
Supplementary Appendix A: Proofs

Proof of Proposition 1: First, consider the following optimization problem:

max
0≤λ≤µ1≤ rαc1 ,0≤λ≤µ2≤

rα
c2

rλ− c1µ1 − c2µ2

s.t. λ = α− β (w1(µ1, λ) + w2(µ2, λ))
(A.1)

Since the constraint set is compact and the objective function is continuous, by Weierstass Theorem,
there is a maximum to (A.1). Let’s denote the optimal solution to (A.1) as λ∗, µ∗1, µ

∗
2, then the

corresponding optimal objective value π∗ = rλ∗ − c1µ
∗
1 − c2µ

∗
2.

Lemma A.1. If π∗ > 0, then (λ∗, µ∗1, µ
∗
2) must be the optimal solution to the optimization problem

(1); if π∗ ≤ 0, then there is no solution to (1) that yields positive profit.

Proof of Lemma A.1: If π∗ > 0, then we must have λ∗ > 0. Thus, (λ∗, µ∗1, µ
∗
2) is also a feasible

solution to (1). Suppose the optimal solution to (1) is (λb, µb1, µ
b
2) 6= (λ∗, µ∗1, µ

∗
2). Then, it means

that πb = rλb−c1µ
b
1−c2µ

b
2 > π∗ > 0. Then, it is easy to check that (λb, µb1, µ

b
2) is a feasible solution

to (A.1) as well. But it leads to a higher objective value πb for (A.1), which contradicts to the fact
that (λ∗, µ∗1, µ

∗
2) is the optimal solution to (A.1). Thus, we must have (λb, µb1, µ

b
2) = (λ∗, µ∗1, µ

∗
2).

If π∗ ≤ 0, suppose there exists a solution (λb, µb1, µ
b
2) to (1) such that πb = rλb−c1µ

b
1−c2µ

b
2 > 0.

Then, it is easy to check that (λb, µb1, µ
b
2) should also be a feasible solution to (A.1), which leads to

a positive objective value πb for (A.1). This contradicts to the fact that π∗ ≤ 0. Thus, there is no
solution to (1) that yields positive profit.

By Lemma A.1, finding the optimal solution to (1) that yields positive profit is equivalent to
finding the optimal solution to (A.1) that yields positive profit.

The Lagrangian of (A.1) is defined as follows:

L (λ, µ1, µ2, ρ) = rλ− c1µ1 − c2µ2 + ρ

[
λ− α+ β

(
1

µ1 − λ
+

1

µ2 − λ

)]
where ρ ∈ R is the Lagrange multiplier. To find the critical points of L (λ, µ1, µ2, ρ), we solve the
following equation set:

∂L
∂λ = r + ρ+ ρβ 1

(µ1−λ)2
+ ρβ 1

(µ2−λ)2
= 0

∂L
∂µi

= −ci − ρβ 1
(µi−λ)2

= 0, i = 1, 2

λ− α+ β
(

1
µ1−λ + 1

µ2−λ

)
= 0

0 ≤ λ ≤ µ1 ≤ rα
c1
, 0 ≤ λ ≤ µ2 ≤ rα

c2

By Proposition 5.6 in (Sundaram, 1996)[page 122], we know the optimal solution to (A.1) is one of
the critical points. (Note the constraint qualification holds everywhere on the feasible set.) Let’s
first ignore the boundary conditions that 0 ≤ λ and µi ≤ rα

ci
, and solve the equation set above,

which gives us a unique solution:

λ∗ = α− β
√

c1
β(r−c1−c2) − β

√
c2

β(r−c1−c2)

µ∗1 = λ∗ +
√

β(r−c1−c2)
c1

µ∗2 = λ∗ +
√

β(r−c1−c2)
c2

(A.2)
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So, if λ∗ ≥ 0 and µ∗i ≤ rα
ci

, i = 1, 2, then (λ∗, µ∗1, µ
∗
2) must be the optimal solution to (A.1);

otherwise, the optimal solution to (A.1) must be corner solution (i.e., at least one of the follow
holds, λ∗ = 0 and µ∗i = rα

ci
, i = 1, 2), in which case the optimal value is clearly nonpositive.

Note, with (λ∗, µ∗1, µ
∗
2) defined in (A.2), we have π∗ = rλ∗ − c1µ

∗
1 − c2µ

∗
2 = (r − c1 − c2)α −

2
√
β(r − c1 − c2)c1−2

√
β(r − c1 − c2)c2, which is positive if α >

2
√
β(
√
c1+
√
c2)√

r−c1−c2
. It is easy to check

that if α >
2
√
β(
√
c1+
√
c2)√

r−c1−c2
, we have λ∗ ≥ 0 and µ∗i ≤ rα

ci
, i = 1, 2. This implies that there is an

optimal solution (λ∗, µ∗1, µ
∗
2) that yields positive profit for (A.1) if and only if α > ᾱ =

2
√
β(
√
c1+
√
c2)√

r−c1−c2
.

Then, by Lemma A.1, we can conclude that same result holds for the optimization problem (1).

Proof of Proposition 2: Suppose we set the two capacity levels at µb1, µ
b
2 (i.e., the optimal solution

in the base model). Then, the demand rates are

λ?o =
[
α− ξβw2(µb2, (1− θ)λ?s + θλ?o)

]+
λ?s =

[
α− β

(
w1(µb1, (1− θ)λ?s) + w2(µb2, (1− θ)λ?s + θλ?o)

)]+
It is easy to check (1−θ)λ?s+θλ?o > λb. This implies that the profit with µb1, µ

b
2 and online self-order

technology is greater than πb. Therefore, under optimal solution, there must be customers coming
to store after the implementation of online self-order technology, i.e., at least one of λos and λoo is
positive. Note, if λos > 0, we must have λoo > 0. Thus, we must have λoo > 0 in the optimal solution.
So the optimization problem (2) is equivalent to the following problem

max
0≤λo,(1−θ)λs≤µ1,(1−θ)λs+θλo≤µ2

r ((1− θ)λs + θλo)− c1µ1 − c2µ2

s.t. λo = α− ξβw2(µ2, (1− θ)λs + θλo)

λs = [α− β (w1(µ1, (1− θ)λs) + w2(µ2, (1− θ)λs + θλo))]
+

(A.3)

Then, the firm has two choices:

i. Shut down stage 1 (i.e., µ1 = 0) and sell only to online customers. In this case, the optimal
solution is obtained by solving the following optimization problem:

max
0≤λo,θλo≤µ2≤ rαc2

rθλo − c2µ2

s.t. λo = α− ξβw2(µ2, θλo)
(A.4)

The Lagrangian of (A.4) is defined as follows:

L (λo, µ2, ρ) = rθλo − c2µ2 + ρ

[
λo − α+ ξβ

1

µ2 − θλo

]
where ρ ∈ R is the Lagrange multiplier. To find the critical points of L (λo, µ2, ρ), we solve
the following equation set:

∂L
∂λo

= rθ + ρ+ ρξβθ 1
(µ2−θλo)2

= 0
∂L
∂µ2

= −c2 − ρξβ 1
(µ2−θλo)2

= 0

λo − α+ ξβ 1
µ2−θλo = 0

0 ≤ λo, θλo ≤ µ2 ≤ rα
c2
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By Proposition 5.6 in (Sundaram, 1996)[page 122], we know the optimal solution to (A.4) is
one of the critical points. (Note the constraint qualification holds everywhere on the feasible
set.) Let’s first ignore the conditions that 0 ≤ λo and µ2 ≤ rα

c2
, and solve the equation set

above, which gives us a unique solution:

λ∗o = α− ξβ
√

c2
θξβ(r−c2)

µ∗2 = λ∗o +
√

θξβ(r−c2)
c2

(A.5)

So, if λ∗ ≥ 0 and µ∗2 ≤ rα
c2

, then (λ∗o, µ
∗
2) together with λ∗1 = 0, µ∗1 = 0 must be the optimal

solution to (A.4); otherwise, the optimal solution to (A.4) must be corner solution (i.e., at
least one of the follow holds, λ∗o = 0 and µ∗2 = rα

c2
), in which case the optimal value is clearly

nonpositive, and thus the firm won’t choose this option at all.

ii. Sell to both types of customers. In this case, the optimal solution is obtained by solving the
following optimization problem:

max
0≤λo,0≤(1−θ)λs≤µ1≤ rαc1 ,(1−θ)λs+θλo≤µ2≤

rα
c2

r ((1− θ)λs + θλo)− c1µ1 − c2µ2

s.t. λo = α− ξβw2(µ2, (1− θ)λs + θλo)
λs = α− β (w1(µ1, (1− θ)λs) + w2(µ2, (1− θ)λs + θλo))

(A.6)

The Lagrangian of (A.6) is defined as follows:

L̃ (λs, λo, µ1, µ2, ρ1, ρ2) =r ((1− θ)λs + θλo)− c1µ1 − c2µ2

+ ρ1

[
λo − α+ ξβ

1

µ2 − (1− θ)λs − θλo

]
+ ρ2

[
λs − α+ β

1

µ1 − (1− θ)λs
+ β

1

µ2 − (1− θ)λs − θλo

]
where ρ1, ρ2 ∈ R are the Lagrange multipliers. To find the critical points of L̃ (λs, λo, µ1, µ2, ρ1, ρ2),
we solve the following equation set:

∂L̃
∂λs

= r (1− θ) + ρ2 + ρ1ξβ (1− θ) 1
(µ2−(1−θ)λs−θλo)2

+ ρ2β (1− θ) 1
(µ1−(1−θ)λs)2

+ρ2β (1− θ) 1
(µ2−(1−θ)λs−θλo)2

= 0

∂L̃
∂λo

= rθ + ρ1 + ρ1ξβθ
1

(µ2−(1−θ)λs−θλo)2
+ ρ2βθ

1
(µ2−(1−θ)λs−θλo)2

= 0

∂L̃
∂µ1

= −c1 − ρ2β
1

(µ1−(1−θ)λs)2
= 0

∂L̃
∂µ2

= −c2 − ρ1ξβ
1

(µ2−(1−θ)λs−θλo)2
− ρ2β

1
(µ2−(1−θ)λs−θλo)2

= 0

λo − α+ ξβ 1
µ2−(1−θ)λs−θλo = 0

λs − α+ β 1
µ1−(1−θ)λs + β 1

µ2−(1−θ)λs−θλo = 0

0 ≤ λo, 0 ≤ (1− θ)λs ≤ µ1 ≤ rα
c1
, (1− θ)λs + θλo ≤ µ2 ≤ rα

c2

By Proposition 5.6 in (Sundaram, 1996)[page 122], we know the optimal solution to (A.6) is
one of the critical points. (Note the constraint qualification holds everywhere on the feasible
set.) Let’s first ignore the boundary conditions (i.e., 0 ≤ λo, 0 ≤ λs and µi ≤ rα

ci
i = 1, 2),
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and solve the equation set above, which gives us a unique solution:

λ̃∗s = α− β
√

c1
(1−θ)β(r−c1−c2) − β

√
c2

(1−θ)β(r−c1−c2)+θξβ(r−c2)

λ̃∗o = α− ξβ
√

c2
(1−θ)β(r−c1−c2)+θξβ(r−c2)

µ̃∗1 = (1− θ)λ̃os +
√

(1−θ)β(r−c1−c2)
c1

µ̃∗2 = (1− θ)λ̃os + θλ̃oo +
√

(1−θ)β(r−c1−c2)+θξβ(r−c2)
c2

So, if (λ̃∗o, λ̃
∗
s, µ̃
∗
1, µ̃
∗
2) is an interior solution, then it must be the optimal solution to (A.6);

otherwise, the solution to (A.6) must be corner solution, in which case we can check the
optimal value is either nonpositive or strictly less than that under option (i), and thus the
firm never chooses this option.

Therefore, the optimal solution to (A.3) (and thus to (2)) must be chosen from the inte-
rior solutions under the two options, whichever gives higher optimal value. For option (i), under
the interior solution (λ∗o, λ

∗
s, µ
∗
1, µ
∗
2), the optimal value is π∗ = r((1 − θ)λ∗s + θλ∗o) − c1µ

∗
1 − c2µ

∗
2 =

(r−c2)θα−2
√
θξβ(r − c2)c2; for option (ii), under the interior solution (λ̃∗o, λ̃

∗
s, µ̃
∗
1, µ̃
∗
2), the optimal

value is π̃∗ = r((1− θ)λ̃∗s + θλ̃∗o)− c1µ̃
∗
1− c2µ̃

∗
2 = (r− c2− c1(1− θ))α−2

√
(1− θ)β(r − c1 − c2)c1−

2
√

[(1− θ)β(r − c1 − c2) + θξβ(r − c2)]c2. Thus, π∗ < π̃∗ if and only if α > ᾱ′′ = 2
√
βc1√

(1−θ)(r−c1−c2)
+

2
√

[(1−θ)β(r−c1−c2)+θξβ(r−c2)]c2
(r−c1−c2)(1−θ) − 2

√
θξβ(r−c2)c2

(r−c1−c2)(1−θ) . Then, we conclude the proof by setting ᾱ′ = max(ᾱ, ᾱ′′).

Proof of Proposition 3: From Propositions 1 and 2, we get wb1 =
√

c1
β(r−c1−c2) , wb2 =

√
c2

β(r−c1−c2) ,

wo1 =
√

c1
(1−θ)β(r−c1−c2) , and wo2 =

√
c2

(1−θ)β(r−c1−c2)+θξβ(r−c2) . Since θ > 0, we have wo1 > wb1. Also,

note that
∂(wo2−wb2)

∂r > 0 and lim
r→c1+c2

(
wo2 − wb2

)
< 0. Thus, given c1 and c2, ∃r̄ > c1 + c2 such that

wo2 < wb2 if and only if c1+c2
r > c1+c2

r̄ = mw.

