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Abstract

In this online Appendix, we check the robustness of our results by deriving the equilibrium with
reduced information revelation, extending the model to incorporate endogenous information acqui-
sition, extending the model to allow initial endowment of the risky security, liquidity shocks, and

risk-aversions to differ across investors, and extending the model to a dynamic setting.
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Model extensions with more heterogeneity and reduced informa-

tion revelation

In the above model with asymmetric information, all of the informed (i.e., hedgers) have the same
information and in equilibrium all submit orders that reveal the composite signal S. We now extend
our model to include multiple informed investors with different private information and their orders
might not fully reveal the composite signal S. We also allow initial endowment of the risky security,

liquidity shocks, and risk-aversions to differ across investors.

C.1 Endogenous information acquisition

We next examine whether our results can still hold when aggregate information quality is affected
by imposing short-sale constraints. To this extent, we assume that, on date 0, the informed can
acquire a costly signal § as defined in (29) with precision of p. = é at a cost of c¢(p) := kp?, where
k is a positive constant.

For a given precision p., we solve for the equilibrium prices and quantities as previously. We then
solve for the optimal precision with and without short-sale constraints. We find that the optimal
precision of private information for the informed in the presence of short-sale constraints tends to
be lower than that in the absence of short-sale constraints, as shown in the upper panel of Figure
C.1. Intuitively, the presence of short-sale constraints may reduce the incentive of investors to
acquire more precise information because short-sale constraints prevent them from fully benefiting
from the private information in some states. Interestingly, Figure C.1 illustrates that more public
disclosure (i.e., smaller o) might actually increase the incentive of the informed to acquire more
precise private information. This is because public disclosure reduces information asymmetry and
thus the loss of the informed from the adverse selection problem decreases. Figure C.1 also suggests
that the optimal precision increases with liquidity shock volatility. Intuitively, high liquidity shock
volatility tends to increase the informed’s trading volume and thus make them benefit more from
more precise information.

More importantly, the lower panels of Figure C.1 show that short-sale constraints may still
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Figure C.1: The optimal precision of information with and without short-sale constraints, and the
percentage changes of expected bid, expected ask, and the spread volatility. The default parameters
are: 6=1,0,=04,0,=09,0, =09, 0y, =03,V=30x=08 N,=1,N,, =1, N,, = 10,
0 =0.01, k;, = Ky, =0, and k = 0.001.



decrease the expected bid price and increase the expected ask price, and the spread volatility even
with endogenous information acquisition. In addition, as in the case with exogenous information
acquisition, as the liquidity shock volatility increases, the impact of short-sale constraints increases,
while as the information asymmetry increases, the impact tends to decrease. For a large set of
parameter values, we obtain similar patterns to those shown in Figure C.1. This demonstrates that

our main results still hold even with endogenous information acquisition.

C.2 Robustness with reduced information revelation

Theorem 2 of our paper implies that when the market-maker can separate bid and ask markets,
i.e., charge a positive spread, the only equilibrium is the one in which the market prices fully reveal
the composite signal S. Next, we demonstrate that even when the market-maker cannot charge a
positive spread and short-sale constraints reduce information revelation, the average equilibrium
sale (bid) price with short-sale constraints may still be lower than that without the constraints. For
this purpose, we consider the model where hedgers (i.e., the informed) have zero initial endowment
and non-hedgers (i.e., the uninformed) have different amount of initial endowment from that of
the market-maker. As shown in Theorem 4 of our paper, the informed’s demand increases with
the composite signal S which combines the hedging-demand and information-motivated demand.
When the composite signal S is smaller than a threshold S, the informed would like to short sell,
but a no-short-sale constraint prevents such trading. We assume that the informed do not submit
any order in this case, and thus do not reveal the value of S. The uninformed and the market-
maker accordingly update their beliefs, conditional on the composite signal S < S, and in this
sense, information revelation is reduced by the presence of short-sale constraints. We provide the
analysis details of this case at the end of this subsection.

