RISK ANALYSIS FOR LARGE POOLS OF LOANS
— ONLINE APPENDIX —

JUSTIN A. SIRIGNANO AND KAY GIESECKE

APPENDIX A. PROOFS FOR LLN, CLT, AND UNIFORM INTEGRABILITY

This appendix proves the LLN, CLT, and uniform integrability. The LLN for the empirical
measure is proven in A.1. The CLT for the empirical measure is proven in A.2. The LLN and CLT
for the loss from default are proven in A.3. Uniform integrability is proven in A.4. Existence and
uniqueness for the LLN and CLT equations for the empirical measure are proven in A.5.

The proofs of the limit theorems will make use of an auxiliary system of particles (UMY, ...,

UN) which are indexed by v = (v, ...,vy) € RWV*T+L;
PUM = ulFy] = ho(u, Uf_"‘i’ynwt_l’HtJ\_f,::t_l)’ t=1.....T
o Ut = U,

where HtN’U =+ Zi:[:l FEUMY,Y™), and FY is the sigma-field generated by (U", ..., UtN’v, Y., YN,

Similarly, the loss given default for the n-th loan is £;"’ (Y™, v;). The system (1) is simply the orig-
inal system (2) given a realization v of V. In particular, Utl’v, e UtN’V has the same distribution

as U}, ..., UN. Define:
|
N7
(2) pet = N Z‘SUZ“”,Y"-
n=1

The empirical measures ,uiv Y and p¥ have the same distribution. In addition, ,uév Y= ,uév for any
v. We prove limiting laws for p™N+v = (uév’v,,uiv’v, . ,,ug’”) for any v = (vg,...,vr) € RIWV*T+L

which in turn will yield the desired limiting laws for p™ = (i, u¥, ..., u¥).

A.1. Law of Large Numbers (Theorem 3.2). Let P(FE) be the space of measures on a complete
separable space E. The topology for P(F) is the topology of weak convergence, which is metrized
by the Prokhorov metric. A random variable XV € P(E) itself has a probability measure PV ¢

P(P(E)). The measure PV for the random variable XV weakly converges to the measure P of a
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random variable X if:
(3) E[®(XY)] = E[®(X)],

for every ® € S where S is the class of functions which separates P(E). In our case, E =U x ). We
let S: P(U xY) — R be the collection of functions of the form ®(u) = ¢1((f1, 1) g, (far, 1) )
for ¢1 € C(RM), f,, € C(E). (Recall that any function on a discrete metric space is continuous.)
Then, S separates P(U x ) and is a convergence determining class for P(P(E)) (see [?] or [?]).
Recall that we have defined (f,v)p, = [, f B . For instance, if £ = U x ), then we

have (f,V)p = D ueu fyf(u,y)u(u,dy). Also, for notational convenience, define (f,v(u,dy)) =
(f(u,-),v(u, "))y which is equal to fy flu,y)v(u,dy).

We prove several facts, culminating in the law of large numbers p? “ it. The proof uses an

induction argument and the convergence determining class S.

Lemma A.1l. Define M5YN:0(u) to be the martingale
| N
(4) MEP ) = D) Lapems = R U Y™ v, 7))

where ¢ € C(RY). Then, for each u € U and any v € RV*THL we have M%’N’v(u) 2 o.

Proof. The variance of ./\/li N (u) converges to zero:
N
1,N, ; N,
Var[My ™" (u)] = E[(NZ¢(Yn)(1Uf’“:u — ho(u, U, Y 01, Hy Yy 1))
- N2 ZE P(Y™)( 1U"” — he(u, UZL—ﬂ{?Ynfvt—laHﬁﬁ:t—l)))z]

()

IN

1
— C 0.
N2 nzjl N:)oo

The first and second equalities use the tower property and the independence of the processes U;""
conditional on F}’_;. The fourth equality uses the fact that ¢(Y™) (1Utn,v:u—h9 (w, U7, Y™ vy, Hﬁ’:;t_l))
is bounded. This follows from the facts that ¢ is a continuous function, Y™ € ) where ) is compact,
and hy is a probability transition function (and so is bounded). Recall that a continuous function

on a compact space is bounded. By Chebyshev’s inequality, Mtl NU( ) 0. O

Of course, if Mg’N’v(u) 20 for each t,u, MLV = {Mtl’N’v(u)}uzl:W\,t:l:T RN {0} uz e t=1:7-
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Proof of Theorem 3.2. For each u € U and any ¢ € Cy(R%), we have that
6) (oo (wdy)) = D7 (S)holuusy, Vier, By ), dy)) + M (),
u' el
Define if = E[¢|V = v] and H} = E[H;|V = v]. Note that i} = fi; and HY = H; since ji{ and

H} are simply ji; and H; conditional on V = v:

a(uydy) = Y he(u, sy, v, HY g )i (o dy),
u' €U
(7) HY = (" iy
fig = Ho-
We will now use an induction argument to prove the law of large numbers for v = (/J,év’v, e ,ug’v).

Assuming ,LL]O\QL 2,1, we have that for any v:

(8) i

N.~I>noo <¢7 NiV7U(u7 dy)> = Z <¢(y)h9(u7 ul7 Y, V-1, ‘H;Lﬂ':tfl)v ﬂ}t}fl@j’/? dy)> = <¢7 ﬂ}t}(ua dy)> :

u'el

The result (8) is a consequence of the following facts. First, MLYY 20 by Lemma A.1. Secondly,

8)
since 0V By HNY B FY (fH is conti b tion). Thirdl
Fo:t—1 = Ho:t—15 Hi—rip—1 t—rit—1 is continuous by assumption). Thirdly,

(@(y)he(ua Ul, Y,Vt—1, Hﬁf:t—l)? :ui\&ll)(u,a dy)> £> <¢(y)h9(u7 ula Y,Vt—1, H}?—T:If—l)? ﬁ:ﬁj—l(ul7 dy)> .
This last fact follows from:
(oho(u, sy, By ), 5w dy) ) = ()bt sy, v, HY )il dy))

(18) (o) lhou, oy, o1, HiEy ) = holuyu sy, o, BY )i (o dy))

(*)

The function hy is a continuous function, by assumption. Since ) is compact and Ht]i Ty I8
bounded (due to the assumption that f is continuous and U x Y is compact), hy is in fact
uniformly continuous on the space that its arguments live on (a continuous function a compact
space is uniformly continuous). Therefore:

N, 7
‘(*)| S Sup‘¢(y)‘ sup ]hg(u,u’,y, V%—laHt—::t—l) - he(ua ulvyavt—laHtU—T:t—l)’ £> 07
yey yeYueld v’ ed

since Hﬁ’f:t_l 2@y ., | and the desired result (9) holds.
By Lemma A.8, iy from (5) is the unique measure which satisfies (8). Let ® € S where S is the

convergence determining class specified earlier. Then, for any ® € S,

PR = Bl (), (),
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= ]ggnooE[%(Z <f1(u,y),uiv’“(u,dy)> _—— <fM(u7y), uiv’”(u,dy)>)]

uel ueU
= E[®(z))].
The above result follows from equation (8), the continuous mapping theorem, P(U x )) being
compact (and thus any continuous function of u¥ € P(U x V) is bounded), and the dominated

Y also

convergence theorem. Therefore, for any v, uiv v i{ and, since pf is deterministic, ,uiv ’
converges in probability to if. This also means that ,LLJOYI;U EN fig., for any v.

Note that in Assumption 3.1, uév’v converges in distribution to fig, where fig is deterministic. By
Assumption 3.1 and induction, it follows that p/V*¥ converges in probability to fi? for any v. Since

the convergence in probability holds for any v, we certainly have that N converges in distribution

to j1, since:
Jim E[f(u")] = lim E[f(u"V)] = lim EE[f(u™)V]
= E[lim E[f(u™")|V]] = E[E[f(7")[V]
(11) = E[f(i¥)] =E[f(n)],

for any continuous bounded f : P(UxR% ) — R. We have used above the tower property, dominated

convergence, and previous convergence results for pV. O

A.2. Central Limit Theorem (Theorem 3.4). Let S be the space of Schwartz functions, and
let its topological dual S’ = S’(R%) be the space of tempered distributions on R% (equipped with
the weak topology). S is a nuclear Fréchet space and therefore reflexive (see [?]). A random variable
XN € 9 itself has a probability measure P € P(S’). The measure P for the random variable

XN weakly converges to the measure P of a random variable X if:
(12) Elexp (iaqS(XN))] — Elexp (iaqS(X))],
for every ¢ € S.1 Of course, (12) is implied by:

(13) B(XN) % 6(X),

for every ¢ € S. S, the space of Schwartz functions, is defined as:

SRY) = {peC®RY):||¢|lag < o0 V a,B €N},

IThis result was originally proven for both the space of tempered distributions S’ and the space of distributions D’
in [?]. The result was also independently proven by [?] (Proposition 3.3 and corresponding Supplementary Comments
on pg. 247), [?], and [?]. Finally, such results have been extended to continuous-time processes taking values in S’

and D', see [?] and [?]. See [?] for a similar result for separable Banach spaces.
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s = sup [y*D%s(y).
yeRY

¢l

The requirement that ¢ be rapidly decreasing for large y does not have an impact on our setting

since ) is assumed to be compact.
(u,dy) € S'(R¥) for each u. To prove convergence in distribution of

We wish to show that =
= (u,dy) for each u, one needs to show (12) or (13) for each ¢ € S

(6(y), 2" (u,dy)) % (6(y), Elu,dy)),
v(u,dy). Note that since the Y™ € ) ¢ R%

(14)
5).

where, as previously defined, (f,v(u,dy)) fy
(f,EN (u,dy)) = fy FWEN (u,dy) = [gay f( (u dy) (and similarly for pl¥, i, and
Since the dual of the cartesian product of ﬁnltely many spaces is the cartesian product of the
(13) also of course covers the case of =V ¢ HTXM S’, where it is

duals, the criterion (12)
sufficient to show (12) for ¢ € HTXM S, or more simply convergence in distribution for the random

vector (<¢tu,_t (u dy)> )teI weut for every (¢tu)tel weut € HTXW' S.

Define:
—N / N, _
=, N(:ut ! /J,?),

(15) =
and note that =¥ = :i\] V' We also define B

Z ho(u, o',y v, HY -y 1)=( 4 (W, dy)

=f (u, dy)
u'eltd
+ Z 7h0 U ’U/ y,vt—thv—T:t—l) : E_‘z)—’r:t—l)ﬂt—l(u dy) + Mt (u dy)
u'et
(16) 5 = .
where EN° = <fH,E,;N’”>qu, By = (f1,50),, p and BY .y = (Bf ..., B ). MP(u,dy) is

a Gaussian process with zero mean and covariance
Zhe ut, Wy, vee1, Hy ry 1) ho(ua, oy, vy, Hy ny q) iy (v, dy),

COV[./\;lf(ul,dy) M7 (ug, dy)]
u'eU
Z h9 U, U, Y, vt 17Htv—7:t—1)(1 _hO(ua ulayavt—laﬁ;}—r.t 1)Mt 1(u dy)

Var [/\;l?(u, dy)] =
u' el
is independent of MY for ty # t; and MY (u,dy;) is independent of MY (v/, dyz)

AV
where uy # uz. My,
=7 is ¢ conditional on V =v; &} =5

for y1 # y2. E
=N (u, dy) € S'(RY) for any v.

Lemma A.2. For every u and N, 5,
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Proof. X € S' if for any ¢ € S there exists a k, Cy such that

(17) (¢, X) < Cill o[k,

where the norm || - || is defined as:

18 Ol = max sup |y*D%¢
(18) 101l = m \/3|<kyeRdy’ ()l

Then, we certainly have that:

(19) (6.2 = V(01" ) = (0:32)) < 2VN sup o) < 2V Njol o

This completes the proof. O
Lemma A.3. For any ¢ € S, a, and v, the martingale difference array?

Zz\]7n7v(a) \/7 Zau Yn)(]-Unv — h@(u Ut lvyn Ut — 15Ht]\i"1r):t71)]

satisfies the following properties for every o € RUI:
(i) supy E[( max ZN" (o ))2] is uniformly bounded,

(i1) mae |7 ) B0,

N
(iii) For each v, Z (ZtN’n’U(a) =t VaTZau ¢, M (u, dy))).
n=1 uel

Proof. First, recognize that:

AC) !_\ﬁZ!au!% ¥™) \ﬁZ!aulsupcbu()S

ueU uel

Bl

This certainly implies properties (i) and (ii). Finally, for each v,

N N
1
SoET @) = 5 S aubu (Y Ly — ho(, U Y v, B )
n=1 n=1 uel

N
1
= 2D b (Y6u(Y )Ly L

n=1u/ ,ucld

n,v n N,v / n,v n N,
+ ho(u, U2y, Y™ vy, Hy 2y )he(u', U, Y oy, Hy WLy )

n,v n N,v n,v n Ny
— Agpemyhe(u, U, Y™ vy, HYY ) = Lypo_ ho(u!, U, Y™ vy, HYY, )]

N
1
- N Z Z auau/¢“/(yn)¢u(yn)[1u=ulh9(u7 Utn—ﬂia Yna Vt—1, Htj\i’::t—l)
n=1u/ ,ueld

2See [?] for details on martingale difference arrays.



n,v n N, ! v n N,v 3,N,v
= ho(u, U2y, Y™ o1, Hy 2ny g )ho(u', Uy, Y vy, Hy 2ny )] + M

= Z Qg Oty Z []-u:u’ <¢u/ (y)¢u (y)he (U, u”a Y,Vt—1, Hﬁ’:—};t_l)y ui\ﬁll)>

u’ ueU u’ et
- <¢u’ (y)¢u (y)h‘9 (u7 u//7 Y, Ut—1, Htjifr}:t—l)he(ulv ullv Y, Vt—1, Hﬁf:t—l)? lu’i\ﬁzl)>] + M%N’U

£> Z Qi Oy Z u=u’ <¢u )hg(u u’ 7yavt laHt Tit— 1) :ut 1>

u' , uel u' €U

(20) - <¢u )h@(u ’LL ayvvt 17Hg]—7':t—1)h9(ul>u”7y7Ut*laHg}—T:t—l)vﬂg—l ]

3N . .
Here, M;"™" is the remainder term:

MM = *Z > b (Y du(Y ") Ly pe —r = Lumurh(u, UpS, Y o, HYY, )
n=1u' ueld

n,v n N,v / n n N,v
— Ay yhe(u, U5 Y™ vy B, ) = Lgno_ ho(u/ U Y vy, HYY, )
2ho(u, U |, Y" HYY Vho(u/, U™, Y™ HYY. )
+ o(u, Uy, Y™ o1, Hy 2y )ho(u', U2, Y7 o, Hy 2ny )]

This is of the same form as M,’ A

applied here to show that M? ol

, and the exact same procedure as used in Lemma A.1 can be
20

Using the exact same argument as was employed in the proof of Theorem 3.2, the final line in
equation (20) follows from pu™* L ¥ for any v and the uniform continuity of kg on the compact
set Y (a continuous function on a compact set is uniformly continuous). Finally, note that the last

line is exactly the covariance of MY, whose distribution is given in Lemma A.4. O

Lemma A.4. Let M?’N’v be:
1 N
(21) MZNY(u, dy) = TZ v yny (s dy) = ho(u, USS Y™ vy, HYYL, )y (dy)).

2,N, - — . . :
Then, M;™" LN My where M7 is a mean-zero Gaussian with covariance:

Cov[<¢1, Y (u1,dy)) , (¢2, M uz,dy)” C’ov[<¢1, ul,dy)>,<¢2,/\?l§(m,dy)>}

= - Z ¢1 h@(Ul,U Y, Vp— 17Ht Tit— 1)h9(u27u/7y7vt—17HgLT:t71)7la%]*1>7
u'el
Var[<d>,/\;lf(u7dy)>} = Var“qﬁ, MY (u, dy)”
= Z h9 u, u » Y, Ut— 17H )(1 - he(“?ulvy7vt*1>Htv—T:t—1)>ﬁg—l>7
u' €U

where uy # ug. Furthermore, <¢,./\;l§1> 1s independent of <¢, V ,§’2> for t1 # to.
7



Proof. We first show that:
(<¢17M?’N7v(ulvdy)>7"')<¢|L{‘)M%N7v(u|u|’dy)>) i (<¢17 (ul)dy > <¢‘Z/{‘ Mt (U|Z/{"dy)>)
for any ¢1,..., ¢y € S. Note that:

3 o (e M ) = = 3 oY) (g = B, U Y™t Y )] = 2 ).

ueU ueZ/{
Lemma A.3 shows that the conditions of the martingale central limit theorem of [?] hold. The

martingale central limit theorem of [?], in conjunction with the Cramer-Wold theorem, gives:
(<¢17M3’N’v(ulady)> s <¢|u\,M?’N’v(U|u|,dy)>) ((¢1, MY (u1,dy)) .. ., (D MY (u), dy))),

for any ¢1,..., ¢y € S.
Furthermore, <¢1, /\;lf1> is independent of <¢2, M§2> for t1 # t9. To see this, assume t; < to, and

first apply the tower property to write:

Elexp (ion (0. M (u.dy) ) + iy (0, M5 (o dy) )]

(22) = E[exp (ial <¢1, Mfl’N’v(u, dy)> )E[exp (iag <¢g, M?Q’N’U(u’, dy)> ) ]ué\g;’_l]].