Proof of Proposition 4: λoo = α −
√

ξ2β2c2
(1−θ)β(r−c1−c2)+θξβ(r−c2) ≥ α −

√
βc2

(1−θ)(r−c1−c2)+θ(r−c2) > α −√
βc2

r−c1−c2 > α−
√

βc1
r−c1−c2 −

√
βc2

r−c1−c2 = λb where the first inequality is because of ξ ≤ 1.

Next, let’s prove the second bullet point in Proposition 4. Note,(
λos − λbs

) √r − c1 − c2

β
=

√
c1

β
+

√
c2

β
−
√

c1

(1− θ)β
−
√

c2

(1− θ)β + θξβ r−c2
r−c1−c2

which is decreasing in r for r ≥ c1 + c2. When r → c1 + c2,
(
λos − λbs

) √r−c1−c2
β →

√
c1
β +

√
c2
β −√

c1
(1−θ)β > 0 if θ < ψs = 1−

( √
c1√

c1+
√
c2

)2
. Then, we can conclude the result.

By Proposition 3, λos > λb must happen when wo2 < wb2, and thus we have mλ > mw.

Finally, let’s prove the third point in Proposition 4. Note (1− θ)λos + θλoo = α−
√

(1−θ)βc1
r−c1−c2 −

√
c2
√

(1−θ)β+θξβ√
r− (1−θ)β(c1+c2)+θξβc2

(1−θ)β+θξβ

. Also,
∂
√

(1−θ)βc1
∂θ < 0,

∂
√

(1−θ)β+θξβ

∂θ ≤ 0, and
∂

(1−θ)β(c1+c2)+θξβc2
(1−θ)β+θξβ

∂θ < 0. Thus,
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(1− θ)λos + θλoo is increasing in θ. Note when θ = 0, we have (1− θ)λos + θλoo = λb. Thus,
(1− θ)λos + θλoo > λb for all θ > 0.

Proof of Proposition 5: Note µo1 =
√

1− θ
(√

1− θα−
√

βc1
r−c1−c2 −

√
βc2

(r−c1−c2)+θ/(1−θ)ξ(r−c2) +
√

β(r−c1−c2)
c1

)
,

which is decreasing in θ. Since when θ = 0 we have µo1 = µb1, we can conclude µo1 < µb1 for any
θ > 0.

Next, let’s prove part (ii). Note that

µo2 − µb2√
β (r − c1 − c2)

=

√
c1 −

√
(1− θ) c1

r − c1 − c2
+

√
c2 − (1− θ + θξ)

√
c2

1−θ+θξ r−c2
r−c1−c2

r − c1 − c2
+

√
1− θ + θξ r−c2

r−c1−c2
c2

−
√

1

c2

(A.7)
It is easy to find the 1st and 3rd terms in (A.7) are decreasing in r. Also, since ξ ≤ 1, we have
√
c2 − (1− θ + θξ)

√
c2

1−θ+θξ r−c2
r−c1−c2

> 0. Thus, we find the 2nd term in (A.7) is also decreasing in r.

In sum, we find
µo2−µb2√
β(r−c1−c2)

is decreasing in r. Note, when −β (r − c1 − c2) + ξβ (r − c2) = 0 (i.e.,

r = c1+c2−ξc2
1−ξ > c1 + c2). then µo2 − µb2 =

(
1−
√

1− θ
)√ βc1

r−c1−c2 + (1− ξ) θ
√

βc2
r−c1−c2 > 0. Thus,

there exists r̄ > c1+c2−ξc2
1−ξ such that µo2 > µb2 if and only if r < r̄. Then, we can define mµ = c1+c2

r̄

and conclude the result. Because (1 − θ)λos + θλoo > λb, wo2 < wb2 implies µo2 > µb2. Thus, we must
have mµ < mw.

Proof of Proposition 6:

ko1 + ko2 − kb1 − kb2 = −θατ1 +
√

βc1
r−c1−c2 (τ1 + τ2)

(
1−
√

1− θ
)

− (τ1 + τ2)

[
((1− θ)β + θξβ)

√
c2

(1−θ)β(r−c1−c2)+θξβ(r−c2) − β
√

c2
β(r−c1−c2)

]
−
√

β(r−c1−c2)
c1

τ1

(
1−
√

1− θ
)

+ τ2

(√
(1−θ)β(r−c1−c2)+θξβ(r−c2)

c2
−
√

β(r−c1−c2)
c2

)
+τ1θξβ

√
c2

(1−θ)β(r−c1−c2)+θξβ(r−c2)

(A.8)

Let’s first show the 3rd term in (A.8), i.e., − (τ1 + τ2)

[
((1− θ)β + θξβ)

√
c2

(1−θ)β(r−c1−c2)+θξβ(r−c2)−

β
√

c2
β(r−c1−c2)

]
(denoted as f3(r)) is decreasing in r:

∂f3

∂r
= − (τ1 + τ2)

−√c2

2

√
(1− θ)β + θξβ(

r − c2 − (1−θ)βc1
(1−θ)β+θξβ

) 3
2

+

√
βc2

2(r − c1 − c2)
3
2


Since ∂[(1−θ)β+θξβ]

∂θ ≤ 0 and
∂[r−c2− (1−θ)βc1

(1−θ)β+θξβ ]

∂θ > 0, we can find that ∂f3
∂r is decreasing in θ. Note

when θ = 0, ∂f3
∂r = 0. Thus, ∂f3

∂r < 0 for all θ > 0.

Next, let’s show the 5th term in (A.8), i.e., τ2

(√
(1−θ)β(r−c1−c2)+θξβ(r−c2)

c2
−
√

β(r−c1−c2)
c2

)
5



(denoted as f5(r)) is decreasing in r: Note,
∂
√

(1−θ)β(r−c1−c2)+θξβ(r−c2)

∂r =

√
(1−θ)β+θξβ

2
√
r− (1−θ)β(c1+c2)+θξβc2

(1−θ)β+θξβ

.

Since
∂
√

(1−θ)β+θξβ

∂θ ≤ 0 and
∂

(1−θ)β(c1+c2)+θξβc2
(1−θ)β+θξβ

∂θ < 0, we find
∂
√

(1−θ)β(r−c1−c2)+θξβ(r−c2)

∂r is decreasing

in θ, and thus ∂f5
∂r is decreasing in θ. Note when θ = 0, we have ∂f5

∂r = 0. Thus, ∂f5
∂r < 0 for all

θ > 0.

Therefore, we can conclude that
∂(ko1+ko2−kb1−kb2)

∂r < 0. Note, if r → c1 + c2, we have (ko1 +

ko2 − kb1 − kb2)
√
r − c1 − c2 → (τ1 + τ2)

√
βc2 +

√
βc1(τ1 + τ2)(1 −

√
(1− θ)) > 0, which implies

ko1 + ko2 − kb1 − kb2 > 0 if r is very close to c1 + c2. Thus, there exists r̄ > c1 + c2 such that
ko1 + ko2 − kb1 − kb2 > 0 if and only if r < r̄. Then, we can define mk = c1+c2

r̄ . Since to have
ko1 + ko2 − kb1 − kb2 > 0, we must have µo2 > µb2, this implies mk > mµ.

Proof of Proposition 7: The retailer has three options to choose from:

1. Serve only tech savvy customers (i.e., by setting µ1h = 0), and the optimization problem is

max
0≤ηλm≤µ1m≤ rα

c1m
0≤ηλm≤µ2≤ rαc2

rηλm − c1mµ1m − c2µ2

s.t.λm = α− β 1
µ1m−ηλm − β

1
µ2−ηλm

if we ignore the boundary conditions, we can derive the unique optimal solution as

λ̃∗m = α− β
√

c1m
ηβ(r−c1m−c2) − β

√
c2

ηβ(r−c1m−c2)

µ̃∗1m = ηλ̃∗m +
√

ηβ(r−c1m−c2)
c1m

µ̃∗2 = ηλ̃∗m +
√

ηβ(r−c1m−c2)
c2

(A.9)

and the corresponding optimal value is π̃∗ = (r − c1m − c2)ηα − 2
√
ηβ(r − c1m − c2)c1m −

2
√
ηβ(r − c1m − c2)c2. So, if (λ̃∗m, µ̃

∗
1m, µ̃

∗
2) is an interior solution, then it must be the optimal

solution to (A.9); otherwise, the solution to (A.9) must be corner solution, in which case we
can check the optimal value is clearly nonpositive, and thus the firm never chooses this option.

2. Serve only traditional customers (i.e., by setting µ1m = 0), and the optimization problem is

max
0≤(1−η)λh≤µ1h≤ rαc1
0≤(1−η)λh≤µ2≤ rαc2

r (1− η)λh − c1hµ1h − c2µ2

s.t.λh = α− β 1
µ1h−(1−η)λh

− β 1
µ2−(1−η)λh

(A.10)

if we ignore the boundary conditions, we can derive the unique optimal solution as

λ̂∗h = α− β
√

c1
(1−η)β(r−c1−c2) − β

√
c2

(1−η)β(r−c1−c2)

µ̂∗1 = (1− η)λ̂∗m +
√

(1−η)β(r−c1−c2)
c1

µ̂∗2 = (1− η)λ̂∗m +
√

(1−η)β(r−c1−c2)
c2

and the corresponding optimal value is π̂∗ = (r−c1−c2)(1−η)α−2
√

(1− η)β(r − c1 − c2)c1−
2
√

(1− η)β(r − c1 − c2)c2. So, if (λ̂∗h, µ̂
∗
1, µ̂
∗
2) is an interior solution, then it must be the

optimal solution to (A.10); otherwise, the solution to (A.10) must be corner solution, in
which case we can check the optimal value is clearly nonpositive, and thus the firm never
chooses this option.
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3. Serve both types of customers. In this case, the optimal solution is obtained by solving the
following optimization problem:

max
0≤ηλm≤µ1m≤ rα

c1m
,

0≤(1−η)λh≤µ1h≤ rαc1 ,
ηλm+(1−η)λh≤µ2≤ rαc2

r (ηλm + (1− η)λh)− c1mµ1m − c1µ1h − c2µ2

s.t. λm = α− βw1m (µ1m, ηλm)− βw2 (µ2, ηλm + (1− η)λh)
λh = α− βw1h (µ1h, (1− η)λh)− βw2 (µ2, ηλm + (1− η)λh)

(A.11)

Since the constraint set is compact and the objective function is continuous, by Weierstrass
Theorem, there is a maximum to (A.11).

The Lagrangian of (A.11) is defined as follows:

L(λm, λh, µ1m, µ1h, µ2, ρm, ρh) = r (ηλm + (1− η)λh)− c1mµ1m − c1µ1h − c2µ2

−ρm
(
λm − α+ β 1

µ1m−ηλm + β 1
µ2−ηλm−(1−η)λh

)
−ρh

(
λh − α+ β 1

µ1h−(1−η)λh
+ β 1

µ2−ηλm−(1−η)λh

)
where ρm, ρh ∈ R are the Lagrange multiplier. To find the critical points of L(λm, λh, µ1m, µ1h, µ2, ρm, ρh),
we solve the following equation set:

∂L
∂λm

= rη − ρm − ρmβη

(µ1m−ηλm)2
− (ρm+ρh)βη

(µ2−ηλm−(1−η)λh)2
= 0

∂L
∂λh

= r (1− η)− ρh − ρhβ(1−η)

(µ1h−(1−η)λh)2
− (ρm+ρh)β(1−η)

(µ2−ηλm−(1−η)λh)2
= 0

∂L
∂µ1m

= −c1m + ρmβ

(µ1m−ηλm)2
= 0

∂L
∂µ1h

= −c1 + ρhβ(1−η)

(µ1h−(1−η)λh)2
= 0

∂L
∂µ2

= −c2 + (ρm+ρh)β(1−η)

(µ2−ηλm−(1−η)λh)2
= 0

0 ≤ ηλm ≤ µ1m ≤ rα
c1m

, 0 ≤ (1− η)λh ≤ µ1h ≤ rα
c1
, ηλm + (1− η)λh ≤ µ2 ≤ rα

c2

By Proposition 5.6 in (Sundaram, 1996)[page 122], we know the optimal solution to (A.11) is
one of the critical points. (Note the constraint qualification holds everywhere on the feasible
set.) Let’s first ignore the boundary conditions, and solve the equation set above, which gives
us a unique solution:

λ∗m = α− β
√

c1m
βη(r−c1m−c2) − β

√
c2

β[(r−c1m−c2)η+(r−c1−c2)(1−η)]

λ∗h = α− β
√

c1
β(1−η)(r−c1−c2) − β

√
c2

β[(r−c1m−c2)η+(r−c1−c2)(1−η)]

µ∗1m = ηλ∗m +
√

βη(r−c1m−c2)
c1m

µ∗1h = (1− η)λ∗h +
√

β(1−η)(r−c1−c2)
c1

µ∗2 = ηλ∗m + (1− η)λ∗h +
√

β[(r−c1m−c2)η+(r−c1−c2)(1−η)]
c2

Note it is easy to check that if λ∗m ≥ 0 and λ∗h ≥ 0, then µi ≤ rα
ci

. Thus, if λ∗m ≥ 0 and λ∗h ≥ 0
(or α is large), then (λ∗m, λ

∗
h, µ
∗
1m, µ

∗
1h, µ

∗
2) is the optimal solution to (A.11), and the corre-

sponding optimal value is π∗ = (r−c1m−c2)ηα+(r−c1−c2)(1−η)α−2
√
ηβc1m(r − c1m − c2)−

2
√

(1− η)β(r − c1 − c2)c1 − 2
√
βc2[(r − c1m − c2)η + (r − c1 − c2)(1− η)].

So, if (λ∗m, λ
∗
h, µ
∗
1m, µ

∗
1h, µ

∗
2) is an interior solution, then it must be the optimal solution to

(A.11); otherwise, the solution to (A.11) must be corner solution, in which case we can check
the optimal value is either nonpositive or strictly less than that under the first two options,
and thus the firm never chooses this option.
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Note π∗− π̃∗ and π∗− π̂∗ are linearly increasing in α, and thus if and only if α is large enough, we
have π∗ > max(π̃∗, π̂∗), and thus it is optimal for the firm to serve both types of customers.