Figure C.2 shows that the equilibrium price is a constant for all S < S and there is a discontin-
wous movement downward at S = S. In other words, when the uninformed and the market-maker
only know that S <8, they use the conditional average of S for the estimation of S, and therefore
they underestimate S for S < S < S, which is reflected by the downward discontinuity at S. On

the other hand, they overestimate S for S < S, as shown in Figure C.2.
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Figure C.2: The unconstrained equilibrium price P* and the constrained equilibrium price P
against S. The default parameters are: 6 = 1, o, = 0.4, 0, = 0.4, o7, = 0.9, oy = 0.3, V = 3,
ox =0.3, N, =10, N,,, =1, N,, = 100, 6,, = 0.1, 6,,, = 0.6, and xj, = k,, = 0.
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Figure C.3: The expected unconstrained equilibrium price P* and the constrained equilibrium
price P’ conditional on S<8 against ox and 6,, when the market-maker sells in equilibrium. The
default parameters are: 6 =1, 0, = 0.4, 0, = 0.4, 01, = 0.9, oy, =03, V=3, ox = 0.3, N, = 10,
N,, =1, N, = 100, 6, = 0.1, ,, = 0.6, and K}, = K, = 0.

Figure C.3, in which the market-maker sells in equilibrium, and Figure C.4, in which the
market-maker buys in equilibrium, imply that even when short-sale constraints prevent some of
the information of the informed from being revealed, the expected trading price with short-sale
constraints can still be lower than that without the constraints. This result is true for a large set
of parameter values. Intuitively, because the uninformed and the market-maker underestimate S
for § < S < S, but overestimate S for S < S, this translates to a lower equilibrium price for

S < S < S, but a higher equilibrium price for S < S than the unconstrained equilibrium price, as
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Figure C.4: The expected unconstrained equilibrium price P* and the constrained equilibrium
price P} conditional on S < S against ox and 6,, when the market-maker buys in equilibrium. The
default parameters are: 6 =1, 0, = 0.4, 0, = 0.4, 0, = 0.9, oy, =0.3, V =3, ox = 0.3, N}, = 10,
N,, =1, N, =100, 6,, = 2, 0,, = 0.2, and s}, = K, = 0.

shown in Figure C.2. Therefore, as long as the probability of S < S <Sis significantly higher than
the probability of S < S, the equilibrium price with short-sale constraints for S < § is lower than
the expected price without the constraints, conditional on S < S. Because the equilibrium prices
are the same with and without constraints for S > S, the (unconditional) expected equilibrium

price may also be lower with short-sale constraints.

Analysis Details for the case with reduced information revelation when hedgers

are constrained

We assume that the informed (hedgers) are not endowed with any shares of the stock, the
market-maker is endowed with 6, shares of the stock, and each uninformed trader (nonhedger) is
endowed with 0,, shares of the stock. For tractability, we study the case in which the market-maker
has to post A = B = P. To simplify computations, we also assume that there is no public signal
S’S, 1.e., o5 = 00.

It can be demonstrated that hedgers are constrained by short-sale constraints and thus are not

trading when ~ ~ ~ ~
SVar[V|Zylv (Nav + Np)(0m + Npbp) + N6y,

(1 - pn)(NhV(Nn + 1) + Nn(Nn + 2))

Sﬁﬁ::



When the informed are constrained by short-sale constraints, in equilibrium, there are two
cases: 1) if 0,, > 0, the uninformed buy from the market-maker; and 2) if 6, < 0,,, then (i) the
uninformed sell, and they are not constrained by short-sale constraints when S,, < S <8, (ii) the

uninformed buy when § < S,,, where

 Var[V|Zp) (Nav + Np)bn — (Nn + Npv(Npv + Ny, + 2))6r,)
= (1 — pu)Np(Npv + Ny, + 1) '

We present the details of case (1), i.e., 0, > 0,,, the uninformed buy from the market-maker. Case
(2) can be solved similarly.

When the informed are constrained by short-sale constraints and they are not endowed with any
shares of a risky asset, informed traders are not trading. The market-maker and the uninformed
only know that S < S, and they cannot observe S. The uninformed’s problem becomes

max E[—e_é(_€”P+(§”+€”)(6+ﬂ))|»§ <5 (C-1)
On

It can be shown that (C-1) is equivalent to

_ i i 7 2
in 800 P38 010,02 +02)—5(0,+0,)V 7y [ 21 00n + 0n)proy N S (c2)
r \/Prol + w?o% \/ Prol + w?o%

Taking the first-order condition with respect to 6, in equation (C-2) yields

- ~ 5(0, + 0, 2 1 2 _ (8+6(Bn+0n)pp0o2)?
(P4+6(0p+0,) (02 +63)—V)N S+ 000n + On)pncy + PhOy T e SR
\/ Pros + wiok V2T [ pno? + w?e%
(C-3)
The market-maker’s problem becomes

P



It can be shown that (C-4) is equivalent to

—3Pat 1620 —)2(02 +02)—s(m—a)V g [ 2T §(0m — a)pro N S e

2 2

min e
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Taking the first order condition with respect to P in equation (C-5) yields

S+ 60, — a)ppo?

