Appendix A
The Carr Madan Implied Volatility (CM IMYV)
The following is the CBOE formula for the VIX index, denoted as CM IMV.

AK; F
Ten = %Zz Kfl (T, Ki) — %[ITO -1

CM IMV = oo + 100

T : Time to expiration

F : Forward index level derived from put-call parity

Ko : First strike price below the forward index level, F'

K; : Strike price of the it? out-of-the-money option; a call if K; > Ko, and a put if

K; < Kp; both put and call if K; = Ky

Kii1—K;_
AK; = il il 5 L
I : Risk-free spot rate of interest
Q(7, K;) : The ask price/bid price for the option with strike K;

In the VIX index calculation, Q(K;) is the midpoint of the bid-ask spread for each option with strike price K;.

The forward index level is:

F = strike price + "7 ( Call price — Put price )

where the strike price selected is that for which the absolute difference between the call and put prices is the smallest.
In our paper, we use the strike price that is closest to the spot price to calculate the forward index level, sometimes

called the effective forward price. The original formula proposed by Carr and Madan doesn’t include the term involving
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Appendix B

Appendix B-1 (Expected Profit and Variance)
Portfolio Expected Profit Given oy :

Assume y =InY ~ N(uy,0%) and Z ~ N(0,1), then

X =0y Z+py,Y =exp(oyZ + py)

The calculation of E[Y - I(Y > y)] and Var [Y - I(Y > y)] is detailed as follows:

E[Y -I(Y 2 y)] =E[exp(oy Z + py) - I{(exp(oy Z + py ) > y)]

=E {exp(ayZJruy) I(Z > ln(yii;w)
lﬂ(y) — KHy

o 1 u?
= exp(oyu + py) - —— exp(——)du; Let z =
. 2 oy

V2T
0_2 o0
—ep(% 4 ay)
z

2
g
:eXP(TY +py) - N(oy —2)

du

u — o 2
(7( Y))

1
exp
V2 2
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E Y2 I(Y > y)| =Elexp(20y Z + 2uy) - I(exp(oy Z + py) > y)]

In(y) — py

w2
exp(——)du; Let z =
2 oy

* 1
:/ exp(20yu + 2uy ) - ot
. T

(u —20y)?

[e o]
1
=exp(202 + 2uy) / Wor exp(ff)du
z

=exp(20% +2uy) - N(20y — 2)

Var[y - 1(Y > )] =E [Y2 1(Y > y)| —{E[Y - 1(Y > y)]}?

=exp(0y + 2uy) {exp(03) - N(20y — 2) — [N(oy — 2)]°}

Let y — 0, that is z = —oo, we have

02
EY] = exp(3- +py)

Var [Y] = exp(c2 + 2uy) [exp(o%,) — 1]

Let Cr = (PyY — Pok)™. The expectation and variance of the portfolio value can be explicitly calculated below.

ln(mi;w, A is the holded stocks for hedging, Pok is the strike price, and B = p. — A, Py is the amount

o

let z =

of money market account at very beginning.

E[W,] =E[Aq - Py — Cr + Be'™]

=E[Aq - PoY — (PoY — Pok)T 4 Be™™]

a? o2
=Aq-FPo- exp(% +py)—Po exp(Ty +py) -N(oy —z) —k-N(—2)| + Be'™.

If we express the mean and volatility in annualized term, we can show the formula for C; is the same as Black-

Scholes-Merton pricing model. Let puy = ur, O’?, = 027 and K = Pok. Given the expectation operator is the
U2T

risk neutral probability, we have e(TZmtHT) = '™ Then the following equation for Cr is exactly the same as

Black-Scholes-Merton Formula after discounted by risk-free rate.

2

P [exp(%’/ +uy)-N(oy —2) — k- N(—z)]

2 _
— Pye™ N (ay lz(j)Jruy _ Pok.N(—ln(ol-c‘)/JrMY)

2 2

2 /2 In(k)+1 wy +oy/2 —02 /2—1In(k)+1 wy +o3./2
— Poe'm' N <UY/ n( )U)r/‘(e ) o P()k . N( UY/ n( )ayn(e )

1 <7P°ew+o§/2) 2 /2 1 (7P°ew+0%}/2) 2 /2

n - +o n -
= Ppe’™ -N PO’;Y Y —-K-N PO’;Y Y

(28 )trrto21/2 In(L8)t+rr—o2 /2
= Ppe™™ - N <K0yT\FUYT 7KvN(%)

The variance of the portfolio is
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Var [Wa] =Var[Aq - Pr — Cr + Bq - €""] and Bq = C§ — Ag Py
=Var[Aq - PoY]+ Var [(PY — Pok) "] — 244 x cov(PyY, (PoY — Pok) ™)

=[Aa- R Var[Y]+ BiVar [(Y = k)T] = 284 PF x cou(Y, (Y = k)T)

Var [Wy] =Var[Ay - Pr +Cr + By -€""] and B, = —C8 — APy
=Var[Ay - RY] + Var [(PoY = Pok)T| + 244 x cov(RyY, (PoY — Pok) ™)

=[Ap - Po)* Var[Y] + PgVar [(Y — k) T] + 24, B x cou(Y, (Y — k)™)

We need to calculate Var [(Y - k)""] and cov(Y, (Y — k)T) .

Var [(Y = K)T| =Var (Y — k) - I(Y > k)]
=Var[Y -I(Y 2 k) — k- I(Y > k)]
=Var[Y - I(Y > k)] + k*Var [I(Y > k)] — 2k -cov[Y - I(Y > k), [(Y > k)]
=exp(03 + 2uy) [exp(05)N(20y — 2) — [N(oy — 2))°]
+E2N(2)N(—2) — 2k - exp(% + py)N(oy — 2)N(2)
Cov [V, (Y — k)*]
=Cov[Y,(Y —k)-I(Y > k)]
—EY(Y —k)-I(Y > k)] — exp (% + W) {exp (7 + uy) N(oy —2) — k- N(—z)}
=E[Y2-I(Y > k)| —k-E[Y - I(Y > k)] — exp <T+uy : exp(?#»,uy)N(o‘yfz)fk-N(fz)
= exp (203 + 2py ) N(20y — 2) — (k + exp ("TY +uy ) - exp (% + ,uy) N(oy — )