Proof of Lemma 1: From the optimal solution given in Proposition 7, we know ws1h =
√

c1
β(1−η)(r−c1−c2) ,

ws1m =
√

c1m
βη(r−c1m−c2) , and ws2 =

√
c2

β[(r−c1m−c2)η+(r−c1−c2)(1−η)] .

Then, ηws1m+(1−η)ws1h =
√

ηc1m
β(r−c1m−c2) +

√
(1−η)c1

β(r−c1−c2) which is increasing in c1m. Also, when

c1m = 0, ηws1m + (1− η)ws1h < wb1. Thus, there exists c̄1m > 0 such that ηws1m + (1− η)ws1h < wb1 if
and only if c1m < c̄1m.

Proof of Proposition 8: Because η < 1, we can find ws1h > wb1. Since ηws1m + (1 − η)ws1h < wb1, we
must have ws1m < wb1. Also, since c1m < c1, we have ws2 < wb2.

Proof of Proposition 9: First, because ws1m < wb1 and ws2 < wb2, we find λsm = α − βws1m − βws2 >
α− βwb1 − βwb2 = λb.

Second, note(
λsh − λb

)√
r − c1 − c2

β
=

√
c1

β
+

√
c2

β
−
√

c1

β (1− η)
−
√

c2

βη r−c1m−c2r−c1−c2 + β (1− η)

which is decreasing in r. Then, if lim
r→c1+c2

(λsh−λ
b)
√
r−c1−c2

β =
√

c1
β +

√
c2
β −

√
c1

β(1−η) > 0 (i.e.,

η is small enough), then there exists r̄ > c1 + c2 such that λsh > λb if and only if r < r̄ (or
c1+c2
r < c1+c2

r̄ = m′λ).

Finally, note

ηλsm + (1− η)λsh =α−
√

ηβc1m

r − c1m − c2
−

√
(1− η)βc1

r − c1 − c2
−

√
βc2

(r − c1m − c2) η + (r − c1 − c2) (1− η)

> α−
√

βc1

r − c1 − c2
−

√
βc2

(r − c1 − c2)

= λb

where the inequality is due to c1m < c1 and Assumption 1, which implies ηws1m + (1− η)ws1h < wb1

(by Lemma 1) or
√

ηβc1m
r−c1m−c2 +

√
(1−η)βc1
r−c1−c2 <

√
βc1

r−c1−c2 ).

Proof of Proposition 10: Note µs1h =
√

1− η
(√

1− ηα−
√

βc1
r−c1−c2−

√
βc2

(r−c1−c2)+η/(1−η)(r−c1m−c2) +√
β(r−c1−c2)

c1

)
, which is decreasing in η. Since when η = 0 we have µs1h = µb1, we can conclude
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µs1h < µb1 for any η > 0. Also, note

µs1m + µs1h =α−
√

ηβc1m

r − c1m − c2
−

√
(1− η)βc1

r − c1 − c2

−

√
βc2

(r − c1m − c2) η + (r − c1 − c2) (1− η)

+

√
βη (r − c1m − c2)

c1m
+

√
β (1− η) (r − c1 − c2)

c1

Because of Assumption 1 and Lemma 1, we have ηws1m + (1− η)ws1h < wb1, and thus
√

ηβc1m
r−c1m−c2 +√

(1−η)βc1
r−c1−c2 <

√
βc1

r−c1−c2 . Because c1m < c1, we have
√

βc2
(r−c1m−c2)η+(r−c1−c2)(1−η) <

√
βc2

r−c1−c2 . Also,

define function f (η) =
√

βη(r−c1m−c2)
c1m

+
√

β(1−η)(r−c1−c2)
c1

. We can easily check that f is a concave

function. Note f(0) =
√

β(r−c1−c2)
c1

and f(1) >
√

β(r−c1−c2)
c1

. This implies that f(η) >
√

β(r−c1−c2)
c1

for any η ∈ (0, 1]. Based on the results above, we can conclude that µs1m + µs1h > α−
√

βc1
r−c1−c2 −√

βc2
r−c1−c2 +

√
β(r−c1−c2)

c1
= µs1.

Second, note

µs2 =α−
√

ηβc1m

r − c1m − c2
−

√
(1− η)βc1

r − c1 − c2

−

√
βc2

(r − c1m − c2) η + (r − c1 − c2) (1− η)
+

√
β [(r − c1m − c2) η + (r − c1 − c2) (1− η)]

c2

Because of Assumption 1 and Lemma 1, we have ηws1m + (1− η)ws1h < wb1, and thus
√

ηβc1m
r−c1m−c2 +√

(1−η)βc1
r−c1−c2 <

√
βc1

r−c1−c2 . Also, define function g (η) = −
√

βc2
(r−c1m−c2)η+(r−c1−c2)(1−η)+

√
(r−c1m−c2)η+(r−c1−c2)(1−η)

c2
.

We can easily check that g is an increasing function. Thus, for any η ∈ (0, 1], g(η) > g(0) =√
βc2

r−c1−c2 +
√

β(r−c1−c2)
c2

. Based on the results above, we can conclude that µs2 > α−
√

βc1
r−c1−c2 −√

βc2
r−c1−c2 +

√
β(r−c1−c2)

c2
= µs2.

Proof of Proposition 11: Note

∂ks1
∂r

=
τ1

√
β (1− η) c1

2(r − c1 − c2)
3
2

+
τ1 (1− η)

√
βc2

2[(r − c1m − c2) η + (r − c1 − c2) (1− η)]
3
2

+
τ1

√
β (1− η)

2
√
c1 (r − c1 − c2)

which is decreasing in η. Since ks1 = kb1 when η = 0, we can conclude that
∂ks1
∂r <

∂kb1
∂r as η > 0.

Note

∂ks2
∂r

=

√
ηβc1m

2(r − c1m − c2)
3
2

+

√
β (1− η) c1

2(r − c1 − c2)
3
2

+

√
βc2

2[(r − c1m − c2) η + (r − c1 − c2) (1− η)]
3
2

+

√
β

2
√
c2 [(r − c1m − c2) η + (r − c1 − c2) (1− η)]
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Because of ηws1m + (1 − η)ws1h < wb1 (by Assumption 1 and Lemma 1) and c1m < c1, we have
√
ηβc1m

2(r−c1m−c2)
3
2

+

√
β(1−η)c1

2(r−c1−c2)
3
2
<

√
βc1

2(r−c1−c2)
3
2

. Also, define function f (η) =
√
βc2

2[(r−c1m−c2)η+(r−c1−c2)(1−η)]
3
2

+
√
β

2
√
c2[(r−c1m−c2)η+(r−c1−c2)(1−η)]

, which is a decreasing function. Thus, for any η > 0, f(η) < f(0).

Based on the results above, we can conclude that
∂ks2
∂r <

√
βc1

2(r−c1−c2)
3
2

+
√
βc2

2(r−c1−c2)
3
2

+
√
β

2
√
c2(r−c1−c2)

=

∂kb2
∂r .

Because
∂ks2
∂r <

∂kb2
∂r and

∂ks1
∂r <

∂kb1
∂r , we can conclude that

∂(ks1+ks2)
∂r <

∂(kb1+kb2)
∂r . Note when

r → c1 +c2, then ks1 +ks2−kb1−kb2 > 0. Thus, there exists r̄ > c1 +c2 such that ks1 +ks2−kb1−kb2 > 0
if and only if r < r̄. Then, define m′k = (c1 + c2)/r̄ and we get the result.

Proof of Proposition 12: Based on the optimal solutions, we have

• πb = rλb − c1µ
b
1 − c2µ

b
2 = (r − c1 − c2)α− 2

√
β(r − c1 − c2)c1 − 2

√
β(r − c1 − c2)c2

• πo = r((1− θ)λo1 + θλo2)− c1µ
o
1 − c2µ

o
2 = [r − c2 − c1(1− θ)]α− 2

√
(1− θ)β(r − c1 − c2)c1 −

2
√

[(1− θ)β(r − c1 − c2) + θξβ(r − c2)]c2

• πs = r ((1− η)λsh + ηλsm)−c1mµ
s
1m−c1µ

s
1−c2µ

s
2 = (r − c1m − c2) ηα+(r − c1 − c2) (1− η)α−

2
√
ηβc1m (r − c1m − c2)−2

√
(1− η)β (r − c1 − c2) c1−2

√
βc2 [(r − c1m − c2) η + (r − c1 − c2) (1− η)]

Let’s first compare πo and πb.

Suppose we keep using µb1 and µb2 in the case of online self-order technology. Then, we want to
show that total demand rate λ > λb. Suppose not, i.e., λ ≤ λb. Then, we have w2 = 1/(µb2−λ) ≤ wb2.
Because ξ ≤ 1, we have λo = α − ξβw2 > λbo. This means that λs < λbs (otherwise we cannot
have λ = (1 − θ)λs + θλo ≤ λb). Then, w1 = 1/(µb1 − (1 − θ)λs) < wb1. This implies that
λs = α− βw1 − βw2 > λbs. This contradicts the result λs < λbs that we just obtained. So we must
have λ > λb. Then, with this feasible solution µb1 and µb2 with online self-order technology, the total
profit is rλ− c1µ

b
1 − c2µ

b
2 > πb. Therefore, the optimal profit πo > πb.

Next, we look at how πo − πb changes as different model parameters change.

(1)
∂(πo−πb)

∂r =
√

c1β
r−c1−c2 +

√
c2β

r−c1−c2 −
√

(1−θ)c1β
r−c1−c2 −

√
(1−θ+θξ)c2β

r− 1−θ
1−θ+θξ c1−c2

> 0, because θ ≤ 1 and

ξ ≤ 1.

(2)
∂(πo−πb)

∂c2
= µb2 − µo2. Since

∂µo2
∂ξ > 0, we have ∂2(πo−πb)

∂c2∂ξ
< 0. Also, note that if ξ = 1, then

µb2 < µo2, and thus ∂(πo−πb)
∂c2

< 0.

(3) Let’s first prove the following lemma:

Lemma A.2. πo is increasing in θ.

Proof of Lemma A.2: For θ1, θ2 ∈ [0, 1], suppose θ1 < θ2. Denote the optimal solution when

θ = θ1 as µ41 , µ
4
2 , λ

4
s , λ

4
o . The corresponding total demand and profit are λ4 = (1 −

θ1)λ4s + θ1λ
4
o and π4. It is easy to check that λ4s < λ4o .
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When θ = θ2, suppose we keep using µ41 and µ42 . Then, under this feasible solution, we want
to show that total demand rate λ > λ4. Suppose not, i.e., λ ≤ λ4. Then, w2 = 1

µ42 −λ
≤

1

µ42 −λ4
= w42 , which implies that λo ≥ λ4o . Since λ ≤ λ4, θ1 < θ2 and λo ≥ λ4o , we can find

λs ≤ λ4s . Then, w1 = 1

µ41 −(1−θ2)λs
< 1

µ41 −(1−θ1)λ4s
= w41 . However, if w2 < w42 and w1 ≤ w41 ,

then we must have λs > λ4s , which contradicts to what we just found (i.e., λs ≤ λ4s ). Thus,

we must have λ > λ4. This implies that when θ = θ2, with the feasible solution µ41 and

µ42 , we have more demand and thus more profit. Therefore, the optimal profit when θ = θ2,
denoted as π44, must be greater than π4. This completes the proof.

According to Lemma A.2, we have ∂πo

∂θ > 0. Therefore, ∂(πo−πs)
∂θ > 0.

(4) It is easy to find that ∂πo

∂ξ < 0. Thus, ∂(πo−πb)
∂ξ < 0.

Nest, let’s compare πs and πb.

Note

∂
(
πs − πb

)
∂η

= (c1 − c1m)α−

√
βc1m (r − c1m − c2)

η
+

√
βc1 (r − c1 − c2)

1− η
−

√
βc2 (c1 − c1m)√

(r − c1m − c2) η + (r − c1 − c2) (1− η)

> (c1 − c1m)

√
βc1m

η (r − c1m − c2)
−

√
βc1m (r − c1m − c2)

η
+

√
βc1 (r − c1 − c2)

1− η

=

√
r − c1 − c2
r − c1m − c2

√
c1c1mβ

(√
r − c1m − c2
(1− η) c1m

−
√
r − c1 − c2

ηc1

)
> 0

where the first inequality is because of λsm > 0 (and thus α > β
√

c1m
βη(r−c1m−c2)+β

√
c2

β[(r−c1m−c2)η+(r−c1−c2)(1−η)]),

and the second inequality is because ws1m < ws1h (and thus
√

r−c1m−c2
(1−η)c1m

−
√

r−c1−c2
ηc1

> 0).

Next, we look at how πs − πb changes as different model parameters change.

(1) Note
∂(πs−πb)

∂r =
√

c1
r−c1−c2 +

√
c2

r−c1−c2 −
√

ηc1m
r−c1m−c2 −

√
(1−η)c1
r−c1−c2

−
√

c2
(r−c1m−c2)η+(r−c1−c2)(1−η)

Because of Assumption 1 and Lemma 1, we have ηws1m + (1 − η)ws1h < wb1, and thus√
ηc1m

r−c1m−c2 +
√

(1−η)c1
r−c1−c2 <

√
c1

r−c1−c2 . Also, because c1m < c1, we must have
√

c2
r−c1−c2 >√

c2
(r−c1m−c2)η+(r−c1−c2)(1−η) . Thus,

∂(πs−πb)
∂r > 0.

(2) ∂(πs−πb)
∂c2

= µb2 − µs2 < 0.

(3) Let’s first prove the following lemma:

Lemma A.3. πs is increasing in η.
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Proof of Lemma A.3: For η1, η2 ∈ [0, 1], suppose η1 < η2. Denote the optimal solution when
η = η1 as µ∗1m, µ

∗
1h, µ

∗
2, λ

∗
s, λ

∗
o. The corresponding total demand and profit are λ∗ =

(1− η1)λ∗h + η1λ
∗
m and π∗. Since w∗1m < w∗1h, we have λ∗m > λ∗h.