O _ _
<a + 8_P(P +0(0p, — a)(ai + 012)) — V)> N

prho2 4+ w?ck

2 _ (8+8(fm—a)pj02)?
+ 1 phO'U 80{ e 2(ph012,+w20'§() =0. (C-G)
V2T /pha2—|-w20§{ oP
v

From (C-3), we can express P and % as functions of 6,,. Substituting o = N,0,, and g—j‘; =

Nn%iﬁ into (C-6) yields a function of 6, which can be solved numerically and then we obtain the

equilibrium price. Q.E.D.

C.3 Robustness to a dynamic setting

One concern with our main model is that it is static. In this subsection, we demonstrate that
it is likely that our main results still hold in a dynamic setting. For this purpose, we consider a
two-period setting with trading dates 0, 1, and 2. Hedgers, non-hedgers, and the market-maker can
trade a risk-free asset and a risky security on dates 0 and 1 to maximize their CARA utility from
the terminal wealth on date 2. The date 2 payoff of each share is V + ji, where V is observable on
date 1, and ji is observable on date 2, V and fi are independent, V ~ N(V,0%), ji ~ N(0,0‘Z), Vv
is a constant, oy > 0, 0, > 0, and N(-) denotes a normal distribution.

As previously, hedgers are subject to a liquidity shock that is modeled as a random endowment
of X, ~ N(0, %) units of a non-tradable risky asset on date 0. The non-traded asset has a per-unit
payoff of L + &, where L ~ N(0, U%) has a covariance of oy, > 0 with V and becomes public on
date 1, &€ ~ N(0,02) has a covariance of oue > 0 with i and becomes public on date 2, and L and

€ are independent.



Let 0;;+ denote the number of shares that an investor holds in the stock immediately after date

t,t=0,1." We assume that neither hedgers nor non-hedgers can short-sell, i.e.,
0y >0, i="h,n, t=0,1.

Let P, be the stock price on date t. For ¢ € {h,n}, investor i’s problem is

max E[—e_‘m/i?],
0:0,0i1

subject to the budget constraints

Wig = Wi — 01 Py + 0;(V + i) + X;(L + ),

and

Wit = (0 — 0:0) Py + ;0 Py,

and short-selling constraints (C-7), where § > 0 is the absolute risk-aversion parameter.

Both hedgers and non-hedgers have to trade through the market-maker, i.e.,
Ot = NO — (Nheht + Nnem), t=0,1.
The market-maker’s problem is then

max E[—e_5Wm2],
Po,Py

subject to the budget constraints

Wino = Wint — 01 Py + 051 (V + 1),

(C-7)

(C-8)

(C-9)

(C-10)

(C-11)

(C-12)

(C-13)

'To simplify exposition, we use #; to denote the holdings after trading instead of the trading amount as used

previously.



and
Wit = (0 — 0m0) Po + 0o Pr.- (C-14)
Definition 3 An equilibrium (05,05, P;,t = 0,1) is such that
1. Given P}, 0}, (i € {h,n}) solves investor i’s Problem (C-8)-(C-10) fort=0,1;

2. Given 65, and 0y, P; solves the market-maker’s Problem (C-12)-(C-14) for t = 0,1 subject
to the market-clearing condition (C-11).

In general, there are 16 possible cases, depending on when the constraints bind for whom
(hedgers or non-hedgers). To simplify the exposition and save space, we report the equilibrium

results only for the case in which there are no non-hedgers, i.e., N, = 0, because in this case, there

are only four possible cases in equilibrium.?
Define
o2 + (Nj, + 2)%0% Np +2)o2
0= = ( h ) v > DO = M@, (0-15)
(Nn +2)ovL oVL
Ny, +2)02 (02 + (Nj, + 2)%0? _ N, +1)o2 _
Cy = ( ’;2)“( L (Vo +2)°0y) g, Dlzzi( ht Voug. (C-16)
(Np +2)%04,04e + Uu((Nh +2)ovr + Opue) Tpe
The following theorem provides the equilibrium prices and equilibrium security demand in closed
form.?