2
+k - exp (UTY + My) N(—-=2)
Plugging Var [(Y - k)ﬂ and cov(Y, (Y — k)T) into Var [W,], and rearranging the terms, we obtain
Var [Wy] = Var [Wy] = P2 [C + A1 - N(20y — 2) 4+ Az - N(oy — 2) + Az - N(—2)]
where

C = A2 exp (0’%/ + 2[,Ly) [exp (O’%) — 1]
A1 = exp (201% + Quy) (1—2A,)
Az = —exp(—~ + py) [exp(TY + py )N(oy — 2) + 2k - N(z) — 27, (k + exp(—- +/,Ly)):|

02
Az =k |:k “N(z) — 244 exp(—- + ,I.Ly):|

Portfolio Mean and Variance given a Bernoulli type Volatility.
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® We assume a Bernoulli type random volatility, which is a probability with independence assumption for
different annual volatility levels, o7, and og. In our math derivation, we let oy, =0 - L and og=0c - H. We also

use (L, H) in subscripts to denote the volatilities (o1, o).

® Traders assign the subjective probability (1 — ¢) and ¢ to volatility oL and o H, respectively.

Expected Profit given a Bernoulli type Volatility
For a ”"written” and a “long” call option position, after traders apply delta hedging, the final wealth of W, and
W, are
Wa=2q -Pr—Cr+(Cy—Aq-Py) €™

Wy =Ap-Pr+Cr+(=C) — Ay - Py) - ™"

where C2 and C’g are selling price and buying price respectively, Cr is final option payoff (Cr = Maxz[Pr — K, 0]),
and A are the hedging positions. Cp > 0 and is cash-outflow for a written call, while (€0 > (0 and is cash inflow
for a written call. Conversely, Cp and Cl? are cash-inflow and cash-outflow respectively for a long position. A
positive (negative) A means a long (short) position of the stock; therefore, if A, is positive, A, - Pp is the amount

of cash-inflow from selling stocks at Py and—A, - Py is the cash-outflow to buy stocks at Py. Given assumption ,

B(Pr) = PoE%) -nfa- ¢>)EL<§,—§) 4 ¢EH<%§>} = Py {(1 = $)™ + $e™} = Poe™™.

And the expected final wealth for selling a call option and purchasing a call options are,

E(Wa) =¢Eg {Ce’™ = Cr + Aa[Pr — Poe™ ™|} + (1 = ) EL {CRe’™ — Cr + Au[Pr — Poe ]}
=CQe"™ — ¢Eg {Cr} — (1 — ¢)EL {Cr} =Che™ — E{Cr}

E(Wy) =¢En {~CPe"™ + Cr + Ap[Pr — Poe™ |} + (1 — $)Er {—CPe™™ + Cr + Ay[Pr — Poe™™] }

=E{Cr}—CPe™

Using Appendix B-1 formula, we can derive the option price formula which is the same as Black-Schole-Merton

Model. The expected prices under different volatility levels are,

In % + (r— %O'ZHQ)T
ocH\/T
In % + (r— %O’QLQ)T

oL\/T

Ey[Cr] =e"" [Po “N(zg +0H\T) — Ke ™" - N(zH)] and zpg =

EpL[Cr] =e"" [Po “N(zp +oL\/7) — Ke "7 - N(zL)] and zp =

1n(K)—Ep (FL)

o .Therefore, the expected final wealth is

where zg =
BE(Wa) =Cge™™ — e {Py [¢-N(zur + 0Hv/7) + (1 = ¢) - N2, + oLy/7)| = Ke™"" [¢ - N(z1) + (1 — ¢) - N(21)] }

Variance given a Bernoulli type Volatility

Var(Wa) = ¢Varg {Cge” — Cp + Ag|Pr — Poe”}} +(1—-9¢)Varg {Cge” — Crp + Ag|Pr — Poe”}}

+¢(1—¢)(EL — Ep)?
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where £, = Ep, {C’ge”’ — Cr + Aq[Pr — Pge”}} and Eg = {Cge” —Cr + Aq[Pr — Poe”']} .
To calculate Varg {Cge” — Cp + Ag[Pr — Poe”']}7 we can rewrite Varg {Cge” — Cr + Aq[Pr — Poe”']} as

Varg {C0'™ — Cr + Aa[Pr — Poe’™]} = A2Vary {Pr} + Varg {Cr} — 2+ Ag - Covy (Pr, Cr)
ln(%g) follows N ((r - %UQHQ)T, O'2H2T). Then, the variance of P; is |?|
Varg {Pr} = Ey {P}} — [Ex(Pr)® = F3e*7 [602’12* - 1} :
The variance of C; is

Varg(Cr) =Vary [(Pr — K) - I(Pr > K)]
=Vary [Py - I(Py > K) — K - I(Py > K))
—Varg|Py - I(P > K)] + K2 - Varg [[(Pr > K)] — 2K - Covg [Py - I(Pr > K), I(Py > K))

=p2e¥T {602H2TN(20- CH\T+ 2) — [N(a -HT+ zH)] 2} + K2N(2g)N(—zg)
— 2P Ke""N(ocH/T + zg)N(—zg)
The co-variance of Pr and C; is

Covy (Pr,Cr) =Covy (Pr, [Pr — K| - I(Pr > K))
=By {Pr® - I(Pr > K)} = K - Eg {Pr - I(Pr > K)} — Eg(Pr) - Eg [(Pr — K)T]

=P3e* o TN (20 H VT + 211) — (PoKe'™ + P3e* ™) N (oHVT + 211) + PoKe ™ N(zpr)
Therefore,
Vary {COe™ — Cp + Aa [Pr — Poe’|} = C+ AINQ0HV/T + z11) + AsN(0 Hy/T + 2p1) + A3N(211)
C = P2A2e?T [e"2H2T - 1]
Ay = P22+t H (1 _9A,)

Ag = —P2e2""N(cH /7 + 2p1) — 2Py Ke""N(—zp1) + 284 Poe™™ (K + Poe’™)
Az = K2N(—zp) — 2A4,PyKe™™

The derivation for Vary, is the same. And the unconditional Variance for a bernoulli type random volatility is:

Var(Wa) = oVarg {—Cr + Ao - P} + (1 —¢)Varp, {—Cr + Ao - Pr}

+¢(1 - ¢)(EL [Cr] — Eg [C1))?