Next, we can express the inner expectation as a product of exponentials:

Elexp (’LOQ <¢2, M?QN’U (, dy)> )|H(])\;[£Z—1]

N iy N,v
d2(Y™)(Lynw_ s —ho(uw oY1, )
VN U =u/ t 1 2 to—T:itg—1 N,

- HE[e " 2 T,y U Y

n=1

N

K 9 N

= H(l—iE[@(Yn) ( ,2 V= _he(ulvUZ;EpYn’Utzflthg Tita— 1)) |Ht2 UTtg 1’Ut2 1ayn]+GN)

3
I
—

2
1-22

N,
2N7(U HtQ UTtQ 17Ut2 l’Yn)+G )

I
=

3
Il
—

where we have used a Taylor expansion for the exponential, |G| < %, sup, ey 2|d2(y)?| < C <
. N,
00, and the quantity (v, Ht2’ g1 Uit Y1) = [¢2(Y”)2(1Utr;,v:u,—hg(u’, Ug’fl,Y",vt2_1,Ht2’ 1)) HL

Using the standard inequality | [T, wn — [10-; 2n| < SN, lwn — 2a| for |wpl, |2.] < 1, we have

that:
N 2 N
N, N N,
H(l - 2N7( Htg_vT;tg—pUtQ LY") + G H 012’7 ) Ht2 th2 17Ut2 LY™)
n=1 n=1
C a.s.
(23 =0
N1/2



Then, all the remains to be shown is that HnN:1(1 — a3y (v, Hg i1, UL, Y™)) converges in

2
a3

2Var[<¢2 7/\;12’2 (u7dy)>}

probability to exp(— ) as N — oco. We have

N N
1 N Z 1 N
H (1 - 7(1%7(1}7 Ht2f72t2—17 Utz7317 Yn)) = eXp( log(]‘ - ﬁQSV(U7 Htgi}’r:tg—17 Utz7317 Yn)))
n=1

N
N, )
= eXp(Z[_iagf}l(v Htg U’T ita—10 Ut’r;317 Yn) + Gév])

- exp(—f % Z <7(v7Ht];[fT:t2—17ullvy)ﬁﬁgi}l (u//,dy)> + NGN) — GXp(—*CQVaI‘ <¢2, >]),

where we have again used a Taylor expansion and |G| < 5= The last line follows from the previous
convergence result V¥ B iV (see Proof of Theorem 3.2), the fact that (v, HtQ’ g1 U, Y1) =
G2 (Y™ ho(u, UMY, Y™ o1, HY Ly ) (1= ho(u, U Y™ vy 1, HY, 1)), and the continu-
ous mapping theorem.

With this result in hand, we return to equation (22). Since E[exp (ic <¢2, M?Q’N’v( ’)> )|u0 1)
converges to a constant and exp (ial <q§1, M?INU(u)> ) A exp (ial <¢>1, /\;lf1> ), Slutsky’s theorem
yields that exp (ioq <q§1, M?{N’U (u, dy)> )E[exp (i <d>2, Mi’N’” (v, dy)> )|ué\i§;’71] converges in dis-
tribution to the quantity exp (ic (¢1, MY )) exp(—3aVar[(¢2, M, )]). By the bounded conver-

gence theorem, we then have that:
Elexp (zal <¢), M;Nv(u, dy)> + 19 <qb, M?Z’N’U(u', dy)> )]
— exp(—falVar[<qb1,/\/lt1>])exp(—fQQVaqubg,Mtzﬂ)

Consequently, <¢1, Vi }5’1> is independent of <<;52, V §2> for t1 # to.
Since these results hold for any choice of ¢ € S, we also have the stronger result that M2N:v LA
M?, using the criterion (12). O

Lemma A.5. Suppose that = ~0t 1 4 ZY, 1. Then, (Eé\ff_l,./\/lf’]v’v) 4 (Z8.4_1, MY (u, dy)).

Proof. The proof for this lemma is the same as in Lemma A.4. Namely, we show that 2%, ; and

M?(u,dy) are independent. For ¢/ < t,

Blexp (i 3 {(braw 207w dy)) +i (02, MPY" (' dy) ) )]

t'<tueUd
. N N

(24) = E[exp (Z Z <¢1ut’?‘—‘ ’ (U dy>>) [eXp ( <¢27M2 ’U(u,?dy)>)|M0:z’leH'
t'<t,uel

Now, using the exact same steps as in Lemma A.4, the desired result can be obtained. [l

9



Proof of Theorem 3.4. For any u € U, ¢ € S, and v, we have that

<¢(y),EiV’v(u,dy)> = fz [< ), ho(u, u’ y Y, Ut— 17Ht]\77't 1)Nt 1(“ dy)>

u' et

(25) - <¢(y)7h9(uvu,ayaUt*ng]—T:t—l)ﬁ?—l(u,vdy)> <¢>M2NU( )>7

2,N .
where M;"" satisfies:

N
v 1 n n,v n v
(26> <¢7 M2 N (uv dy)> = \/N Z (b(Y )<1Utn’vzu - h@( Ut 1 Y ) Vt—1, Htj\jfr:t—l)'

Using a Taylor expansion, one can obtain

n=1

<¢(y)’EiV,U(u7 dy)> = Z <¢(y)h0(u7u/vy)vtfly}_Itv—T:t—l)vai\il(u,?dy>>

u'eU
+ Z <¢(y)h9,H(ua ulv Y, Vt—1, Flg)—q—;t—l) : Eﬁ’:;t_p /’Li\fql)(u/a dy)>
u'eU
1 NU 2,N,v
(27) bR (0 MY s dy) )

where RY:? is the Taylor remainder term:

1 N - N,
|RN’U‘ = |§<¢(y)(Et!::tfl)ThHH(u’u/7y’vt—17Htv—T:t—l)Et }f')t 10 Hy— 1(u dy)>’
Nv T / [TV N,v
< |<51€1P¢( JE 1) ham(u sy, o1, Hy g )Ey 7 g, g 1(u dy)>}
)
< K N, 2 ! [TV N/
= ||Et7~r:t71” Sug ’d)(y)hHH(u? u,Yy, V-1, Hth:tfl)yﬂ Mtfl(u 7dy)
yE
N, N,
(28) < B P (Con dy)) = ClEY Y, .

Here, hyp denotes the second partial derivative of hy with respect to its fifth argument. We
have bounded hpp(u, v, y,vi—1, HY ., ;) due to the continuous differentiability of hy and the
compactness of ). Similarly, ¢(y) is bounded due to the continuity of ¢ and the compactness
of Y. Since || - ||? is a continuous function, we have by the continuous mapping theorem that
HE P LN [|[EY_..,_1]]?. Consequently, T%RN’” 4 0.

We will now use an induction argument to prove the desired result. Assume that Eé\fgqil converges
in distribution to =3, ;. Since convergence in distribution to a constant implies convergence in
probability to a constant, \FRN 'Y converges in probability to zero. The second term in equation
(27) also converges in distribution since ut ] converges in probablhty to fiy_, for any v (from the law

d
of large numbers) and Et it 4 E? ., (since we assumed = HO 1 5 28, and fH is continuous).

10



The third term converges in distribution due to Lemma A.4. Then, assuming Eé\{ﬁl converges in

distribution to Eg:tfl’ <d>, Eivv> LA <¢>, E}{> for any ¢ € S where <¢, Ef) satisfies the evolution

equation:
<¢(y)7 Eg(u7 dy)> = Z <¢(y)h9(uv ulu Y, V-1, FIt—T:t—l)a ngl(ulv dy)>
u' et
0 _ _ _
(29) + Z <¢(y)8]{h9(uv u/7 Y, Vt—1, HtU*T:tfl) ' Effrztflv :U’g1> + <¢7 M?(”? dy)> ) ¢ €s.
u' et

This is sufficient to show that the Eiv w4 F =7, by the criterion (12). However, to make the

stronger statement of the joint convergence Eo:i A EY,, we need an additional fact, namely that

(Eé\,@” L MP NU) = (28, M?(u,dy)). This has been proven in Lemma A.5, and therefore we have

the desired result that :évtv 4 Zv ZY,. By induction, we have that = Nw 4 Zv for any v. Therefore,
=N 4 =
=Y = E ]

Proof of Corollary 3.7. Since (uivv LNy B (e, L”) where (i, L) are constants and (EVV, AN?) A
(Ev,A?), we have that (v,,ut v LN N AN LA (v, i¥, L?,Z%, A?). Since this holds for any v,

the desired convergence follows. O

A.3. Convergence for Loss From Default (Proposition 3.6).

Lemma A.6. Define ZN:? to be the martingale
1 & L
2 = 5 DG ) gy = Type—g) - </ Wiy (d2), " (d, dy) — 11 (d, dy)> ,
n=1 0
where d is the default state. Then, for any v, ZtN’” 0.