Theorem C.1 1. If X, < min{Cy, C1}, then short-sale constraints do not bind for hedgers at

either time 0 or time 1,

(a) the equilibrium prices at time 0 and 1 are

_ O(Np+1) (620, + (N}, + 2)202 +o.)) X B
pp = v — 2+ 1) (9400 + (N Jovlovs + oy ) " 502+ 02)8, (C-17)
(N +2) (02 + (N + 2)%0%)

2The presence of non-hedgers is important for the existence of different bid and ask prices, but not for the
determination of equilibrium prices when bid-ask spread is restricted to be zero, as we consider here. Indeed, we also
solved the equilibrium with short-sale constraints when N,, # 0. The qualitative results are the same and available
from the authors.

3Because the second period problem is essentially the same as the one-period problem except for different initial
endowments, and the first period problem is similar to the one-period problem except for different continuation
utilities, the proof is straightforward and thus omitted.
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(b) and the equilibrium quantities demanded at time 0 and 1 are

= X
9;;0 =40 <1 — Fh> s mO = (Nh + 1)9 Nhg;;o, (C-lg)
0
* ) Xh *
1

2. If C; < X, < Dy, then short-sale constraints bind for hedgers only at time 1,
(a) the equilibrium prices at time 0 and 1 are

Np+1 . _ ) X
Pi,=V -6 <aue NZ I 2JVL> X}, — 8020, Ppy =V — 60, X, (C-21)

(b) and the equilibrium quantities demanded at time 0 and 1 are

* n X * n * * n
9h0c1 =0 (1 - —h) > YmOcl — (Nh + 1)9 - NhehOcl’ 9h1c1 =0, Omic = (Nh + 1)93

Dy
(C-22)
3. If Cy < X}, < Dy, then short-sale constraints bind for hedgers only at time 0,
(a) the equilibrium prices at time 0 and 1 are
Np+1 - Np+1_ 52
POC2 =V 5UVLXh - Nh T 250M6Xh méa;ﬁ, (0—23)
~ Nh +1 ~ Nh +1 95
Pro=V—"""6§0,.X 60,0, -24
le2 Np+ 2 Tueh Np+ 2 Tu (C-24)
(b) and the equilibrium quantities demanded at time 0 and 1 are
0;;002 =0, H;kn,OCQ = (Nh + 1)57 (0'25)

10
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Figure C.5: The expected prices at time 0 and 1 with and without short-sale constraints against
ox. The parameter values are: 6 =1, oy = 0.9, oy = 0.3, 0y = 0.5,0,. = 0.4, V =3,V =3,
Np=10,60=1/(Np +1).

% Nh +1; Xh * ) *
Onic2 = mH <1 - D_1> v Ot = (Np +1)0 — Npby 0 (C-26)

4. Otherwise, short-sale constraints bind for hedgers at both time 0 and 1,

(a) the equilibrium prices at time 0 and 1 are

Pls =V —6(ovr +0ue) X, Prg=V — 060, X, (C-27)

(b) and the equilibrium quantities demanded at time 0 and 1 are

Ohoc2 = Ohica = 0. Opoca = Opreo = (N, + 1)00. (C-28)

Theorem C.1 implies that, as in the main model, short-sale constraints can lower the equilibrium
trading price when a buyer has market power. For example, in Case 2, in which hedgers are
constrained at time 1 only, one can show that the equilibrium prices at both time 0 and time 1
are lower than those without short-sale constraints respectively. To examine the average impact of
short-sale constraints on equilibrium prices, we next plot in Figure C.5 the expected equilibrium

prices (across X3) at time 0 (left subfigure) and at time 1 (right subfigure) with and without

11



short-sale constraints against the liquidity shock volatility ox. Figure C.5 shows that the expected
prices at time 0 and time 1 with short-sale constraints are lower than the prices without short-
sale constraints, as in our one-period model. These results hold because the market power of the

market-maker constitutes the main driving force, which is still present in a dynamic setting.

C.4 A generalized model

To simplify exposition, in the main model studied above we assume that all investors have the
same risk aversion, the same initial inventory, the same date 1 resale value of the security, and only
hedgers have private information and liquidity shocks. In this section, we relax these assumptions
and still, the generalized model is tractable and solved in closed-form.