22For the general log-normal random variable In(X) ~ N(u, ?), we have the following general results:
(1)The First and Second Moment of X.

E(X)=e't397 and E(X?) = 201207,

(2)The Restricted First and Second Moment of X.

E[X-I(Xza:)]zE(X)-@(a+ M) and E[X?-I(X > )| :E(XQ)-<1>(2U+

—In(z) +u> .

33



Var(Wp) = ¢Varg {Cr + Ap - Pr} + (1 = ¢)Var, {Cr + Ay - Pr}

+¢(1 - ¢)(EL [Cr] — Eg [Cr])?

The derivation of Var (W}) is the same as we did for Var (W, ). Variance are the same, because A, = —Ayp, the

proof of which is shown next.

Appendix B-2 (The Optimal Delta)
The portfolio value at the expiration date W, and W}, can have two volatility realizations (o L, 0 H) with subjective

probability 1 — ¢ and ¢ respectively. The variance of W, and W} can be written as

Var(Wa) =(1 — ¢)Varp[Wa] + ¢Vary, (Wa] + (1 — ¢)¢ [EL(Wa) — Ex(Wa))]?

=(1 - ¢) {AZVar(Pr) + Vary, [Cr] — 2A4Covr,(Pr,Cr) }
+é {AgVarH(PT) + Varyg [Cr] — 2A.Covy (Pr, CT)} + (1= ¢)p [Er(Wa) — Egr(Wa))?

Var(Wb) =(1 — d))VarL [Wb] =+ ¢VCLT'H [Wb] + (1 — ¢)¢ [EL(WI,) — EH(Wb)}Q
=(1-—1¢) {AgVaT’L(PT) + Vary, [CT] + QAZ,C'O’UL(PT7 CT)}

+¢ {AVary (Pr) + Varg [Cr] 4+ 28,Covy (Pr, Cr) } + (1 — $)$ [EL(Ws) — Ex (Wy))?
The necessary conditions to minimize Var [Wg] and Var [W;] are

0= OVar(Wg)
OA
= (1—¢){AuVarL(Pr) - Cov(Pr,(Pr — K)*)} + ¢ { AuVarg (Pr) — Covn (Pr, (Pr — K)*)}

+(1 = ¢)¢ {AuBL(Pr) — Er [(Pr — K)T| = AaEn(Pr) + B [(Pr — K)*| } [EL(Pr) — Eu(Pr)]
0= OVar(Wy)

98
=(1-9¢) {AbvaT'L(PT) + Covr,(Pr, (Pr — K)Jr)} +¢ {AbV(M’H(PT) + Covy (Pr, (Pr — K)ﬂ}

+(1 = ¢)p { Ay EL(Pr) + B [(Pr — K)*| = B (Pr) — By [(Pr — K)*| } [BL(Pr) — En(Pr))]

Therefore, the optimal A} and A} are

A* — E(Cov(|Pp—K]*t Pp|V))
a E[Var(Pr)|V]

_ (1=¢)Covy (Pr,(Pr—K)T)+¢Covy (Pr,(Pr—K)T)+(1—¢)¢[EL (Pr)—En (P)|{EL[(Pr—K)Y]|-Ex [(Pr—K)*]}

- (1—¢)Vary (Pr)+¢Vary (Pr)+(1—¢)¢[EL (Pr)—Em (Pr)]?

AF = _ E(Cov([Pp—K]T,Pp|V))
E[Var(Pp)|V]
(1=¢)Couvr, (Pr,(Pr—K) ") +¢Covy (Pr,(Pr—K) ") +(1-¢)¢[Er (Pr) - Ex (Pr){ EL[(Pr—K) T]|-Ex [(Pr—K) ]}
(1—¢)Vary (Pr)+¢Vary (Pr)+(1—¢)¢[EL (Pr)—Eg (Pr)]?

Appendix B-3 (Comparative Statics for 1)
Let f(A,o,L,H,7;¢) = E(W,) — %Var(Wa) — ¢ = 0. We show the following propositions.
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When time to maturity decreases, the ask volatility increases for ATM options, i.e.

oA o

—2= <0
of
or oA

Assume the ask volatility corresponds to the ask price C¥ in the risk neutral probability measure, i.e.

In % + (r— %A2O'2)T

CO =Py N(cAYT+24) — Ke "™ -N(z4) and za = AT

‘We have
of . oc

0A 0A
of

Now, we derive the equations for 7 and 24
T or

> 0.

of  0BE(Wa) Q0oVar(Wa)
or Ot o or

To calculate m, we first calculate w
T T
8 eTTCa K . ) A
(87- O) = néf;‘?) g —‘,—TPOeTT-N(ZA—i-U-A\/;)
Since agf and aa% are similar to w with H, L replacing a respectively, we can finally write %‘f‘l) as
OE(W,
OB e) — K2 [n(za)A—¢-n(zm)H — (1-¢)-n(z1)L]
+rPoe"" [N(ZA +0AVT) —¢-N(zg + ocH\/T) — (1 — ¢) - N(21 + o'Lﬁ)]
To calculate %S_W"), we first calculate 6‘/8# and the details follow.
Dt = B2 4 BUNQoH VT + 2m) + GEN(GHVT + 21) + G2 N(zp)
+A; 8N(20‘I‘é;ﬁ+zH) + Ay aN(aHa\f-&-zH) + A 8N3(7Z-H)
We have
23We have the basic results regarding the normal density function.
1 _1,a 2 1 1,242,-1.2 oA 7 K _
nzA+0A\/; - . 5(0AVT+z4) — e 3° T—523—0 TEA — e "Tn(za
( ) V2T V2T Py (24)
1 1 2 1 242 1.2 K2 242
n ZA+20'A\/77' _ 6_5(20A\/;+ZA) — 6—20' AST— 523 —20ATza _ 76727'770' A n(za
( ) V2T V2T PO2 (24)
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% — P3A2 I:(QT + 0.2H2)€2TT+02H27' _ 27,.627'7']

YA N(20H /7 + zp1) = P2(2r + 02 H2)(1 — 2A)e2r ™+ H*TN(20 H\/T + zp1)