Proof. First, rewrite Z}\" as

N 1
1
an Y% ) Lype—a = Lups—a) = > (Aype_g - lUt""{d)/O ey, (d2)-
n=1
Similar to Lemma A.1, we will show that the variance of ZtN " tends to zero as N — oo.
LN
N,
Var[2,""] = E[E[(ﬁ Z:l(lUt"’”:d — 1y ) (G (Y™, v1)
n—=

1
- /oZw,w,w<dz>>>2|U37”,.--,Ui““,Uf;%,--- Uy Y YY)

IN
2

N 1
1
E[WZE[(@”(Y”,W) —/0 2y, (d2)2 UMY, N Y YY) <

11



We have again used the tower property, the independence of the (Y™, v;) given (U, . . ., UtN’v, Yyl ..., YN,
and the fact that the loss given default is bounded. By Chebyshev’s inequality, ZtN v 20 for any
. O

Using Lemma A.6, we can show that LV % L. Define LV = E[L|V = v] and note that LV = L.
We also define:

1
(30) LY = < /0 Wty (d2) " (d, dy) — i (d, dy)> +zNv,

For any v, Z""" % 0 by Lemma A.6. Note that LY = LN. Since g,(t,v,y) = fol 2V yo(dz) is

continuous and bounded for each y, v:

1 1
<31§ /0 Wy (d2), 1 (A, dy) — 10, dy>> 7, < /0 ity (d2), () — ui’l(d,dy)>,

for any v. This proves Liv’v 2 LY for each t and any v, which (like before) implies that (Lév’v, cee Lg’v) 2

(LY,...,LY%) for any v. By similar reasoning as in (11), this implies that (u¥, L'V) A (i, L).
We now turn to proving the CLT for the loss. Define AY:

1

(32) 83 = ([ st 2000 ) - S ) + 2,
0
where Z? is a mean-zero Gaussian with variance:
- o ' 2
VarlZ{) = ([ #202) = ([ 01 (02)7) )~ 2 () ).
0 0

Zt”l is independent of ZZJQ for ¢, # to as well as =V.

Lemma A.7. Suppose that (Zg7", VN Z0:" ) LN (284 28, 1)- Then, {20}, VNZNY) 4 (28,4, 28,).

ZP is a mean zero Gaussian with variance:
- - 1 1
(33) Var(2g] = Varl2g) = ([ 2 2) = ([ v @), ) 1))
0 0
Z? is independent of 28, and =§,,.
Proof. We have

Elexp (i > (@rue 0" (wdy)) +i Y apVNZYY +iaVNZ™)

' <tueld <t
(34) = E[exp (2 Z <¢)1’u7t/, Ei}f’v(u, dy)> +1i Z o \/NZZ,V’U)E[eXp (iozt\/NZtN’v)) \,ué\:[t]}.
v <t,ueld t'<t
The result follows via the exact same procedure as used in Lemma A.4. [l

12



Define:
(35) A = VN(LY - LY).
Using Lemma A.7, we have that (20, AN:?) LN (2Y, A?) since:
A= < /0 vy (02), 2N dy) — SV dy>> +VNE

1
d —v —v U AV
- </0 2y, (d2), EY(d, dy) — ‘:tl(dvdy)> + 2 = AJ.

This result follows since N0 % =Y, the assumption of continuity in y for fol 2Vt 0, (dz) for any

t,v, and Lemma A.7. Since the results holds for any v, (ZV, AN) (Z,A). O

A.4. Uniform Integrability of Fluctuations (Theorem 3.9).
Proof of Theorem 3.9. Note that the bound (11) implies
[(Sup 6 (), Z (u, dy)) | > Oé] < Kipuexp ( — Kau0?).

Consider the following bound for a > 0:

(36) [‘ZZ btu(y), Ef (u, dy) —1—2@1\ >a] < Crexp (— Coa?).

t=1 ueld t=1

For notational convenience, define XV = Zt L weu (D), EN (u, dy)>+ZtT:1 e AN . If the bound
(36) holds and K > Cy, then:

P I A (LR

/OOIP’[‘XNVf Za]da:/mp[|XN| > ozl/k}da
K K

< / C1 exp ( — Cga2/k)doz
K

IN

0o :L'k_l 00 $k—1
= / exp ( — C’g:c) de < Ch / exp ( — Cgl‘) dx
K k 0 k

k

where I' is the gamma function. Then, for any € > 0, there is a K > 0 such that:

E[‘Q(XN)‘]"XN‘>K] <e€
13



Consequently, the bound (36), P[‘XN‘ > a] < () exp( — C’ga2) for a > 0, implies uniform

integrability for g(X®). Next, recognize that the following bound implies the bound (36):

(37) P [‘ {dtu(y), = (u, dy)) + CtAiV| > a] < Cruexp (— CZ,t,uQQ)-

The bound (37) implies the bound (36) since:

- T T
PI|S S (). 2 (wdy)) + 3 e[ > a}

- t=1 ueld t=1

ZZ‘ bru(y), EL (u, dy)) + Ay ‘>a]

IN
=

IN

P_LJ{N@@( B (s dy)) + ey | > !u\T}]

= ZP[{|<¢tu )2 (udy)) + ehi| > !u\T}]

= ZP[ Oruly), 5 (u,dy)) + ey’ | > |u!T}
< Z Cl,t,u eXP ) tult )
< \THL{| max Cl t,u €Xp ( — min C'27t7ua2) = Cexp ( — 02042).

t,u

It is therefore sufficient to prove an exponentially decaying bound:
(38) P{\ (6ru(®), 2 (u dy)) + Ay | > a| < Cryuexp (= Copuc?),

for each ¢t and u. We prove this result using induction. From equation (27):
(6W), B (u,dy)) = > (sWho(u, vy, Vier, Hiry1), B (, dy))
u' el

+ Z <¢(y)h9’H(U, ul7 Yy, V;f—la E[t—'r:t—l) . Eﬁﬂt,h Hi\il (Ul, dy)>
u' el

(39) + JlNRNvV + (6. MPYY (w,dy))

where |RYMV| < Csup,cy [¢(W)||1EY . _1]I? (see equation (28)) and hg, g is the gradient of hy with
respect to H. M2 Nv(u, dy) is defined in Lemma A.4. First, suppose that:

) 2| lo)) | (0. = ) | > o

V:| < Kl,t’,u €xp ( - K2,t’,ua2)7

for any continuous ¢ and all t < t—1. Here and below, we use the notation V' = V{.7. This is equiva-

lent to P [} (6(y),E) (u,dy)) | > a V} < Chpuexp (—Coyp o) where Cop oy = Koy oy (supyey [¢(y)]) 2

14




and Ky, = Ci 4. Since ¢hg is continuous on a compact space, we also have that the first term

of the RHS of (39) satisfies:
‘

d

Z <¢(y)h9(u7 ula Y, ‘/t—h Ht—T:t—1)7 Ei\il(ula dy)> ‘ >«

u' €U
_ _ o
S Z ]P’|: <¢(y)h9(u7ul7y7‘/;—17Ht—7':t—1)7:‘i\il(u/ﬂdy)> ‘ > ’Z/{“V]
u'eUu
2
_ e
< Z Kl,t—Lu’ €xXp ( - K2,t—1,u'(sup |¢(y)h(u,u’, Y, Vi-1, Hth:tfl)D QW)a
u' el yey | |
U (— (sup |o(w)) <)
< | U|max Ky ¢, €xp sup |¢ mln Kot 1w
weid ! yey weu VY2
(41) < Cl,uexp (= (sup|o(y)])~2Cyy 07

yey
where the second-to-last inequality uses the fact that 0 < hy < 1. Note that the final coefficients
do not depend upon V nor ¢.
Recall that E t, = < fH, Eiy where fH is continuous. Then, Eg,v has an exponential bound, which

allows one to exponentially bound the second term of the RHS of (39).

