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A1 Computation of the value functions

In this section we explain in detail how we computed the consumers’ value functions. The infinite-

horizon dynamic program presented in equation (3) in the paper can be rewritten recursively using

the Bellman equation as follows:1

V (x, ε) = max
y(x,ε)

{
u (x, ε, y;β) + δ

∫
V
(
x′, ε′

)
f
(
dx′ |x, y

)
g
(
dε′ |ε

)}
, (A1)

where f and g are the distributions governing the transition between observed states and between

unobserved states, respectively. Since we do not observe the stochastic part of the state vector, ε,

in order to compute the value function we integrate out the shocks. Let v (x) =
∫
V (x, ε) g (dε),

then we rewrite the Bellman equation as

v (x) =

∫
max
y(x,ε)

{
u (x, ε, y;β) + δ

∑
x′

v
(
x′
)
f
(
x′ |x, y

)}
g (dε) . (A2)

Given the iid Type I Extreme Value distribution of ε, the integral over the current purchase shocks

can be solved analytically, while computing the Bellman equation.

∗Address: 403 W. State Street, West Lafayette, IN 47907-2056. Email: rossif@purdue.edu.
1To simplify notation, we drop the subindex t and use x′ and ε′ to denote the state variables x and ε in the next

period. We also drop the subindex h; each value function is specific to consumer h.
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If the researcher could observe every state variable, from the solution of the value function we

could derive an optimal deterministic rule, i.e. the policy function, which maps each state to a fuel

brand choice. In the case of dynamic discrete choice models, where some state variables are not

observed by the researcher, after solving the value function we instead derive the conditional choice

probability (CCP henceforth), i.e. the probability that the consumer optimally chooses y given

the observed vector of state variables x. This probability is derived as follows: If the researcher

could observe every state variable, from the solution of the value function we could derive an

optimal deterministic rule, i.e. the policy function, which maps each state to a fuel brand choice.

In the case of dynamic discrete choice models, where some state variables are not observed by

the researcher, after solving the value function we instead derive the conditional choice probability

(CCP henceforth), i.e. the probability that the consumer optimally chooses y given the observed

vector of state variables x. This probability is derived as follows:

P (a |x) =

∫
I

{
a = argmax

j∈{0,1}
[ω (x, j) + ε (j)]

}
g (dε) (A3)

where ω (x, a) is the value function relative to the fuel brand choice a ∈ {0, 1}, i.e. ω (x, a) =

u (x, a) + δ
∑

x′ ω (x′) f (x′ |x, a).

To solve the function in equation (A2) we apply a policy function iteration algorithm for discrete

choice models. The algorithm is based on the theorem of Hotz and Miller (1993), which shows a

one-to-one mapping between value functions and choice probabilities. After an initial guess of

the CCP (i.e. the policy function in the context of discrete choice models), the first step of the

algorithm is in fact to reformulate the value function using the Hotz-Miller representation. In

the second step, the CCP is updated using the value function computed in the first step. More

specifically, according to the Hotz-Miller representation result,

v (x) =
∑

a∈{0,1}

P (a |x)

{
u (x, a;β) + E [ε |x, a ] + δ

∑
x′

f
(
x′ |x, a

)
v
(
x′
)}

(A4)

where E [ε |x, a ] is the expectation of the unobservable state variable ε conditional on the optimal

choice a. Since the shocks are extreme-value distributed, this value can be written in closed form

as e − ln (P (a |x)), where e is the Euler’s constant. The logit distribution has mean zero, so we
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drop the Euler’s constant. The value function in (A4) can be rewritten in matrix notation as:

v =

I − δ ∑
a∈{0,1}

P (a) ∗ F (a)

−1 ∑
a∈{0,1}

P (a) ∗ [u (a)− ln (P (a))]

 (A5)

where ∗ is the element-by-element product; I is the identity matrix of size M and M is the total

number of observable states; v is a M × 1 vector of value functions v (x); F (a) is the M ×M

matrix of conditional transition probabilities, f (x′ |x); P (a) and u (a) are M × 1 vectors stacking

the corresponding elements in all states conditional on choosing a. The equation in (A5) shows

how to represent the value function as function of CCPs.

The algorithm proceeds as follows:

Step 0. Start with a guess of P (a |x)(0)

Step 1. Using the representation in (A5), calculate the M × 1 matrix of value functions

vn+1 =

I − δ ∑
a∈{0,1}

P (a) ∗ F (a)

−1 ∑
a∈{0,1}

P (a) ∗ [u (a)− ln (P (a))]


Step 2. Update the CCP:

P (a |x)(n+1) =
exp (ω (x, a))∑

a∈{0,1} exp (ω (x, a))

where ω (x, a) is the value function relative to the choice a, defined above.

If
∥∥∥P (a |x)(n+1) − P (a |x)(n)

∥∥∥ is smaller than some given tolerance level, then stop. Other-

wise, return to Step 1.

After the algorithm stops, the value functions are the elements of the vector v. These functions

are used to derive the expected future stream of utilities associated with each choice, defined in

equation (5).

A2 Static model

We report the estimation results of the static version of the dynamic model presented in the paper.

The estimates are reported in Table A.1.
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