ON((20H~\/T+2 g 9z
Ay NQeHVTEZ) _ ge2(1 - 2A) (TFTI 3f) n(zg)

Y2 N(oH /T + 211)

2
= —KPye™™ (% + agf) n(zy)N(cH\/T + zg) — 2rP3e*™ [N(oH\/?—l— zH)]

+2K Poe’™ ZHn (2 )N(oH/T + 257) — 2rK Poe "N(—25r)N(0 H\/T + 257)

+2rAKPye" " N(ocH/T + zg) + 4rAPZe* " N(c H\/T + zp1)

Ao BN(UHB\TﬁJrzH)

— {~KPRoe" N(oH\/7 + 2) — 2K2N(~2p7) + 20K + 2AK Poe™ } (% + "’gf) n(zx)

%N(zb{) = (—K2 85:1 n(zg) — QTAKP()GTT) N(zmg)

Ag PR — (K2N(-zy) - 28Ry Ke™) %n(zp)

-

Adding up all the parts and rearranging, we finally havelﬂ

OVard — D+ BIN(20H\/T + zp) + BeN(0H+/T + 2p7) + BsN(zp1)

+ [K2N(2h) — KPoe" 'N(oH /T + 211) — AK? + AK Poe™™ | 2fn(zr)

D = P2A? [(27" + 02H2)62T7—+J2H2T — 27"62TT}

B1 = P2(2r + 02H?)(1 — 2A)e2r+o  H?7

By = 72TP§€2TTN(UH\/? + zg) — 2rKPoe" " N(—zg) + 2rAK Poe™™ + 4TAP0262”'
B3 = —2rAKPye™™

Var(Ws) (Eg—FEr)?
oT ot .

To calculate , we also need to calculate

NEu—Er)® = [Eg{Cr} — EL{CT}] x o(Ep{Cr}-Er{Cr})

or or

= [EH{CT} - EL{CTH X ;f—;(n(ZH)H - n(ZL)L) -|—T‘P0€70T(N(ZH +o- H\/F) - N(zL +o- L\/F)):I

We discuss the limiting behavior of % for ATM, OTM and ITM call options in turn.
(1) For ATM call option, i.e. K = Pye"™, we have

n(zy) =n(zp) =n(za) — L and N(zyg)=N(z1) =N(z4) > =, when 7—0

1
V2 2

24%% can be written in the similar format with L replacing H .
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Then we have the limiting behavior 8E§_’/_V") and BVagE—Wa) s follows,

9EWa) _ _Ko (A= ¢H — (1= §)L) +o(J=)

or 2v/2mT
dVar(Wa) 2 2772/ A2 1 1 2 _272/A2 1 1 K202(H—L)?
WapWe) — §PRo>HA(AL = Aa+ 4 = 5) + (1 = )PFo?L2 (A2 — Mg+ — ) + 91 — ) 2 H=LE 4 (1)

As 7 — 0, %approaches positive infinity , while w is a constant. Therefore, % > 0 as time

approaches maturity date, which implies that % < 0.
(2) For OTM call option, i.e. K > Pye"™, we have

nzn) _ n(r) _ n(za) —0 and N(zg)=N(zr) =N(z4) =1, when 7—0

iV r

Then, the limiting behavior of 8Eé o) and Bva(;( ) js as follows,
T T
OE(Wa)
— —0(1
or o(l)
12)% W
7a(;(- a) :¢>P02A202 H? + 1- ¢)P5A302L2 + o(1)

25The last term of %# is messy, and needs special attention. The detailed derivation, assuming 7 — 0, follows.

[KZN(zH) — KPye" " N(cHy/T + zp) — AK? + AKPoe"T] %n(zH) = [K2N(—%UH\E) - K2N(%aHﬁ) %n(zH)

N(ioH\/7T) - N(=ioH/T 1
=—0?H?K? x (z0HVT) (—3oHVT) x n(—=cH\/T)
ocH\/T 2
As time T goes to 0, we have
N(icH\/7) - N(-icHT 1 1 1
lim (30HVT) (=3oHVT) =n(0)= — and lim n(—=cH/7)=n(0) = —
70 ocH\/T V2T T—0 2 vV
Therefore,
H 1
lim [K*N(zg) — KPoe" 'N(oHVT + z21) — AK? + AK Poe™ | 7 n(zg) = ——o?H?K?
T—0 \/; 27

2
The limiting behavior of w is also tricky, and the derivation is

W8 = BL)’ (o toy — B{C) x KL (2 H = n(Z1)L) + o(1)

97 24/T
— 2Ppe™™ N(%UH\E) - N(%aLﬁ)] X %(n(zH)H —n(ZL)L) + (1)
1 . N(30H/7) — N(50L/T)
= 5KP0€ o2(H — L)? x 2 %U(H*L)\j?‘ x n(0) + o(1)

As time T goes to 0, we have
Eg — Er)?  K20%(H — L)?
lim 2&H —Er)® Ko ) +o(1)
T—0 vT 4m

26To compensate for the hedging uncertainty and transaction cost, we have E(W,) > 0. For ATM call option,

E(W,) =KI[2- N(%O’A\/;) -1 -9¢-K[2- N(%O’H\/;) -1 -(1-¢)K[2- N(%aLﬁ) -1>0
SN(GoAVT) — ¢ N(GoHVT) — (1= 6) N(5oLy7) > 0

= (N + 30Avm(0)) = ¢ (NO) + 3oHVm0) = 1= 6)- (NO) + 3oLyTn©) ) +o(v7) >0

=A—-—¢H—-(1—¢)L+0(1)>0=>A—-(1-XNH—-AL>0 as 7—0
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% becomes 0, while QVar(Wa)
T oT

As 1T — 0, ) hecomes a constant positive number. Therefore, Bf < 0 as time
approaches maturity date, which implies that % > 0.

(3) For ITM call option, i.e. K < Ppe"™, we have

n(zn) = n(zr) = n(za) —0 and N(zg)=N(zr) =N(z4) =1, when 7—0

VT VT VT

OE(W,) and BVag(Wa)
T

is

Then, the limiting behavior

OE (W,
PEWa) _o1)
or
Var(W,
785 a) =¢pPE(1 — Ag)?0?H? + (1 — ¢)PE(1 — Ag)?0% L% + o(1)
AsT— 0, % becomes 0, while w becomes a positive constant. Therefore, 8’; < 0 as time approaches

maturity date, which implies that % > 0.

