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Appendices

A  Model Extensions

In the development of our modeling framework, we made several assumptions, primarily for analytical

tractability. In this appendix, we relax three of them and examine the robustness of our results.

A.1 Enforcement and Market Competition

In the paper, we assumed that our manufacturer operates within a monopolistic setting. This assumption is,
of course, in line with the prior literature that has typically considered manufacturers of information goods to
be monopolies (cf. August and Tunca 2008, Bae and Choi 2006, Lahiri and Dey 2013, among many others).
Indeed, information goods intrinsically lack close substitutes. After all, there is only one Microsoft Windows
as a software product, only one Life is Beautiful as a movie, and only one Thriller from Michael Jackson
as a song. There may be other software products and other great movies or music, but they cannot be
considered as perfect substitutes for various reasons, the primary one being consumers’ distinct preferences
for those particular products. The rationale for a monopolistic setting—the lack of competition—is clearly
evidenced in the price commanded by information goods, which would surely have dropped to zero under
perfect competition, since information goods have negligible marginal cost. However, since consumers have
no incentive to pirate a product that is essentially free, perfect competition would also lead to a complete
eradication of piracy.

We do recognize that the very existence of digital piracy in today’s marketplace actually hints at a lack
of perfect competition. At the same time, we do not accept either that the market is fully monopolistic. For,
manufacturers of information products do not have the ability to name any price that they want, without
losing some demand to an imperfect substitute. Therefore, we believe that the reality is somewhere in the
middle—between the two extremes of monopoly and perfect competition—and, though not a monopoly,
the manufacturer does retain some pricing power. That pricing power, however, is capped because our
manufacturer faces some (imperfect) competition. In this section, we wish to examine if our findings extend
to this more realistic setting.

To capture the case of imperfect competition, we assume that our manufacturer still has a unique product
but now faces a cap on the price it can charge, normalized for the quality of the product. In other words,
we now assume that the manufacturer’s profit maximization problem, as outlined in Section 3.7, now faces
an additional constraint: £ <4, where 0 < § < % Not only does such an abstraction have the advantage of
faithfully capturing the reality of the middle, but it also consistent with the two extreme cases—when § = %,
there is no real cap on the price, and we are back to the monopoly case, whereas when § = 0, the pricing
power disappears completely, as should be the case in a perfect competition.

As before, we only consider the primary piracy region (Cases 1A and 1B) in our analysis. In that region,
whenever the interior solution automatically satisfies & < d—as is the case when 0 is sufficiently large—all

our earlier results continue to apply without any modification, and there is nothing more to do. Therefore,
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the only additional case we must examine now is when the interior solution actually violates £ < ¢ and

forces a boundary solution of § = 4.
Lemma A1l In Case 1B, the boundary solution of § = § is not possible in the long-run equilibrium.

Lemma Al is intuitive. Recall that, in Case 1B, the monopolist manufacturer completely ignores the (1 — \)
segment with access to pirated content and charges a monopoly price to the A segment. However, when there
is a real cap on the price the manufacturer can charge, the profit from just the A\ segment decreases. The
manufacturer can no longer ignore the (1 — \) segment and starts pricing the product to make it attractive
to that segment as well, thereby moving the outcome from Case 1B to Case 1A. In other words, the shadow
competition from piracy can be ignored by a monopolist in certain situations but, in a competitive market,
this shadow competition becomes a relevant issue in the manufacturer’s pricing strategy.

Lemma A1l indicates that, faced with a binding price cap due to competition, it is sufficient to consider

just Case 1A,* the solution for which is our next result.

Proposition A1l In the long-run equilibrium, the following boundary solution can occur under Case 1A:

epde | d(1—p—9) eps?e | ’(1—B=0) .
0* = ; + 2(217[1) ) Zfﬂ <1 and p* _ 6; + ;3(17[3) , Zfﬂ <1
% - cffH) otherwise, ecf _ C(gil) otherwise.

It is easy to see from Proposition Al that lims_o6* = 0. In other words, as expected, when the market is
fiercely competitive, the manufacturer decides against participating in the market. Given the fixed costs of
development, the manufacturer stays away from developmental activities unless it can recover those costs by
charging a healthy price premium.

Examining the expression for 8* above, we find that it is independent of r, but is linearly increasing in

e. The following result is immediate:
Corollary A1 The equilibrium quality in Proposition A1 does not change with r but increases in e.

Thus, we find that Corollary A1 matches with the finding in Theorem 2 that supply-side enforcement may
indeed result in added incentives for innovation and lead to better products. In other words, even when the
product faces competition in the marketplace, supply-side enforcement seems to be a better choice as an
anti-piracy instrument, from the perspective of innovation.

We conclude this section with comparative statics for private profit and public welfare. We find:

Theorem A1l For the equilibrium in Proposition A1, the manufacturer’s profit is always increasing in both
r and e. The consumer surplus is always decreasing in r; however, it is increasing in e for § < 1 but not
monotonic for 3 > 1. Social welfare is increasing in r and e for B < 1; for B > 1, it is not monotonic in e

but is monotonically decreasing in .

In conclusion, we find that Theorem A1l practically echoes the findings in Theorem 3 and Proposition 4.
Therefore, our main results derived under a monopoly assumption extend naturally to the competitive
setting. When the competition is not very fierce and ¢ is large, the price cap is not binding. In that case, our
earlier results hold verbatim. However, as the competition increases, resulting in a smaller §, the price cap
may become binding. Even in that situation, the basic message that supply-side enforcement is generally a
better choice seems to hold. In practice, we expect a market to have many different types of information
products, with varying degrees of competition faced by their manufacturers. Since a unique enforcement
strategy for every product is not practically viable, in an overall sense, supply-side enforcement is perhaps

the path to adopt, till we learn more about the actual consequences of these efforts.

*Although Case 1A was not possible in the long-run equilibrium for $ > 1 under monopoly (Lemma 2), curiously,
it emerges as a viable equilibrium outcome under imperfect competition.
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A.2 Consumer Learning Influenced by e

In Section 3.4, we worked with a fixed threshold T that consumers use in deciding whether to learn and use a
new pirate site; this threshold was constant and thus independent of the enforcement level, e. It is, however,
conceivable that consumers’ learning efforts are actually influenced by e. In other words, the consumer may

readjust his learning behavior by using a threshold that is also a function of e:
T(e) =T(1+eB).

Clearly, T'(e) is increasing (decreasing) in e if the constant B is positive (negative). This flexibility is
certainly desirable because there is no clear-cut or well-accepted direction for T'(e). For example, consumers
may become more dogged in the face of higher enforcement and be ready to incur higher learning costs; if
so, T'(e) should be increasing in e. In complete contrast, one could also argue that, as e increases and supply
dwindles, consumers may actually feel more frustrated and get discouraged faster, making T'(e) a decreasing
function.

It turns out that all our results in Section 3.6 regarding the equilibrium outcome—Propositions 1 and 2—
remain essentially the same, with £ replaced by £(e) = es T — 1. Furthermore, since £(e) is independent
of r, all the comparative statics results with respect to 7 in Section 4 remain valid as well. Therefore, all we
need to do is to focus on the comparative statics with respect to e alone. Fortunately, those results are also
valid by and large. In fact, it can be shown that they are all valid as long as € 4+ e£’ > 0. Since ¢,£ > 0 and

d¢ B(¢{+1)

!/

= =——r""=>0,VB <0,

¢ de wT'(1 + eB)?

whenever B is negative, it makes £+e€’ positive, which is sufficient for all our results to carry over. Therefore,
to understand the nature of this additional restriction imposed by £ + e£’ > 0, we only need to consider the
case where B is positive. To that end, we define a characteristic function y = f(x) implicitly, as the solution

of:

L x
l—e v+t — ——— =0. Al

y(1+ x)? (A1)

It is easy to verify that the constraint £ 4+ e£’ > 0 is logically equivalent to y > f(x), with x = eB and

y = wT'. We now combine all these observations into our next result.

Theorem A2 All the comparative statics results stated under Propositions 3 and 4 and Theorems 1, 2,
and 3 continue to hold for B <0. When B > 0, these results hold if wT > f(eB).

Clearly, Theorem A2 tells us that our results do not materially change for B < 0. However, for B > 0,
there is an additional condition, wT > f(eB), which must now be met. How big a restriction does this
condition pose, and can it be satisfied under practical circumstances? Answering these questions is somewhat

tricky because y = f(x) is defined only as an implicit function of  in (A1) and, much like a significant portion

of this paper, does not have a closed-form solution. Fortunately, though, by substituting z = m and
a = 175, (Al) can be rewritten in the fixed-point form:
1 e ?
o= Fo(s) = ——, (A2)
a

with a unique non-zero solution and a guaranteed and fast convergence to it, ensuring the following result:
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Corollary A2 When B > 0, all the comparative statics results stated under Propositions 8 and 4 and
Theorems 1, 2, and 3 continue to hold as long as wT > 0.5, irrespective of the value of B.

The result in Corollary A2 is better visualized in Figure A1, which is also the solution of (A1) with x = eB
and y = wT.

wT

2.0

1.5+

Our results hold

1.0 -
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f(eB)
Our results do not hold
0 | | | |
0 P 4 6 8 10 B

Figure Al: The (eB,wT) Space Partitioned by Characteristic Function, f(eB)

There are several interesting observations that can be made from Corollary A2 and Figure Al. First,
although f(eB) is an increasing function, it is bounded above by the asymptote wT = 0.5. Therefore,
wT > 0.5 is a sufficient condition for wT" > f(eB) to hold. In other words, as long as wT is not too
small—specifically, as long as w1 > 0.5—all our earlier results are good. Clearly, there is a large portion
of the parameter space where our results continue to apply. Second, what is really surprising is that this
result holds for arbitrarily large values of B. Recall that B represents the relative impact of enforcement
on consumers’ willingness to learn. Our results indicate that, even when consumers respond in force to a
reduction in supply of pirated content (because of higher supply-side enforcement), w7 > 0.5 remains a
sufficient condition for our results to hold.

How realistic is the restriction of wT > 0.57 Recall that there is a fraction, g =1 — efﬁ, of consumers
who are inherently ethical and do not consider piracy to be an option even when there is no supply-side
enforcement (that is, e = 0). Also, g is a decreasing function of wT', approaching one as wT approaches zero.
In particular, wT < 0.5 is equivalent to g > 0.865, implying that, in order to render our analytical results
invalid, we would need more than 86.5% of consumers to be inherently ethical, a scenario inconsistent with
field observations and quite unlikely in practice. Viewed alternatively, wT > 0.5 requires a meager 13.5%
of consumers to be interested in pirated content and is not a wildly restrictive assumption, so our results

should extend to most real-world situations.
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A.3 Product-Specific Cost for Accessing Pirated Content

In our model in Section 3.4, the learning cost was assumed to be fixed and not specific to any single
product (Danaher et al. 2010). While we consider this to be a more realistic representation of the context,
one could still ask how robust our results would be if there were also a product-specific cost—similar to the
search cost in (Geng and Lee 2013)—for accessing pirated content. Now, if indeed there were a search cost,
s, the easiest way to capture it would be to include it in the IR and IC constraints alongside the original
piracy cost, r (cf. Duchene and Waelbroeck 2005). In other words, all those constraints would still apply if
r is simply replaced by (r + s). Therefore, every expression in Section 3, as well as the entire equilibrium
analysis there, would remain valid with ¢ = r 4+ s in place of r.

We now consider the impact of such an extension on the comparative statics in Section 4. Interestingly,
if s is independent of e, then replacing r by ¢ simply amounts to a change of origin for r, and the resulting
change in the equilibrium outcome is only a lateral shift in the (r,e) space, immediately ensuring that all
our comparative statics results are robust to such an extension. In other words, if we were to follow prior
literature and include a fixed search cost (Geng and Lee 2013), all our results as stated in Section 4, would
continue to hold verbatim.

Therefore, in order to complete our robustness check, we now consider s to be a function of e, with
s'(e) > 0. Now, since s(e) is independent of r and 4 = 4L — 1, we are assured that all the comparative
statics with respect to r will remain intact. Hence, we focus on the comparative statics results with respect

to e only. Given any metric, M, we can write:

aM _dM dt_dM
ds dt ~ds dr’
Therefore, we get:

dM M
de de old

dM  dM aM
+5(e)— = — + 5’ (e)—, (A3)
ds de old dr

where the subscript “Old” simply stands for the derivative taken with respect to e for a fixed s and is the
same as the one in Section 4, with r replaced by ¢ = r 4+ s. It is interesting to note in (A3) that the nature
of our results do not depend on the size of s(e), but only on how fast s(e) changes with e. We now consider

the relevant metrics.

Social Welfare: We know from Theorem 3 that 4% ol > 0 and d(i}/V) could be either positive or

de
d(SW) d(SW)

negative. If =5 is positive, then from (A3), so is =-—. However, if the former is negative, the latter

could still be positive, as long as s’(e) is not too large; an estimate of the upper bound on s'(e) can be

obtained directly from (A3): s s
se) < — 45| /AT, (Ad)

d(SW)
dr

if §'(e) = 0, exactly what we would expect based on our discussion of a fixed search cost above. In summary,

Since is now negative, the right-hand side of (A4) is always positive, so (A4) would be trivially satisfied
as far as the direction of its impact is concerned, supply-side enforcement cannot be any worse than its
demand-side counterpart. This is because, whenever r has a positive impact on social welfare, so does e,
but e could have a positive impact even when the impact of r is negative. From a policy angle, this perhaps
makes e a slightly better choice over r. A comparison based on only legal social welfare also yields similar

conclusions.
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Quality: If the performance metric is quality, a proxy for innovation in our setup, we arrive at similar

conclusions. This is because we know from Theorem 2 that % oud > 0, but % is always negative.

Therefore, from (A3), we find that % could still be positive if s'(e) is not too large, implying once again
that supply-side enforcement cannot be any worse than demand-side. An upper bound similar to (A4) can

be found for this case as well.