P Z <¢(y>h9,H(u7 u/aya ‘/t—lvﬁt—’r:t—l) : Et]\lr;tfhlui\il(u/?dy)> ‘ >« V:|
- u'eld
t—1
< P| sup \Zqﬁ()haH(uu Yy, Vi 1,Htrt1\Z\E]>aV]
L (y:0)€YXV ey t=t—7
) -1
< P|suplo(y)| sup ZhaHUU Y, Vi1, Hi—r-1)] Z \EY \>aV]
Lyey (Y)EYXV ey Y—et—7
< Pswplotlo T V| < Chuuem (- Gup o)) 00,
ye

t'=t—r1

(42)

where sup, ,)cyxy | > wew ho,a(u, vy, Vi1, Hy_74-1) < Ko, a constant that does not depend
upon V nor ¢, since ) x V is compact and h is smooth. Similarly, the third term on the RHS
of (39) can also be exponentially bounded by C’im exp ((— (supyey |¢(y)|)*20237t’u042). The fourth
term on the RHS of (39) can be exponentially bounded via the Azuma-Hoeffding inequality. Define
SN = ﬁZZ’:l ¢(Yn,)[1Ut"/e — ho(u, U |, Y™ Vi, HY _, )] for n = 1,..., N. Conditional

on F;_1, the sequence SN1, V2 is a martingale and has bounded differences:

1 n n n
7N\¢(Y MLopeu — ho(u, Uy, Y™, Vier, HY 1y )]] < 7SUP|¢( )|

4 Nn SN,nfl —
(435 | Vv S

15



SN,TL SN’N —

satisfies the Azuma-Hoeffding inequality. Note that

‘

Therefore, conditional on F;_1,

<<z§( ), M2V dy)>. Then, by the Azuma-Hoeffding inequality:

il

|| (6 M () > of

E M\ (), MP™Y (w,dy) ) ’ > a|ft1}

‘

< 28 exp(—flsup o)) 7o)

= 2e(~(suplo)) “o?)

Combining the exponential bounds for the four terms on the RHS of (39) and applying the standard
union bound, we then have a bound for the LHS of (39):

(44) IP|:‘ <¢(y)7 =t (u dy) > ‘ >« V:| < Cl,t,u exp ( - CQ,t,u sup ’¢(y)’)72a2)7

yey
where C1 4, and Ca,, do not depend upon V nor ¢. This of course implies P [! (o(y), EN (u,dy)) | >

a] < Chtu€xp ( — U244 SUDycy |¢)(y)|)_2a2). It also proves the inductive step:

P[(sup 6D (), Z (u, dy)) | > @

yey
(45) = Cl,t,u exp ( - C2,t,ua2)

V] = Bl 2w ) > Giplow)o

il
= Kl,t,u exp ( - K2,t,ua2)-

Since P[(supyey |p(y 1’ <¢) (u, dy) >| >«

V} < Ky 4 exp ( — K2707ua2) by assumption,
this completes the induction proof to show that P[} <¢t7u(y),E£V(u,dy)> ‘ > a] < Citu exp( —
ngt,uoﬂ) for each ¢ and u. The final step requires to proving a similar bound for ¢;A)¥. Recall that:

1
(46) AN =VN@LN -L,) = < / 2wy, (d2), BN (d, dy) — N, (d, dy)> +VNzMY.
0

Let’s first consider the first term on the RHS of (46). The function fol 2y v, (dz) is continuous
on y (by assumption) and sup,cy fol 2y v, (dz) < 1 since v is a measure on [0, 1]. Using the (now
proven) bound ]P’[‘ <gz5( ) 2 (u dy) > ’ > a’V] < Cytuexp ( - 027t7u042) and the standard union

bound, we have that:

1
(47) JP{\ < / zut,y,mdz),amdy)—E£1<d,dy>>\Za

V:| < Al,t,u exp ( - A2,t,ua2)-

Next, let’s consider the second term on the RHS of (46), \/NZtN’V. Define QM = - [>°", | oy v (1

VN
ot —q) = dami—1 (L _y=Lgm _y) fol 2y yrt Vt(dz)]. Conditional on F;, the sequence @Q™>1, QN2 ...
t—17 t t—17" k4 )
16
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is a martingale. The sequence also has bounded differences since:

1
‘QN,n B QN,nfl‘ — [f?(Y"7 ‘/t>(1Ut",:d — ]_Ut[l:d) — (1Ut"=d — 1Ut"1=d)/(; ZVt,Y"’,Vt (dz)”

| 1
vN
2

Therefore, conditional on F;, Q" satisfies the Azuma-Hoeffding inequality. Note that QY =
VN ZtN v Then, by the Azuma-Hoeffding inequality:
d

IP[\\/]VZtN’V\ > a V] = IE[]P’[\\/NZ?”V\ > a

7

IN

1
E [2 exp(—§a2) ’V]
L 5
(49) = 2exp(—§a )
Combining the bounds (47) and (49), we have by the standard union bound that:

(50) P[\ctAgv | >a

V:| < Bl,t,u exXp ( - B2,t,ua2)-

Finally, again using the union bound, bounds (50) and (44) can be combined to prove the bound
(38). 0

A.5. Existence and Uniqueness for LLN and CLT.

Lemma A.8. The solution i € BTt to the law of large numbers equation in Theorem 3.2 is

unique, where B = P(U x R¥).

Proof. Recall that ¥ is the solution to equation (7), which is the LLN (5) conditional on V' = v.
Suppose that fif.,_; is unique; then, it can be proved by contradiction that fif must be unique as
well. Suppose there are different solutions /]i Y and ﬁ? Y and let vV = ﬁtl v /]f Y. From equation (8),
this implies that (¢, v*) 5 = 0 for every bounded, continuous ¢. Since ¢ € Cy(U x R%Y) is separating
(see [?] or [?]) for P(U x R%Y), ;" = Y. This is a contradiction and therefore ¢ is unique. Since
fip is unique (by Assumption 3.1), g¥ is unique by induction.

Of course, existence of a solution in BT*! for (7) follows from the fact that hy is a probability
transition function and induction. Assume pj € B. Since hg is a probability transition function,
fif 1 € B as well. By assumption, fig € B and therefore we have existence of a solution " € BT+1
by induction.

Finally, since fi = i, it immediately follows that fi exists and is unique. g

Lemma A.9. There exists a unique solution Z € WTT to equation (16) in Theorem 3.4.
17



Proof. We first show existence of Z¥ in W' *! for any v. Suppose Ef, <t € Wt. We now seek to show

that =Y € W or, equivalently, Z¥(u,dy) € S’ for each u. We recall (16):

= (u,dy) = Z ho(u, v’ y,ve—1, HY )= (), dy)
u'eU
0 ! [Jv [V —v / v
+ Z (a?hG(Ua Wy, vty HY g 1) - By ) i1 (0, dy) 4+ MG (u, dy).
u' et

Using the assumption that Ef, <t € W, hg is smooth, and Y is compact, it immediately follows via
defintion (17) that the first two terms of are in S’

It remains to verify that MY (u,y) € S’ for each u. For this, we use the Bochner-Minlos theorem
(see [?]) for S’ which states that a necessary and sufficient condition for the existence of a random
variable X in S/(R%) with a characteristic functional g(¢) = Elexp(i (¢, X))] is:

(i) 9(0) =1
(ii) g is positive definite in the sense that Z;ﬁl:l 2iZ19(¢j — ) > 0 for any z; € C, ¢p; € S.
(iii) ¢ is pseudo-continuous.?
Since MY (u,y) is Gaussian where its covariance is known in closed-form (see Lemma A.4), the

characteristic functional for MY (u,y) is:

G50 (0) = E{exp (z‘<¢<y>,w<u,y>>ﬂ

1

(53:_) exp ( n 5 Z <¢(y)27 h@(uv ul’ Y, Vt—1, HI;U—’T:t—l)(]‘ - h@(ua ulu Y, V-1, ﬁf—T:t—l)ﬂ?—l(ula dy)> ) .
u' el

Property (i) is trivially satisfied. To show Property (iii), first note that
he(“? U,, Y, V-1, Htv—rzt—l)(l - he(uv ula Y, V-1, H—;}—T:t—l)ﬁg—l (ul7 dy) = 77(7/7 dy) € s'.

Since n(u',dy) € S, (-,n(v/,dy)) : S — R is a continuous linear operator. Since S is metriz-
able, it suffices to check sequential continuity in order to prove Property (iii). Recall that n(u’, dy)
has compact support on the compact set ). Therefore, ¢?, — ¢> on ) since the product oper-
ation C°(R¥Y) x CX(RY) — CX(R¥) is continuous where C is the space of smooth func-
tions with compact support. Since (-,n(u/,dy)) is a continuous linear operator, ¢,, — ¢ im-

plies that (¢m(y)%, n(v',dy)) — (#(y)*,n(v/,dy)) for any v. This in turn implies that exp < -

%Zu'eu <¢m(y)2,77(u’,dy)>) — exp ( — %Zu/eu <¢(y)2,n(u’,dy)>) for every V. The distribu-

tion n(u/,dy) is nonnegative and ¢, (y)*> > 0, so 33y (dm(y)% n(v/,dy)) > 0 and exp < -

3A function f+ E — Ris pseudo-continuous if its restriction to any finite-dimensional subspace of E is continuous.
18



33 weu (dm(y)?,n(v,dy)) | < 1. Therefore, g w(dm) — gx40(¢) by the dominated convergence
theorem, which proves Property (iii).
It remains to show Property (ii). We need to show that the following quantity is nonnegative for

any zj € Cand ¢; € S,j=1,...,n:

(52) D zizexp ( - % > (¢ - ¢>z)2,n(U’,dy)>>

Jil u'eU

Let the matrix ¥ have elements ¥;; = Y /o, (¢jd1,n(v',dy)). The matrix ¥ is positive semi-

definite:
omaSy = > za > {¢enn dy))y =" <Z ijl¢j¢la77(ul7dy)>
1,j 1,5 u' el weld \ lj
(53) = > <‘ Zzl¢l|2a77(ulydy)> > 0.
w' el l

The last inequality comes from 7n(u’,dy) > 0. Consider the mean-zero Gaussian random variables
Z = (Zi,...,2Zy,) with covariance matrix 3 ;. Z’s characteristic functional is positive-definite,

meaning that:
n

(54) szZlE[exp <z’(el —€j)- Z>] >0,
l7j

for e; € R". Let e;j = (1;=1,1j=2,...,1j=,). Then, (54) is exactly the quantity (52), which
proves Property (ii). Therefore, assuming = - €W, M?(u,y) € S". By induction and Z§ € W,
ZY(u,dy) € S’ for each w.

