < A;. Then, wlA < wi.
However, if fwlA < wj and ng < w3, then this means that )\hA > Aj. We get a contradiction. Thus,
we must have nAm + (1 — n))\hA > nAS, + (1 —n)A;. This implies that 72 > 7°. Thus, we must
have 7° > 72 > 7°. The results above implies that 36 < 7 such that 7° > 7° if and only if 8 > 6.

Note when c¢i,,n = c1(n — ) (or § = w), we have 1 — 7% > 0 for any b > 0. This

C1

implies that 6 < W Thus, for any b > 0, if § > W (or c1mm —c1(n —0) > 0), we must
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_ aﬂofws a(Clmn*q(n*e))a
have 7° — ™ >0, ie, b=0. If ey —c1(n—60) <0, the_n 8\1/15 = O\I/f > 0. Thus,
there exists b > 0 such that #° — 7% > 0 if and only if b > b. O

Proof of Proposition[B2.1]: Since we only focus on the case where the retailer serves all types of
customers, the optimal solution can be obtained by solving the following optimization problem:

max rA— Clp1 — Copio
0<A<M1<%,)\<M2<%

st. A=a— B (w(u, /\))¢ — B (wa (2, /\))¢

(B4.5)

The Lagrangian of (B4.5)) is

1 1
L (X p1,p2,p) =rX—cipn —capiz +p | A —a+ B +
(11— A)? (2 — A)?

To find the critical points, we solve the following equation set:

AL _ opB pB _
W =T + p+ (Ml*)\)l-‘—qZS + (M2_)\)1+¢Q o O
oL _ _ . _ 9B __ _
op 1 (p1—A)1Te
oL
ous =~ Gayre = 0
- 1 1
A-at B(ul—k)‘75 + /8(#2—)\)¢
A<, A< g

By Proposition 5.6 in (Sundaraml [1996))[page 122], we know the optimal solution to is one
of the critical points. (Note the constraint qualification holds everywhere on the feasible set.) Since
the firm finds it optimal to serve both types of customers, the solution must be interior, which gives
us a unique solution:

Ab:a—ﬁ(M)ﬁ‘ﬂ(my%

1
/J}{ = >\b + <¢6(T_C?1_02)) 1+
_1

b= 4 <¢5(T*01762)) +$

co

©-

O]

Proof of Proposition[B2.3: Since we only focus on the case where the retailer serves all types of
customers, the optimal solution can be obtained by solving the following optimization problem:

max r((1—=0) s +0X,) — crp1 — copn
0<(1-0)Ae<m <2,

0< X,
(LA 0SS 22 (B4.6)
st Ao = —EB (wapz, (1 — )X + OX,))?
Ao = a— B (wi(p, (1= 0)As)? = B (wapz, (1 — 0)As + 0X,))°
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The Lagrangian of (B4.6)) is given as follows:

L ()\07 )‘Snu'lau27 pmps) =r (GAO + (1 - 0) AS) — C1p1 — C2l42
= o1 (Ao = @+ EB(wa(piz, 000 + (1= 0) A,))°)

= p2 (As = ot Blwi (1, A)° 4 Blwa(a2. 0o + (1 - 6) A)°)

To find the critical points, we solve the following equation set:

B = (L= )+ 2+ 08B (L= 0) Gy gyess + 0028 (1= ) s
o +¢P2B (1 - 9) (MQ_(l_e))is_g)\o)1+¢ = .
TAD = 7"9 + P1 + prléﬁe (#2—(1—9))\s_0/\0)1+¢ + ¢p260 (#2—(1—9))\3—0)\0)1+¢ - 0

oL __ 1 _
ot —C1 — ¢P254(Mi(179)>\5)1+¢ =0

oL __ _ 1 _ 1 _
oz — 2~ oPEs (k2= (=00 ~02) 7 P2 o —aagy e 0

Ao —a+ &6 (= GI)AS Dy

As =+ Bo—a=pn; 8= 9),\ —ox, = 0
0 (1= )% < 11 < 2.0 < Aoy (1~ B) A 4 020 < pp < 72

By Proposition 5.6 in (Sundaram)| 1996)[page 122], we know the optimal solution to is one
of the critical points. (Note the constraint qualification holds everywhere on the feasible set.) Since
the firm finds it optimal to serve both types of customers, the solution must be interior, which gives
us a unique solution:
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Next, let’s prove the second bullet point. Note
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which is decreasing in r. When r — ¢; + ca, ()\‘8’ - A ) % — (5718) + (%) —
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( 3 6(611—0)> " > 0if 0 is small enough. Then, we can conclude the result.
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Finally, let’s prove the third point. Note (1 — 8) \24+0A% = a—((1 — §) §) T+ (m) e

((1 0)5+050) ™7 5, which is increasing in 6. Note when 6 = 0, we have (1 — 6) A2 +60X2 = A’
<7“ a- 9)5(81+62)+9§ﬁ02>7¢>
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Thus, (1 — 0) A2 + 6XS > AP for all 6 > 0. O

Proof of Proposition [B2.]:
e
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Let’s first show the 3rd term in (B4.7), i.e., — (11 + 72) [((1 —0) B+ 0¢p) (¢(1_€)ﬁ(T—Cl—632)4‘4595,8(7‘—02)> -