Manufacturer’s Profit: Because the manufacturer’s profit increases with either type of enforcement,

it can be easily shown using (A3) that the manufacturer’s profit is still monotonically increasing in e.

Consumer Surplus: From Proposition 4, we know that d(dCTS) < 0, but d(dC;S)’ could be positive or
Old
negative. If d(dc;s) is negative, it is clear from (A3) that so is d(dC;S). However, if d(dC;S) > 0, d(dC;S)

can be positive for moderate values of s'(e). In other words, the impact of demand-side enforcement on
consumer surplus can never be positive, yet that of supply-side can be, under certain conditions.

All these results are consolidated in Table Al. From this table, along with Table 2 for a comparison,
it appears that, even if we were to include a search cost that depends on e, in an overall sense, supply-side
enforcement would still be preferable to its demand-side counterpart, although not as strongly as before.
Stated differently, our earlier results do get weakened somewhat, but they hold as stated in Section 4 as long

as s'(e) is moderate.

Table Al: Long-Run Economic Impacts of Demand- and Supply-Side Enforcement with s'(e) > 0

H Demand-Side Impact (1) | Supply-Side Impact (1) | Preferable ||

Social Welfare Ambiguous Ambiguous el
Product Quality Negative Ambiguous e
Manufacturer Profit Positive Positive e,r
Consumer Surplus Negative Ambiguous e
Legal Social Welfare Ambiguous Ambiguous ef

NOTE: 'In this case, even though the impact is ambiguous for both e and r, e is mildly preferrable to r because,
whenever the demand-side impact is positive, so is the supply-side impact. However, the supply-side impact
can be positive even when the demand-side impact is negative.

Another way to interpret our results would be to view s'(e), the spillover to the demand side, as a measure

of (un-)desirability of supply-side interventions vis-a-vis the demand-side ones; see Figure A2. When §'(e) is

Ihigh Desirability of e over r low,

0 W high

Figure A2: Desirability of Supply-Side Enforcement as Measured by s'(e)

small, a supply-side measure results in better social outcome and is evidently more desirable over a demand-
side one. However, as s'(e) increases and supply-side intervention starts manifesting itself more and more
on the demand side, the positive impact of the intervention weakens, with its desirability beginning to wane
as a result. When s’(e) becomes very large, the two types of interventions become indistinguishable in their

impact. This is because, when the spillover is large, every supply-side intervention, in essence, morphs into a
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demand-side one and the distinction between the two types of enforcement begins to disappear. When that
happens, it is doubtful that we would see a positive impact from a supply-side intervention which, now, is
largely a demand-side measure in disguise.

A more fundamental question naturally arises at this point. Is there truly a distinction between the
two enforcement types, or is this distinction superfluous, cooked up in favor of a convoluted mathematical
exercise? If prior research is to be believed, such a distinction does exist (Aguiar et al. 2015, Danaher et al.
2014, 2015, 2016); in fact, the terms “supply-side” and “demand-side” themselves are due to Danaher et al.
(2014). Further, if popular press is to be relied upon, such a distinction is already manifest in practice; see
Table 1. Therefore, if only to do justice to the nomenclature, a supply-side intervention ought to have its
larger or primary impact on the supply side, that is, on pirate suppliers, just like a demand-side intervention
ought to, on pirate consumers. A secondary impact larger than the primary impact is, in essence, a non
sequitur.

There is also ample empirical support that makes a large secondary impact seem unlikely in practice.
For example, Aguiar et al. (2015) find that a large majority of consumers had little difficulty—that is,
insignificant impact on consumers’ search cost—in finding alternative sites when a widely popular pirate site
was taken down. This is also consistent with the observations made by Danaher et al. (2015, 2016) that
blocking one or a few site(s) did not increase legal sales significantly, but blocking several of them did. Thus,
even if supply-side interventions increased consumers’ search cost for pirated content, such increases were
not large enough to deter certain consumers from tracking down alternate pirate sources. This finding seems
quite logical. When MegaUpload.com was taken down, “many linking websites, custom search engines, and
custom streaming scripts that relied on the hosted content became inoperable” (Masnick 2012); as a direct
consequence, “some websites were abandoned by their operators, others lost traffic, while still others shifted
their business model.” Clearly, the disruptions caused by the shutdown to the supply side was enormous,
and it is quite unlikely that consumers alone faced their full brunt. In fact, in our extensive numerical
analyses as well, which were done with a wide array of parameter values, we have consistently found the
thresholds—the right-hand sides of (A4) and its counterparts for other metrics—to be all quite high; this

too makes us surmise that these conditions are rather likely to be satisfied in practice.

B Complete Analysis of the Equilibrium

The purpose of this appendix is to provide all the details related to the overall analysis of the equilibrium

and characterize it rigorously. We start by identifying the possible strategies a manufacturer can adopt.

B.1 Manufacturer’s Strategy Space

The manufacturer’s problem is to solve: maxm = pq — %, where ¢ is the legal demand given by (2).
P,
Although conceptually straightforward, solving this problem and analytically characterizing its solution are

not simple. This is because the manufacturer’s strategy shifts as we move from one point in the parameter
space to another, resulting in singularities with respect to the decision variables at the boundaries of these
strategies. Depending on the context parameters, the manufacturer finds it optimal to be in exactly one of

the seven cases; please see Figure B1.

Cases 1A, 1B—Limited Supply (0 < 7 < 1): Here, a pirated copy has limited availability. As
indicated in Figure 2 (a) and (c), the manufacturer can name a price such that it ends up selling to both

types of consumers, those who have access to a pirated copy and those who do not (Case 1A). Alternatively,
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Limited supply
(n<1)

Case 1A:

Consider all
consumers

Tolerate piracy
(n>0)

Manufacturer’s
strategy

Case 1B:

Consider only
the \ fraction

Ample supply
(n=1)

Case 2A:

Consider all
consumers

Case 2B:

Consider only
the \ fraction

Case 3A:

Limit price
Eliminate piracy | Case 3B:

(n=0) 7| Limit quality

Case 3C:
Pure monopoly

Figure B1: Manufacturer’s Strategy Tree

as shown in Figure 2 (b) and (d), it can set p high, effectively shutting out, from the legal product, all

consumers who have access to a pirated version (Case 1B).

Cases 2A, 2B—Ample Supply (7 = 1): The supply of pirated content is abundant in this case,
and n = 1 implies A = 5% Similar to Case 1, we again face two possibilities: the manufacturer may serve
both groups, those with piracy as an option and those without (Case 2A), or consider just the latter (Case

2B).

Case 3A, 3B, 3C—No Piracy (n = 0): Piracy ceases to exist when no consumer has the option
to use a pirated version, or if the manufacturer chooses the price and/or quality in a way that the pirated
product is rendered completely uncompetitive. In equilibrium, they are equivalent, and A = 1 in both cases.
There are three ways piracy may disappear: In Case 3A, the manufacturer chooses a “limit” price such that
the illegal copy becomes barely unattractive when compared to the legal one. In Case 3B, the manufacturer
chooses a “limit” quality to the same effect. In both cases, piracy ceases to exist, even though the threat
of piracy still remains—unless the manufacturer holds the price or quality at the “limit” level, piracy can
resurface. Finally, Case 3C happens when enforcement on either demand- or supply-side, or both, is high
enough to suppress all threats completely, resulting in a pure monopoly.

In each of the above seven cases, the manufacturer’s objective function as well as the constraints are
different. We show all these in Table B1.

B.2 Short-Run Equilibrium

Solving the manufacturer’s optimization problem outlined in Table B1, we can easily find the equilibrium

outcome in each region. In the short run, 6 is exogenous, and the manufacturer only chooses the price for a
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Table B1: Manufacturer’s Optimization Problem under Different Strategies

Case Objective Function Constraints
Case 1A p()\ (1-5) + (1-X) (1—%)) - # )\—eefﬁ_ﬁ), gil <A<1, and (1 ﬁ)e <1
Case 1B | pA (1 — &) —% A= efé, £i1<)\<1 and 5 ﬁ)9>1
Case 2A | p (&5 (1-8) + & (1- 22)) - % “’fﬁﬁm < ¢51 and <1

A<l Case 2B | 5 (1-8) — <=4 s < gy and (g > 1
Case 3A [p(1—5) — % A= ef’ffjﬁm =1, and (1” 55 <1
Case 3B | p(1—2) — <& A= g% =1, and g > 1
Case 3C p(l—%)—% %1;_:[})>10r%>1
Case 1A p()\(l—g)—k(l—)\)(ﬁ—%))—% )\:efffp, £+1<)\<1 and p<
Case 1B p)\(l—g)—% )\:(ff%,§%<)\<1,andp>%
Case 2A | p 5% (1-5) + % ((ﬁ e %)) - % ef(;f:f < 5%, and p < 3

pz1 Case 2B 5’%(1—%)—% ﬁ’%ggi—l,andp>%
Case 3A |p(1—2) - <& A=y =landp< g
Case 3B p(l—%)—% )\:(ff%:l,andp>%
Case 3C | p (1 — %) — % Hf(;f:‘{ > 1or HeegS -1

given 6.

B < 1, Case 1A: From the legal demand in (2), the revenue in this case is:

R_p(A(1—§)+(1—A) (1-%)).

We substitute A = % into this to obtain R = p+ep3¢ — ?1(’1 ;;29 The first order condition is then given
3

by %—}; =1+efBE — (f’i—gge = 0, which can be easily solved to obtain p*(#). It is easy to see that the second
order condition is also satisfied.

8> 1, Case 1A: From (2), the revenue is:

R_p<A(1—§)+(1—A) (ﬁ—g)).

. e‘iép into this to obtain R = epé + p((g:f)%), differentiating which, we obtain
B—
r—2pf3

the following first order condition 2 a—p =ef+ =10 = 0. Since the second order condition is also satisfied,

As before, we substitute A =

the first order condition yields the desired price.

Case 1B: In Case 1B, X is independent of p: A = 96351. Therefore, the revenue, R = pA (1 — &), is clearly
B
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maximized at p*(#) = §.

The derivations for all other cases are analogous. In fact, in all cases, except Case 3A, the optimal price
can be obtained by solving the appropriate first order condition. In Case 3A, the limit price is obtained by

setting A = 1 as indicated in Table B1. Accordingly, we get:

%—Fw, Case 1A (6 < 1),
ﬁ—i—%ﬁ;l), Case 1A (6> 1),
%, Case 2A (06 < 1),

P (0) = %, Case 2A (6> 1),
5 +ebs(1—p), Case 3A (6 < 1),
r—0(8—1)(1—ef), Case3A (8>1),
g, Cases 1B, 2B, 3B, and 3C.

In addition to satisfying the constraints in Table B1, for the equilibrium to occur within a specific region,
its corresponding case must dominate, from the perspective of the manufacturer’s profit, all other cases that
provide a valid solution. Below, we ensure that all these requirements are met in determining the boundary

for each region.

B.2.1 Characterization of Different Equilibrium Regions for <1

First, we determine the boundaries based on profit comparisons between pairs of equilibrium regions. We
will subsequently show that the validity conditions in Table B1 are automatically satisfied within each region

obtained from such profit comparisons.

Profit Comparisons

Region 1A:
Equating the profits for Cases 1A and 1B, we get:

R Rt i
=m0 = et B8 1)

We find that 1A dominates if e < hy(r;0), 1B dominates if e > hi(r; 6), and both provide the same profit at
e = h1(r;0). Similarly, equating the profits from 1A and 3A, we get the following boundary:

e = ha(r;0) = % (Qig - 59(1T—6)>’

and 1A is valid only when e < ho(r;0). Now, we compare the profit in 1A with that from 2A and 2B to

obtain:

1+60 - +00 =P +8§)) - v1i+&r+ 1 -0 +£0 - F))
BOEVT+E(1 - B)(1+¢(1 - B)) ’

0 (VET=B)~ (1= B)WTFE) —rV/TFE
BEVTTE(L— ) |

e = hg(T; 9) = and

e = hy(r;0) =

10
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1A dominates to the right of these boundaries, that is, when e is greater then both hs(r;8) and hy(r;6).

Region 1A can now be fully characterized as follows:
{(r, e)| max{hg(r;0), ha(r;0)} < e < min{hi(r;0), ha(r;0)};e,r > 0}. (RGN1Ah)

Point to note here is that, in obtaining the boundaries of Region 1A, its profit need not be compared with
the profit from either 3B or 3C. This is because, considering the validity conditions, we see that 1A can

never have a valid solution when 3B or 3C does.

Region 1B:
The result of profit comparison with 1A is already captured as e = hq(r;8). Next, we compare its profit
with that of 3A to obtain the following boundary:

dr(2r — 360)(1— ) + 20%(3—45) + B0+/B (B2 (3—4B)2—16r2(1—B)—8r0(1—B)(1—4P))
830E(1 — B)2(BO — ) ’

e=hs(r;0) =
such that Region 1B occurs only above this boundary. Define:

; i _ 91=5)(B6-2)
he(r; 6) = fu(r;6), HO<r<pin= 4-38 )
hs(r;6), otherwise,

where pyp, is the solution of hy(r;0) = hs(r;0). Clearly, e = hg(r;6) provides a combined lower boundary
for 1B. To find the only other possible lower boundary for this region, we now compare its profit with that

of Case 2B to obtain:
60 —r

pO(L+&)
To find the upper boundary for Region 1B, we equate its profit with that from 3C to obtain:

e =hq(r;0) =

_BO—r (14 Ohe(r;0)

& - .

po¢ §

Therefore, Region 1B can now be fully characterized as follows:

{(T, e)| max{hg(r;8), h7(r;0)} <e< w;r < pop = W; e,r> O} , (RGN1Bh)

where pap, is the solution of hs(r; 0) = (H&)gw

Region 2A:
Comparing the profits from Cases 2A and 2B, we get:

VEL=PO+E=B) _ ) _ 5)> |

T—P3h—9(1+§)< 1 T¢

Region 2A occurs to the right of this boundary and 2B, to the left. The boundary with Region 1A is already
derived as e = hs(r; ). We now find the boundary between 2A and 3A by comparing their profits:

e = hg(r;0) =

po—2ar 1 (1-p) (000 =B +&)(B0 —2r) —1?)
2006(1 — )~ 206(1 - ) 1+ +£(1-79) '

11
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Then, the combined upper boundary can be found as:

ho(r;0), 0 <7 < py = WP (3, i JE — (2-p)),

e=ho(r;0) =< hs(r;0), if pa <7 < psp = %’

0, otherwise,

where psp, and psp, solve hg(r; 0) = hg(r; 0) and hg(r; 0) = 0, respectively. Region 2A can now be expressed

as:
{(r,e)le < ho(r; 0); p3n <7 < pspie,r > 0}. (RGN2Ah)

Region 2B:

The possible boundaries with Regions 1A, 1B and 2A have already been found as e = hy(r; 0), e = hy(r;0),
and r = psp,, respectively. Of these, e = hy(r;0) and r = psp, are valid boundaries for Region 2B only if
Case 1A and Case 2A occur for the given set of parameter values. Hence, we modify them in the following

manner:

ha(r;8), if ha(r;0) < ha(r; 0), p3n, i p3n < psn,
e = hlo(T; 9) = and r = Pen =
0, otherwise, oo, otherwise.