The uniqueness of the solution can proven by supposing there are two solutions E% Y and 33 v,
Let their difference be v = Z} — =7 . Due to the linearity of (16), substituting v into equation (16)
yields that (¢,v),, ey = 0 for every ¢, which implies uniqueness.

Finally, since Z = 2V, it immediately follows that = exists and is unique. (]

APPENDIX B. CONVERGENCE RATE OF A QUADRATURE SCHEME FOR THE EVALUATION OF
THE LLN

In Section 4, a quadrature scheme was proposed in order to simulate the Monte Carlo approxi-
mation i’V (which is a linear combination of a law of large numbers fi and a central limit theorem
Z). Under some technical conditions, we show a convergence rate for that quadrature scheme for

the law of large numbers. The convergence rate for the simulation scheme for the central limit
19



theorem can be proven in a similar fashion. The results in this section can be used as a practical
guideline to determine the number of grid points for the simulation scheme in Section 4.
Let the maximum “radius” of the computational cells be:

1
!
TKi= - max max |y; — Y
2 k=1,..K (IRVASI B

where y; is the i-th element of the vector y € J € R% . As in Section 4, for a sample V! of the

process X:
K
1 _w 1
’ ~ Uu, u, =m,
(r ut>qu ; £ sy iig " (us )
where ,L_L;Il ! is the law of large numbers under the quadrature scheme, ,ai is the law of large numbers

conditional on the path V!, and we define HY =3, fy fl(u, )% (u, dy). For notational con-
venience, we have suppressed the Monte Carlo sample notation “I” for HY and H. Under certain
conditions, we will prove a convergence rate for the mean-squared error (MSE) of the simulation

scheme given in Section 4 for the law of large numbers pu:

(55) MSE = E[(Elg((f, ilyy)] — 7 O 9m))]

The convergence rate will give insight into how to optimally design a grid for the simulation scheme

described in Section 4.

Assumption B.1. [g(u,dy) =0 if u # ¢ (i.e., all of the pool is initially in the {current} state),
V, €V C R where V is compact, Y is compact, g, f, f are continuously differentiable, and hg is

twice continuously differentiable.

Let d’H (u,y) satisfy:

) = N holud,y, iy, Hia)GH (),
u' e’
(l)jH(C’y) = 1,
(56) (l)7H(uay) = 0, u#c

Then, fil(u, dy) = d’H(u, y)ito(c, dy) and ﬂi"l’(u, Yk) = d’H\P (u, yi)fio(c, cx). Since hg is continuously

differentiable, Ci’H(u, y) is continuously differentiable in y for each wu.

IL,H 1L,HY IL,H 5 ILHY
‘Ct (uvyk) - Ct (u7yk)‘ < ‘Ct (’U,, yk) - Z h@(uau/myka‘/tl—lth—l)Ct—l (u/7yk)‘
u'elt
20



5 I,HY ILLHY
+ ) holus ye, Vi Hie) G () — 60 (u, )|

u' eUu
[ lH lH\I!
< > oy Ve Hen)|GE () = G ()
u' eU
Ohy / I s ALHY v _
+ Z ‘aiH(uauﬁyk‘)‘/;—lah )||<—t71 (u’yk)HHt—l_Htf]_‘
u' €U
[ ZH lH\I/
= Z h@(u7Ul,yk,%£17ﬂt_1)’CtLl(u/’yk) - Ct7_1 (Ul,yk)‘
u' eU
Oheg -
+ Z \aiH(U,Uka,V;l_l,h N Hi—1 — HY |,
u' €U
_ _ v )
<3 holw e, Vi Hen) G (0 ye) = GO ()| + K Hy — B
u' €U
Z,E[ l,H‘I’ _
(57) S I{ngi( ’Ct—l(udyk’) - Ct—l (u, yk)’ —|— Kl‘Ht—l _ Ht\Iil|

where we have bounded % using the compactness of the space its arguments live on and its

continuity. In addition, we have used the fact that h(-,4’,-) is a probability kernel and therefore

sums to one. Taking the maximum over the u € U and the grid points yy:
I,H 1,LHY I.H 1,HY 3
(58) max |G (u, ) = G (s )| < max |Gy (uy k) = G2y (s )| + K[ Hir — HiZy -

Next, we find a bound for |H; — H| in terms of \Cﬁ’H(u, Yk) — Cé’H\p (u, yg)|-

K

HY = ZZfe w,yR)fiy (U, ep) = Y Zf(uayk)Ctl’qu (u, y)fio(c, cx)-

ueU k=1 k=1ueld

Using a Taylor expansion:

K
= Y| = (), = D3 ) ()

uweU k=1
< ZZ A )¢ ) — S G (o, ) o, dy)
ueld k=1" ¢k
< ZZ £ ) T () — £ i) () o (e, dy)

uel k=1" %k

- ZZ | ) G () = 2 i) G (i) o (e, dly).

uwel k=1"Ck

p ()6t ()| + Cymax b () = ¢ )

IN

TK'L

ueU yey
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dy
I 4
(59) = 2 Cvoa(X i+ Camax G0 (u, ) = G ()
i=1 ’
Returning to equation (58), we now have:

I,H LHY 1,H 1L,HY
max |G (u, yi) — G (u i)l < max |G (u, gi) — Gy (us 4]

dy
] w
+ 2K, g Cl,tfl,i(vl)rK,i+C3K1%2§‘Céﬁ(uayk)_gtl’_}{ (u, i) |
i=1 ’

dy t—1
7 w
< 2K, Z Cri—1:(VYrgi + (1 + C3Ky) Z max \Ci/’H(Uv Yk) — C,f/’H (u, yr)|
i=1 t=0
dy t—1 dy
< 2K ) Cryoi(Vri + 2K (14 CsKy) Y el ~D(+Cs K1) > Crp(Vhr
i=1 =0 i—1

(60)

dy
Z Coti(VOrrs
i1

where we have used Gronwall’s lemma for the last inequality. We note that numerical scheme
converges as the size of the cells i 1,...,7Kk 4, — 0. The error depends upon the magnitude of the
derivative of the law of large numbers is with respect to each dimension ¢ and how fine the grid is
along the dimension i. The sensitivity of the error to the magnitude of the derivative of the law of
large numbers with respect to the dimension ¢ is captured in the term 02715"5(‘/[). By using a Taylor

expansion in the exact same manner as shown previously, this of course implies that:

(61) l9(( k), )~ o F "), I< S ConaVrc

Uxy i=1
We also note that Cs,;(v) < C4 < oo since it is a continuous function on a compact set (due to
assumptions that V is compact and h is twice differentiable).

We now find the desired convergence rate:

L

B |(BoCthm) - 1 Zg<ml>>2] < 28 By (/. ioey) - iig«f, né>w>)2}

=1 =1

+ (6@{<;§;9(<ﬂ ﬁi>uxy) - % ég(ml)r] < %Var {g“fv Nt>U><y):| +C5dy§;E |:C3,t,i(v)2:| TR

variance )
bias

The assumption that V' is compact was made in order that C3¢;(V)? < C3% and thus Cs ¢ ;(V)? would
be integrable. This assumption can be relaxed to simply requiring that Cs ¢ ;(V')? be integrable. As a

consequence of equation (62), the mean-squared error of the numerical approximation converges to
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zero as L — oo and max; 1k ; — 0. Equation (62) also provides insight into the factors driving the
numerical error of the simulation scheme. The mean-squared error is composed of a variance and a
bias term. The variance term is the variance of a sample without numerical error; i.e., the variance
term would remain even if one could produce samples with no numerical error. The bias term is a
consequence of the error produced by the quadrature scheme. It is the sum of the maximum length
of the cells along a particular dimension multiplied by the average of the squared partial derivative
of a function of the law of large numbers ji; with respect to that dimension (i.e., E[C5;;(V)?]).
Therefore, it is desirable to have a finer grid with respect to the dimensions along which the partial
derivatives of the law of large nubmers ji; are most rapidly changing. Overall, one can reduce the
MSE by either choosing a finer grid with respect to a particular dimension (thus reducing the bias)
or by generating more Monte Carlo samples (thus reducing the variance).