Let 6;, 6;, XZ-, V; and Z; denote respectively the initial inventory, the risk-aversion coefficient,
the liquidity shock, the date 1 resale value of the security, and the information set for a type ¢
investor for i € {h,n,m}. Then by the same argument as before, a type i investor’s reservation
price can be written as

)

Let A;j = PZR - PJR denote the reservation price difference between type ¢ and type j investors

for i,5 € {h,n,m}. In this generalized model, there are eight cases corresponding to eight different
trading direction combinations of hedgers and non-hedgers.* The trading directions are determined
by the ratio of the reservation price difference between the hedgers and the non-hedgers (Ap,) to
the reservation price difference between the non-hedgers and the market maker (A,,,). When the
magnitude of this ratio is large enough (Cases (1) and (5)), the hedgers and the non-hedgers trade
in opposite directions. If it is small enough (Cases (3) and (8)), on the other hand, they trade in
the same direction. In between, either the hedgers or the non-hedgers do not trade.
Define
Omla N, + 20,11 Oma N},

by = ATy (C-30)

4The case where both hedgers and non-hedgers do not trade is a measure zero event, which occurs only when the
reservation prices of all investors are exactly the same.

12
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~ 20, 5h N/ (601 Np) + 1
Ny,
b= — Npdpdnvi (N+1 > b0),
\/Nnéh + Nponvi <\/Nn5h + Npopvy — WM)
where . B
nlLn m|Lm \J m m
oy = YVl ] - VeVl Tm] i Om g Omb2
Var [V}, |Zy] Var[V},|Z;] on On

Theorem C.2 For the generalized model, we have:

1. The hedgers buy and the non-hedgers sell (Case (1)) if and only if

_blAhn < Anm < b2Ahn'

(C-31)

(C-32)

(C-33)

For Case (1), in the presence of short-sale constraints, we have the following two subcases.

(a) If boAp, — (Kn + én)(N + 1)6, Var[Vn|In] < Apm < boAp,, then short-sale constraints

do not bind.

The equilibrium bid and ask prices are

b Apm  Dpn
A* =Pl 2 A, - 0m g T (C-34)
N+1 N+1 2
b Anm
B*=phy 2 A, —om (C-35)
N+1 N +1
and the bid-ask spread is
A*— B* = Az’m; (C-36)
the equilibrium security quantities demanded are
Apm + 0140, . Apm — b2 Ay N . N
— OB e 2=hn gt = — (NpOE + No0F)
(N + 1)6p Var[Viy|Zy) (N + 1)6, Var[V,|Z,]
(C-37)

13



the equilibrium quote depths are
o = Npby, p*=—N,0;. (C-38)

(b) If —=b1Apyn < Apm < b2Apy — (Kp + én)(N +1)d, Var[‘N/n|In], then short-sale constraints

bind for non-hedgers. The equilibrium bid and ask prices are

B) S10m Ny (K, + O o Var(Vi, | Zy]
x _pR_ Y _ % 2 h 3
A= B = oy Ny 207 + Om Naa ’ (C-39)
Bf = P 46, (kn + 0,) Var[V,,|T,); (C-40)

the equilibrium security quantities demanded are

A m N (i + On VT .
0;;0 _ hm + 1) (H + 0 )U2 Y(lr[vh| h]’ H:LC — _(Hn“‘en)a 0:)’),6 - _ (Nhe;;c + Nne;’;c) :
(25h + 5mNhV2) Var[Vh\Ih]

(C-41)
the equilibrium quote depths are
ar = Npb;., B:=-N,b;.. (C-42)
2. The hedgers buy and the non-hedgers do not trade (Case (2)) if and only if
b2Ahn < Anm < bSAhn- (0'43)
For Case (2), the equilibrium bid and ask prices are
A= B g R (C-44)
2+NhV25m/5h’ -
the equilibrium security quantities demanded are
Apm
g; = h 05 =0, 0% = —N,0;; (C-45)

(25h + Nhl/g(sm) Var[f/h\l'h] ’

14



the equilibrium quote depths are
o = Npb;, B*=0.
3. Both the hedgers and non-hedgers buy (Case (3)) if and only if
Ay > max{—byApn, b3Ap,}.

For Case (3), the equilibrium prices are

A* — Nhylénp}? + Nn(shpr}i N Npv16nApm + NudpApm,
Npv10p + Nypdy, (N + 1)(Nhl/15n + Nnéh)’

the equilibrium security quantities demanded are

h+Nponv1 Onv1
(N + 1)5h Var[Vh|Ih]

Apm + (1 + ot N"5m”2) Apn
0, = h

)

A”m - (Nné;\f}-?-&]%:gnul + Nhg;jw) Ahn
(N + 1), Var[V,,| T,

0y, = —Np0; — N,0;

*
Hn: )

and the equilibrium depths are

of = Npbi + N0, B*=0.