We now find the possible boundary with Region 3A by comparing the profits:

36 (1 - ﬂl_g) "
20606(1—-p6)

e=hy1(r;0) =

The complete characterization of Region 2B is, therefore, given by:
{(r,e)le < min{h7(r;0), h1o(r;8), h11(r;0)}; 7 < pen;e,r > 0}. (RGN2Bh)

Region 3A:
The only remaining profit comparison is between Regions 3A and 3C. We do so now to obtain the boundary

between them:

- . BO—2r
¢ =m0 = g 5y
It is now possible to express this region as:
{(r, e)| max{ha(r;0), ho(r; ), hi1(r; 0)} < e < min{hs(r;0), h12(r;8)};e,7 > 0}. (RGN3Ah)

Region 3B: Since quality 6, is exogenous in the short run, Region 3B (limit quality) cannot occur in the

short-run equilibrium.

Region 3C:

When enforcement is very high, on either side, the threat of piracy disappears completely, and we enter
this region of pure monopoly. Therefore, there is no upper boundary for this region. It only has a lower
boundary, shared with Regions 1B and 3A; these boundaries have been found above as e = (Hf)gﬂ and

12
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e = h12(r; 0), respectively. Therefore, we can characterize this region as:

{(T, e)le > min{w, hia(r; 9)} e, > O} . (RGN3Ch)

Verifying the Validity Conditions in Table B1

We will first show that the condition W < 1 is automatically satisfied in Cases 1A and 2A, which are
characterized by (RGN1Ah) and (RGN2Ah), respectively. We prove this by contradlctlon Let p* be the
(1 ﬁ)e > 1. Then,

from (5), we should have A = efi the same as the expression for A\ in Case 1B. This makes p* a feasible

equilibrium solution for a specific (r,e) point satisfying (RGN1Ah), but suppose that

solution in Case 1B. Furthermore, since (1 — (]101—;;9) is now negative, comparing the objective functions for
Cases 1A and 1B in Table B1, we can immediately infer that the profit from Case 1B is higher. Since the
profit from a feasible solution is higher, the optimal profit from Case 1B must also be higher, which is the
desired contradiction. A similar argument comparing the profits from Cases 2A and 2B would show that
(]101—25;9 < 1 is also satisfied when the equilibrium is obtained from Case 2A.

Let us now show that the condition % > 1 is met in Cases 1B and 2B, which are characterized
by (RGN1Bh) and (RGN2Bh), respectively. Let p* now be the equilibrium solution for a specific (r, e) point
satisfying (RGN1Bh), but suppose that (]101—25;9 < 1. Again, (5) tells us that we should have A = 895(7?,
which is the same as the expression for A in Case 1A, making p* a feasible solution in Case 1A. Now,
comparing the objective functions for Cases 1A and 1B, it becomes clear that the profit from Case 1A is
higher, which, once again, leads to a contradiction. A similar argument applies to Case 2B as well.

Turning our attention to Case 3A, which must abide by ﬁ < 1, it is easy to verify that this constraint
is also automatically met, because, if not, the solution would become feasible in Case 3B, which is not possible
in the short run.

We also observe that, if the equilibrium obtained from Case 1A leads to A\ = 895(1 Bﬁ ) < m, the solution
would immediately become a feasible one in Case 2A, and, at the same time, the difference between the
Case 1A and Case 2A profits, which is simply p* ()\ - 5%) ((]10:—;;9_%)’ would be non-positive. Since a
feasible solution in Case 2A is now at least as good, Case 2A must dominate Case 1A, again a contradiction
to the claim that Case 1A dominates. A similar argument can be used to prove that Case 1B can dominate

Case 2B only if A > = SR Clearly, the converse is true as well; unless A < 5, Cases 2A and 2B cannot

E+1°
dominate.

Moving on to the A < 1 constraint in Case 1A, if this constraint is relaxed to A < 1, Case 1A would
subsume Case 3A, and the optimal solution obtained from either case would be exactly the same whenever
A = 1. In other words, the point at which the constraint A < 1 becomes binding would be precisely the one
where Case 3A takes over, implying that the constraint A < 1 is algebraically equivalent to e < ha(r;6).
A similar argument works for Case 1B as well, since violating this constraint would put the equilibrium in

Case 3B, which is impossible.

Finally, simple algebra can show that the two constraints associated with Case 3C, namely, 895*(1 51
and eeffl > 1, are equivalent to e > hy2(r;0) and e > W, respectively. So, they are also sat1sﬁed

when Case 3C dominates.

B.2.2 Characterization of Different Equilibrium Regions for 5>1

Once again, as before, all the regions can be characterized from profit comparisons. As shown later, the

validity conditions in Table B1 are automatically satisfied within each region.

13
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Profit Comparisons

Region 1A:
Equating the profits for Cases 1A and 1B, we get:

T2

05(6 —1)(B6 — 1)

Case 1A dominates if e < ki(r;0), 1B dominates if e > kq(r;0), and both provide the same profit at

e=ki(r;0) =

e = ki(r; ). Now, equating the profits from 1A and 3A, we get:

B ' 71 273 _ r
e_kQ(T’o)_§<26—1 (6—1>9>’

and 1A is valid only when e < ko(r;0). Next, we compare the profit in 1A with that from 2A and 2B to

obtain:

kw)\/Bosu—ﬁ)—r(\/B—\/<1+s><6—5<1—6>>)
S 61— )T+ OB -1 - 7))

o kit VEE D - r/TE

TV e I

1A dominates to the right of these boundaries, that is, when e is greater then both k3(r;0) and k4(r;6).

Region 1A can now be fully characterized as follows:

and

3

{(r,e)| max{ks(r;0), ka(r;0)} < e < min{ky(r;8), ka(r;0)};e,7 > 0}. (RGN1AKk)

As before, Region 1A can never have a valid solution when 3B or 3C does and, in obtaining the boundaries

of Region 1A, its profit need not be compared with the profit from either 3B or 3C.

Region 1B:
The result of profit comparison with 1A has already been captured as e = k1(r;6). Next, we compare its
profit with that of 3A to obtain the following boundary:

0y/B39(24r(B—1) + B0(9—803))—16r%(B—1) — (4rf(5—1)(48—1)+p6% (45(3—-25)—3)—8r(8—1))
80£(5 —1)%(80 — ) ’

e=ks(r;0) =
such that Region 1B occurs only above this boundary. Combining this with e = k1 (r; 6), we get:

ki(r30), if 0 <1 < pyy, = 282150
e =ke(r;0) = 1(r36) - Pk 4p-3
ks(r;0), otherwise,

where py) is the solution of ki(r;0) = ks(r;0) = ka(r;0). Clearly, e = kg(r; ) provides a combined lower
boundary for 1B. To find the only other possible lower boundary for this region, we now compare its profit
with that of Case 2B to obtain:

B L BO—r
e—k7(r,9)—769(1+§).

Finally, to find the upper boundary for Region 1B, we equate its profit with that from 3C to obtain:

_BO—r _ (14 Oki(r:0)

pog §

14
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Therefore, the full characterization of Region 1B is as follows:
{@&ﬂm%%ﬂﬂwiﬂﬂ@}ﬁe<Qﬂ%iﬁ%rﬁmk:ﬁaarzok (RGN1Bk)
where poy, is the solution of k5(r;0) = (Hé)gﬂ

Region 2A:
Comparing the profits from Cases 2A and 2B, we get:

r=po =0 (VEG-DB+EB-1)—£(B-1)).

Region 2A occurs to the right of this boundary and 2B, to the left. The boundary with Region 1A is already
derived as e = k3(r; 0). We now find the boundary between 2A and 3A by comparing their profits:

PB-D(B1EEF—1) 20e(3-1)
(26 =1)0 —2r - \/ (B-D(110)(FTEF-1))

¢ = Inlrif) = 20606 1)

Then, the combined upper boundary can be found as:

. 20./8(8— 5=
ks(r; 0), 1f0§7~<;mk—(5—1ﬂl+§)<——7%—5ﬁ2“§%>’
e =ko(r;0) = 0(5—1)(2B(1+£)—€)

kg(T; 9)5 if pak ST < ps = 23(1+¢)—1—2¢

0, otherwise,

where pai and psy solve k3(r; 0) = kg(r; 0) and ks(r; 8) = 0, respectively. Region 2A can now be expressed
as:

{(rie)le < ko(r;0); psk <1 < psise,r > 0}. (RGN2Ak)

Region 2B:
The possible boundaries with Regions 1A, 1B, and 2A have already been found as e = k4(r; 0), e = k7 (r;0),
and r = psg, respectively. Of these, e = k4(r;0) is a valid boundary for Region 2B only if Case 1A and

Case 2A occur for the given set of parameter values. Hence, we modify them:

ky(r;0), if ky(r;0) < ko(r;0), 3k, if p3k < psk,
and r = pgx =

0, otherwise, 00, otherwise.

e =kio(r;0) =

We now find the possible boundary with Region 3A by comparing profits:

6(28 —1) — 2r — —f_ﬁ

20¢(8 — 1)

e=kii(r;0) =
The complete characterization of Region 2B is, therefore, given by:
{(r,e)le < min{k7(r;0), k1o(r; ), k11(r;0) }; 7 < pgr;e,r > 0}. (RGN2BKk)
Region 3A:

The only remaining profit comparison is between Regions 3A and 3C. We do so now to obtain the boundary

15
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between them:

026 — 1) — 2r
=kia(r;0) = ——————
¢ =0 = e )
It is now possible to express this region as:
{(r, e)| max{ka(r;0), ko(r;0), k11(r;0)} < e < min{ks(r; ), k12(r;8)};e,7 > 0}. (RGN3AK)

Region 3B: As before, Region 3B cannot occur in the short-run equilibrium.

Region 3C:
As before, there is no upper boundary for this region. It only has a lower boundary, shared with Regions 1B

and 3A. Both these boundaries have been found above. Therefore, we can characterize this region as:

{(T, e)le > min{w, k12(r; 9)} pe,r > O} . (RGN3Ck)

Verifying the Validity Conditions in Table B1

The line of argument here is quite similar to the case of § < 1. We first show that the condition p < %

is automatically satisfied in Cases 1A and 2A, which are as characterized by (RGN1Ak) and (RGN2Ak),
respectively. We prove this by contradiction. Let p* be the equilibrium solution for a specific (r,e) point

satisfying (RGN1Ak), but suppose that p* > % Then, from (5), we must have A = 98%9%—, as in Case 1B.

So, p* is a feasible solution in Case 1B. Furthermore, since (ﬁ - %) is now negative, comparing the
objective functions for Cases 1A and 1B in Table B1, we can immediately infer that the profit from Case 1B
is higher, which is impossible. A similar argument with Cases 2A and 2B shows that p < % is also satisfied
when the equilibrium is obtained from Case 2A.

Let us now show that the condition p > % is met in Cases 1B and 2B, which are characterized
by (RGN1Bk) and (RGN2Bk), respectively. Let p* now be the equilibrium solution for a specific (r, e)

point satisfying (RGN1Bk), but suppose that p* < % Again, (5) tells us that we should have A = 7 effp* ,
=

which is the same as the expression for A\ in Case 1A, making p* a feasible solution in Case 1A. Now, com-

paring the objective functions for Cases 1A and 1B, it becomes clear that the profit from Case 1A is higher,
which again leads to a contradiction. A similar argument applies to Case 2B, too.

We now turn our attention to Case 3A, where p < % is automatically met, because, if not, the solution
would become feasible in Case 3B, which, as before, is not possible in the short run.

Furthermore, if the equilibrium obtained from Case 1A leads to A\ < 5%, the solution would be-
come a feasible one in Case 2A, and the difference between the Case 1A and Case 2A profits, which is

p* ()\ — g%) (1—%), would be non-positive, as the existence of piracy in either case ensures that

% < 1. Since a feasible solution in Case 2A is now at least as good, Case 2A must dominate Case 1A,
again a contradiction. A similar argument can be used to prove that Case 1B can dominate Case 2B only if
A > 5% Clearly, the converse is true as well; unless A < 5%, Cases 2A and 2B cannot dominate.

Next, we consider the constraint A < 1 in Case 1A; if this constraint is relaxed to A < 1, Case 1A would
subsume Case 3A, and the point at which the constraint A < 1 becomes binding would be precisely the one
where Case 3A takes over, implying that the constraint A\ < 1 is now algebraically equivalent to e < ka(r;6).
A similar argument works for Case 1B as well, as violating this constraint would place the equilibrium in

Case 3B, which is impossible.
ef€
r—p*

o
, respectively. So, they are also satisfied when

Finally, simple algebra can show that the two constraints associated with Case 3C, > 1 and

A48k (r;0)
3

efg
-5

> 1, are equivalent to e > kia(r;0) and e >

16
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Case 3C dominates.