Appendix B-4 (Second Derivative of 7)

af 1 8f af &*f _ 9%*f of
9*A 0[5t/ 5%] 97 9AbT " 629
2

or2 P - of
T T (5%)
Based on B-S model, we have
% =Kov/mn(z4) >0
02 f 1 0za
=K IR -
pagr ~Hovmlza) [27 * or }

In Proposition 1, we have already discussed the limiting behav1or of for ATM ,0TM and ITM call options,
and now we continue on discussing the limiting behavior of 2 W for the three different cases.
(1) For ATM call option, we have

2
2 gi‘éva) =T \/m(A oH — ( —¢)L) + 0(\/%)

OVar(Wy
segeel o)

9%2f _ Kon(zy) 1
aaor = —aye - T o)

2 2
AsT—0, %‘g@ becomes negative, %W tends to a positive constant, so % is negative. Also, as 7 — 0,

2
% becomes positive. Therefore, we can conclude that as time approaches maturity date, the ask volatility will

increase at an increasing rate.

(2) For OTM call option, we have

O2E(W, 0?Var(W, 0?
( a) :O(H(ZA) aT’( a) ZO(]_) and f :O(H(ZA))
72 N 72 HAdT V13
2 2
AsT —0, % becomes 0, %ﬂwa) tends to a positive constant, so gzjf is a negative constant . The order

O(“(ZA) ), which implies that dominates '— Therefore, as

of g—f‘ is O(n(z4)+/7), while the order of aAaT 314237'
time approaches the maturity date, the ask volatility will decrease at a decreasing rate.

(3) For ITM call option, we have the same conclusion as for the OTM call option. The insight lies in noting that
for OTM and ITM call option, the normal density function of z is an infinitesimal in any order of 7, i.e. I;(z) — 0 as
7 — 0, for all m € R.

Appendix B-5 (The Volatility Level Effect)
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Consider

oA oL
—=-5%
do =
e af _ : . of _
In Proposition 2, we proved that 54 = Koy/Tn(z4) > 0. Hence, we only need to determine the sign of 55 =
OE(W4) Q 9Var(Wa)
do Ty do .
For %, we have
OE(W,
OEW) — ¢ [n(za)AVF 6 m(a) HVF — (1= 6) - n(0)LV7]

, we first calculate BVB(ZH using the Chain Rule.

For 8Vag(Wa)
o

v ac 94 9A 9A
IH 7 L PAN@oHT + 211) + 2 N(oHVT + 21) + 2 N(2p1)

do do do do do
A ON(20H\/T + zg) YA ON(cH\/T+ zg) YA ON(zg)
do do do

OVaryg
For every part of —5, =, we have

aC _ 2 A2 172 2rr+02H21
5c = 2PFALH%oTe

9ALN(20 - Hy/T + 257) = 2(1 — 284) P2 H210e2 ™+ HTN(20 H /7 + 2p1)

Ay INCoIT 2) - j2(1 — 9A,) (2H 7 + %2) n(zx)

LLN(H T+ 21) = PoKe'™ (%2 — Hy7T) n(zp)N(cH VT + 21)

AN BT 2m) K Poem N(oH\/T + 217) — 2K°N(—2p1) + 280K + 28K Poe™™ } (Hy/7 + %) n(zxr)
GBN(en) = —K2FEn(z1)N(zn)

ON
Ay PR = (KN (—zh) — 280 PKe™™) Zn(zp)

Adding up all the parts and rearranging, we finally hav@
7‘9\;"(‘:1‘1 = 2P02A2H270'62”'+02H2" +2(1 - 2Aa)P02H27'0'62”+‘72H2"'N(20Hﬁ +zH)
+2 [K2N(2p) — KPoe" " N(o Hy/T + 2) — Ao K2 + AgK Poe™™ | Hy/Tn(z1)
and the details follow.

, we also need to calculate

To calculate %(W“)
o

A Ey—Ep)?
do

_ 2 _
A(Eg—FEr) = [Bp{Cr} — BEL{C}] x B(EH{CU‘%U Ep{C-})

do
= [Bu{Cr} - EL{C:}] x K [n(zg)H\/T — n(21)L/7]

27% can be written in the similar format with L replacing H .
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We will discuss the limiting behavior of % for ATM, OTM and ITM call options in turn.
(1) For ATM call option, i.e. K = Pye"™, we have

1 1
n(zyg) =n(zr) =n(zq) > — and N(zg) =N(zr) =N(z4) > =, when 7 —0
(21) =n(zr) =n(za) oz (zm) (21.) (24) 5
Then we have the limiting behavior 8Eg;_v“) and 8‘/“(;(_‘/‘/“) as follows,
OE(W,) KT - OVar(Wy)
—_— = A—¢H —(1—9)L O d —=0
o = A (A= 0H — (1= O)L) + o(V7)OWT) and =2 ()
As 7 — 0, % dominates W%(EW“) . Therefore, % > 0 as time approaches maturity date, which implies

A
that e < 0.
(2) For OTM call option, i.e. K > Pye™™, we have

OE(W, oVar(W,
OEWa) _ on(z)v7) ana YVUWa) _ o
0o do
Since n(z) is an infinitesimal of o(7™) for any n when z —, %((TW“) dominates 6Eé‘;va) , which implies that

24

% < 0as 7 — 0. Therefore, 3%

> 0 as time approaches maturity date.
(3) For ITM call option, i.e. K > Ppe"”, we use the similar reasoning as in OTM, and we reach the same

conclusion.