4. The hedgers do not trade and non-hedgers buy (Case (4)) if and only if

_blAhn < Anm < _b4Ahn'

15

B*< A

)

(C-46)

(C-47)

(C-48)

(C-49)

(C-50)

(C-51)

(C-52)

(C-53)



For Case (4), the equilibrium prices are

A
A* = Pl nm B* < PE; C-54
" 24 Nuvadm/(v16,)’ = ho ( )
the equilibrium security quantities demanded are
Anm * *
0, =0, 0 = , 07, = —Nno.; (C-55)

(2 + Npvooy, /(v105))0, Var[ffnﬂn]

and the equilibrium depths are

o =N,0;, B*=0. (C-56)
. The hedgers sell and the non-hedgers buy (Case (5)) if and only if
bQAhn < Apm < _blAhn- (C-57)

For Case (5), in the presence of short-sale constraints, we have the following two subcases.

(a) If —byAp, — (kp +§h)(]\7+ 1)ép, Var[Vh|Ih] < Apm < —b1Ap,,, then short-sale constraints
do not bind.

The equilibrium bid and ask prices are

V2Nh5m A Anm

A*=phty . i — (C-58)
2, (N + 1) N+1
pr=phy P2Nom o Bam B (C-59)
25, (N + 1) N+1 2
and the bid-ask spread is
Apn,
A*— B = — 2” ; (C-60)

16



the equilibrium security quantities demanded are

Apm + 015, . Anm — A, . . N
r — — Dm0 e 20 gr . (NWOE 4+ Nob?)
(N + 1)6p Var(Vi | Zy) (N + 1), VarV,|Z,]
(C-61)
the equilibrium quote depths are
o = Nyb;, [*=—Np0;. (C-62)

(b) If boApyp < Ap < —b1App — (kp + éh)(N + 1)0p, Var[Vh|Ih], then short-sale constraints

bind for hedgers. The equilibrium bid and ask prices are

A: _ PYIL% _ on1 - 5n5mV1Nh(/{h + éh)ljg Var[f/hﬂ'h]’ (C-63)
20,11 + O Ny o 20,11 + O Ny o
B = PE+ 6,(kn + 03) Var[Vi | Zy]; (C-64)
the equilibrium security quantities demanded are
_ Apm + 0m N, 0 V| ) ] "
020 = _(ﬁh—’_eh)? e;kzc = - h(ﬂh i h)y2 V?r[VM h] ) emc = - (Nhehc + Nnenc) )
(25n7/1 + 5mNnI/2) Var[Vh|Ih]
(C-65)
the equilibrium quote depths are
042 = Nne;m /82 = _Nhe;’;c‘ (0'66)
6. The hedgers sell and the non-hedgers do not trade (Case (6)) if and only if
bSAhn < Anm < bQAhn- (0‘67)

For Case (6), in the presence of short-sale constraints, we have the following two subcases.

(a) If —App— (20, +0mvo Ny ) (K +0) Var[f/hﬂh] < Apm < baAyp,,, then short-sale constraints
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do not bind. The equilibrium prices are

Ap
Br=pft_ "™ A" > pR C-68
h 2‘|‘Nh7/25m/5h’ - ( )
the equilibrium security quantities demanded are
Apm
0; = h 05 =0, 0%, = —Nu0;; (C-69)
(2 + NhV25m/5h)5h Var[Vh|Ih]
and the equilibrium depths are
a* =0, B"=—Npb;. (C-70)

(b) IfbsAny < Apm < —App— (208 +6mva Ny ) (k5 +03) Var[f/hﬂ'h], then short-sale constraints

bind for hedgers. The equilibrium prices are
BY = PE 4 6,(kn + 0) Var|Vi,|T1], A > PE, (C-71)
the equilibrium security quantities demanded are
Ohe = —(kn +0n), 0p.=0, 05, = —Npbi; (C-72)
and the equilibrium depths are
ag =0, B:=—Nubj,. (C-73)
7. The hedgers do not trade and the non-hedgers sell (Case (7)) if and only if
—bsApy < App < —b1Apy. (C-14)

For Case (7), in the presence of short-sale constraints, we have the following two subcases.
(a) If —(28,46mNyvo /v1)(Fn +0,) Var[f/nﬂn] < Apm < —b1Ay,,, then short-sale constraints
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do not bind. The equilibrium prices are

A
B* = PR _ nm , A*> PR
"2 Nyvad/ (v16,) =h
the equilibrium security quantities demanded are
A
0y =0, 0 = o , 0F = —N,0;;

(2 + Npv2b, /(1105))0n Var[f/nﬂn]

and the equilibrium depths are

a* =0, B*=—N,0r.