B.2.3 Numerical Illustration

We illustrate these regions in Figure B2 for £ = % and 0 = 10, with two values of 3. In this figure, Region i

represents the part of the parameter space where Case i occurs in equilibrium. We conclude by noting that,

e e
2 2

Figure B2: Relevant Partitions of the (r, e) Space in the Short Run; £ = %, 0=10

even though the equilibrium occurs in exactly one of the six possible regions (see Figure B2), not all regions
may exist always. Depending on the parameter values, certain regions may actually disappear, implying

that the manufacturer would never choose the associated strategy (see Figure B1).

B.3 Long-Run Equilibrium

We now consider the long-run equilibrium, which can be obtained by taking the short-run outcome and
simply endogenizing 6. In other words, in each case, we maximize the total profit, 7(6) = p*(0)q — %,
to find the optimal quality from the first order condition for that case. As shown in Lemma 2, for g > 1,
Cases 1A and 2A cannot occur in the long run.

Case 1A: As per Lemma 2, we only need to consider 8 < 1, in which case, the manufacturer’s profit can be

obtained from (2):

where A = j,‘if(gl)j@ and p*(0) = § + w. Substituting these, we get:
5

(00 - B+’ oA

46(1 — B) 2
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The first order condition can then be derived as:

or _ (1-pB)(1+eB)? r?

5= ; ~wa=p " (FOC1A)

We now show that (FOC1A) has a unique real positive root that maximizes the profit. First, we observe
that (FOC1A) is essentially a cubic equation, and the signs of its coefficients indicate that the product of
the three roots is negative but their sum is positive. This immediately implies that there are exactly one
negative and at most two positive roots. Of these two positive roots, one is a minimum, and the other a

or

maximum, of the underlying profit. Since &7 approaches —oo as 6 becomes large, the higher of the two

positive roots must be the maximum.
Case 1B: In this case, the profit is: 7 = p*(0)A (1 - m) — <% where p* (0) = £ and X = ;295 Substituting

0 2 0—

I3

these, we get :
0% of?

TTape—r 2
The first order condition can then be derived as:

% - _eﬁffﬂ(f—o_;;ﬂ —0=0 rocty)

Since 6 # 0, (FOC1B) reduces to a quadratic equation, and the sign of the coefficients indicate that both

of its roots are positive. Again,% approaches —oo as 6 becomes very large, implying that the larger of the

eBE++/ efE(eBE—16cr)

two roots, O = % + X , is the unique maximum.

Along similar lines, the first order condition in Case 2A (for 5 < 1) can be derived as:

(1= 51 +8) .2 )
WTei-p) wa-puroa-ai—pm 7" (FOC24)

which has one negative root and at most two positive roots, and the maximum profit is achieved at the
largest positive root, 9. In Case 2B, the profit, ﬁ - %, is convex and is maximized at fop = m.

Further, we can show that, for Case 3A, the first order conditions for § < 1 and § > 1 are respectively:

et(1— B)(1 —e€(1 - B)) + 62—292 —¢f =0, and (FOC3AH)

2

(B—1)(1—e&)(e&(B—1)—B) + ;—2 —=0. (FOC3AK)

As the underlying profit is concave, the unique positive roots of these equations, which we name 035 and
03K, provide the optimal quality levels. For Case 3B, the limit quality can be obtained by setting A = 1 as

indicated in Table B1. In Case 3C, the profit, % - %, is convex and is maximized at f3¢c = 4—16.

18
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Taken together, we get the optimal quality as:

01, Case 1A (B < 1),

01 = % + eﬁ&\/eﬁ;c(;ﬁgflﬁcr) Case 1B,

Oo, Case 2A (B < 1),
o — Oop = ﬁr@, Case 2B,

O3AH, Case 3A (B < 1),

O3AK, Case 3A (8 > 1),

O3 = m, Case 3B,

O3c = ﬁ, Case 3C.

This result is illustrated in Figure B3, which shows the manufacturer’s quality decisions in equilibrium over
the entire (r,e) space for £ = 2 and ¢ = 0.01.
From this optimal quality, we can also find the manufacturer’s profit in each region. Let m; be the profit

in Region ¢. We can write the equilibrium profit as:

A = (”9111211;?1)956[55))2 _ % Case 1A (B < 1),

= 55— O, Cuse 11

moa = RSN o - P, Case 24 (8 < 1),
7 (0°) = ToB = ma ] Case 2B,

T3AH = (T+6ﬁ93AH£(1*ﬁ)g§g::ﬁH(1*65(1*[’))*’”) — C932AH, Case 3A (0 < 1),

TIAK = (ﬁ(’fiAK*’”*695([5*19)3)15:;93“((ﬁ*l)(lfeé)) _ C9§2AK’ Case 3A (3 > 1),

T3 = 7’”(282?165)62)2;”, Case 3B,

3o = i, Case 3C.

B.3.1 Characterization of Different Equilibrium Regions for <1

Finding the boundaries of different regions for the long-run equilibrium is now a conceptually straightforward
extension of the short-run exercise. To characterize the boundaries, we again compare the profits in these

regions, the solutions to which are denoted in Table B2.

Table B2: Boundaries Obtained from Profit Comparisons

Profit Boundary Profit Boundary
Comparison | Solution || Comparison| Solution

ma=mp | e=Hi(r) || ma =mp "= p3H

maA =moA | e=Hy(r) || moa =m3an | e= Hg(r)
maA=mop | e=H3(r) || mB =m3an | 7 = panle)
TA =73AH | " =pir(e) || m3an =3B | e = Hy(r)
mpB=mop | e=Hy(r) || m3au =m3c | e= Hs(r)
mB =7m3AH | e = Hs(r) || w3 =m3c | e= Hy(r)
mpB =73 | T =paule)
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Figure B3: Equilibrium Quality as a Function of e and r; £ = %, c=0.01
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Region 1A:
Region 1A can be characterized as follows:

{(r,e)| max{Hsy(r), H3(r)} < e < Hi(r);r < pru(e);e,r > 0} . (RGN1AH)

Region 1B:
Define:

Hy(r), it0<r < psm,

Hlo(T) =

Hs(r), otherwise,
where psp is the solution of Hy(r) = Hs(r). Clearly, e = Hyo(r) provides a combined lower boundary for
1B. The only other possible lower boundary for this region is e = Hy(r). The upper/right boundary for
Region 1B is obtained by comparing the profits from 1B and 3B. It turns out that m;g = w35 has two roots,

only one of which is valid depending on the parameter values:

BU—e)2e6=1)  jp o> B

r= p2H(€) — 4ce 24c¢’
%, otherwise.
Region 1B can now be fully characterized as follows:
{(r,e)|le > max{Hu(r), Hio(r)}; r < min{pam(e), psr }; e, > 0}, (RGN1BH)

where r = pgg = 2%21 solves Hg(r) = Hy(r).

Region 2A:
The combined upper boundary for this region can be found as:

Hs(r), if0<r< prm,
e=Hu(r) =4 He(r), if pru <7 < psm,

0, otherwise,
where p7p and psp solve Hy(r) = Heg(r) and Hg(r) = 0, respectively. Region 2A can now be expressed as:
{(r,e)le < Hy1(r); psg < r < psg;e,r > 0}. (RGN2AH)

Region 2B:
The boundary between 2A and 2B is relevant only when Case 2A occurs, so we define:

psH, if psH < psH,
PoH = .
oo,  otherwise.

The complete characterization of Region 2B is then given by:
{(r,e)le < min{Hs(r), Hs(r)}; 7 < min{pap(e), porr };e,7 > 0}. (RGN2BH)

Region 3A:

21



Online Supplement to “LONGER ARM” OF ENFORCEMENT Appendices

The boundary with 3C is given by e = Hg(r) = 5 ﬁg(f Crﬁ) It is now possible to express this region as:

{(r,e)|H11(r) < e <min{Hs(r), H7z(r), Hs(r) };r > max{piu(e), par(e)};e,r > 0}. (RGN3AH)
Region 3B:
Solving m3g = w3, we get e = Hy(r) = ﬁz;é”. Then, Region 3B can be characterized as:
{(r,e)|H7(r) < e < Ho(r); par(e) <r < psm;e,r > 0}. (RGN3BH)

Region 3C:
When enforcement is very high, on either side, the threat of piracy disappears completely, and we enter
this region of pure monopoly. Therefore, there is no upper boundary for this region. It only has a lower

boundary, shared with Regions 3A and 3B. Therefore, we can characterize this region as:
{(r,e)le > min {Hg(r), Ho(r)};€,7 > 0}. (RGN3CH)

Verifying the Validity Conditions in Table B1

Verifying these conditions is quite similar to the short run case. We start by showing that the condi-
% < 1 is automatically satisfied in Cases 1A and 2A, which are characterized by (RGN1AH)
and (RGN2AH), respectively. We prove this by contradiction. Let (p*,6*) be the equilibrium solution for

tion

a speciﬁc (r, e) point satisfying (RGN1AH), but suppose that (ijf)’;* > 1. Then, from (5), we should have

A= g r , the same as the one in Case 1B. This makes (p*, 6*) a feasible solution in Case 1B. Furthermore,

since (1 — (1{77)2*) is now negative, comparing the objective functions for Cases 1A and 1B in Table B1,
we can immediately infer that the profit from Case 1B is higher, which is a contradiction. A similar argu-
ment comparing the profits from Cases 2A and 2B would show that (fj—g)% < 1 is also satisfied when the
equilibrium is obtained from Case 2A.

Let us now show that the condition % > 1 is met in Cases 1B and 2B, which are characterized
by (RGN1BH) and (RGN2BH), respectively. Let (p*, 9*) now be the equilibrium solution for a specific
(r,e) point satisfying (RGN1BH), but suppose that < 1. Again, (5) tells us that we should have
A= ¢ 5(1 ﬁ)

=

(1 ﬁ)(’*
, which is the same as the one for A in Case 1A, making (p*, 8*) a feasible solution in Case 1A.
Now, comparing the objective functions for Cases 1A and 1B, it becomes clear that the profit from Case 1A
is higher, which leads to a contradiction. A similar argument applies to Case 2B as well.

We also observe that, if the equilibrium obtained from Case 1A leads to A = %}%m < &1 +1’ the
solution would immediately become a feasible one in Case 2A, and, at the same time, the difference between
the Case 1A and Case 2A profits, which is simply p* ()\ - 5%

a feasible solution in Case 2A is now at least as good, Case 2A must dominate Case 1A, again a contradiction

) ((ijf)’;* — g—:), would be non-positive. Since

to the claim that Case 1A dominates. A similar argument can be used to prove that Case 1B can dominate

Case 2B only if A > 55 Clearly, the converse is true as well; unless A < Cases 2A and 2B cannot

+1° £+1’

dominate.

Moving on to the A < 1 constraint in Case 1A, if this constraint is relaxed to A < 1, Case 1A would
subsume Case 3A, in the sense that the optimal solution obtained from either case would be exactly the
same whenever the first order conditions for 1A leads to A = 1. In other words, the point at which the
constraint A < 1 becomes binding would be precisely the one where Case 3A takes over, implying that the
constraint A < 1 is algebraically equivalent to r < p1g(e). A similar argument works for Case 1B as well.

Between Cases 3A and 3B, the equilibrium must also satisfy: (i) (1 ﬁ)e < 1in 3A, and (ii) (1 ﬁ)e >1
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in 3B. These must hold since violating one would simply move the equilibrium to the other region.
Finally, simple algebra can show that the two constraints associated with Case 3C, namely, w >1

ef ¢ B

=%

and > 1, are equivalent to e > Hg(r) and e > Hg(r), respectively.

B.3.2 Characterization of Different Equilibrium Regions for 5>1

When > 1, Cases 1A and 2A cannot occur. We now compare the profits in the remaining five regions to

characterize the boundaries, as shown in Table B3.

Table B3: Boundaries Obtained from Profit Comparisons

Profit Boundary Profit Boundary
Comparison | Solution || Comparison| Solution
mp=rmop | e=Ki(r) || m3ak =m3p | €= K3(r)
mip = m3AK | €= Ko(r) || m3ak =73c | €= Ku(r)
mp=7m3p |r=pik(e) || mp=7m3c | e=Ks(r)
ToB = M3AK | T = p2k(€)

Region 1B:
As before, it turns out that g = wgg has two roots, only one of which is valid:

B(1—ef)(2e6-1) . B
r=pr(e) =4 , 4 e 2
e2BE%(1—ef) otherwise
2c(2—ef)? '

Region 1B can be characterized as follows:

{(r,e)le > max{K;y(r), K2(r)};r < p1x(e);e,r > 0}. (RGN1BK)
Region 2B:
The complete characterization of Region 2B is given by:
{(r,e)le < K1 (r);r < pax(e);e,r > 0}. (RGN2BK)
Region 3A:
The boundary with 3C is given by e = K4(r) = %. It is now possible to express this region as:
{(r,)le < min{ K (1), Ka(r), Ka(r)}i 7 > parc(e); e, > 0} (RGN3AK)
Region 3B:
Solving m3g = m3¢, we get e = K5(r) = ﬁ;écr. Then, Region 3B can be characterized as:
{(r,e)|K3(r) < e < Ks(r);r > pix(e);e,r > 0}. (RGN3BK)

Region 3C:
When enforcement is very high, on either side, the threat of piracy disappears completely, and we enter

this region of pure monopoly. Therefore, there is no upper boundary for this region. It only has a lower
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boundary, shared with Regions 3A and 3B. Therefore, we can characterize this region as:

{(r, e)le > min { Ky (r), K5(r)} ;e,7 > 0} . (RGN3CK)

Verifying the Validity Conditions in Table B1

We first show that the condition p > % is automatically satisfied in Case 1B and 2B, which are characterized

by (RGN1BK) and (RGN2BK), respectively. We prove this by contradiction. Let (p*,0*) now be the
equilibrium solution for a specific (r,e) point satisfying (RGN1BK), but suppose that p* < % However,
that would make (p*,6*) a feasible solution in Case 1A, which is not possible in the long run. A similar
argument applies to Case 2B as well.