When η = η2, consider the following feasible solution: λ4m = λ∗m, λ
4
h = λ∗h, µ

4
1m = µ∗1m +

(η2−η1)λ∗m, µ
4
1h = µ∗1h− (η2−η1)λ∗h, µ

4
2 = µ∗2 +(η2−η1)(λ∗m−λ∗h). Then, the corresponding

profit π4 = π∗ + r(λ∗m − λ∗h) − c1m(η2 − η1)λ∗m + c1(η2 − η1)λ∗h − c2(η2 − η1)(λ∗m − λ∗h) >
π∗+(r−c1−c2)(η2−η1)(λ∗m−λ∗h) > 0, where the first inequality is due to c1m < c1. Therefore,
the optimal profit with η = η2 must be greater than π∗. This concludes the proof.

By Lemma A.3, we find ∂(πs−πb)
∂η > 0.

(4) It is easy to find that ∂πs

∂c1m
< 0. Thus, ∂(πs−πb)

∂c1m
< 0.

Proof of Proposition 13:

πo − πs =− c1 (1− θ)α+ [c1mη + c1 (1− η)]α

+ 2
√
ηβ (r − c1m − c2) c1m + 2

√
(1− η)β (r − c1 − c2) c1 + 2

√
βc2 [(r − c1m − c2) η + (r − c1 − c2) (1− η)]

− 2
√

(1− θ)β (r − c1 − c2) c1 − 2
√

[(1− θ)β (r − c1 − c2) + θξβ (r − c2)] c2

Note that ∂2(πo−πs)
∂η2

< 0. When η = 0, πs = πb < πo. Define η̄ such that c1(1−θ) = c1mη̄+c1(1−η̄).

When η = η̄, then we can check that πo − πs > 0. Thus, for η ∈ (0, η̄], we have πo − πs > 0, or
β̄ = 0. [It is easy to check that η̄ > θ. Thus, if η ∈ (0, θ], we must have πo > πs or β̄ = 0.]

If η > η̄, we have−c1(1−θ)α+[c1mη+c1(1−η)]α < 0. Then,
∂ π

o−πs√
β

∂β =
∂
−c1(1−θ)α+[c1mη+c1(1−η)]α√

β

∂β >

0. Thus, there exists β̄ ≥ 0 such that πo − πs > 0 if and only if β > β̄.
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Supplementary Appendix B: Extensions

We have three main insights in the paper:

1. [Demand] With self-order technologies, total demand increases; and those who don’t use the
technology may also benefit from their implementation and choose to visit store more often.
(I.e., Propositions 4 and 9)

2. [Workforce Level] With self-order technologies, total workforce level may increase, especially
for firms with high cost-revenue ratio. (I.e., Propositions 6 and 11)

3. [Profit] Online self-order technology generates more profit than offline self-order technology
if and only if customer wait sensitivity is large. (I.e., Proposition 13)

Below, we extend our basic model in three different ways. The goal is to show the robustness
of the results listed above. All proofs for the analytical results in this appendix are presented in
Section B4.

B1 Customer Heterogeneity

Suppose there are two types of customers. A fraction η are tech-savvy customers, and the rest
1 − η are traditional customers. Tech-savvy customers and traditional customers have different
base shopping rate and wait sensitivity, denoted as αm and αh, βm and βh, respectively. This
general demand model can capture customer heterogeneity in terms of two aspects: (1) Customers
may have different loyalty levels towards the firm (which is reflected by different base shopping
rates), and (2) customers may have different sensitivity levels towards wait in store. The model
presented in the paper is a special case of this general model with αh = αm and βh = βm. We
assume tech-savvy customers are more wait sensitive than traditional customers (i.e., βm ≥ βh);
this is natural since customers adopt self-order technology primarily because of their impatience
with waiting lines (eMarketer, 2014).

Similar to what we did in the paper, in the following analysis, we focus on the case where the
firm serves both types of customers, which is a valid assumption when αm and αh are large.

B1.1 Base Model

Given the demand rate function of each type of customers, i.e., λm = [αm − βm(w1 + w2)]+ and
λh = [αh−βh(w1 +w2)]+, the firm chooses the capacity level at each stage, µ1 and µ2, to maximize
the profit rate, i.e.,

max
(1−η)λh+ηλm6µ1,(1−η)λh+ηλm6µ2

rλ− c1µ1 − c2µ2

s.t. λm = [αm − βm (w1(µ1, (1− η)λh + ηλm) + w2(µ2, (1− η)λh + ηλm))]+

λh = [αh − βh (w1(µ1, (1− η)λh + ηλm) + w2(µ2, (1− η)λh + ηλm))]+

(B1.1)

Proposition B1.1. The firm’s optimal solution is given as follows:
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• µb1 = λb +
√

((1−η)βh+ηβm)(r−c1−c2)
c1

;

• µb2 = λb +
√

((1−η)βh+ηβm)(r−c1−c2)
c2

,

where λb = (1−η)λbh+ηλbm, where λbh = αh−βh
√

c1
((1−η)βh+ηβm)(r−c1−c2)−βh

√
c2

((1−η)βh+ηβm)(r−c1−c2)

and λbm = αm − βm
√

c1
((1−η)βh+ηβm)(r−c1−c2) − βm

√
c2

((1−η)βh+ηβm)(r−c1−c2)

B1.2 Online Self-Order Technology

Suppose there is online self-order technology, then some tech-savvy customers will use the tech-
nology and become online customers. Suppose a fraction θ ≤ η of all customers are online cus-
tomers. Because of the instant-order and advance-order effects, their shopping rate is given by
λmo = [αm − ξβmw2]+, where ξ ∈ (0, 1]. As for store customers, there are two types: traditional
customers (with demand function λh = [αh−βh(w1+w2)]+) and the remaining tech-savvy customers
who don’t have access to the online technology (with demand function λms = [αm−βm(w1+w2)]+).

The firm chooses the capacity level at each stage, i.e., µ1 and µ2, to maximize profit rate:

max
(1−η)λh+(η−θ)λms≤µ1,
θλmo+(1−η)λh+(η−θ)λms≤µ2

r (θλmo + (1− η)λh + (η − θ)λms)− c1µ1 − c2µ2

s.t. λmo = [αm − ξβmw2(µ2, θλmo + (1− η)λh + (η − θ)λms)]+

λh = [αh − βh (w1(µ1, (1− η)λh + (η − θ)λms) + w2(µ2, θλmo + (1− η)λh + (η − θ)λms))]+

λms = [αm − βm(w1(µ1, (1− η)λh + (η − θ)λms) + w2(µ2, θλmo + (1− η)λh + (η − θ)λms))]+
(B1.2)

Proposition B1.2. With online self-order technology, the firm’s optimal solution is given as fol-
lows:

• µo1 = (1− η)λoh + (η − θ)λoms +
√

((1−η)βh+(η−θ)βm)(r−c1−c2)
c1

;

• µo2 = (1− η)λoh + (η − θ)λoms + θλomo +
√

((1−η)βh+(η−θ)βm)(r−c1−c2)+θξβm(r−c2)
c2

,

where

• λomo = αm − ξβm
√

c2
((1−η)βh+(η−θ)βm)(r−c1−c2)+θξβm(r−c2) ;

• λoh = αh − βh
√

c1
((1−η)βh+(η−θ)βm)(r−c1−c2) − βh

√
c2

((1−η)βh+(η−θ)βm)(r−c1−c2)+θξβm(r−c2) ;

• λoms = αm − βm
√

c1
((1−η)βh+(η−θ)βm)(r−c1−c2) − βm

√
c2

((1−η)βh+(η−θ)βm)(r−c1−c2)+θξβm(r−c2) .

Proposition B1.3. With online self-order technology,

• online customers come more often than before, i.e., λomo > λbm;

• given c1 and c2, store customers come to store more often (i.e., λoh > λbh and λoms > λbm) if
and only if c1+c2

r > mλ and θ ∈ (0, ψs) for some mλ < 1 and ψs > 0;
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• total demand increases, i.e., θλomo + (1− η)λoh + (η − θ)λoms > (1− η)λbh + ηλbm.

This shows that our original Proposition 4 still holds in this case.

Proposition B1.4. Given c1 and c2, then there exists a threshold mk < 1 such that the firm
increases total workforce level after implementing online self-order technology (i.e., ko1+ko2 > kb1+kb2)
if and only if c1+c2

r > mk.

This shows that our original Proposition 6 still holds in this case.

B1.3 Offline Self-Order Technology

With offline self-order technology, same as the base model, tech-savvy customers always prefer to
use the self-order machines, while traditional customers place an order only with human servers.
Then, the firm’s optimization problem is given as follows:

max
ηλm≤µ1m,
(1−η)λh≤µ1h,
ηλm+(1−η)λh≤µ2

r (ηλm + (1− η)λh)− c1mµ1m − c1µ1h − c2µ2

s.t. λm = [αm − βmw1m (µ1m, ηλm)− βmw2 (µ2, ηλm + (1− η)λh)]+

λh = [αh − βhw1h (µ1h, (1− η)λh)− βhw2 (µ2, ηλm + (1− η)λh)]+

(B1.3)

Proposition B1.5. With offline self-order technology, the firm’s optimal solution is given as fol-
lows:

• µs1m = ηλsm +
√

βmη(r−c1m−c2)
c1m

;

• µs1h = (1− η)λsh +
√

βh(1−η)(r−c1−c2)
c1

;

• µs2 = ηλsm + (1− η)λsh +
√

βm(r−c1m−c2)η+βh(r−c1−c2)(1−η)
c2

,

where

• λsm = αm − βm
√

c1m
βmη(r−c1m−c2) − βm

√
c2

βm(r−c1m−c2)η+βh(r−c1−c2)(1−η) ;

• λsh = αh − βh
√

c1
βh(1−η)(r−c1−c2) − βh

√
c2

βm(r−c1m−c2)η+βh(r−c1−c2)(1−η) .

Similar to what we did in the paper, in the following analysis, we assume the machine capacity
cost c1m is small enough such that the average wait time at stage 1 is shorter with self-order
technology compared to the base case, i.e., ηws1m + (1− η)ws1h < wb1.

Proposition B1.6. With offline self-order technology,

• tech-savvy customers come more often than before, i.e., λsm > λbm;

• given c1m, c1, c2, traditional customers come to store more often (i.e., λsh > λbh) if and only if
c1+c2
r > m′λ and η ∈ (0, ψ′s) for some m′λ < 1 and ψ′s > 0;
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• total demand increases, i.e., ηλsm + (1− η)λsh > (1− η)λbh + ηλbm.

This shows that our original Proposition 9 still holds in this case.

Proposition B1.7. Given c1m, c1 and c2, then there exists a threshold m′k < 1 such that the firm
increases total workforce level after implementing offline self-order technology (i.e., ks1+ks2 > kb1+kb2)
if and only if c1+c2

r > m′k.

This shows that our original Proposition 11 still holds in this case.

B1.4 Profit Implications

Suppose βh = bbh and βm = bbm, i.e., b measures the base wait sensitivity in the market.

Proposition B1.8. There exists b̄ ≥ 0 such that online self-order technology generates more profit
than offline self-order technology (i.e., πo > πs) if and only if b > b̄.

This shows that our original Proposition 13 still holds in this case.

B2 Convex Impact of Wait Time

In the paper, we assumed demand is a linear function of wait time. In this extension, we relax
this assumption. Specifically, we consider the following demand function: λ = α − βwφ1 − βw

φ
2 ,

where w1 and w2 represent the wait times at stages 1 and 2, and parameter φ ∈ (0, 1]. Since
φ ∈ (0, 1], demand λ is convex with respect to wait time at each stage. Note, the linear demand
model presented in the paper is a special case of this general demand model with φ = 1.

Similar to what we did in the paper, in the following analysis, we focus on the case where the
firm serves all types of customers (including online, store, tech-savvy, traditional), which is a valid
assumption when α is large.

B2.1 Base Model

Given the demand function, the firm chooses the capacity level at each stage, µ1 and µ2, to maximize
the profit rate, i.e.,

max
λ6µ1,λ6µ2

rλ− c1µ1 − c2µ2

s.t. λ =
[
α− β (w1(µ1, λ))φ − β (w2(µ2, λ))φ

]+ (B2.1)

Proposition B2.1. The firm’s optimal solution is given as follows:

• µb1 = λb +
(
φβ(r−c1−c2)

c1

) 1
1+φ

;

• µb2 = λb +
(
φβ(r−c1−c2)

c2

) 1
1+φ

,

where λb = α− β
(

c1
φβ(r−c1−c2)

) φ
1+φ − β

(
c2

φβ(r−c1−c2)

) φ
1+φ

.
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B2.2 Online Self-Order Technology

With online self-order technology, because of the instant-order and advance-order effects, online
customer’s demand function is given as λo = α− ξβwφ2 . The store customer’s demand function

remains the same as before, i.e., λs = α− βwφ1 − βw
φ
2 . Therefore, the firm’s optimization problem

is as follows:

max
(1−θ)λs≤µ1,(1−θ)λs+θλo≤µ2

r ((1− θ)λs + θλo)− c1µ1 − c2µ2

s.t. λo =
[
α− ξβ (w2(µ2, (1− θ)λs + θλo))

φ
]+

λs =
[
α− β (w1(µ1, (1− θ)λs))φ − β (w2(µ2, (1− θ)λs + θλo))

φ
]+

(B2.2)

Proposition B2.2. With online self-order technology, the firm’s optimal solution is given as fol-
lows:

• µo1 = (1− θ)λos +
(
φ(1−θ)β(r−c1−c2)

c1

) 1
1+φ

;

• µo2 = (1− θ)λos + θλoo +
(
φ(1−θ)β(r−c1−c2)+φθξβ(r−c2)

c2

) 1
1+φ

,

where

• λos = α− β
(

c1
φ(1−θ)β(r−c1−c2)

) φ
1+φ − β

(
c2

φ(1−θ)β(r−c1−c2)+φθξβ(r−c2)

) φ
1+φ

,

• λoo = α− ξβ
(

c2
φ(1−θ)β(r−c1−c2)+φθξβ(r−c2)

) φ
1+φ

.