(C-75)

(C-76)

(C-77)

(b) If =bsApp < Apmn < — (28,46 Npvo /v1) (Fin +0r) Var[f/nﬂn], then short-sale constraints

bind for non-hedgers. The equilibrium prices are
B* = PR 45, (kp + 0,) Var[V,|T,,], A* > PP
the equilibrium security quantities demanded are
0; =0, 0 = —(kn +0n), 0, = —Np05;
and the equilibrium depths are
ot =0, p*=-N,0;.
8. Both the hedgers and non-hedgers sell (Case (8)) if and only if

Anm S min{_b4Ahn7 bSAhn}-
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Define Py, (P,,) as the critical price above which short-sale constraints bind for h (n) investors,

Py, = PE 4+ 6, (ki 4 0,)Var[Vi|Zh], Pn = PE 46, (kn + 0p)Var[V,|Z,). (C-82)
Define
B* = pmPE 4+ 0, PR+ (1 — ¢, — ¢n) PE, (C-83)
= A\ PE 4+ (1= X)) PE — \op (k1 + 03) Var[Vi, | Zh], (C-84)
B" = 4 PR 4 (1 — 4,) PE — 7,0, (kin + 0,) Var[V,| ], (C-85)

where m, ©n, Am, Ah, Ym, and v, are as defined in (C-92)-(C-95). B* is the equilibrium
bid price in the absence of short-sale constraints, and B! (B") is the equilibrium bid price
given that hedgers (non-hedgers) short-sell ky, (ky ). In addition, let V(B*) denote the market-
maker’s expected utility in the absence of short-sale constraints and V'(B") be the market-

maker’s expected utility given that hedgers short-sell k.

Suppose P, < P,.> For Case (8), in the presence of short-sale constraints, we have the

following subcases.

(a) If B* < Py and B" < P, short-sale constraints do not bind for any investor, and the

equilibrium price is B¥ = B*; the equilibrium security quantities demanded are °
Nnah Nnémva
9* Anm + <1 + N 5h+Nh nlV1 + 5 V1 ) Ahn
h =
(N + 1), Var[Vy, | Z] ’
Nponv1 Npdmro
9* i Anm - (Nn6h+Nh6nV1 + on ) Ahn
" (N +1)6, Var[V,|T,,] ’
and the equilibrium depths are
ot =0, B*=—Ny0; — N,0..
5The case P, > P, is symmetric (i.e., switching “h” and “n” in the notations) and thus omitted to save space.

6The quantities demanded for cases (b)—(g) are straightforward and thus omitted to save space.

20



(b) If B* < P, and P, < B" < B,,™ then the equilibrium price is

B* if V(B*) > V{(B}),
B =< B* or B" ifV(B*)=VMB), (C-86)
B} (> B*) if V(B*) < VB,

and if the equilibrium price is equal to B?, then short-sale constraints bind for hedgers;

(c) If B* > P, > B, then short-sale constraints bind for hedgers, and the equilibrium price
is Bf = P, (< B*);

(d) If B* > B? > P, and B? < P,, then short-sale constraints bind for hedgers, and the
equilibrium price is B¥ = B" (< B*);

(e) If P, > B" > B* > P,, then short-sale constraints bind for hedgers, and the equilibrium
price is B} = B" (> B*);

(f) If B? > P, > B* > Py, then short-sale constraints bind for both hedgers and non-
hedgers, and the equilibrium price is BX = P, (> B*);

(9) If B* > P, and B" > P,, then short-sale constraints bind for both hedgers and non-

hedgers, and the equilibrium price is B} = P, (< B*).