Moving on to the A < 1 constraint in Case 1B, we note that this constraint is subsumed by the constraint
r < pix(e). Also, between Cases 3A and 3B, the equilibrium must also satisfy: (i) p < 5 in 3A, and (ii)

p > % in 3B. These must also hold since violating one would simply move the equilibrium to the other region.

B
Finally, simple algebra can show that the two constraints associated with Case 3C, namely, o eerfp* >1
=
and <&

7 > 1, are equivalent to e > Ky4(r) and e > K5(r), respectively.

B.3.3 Numerical Illustration

We illustrate these regions in Figure B4 for £ = % and ¢ = 0.01. Once again, even though the equilibrium

occurs in exactly one of the seven possible regions, not all regions may exist always.

e e
2 2

6
(a) =3

Figure B4: Relevant Partitions of the (r, e) Space in the Long Run; {= %, c=0.01
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C Technical Results and Proofs

C.1 A Few Useful Observations

Before we provide all the proofs, we will state a few results that would be useful later for several of the

proofs:

e In Case 1A, if 8 < 1, then # < % This is because in Case 1A, e < ha(r; 0), which can be satisfied

only if ha(r) > 0 leading to this result. Of course, this also means that 75 < 1.

e In Case 1A, if 5 > 1, then ﬁ < 22(5:}). This is because in Case 1A, e < ko(r; 0), which can be satisfied
only if k2(r) > 0 leading to this result.

e In Case 1B, if § < 1, then # < 22_;1 This is because in Case 1B, r < pgp, = w. Since this

condition can only be satisfied if paj, > 0, Case 1B can occur only if 5 > %

e In Case 1B, if g > 1, then ﬁ < % This is because in Case 1B, r < par, = ﬁ—;.

e In both Cases 1A and 1B, irrespective of the value of 3, e£ < 1 — ﬁ < 1. In Case 1A, when § < 1,
A <1 and ﬁ < 1 can be combined to obtain the result, and when 8 > 1, we can get the result
from A <1 and p < % Finally, in case 1B, the result follows directly from A < 1.

e In Case 1A, for f < 1, (1 —e&(1 — 3)) > (1 — 2e£(1 — ) > 0. The first inequality is trivially true. To
prove the second one, we note that, in this case, e < ha(r;6), which implies that e < ﬁ < ﬁ
The inequality follows.

e All the conditions above, although derived from the short-run equilibrium, must remain valid in the
long run as well—a violation would simply mean that the price chosen cannot be the optimal one.
Viewed differently, since all these conditions must be satisfied by p*() for any given 6, they should

clearly be satisfied by p*(6*).

e In Case 1B, irrespective of the value of 3, ﬁ% < % The first order condition with respect to 6 leads

eBE(BO* —2r) ef?0£(86—3r)
R 4@ )
Since this second derivative is negative at an interior maximum, we must have 56* > 3r.

toc = the second derivative of the profit with respect to 6 is simply (

C.2 Technical Lemmas
We only state the lemmas here; their proofs are available, along with all the other proofs, in Appendix B.3.

Lemma C1 Let X(r;0) be given by:

X(r;0) = 8r® — 3r°B0(1 — 2e£(1—3)) — 2r6° (2—3B(1—B)+eBE(4—583)(1—-B) + 2°B°E*(1-3)?)
+ B0° (1 — 2e£(1 — B))(1 — B)*(1 + eBE)*.

Then, the equation X(r;8) = 0 has two positive roots for 0 < [ < 1, the smaller of which is denoted by
r = o1a(0). Furthermore, for r € [O, %;ﬁ)} , X(r;0) > 0 if and only if r < o1A(6).

Lemma C2 Let X;(e;0) and Xa(r;0) be given by:

X1(e;0) = =613 —120(4 — 98 + 2eB£(2 — 383)) + 2r0*(1 — B)*(1 + eBE)?
—B6%(1 — B) (1 +eB) (1 — 58+ TeBE(1 — B) +26° €3 (1 — B)) , and
Xa(r;0) =23 — 3r°0(1 — B)(1 + eBE(1 — B)) — 2r6*(1 — B)* (1 + B + eB°E(1 + €€))
+6°(1 = B)* (14 eB6)* (1 + eBE(1 — B)).
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i) If r € [O, %}f”} and 0 < 8 < 1, the equation X;(e;0) = 0 has three real roots, the largest of which
is denoted by e = y14(0). Then, X1(e;6) > 0 at a positive e if and only if e < y14(0).
it) The equation Xo(r;0) = 0 has two positive roots, the smaller of which is denoted by r = 74 (6). Then,

forre [O, %;ﬁ)} and 0 < B <1, Xo(r;0) > 0 if and only if r < 717 (0).

C.3 Proofs

Proof of Lemma 1

When 8 = 1, the pirated version has exactly the same quality as the legal version. Therefore, if p < r, no
consumer will consider the pirated product. That is, however, not allowed in Cases 1A and 2A, where some
level of piracy must exist, by definition. On the other hand, if p > r, only the ethical consumer segment will

purchase the legal product, making the equilibrium outcome fall under either Case 1B or 2B. |

Proof of Proposition 1

See Section A.2. [ |

Proof of Lemma 2

p(r—pB) _ 2.
(B—1)6 2

Clearly, this profit can be made arbitrarily large by reducing 6 arbitrarily close to 0 (as p < 7 in this case).

For § > 1, in Case 1A, the manufacturer’s profit is given by © = epé + please see Section A.1.

Therefore, an interior solution for Case 1A cannot exist.
For Case 2A, the profit at p*(0) specified in (6) is:

(r+0(8-1))% ct?

0(6-1)28-1(1+§) 2

which can again be made arbitrarily large by choosing 6 arbitrarily small, and an interior solution thus

cannot exist. [ |

Proof of Proposition 2

See Section A.3. [ ]

Proof of Theorem 1

In order to prove this, we will show that:

eB20¢.
2

)

i) If 8 < 1, in Case 1A, social welfare is increasing in e if r < it is decreasing otherwise. In this
< B8 —p)—r(4—35)
2p0¢(1-P)?

ii) If 8 < 1, in Case 1B, social welfare is increasing in e if § < % orif r >

, and decreasing otherwise.
eivﬁ(;wf?’); it is decreasing

. . " . c. . . . 0(28—
if neither condition holds. Furthermore, social welfare is increasing in r if r > M and e >

2
ﬁ9£(4r(2gg@f)1292(374ﬁ)); otherwise, it is decreasing.

iii) If 8 > 1, over the entire primary piracy region (Cases 1A and 1B), social welfare is monotonically

case, social welfare is increasing in r if e

decreasing in both e and 7.

We now make use of (11) to obtain the appropriate expression for social welfare in different cases.
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i)

ii)

i)

0 < 1, Case 1A: Differentiating short-run social welfare with respect to e, we get:

oEW) _ (01— ) (es0¢ —2r)
Oe 4 ’

which would be positive if r < % and negative otherwise. Similarly, from (11), we can get:

asw) 1 r(4—30)
o =3 (1-2e0-9- 525,

< B90—B)—r(4—30)

which would be positive if e SH0E(—0)2 and negative otherwise.

B < 1, Case 1B: Again, differentiating the appropriate expression for social welfare with respect to e,
we get:
OSW) & (4r? + 507(3 — 4D))
de 8(80 — ) ’

which is positive if either § < % orr > %\/ B(48 — 3), and negative when neither condition holds.

Differentiating (11) with respect to r yields:

AESW) _r € n 3ep62¢

or O 2 8(B0 —r)?’
which can be shown to be positive if and only if r > w and e > ﬁeé(M(QEZ@f);Q:Q(B%ﬁ)).

B > 1, Case 1A: In this case:

osw) 0B -1) ($ - 2)
de 203 ’

. . . . eé 1 Bo+r .
which is always negative since 5 < 5 <1 < 3 < =5=. Also, we find:

oSW)  2e£(f — 1) 4 H=3)
or 4B(8 — 1) ’

which is clearly negative.

B > 1, Case 1B: Here, we have:

OSW) & (4r? — B62(46 — 3))
de 8(50 — 1) '

Now, since r < %, we find that 472 — 862 (43— 3) < (B86)? — 36% (43 —3) = —366%(8—1) < 0, implying
that the numerator is negative. Since the denominator is clearly positive, the partial derivative must

be negative overall. Finally, from (11), we get:

AESW) __r e 3eB0%¢

or O 2 8(B—r)?
Clearly, 8(‘23‘/) is a linear function of e and is maximized at an extreme value of e, that is, either at
e=0orate=2 g(;!, the second extreme value being derived from the constraint that A < 1 in this

IEW)
or

e=

case. Now, since = —ﬁ < 0, we only need to consider the other extreme value. We find
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that:
AESW) B 4r? — 36% (45 — 3)

Or |e=8r — T 8BO(B0 — 1)

the denominator of which is positive, and the numerator, as shown above, is negative, making the

right hand side negative overall.

Since the maximum of a(gi/v), taken over the valid parameter range, is negative, 8(‘23‘/) must also be
negative in this entire range. |

Proof of Proposition 3

i) We start by showing that, in the primary piracy region, the piracy rate, as given in (8), is monotonically

decreasing in both e and r.

8 < 1, Case 1A: From (8), the piracy rate in this case is given by:

_r(2-8) - 61— B)(1 — &2 - )
0= — 801 —e€(1—- D))

Taking partial derivative with respect to e and r, we get:

o _ AR
Oe — 2(r—BO(1 — e&(1 - )

B 0
S <0, and E—— b S <0.

or 2(1 = B3)(r — BO(1 —e&(1 - 3)))

8> 1, Case 1A: From (8):

_ r(28—1)—0(8 — 1)(e£ + 28(1 — €f))
: B-D(r+0(c€(B—1)—28)

Again, taking partial derivative with respect to e and r, we obtain:

on 25262¢ on 2520
P romreted—1rE ~ " ™ T TG Dr —2s e G- -

Case 1B: From (8), the piracy rate in this case is given by:

20— r)(r — BO(L - ct))
2rB0(2 — c&) — P02 — cE) — 22

"

Taking partial derivative with respect to e and r, we get:

<0, and O 2eB0°(50(2 — ) — 20)

Or  (2(80 —1)2 — eBOE(BO — 2r))*

o _ 262626530 — r)?
Je  (2(B0 — )2 — eBOE(BO — 2r))>

Now, to show that g—‘; is also negative, we need to prove that 80(2 — e£) > 2r, which follows directly
by multiplying the last inequality below by 56 > 0:

T T T

ii) We now show that the manufacturer’s profit, as given in (9), is monotonically increasing in both e and

.
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iii)

B < 1, Case 1A: In this case, 7* = (r+9(14;?1)£158ﬁ§))2 - %. We simply differentiate 7* with respect

to e and r to get:

or* _ BE(r +6(1 — B)(1 + ef)) or*  1+epB¢ r
de 2 =0 and 5 > Tawa_p "
B> 1, Case 1A: Now, 7* = 7(’“2225((5:11)))2 - %. Differentiate 7* with respect to e and r to get:
o E(r+ eBg(5— 1)) i ;
90 = 25 >0 and o —26+269(ﬁ_1)>0.

Case 1B: * = 4(85531) - %. As before, we differentiate 7* with respect to e and r:

A or*  eBo%¢
86_m>0 and 8T—W>O.

We now show that consumer surplus, as in (10), is monotonically decreasing in both e and 7.

8 < 1, Case 1A: In this case:

0(CS) &1 —P) (2(8B0 — ) + e20¢) 0 apq 2C85) _ r(-38) (-5 3
de 4 or  4B86(1 — B) 2 4’
The first inequality follows from ﬁ < 1. To show that 8(&5’) is negative, we note that it is a linear

increasing function of e and r, and its maximum is obtained at the extreme point (7, €), where ﬁ% = %

and € = ha(r). However, even this maximum value is negative because:

o(CS) B 1
o |~ 2@p) "
Therefore, a(g;jg) must be negative over the entire range.
B > 1, Case 1A: Here:
9CS) _ &(B—-1)(2(80 —r) + ebf) 9(CS) _ e(6-1)  r(4p-3)
e 17 <0 and o = 14 % +459(5—1)'

r

The first one is clearly negative as o> < 1. To prove that the second one is also negative, we note that

B0
it is a linearly increasing function of e and r, and, once again, its maximum is obtained at the extreme
point (7, €), where ﬁ% = 22(5:}) and € = ko(r). It turns out that this maximum value is negative
because: a(CS) .
=———=<0.

or |  2(28-1)

Therefore, a(gf’) must also be negative over the entire range.

Case 1B: In this case:

9(CS) & (8rp0+ 0% (1 —4P3) — 4r?) aCs) r (62
de 8(80 —r) and or ——1+@+e§ (§+8(69—T)2>'

To show that the first one is negative, we must prove that X (r) = 8730 + 562 (1 —4/3) — 4r? < 0. Now

X(r) is clearly a concave function of r and its maximum, » = (6, is not a valid interior solution, as
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r < [36. Therefore, the maximum of X (r) occurs at the upper bound of r. First, for 615 to be a valid

solution, r must always satisfy ﬁ < % In addition, if § < 1, r must also satisfy ﬁ < 2251' We

consider two cases. When 8 < 1, we set 7 = %ﬁfl) and find that X(7) < —(1 — 8)6? < 0. On the
other hand, when 3 > 1, we set 7 = 2 and find that X (7) < — 220959 g

To show that the second expression is also negative, we note that it is a linearly increasing function

of both r and e, and must have its maximum at the largest possible values of r and e. Now, since

e <1— ﬁ, the upper bound for e is simply e < ﬁg;g. Once again, we consider two cases. When
B<3, weset = %gfl) and get:
a(CSs 1-—
©s)| __1-5_,
or | e=e 45
Now, when § > %, we set 7 = % and get:
a(C -1
@9 _9-166
87" e=¢ 486

iv) We now show that the legal social welfare, SWy,, is monotonically increasing in both e and 7.