Proposition B2.3. With online self-order technology,

• online customers come more often than before, i.e., λoo > λb;

• given c1 and c2, store customers come to store more often (i.e., λos > λb) if and only if
c1+c2
r > mλ and θ ∈ (0, ψs) for some mλ < 1 and ψs > 0;

• total demand increases, i.e., (1− θ)λos + θλoo > λb.

This shows that our original Proposition 4 still holds in this case.

Proposition B2.4. Given c1 and c2, then there exists a threshold mk < 1 such that the firm
increases total workforce level after implementing online self-order technology (i.e., ko1+ko2 > kb1+kb2)
if and only if c1+c2

r > mk.

This shows that our original Proposition 6 still holds in this case.
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B2.3 Offline Self-Order Technology

With self-order technology, the firm’s optimization problem is given as follows:

max
ηλm≤µ1m,
(1−η)λh≤µ1h
ηλm+(1−η)λh≤µ2

r (ηλm + (1− η)λh)− c1mµ1m − c1µ1h − c2µ2

s.t. λm =
[
α− β(w1m (µ1m, ηλm))φ − β(w2 (µ2, ηλm + (1− η)λh))φ

]+

λh =
[
α− β(w1h (µ1h, (1− η)λh))φ − β(w2 (µ2, ηλm + (1− η)λh))φ

]+

(B2.3)

Proposition B2.5. With offline self-order technology, the firm’s optimal solution is given as fol-
lows:

• µs1m = ηλsm +
(
φβη(r−c1m−c2)

c1m

) 1
1+φ

;

• µs1h = (1− η)λsh +
(
φβ(1−η)(r−c1−c2)

c1

) 1
1+φ

;

• µs2 = ηλsm + (1− η)λsh +
(
φβη(r−c1m−c2)+φβ(1−η)(r−c1−c2)

c2

) 1
1+φ

,

where

• λsm = α− β
(

c1m
φβη(r−c1m−c2)

) φ
1+φ − β

(
c2

φβη(r−c1m−c2)+φβ(1−η)(r−c1−c2)

) φ
1+φ

;

• λsh = α− β
(

c1
φβ(1−η)(r−c1−c2)

) φ
1+φ − β

(
c2

φβη(r−c1m−c2)+φβ(1−η)(r−c1−c2)

) φ
1+φ

.

Similar to what we did in the paper, in the following analysis, we assume the machine capacity
cost c1m is small enough such that the average wait time at stage 1 is shorter with self-order
technology compared to the base case, i.e., ηws1m + (1− η)ws1h < wb1.

Proposition B2.6. With offline self-order technology,

• tech-savvy customers come more often than before, i.e., λsm > λb;

• given c1m, c1, c2, traditional customers come to store more often (i.e., λsh > λb) if and only if
c1+c2
r > m′λ and η ∈ (0, ψ′s) for some m′λ < 1) and ψ′s > 0;

• total demand increases, i.e., ηλsm + (1− η)λsh > λb.

This shows that our original Proposition 9 still holds in this case.

Proposition B2.7. Given c1m, c1 and c2, then there exists a threshold m′k < 1 such that the firm
increases total workforce level after implementing offline self-order technology (i.e., ks1+ks2 > kb1+kb2)
if and only if c1+c2

r > m′k.

This shows that our original Proposition 11 still holds in this case.
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B2.4 Profit Implications

Proposition B2.8. There exists β̄ ≥ 0 such that online self-order technology generates more profit
than offline self-order technology (i.e., πo > πs) if and only if β > β̄.

This shows that our original Proposition 13 still holds in this case.

B3 Alternative Wait Time Function

In the paper, we formulated firm’s optimization problem with respect to capacity µ. The three
optimization problems (1, 2, 3) can also be reformulated with respect to the number of servers k
as follows:

• Basic model:
max

λ6k1/τ1,λ6k2/τ2
rλ− l1k1 − l2k2

s.t. λ = [α− β (w1(k1, λ) + w2(k2, λ))]+
(1′)

• Online self-order technology:

max
(1−θ)λs≤k1/τ1,θλo+(1−θ)λs≤k2/τ2

r (θλo + (1− θ)λs)− l1k1 − l2k2

s.t. λo = [α− ξβw2(k2, θλo + (1− θ)λs)]+

λs = [α− β (w1(k1, (1− θ)λs) + w2(k2, θλo + (1− θ)λs))]+
(2′)

• Offline self-order technology:

max
ηλm≤k1m/τ1,
(1−η)λh≤k1/τ1,
ηλm+(1−η)λh≤k2/τ2

r (ηλm + (1− η)λh)− l1mk1m − l1k1 − l2k2

s.t. λm = [α− β (w1 (k1m, ηλm) + w2 (k2, ηλm + (1− η)λh))]+

λh = [α− β (w1 (k1, (1− η)λh) + w2 (k2, ηλm + (1− η)λh))]+

(3′)

where l1 = c1/τ1, l1m = c1m/τ1, l2 = c2/τ2, wi(k, λ) = 1
k/τi−λ , and τi is the average service time at

stage i = 1, 2. Here, l1 and l2 can be interpreted as the labor cost per unit of time at stages 1 and
2, l1m is the corresponding cost for machines. The number of machine servers is denoted by k1m.

In the paper, we have assumed wait time function takes the following form: wi(k, λ) = 1
k/τi−λ .

In this section, we numerically test the robustness of our main insights with a different wait time
function, i.e.,

wi(k, λ) =
(τi
k

)ρ√2(k+1)−1

i

1− ρi

+ τi (B3.1)

where ρi = λτi
k . This corresponds to the approximated average wait time in a M/M/k queue

(Cachon and Terwiesch, 2009).

In the numerical study, we consider the following parameter values:
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• τ1 = {0.5
60 ,

1
60}. We assume the average service requirement is 0.5/60 or 1/60 hour (i.e., 30

seconds or 1 min) to place an order.

• τ2 = tτ1, where t = {3, 5, 7}. Here, we only look at the case where τ2 > τ1 because it generally
takes longer cooking food at stage 2 than processing an order at stage 1.

• α = 100. Here, we assume the maximum traffic (i.e., if there is no wait) in a store is 100
people per hour.

• β = {300, 400, 500, 600}. This implies that the longest amount of wait time people can tolerate
(after which their shopping rate is 0) is α/β = {1/3, 1/4, 1/5, 1/6} hours.

• η = {0.6, 0.7, 0.8, 0.9}

• θ = ζη, where ζ = {0.2, 0.4, 0.6, 0.8}.

• ξ = {0.2, 0.4, 0.6, 0.8}

• l1 = l2 = {8, 9, 10, 11} The range of the hourly wage is consistent with the data provided by
the Bureau of Labor Statistics http://www.bls.gov/oes/current/oes353021.htm.

• l1m = xl1, where x = {0.01, 0.1}.

• l1τ1+l2τ2
r = {0.1, 0.3, 0.5, 0.7}. The range of the cost-revenue ratio is selected based on the

following fact: According to National Restaurant Association (2010), for a restaurant, the
median cost of food and beverage sales is 31.9%, and the median cost of salaries and wages
is 29.4%. Note, l1τ1 + l2τ2 is the cost to serve one customer; r is the sales revenue from each
customer net of cost of food and beverage. Then, the data above implies that the median of
the cost-revenue ratio l1τ1+l2τ2

r should be around 29.4%/(1− 31.9%) = 43.2%.

There are 49.152 cases in total. After checking with the assumptions we made in the paper,
we end up having 35,620 cases. For each case, we solve the three optimization problems above with
the wait time function (B3.1). To simplify calculation, we assume k1, k2, k1m ∈ R+.

First, we check the impact of self-order technology on demand. Here are the results:

• With online technology, compared to the base scenario:

– total demand increases (i.e., θλoo + (1− θ)λos > λb) in all cases;

– online customers come more often (i.e., λoo > λb) in all cases;

– store customers come more often (i.e., λos > λb) in about 21.7% of cases.

• With offline technology, compared to the base scenario:

– total demand increases (i.e., ηλsm + (1− η)λsh > λb) in all cases;

– tech-savvy customers come more often (i.e., λsm > λb) in all cases;

– traditional customers come more often (i.e., λsh > λb) in about 5.4% of cases.

These results are consistent with Propositions 4 and 9 in the paper.

Next, we check the impact of self-order technology on workforce level:

8
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• Figure B3.1 shows the proportion of instances that ko1 + ko2 > kb1 + kb2 given the cost-revenue
ratio (l1τ1 + l2τ2)/r. It shows that a firm with higher cost-revenue ratio will be more likely
to increase workforce level after the implementation of online self-order technology, which is
consistent with Proposition 6.

• Figure B3.2 shows the proportion of instances that ks1 + ks2 > kb1 + kb2 given the cost-revenue
ratio (l1τ1 + l2τ2)/r. It shows that a firm with higher cost-revenue ratio will be more likely
to increase workforce level after the implementation of offline self-order technology, which is
consistent with Proposition 11.

Finally, we check the optimal choice between online and offline self-order technologies: Fig-
ure B3.3 shows the proportion of instances that πo > πs given β. It implies that online self-order
technology is more profitable if β is large, which is consistent with Proposition 13.

Figure B3.1: Proportion of instances that total workforce level increases after the implementation
of online self-order technology (i.e., ko1 + ko2 > kb1 + kb2)

Figure B3.2: Proportion of instances that total workforce level increases after the implementation
of offline self-order technology (i.e., ks1 + ks2 > kb1 + kb2)
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Figure B3.3: Proportion of instances that online self-order technology generates more profit than
offline self-order technology (i.e., πo > πs)

B4 Proofs of Results in Extensions

Proof of Proposition B1.1: Let’s define α = (1− η)αh + ηαm and β = (1− η)βh + ηβm.

Since we only focus on the case where the retailer serves both types, the optimal solution can
be obtained by solving the following optimization problem:

max
λm, λh ≥ 0,

(1− η)λh + ηλm 6 µ1 6 rα
c1
,

(1− η)λh + ηλm 6 µ2 6 rα
c2

r((1− η)λh + ηλm)− c1µ1 − c2µ2

s.t. λm = αm − βm (w1(µ1, (1− η)λh + ηλm) + w2(µ2, (1− η)λh + ηλm))

λh = αh − βh (w1(µ1, (1− η)λh + ηλm) + w2(µ2, (1− η)λh + ηλm))

the optimal solution of which can be obtained by the following optimization problem:

max
0≤λ≤µi≤ rαci

rλ− c1µ1 − c2µ2

s.t. λ = α− β (w1(µ1, λ) + w2(µ2, λ))
(B4.1)

where λ = (1− η)λh + ηλm. The Lagrangian of (B4.1) is defined as follows:

L (λ, µ1, µ2, ρ) = rλ− c1µ1 − c2µ2 + ρ

[
λ− α+ β

(
1

µ1 − λ
+

1

µ2 − λ

)]
where ρ ∈ R is the Lagrange multiplier. To find the critical points of L (λ, µ1, µ2, ρ), we solve the
following equation set:

∂L
∂λ = r + ρ+ ρβ 1

(µ1−λ)2
+ ρβ 1

(µ2−λ)2
= 0

∂L
∂µi

= −ci − ρβ 1
(µi−λ)2

= 0, i = 1, 2

λ− α+ β
(

1
µ1−λ + 1

µ2−λ

)
= 0

0 ≤ λ ≤ µ1 ≤ rα
c1
, 0 ≤ λ ≤ µ2 ≤ rα

c2
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By Proposition 5.6 in (Sundaram, 1996)[page 122], we know the optimal solution to (B4.1) is one
of the critical points. (Note the constraint qualification holds everywhere on the feasible set.) Since
the firm finds it optimal to serve both types of customers, the solution must be interior, which gives
us a unique solution:

λb = α− β
√

c1
β(r−c1−c2) − β

√
c2

β(r−c1−c2)

µb1 = λb +
√

β(r−c1−c2)
c1

µb2 = λb +
√

β(r−c1−c2)
c2

Then, we can find λbh = αh − βhw1(µb1, λ
b)− βhw2(µb2, λ

b) = αh − βh
√

c1
β(r−c1−c2) − βh

√
c2

β(r−c1−c2)

and λbm = αm − βmw1(µb1, λ
b)− βmw2(µb2, λ

b) = αm − βm
√

c1
β(r−c1−c2) − βm

√
c2

β(r−c1−c2) .