The convergence rate (62) suggests an optimal allocation of a computational budget. Given a
fixed computational cost (i.e., maximum allowed computational time), one must choose the optimal
number of Monte Carlo trials L and the cell radii r7x1,...,7x x in order to minimize the mean-
squared error. For instance, assuming a rectangular grid (which is not the best approach in higher-
dimensions; see Section 5.6 for a better alternative) with a total computational budget B, the

budget equation is:

dy

1 B
L —
il_[l rkq;  Cs

where the constant Cg involves the cost of each simulation as well as the size of the space Y
which one is discretizing over. For notational convenience, define Cyariance = Var[g({f, fiz))] and
Chias,i = C5dyIE[C’37t7Z-(V)2]. The constant Chyas; is larger for dimensions ¢ along which the solution
varies more rapidly. The optimal choices for L and rg1,...,rk i satisfy a system of hyperbolic
equations which can be solved explicitly. For instance, in two dimensions (dy = 2), the optimal

choices are:

1 1 _
ka1 = (Cvariance06)2/10(2BCb_ 1)3/10(23010' 2) 1/107

1 1 _
TkK2 = (CvarianceCG)z/lo(QBCb' 2)3/10(2301). 1) 1/10’
1as, 1as,

I _ B35 oA/ V5 .
6 variance ( 2Cbias,1 QBCbias,Q )

As expected, the optimal number of Monte Carlo trials L increases with the variance. Similarly,
the fineness of the grid in dimension i decreases the larger the solution’s derivative is with respect

to that dimension.
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APPENDIX C. CONVERGENCE RATE OF THE APPROXIMATION

The error bound (62) shows the rate of convergence of the numerical scheme to the law of large
numbers. We now build on this result and derive explicit error bounds for the numerical scheme
and the finite system expectation Eg( < ful >u><y>' That is, we show the rate of convergence of the

numerical scheme to Eg(< fouy > as a function of the size of the system N, the number of Monte

uxy)
Carlo samples L, and the size of the cells R ;. This new result accounts for the quadrature error
of the numerical scheme to solve the law of large numbers, Monte Carlo error from the numerical
scheme, and the approximation error of i for i’V. Specifically, we seek a convergence rate for the
mean-squared error E[(Eg({f, uév>qu) — % Zle g(m"))?].

Proving such a convergence rate for weak convergence limits of dynamical systems is typically
difficult and requires significant effort beyond simply proving the convergence to the law of large
numbers and central limit theorem. To prove the convergence rate, we use the uniform integrability
results from Theorem 3.9 and Section A.4. As previously mentioned, such uniform integrability
results are uncommon and usually challenging to prove (we are unaware of other instances where
this has been proven for mean-field systems). The uniform integrability result allows us to show
the rate of convergence. For the remainder of this section B, Assumption 3.8 of Theorem 3.9 is also
in force.

The mean-squared error can be decomposed into the mean-squared error of the numerical scheme

for the law of large numbers, which was previously derived in (62), and the bias of the law of large

numbers for the finite system.

E [(E9(<faﬂiv>u><)i) _igg(ml)Y]

63) < 2 (Eg((f, 1 Dy) — Ba((f, Mt>uxy)>2 +9E [(Eg((f, Tithy) — % ig(ml)ﬂ

The second term in (63) has already been analyzed in (62). The first term is the bias of the law of
large numbers for the finite system. In order to bound the first term, we first use a Taylor expansion

to show that:

(64) 91218 Vany) = 9 Beusy) = —=9'(Z) (12 Dy

where Z € [(f, u'), (f,it)]. Z takes values in a compact set. This implies that:

Eg({f, 1 )ypny) — Ba(fs Biediyny)
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The second lines follows from ¢ being continuously differentiable and Z lying in a compact set, which

gives that sup, |¢'(z)| < C, < co. Due to the bound (36) proven in Appendix A.4 for Theorem 3.9

on uniform integrability, it now follows that:

(66) ‘Eg(<fa ,Uiv>uxy) _Eg(<f7,at>u><y)‘ < \/C'N

We therefore have the mean-squared error of the numerical scheme for the finite system expected

value:

E Eg<<f,uiv>uxy>—;ig<m’> 2
( :

dy
Cs _ Cs
(67) < 7 Varlg((f, fiedyxy)] + Crdy Y E[Cap (V)i + ~
=1 ~—~
variance bias from approximation of finite system

bias from numerical quadrature

The first term is the error from the Monte Carlo variance and can be reduced by increasing the
number of Monte Carlo samples L. The second term is the numerical quadrature error and can be
reduced by decreasing the cell size r ;. The third term is the approximation error for the finite
system and decreases as the size of the system gets large. Numerical experiments in Section 5
suggest that the approximation bias for the law of large numbers is very small even for N in the
low thousands. The constant Cg does not depend upon the number of Monte Carlo samples L nor
the cell size g ;.

Traditional Monte Carlo simulation of the system is unbiased and has mean-squared error which
decreases as % However, each simulation of the system requires simulating IV individual loans.
That is, N L paths must be simulated in order to get L samples from g(< fu >L{>< y)' The cost of
the approximation depends upon the number of grid points required; as can be seen from (67), this
typically increases as dy increases. Therefore a rough comparison of the computational costs of the
approximation versus traditional Monte Carlo is the number of grid points versus the size of the

system N; for instance, see equation (15) and the corresponding discussion.

APPENDIX D. NON-UNIFORM GRIDS

To increase computational efficiency for the low-dimensional LLN and CLT, we recommend non-
uniform grids. In a non-uniform grid, more points would be placed where fig(u,dw) is large and
less points would be placed where fig(u, dw) is small. In the case where hy(y) = go(w) is a logistic

function, we propose the following non-uniform grid for R :
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e Divide R™ into K boxes, each with equal mass [, _, 7(dw) = 1/K where we take 7(dw) =
fo(c,dw). In one dimension, this can be done by finding the quantiles of the distribution
v. It is assumed that [pay,, fo(c, dw) = 1.

e In the k-th box, choose the grid point wy = logbeOX € (dw).

e Evaluate the solution fit(u,dw) at the grid points wy, ..., wk.
If gp is locally linear (at least within the k-th box) in e, the grid points y; can make this scheme
highly accurate. We demonstrate for one time-step to explain the choice of the points yg. Define
the function gy such that gp(u,e”) = gp(u,w). The exact mass within the k-th box at t = 1 is
Joox & 1 (usdw) = [ go(u, w)o(dw) = [, qo(u,e”)v(dw) where we have suppressed the other
arguments of g for notational convenience. If gy is approximately locally linear in e* (i.e., ¢ is
approximately linear) in the k-th box, one has that

1
/ i1 (u, dw) = / qo(u, e”)v(dw) ~ qu(u,K e’v(dw))
box k box k box k

1
— qeomlu o) =g(uw) [ uoe,du).
box k

Then, if g is close to locally linear in e, the choice of the grid point wy will lead to a very accurate
solution for the total mass in the k-th box. In the end, the quantity of interest is the total mass
in each state u (i.e., what fraction of loans are still alive, what fraction have defaulted, and what
fraction have prepaid), so this is highly useful. One can simply sum up the mass in each box to find
the total mass in state u. Although this scheme has been specifically tailored to the case where hg

is a logistic function, generalizations can be made to other function choices.

APPENDIX E. PRE-COMPUTATION FOR FINANCIAL INSTITUTIONS

Even for the risk analysis of smaller, individual pools, the approximation can provide considerably
faster computations. For instance, for a single pool of 1,000 loans, although the approximation is
accurate, it does not offer as large computational cost savings as for very large pools. However, a
typical financial institution will deal with thousands of such pools. As mentioned earlier, a mortgage
trading desk at a major bank will on a daily basis analyze thousands of MBSs and hundreds of
CMOs.