0 < 1, Case 1A: By differentiating the legal social welfare in this case, it can be easily shown that:

O(SWL) _ f(r +0(1 =B+ eBEB3—20)) _ (- OEWL) _ efE  6(1—p) —r

de 4 or 4 40(1 — B)2 -~

The second derivative would also be positive if (1 — 5)§ — r > 0, which is indeed true because:

=>1-06)0-r> 71"(26— h) —r = 72T(15_ ) > 0.

r 1-7
30~ 2=

g peB—1)?

OSWL)  &£(r+ P0(2 —€f)) and ASWL) _1 (2€§ 2r(38 — 2))
Oe 48 or 8 '

Since e < 1 and g > 1, the above derivatives are both positive.

Case 1B: In this case, we have:

oSWL)  3p86%¢ OSWL)  3eph*¢
de  8(BH—r) >0 and or  8(pBO —r)? >0,

which completes the proof. |

Proof of Theorem 2

Case 1A: From (FOC1A), we get:

,_ (=B +eBE)? r?

T = 1 “wEa_p Y
Clearly,
o o _PEQ-P)(+ess) 0T
de 2 M T e S
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Finally, the second order condition must be satisfied in optimality, that is, %—’g oo < 0. It now follows from
the Implicit Function Theorem that: a
a5 do* o
— =6 <y and - _ T le=6- .
de or’ dr or’
99 |g—p~ 99 |g—p~
Case 1B: In this case, (FOC1B) gives:
G
4(60 —r)?
differentiating which, we get:
on'  BOE(BO — 2r) on’ er 6
— =" d —=—-——F———"—= .
Oe 4(80 —r)? >0 an or 2(80 —r)3 <0

Once again, the second order condition must be satisfied in optimality, implying %—’g’ < 0. The rest
0=6+

follows from the Implicit Function Theorem, in a manner similar to the proof for 1A above. |

Proof of Theorem 3
To prove this theorem, we will show that:

i) If 8 < 1, social welfare is increasing in e over the entire primary piracy region. However, social
welfare is not monotonic in r and is increasing either only at a low r or for a low 8 and a high e.

In particular, in Case 1A, social welfare is increasing in r if and only if r < o1 (0*), where o1A(+)

is as defined in Lemma C1. Similarly, in Case 1B, social welfare is increasing in r if 3 < 3 and

1

> 8r(280* —r)(B6* —r)3 .
€ = BT0° (20051 4r20" — 4412 50" —11r36° 22813202+ 3020°5 —43%6°9) '
ii) If 8 > 1, social welfare is increasing in e except when e is large. Specifically, it is increasing if e <

4(B0" —r)? (80" —2r) (820" *+r?) . . . .
O TE(Ar 4207 (AF—1)—r B0 (285—13) F4770° 5 25=1)) ) it is decreasing otherwise. However, social welfare

otherwise, it is decreasing.

is decreasing in r over the entire primary piracy region.

We now proceed to prove each case separately.

i) We start with 8 < 1. When 8 < 1, Cases 1A and 1B can both occur, and we need to consider them

separately.

0 < 1, Case 1A: We first consider the long-run impact of e. Using the chain rule, we get:

do*
de ’

d(SW)

de

a(SW)

9=6~ de

A(SW)

=0+ 89

0=0*

The expression for a(gl/V) is already available from the proof of Theorem 1. Also, we use the Implicit

Function Theorem and the intermediate steps from the proof of Theorem 2 to find:

g __ %2/ 9=0* _ 2B0°3¢(1 — B)2(1 + epé)
o5 (1= A)20°2(1 + eBE)? — 372
0=0*
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Finally, we can also find that:

OSW) _ r(4-p) 1435 (-0 FE0-p)
90 8B62(1—B) 8 2 8 '

Combining all of these, we get:

dw|  _ea-px
de |g_p- 4y
X = 61 + 4r260° (%Hs(l—m) 202 (1= B (14€f)? + 3526°*(1—B) (1+ef3¢) (%— (1—5)) ,

and Y = 0*2(1 — 8)2(1 + eB¢)? — 3r2.

Now, we show that ¥ > 0. First, (FOC1A) implies that Y = 4¢(1 — $)0*® — 212, Then, from the

second order condition, we find that% ( - 40) < 0 must hold, immediately implying that

2r?
(1-p)o~3
Y > 0. Therefore, to complete the proof, we only need to show that X is positive. We do so now.

Since r < %, we can write:
X > 6r° + 4r° 6" (%Jre&(l—ﬂ)) = 06"°(1=-B)* (1+e0¢)° + 36°0"* (1 6) (1+¢0¢) (—1;’5 —eg(l—m)
— 60 + 470" (% gl 6)) 1450731 B)(1 + eBE)(1 — e£(1— B)) > 0,

because (1 —e£(1—3)) > 0.

We now consider the long-run impact of r. As before, we employ the chain rule:

d(SW) oSW) EW)

0=0~ I lp—p- 99

do*
dr’

0=0*

S W)
or

Theorem and the intermediate steps in the proof of Theorem 2 give us:

From the proof of Theorem 1, we can find the expression for Also, the Implicit Function

ag*  2rg*
dr Y

, where, as before, Y = 0**(1 — 3)2(1 + ef3¢)? — 3r2 > 0.

Since we already know a(g(l;V) from above, we combine all of these to obtain:

d(SW) _ X(r:07)
dr |p_p  4B0*Y 7

where

X(r;0) = 8r® —3r*B0(1 — 2e£(1—)) — 2r6° (2—3B(1—B)+eBE(4—53)(1—B) + 26> 5% (1-5)?)
+ 0% (1 — 2e£(1 — 8))(1 — B)*(1 + eBE)*.

Since Y > 0, the sign of the derivative above depends on the sign of X (r;68*) alone. The proof then

follows directly from Lemma C1.
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0 < 1, Case 1B: In this case, we have:

ASW) & (4r2+ 502 (3 —43))

[from the proof of Theorem 1]

de (69 —7) ’
osw) 1 2
gl 1-45 - — d
89 ( 6+ 692 +€§ ( 6 (69—7")2 ’ an
9" o 0" 272
o= _ﬁ = + Wr—&")' [from the Implicit Function Theorem]
0=~

Combining all these with the help of the chain rule, we get:

d(SwW)
de

B X
g—g-  8e3202(86* — r)(86* — 3r)

where

3

X = —ef20°%¢ (40 +4r20* (45-1) 09" (286-13) + 45%0°° (26-1)) +4(50" )2 (89"-2r) (30" ++7)

dSW)

de

Since its denominator is clearly positive, is positive at § = 6* if and only if X > 0. Now, it
is clear that X is a linear function of e and attains its minimum at one of the extreme values of e.

Because 0 < e < ﬁgeg in Case 1B, we now find:

X0 = (06" —)*(36" ~2r) (526" +1) > 0, and

* * * 3 %3
X|8,ﬁ§;4 (30 —1) (81"4 n 16r56* (56 —231")(69 3r) n 111"69 0
=&

+59*2(1_5) (86" (86" +31(86" —3r)) + 4(59*—3r)2)> > 0.

9

X is, therefore, always positive in the region of interest, which means d(‘gl/V) is positive at 6 = 6*.

We now consider the long-run impact of r on social welfare. We know:

asw) r e 3e[62¢

S i T [from the proof of Theorem 1]

o pO 2 8(B —r1)?
G(SW) 1 4r? 72
00 (45 + = 30 +ef|1—48— (59 BE , and
do* aai 2
a3 T, b=0" — — A BH*T 5 [from the Implicit Function Theorem]
T s —ar
90 [g_g»

Once again, combining these using the chain rule, we get:

dSWw)
dr

- X
o=g-  SB20°2(B0* —1)2(B0* — 3r)’

where

X = ef20*°%¢Y — Z,
Y = 20r° 4 4r%0* — 447280* — 11r86*% + 28r3%0*% + 3320 — 43°0**, and
Z = 8r(286* —r)(B0* —1)* > 0.
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ii)

Now, for d(‘gl/V) to be positive at § = 6*, both its numerator and denominator must have the same
sign. Since the denominator is clearly positive, this implies that X must be greater than zero to make

the derivative positive. To complete the proof then, we will show that: (a) if 8 > %, then X < 0,

implying that the derivative can never be positive, and (b) if 8 < 2, then Y > 0, implying X > 0 iff

> piey-

(a) We first consider the situation where % < 3 < 1. We note that X is a linear function of e, and the
maximum value of X must be attained at one of the extreme values of e. Of course, X|.—o = —Z < 0,
so we consider the other extreme, e = % After some algebra, we find:

X|ooy = (81"2—401"59*—1—13629*2)—629*2(391"3—41"29*(1—1-36)—1"69*2(126—11) +529*3(45—3)) :

Since both roots of (812 — 40r36* + 13320*%) = 0 are larger than 25~ (8r2 — 40r36** + 13526*2) > 0
in the region of interest. On the other hand, (39r° —4r20*(1+33)—r30**(123—11) + 3%0*>(43—3)) =
0 is a cubic equation in 7, whose discriminant, 326*®(5(93(243(3023—1445)+38461)—113468)+1168),
is negative at all g € [%, 1). So, there is only one real root. Furthermore, since the cubic polynomial
approaches —co as 1 — —o0, and becomes equal to the non-negative number 326*3(48 — 3) at r = 0,
its only real root cannot be positive. Therefore, the polynomial is non-negative at all » > 0. Taken
together, we have just shown that X|,_ 1< 0 whenever 3 > %, implying that social welfare is decreasing
in r for g > %.

(b) Now, we move to the case of 8 < %. Here, we first solve %—); = 0, and observe that the unique

minimum and maximum of Y happen at:

v (2(115—1)—\/5(645+77)+4) :

o* _____
min =2 (2(115—1)+\/ﬁ(64ﬁ+77)+4) . and T =5

Since § > % in Case 1B, it is immediate that ryi, is larger than % and that Y|T:g%« > 0 . These,

3
Viewed differently, if Y actually became negative in this region, the minimum would have occurred

prior to the function becoming positive again at r = %. Thus, Y > 0 for all § < % in Case 1B,

implying that social welfare is increasing in 7 if and only if e >

taken together with the fact that Y|,—¢ > 0 for 8 < %, imply that Y must be positive in [O, ﬁe*).

__Z

ﬁ2 0* 2§Y .

Now, we consider $ > 1. Recall that, in the long run, Case 1A is not possible here. So, we need to
consider only Case 1B.

B > 1, Case 1B: The expression for social welfare in this case is basically the same as the previous case
(i.e., B < 1, Case 1B).
Therefore, we have:
d(SW) _ —e[20°%¢Y + Z

de |o_g.  8e[26+7(36% —r)(86* — 3r)
Y = (473 4 4r20*(48—1) — rB36*(283—13) + 4820**(28—1)) and Z = 4(80*—r)*(30*—2r) (526**+72).
Clearly, Z > 0. Furthermore, since the denominator is positive, d(‘ZZV) is positive at § = 6* iff
(—ef20*2Y + Z) > 0. Assuming Y > 0, this condition is equivalent to:

where

3

z 4(BO* —r)2(BO* — 2r) (B%0"% +r?)
€= B20°2Y 202 (43 + 41207 (48 — 1) — r36*2(286 — 13) + 4526*3 (28 — 1))

and the desired result would follow directly. Therefore, to complete the proof, we only need to show

that Y > 0. Since %Z =8(3r 4 0*(48 — 1)) > 0, the minimum of Y can happen either at an interior
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8 g* ) Solving the first order condition, we get two

r_ 2—8B+4/4+3(1488-71)
Bo* 653
the maximum possible value of % Clearly, the interior minimum is beyond the admissible range of r.

point or at one of the extreme points of r € [O,

roots, of which we only consider the positive one: , which is larger than

Therefore, the minimum must occur at one of the extreme points. We find that Y > 0 at both these

points:
F20°°(16 - 3)
27

Since this implies that Y > 0 over the entire valid range, the result, as stated in the theorem, has been

> 0, > 0.

Ym0 = 4626*%(26 — 1) and Y| _gor =
- 3

proved.

We now consider the long-run impact of r on social welfare. We know from Theorem 1 that a(g_rw) <0,

t d0
(- o))

which is a linear function of e € [O, B 59?} and is clearly positive at e = 0. At the other extreme,

and from Theorem 2 tha < 0. Furthermore:

oSW)

00

1 472
- (45+6;2 + e

e= ﬁ(;{ , we get
AESW) _ 4r(BO +7)(80 — 1) + 6 (50 — 2r) 50
—— 5 — .
00 |o—oos 836%(86 — )
Therefore, a(g(l;V) is always positive in this case. Using the chain rule now, we get:
dismw) AESW) AESW) do*
dr |g_p- or  |g_g- 00 |y_p- dr
<0 >0 <0

Proof of Proposition 4

To prove this proposition, we will show that:

i)

ii)

i)

iv)

The piracy rate is monotonically decreasing in 7, but it is not monotonic in e. In Case 1A, the piracy

%, and decreasing otherwise. In Case 1B, however, the piracy

43— 30 (80* —3r)*
rBO*E(B6* —2r) -
The manufacturer’s profit is monotonically increasing in both e and r.

rate is increasing in e if e <

rate is increasing in e if and only if e <

The consumer surplus is monotonically decreasing in 7, but not in e. It is increasing in e for moderate

or low values of e. Specifically, in Case 1A, it is increasing if and only if e < v, (6%), where 4 (+)

is as defined in Lemma C2. In Case 1B, the consumer surplus is increasing in e if and only if

4(80" —r)® (B0 —21) (80" +7)
me*?g(sﬁ'w*’* 2320*3—361320*2+7rB0*2+48r230* —4r20* —2073)
The legal social welfare is monotonically increasing in e, but not in r unless r is small. More specifically,

it is increasing in 7 if and only if r < 71 (6*) in Case 1A or r < M in Case 1B, where 714 (+)

is as defined in Lemma C2.