Appendix C
Appendix C-1 (The optimal dynamic hedging strategy)
We first compute the variance over two periods. According to the law of total variance, the total variance for a

two-periods model is

Varg (Wa,2)
= Eo[Vari(Wa,2)] + Varg [E1(Wa,2)]
~Vari(Wa,2) = E1[Vara(Wa,2)] + Vary [E2(W,,2)] and Varz(Wa,2) =0
= Eg[Varg[E1(Wa,2)] + Vary [E2(Wq,2)]]
= Eg [Varg (—Ci,2 + AgP1) + Vary (—C2,2 + A1 P2)]

where

Varg{E1(Wa,2)}

= Varg {[7€_TAT - By (P2 - K)+ + Aoe_TAT - Ey (P2)]}

=Varg{[-Ci,2 + AoP1]}

Vary {Ez(Wayg)} = VaT‘l[—EQ(PQ — I()Jr + Alpg} = Vary [—0272 + Alpg}
Therefore,

Varg (Wa,z)
= Eo{Varo[—Ci,2 + AoP1] + Vari [-Ca2 + A1 P2]}

We let C1,2 denote the equilibrium call price at time 1 where C’LzeTAT = Ei1(P2 — K)*. In addition, C2,2 =
(P, — K)*t.
Now we derive the optimal hedging strategy. We follow the methodology in Basak and Chabakauri (2010) and

apply dynamic programming to the value function J; , which is defined as
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J =Vari(Wy,2).

The law of total variance yields a recursive representation for the value function.

J = min {Ec(Jiynr) + Vard—Epoar ((Pr — KIY + AcPryas)] )
t

where Ay is the stock holding and Aris time interval. We first check optimization for period 1.

Jo = HAlin {Eo(Jl) + VaT()[—El([PQ — I(]+ + A()Pl)}} = HAlin{E()(Jl) + Va’r‘()[—CLQ + A()Pﬂ}.
0 0
By F.O.C, we get optimal Agas,

Covg(C1,2,P1)

Ag = Varg[P1]

We continue to get optimal A; for period 2.

J = rginEl(Jg) =+ Va’l‘l[—EQ([PQ — K]+ + Alpg)] = n&inEo(Jg) + VaTl[—CQ’Q + Alpg}.
1 0
The solution is

Cov1(C2,2,P2)

A’1‘ = Vary[Pz]

The general solution for multiple-periods model is also provided by Basak and Chabakauri (2012). To get ana-
lytical solution for A*, we advance to compute covariance. Given in each period we have two possible realizations

(pg AT, U%IAT) and (pp AT, O’%AT) with a bernoulli random arrival rate, law of total covariance yields

Covi(Ca,2, P1)
= (1 - ¢)Couvy 1, [Ca 2, P2] + ¢Covy 11 [C2,2, P2]
+Covy [(1 — ¢)E1,L (C22) + ¢E1, 1 (C2,2),(1 — ¢)E1 L (P2) + ¢FE 1 i (P2)] .

Given E1(P2|V) = P1e"™®7 is constant by assumption , we simplify the covariance as

Covp (0272, PQ) = (1 — ¢)COU1,L [02’2, PQ] + ¢COU17H [0272, Pz} s
Covg(C1,2,P1) = (1 — ¢)Couvg,p, [C1,2, P1] + ¢Covo g [C1,2, P1] .

Appendix C-2 (The optimal dynamic hedging strategy)

Here we compute C1 2 and Cp 2.

Ci2 = E1[(Pz — K)*]
=8 0B (P~ K)T X1 =21, Va = o + (1= 9)B1 (P2~ K) T [X1 =21, V2 = 01] }
= ¢pBSMy, . m+ (1 —¢)BSM,, 1,

where x1, o, o are the realizations of X; and Va.

7 2
B PLyyrary ZHET P o ar
Sle,H P -N In(x )j::\/‘rit— o e~ TATK N In( )tZA\/% 5]
o2 At 2 an
= 7 L Py _°7
BSMy,,1, = P1-N In(x )i[:rﬁ; 7| ot N | RGE )J;[LTj;T —]
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Co2 = e 2"ATBy[(Py — K) 7]

)

= e {2 (B2 [(Pa = K" 150,V5 = o] IV = o) + 1= 0080 (B2 [(P2 = K7 31,2 = o] Vi = 7))}
b2 {01 )8 (51 [(Pa— KV 1X0,V5 = 2] IV = o) + (1= 91280 (s [(Pa ~ K 10, = 0] Wi = 7))

= ¢?BSMu g +2¢(1 — ¢)BSMp 1 + (1 — ¢)2BSM [,

The following is the derivation for BSMEy i, BSMEy rand BSMjy, 1,. Here in Appendix C2, for the notation

convenience, we let A7 = 1.

Eo (Bx [(Py = K)V X1,V = o] Vi = on)
= Eo(E1[P2 - [(PQ > K)|X1,V2 = O’H”V1 = O'H) — Eo(El[K~I(P2 > K)‘XI,VQ = O'H”Vl = O’H)

Let fx, m the normal density function. The first term can be derived as

EO(El[P2 S I(Py > K)|X1,V2 = O'HHV1 = O'H)
— le,H PoeX1. 0T X2 1 Pr(Xy g > 1n(§0) — X1, 1| X1, 1) fx, mdX1, 1
XQ,H =ug + o - HEQ

ln(PLO)*XLH*uH

_ PyeX1,Htugtopea p
le,H 0e r(eg2 > o

1n<p£0>7X1,H7"J'H

|X1,15)fx,,0dX1,H.

let Z =
oH
2

€3
= PyeX1.HtuH ecHe2 L o= 3 ¢ dx
le‘H 0 fe2>Z or e | fx1,HdX1,H

_ (e2—o)?

fz \/%6 2 d52:| fx1,5dX1.H

2 42
H

— f P06X1,H+UH+“ >
X1,H

o2 In(E
H n(p-)—X1,H—un
:f PyeX1HtuEt {1_N(F’0
X1 g

o —UH)] Ixy g dX1H
_ (Xl,H—“H)2
1 202
H
oH ) \/ﬁJHe d[O-Hel]

2 _ K \_ _ 2
_ f PoeuH+051+uH+6TH N(Xl,H [ln( P ) UH aH]
X1,H

l,H_[1n<pL0)_uH_g ln(pﬁo)_XI,H_“H_”IZLI

¥ 2
Note N( ) = Pr(ez >

oH H )-
1 _fleimem)?

a2 P 2
_ p2lut—H] In(F)+2up+of;
= Pye 2 fsl N( +e1)| =e 7 dey

OH

(e1—9)2 m
apply theorem : IN(’I’TL+S€1)\/%€7 = der =N <:1_;_:+1> .

o2 Py 2
_ 2up+—2] In(52)+2upg +20
Poe 2 1N —ﬁoH .