Assuming there is no mean field dependence in equation (2), one can pre-simulate the LLN and
CLT at a set of grid points R € R . This pre-simulation occurs only once. Then, one can find the
distribution for the k-th pool by taking a weighted combination of the pre-simulated approximation
A" across the grid points R, where the weights are chosen to match the k-th pool’s loan-level feature

distribution.
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If the series of pools have sizes Ni,..., Ng with N = Ny + --- + N, then the computational
cost of the approximation compared with brute-force Monte Carlo simulation of the actual pool is
Ngy/N where Ny, = |R| is the number of grid points. Furthermore, the method immediately yields the
correlation between the different pools, which is essential for risk management purposes. Namely, for
each path of the systematic factor V', we simultaneously have the default and prepayment behavior

for all of the 1,..., K. The approach is summarized below:

e Pre-simulate the (finite-dimensional) LLN ¥ and CLT =¥ on the grid R = {wy,...,ws}
with initial condition ¥(c,dw) = Y31 8y,

e For each pool 1,..., K: Find the k-th pool’s distribution in the w-space and approximate
it at the grid points R; let z; be the fraction at the i-th grid point. Then, the k-th pool’s
distribution is

Zi =

Bl —)
N‘_'(

(68) p,ivk(u,wi) = 2y (u, w;) + w,wi), Si=1,...,1,

and zero otherwise. The method can be further improved by taking a sparse grid R in order to
reduce the number of calculations and then, after the pre-simulation, interpolating on a finer grid.
Due to the smoothness of i’V for typical functions hg, only a few grid points are usually needed
in order to get an accurate interpolated solution. Using this approach, the approximation can be
highly useful even for small pools of loans as long as the financial institution is dealing with many

such pools in aggregate. The approach is implemented using actual mortgage data in Section 5.5.

APPENDIX F. PARAMETER ESTIMATION

The parameter 6 specifying the model (2) can be estimated by the method of maximum like-
lihood. We are given observations of Y = (Y1,... Y¥) and (U},..., U}, Vi)i=1,.. 7. Collectively,
the observations of the states up to time 7 are Dy = (Z1",..., ZN) where ZN = (U}, ..., UN).

The log-likelihood function for Dy given V and Y is

T
L(0) =logPy(Drn | V,Y) =logPe[ZY, ..., ZN |V, Y] = 1ogHP9[ZgV\ZéV,...,Zﬁ1,V, Y]
t=1

T T N
= log HPG [ZtN’Zt]\ilv Ht]\—['r:t—b VY] =log H H ho(U{", Uiy, Y, Vi, Htjzrzt—l)

=1 t=1n=1
T N

(69) =S loghg (U U1 Y™ Vier HY 1y ).
t=1 n=1
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We have used the conditional independence of U}, . .., UtN with respect to F;—1 on the second line
in equation (69). The maximum likelihood estimator 6 = arg maxgpeo L£(0).* The log-likelihood can
be maximized using stochastic gradient descent; see [?] for details on implementation. Traditional
gradient descent may be computationally costly due to the large amount of data and memory
constraints.

Parameter fits for the subprime and agency mortgage models are reported in Tables 1 and 2,
respectively. Here, the transition function hy is a (multinomial) logistic function, see Example
2.1. For the subprime loans, this is a competing risks model which jointly models transitions to

prepayment and default. For the agency loans, only transitions to prepayment are modeled.

Factor Default | Standard Error | Prepayment | Standard Error
Constant -5.906 | blued.0 x 1073 -4.363 2.9 x 1073
National unemployment rate | .7593 3.5x 1073 -.9782 74 x1074
National mortgage rate NA NA -.1517 2.7 x 1073
LTV ratio 3072 3.2x1073 -.0657 9.5 x 1074
Initial Balance 11001 3.4x1073 0656 9.4 x 1074
Initial interest rate .2859 3.4 x 1073 .0503 1.1x1073
FICO score 0706 3.7x1073 -.0402 1.1x 1073

TABLE 1. Parameter fits for default and prepayment model for subprime mortgage

data set.

APPENDIX G. ADDITIONAL NUMERICAL STUDIES

G.1. Monte Carlo Error. The “actual distribution” is calculated using traditional Monte Carlo
simulation with L samples and therefore itself has some Monte Carlo error. We show in Table
3 that the Monte Carlo error is relatively small and therefore it is reasonable to compare our

approximation against a Monte Carlo simulation with a finite number of samples.

G.2. Additional Figures. Additional figures comparing the Monte Carlo approximation and the
actual distribution are included below. Figure 1 compares the actual distribution with the LLN

distribution for the loss from default for pools of sizes N = 5,000, 10,000, 25,000 and 100, 000,

40ne typically also chooses a separate model for the behavior of the systematic factors V' with its own parameters.
These parameters can be estimated separately from 6; note that the likelihood for # depends only on the observed

values of V' and is independent of V’s exact form or parameterization since V is an exogenous process.
28



Factor Parameter

Constant -4.476

National unemployment rate -0.1502

National mortgage rate -0.4464

FICO score 0.1787

First time homebuyer -.0392
Number of units -0.0282
Occupancy status: owned 0.0992
Occupancy status: investment property -0.1272

Occupancy status: second home -0.0063

Combined loan-to-value ratio -0.0046

Loan-to-value ratio -0.0296

Initial interest rate 0.7689
Prepayment penalty flag 0.0108
Property type: condo 0.0683
Property type: leasehold .0422
Property type: PUD 0.1698
Property type: manufactured housing -.0583
Property type: 1-4 fee simple .1884
Property type: Co-op .0464

Loan purpose: purchase 0.0531
Property type: cash-out refinance -0.0541
Property type: no cash-out refinance -0.0051
Number of borrowers: 1 borrower -0.2330
Number of borrowers: more than 1 borrower | -0.0703
Debt-to-income -0.0201

TABLE 2. Parameter fits for prepayment model for agency mortgage data set.

respectively. The LLN is very accurate. The LLN can be combined with the CLT to create a second-
order accurate approximation. The approximation is accurate even for relatively small pools in the
hundreds of mortgages. Figure 2 compares the approximate distribution (using both the LLN and

CLT) with the actual distribution for pools with sizes N = 500, 1, 000, 2, 500, and 5, 000. Using the
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L Bias Standard Deviation

25,000 | 3.25 x 107° 1.34 x 1074
50,000 | 2.95 x 107 1.00 x 1074
100,000 | 4.5 x 1075 7.67 x 1075

250,000 | 4.40 x 10~ 5.19 x 107°

TABLE 3. 2 million samples of a pool of size 10,000 (drawn from the agency loan

dataset) are generated. The 99% VaR of the loss from default for the pool are
calculated using bootstrap samples of size L. 100 bootstrap samples are generated
for each size of L. The bias and standard deviation for the 99% VaR using L Monte
Carlo samples is estimated by comparing the bootstrap samples against the 99%

VaR, using the full 2 million samples.

LLN alone can underestimate the tails of the distribution for small N. By including the CLT in
addition to the LLN, one is able to accurately capture the tail of the distribution.

100 T T - 1 80
Actual loss distribution
80r /D — — — Large pool approximation 60|

60

40}

20}

0 n ) 0 n n =
0.02 0.04 0.06 0.08 0.1 0.02 0.03 0.04 0.05 0.06 0.07 0.08
Loss from Default for N = 5,000 Loss from Default for N = 10,000
80 T T T T T 100
801
60
60|
40
401
20
201
0 . . ; 0 . .
0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.02 0.03 0.04 0.05 0.06 0.07 0.08
Loss from Default for N = 25,000 Loss from Default for N = 50,000

FIGURE 1. Comparison of actual loss distribution with LLN loss distribution (does
not include CLT in approximation). Loss reported as fraction of pool which de-

faulted. The horizon is 12 months.
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FIGURE 2. Comparison of actual distribution with approximate distribution (using
both LLN and CLT). Loss reported as fraction of pool which defaulted. The horizon

is 12 months.

G.3. Sparse Grids. When the low-dimensional application is not applicable, different methods
must be used to efficiently evaluate the LLN and CLT. One approach is to cluster the pool into K
clusters using k-means clusteringon Y', ..., YV. The K centroids are chosen as the grid points. This
is a sparse non-uniform grid in a high-dimensional space. Another approach is to perform a approz-
imate low-dimensional transformation via an additional multi-layer neural network ﬁg(u, u y, V).
The multi-layer neural network has three layers: the first (multi-neuron) layer takes as an input y,
the second layer has dy neurons (where dy < dy ), and the third layer takes as inputs the output
of the dy neurons from the second layer as well as V. This multi-layer neural network is trained
to match the output of hy using the Levenberg-Marquardt algorithm. Note that hy (u,u',y, V) sat-
isfies the exact low-dimensional transformation and y € R% can be transformed into w € R%W . In
the case we numerically implement, we use dy = 1 and the w-space is discretized using k-means
clustering. Figure 4 compares the LLN and CLT with the actual distribution. 100,000 Monte Carlo
trials were performed and K = 50 clusters were used for the sparse grids. The time horizon is 12

months.
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Actual prepayment distribution

08 8 — — — Efficient MC Approximation
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Ficure 3. Top right plot and bottom plots compare the actual prepayment dis-
tribution with the approximation for N = 500, N = 1,000, and N = 2,500. The
total prepayment is reported as the fraction of the pool which prepays. The time
horizon is 12 months. The top left plot shows the distribution of the pool in the

“prepayment risk space”.
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FiGURE 4. Comparison of actual loss distribution with Monte Carlo approximation

using sparse grids when hy is a neural network.

33