We now prove each result one by one:

i)

We again start with the piracy rate and show that it is monotonically decreasing in 7.

oup

Case 1A: We know from Proposition 3 that - < 0. Also, from Theorem 2, we know that
=g~
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4" < . Finally,
o
0

- B
o 20 B —po (@A)

Combining everything using the chain rule, we get:

do*
dr

d_,u
dr

o, o
- or o0

<0 >0 <0

< 0.

0=0* 0=0* 0=0*

Case 1B: This is quite similar to Case 1A in the long run. In this case, we get:

o

B 2erB20£(80* (1 — e€) + (BO* — 2r)) 50
00

o—g-  (2(00% — )2 + eB0-E(50* — 2r))°

As before, using the chain rule, we can easily show that p is monotonic in 7 in the long run.

We now consider the long-run impact of e on piracy rate. Again, we use the chain rule:

du| _ou| 0w
delg_pe  Oc|g_ge 00 |g_p. de’
Case 1A: In this case:
o 326%¢ do* — 206°¢(1 — B)*(1 + ef3)

e 20r—p0(1—ec(1—P))*"  de  (1—p)26-2(1+eBE)” —3r2
and %’g is as given above. Combining, we get:

dp|  _ PO+ 0°(1— A)(L+eB8))(3r — 0"(1 — B)(1 +efE))
de lg_g  2(B0*(1— e&(1— B)) — )2 (0+*(1 — B)2(1 + ef)? — 3r2)

Since, as before, 8*2(1 — 5)%(1 + e3¢)? — 3r% > 0, the denominator is clearly positive, implying that
the above derivative will be positive iff 3r — 0*(1 — 8)(1 +e8€) > 0 or e < %.

Case 1B: In this case:

o 26260%¢(30 — 1) o 6 272

e (20301 — epoeB0 —2n) de ¢ | eB(Bo —3r)’

ou . .. .
and 35 is as given above. Combining, we get:

dp 2B0°E(B0" —r) (4r® — BO* (86 — 3r)? — erBO*E(B6* — 2r))
de |y_g. (B0* — 3r) (2(80* —1)2 — eBOE(B0* — 2))* '

Since the denominator is clearly positive, the above derivative will be positive iff 473 — 36*(56* —

Taf * *_3p 2
31)? — erf"E(50° — 2r) > 0 or ¢ < PG

ii) Next, we show that the manufacturer’s profit is monotonically increasing in both e and r. This is

straightforward. From the Envelope Theorem, we get:

dm*
dr

or*

g—gr or

dm*
de

on*
9=6~ de

>0,
=0+

>0 and

0=0*
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i)

because the last part of each inequality follows from Proposition 3.

We now show that the consumer surplus is monotonically decreasing in r. We first use the chain rule:

acs) L 009
dr o—p+ 00

do*
ggr Aar '

~0(C9)
g—gr or

We know from Proposition 3 that B(B@ < 0. Furthermore, from Theorem 2, we know that
0=0+

% < 0. Therefore, to complete the proof, we need to show that 8(8% > 0. We now do so for
0=0+

each case.

Case 1A: In this case, we already know that e < % and ﬁ < % Furthermore, since § < 1, we must

2
have 3(1 — 8) < 3. Therefore, we get:

(1 +30 —4efE(1 - B) — B2 (1 - B) — M)

30-*(1 — )

1

8

1 e?¢? T2(4 —30)

>§(”35_65_ 1 —592(1—6)>

1 B BA-pP2M4-38)\ _1(33 B(4-5-p%
S{GE R (2—5>2<1—5>>>§<T+ a7 )"

Case 1B: In this case, e < ﬁg(;! and 5 < % Then:

1 42 r?
v B (45 “ar (45 T o 1))
1 42 B0* —r r? B 1 /4r r (0% —2r
g 5(45— 502 5o (45+ G0 )2 ”)) = 5(0_* (1_ 59*> T ) =0

We now consider the long-run impact of e. Again, we make use of the chain rule:

4cs) | 209)
de g—gr ol

do*
o=+ de

~0(CS)
9=6~ de

Case 1A: In this case:

D(CS)  E(L—B)(2r — PO +eBE)  dO*  2863¢(1 — B)2(L + ef)

de 4 T ode  602(1 - B)2(1 +eBE)? — 3r2’
and a(g;g) is as given above. Combining, we get:
d — ; 0%
€9  _s0-pX@o) o
de |p_p- 4Y

X(e;0) = =61 — r20(4 — 98 + 2eB£(2 — 38)) + 2r6%(1 — B)2(1 + eB¢€)?
— B0 (1 = B)(L + eB€) (1 — 58+ TeBE(l — B) + 2e°B°E*(1 — B))

and, as before, Y = 6%(1 — 8)2(1 + e3¢)? — 312 > 0. Therefore, the above derivative would be positive
iff X(e; 6*) > 0 which, according to Lemma C2, is true if e < y14 ().
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iv)

Case 1B: Here,

a(CS)  &(8rpo — P02 (43 — 1) — 4r?) e 0" N 272
de 8(BY —r) " de e eB(B6* —3r)’
and a(g;g) is as given above. Combining, we get:

d(CS) 7 —e20 X +Y
de |g_p  8eB26%2(30% — 3r)(B6* — 1)

where

3

X = 86°0** 2320361 20" 7r 30" *H48r2 0" —4r20*—20r°, and Y = 4(80"—r)> (30*—2r)(86*+r) > 0.

Now, assuming X > 0, it is clear that the above derivative would be positive if and only if e < W.

Therefore, the proof can be completed by simply showing that X > 0; we do so now.

We first solve %—)f = 0 and find two roots. From the second order condition, we find that the first one

is a minimum and the second, a maximum:

v (2(125 — 1)+ /41 98(1+ 45)) :

9*
Fin =3 (2(125 S -4+ 9501+ 45))  and o=

Since § > % in Case 1B, it is immediate that r,;, and rmax are both larger than %. These, taken
together with the facts that X|,—o = 2626348 —1) > 0 and X| _ s+ = £%(168—3) > 0, imply that
- 3

X >0 (0,2 ).

Finally, we show that the legal social welfare is monotonically increasing in e. Again, we make use of

the chain rule:

d(SWL) _ 9(5WL) (SWL) dag*
de |p_p- O |y_ge 00 |y_p. de
We know from Proposition 3 that % > 0. Furthermore, from Theorem 2, we know that
% > (. Therefore, to complete the proof, we only need to show that % s > 0.

Case 1A: In this case, f < 1. Thus, we get:

I(SWL)
00

2
89*2(;7—5)2 + % (2(1 = B) +eBE(3 —26)) > 0.

3,
8

0=6~
Case 1B: In this case, ﬁ < % Therefore:

(SWL)
00

_ 3ef0" (89" —2r)

= > 0.
0—g+ 8(80* — r)?

We now consider the long-run impact of . Once again, we make use of the chain rule:

d(SWL) _ 9(5WL) (SWL) dg*
dr p_g-  Or  |y_pe 00 |y_pge dr
Case 1A: In this case:
oSWL) _epl 6 —p)—r do* 2r6
or 4 40(1-p)2 7 dr 02(1 — B)2 (1 + ef3€)” — 3r2’
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and % is as above. Combining, we get:

asMm)| Xy

dr |p_p. A0V (1—B)%’

X(r;0) = 2r°3 = 3r*0(1 — B)(1 + eBE(1 — B)) — 2r6°(1 — B)* (1 + B+ eB°E(1 + €f))
+03(1— B)3 (1 + eBE)2(1 + efE(1 — B)),

and, as before, Y = 6*%(1 — £)2(1 + ef£)? — 3r2 > 0. Therefore, the derivative in question would be
positive if and only if X (r; 8*) > 0, which, by Lemma C2, is true if r < 714 (6%).
Case 1B: In this case:

OSWL) _ _3eftP¢  O(SWL) _ 3efOE(80 —2r) . do” _ 2r
or  8(B—n2 90 s(BI—nr2 0 Tar  BBer —3r)
Combining, we get:
d(SWy) ef*E (4% — 11r 30" 4 33260%7)
dr lp_p- 8(80* — r)2(BO* — 3r) ’

which would be positive if and only if 4r2 — 11730* + 3626*2 > 0, or r < 22UV 30750, W

Proof of Lemma Al

We will prove this by contradiction. In Case 1B, the manufacturer’s profit is given by:

5%

where \ = %. When £ = 4, we can substitute p = 66 in the above expression and differentiate w.r.t. 6 to

obtain the following first order condition:

dr 67 (eB%5£(1—6)) —0(2erBsE(1-6))

i G0—1) —cf = 0.

2
Since # > 0 and ﬁ < 1, we can multiply both sides by @ and solve the resulting quadratic equation to

obtain the following two roots:

o — {2crﬂ2ﬁ5§(&l)—}—\/eﬁ5§(&l)\/4cr+eﬁ5§(&l) zcmﬁag(my\/ewg(m)\/4cr+eﬁag(&1)}
- 2¢f3 ) 2¢f3 '

However, for either root to be real, § must be greater than 1, which contradicts the fact that § < % Thus,
£ =6 cannot be valid in Case 1B. [ |

Proof of Proposition A1l

In Case 1A, the manufacturer’s profit is given by:

ef¢(1-p) if 1
_ P p—r c0? ) A<
”‘p(A(I 5)+ =N (1 (1—5)9>> g VB AN e vise,
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When 4§ = 6§, we can substitute p = 00 in the above expressions, differentiate w.r.t. §, and solve the
appropriate first order condition to obtain the desired result. It is easy to verify that the second order

condition holds as well. [ |

Proof of Corollary Al

It is easy to see that 6* is independent of r. Also, differentiating 0* w.r.t. e, we get:

dor 5 ifp <,

de ‘%5 otherwise.

Since both terms are positive, the result follows. |

Proof of Theorem Al

According to Lemma A1, Case 1B is no longer possible. Hence, we simply limit our attention to Case 1A.

i) We start by showing the manufacturer’s profit monotonically increases in both e and r. The manu-

facturer’s profit is given by:

ebf(1—p) if 1
_ P p-r il _ e AL
oo (0 0 (o) - e 0 A

[ < 1: From the Envelope Theorem, we get:

d d
&z _or = (306" >0 and o _or U >0
de |g_g- 0e | g_p- dr |g_g- orlg_g. 1-0

B > 1: Again, from the Envelope Theorem, we get:
d d
dml 0Tl st >0 ana 9T 20T 0o
delg_ge  0€|g_p- drlg_g«  Or|p_g« B—1

ii) We now show how the consumer surplus changes with e and r.

£ < 1: The consumer surplus (C'S) is given by:

r(r + BO(e€(1 — B) — 26)) + 62 (6% — (1 — B)((2 + eBE) — 1))
260(1 — 3) '

We first investigate the effect of e on C'S. By differentiating C'S with respect to e and 6, we get:

CS =

oCs) _ 1 0(Cs) _ 9 (02 — (1 - B2 +eBg) —1)) —r?
de '

—=£(B06 — d
5680 =) and =5 2602(1 — )
Using the chain rule, we get:

do*

a(C9)

9—o- T
& (er0 (1 B) +0X)
2(c02(1-5)

0=0*
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i)

where X = 36" (20°+(1—6(3+2¢e6¢))(1—3)) —r?. From the condition A = 895(1 B <1, we get
r < B0(6—ef(1—p)). Hence, X > 36*? (26%+(1—(3+2¢B£)d)(1—3)) — (86" (5— 65(1 5))) = 30*2Y,
where Y = (1-36)(1—)+2§%—36% —e?3¢2(1—3)2. Since r >0, B0(6—e&(1—3)) >0, which shows that
2B (1-P)* < B82. Thus, Y > (1-30)(1—B)+26% —38? —35? = (1—3)(1—6)(1—25) > 0. Finally, since
Y >0, X >0, and thus, €95, _,. > 0.

Now, we show that CS decreases with r. By differentiating C'S with respect to r, we get:

oCS)  r—p98 et
or Bei—p) 2

From the condition \ = %1;1) <1, we get g < —25(;(7%, and from the condition 5 < E=y,
a(CS) _ r—pes ¢ —365 —B95  _ _r—p365 . d(CS)
r < 365. Thus, =5> = ;;(;(145)"‘8 < ﬁ’;(l B 259(17@ = 259(17[1) < 0. Since 7—0 g
a(CS)
—5— < 0.
o |g—p~

[ > 1: In this case, the consumer surplus is given by:

r2+1"9(e§(6—1)—2(6+5—1))+92(6(5+52—1)—ef(ﬁ—l)(ﬁ-l-(s—l))'

05 = 20(6 — 1)
Hence, at 6 = 6*, d(CS) = B(CTS) = Tﬁggﬁ;{:)e + 8—§. Since p = 60 and \ = (,,A(LT < 1, we can easily
B—1
show that W —e€, which implies that 209 < —ee 4 &€ = <€ <0, at § = 6"

On the other hand, CS is not a monotonic function of e. First, we write using the chain rule:

d(cs) ~0(cs) n a(cs) do*
de |g_p» e |p_p- 00 |y_g» de
(B 1)(%(@5%})) 502 0 (ﬁ((ﬁ*l)(l+6)+262)7622&:;?;12)(B+671))(CE(B*I)*Bé)z 77«2)

20(e€(B—1)—pB0)*

d(CS) —

Next, we solve = 0, a quadratic equation in 7, to obtain the only valid root:

5(e€(5—1)~6) (e6(8—1) -85~ /BB +8)2 —A(1-5)(1+25))—26&(A—1) (BA-+0) —4(1-5))+e2€2 (3— 1>2)
2e(B=1)

F =

Now, it can be shown that, within the valid region for Case 1A, d(ges)
4(C8)
de

crosses zero only once, and it

is a decreasing function of r at that point. Therefore, is positive if and only if r < 7. In other

words, CS is increasing in e as long as r < 7 and is decreasing otherwise.

Finally, we show how social welfare changes with e and 7.