Proof of Proposition B1.2: Since we only focus on the case where the retailer serves all types of
customers, the optimal solution can be obtained by solving the following optimization problem:

max
λmo,λh,λms≥0,

(1−η)λh+(η−θ)λms≤µ1≤ rαc1 ,

θλmo+(1−η)λh+(η−θ)λms≤µ2≤ rαc2

r (θλmo + (1− η)λh + (η − θ)λms)− c1µ1 − c2µ2

s.t. λmo = αm − ξβmw2(µ2, θλmo + (1− η)λh + (η − θ)λms)
λh = αh − βh (w1(µ1, (1− η)λh + (η − θ)λms) + w2(µ2, θλmo + (1− η)λh + (η − θ)λms))
λms = αm − βm(w1(µ1, (1− η)λh + (η − θ)λms) + w2(µ2, θλmo + (1− η)λh + (η − θ)λms))

the optimal solution of which can be obtained by solving the following optimization problem:

max
0 ≤ (1− θ)λs ≤ µ1 ≤ rα

c1
,

θλmo + (1− θ)λs ≤ µ2

r (θλmo + (1− θ)λs)− c1µ1 − c2µ2

s.t. λmo = αm − ξβmw2(µ2, θλmo + (1− θ)λs)
λs = αs − βs (w1(µ1, λs) + w2(µ2, θλmo + (1− θ)λs))

(B4.2)

where λs = (1−η)λh+(η−θ)λms
1−θ , αs = (1−η)αh+(η−θ)αm

1−θ and βs = (1−η)βh+(η−θ)βm
1−θ . The Lagrangian of

(B4.2) is

L (λmo, λs, µ1, µ2, ρ1, ρ2) =r (θλmo + (1− θ)λs)− c1µ1 − c2µ2

+ ρ1 (λmo − αm + ξβmw2(µ2, θλmo + (1− θ)λs))
+ ρ2 (λs − αs + βs (w1(µ1, λs) + w2(µ2, θλmo + (1− θ)λs)))

To find the critical points of L (λmo, λs, µ1, µ2, ρ1, ρ2), we solve the following equation set:

∂L
∂λs

= r (1− θ) + ρ2 + ρ1ξβm (1− θ) 1
(µ2−(1−θ)λs−θλo)2

+ ρ2βs (1− θ) 1
(µ1−(1−θ)λs)2

+ρ2βs (1− θ) 1
(µ2−(1−θ)λs−θλo)2

= 0
∂L
∂λmo

= rθ + ρ1 + ρ1ξβmθ
1

(µ2−(1−θ)λs−θλmo)2
+ ρ2βsθ

1
(µ2−(1−θ)λs−θλmo)2

= 0
∂L
∂µ1

= −c1 − ρ2βs
1

(µ1−(1−θ)λs)2
= 0

∂L
∂µ2

= −c2 − ρ1ξβm
1

(µ2−(1−θ)λs−θλmo)2
− ρ2βs

1
(µ2−(1−θ)λs−θλmo)2

= 0

λmo − αm + ξβm
1

µ2−(1−θ)λs−θλmo = 0

λs − αs + βs
1

µ1−(1−θ)λs + βs
1

µ2−(1−θ)λs−θλmo = 0

0 ≤ (1− θ)λs ≤ µ1 ≤ rα
c1
, 0 ≤ λmo, (1− θ)λs + θλmo ≤ µ2 ≤ rα

c2
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By Proposition 5.6 in (Sundaram, 1996)[page 122], we know the optimal solution to (B4.2) is one
of the critical points. (Note the constraint qualification holds everywhere on the feasible set.) Since
the firm finds it optimal to serve all types of customers, the solution must be interior, which gives
us a unique solution:

µo1 = (1− θ)λos +
√

βs(r−c1−c2)
c1

µo2 = (1− θ)λos + θλomo +
√

βs(r−c1−c2)+θξβm(r−c2)
c2

λomo = αm − ξβm
√

c2
βs(r−c1−c2)+θξβm(r−c2)

λos = αs − βs
√

c1
βs(r−c1−c2) − βh

√
c2

βs(r−c1−c2)+θξβm(r−c2)

Then, λos = αh−βhw1(µo1, (1−θ)λos)−βhw2(µo2, θλ
o
mo+(1−θ)λos) = αh−βh

√
c1

((1−η)βh+(η−θ)βm)(r−c1−c2)−

βh
√

c2
((1−η)βh+(η−θ)βm)(r−c1−c2)+θξβm(r−c2) , and λoms = αm−βmw1(µo1, (1− θ)λos)−βmw2(µo2, θλ

o
mo +

(1− θ)λos) = αm − βm
√

c1
((1−η)βh+(η−θ)βm)(r−c1−c2) − βm

√
c2

((1−η)βh+(η−θ)βm)(r−c1−c2)+θξβm(r−c2) .

Proof of Proposition B1.3: λomo = αm−ξβm
√

c2
(1−θ)βs(r−c1−c2)+θξβm(r−c2) ≥ αm−βm

√
c2

(1−θ)βs(r−c1−c2)+θβm(r−c2) >

αm − βm
√

c2
β(r−c1−c2) > αm − βm

√
c1

β(r−c1−c2) − βm
√

c2
β(r−c1−c2) = λbm, where the first inequality is

because of ξ ≤ 1, and the second inequality is because β = (1− η)βh + ηβm = (1− θ)βs + θβm.

Note
(
λoh − λbh

) √r−c1−c2
βh

=
(
λoms − λbms

) √r−c1−c2
βm

=
√

c1
β +
√

c2
β −
√

c1
(1−θ)βs−

√
c2

(1−θ)βs+θβm r−c2
r−c1−c2

,

which is decreasing in r. Then if
√

c1
β +
√

c2
β −
√

c1
(1−θ)βs > 0 (or θ is small enough), then given c1 and

c2, there exists r̄ > c1 +c2 such that λoh−λbh > 0 and λoms−λbm > 0 if and only if c1+c2
r > c1+c2

r̄ .

Proof of Proposition B1.4:

ko1 + ko2 − kb1 − kb2 = −θατ1 +
√

βc1
r−c1−c2 (τ1 + τ2)

(
1−
√

1− θ
)

− (τ1 + τ2)

[
((1− θ)βs + θξβm)

√
c2

(1−θ)βs(r−c1−c2)+θξβm(r−c2) − β
√

c2
β(r−c1−c2)

]
−
√

β(r−c1−c2)
c1

τ1

(
1−
√

1− θ
)

+ τ2

(√
(1−θ)βs(r−c1−c2)+θξβm(r−c2)

c2
−
√

β(r−c1−c2)
c2

)
+τ1θξβm

√
c2

(1−θ)βs(r−c1−c2)+θξβm(r−c2)

(B4.3)

Let’s first show the 3rd term in (B4.3), i.e., − (τ1 + τ2)

[
((1− θ)βs + θξβm)

√
c2

(1−θ)βs(r−c1−c2)+θξβm(r−c2)−

β
√

c2
β(r−c1−c2)

]
(denoted as f3(r)) is decreasing in r:

∂f3

∂r
= − (τ1 + τ2)

−√c2

2

√
(1− θ)βs + θξβm(

r − c2 − (1−θ)βsc1
(1−θ)βs+θξβm

) 3
2

+

√
βc2

2(r − c1 − c2)
3
2


Since ∂[(1−θ)βs+θξβm]

∂θ ≤ 0 and
∂[r−c2− (1−θ)βsc1

(1−θ)βs+θξβm
]

∂θ > 0 and ∂β
∂θ = βm − βs ≥ 0 (because βm ≥ βh),

we can find that ∂f3
∂r is decreasing in θ. Note when θ = 0, ∂f3

∂r = 0. Thus, ∂f3
∂r < 0 for all θ > 0.
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Next, let’s show the 5th term in (B4.3), i.e., τ2

(√
(1−θ)βs(r−c1−c2)+θξβm(r−c2)

c2
−
√

β(r−c1−c2)
c2

)
(denoted as f5(r)) is decreasing in r:

∂f5

∂r
=

τ2

2
√
c2

 √
(1− θ)βs + θξβm√

r − (1−θ)βs(c1+c2)+θξβmc2
(1−θ)βs+θξβm

−
√
β√

r − c1 − c2

 < 0

Therefore, we can conclude that
∂(ko1+ko2−kb1−kb2)

∂r < 0. Note, if r → c1 + c2, we have (ko1 + ko2 − kb1 −
kb2)
√
r − c1 − c2 → (τ1+τ2)

√
βc2+

√
βc1(τ1+τ2)(1−

√
1− θ) > 0, which implies ko1 +ko2−kb1−kb2 > 0

if r is very close to c1 + c2. Thus, there exists r̄ > c1 + c2 such that ko1 + ko2 − kb1 − kb2 > 0 if and
only if r < r̄. Then, we can define mk = c1+c2

r̄ .

Proof of Proposition B1.5: Since we only focus on the case where the retailer serves all types of
customers, the optimal solution can be obtained by solving the following optimization problem:

max
0≤ηλm≤µ1m≤ rα

c1m
,

0≤(1−η)λh≤µ1h≤ rαc1 ,
ηλm+(1−η)λh≤µ2≤ rαc2

r (ηλm + (1− η)λh)− c1mµ1m − c1µ1h − c2µ2

s.t. λm = αm − βmw1m (µ1m, ηλm)− βmw2 (µ2, ηλm + (1− η)λh)
λh = αh − βhw1h (µ1h, (1− η)λh)− βhw2 (µ2, ηλm + (1− η)λh)

(B4.4)

The Lagrangian of (B4.4) is

L (λm, λh, µ1h, µ1m, µ2, ρh, ρm) =r (ηλm + (1− η)λh)− c1µ1h − c1mµ1m − c2µ2

− ρh
(
λh − αh + βh

1

µ1h − (1− η)λh
+ βh

1

µ2 − (1− η)λh − ηλm

)
− ρm

(
λm − αm + βm

1

µ1m − ηλm
+ βm

1

µ2 − (1− η)λh − ηλm

)
To find the critical points, we solve the following equation set:

∂L
∂λm

= rη − ρm − ρmβmη

(µ1m−ηλm)2
− (ρmβm+ρhβh)η

(µ2−ηλm−(1−η)λh)2
= 0

∂L
∂λh

= r (1− η)− ρh − ρhβh(1−η)

(µ1h−(1−η)λh)2
− (ρmβm+ρhβh)(1−η)

(µ2−ηλm−(1−η)λh)2
= 0

∂L
∂µ1m

= −c1m + ρmβm
(µ1m−ηλm)2

= 0

∂L
∂µ1h

= −c1 + ρhβh(1−η)

(µ1h−(1−η)λh)2
= 0

∂L
∂µ2

= −c2 + (ρmβm+ρhβh)(1−η)

(µ2−ηλm−(1−η)λh)2
= 0

0 ≤ ηλm ≤ µ1m ≤ rα
c1m

, 0 ≤ (1− η)λh ≤ µ1h ≤ rα
c1
, ηλm + (1− η)λh ≤ µ2 ≤ rα

c2

By Proposition 5.6 in (Sundaram, 1996)[page 122], we know the optimal solution to (B4.2) is one
of the critical points. (Note the constraint qualification holds everywhere on the feasible set.) Since
the firm finds it optimal to serve all types of customers, the solution must be interior, which gives
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us a unique solution:

λsm = αm − βm
√

c1m
βmη(r−c1m−c2) − βm

√
c2

βm(r−c1m−c2)η+βh(r−c1−c2)(1−η)

λsh = αh − βh
√

c1
βh(1−η)(r−c1−c2) − βh

√
c2

βm(r−c1m−c2)η+βh(r−c1−c2)(1−η)

µs1m = ηλsm +
√

βmη(r−c1m−c2)
c1m

µs1h = (1− η)λsh +
√

βh(1−η)(r−c1−c2)
c1

µs2 = ηλsm + (1− η)λsh +
√

βm(r−c1m−c2)η+βh(r−c1−c2)(1−η)
c2

Proof of Proposition B1.6: First, note(
λsm − λbm

)√
β

βm
=

√
c1

r − c1 − c2
+

√
c2

r − c1 − c2
−

√
c1mβ

βmη (r − c1m − c2)
−

√
c2β

βmη (r − c1m − c2) + βh (1− η) (r − c1 − c2)

Because c1m < c1, we have
√

c2
r−c1−c2 −

√
c2β

βmη(r−c1m−c2)+βh(1−η)(r−c1−c2) > 0. Also, we can easily

check that ws1h > wb1. Then, since ηws1m + (1− η)ws1h < wb1, we must have ws1m < wb1, which implies√
c1

r−c1−c2 −
√

c1mβ
βmη(r−c1m−c2) > 0. Thus, we have

(λsm−λbm)
√
β

βm
> 0 or λsm > λbm.

Second, note(
λsh − λbh

)√
β (r − c1 − c2)

βh
=
√
c1 +

√
c2 −

√
c1β

βh (1− η)
−
√

c2β

βmη
r−c1m−c2
r−c1−c2 + βh (1− η)

which is decreasing in r. Then if
√
c1 +

√
c2 −

√
c1β

(1−η)βh
> 0 (or η is small enough), then there

exists r̄ > c1 + c2 such that λsh − λbh > 0 if and only if c1+c2
r > c1+c2

r̄ .

Finally, let’s look at total demand rate. We first prove the following lemma:

Lemma B4.1. If ηws1m + (1− η)ws1h < wb1, then
√

βmηc1m
r−c1m−c2 +

√
βh(1−η)c1
r−c1−c2 <

√
βc1

r−c1−c2 .

Proof of Lemma B4.1: Because ηws1m+(1−η)ws1h < wb1, we have
√

β2ηc1m
βm(r−c1m−c2) +

√
β2(1−η)c1
βh(r−c1−c2) <√

βc1
r−c1−c2 . So all we need show is

√
β2ηc1m

βm(r−c1m−c2) +
√

β2(1−η)c1
βh(r−c1−c2) ≥

√
βmηc1m
r−c1m−c2 +

√
βh(1−η)c1
r−c1−c2 . Note√

β2ηc1m
βm(r−c1m−c2) +

√
β2(1−η)c1
βh(r−c1−c2) −

√
βmηc1m
r−c1m−c2 −

√
βh(1−η)c1
r−c1−c2

≥
√

β2(1−η)c1
βh(r−c1−c2) −

√
βh(1−η)c1
r−c1−c2 −

[√
β2
m −

√
β2
] [√

c1
β(r−c1−c2) −

√
(1−η)c1

βh(r−c1−c2)

]
=
√

(1−η)c1
βh(r−c1−c2) (βm − βh) (1− η)

[
1

1−η −
√

βh
(1−η)β

]
≥ 0

where the first inequality is because
√

β2ηc1m
βm(r−c1m−c2) +

√
β2(1−η)c1
βh(r−c1−c2) −

√
βmηc1m
r−c1m−c2 −

√
βh(1−η)c1
r−c1−c2 is

decreasing in c1m and ηws1m + (1− η)ws1h < wb1, and the second inequality is because βm ≥ βh and
β > (1− η)βh. This completes the proof.
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Because ηws1m + (1 − η)ws1h < wb1, Lemma B4.1 and c1m < c1, we can check that ηλsm +

(1− η)λsh = α −
√

βmηc1m
r−c1m−c2 −

√
βh(1−η)c1
r−c1−c2 − β

√
c2

βmη(r−c1m−c2)+βh(1−η)(r−c1−c2) > α −
√

βc1
r−c1−c2 −

β
√

c2
β(r−c1−c2) = λb

Proof of Proposition B1.7: Note
∂ks1
∂r =

τ1
√
βh(1−η)c1

2(r−c1−c2)
3
2

+
τ1(1−η)βhβ

√
c2

2[βm(r−c1m−c2)η+βh(r−c1−c2)(1−η)]
3
2

+
τ1
√
βh(1−η)

2
√
c1(r−c1−c2)

<

τ1
√
βc1

2(r−c1−c2)
3
2

+ τ1
√
βc2

2(r−c1−c2)
3
2

+ τ1
√
β

2
√
c1(r−c1−c2)

=
∂kb1
∂r , where the inequality is because c1m < c1 and

β > (1− η)βh.