Then we derive the second term.

EO(El[K . I(P2 > Kle,VQ = O'H)|V1 = O'H])
= Kle,H Pr(Xo,m > In(£;) = X1, ml X1, 1) fx,, mdX1,m

)—X1 H—ung

| X1,8)fx:,2dX 1 H

(X1—up)?
1“(%)+X1,H+’U«H )] 1 iy

= le,H K [N( — B dXi g

E (e )2
= K|:N(1D(KO_>1:21”{ +€1):| 1 - é deq

oH

ln(PL0
= fol‘H Pr(ez >

€1

- ) ln(%)+2uH
KN (m)
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Given ugy

2
+ (0121) =,

e { By (B1 [(Pa— K)* [X1,Ve = o] Vi = o) }

2 2
P T P a
11\(70)-9—[7'-{» 2H]*2 76_2TK-N 11\(70)-0»[7'—71{]*2

=FP-N p—5 -~
= BSMp y

Using the same procedure, we can derive

e 2 {Eo (B [(P2 = K)T [X1,Va=0L] [Vi=0)}
2 2

In(52)4r+ Tk ]2 In(50)4r—ZL 42

_ . _ -2 . )
=P -N = e K .-N e
= BSMy, 1,

and

e 2 {Eo (Br [(P2 = K)T [X1,Va =on| Vi =01) }

2 02 02 02
RN LG it e o i) NP RGN (LL1G o R ke ke
\/J?{+di \/o'i{#»o'i

=BSMp. u

and

e~ {Eo (B [(P. — K)T |X1,Va =oL] [Vi =0H)}

2
I R
WG+ Frr+ )\ o g [ WO T - TR

2, 2 2, 2
\/‘TH+UL \/JH+‘7L

=P)-N

= BSMy 1,

Appendix C-3 (Proof of Proposition 5)
Let Y = ZJ'T:t+AT X, Pr = PyeY with each X a Bernoulli-type random normal distribution.
ny . )
Therefore, we know Cy 1 = :L_O ( A)qbl(l —¢)""Ey [(PT —K)t|Var(Y) =i-(og)2A1+ (n—1i) - (O'L)ZAT}
=044

Cor =300 (1) 60— 9= { P N (dy) — =7 A7 K N ()}

2 A o2 AT
iy — In(E8) 4 [rar+ ZH D)4 (n—i) [rar+ ZL—
i»a%AT«k(nfi)o'iAT ’
2 A LN
n(E2) i rar— 22T (ni) rar— ZLT T
d2 = M= A7

\/i-ai{AT-!—(n—i)aiAT

Next,

Covt(Cyy1,17 , Pry1)
= F [Covt(0t+1,T,Pt+1|Vt+1)} + Covy I:Et(ct+1,T“/1t+1)7 Et(Pt+1|Vt+1)]
" Bt (Pgy1|Vi41) is constant by our assumption.
= F [Covt(ct+1,T,Pt+1|Vt+1)}
=9 {Et(ct+1,TPt+1|Vt+1 =o0g) — Et(Ciy1,7|Viv1 = oq)E(Piy1|Vig1 = UH)}

+(1—9) {Et(Ct+1,TPt+1|Vt+1 =o0r) — Et(Ciy1,7|Vix1r = 0L)E(Pry1|Vig1 = UL)}
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The detail of first term of covariance is

Et(Ciya, T-Pt+1|‘/t+1 =0g)

_Et{z ( )d)l(l yn —1{ t+1 — Pipie ™ TATKN(dQ)}|Vt+1=O'H},
where n* = w. And we advance to express the terms as
By {PtHN(dl) Pip1e” " TATKN (da) Vi1 = UH}

% o2 AT
1n( L)+ti. |:'I’AT+ :|+(" —i) |:7"AT+ Lz i|+uHAT

PtZGQuHAT+2JH\/ATEt+1 N : : teon
Vi(og)?Ar+(n*—i)(oL)? AT

[Vi+1 =on

o2 AT Ar
ln( Lyti- [rAT— HQ +(n*—i)-[ra L2 fugAT

_Ptefn*rATeuHAT+UH\/Est+1K N

2 ) +et41
\/1'UHAT+(7L 71)¢7LA7'

(c1-9)2 m
B L = 519
. fN(m+ss)me 7 dey =N ( (1)2+1)

% o2 AT 302 A
ln( £+ |:TAT+ :|+(" —1i) |:TAT+ Lz :|+[7‘AT+ Ig

2
— Pt2e2'rAT+a'HATN
\/(i+1)40?{A7+(n* _i)g%AT

2 5 2’5
}—F(n —i)- |:T‘AT—GL2 T:|+[TAT+UH2 iy

o2 At
ln( £y 4i- [TAT—

,Pte—(n* —I)TATK N
\/(i+1)-a§{Ar+(n*—i)a§AT

2
A
,r+:rAT+oL2 i

L

2
2 A
Let r =rAr+ UHQ . andr; =rAt — oLAT

2
— oL AT
Ty = TAT — el

Et{ i+1 dl)*PtH@*" TATKN(d2)|Vt+1 —UH}
_ ppving (B o]
\/(1+1)»a§{Ar+(n —i)o? AT

(PR
—Pe~(W"-DrAT g N B AT Gl TL+[TH] .
\/(i+1)<o%IAT+(n*fi)o'%Ar

Similarly, details inside Ei(Ciy17Pit1|Vig1 = o) are
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By {P2, - N(d1) = Prp1e " "ATK - N (d2) [Vi1 = o1, }

2
In( %)+1 |:'rA‘r+

o2 Ar
+(n*—i)- | rAT+ L2 +up AT

Pt262uLAT+2crL VATEi 1N + et

\/i~o'2 A‘r+(n*77ﬁ)aiA‘r

=B = o2 An [Vig1 =or,
7 |:TA7'7 ]+(n —1i)- |:’I‘A7'7 L2 ]:| +up AT
_Ptefn*rATeuLAT+o'L\/ATE,:+1 K-N + E¢41
HAT«%(nfi)o'iAT
2 Aar] [ 2A 302 A
R ln(%)«ki- |:’I‘AT+0H2 il +(n*—1)- TAT+UL2 T:|+[’I‘AT+ Ulé T]
— P2€2rA7'+dLATN i
t

U?_I AT+ (n* 7’L‘+1)0‘iAT

2 A EWN 2A
. H2 T]Jr(n*fi)- |:rA7—70L2 T:|+[’V‘AT+ OLQ T]
—Pt€7<n “rAT N

U%AT#»(W,* 7'L+1)o'iAT

Py . * . 2
_ P2€2‘TIN ln(?f)-ﬁ-rrz-&-(n —1)-r2+[r2’+aLAT}
¢ \/i~o'?_IAT+(n*—i+1)U%AT

Py i *_i)erT +
—Pte_("*_l)TATK N (ln( £ )+i TH+(n ) rLJrI:'rL] ) .