-
5(%) "1 (denoted as f3(r)) is decreasing in r:
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which is decreasing in 8. Note when 6 = 0, % = 0. Thus, % < 0 for all 8 > 0.
1 1
Next, let’s show the 5th term in (B4.7)), i.e., 7 <<¢(1g)ﬁ(rclciz)+¢9£,8(r@)> - (W) 1+¢>
(denoted as f5(r)) is decreasing in 7:
1 1 1
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Therefore, we can conclude that W < 0. Note, if 7 — ¢1 + 2, we have (k¢ + kg — kb —
a1 e e s
B — 1 — )™ > (n+4m)B (%) T+ (1= (1= 0)79) 8 () ™ (nn)(1- /T - 9) >0,
which implies k¢ + kS — k% — k5 > 0 if 7 is very close to ¢ + ca. Thus, there exists 7 > ¢; + ¢g such
that k¢ + kS — kY — k% > 0 if and only if » < 7. Then, we can define my, = <+, O
Proof of Proposition[B2.5: Since we only focus on the case where the retailer serves all types of
customers, the optimal solution can be obtained by solving the following optimization problem:
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The Lagrangian of (B4.8)) is given as follows:
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To find the critical points, we solve the following equation set:
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By Proposition 5.6 in (Sundaraml 1996))[page 122], we know the optimal solution to (B4.1)) is one
of the critical points. (Note the constraint qualification holds everywhere on the feasible set.) Since
the firm finds it optimal to serve both types of customers, the solution must be interior, which gives

us a unique solution:
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Proof of Proposition [B2.6: First note
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Because c1,, < c¢1, we have (T_q_CQ) (n(r701m762)+(1*7))(7'701702))
easily check that w{, > w®. Then, since nws,, + (1 — n)ws, < w?, we must have w§,, < w?, which
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1mphes (7”—0011—02) — (m) > 0. Thus, we have (51}34) > 0, or )\fn > )\b.
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Second, note
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which is decreasing in r. Then if ¢y 17#¢ + co1+¢ — (f_—ln) "% > 0 (or 7 is small enough), then there
exists 7 > ¢1 + ¢z such that A} — )\;’L > 0 if and only if @ > @
Finally, let’s look at total demand rate. We first prove the following lemma:

Lemma B4.2. If nw§,, + (1 — n)ws, < w, then n(w§,,)? + (1 —n)(ws,)? < (wh)?.

Proof of Lemma[B{.4: Because 0 < nws,, +(1—n)ws, < w?, we have (nw3,,, +(1—n)wf,)? < (w?h)?.
Note (7, +(1—m)wiy)® > 7¥(wh)+ (-1 (wis)® > 1(w5)?+(1—1) (w13)?, where the second
inequality is because of n € (0,1) and ¢ € (0, 1]. Thus, we have n(ws,,)?+(1—n) (w3, )? < (wb)?. O
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which is an increasing function. Thus, f(c1,,) < f(c1). Since % = ﬁ(;—%) e %% +
(r‘fclfcz)m+
b
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Therefore, we can conclude that ——3——2* < 0. Note, if 7 — ¢; + c2, we have (k3 +
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ks — K8 — K3)(r —c1 — )™ — (11 + 12)BT 9T (¢ 7P + g™ — ¢ (1 — ;) T+) > 0, which
implies ki + k35 — ki’ - kg > 0 if r is very close to ¢ + ¢». Thus there exists ©¥ > ¢1 + ¢o such that
k{ + ks — kb — k5 > 0 if and only if » < 7. Then, we can define m}, = <+, O
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Proof of Proposition [B2.8: Note that
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Note that W < 0. Also note that when 6 = 7, we must have the 7° > 7n°, the proof of which
is as follows: Suppose the optimal solution for the offline model is uf,,, uf;, 13, A5, Aj. Consider
the following feasible solution for the online model: ,ulA, ,uQA, )\7%, )\hA, where MA = p3, and ,uQA = 5.
Then, suppose nAa + (1 — 77))\hA < 1A, + (1 —=n)A7. Then, we must have 1112A < wj. Then, because
online customers don’t wait at stage 1, we have )\nA1 > AJ,. Then, )\hA < A;. Then, wlA < wj.
However, if wlA < wyi and wf < w3, then this means that )\f > Aj. We get a contradiction. Thus,
we must have 77)\7% +(1- 17)>\hA > nA%, + (1 —n)A;. This implies that 72 > 7°. Thus, we must
have 7° > 2 > 7°. The results above implies that 30 < 7 such that 7° > 7° if and only if 8 > 6.

Note when c¢1,,n = ¢1(n —0) (or 6 = M), we have 7 — 7® > 0 for any 5 > 0. This

Cc1

implies that 0 < w Thus, for any 8 > 0, if 6 > w (or c1mn —c1(n—10) > 0), we must

aﬂ'ojﬂ-s a(clmﬁfcll(nfeﬂa
o S : 7 gl+é g1+é
have 7° — 7% > 0, i.e., b = 0. If ¢1,,n — c1(n — 0) < 0, then o5 = 95 > 0. Thus,
there exists > 0 such that 7° — 7* > 0 if and only if 8 > . O
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