Also, note

∂ks2
∂r =

√
ηβmc1m

2(r−c1m−c2)
3
2

+

√
βh(1−η)c1

2(r−c1−c2)
3
2

+
β2√c2

2[βm(r−c1m−c2)η+βh(r−c1−c2)(1−η)]
3
2

+ β

2
√
c2[βm(r−c1m−c2)η+βh(r−c1−c2)(1−η)]

By Lemma B4.1 and c1m < c1, we have
√
ηβmc1m

2(r−c1m−c2)
3
2

+

√
βh(1−η)c1

2(r−c1−c2)
3
2
<

√
βc1

2(r−c1−c2)
3
2

. Also, define

function f (c1m) =
β2√c2

2[βm(r−c1m−c2)η+βh(r−c1−c2)(1−η)]
3
2

+ β

2
√
c2[βm(r−c1m−c2)η+βh(r−c1−c2)(1−η)]

, which

is an increasing function. Thus, f(c1m) < f(c1). Since
∂kb2
∂r =

√
βc1

2(r−c1−c2)
3
2

+f (c1), we have
∂ks2
∂r <

∂kb2
∂r .

Therefore, we can conclude that
∂(ks1+ks2−kb1−kb2)

∂r < 0. Note, if r → c1+c2, we have (ks1+ks2−kb1−
kb2)
√
r − c1 − c2 → (τ1 + τ2)(

√
βc1 +

√
βc2−

√
βh(1− η)c1) > 0, which implies ks1 +ks2−kb1−kb2 > 0

if r is very close to c1 + c2. Thus, there exists r̄ > c1 + c2 such that ks1 + ks2 − kb1 − kb2 > 0 if and
only if r < r̄. Then, we can define m′k = c1+c2

r̄ .

Proof of Proposition B1.8:

πo − πs =− c1 (1− θ)α+ [c1mη + c1 (1− η)]α

+ 2
√
ηβm (r − c1m − c2) c1m + 2

√
(1− η)βh (r − c1 − c2) c1

+ 2
√
c2 [βm (r − c1m − c2) η + βh (r − c1 − c2) (1− η)]

− 2
√

(1− θ)βs (r − c1 − c2) c1 − 2
√

[(1− θ)βs (r − c1 − c2) + θξβo (r − c2)] c2

Note that ∂2(πo−πs)
∂θ2

< 0. Also note that when θ = η, we must have the πo > πs, the proof of which
is as follows: Suppose the optimal solution for the offline model is µs1m, µ

s
1h, µ

s
2, λ

s
m, λ

s
h. Consider

the following feasible solution for the online model: µ41 , µ
4
2 , λ

4
m, λ

4
h , where µ41 = µs1h and µ42 = µs2.

Then, suppose ηλ4m + (1− η)λ4h ≤ ηλ
s
m + (1− η)λsh. Then, we must have w42 ≤ ws2. Then, because

online customers don’t wait at stage 1, we have λ4m > λsm. Then, λ4h < λsh. Then, w41 < ws1.

However, if w41 < ws1 and w42 < ws2, then this means that λ4h > λsh. We get a contradiction. Thus,

we must have ηλ4m + (1 − η)λ4h > ηλsm + (1 − η)λsh. This implies that π4 > πs. Thus, we must
have πo ≥ π4 > πs. The results above implies that ∃θ̄ ≤ η such that πo > πs if and only if θ > θ̄.

Note when c1mη = c1(η − θ) (or θ = (c1−c1m)η
c1

), we have πo − πs > 0 for any b > 0. This

implies that θ̄ ≤ (c1−c1m)η
c1

. Thus, for any b > 0, if θ ≥ (c1−c1m)η
c1

(or c1mη− c1(η− θ) ≥ 0), we must
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have πo − πs > 0, i.e., b̄ = 0. If c1mη − c1(η − θ) < 0, then
∂ π

o−πs√
b

∂b =
∂

(c1mη−c1(η−θ))α√
b

∂b > 0. Thus,
there exists b̄ ≥ 0 such that πo − πs > 0 if and only if b > b̄.

Proof of Proposition B2.1: Since we only focus on the case where the retailer serves all types of
customers, the optimal solution can be obtained by solving the following optimization problem:

max
06λ6µ16 rα

c1
,λ6µ26 rα

c2

rλ− c1µ1 − c2µ2

s.t. λ = α− β (w1(µ1, λ))φ − β (w2(µ2, λ))φ
(B4.5)

The Lagrangian of (B4.5) is

L (λ, µ1, µ2, ρ) = rλ− c1µ1 − c2µ2 + ρ

(
λ− α+ β

1

(µ1 − λ)φ
+ β

1

(µ2 − λ)φ

)

To find the critical points, we solve the following equation set:

∂L
∂λ = r + ρ+ φρβ

(µ1−λ)1+φ
+ φρβ

(µ2−λ)1+φ
∂ = 0

∂L
∂µ1

= −c1 − φρβ

(µ1−λ)1+φ
= 0

∂L
∂µ2

= −c2 − φρβ

(µ2−λ)1+φ
= 0

λ− α+ β 1
(µ1−λ)φ

+ β 1
(µ2−λ)φ

λ ≤ µ1, λ ≤ µ2

By Proposition 5.6 in (Sundaram, 1996)[page 122], we know the optimal solution to (B4.1) is one
of the critical points. (Note the constraint qualification holds everywhere on the feasible set.) Since
the firm finds it optimal to serve both types of customers, the solution must be interior, which gives
us a unique solution:

λb = α− β
(

c1
φβ(r−c1−c2)

) φ
1+φ − β

(
c2

φβ(r−c1−c2)

) φ
1+φ

µb1 = λb +
(
φβ(r−c1−c2)

c1

) 1
1+φ

µb2 = λb +
(
φβ(r−c1−c2)

c2

) 1
1+φ

Proof of Proposition B2.2: Since we only focus on the case where the retailer serves all types of
customers, the optimal solution can be obtained by solving the following optimization problem:

max
0≤(1−θ)λs≤µ1≤ rαc1 ,

0≤λo,
(1−θ)λs+θλo≤µ2≤ rαc2

r ((1− θ)λs + θλo)− c1µ1 − c2µ2

s.t. λo = α− ξβ (w2(µ2, (1− θ)λs + θλo))
φ

λs = α− β (w1(µ1, (1− θ)λs))φ − β (w2(µ2, (1− θ)λs + θλo))
φ

(B4.6)
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The Lagrangian of (B4.6) is given as follows:

L (λo, λs, µ1, µ2, ρo, ρs) =r (θλo + (1− θ)λs)− c1µ1 − c2µ2

− ρ1

(
λo − α+ ξβ(w2(µ2, θλo + (1− θ)λs))φ

)
− ρ2

(
λs − α+ β(w1(µ1, λs))

φ + β(w2(µ2, θλmo + (1− θ)λs))φ
)

To find the critical points, we solve the following equation set:

∂L
∂λs

= r (1− θ) + ρ2 + φρ1ξβ (1− θ) 1
(µ2−(1−θ)λs−θλo)1+φ

+ φρ2β (1− θ) 1
(µ1−(1−θ)λs)1+φ

+φρ2β (1− θ) 1
(µ2−(1−θ)λs−θλo)1+φ

= 0
∂L
∂λo

= rθ + ρ1 + φρ1ξβθ
1

(µ2−(1−θ)λs−θλo)1+φ
+ φρ2βθ

1
(µ2−(1−θ)λs−θλo)1+φ

= 0
∂L
∂µ1

= −c1 − φρ2β
1

(µ1−(1−θ)λs)1+φ
= 0

∂L
∂µ2

= −c2 − φρ1ξβ
1

(µ2−(1−θ)λs−θλo)1+φ
− ρ2β

1
(µ2−(1−θ)λs−θλo)1+φ

= 0

λo − α+ ξβ 1
µ2−(1−θ)λs−θλo = 0

λs − α+ β 1
µ1−(1−θ)λs + β 1

µ2−(1−θ)λs−θλo = 0

0 ≤ (1− θ)λs ≤ µ1 ≤ rα
c1
, 0 ≤ λo, (1− θ)λs + θλo ≤ µ2 ≤ rα

c2

By Proposition 5.6 in (Sundaram, 1996)[page 122], we know the optimal solution to (B4.1) is one
of the critical points. (Note the constraint qualification holds everywhere on the feasible set.) Since
the firm finds it optimal to serve both types of customers, the solution must be interior, which gives
us a unique solution:

λos = α− β
(

c1
φ(1−θ)β(r−c1−c2)

) φ
1+φ − β

(
c2

φ(1−θ)β(r−c1−c2)+φθξβ(r−c2)

) φ
1+φ

λoo = α− βo
(

c2
φ(1−θ)β(r−c1−c2)+φθξβ(r−c2)

) φ
1+φ

µo1 = (1− θ)λos +
(
φ(1−θ)β(r−c1−c2)

c1

) 1
1+φ

µo2 = (1− θ)λos + θλoo +
(
φ(1−θ)β(r−c1−c2)+φθξβ(r−c2)

c2

) 1
1+φ

Proof of Proposition B2.3: λoo = α−
[

c2(ξβ)1+φ

φξβθ(r−c2)+φβ(r−c1−c2)(1−θ)

] φ
1+φ ≥ α−

[
c2βφ

φθ(r−c2)+φ(r−c1−c2)(1−θ)

] φ
1+φ

>

α−
[

c2βφ

φ(r−c1−c2)

] φ
1+φ

> α− β
(

c1
φβ(r−c1−c2)

) φ
1+φ − β

(
c2

φβ(r−c1−c2)

) φ
1+φ

= λb where the first inequality

is because of ξ ≤ 1.

Next, let’s prove the second bullet point. Note

(
λos − λb

) (r − c1 − c2)
φ

1+φ

β
=

(
c1

φβ

) φ
1+φ

+

(
c2

φβ

) φ
1+φ

−
(

c1

φβ (1− θ)

) φ
1+φ

−

(
c2

φβ (1− θ) + φξβθ r−c2
r−c1−c2

) φ
1+φ

which is decreasing in r. When r → c1 + c2,
(
λos − λb

) (r−c1−c2)
φ

1+φ

β →
(
c1
φβ

) φ
1+φ

+
(
c2
φβ

) φ
1+φ −(

c1
φβ(1−θ)

) φ
1+φ

> 0 if θ is small enough. Then, we can conclude the result.
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Finally, let’s prove the third point. Note (1− θ)λos+θλoo = α−((1− θ)β)
1

1+φ

(
c1

φ(r−c1−c2)

) φ
1+φ−

c

φ
1+φ
2 ((1−θ)β+θξβ)

1
1+φ(

r− (1−θ)β(c1+c2)+θξβc2
(1−θ)β+θξβ

) φ
1+φ

, which is increasing in θ. Note when θ = 0, we have (1− θ)λos + θλoo = λb.

Thus, (1− θ)λos + θλoo > λb for all θ > 0.

Proof of Proposition B2.4:

ko1 + ko2 − kb1 − kb2 = −θατ1 + (τ1 + τ2)
(

1− (1− θ)
φ

1+φ

)
β
(

c1
φβ(r−c1−c2)

) 1
1+φ

− (τ1 + τ2)

[
((1− θ)β + θξβ)

(
c2

φ(1−θ)β(r−c1−c2)+φθξβ(r−c2)

) 1
1+φ − β

(
c2

φβ(r−c1−c2)

) 1
1+φ

]
−
(
φβ(r−c1−c2)

c1

) 1
1+φ

τ1

(
1− (1− θ)

1
1+θ

)
+ τ2

((
c2

φ(1−θ)β(r−c1−c2)+φθξβ(r−c2)

)− 1
1+φ −

(
c2

φβ(r−c1−c2)

)− 1
1+φ

)
+τ1θξβ

(
c2

φ(1−θ)β(r−c1−c2)+φθξβ(r−c2)

) 1
1+φ

(B4.7)

Let’s first show the 3rd term in (B4.7), i.e., − (τ1 + τ2)

[
((1− θ)β + θξβ)

(
c2

φ(1−θ)β(r−c1−c2)+φθξβ(r−c2)

) 1
1+φ−

β
(

c2
φβ(r−c1−c2)

) 1
1+φ

]
(denoted as f3(r)) is decreasing in r:

∂f3

∂r
= − (τ1 + τ2)

− c
1

1+φ

2

(1 + φ)φ
1

1+φ

((1− θ)β + θξβ)
φ

1+φ(
r − c2 − (1−θ)βc1

(1−θ)β+θξβ

) 1
1+φ

+1
+

β
φ

1+φ c
1

1+φ

2

(1 + φ)φ
1

1+φ (r − c1 − c2)
1

1+φ
+1


which is decreasing in θ. Note when θ = 0, ∂f3

∂r = 0. Thus, ∂f3
∂r < 0 for all θ > 0.