It can be demonstrated that as the reservation price of the market-maker varies from low to

high, all seven subcases in Case (8) of Theorem C.2 can occur. It is clear from Equations (C-82)

through (C-85) that B* — P, and B — P, both increase with PE. The intuition for Theorem C.2

is that if the reservation price of the market-maker is small enough relative to those of hedgers

and non-hedgers, then the market-maker will be the only seller in equilibrium and thus short-sale

constraints do not bind for any investor and the equilibrium price is the same as the case without

short-sale constraints (subcase (a) in Case (8)). In the other extreme, if the reservation price

of the market-maker is sufficiently large, then the market-maker is the only buyer and short-sale

constraints bind for both hedgers and non-hedgers, which implies that the equilibrium price is equal

"It can be shown that B* < P, and B" > P, cannot occur under the assumption that P, < P,.
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The subcases (c), (d), and (g) in Case (8) reveal that the equilibrium price can still be lower with

short-sale constraints. On the other hand, Case (8) of Theorem C.2 implies that the equilibrium
price with short-sale constraints can be greater than the equilibrium price without the constraints.
In addition, it is also possible that the equilibrium trade price becomes higher with the constraints
than without, even when the market-maker is a buyer in equilibrium. For example, in Case (f),
both hedgers and non-hedgers are sellers and constrained, and thus the market-maker is the buyer.
However, Theorem C.2 implies that in this case, the equilibrium price with the constraints is higher
than that without. This occurs because the constraints reduce the amount that the market-maker
can buy from the hedgers who are constrained at B*, and the benefit of buying more from the
non-hedgers outweighs the cost of a higher price than B*.
Proof of Theorem C.2: The proofs of Cases (1)-(7) are similar to the proof of Theorem 1. We
only sketch the main steps. First, for each case, conditional on the trading directions (or no trade),
we derive the equilibrium depths, prices, and trading quantities, similar to the proof of Theorem
1. Then we verify that under the specified conditions the assumed trading directions are indeed
optimal. The proof of Case (8) is straightforward. Here we only outline the proof.

Given bid price B, for i € {h,n}, a type i investor’s problem is to choose 6; to solve

max E[—e %Wi|T}], (C-87)
subject to the budget constraint
W; = —60;B + (0; + 0;)V; + X, L, (C-88)
and the short-sale constraint
0; +0; > —r;. (C-89)

The designated market-maker’s problem is to choose price B to solve

max F —e_éme|Im ) (C-90)
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subject to

~ B- PR _ _ B - P _ -

Wy, =— ) min {7 Ki+ 91} B+ [6,+ > min {7/@ +0;| | Vi (C-91)
i=hm d; Var[Vi[Z;] e 8, Var[V;|Z;]
Define
5h5nV1
m = 5 C-92
7 5m5nV1V2Nh + 25h5nyl + 5m5hl/2Nn ( )
5ml/2 5h
n — Nn m C-93
4 <5nyl YNt Nhulén) 14 (C-93)
511”1 Nn(SmVQ + 511”1 57LV1Nh
A = , = , C-94
Npomva + 2001 "~ Npdmva + 20,11 0n Ny (C-94)
5 N 5m 5 5 Nn

o h = hOmV2 + 0p  Op (C-95)

- Npbmva + 26y, Npdmva + 203 5nV1Nh.

First, assuming that there are no short-sale constraints, then the market-maker’s problem is equivalent
to

PE_P PE_p 3 B-P}* B-PE
rngx Nh 5thar[Vh] B + Nn SnVar[Vn|In] B+ (0m + Nh 5hVar[\~/:|Ih] + Nn STLVar[Vn|In])
R ~ - 1 ~ = B—pPR B-PE 2
X (PR + 0 Var [Vin| T)m) — 30mVax(Vin | Ton] (i + No gt + N gt )

The first order condition then yields B*. Conditional on hedgers always selling , + 6}, the market-maker’s

problem is equivalent to

— R — — R
max —Nu(n +60)B + Nog2rzs B+ (9m+Nh(nh+9h)+Nn%)

8n Var[V, |Z, 8, Var[V, |Z,]

- _ - _ _ R 2
X (PR 4 6,,Var([Vip | Ton)0m) — 16, Var(V;, | Z,.] (am + Ni(kn + 0) + Nn%) .

The first order condition then yields B". Similarly, conditional on non-hedgers always selling ., + 0,
we can derive the equilibrium price B?. Then the comparison of the maximum expected utility with the
constraint that B* < P, and the maximum expected utility with the constraint that P, < B* < P,, while
noting that the maximum expected utility with the constraint that B* > P, is equal to the expected utility

at B* = P,, yields the equilibrium prices under different conditions. Q.E.D.
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