B < 1: The social welfare (SW) is given by:

r(B0(20—e€(1-3)) —r)+B6° ((1—B)(1—ch) +eBd (1) —0?) '

W= 266(1—7)

We first investigate the effect of e on SW. Using the chain rule, we get:

d(SWw) _ oEwW) EW)
de |y_ge  Oe |y_p. 00

do*
de

0=0*
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By differentiating SW with respect to e and 6, we get:

oSw) ¢ ASW) — r*+66>((1-8)(1—=2c8)+6(efE(1—5)—0))
e~ g00—r) and = = 260%(1—j) '

Since g7 <§=4, r<p65. Thus, B(g_EW)>0
Now, a(g_em g™ W, where X =r2430*?(1—3)(1—c0* —§). Substituting #* in X with the

expression from Proposition Al, we get:

(re(1 = B))* +YB52(1 — B)(1 + ef3¢) — 6)*
(1 -p)? ’

X =

where Y = (1-3) (1-6)+36%—¢3¢5(1—8). From the condition A= f’g%ﬁ) <1, we get r < B6(6—e£(1-0)),
and since r >0, d—ef(1—3)>0. Multiplying both sides by 36, we get 3562 —eB¢5(1—3) >0, implying
that Y >0. Finally, since Y >0, X must be positive, implying 26W) ’9 . >0. Since, % >0 as well,

00

each term in the above chain rule is positive, so % >0.
0=0*

Now, we show that SW increases with r. By differentiating SW with respect to r, we get:

oSW)  péO—r e

or  BO(1-p) 2°

From the condition A= %1;1) <1, we get [f;(zf:;) >e€. Thus, a(gZ/V) = [f;‘zg) - 82—5 >el— 82—5 =<£>0.
. ao* __ dSW) _ oW

Since S-=0, =5 — e = DT g

B > 1: In this case, social welfare is given by:

_ 00— eg(B-1) = +6* (B(F-1-0) —e(B-1)(B-1-0))

SW
2003 —1)
Therefore, at 6 = 6*, d(‘gi/V) = a(gf‘/) = —H’E;fz) - 82—5, which is clearly negative, because r > (366 > 6.

To show that SW is not a monotonic function of e, we write using the chain rule:

d(sw) ~dsw) n asw) do*
de |p_p- e |g_p- 00 |y_y. de
1y 62(8(26%2—(B—1)(1+8) ) +2e£(B—1)(B—5—1) ) (e£(8—1)—B6)?
ce(B—1) (Tzfrms%il{) g2 32(5( ) e ) )
- 25(c€(B—1)—9)2
Solving d(‘ZZV) = 0, a quadratic equation in 7, we obtain two roots of which only one is valid:

5(e&(8—1)~B5) (e£(B—1)—B5—/B(? (3+B)—4(5—1)(149)) —2¢£(B—1) (A(1—B+3)+BI)+¢°€2 (A—1)°)

= (A T)

dSW)

Since =~ can be shown to be a decreasing function of r within the valid region of Case 1A, &

de
is positive if and only if r < 7. Therefore, SW is increasing in e if r < 7 and decreasing otherwise. W

Proof of Theorem A2

It turns out that, in the primary piracy region (1A and 1B), e and £ always appear together in the product

form, that is, as e€. In other words, every expression in Sections 3 and 4 can be rewritten by replacing e£
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with E = e£. In Section 4, we defined several performance metrics—social welfare (including and excluding
pirate consumption), piracy rate, quality, profit, and consumer surplus—on which we performed comparative
statics to get our results. Let M(FE) denote any of these metrics, both short- and long-run, as a function
of E = e£. In Section 4, when we did comparative statics with respect to e, we did so for a fixed £ and

examined the sign of:

AM(E) _ dM(E)  d(cg)

de  dE de ~ SMIE). (€1

Since, £ > 0 by definition, our comparative statics results in Section 4 simply depended on the sign of M'(E).

For example, when we proved in Section 4 that the optimal quality level is increasing in e, we automatically

proved that 6* is increasing in E too, that is, 6*(E) = de;fEE) > 0.

In the extension in Section 5.2, we replaced the fixed £ by a function £(e). Therefore, (C1) should now

be rewritten as:

Therefore, a necessary and sufficient condition for all our earlier results to carry over is that the right-
hand sides of (C1) and (C2) must have exactly the same sign, positive or negative. A quick comparison
between (C1) and (C2) tells us that they would have exactly the same sign if and only if £ + e£’ > 0. Now,

R
e is positive, and so is £ = e~T(+eB) — 1; also:

_de_ B+

4 —
&= de  WwT(1+eB)?’

As a result, when B <0, £ + £ > 0 is trivially satisfied.

On the other hand, when B > 0, £ + e£’ > 0 holds if and only if (1 e T — m) > 0, where
x = eB and y = wT. Therefore, if y = f(x) is the solution to
1 x
1 —e vitz) — ——  —
e 1T 0% 0, (C3)

then f(x) would partition the (x,y) space into two regions, one where £ + e£’ is positive and the other where
it is not. Also the left-hand of (C3) approaches —oo when y approaches zero, but remain positive for large
values of y. Clearly, £ 4+ e£’ > 0 is equivalent to y > f(z), that is, to wT > f(eB). |

Proof of Corollary A2

We start with the observation that F\(z) = €~ > 0 and F//(z) = —%" < 0, making F,(z) in (A2) a concave
and strictly increasing function of z. Therefore, F,(z) cuts the 45°-line exactly twice, once from below and
a second time from above. The crossing from below happens at z = 0, which is of no interest, since z = 0

makes y = infinitely large. Therefore, z = F,(z) has a unique non-zero solution.

1
z(1+x)
To further characterize this solution, we write using (A2):

2
l—az:efzgl—z—l—%,

#. Since z > 0, the above simply reduces

the last inequality coming from a Taylor series approximation of e~
to: z>2(1—a)= Hix, or equivalently to y < 0.5. In other words, the function y = f(z) is bounded above

by the asymptote y = 0.5. Therefore, wT > 0.5 is a sufficient condition for wT > f(eB) to hold, and the
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rest follows directly from Theorem A2. |

Proof of Lemma C1

To prove this result, let us first recognize that X (r;6) is a cubic polynomial in r satisfying:
X(=00;0) = —00, X (+00;0) = +00, X(0;0) = (1 - 2e£(1 — B))(1 — §)*B(1 + ef€)*6°

B0 _Be?
X (:0) = =2 (09478 2660 = 9[- Ba+59) +4e 56 (1~ P (4-30) 153 PE (1))
Now, recall that 2e£(1 — ) < 1, which immediately implies that X (0;6) > 0. Moving on to X (%; 9),
note that (4e28€2(1 — f)%(4 — 36) +8¢*4%¢*(1 — 3)%) > 0 holds trivially. Further, (4(1 — 8) + 76% +
2¢£(1 — B)(4 — B(4 + 53))) is linear in e, its value at e = 0 is positive trivially, and its value at e =
§(2£ﬁ) is 162(1jf) — B(22 + 33), which can be easily shown to be positive for all § € [0,1]. Therefore,
(4(1—B)+7p2 +2e£(1 — B)(4—B(4+58))) > 0 always, implying that X (ﬁ_;’; 9) <0.

The above signs, taken together, imply that the polynomial has three real roots, one negative and two

positive, and also that exactly one of the two positive roots is b1gger than 22 while the other one is smaller.

Note that r € [O, %ﬁﬁ)] implies that 80 > 2r (as ;:—ﬁ 5 for 0 < 8 < 1). Therefore, we are at most
interested in r € |0, %} , which, in turn, means that the only root of interest is the smaller of the two positive
roots. Let us denote it by 014 (#). Then, X (r;0) is positive if 0 < r < g14(0). |

Proof of Lemma C2

i) It is easy to see that Xi(e; ), given by:

X1(e;0) = =613 —120(4 — 968 + 2eB£(2 — 383)) + 2r0*(1 — B)*(1 + eBE)?
— B0 (1= B)(1 + eB€) (1 — 58+ TeBE(1 — B) +2¢°B°E* (1 - B)) ,

is a cubic expression in e. Its discriminant can be written as 43°012¢5(1 — 3)2Y (#, 6), where the
function Y'(-.-) is given by:

Y(z,08) =4(1 — £)3(41 — 98) — 482(1 — B)* + 22(1 — 3)%(16 — B(488 — B(1177 — 273(22 — 33))))
+122%(1 — B)°B(8 — 3B(37 — 983)) — 42 (1 — B)B(8 — (349 — B(977 — 33(283 — 6303))))
—482°(2 - B)(1 — B)*B%(3 — 14B) + 162°(2 — ) B*(1 — 12(1 — B)B).

Since r € [O, 8 92(17;[} )] 80 > 2r as well (as % 1 for 0 < 8 < 1). Therefore, we are only interested

in values of z below % We will first show that Y > 0 for 0 < 6 <land 0 < z < —. To do so, we

differentiate Y with respect to 3 multiple times to find that 2 3 ﬁf > 0. Therefore, aj—ﬁj is an increasing

functlon of § and is maxumzed at 4 = 1. Since even this maximum value is negative, we conclude that

8 ﬁ) < 0, implying that 4 is a decreasing function of 6 It is, therefore minimized at 3 = 1, and this

minimum value is found to be positive. Therefore, & W > 0, and 2 3 ﬁg is an increasing function of .

Its maximum value at 3 = 1 turns out to be negative, indicating that ‘gi}: < 0 and ‘2273; is a decreasing

function of 6 Continuing this alternating pattern, the minimum of g [}: occurring at 4 = 1 is positive,

making 2 3 ﬁg > 0 and % an increasing function of . Therefore, %_ﬁ is maximized at § = 1, and this

maximum value happens to be negative. This implies that the original function, Y, is decreasing in
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ii)

(. Since its minimum value, occurring at 3 = 1, is positive, Y must be positive over the entire valid

range.

This, of course, means that the discriminant itself is positive and X; = 0 must have three real roots.

We now investigate the nature of these three roots. Solving 68)21 = 0, and checking the second order

condition, we get the two critical points of X;:

Emj *7_[]_@
" G50E (1 - B)’

U+Q
6520¢(1 - 3)’

and emax =

where Q = +/4r2(1-2B(4-503)) — 12rp30(1—3)2 + 33202(1—3)(11-36) > 0 and U = (1—3)(960 —
2r) > 0. Clearly, ey is negative, making the first (smallest) of the three real roots negative and

of little interest. It turns out that the second root is negative as well. To see this, we consider two

1
59

second root is negative. This is because U > Q:

separate cases. First, if 0 < 8 < =, it can be shown that epax is negative as well, implying that the

U?-Q%* =125 (r2(2—35) +2rB0(1—3) + 0(1—p)(360—2r) + 95592 (1-3) + 666%*(1—73) (é—ﬁ)) > 0.

If, on the other hand, % < f < 1, then we find:

X1(0;0) = —6r° —120(4 — 98) + 2r60*(1 — B)* + 863 (53 — 1)(1 — 3)
> —3r260 — r?0(4 — 98) + 2r6%(1 — B)* + BO* (56 — 1)(1 — B) [since 5O > 2r]
= —4r20(1 — B) + 21260 + 2r6* (1 — B)* + B> (56 — 1)(1 — )
> —2rB0*(1 — B) + 2r?86 4+ 2r0*(1 — B)* + 36> (58 — 1)(1 — 3) [since 36 > 2r]
=2r0%(1 — B)(1 — 28) +2r?B0 + B> (56 — 1)(1 — B)
> 2r0%(1 — B)(1 — 283) 4+ 2r?30 + 2r6*(56 — 1)(1 — B)  [since B0 > 2r]
=2r0*(1 — B)(383) + 22360 > 0.

Therefore, X7 (0;60) > 0, implying, once again, that the second root is negative. Hence, only the largest
root, denoted e = 14 (#), is of interest to us, and it is obvious that X; can be positive only to the left

of this root, as X; approaches —oo when e is very large.

Note that:

Xo(r;0) = 2r°3 —3r°0(1 — B)(1 +eBE(1 — B)) — 2r6%(1 — B)* (1 + B+ ef*E(1 + €€))
+ 603 (1 = B)°(1 +eB8)* (1 + (1 - B))

is a cubic polynomial in 7. Further, its discriminant is:
166°(1 — B)° ((9+ 226 + 2187 + 126° + 48*) + e£(456 + 3653 + 1253 + 64 + 126°) +

e?€2(1085% — 153° + 153" — 126° 4 216°) + €3¢*(1443° — 1536 +695° — 128° + 2267 +

€1 (10861 1598° +1028°— 155" +93°% ) +-€°€7 (456°—818° + 5737 93%) + %¢° (98°— 1487 +9%)).
When the discriminant is expressed this way as a polynomial of e, all the coefficients of that polynomial
turn out to be trivially positive if 5 € (0,1). Since e > 0, the discriminant must be positive, implying

that X5 (r; 0) has three real roots. And, since (i) X2(—00;60) — —o0, (ii) X2(0;0) > 0, and (iii) the
coefficient of 72 is negative, Xo(r;6) must have exactly one negative and two positive roots. Between
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_ 00-B)(3(1+efE(1-5))1Q)
68

these two positive roots occurs the minimum of the function, at i, , where
Q =9+334(1+ ) +e£(6 —B(6—48—e£(3—B(2—30))))) > 0. Now, we check whether ryin

is larger than %}f”

iff SUHBOINEQ o B or (2— B)Q > U, where U = 6% — 3(1 + ef¢(1 — #)(2 - ). U <0,
(2 —8)Q > U holds trivially. On the other hand, if U > 0, this is equivalent to:

, the maximum permissible value of r in Case 1A. Indeed, it would be larger

2-0)’Q*>U% & 4(1-7P)+B(10-26(3+ B)) +ef°6(2— B)(5 — 46+ e£(2 = 5)) > 0.

Now, the last inequality obviously holds since 0 < 8 < 1, immediately implying that ry;, and the
largest root of X5 (r;6) = 0 are both larger than %}f”. The largest root, therefore, is of no interest
to us. So, the only root of interest is the smaller of the two positive roots, which we denote by 71 (6).
Thus, X5(r;0) is positive if r < 714 (6), and it is negative otherwise. |

46