Next, let’s show the 5th term in (B4.7), i.e., τ2

((
c2

φ(1−θ)β(r−c1−c2)+φθξβ(r−c2)

)− 1
1+φ −

(
c2

φβ(r−c1−c2)

)− 1
1+φ

)
(denoted as f5(r)) is decreasing in r:

∂f5

∂r
=

c
− 1

1+φ

2

(1 + φ)φ
− 1

1+φ

 ((1− θ)β + θξβ)
1

1+φ(
r − (1−θ)β(c1+c2)+θξβc2

(1−θ)β+θξβ

) φ
1+φ

− β
1

1+φ

(r − c1 − c2)
φ

1+φ

 < 0

Therefore, we can conclude that
∂(ko1+ko2−kb1−kb2)

∂r < 0. Note, if r → c1 + c2, we have (ko1 + ko2 − kb1 −

kb2)(r − c1 − c2)
1

1+φ → (τ1+τ2)β
(
c2
φβ

) 1
1+φ

+
(

1− (1− θ)
φ

1+φ

)
β
(
c1
φβ

) 1
1+φ

(τ1+τ2)(1−
√

(1− θ)) > 0,

which implies ko1 + ko2 − kb1 − kb2 > 0 if r is very close to c1 + c2. Thus, there exists r̄ > c1 + c2 such
that ko1 + ko2 − kb1 − kb2 > 0 if and only if r < r̄. Then, we can define mk = c1+c2

r̄ .

Proof of Proposition B2.5: Since we only focus on the case where the retailer serves all types of
customers, the optimal solution can be obtained by solving the following optimization problem:

max
0≤ηλm≤µ1m≤ rα

c1m
,

0≤(1−η)λh≤µ1h≤ rαc1
ηλm+(1−η)λh≤µ2≤ rαc2

r (ηλm + (1− η)λh)− c1mµ1m − c1µ1h − c2µ2

s.t. λm = α− β(w1m (µ1m, ηλm))φ − β(w2 (µ2, ηλm + (1− η)λh))φ

λh = α− β(w1h (µ1h, (1− η)λh))φ − β(w2 (µ2, ηλm + (1− η)λh))φ

(B4.8)
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The Lagrangian of (B4.8) is given as follows:

L(λm, λh, µ1h, µ1m, µ2, ρm, ρh) =r (ηλm + (1− η)λh)− c1mµ1m − c1µ1h − c2µ2

− ρm

(
λm − α+ β

(
1

µ1m − ηλm

)φ
+ β

(
1

µ2 − ηλm − (1− η)λh

)φ)

− ρh

(
λh − α+ β

(
1

µ1h − (1− η)λh

)φ
+ β

(
1

µ2 − ηλm − (1− η)λh

)φ)
To find the critical points, we solve the following equation set:

∂L
∂λm

= rη − ρm − ρmβη

(µ1m−ηλm)φ+1 −
(ρm+ρh)βη

(µ2−ηλm−(1−η)λh)φ+1 = 0

∂L
∂λh

= r (1− η)− ρh − ρhβ(1−η)

(µ1h−(1−η)λh)φ+1 −
(ρm+ρh)β(1−η)

(µ2−ηλm−(1−η)λh)φ+1 = 0

∂L
∂µ1m

= −c1m + ρmβ

(µ1m−ηλm)φ+1 = 0

∂L
∂µ1h

= −c1 + ρhβ(1−η)

(µ1h−(1−η)λh)φ+1 = 0

∂L
∂µ2

= −c2 + (ρm+ρh)β(1−η)

(µ2−ηλm−(1−η)λh)φ+1 = 0

ηλm ≤ µ1m, (1− η)λh ≤ µ1h, ηλm + (1− η)λh ≤ µ2

By Proposition 5.6 in (Sundaram, 1996)[page 122], we know the optimal solution to (B4.1) is one
of the critical points. (Note the constraint qualification holds everywhere on the feasible set.) Since
the firm finds it optimal to serve both types of customers, the solution must be interior, which gives
us a unique solution:

λsm = α− β
(

c1m
φβη(r−c1m−c2)

) φ
1+φ − β

(
c2

φβη(r−c1m−c2)+φβ(1−η)(r−c1−c2)

) φ
1+φ

λsh = α− β
(

c1
φβ(1−η)(r−c1−c2)

) φ
1+φ − β

(
c2

φβη(r−c1m−c2)+φβ(1−η)(r−c1−c2)

) φ
1+φ

µs1m = ηλsm +
(
φβη(r−c1m−c2)

c1m

) 1
1+φ

µs1h = (1− η)λsh +
(
φβ(1−η)(r−c1−c2)

c1

) 1
1+φ

µs2 = ηλsm + (1− η)λsh +
(
φβη(r−c1m−c2)+φβ(1−η)(r−c1−c2)

c2

) 1
1+φ

Proof of Proposition B2.6: First note(
λsm − λb

)
φ

φ
1+φ

β
1

1+φ

=

(
c1

r − c1 − c2

) φ
1+φ

+

(
c2

r − c1 − c2

) φ
1+φ

−
(

c1m

η (r − c1m − c2)

) φ
1+φ

−
(

c2

η (r − c1m − c2) + (1− η) (r − c1 − c2)

) φ
1+φ

Because c1m < c1, we have
(

c2
r−c1−c2

) φ
1+φ −

(
c2

η(r−c1m−c2)+(1−η)(r−c1−c2)

) φ
1+φ

> 0. Also, we can

easily check that ws1h > wb1. Then, since ηws1m + (1− η)ws1h < wb1, we must have ws1m < wb1, which

implies
(

c1
r−c1−c2

) φ
1+φ −

(
c1m

η(r−c1m−c2)

) φ
1+φ

> 0. Thus, we have
(λsm−λb)φ

φ
1+φ

β
1

1+φ
> 0, or λsm > λb.
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Second, note

(
λsh − λbh

)
(r − c1 − c2)

φ
1+φφ

φ
1+φ

β
1

1+φ

= c1

φ
1+φ + c2

φ
1+φ −

(
c1

1− η

) φ
1+φ

−

(
c2

η r−c1m−c2r−c1−c2 + (1− η)

) φ
1+φ

which is decreasing in r. Then if c1

φ
1+φ + c2

φ
1+φ −

(
c1

1−η

) φ
1+φ

> 0 (or η is small enough), then there

exists r̄ > c1 + c2 such that λsh − λbh > 0 if and only if c1+c2
r > c1+c2

r̄ .

Finally, let’s look at total demand rate. We first prove the following lemma:

Lemma B4.2. If ηws1m + (1− η)ws1h < wb1, then η(ws1m)φ + (1− η)(ws1h)φ < (wb1)φ.

Proof of Lemma B4.2: Because 0 < ηws1m+(1−η)ws1h < wb1, we have (ηws1m+(1−η)ws1h)φ < (wb1)φ.
Note (ηws1m+(1−η)ws1h)φ ≥ ηφ(ws1m)φ+(1−η)φ(w1h)φ ≥ η(ws1m)φ+(1−η)(w1h)φ, where the second
inequality is because of η ∈ (0, 1) and φ ∈ (0, 1]. Thus, we have η(ws1m)φ+(1−η)(ws1h)φ < (wb1)φ.

Because ηws1m + (1 − η)ws1h < wb1, Lemma B4.1 and c1m < c1, we can check that ηλsm +

(1− η)λsh = α−ηβ
(

c1m
φηβ(r−c1m−c2)

) φ
1+φ−(1− η)β

(
c1

φ(1−η)β(r−c1−c2)

) φ
1+φ−β

(
c2

φβη(r−c1m−c2)+φβ(1−η)(r−c1−c2)

) φ
1+φ

>

α− β
(

c1
φβ(r−c1−c2)

) φ
1+φ − β

(
c2

φβ(r−c1−c2)

) φ
1+φ

= λb

Proof of Proposition B2.7: Note
∂ks1
∂r =

φ
1

1+φ β
1

1+φ (1−η)
1

1+φ c

φ
1+φ
1 τ1

(1+φ)(r−c1−c2)
φ

1+φ
+1

+
τ1(1−η)β2φ2c

φ
1+φ
2

(1+φ)[β(r−c1m−c2)η+β(r−c1−c2)(1−η)]
φ

1+φ
+1

+

τ1(βφ(1−η))
1

1+φ

(1+φ)c
1

1+φ
1 (r−c1−c2)

φ
1+φ

<
φ

1
1+φ β

1
1+φ c

φ
1+φ
1 τ1

(1+φ)(r−c1−c2)
φ

1+φ
+1

+
τ1β2φ2c

φ
1+φ
2

(1+φ)[β(r−c1−c2)]
φ

1+φ
+1

+ τ1(βφ)
1

1+φ

(1+φ)c
1

1+φ
1 (r−c1−c2)

φ
1+φ

=
∂kb1
∂r .

Also, note

∂ks2
∂r = ηβ

(
c1m
φβη

) φ
1+φ φ

1+φ
1

(r−c1m−c2)
φ

1+φ
+1

+ (1− η)β
(

c1
φβ(1−η)

) φ
1+φ φ

1+φ
1

(r−c1−c2)
φ

1+φ
+1

+φβ2c
φ

1+φ

2
φ

1+φ
1

(β(r−c1m−c2)η+β(r−c1−c2)(1−η))
φ

1+φ
+1

+ φβ

(1+φ)c
1

1+φ
2

1

(β(r−c1m−c2)η+β(r−c1−c2)(1−η))
φ

1+φ

By Lemma B4.2 and c1m < c1, we have

ηβ
(
c1m
φβη

) φ
1+φ φ

1+φ
1

(r−c1m−c2)
φ

1+φ
+1

+ (1− η)β
(

c1
φβ(1−η)

) φ
1+φ φ

1+φ
1

(r−c1−c2)
φ

1+φ
+1
< β

(
c1
φβ

) φ
1+φ φ

1+φ
1

(r−c1−c2)
φ

1+φ
+1
.

Also, define function

f (c1m) =φβ2c
φ

1+φ

2

φ

1 + φ

1

(β (r − c1m − c2) η + β (r − c1 − c2) (1− η))
φ

1+φ
+1

+
φβ

(1 + φ) c
1

1+φ

2

1

(β (r − c1m − c2) η + β (r − c1 − c2) (1− η))
φ

1+φ

,
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which is an increasing function. Thus, f(c1m) < f(c1). Since
∂kb2
∂r = β

(
c1
φβ

) φ
1+φ φ

1+φ
1

(r−c1−c2)
φ

1+φ
+1

+

f (c1), we have
∂ks2
∂r <

∂kb2
∂r .

Therefore, we can conclude that
∂(ks1+ks2−kb1−kb2)

∂r < 0. Note, if r → c1 + c2, we have (ks1 +

ks2 − kb1 − kb2)(r − c1 − c2)
φ

1+φ → (τ1 + τ2)β
1

1+φφ
−φ
1+φ (c

φ
1+φ

1 + c
φ

1+φ

2 − c
φ

1+φ

1 (1 − η)
1

1+φ ) > 0, which
implies ks1 + ks2 − kb1 − kb2 > 0 if r is very close to c1 + c2. Thus, there exists r̄ > c1 + c2 such that
ks1 + ks2 − kb1 − kb2 > 0 if and only if r < r̄. Then, we can define m′k = c1+c2

r̄ .

Proof of Proposition B2.8: Note that

πo = [r − c1 (1− θ)− c2]α−
(
c1
φ

) φ
1+φ

[β (r − c1 − c2) (1− θ)]
1

1+φ − φ
1

1+φ c
φ

1+φ

1 [β (r − c1 − c2) (1− θ)]
1

1+φ

−
(
c2
φ

) φ
1+φ

[(1− θ)β (r − c1 − c2) + θξβ (r − c2)]
1

1+φ − φ
1

1+φ c
φ

1+φ

2 [(1− θ)β (r − c1 − c2) + θξβ (r − c2)]
1

1+φ

and

πs = (r − c2)α− c1mηα− c1 (1− η)α

−
[
φ
− φ

1+φ + φ
1

1+φ

]
c

φ
1+φ

1m [ηβ (r − c1m − c2)]
1

1+φ −
[
φ
− φ

1+φ + φ
1

1+φ

]
c

φ
1+φ

1 [(1− η)β (r − c1 − c2)]
1

1+φ

−
[
φ
− φ

1+φ + φ
1

1+φ

]
c

φ
1+φ

2 [ηβ (r − c1m − c2) + β (1− η) (r − c1 − c2)]
1

1+φ

Note that ∂2(πo−πs)
∂θ2

< 0. Also note that when θ = η, we must have the πo > πs, the proof of which
is as follows: Suppose the optimal solution for the offline model is µs1m, µ

s
1h, µ

s
2, λ

s
m, λ

s
h. Consider

the following feasible solution for the online model: µ41 , µ
4
2 , λ

4
m, λ

4
h , where µ41 = µs1h and µ42 = µs2.

Then, suppose ηλ4m + (1− η)λ4h ≤ ηλ
s
m + (1− η)λsh. Then, we must have w42 ≤ ws2. Then, because

online customers don’t wait at stage 1, we have λ4m > λsm. Then, λ4h < λsh. Then, w41 < ws1.

However, if w41 < ws1 and w42 < ws2, then this means that λ4h > λsh. We get a contradiction. Thus,

we must have ηλ4m + (1 − η)λ4h > ηλsm + (1 − η)λsh. This implies that π4 > πs. Thus, we must
have πo ≥ π4 > πs. The results above implies that ∃θ̄ ≤ η such that πo > πs if and only if θ > θ̄.

Note when c1mη = c1(η − θ) (or θ = (c1−c1m)η
c1

), we have πo − πs > 0 for any β > 0. This

implies that θ̄ ≤ (c1−c1m)η
c1

. Thus, for any β > 0, if θ ≥ (c1−c1m)η
c1

(or c1mη− c1(η− θ) ≥ 0), we must

have πo − πs > 0, i.e., b̄ = 0. If c1mη − c1(η − θ) < 0, then

∂ π
o−πs

β
1

1+φ

∂β =

∂
(c1mη−c1(η−θ))α

β
1

1+φ

∂β > 0. Thus,

there exists β̄ ≥ 0 such that πo − πs > 0 if and only if β > β̄.
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