\/i'U?{AT-F(TL* —i+1)oiAT

The second term Et(CtJrl,Tl‘/tJrl = O'H)E(Pt+1|vt+1 = O’H) and Et(CtJrl’TlVl = UH)E(Pt+1“/'t+1 — O'L) can

be expressed separately as

Et(Ciq1,7|Vit1 = om)E(Pig1|Vig1 = om)

« p* X . . ¥ M
=2 ( i )o (L= &)™ B { [Prpr N (dr) — e " TATK N (da)] [Vigr = op | PetT87H03
and
o2 A
E; {{Pt+1 "N (dy) —e "' "™ATK . N (d2)} [Vig1 = UH} P HATT
02 T 02 T
1n(%)+i< |:7‘A7'+ HQA :|]+(n*7z) |:7‘A7'+ LQA :|+U,HAT
Pte’LLHAT+UH\/ATSt+1N +5t+1
\/ZUO%IAT«l»(n*fi)UiAT
— Pte'rATEt Ar |V;5+1 =0H
ln(%)«ki |:7A7'7 :|+(n —1i)- [T'AT L2 ]+uHATi|
—e VAT N + ettt
%AT«F(n*fi)o'iAT
(72 AT 02 AT_
In(ZE)+(i+1)- {rArJr = }Hn*fi» {TA# L
— Pt2e27‘ATN =

\/('L+1)<o'§IAT+(n*7i)o'iAT
[ o2 AT
+(n*—i)- [rAT— L

lrl(%)+(i+1) |:7A7'7

_Ptef(n*fl)rATK N
\/(i+1)»ai{A‘r+(n*7i)oiAT

_ PtgegrATN ln( L)+ (i+1)-r H+(" —i) 7‘
\/(z+1)-ai{AT+(n 71)0’%AT

7Pt€7(n*71)TATK N

In(E8) 4 (i41)-r 5 +(n* —i) vy
\/(i-&-l)-aZAT-&-(n* —i)o2 AT

Similarly
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Ei(Ciy1.7|Vi = oL)E(Pey1|Vi = o)
o2 Ar
L

- E?:*O (nz‘*)(bi(l — )" B { [Ptﬂ "N (dy) —e " TATK . N(dQ)] [Vit1 = CTL} B

and

a%m—

E; { [Pt+1 N (d1) — e NTAT I N (dz)} [Vig1 = UL} . Pt AT

2A 2 A
ln(%)+i~ |:TAT+ GHQ T:| +(n*—i)- |:TAT+UL2 T:| +up AT
P, 6“LA7'+O'L \/EEt+1N .
' Vi-cH2ZAT+(n* —1)o L2 AT + €41
— rAT B
= Pe o - 2 ar N s Vi — o
In(F)+i | rAT——55 +(n"—i) [rAT——55 +up AT
*
—e M rA-rK N e
\/i-O'ZAT-Q-(n—i)UiAT
2A 2 5

ln(%)+i~ |:TAT+ GHQ ﬂ':I +(n*—i+1)- |:7‘AT+ O.L2 ﬂ—]:|

— P2627‘A7‘N
t

Vi(og)?Ar(n*—i+1)(op)? AT

2 A r 2 A
In(Zh)+i- {TAT* e T] +(n*—it1)- |rar— 2L T]

*Pte_(n*_l)TATK N

\/i~U§,AT+(n*—i+1)a%AT

_ prozrary [ Rt rf
' 1'0§A7+(”**7ﬁ+1)O’%AT

_Ptef(n*fl)rArK N

ln(%)-!—i-r;{-k(n*—i-q-l).rz
iio% Art(n*—it1)o2Ar )

Combining,

OF(Cip1,7IV1 = o) E(Pep1[Vi = o) + (1 — @) Et(Coy1,7|Vi = 0L)E(Pey1|Vi = o1)
Pe2rATN In( ) +(+1)rf +(n* —it1)r )
1o m*41y 11 502 Art(n* —it1)o2 Ar
=X )ea-eretn hartoroirar )
’ e Drar e [ PG e i)
\/i'U?{AT‘H"**i‘Fl)o%AT

The analytical solution for covariance is
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Covt(Cyy1,1 , Pry1)
= ¢Z (nz )‘bi(l : P {PEE%EN (dl,H) — Pe~(n"-Dratg N (dQ,H)}
+1-0) Y ("l. i1 — g {Pfe”?N (dip) — Pre (" —DrATR N (dz,L)}
_ n*+1 (n* + 1>¢i(1 _ ¢)n*+17i . {Pt262'rATN (dT) _ Ptef(n*fl)rA"'K -N (d;)} ’

=0 i
and
ln(§)+i<'r++(n*7i)»r++ |:’V‘+ +o2 AT}
d K H L H°H
1,H =
(i+1)-a§1AT+(n*7i)oiAT
WGt [ ]
2,H =
\/(i+1)<0§{AT+(n*7i)U%AT
p () +irf +(n* i) v+ [rf +of Ar]
1,L =
\/i~o'2HA‘r+(n*—i+1)0'%AT
d ln(%)+i»r§+(n*7i)-7';L+[7';]
2,L =
\/i-oZATﬂ»(n*—i-l»l)oiAT
g - In(E) +(i+ 1) rf 4+ (n* —itD)rf
1 \/i»U?_IA'rﬂ»(n*f'H»l)aiAT
. In(Z8)+(i+1)-rg +(n* —it1)-r]
5 =

i<o‘§1AT+(n*7i+l)0%AT
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