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Appendix

This file is the electronic companion of the paper “Managing Appointment Booking under Customer Choices”

by Nan Liu, Peter M. van de Ven, and Bo Zhang.
A. Proof of the Results in Section 3
A.1. Preliminarily results

We first state and prove an auxiliary lemma on the structural results of the value function for the non-

sequential offering model. This lemma will be used in proving other results in the paper.

LEMMA 3. Let Q be a preference matriz, m >0, j=1,...,J and n€{1,...,N}, then the value function
V.(m) satisfies
(i) 0<V,y i (m)—V,(m)<1l; Vn=0,1,2,...;
(1)) 0<V,(m+e;)—V,(m)<1; VYn=0,1,2,...;
(i) if Ao >0, then V,,(m+e;) —V,(m)<1; VYn=1,2,.....

These monotonicity results are quite intuitive. Properties (i) and (ii) state that the optimal expected reward
is increasing in the number of customers and the number of slots left and the changes in the optimal expected
reward are bounded by the changes in the number of customers to go and the number of slots available.
Property (iii) suggests that if there is a strictly positive probability that no customers would come in each
period, then the increase of the optimal expected reward is strictly smaller than that of the available slots.

Proof. We use induction to prove this lemma. We first prove the first two properties. For n =0, these two
properties hold trivially. Suppose that they also hold up to n =t. Consider n =t + 1. Let g} (m) represent
the optimal decision rule in period ¢ when the system state is m. Let Vf(m) be the expected number of slots
filled given that the decision rule f is taken at stage s and from stage s — 1 onwards the optimal decision
rule is used. Let p,(m,f) be the probability that a type k slot is booked at state m if action f is taken. It
follows that

J
Vipr (m) > VE ™ (m) =3 py(m, g (m))[ Loy + Vi(m — e,)]
k=0

J
2 Zpk(ma g; (m))[Lx=0y + Vi1 (m —ey)]
k=0
=V,(m),
where the first inequality is due to the definition of V,y;(m) and the second inequality follows from the
induction hypothesis. Following a similar argument and fixing j € {1,2,...,J}, we have

F1(m)
Vipr(m+e) >VET (m+e))
J

= Zpk(m +e;,80(m))[Lisoy + Vi(m+e; —ey)]
k=0

J
- Z;vk(m, gi+1(m))[Lixsoy +Vi(m+e; —ey)]
k=0

> " pi(m,g)y s (m))[Ls0y + Vi(m —ey)]

k=0
:‘/t+l (m)7
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where the second equality results from the decision rules and the state transition probability (2).

To show the RHS of the inequality in (i) for n =t + 1, note that
Vit1(m) — V,(m)

=3 " pe(m, g}, (m))[Ljsoy + Vi(m — e,)] — Vi (m)
= " pu(m, g, (m)+ > pi(m, g, (m)[Vi(m—e;) — V;(m)]

J

< ZPk(mv g:+1(m))
k=1

<1,

where the first inequality follows from that V;(m —e;) < V,(m), which has been shown above.
To show the RHS of the inequality in (ii) for n =t + 1, we define a decision rule h in period ¢ + 1 such
that h=g;,  (m+e;) except h; =0. It follows that

Viri(m+e;) = Vipa(m) < Vipi(m+e;) — Vi, (m), (17)
because h may not be the optimal given system state m at period t +1. For u=1,2,...,J, let
qu=pu(m+e;, g7, (m+e;))
and
¢, =pu.(m,h).

It is easy to check that ¢, <¢,,Yu #0,j and ¢; = 0. Now, let ;. = (21,82, ...,€;,) and use (-,-) to represent
the inner product. We have that

J I I J
un = ZA‘i1{<9z‘»gt+1(m+‘3j))>0} > Z’\i]l{{<ﬂi.,h)>0} = ZCI{U
u=1 i=1 i=1 u=1

because h=g;, ,(m+e;) except h; =0. Therefore, go =1— Zi=1 o <1— 21{:1 ¢, = ¢ Define 6, = ¢/, — q.,
for w # j. It is clear that §, > 0,Vu # 7, and we note the following relationship.

G=1-> q.=1-Y (¢,—06.)=) 0.

uFj uFj uFj

Now, we can continue the inequality (17) as follows.
Virr(m+e;) — Vi, (m)

J J
:un[l{u>0} +Vi(m+e;—e,) - Zq;[l{wo} +Vi(m—e,)]

u=0 u=0
J J
=(1—qo)—(1—Q6)+unVt(m+ej—eu)—ZqLVt(m—eu)}
u=0
:50+un(‘/}[m+ej—eu)—v;(m—e ) +¢;Vi(m Zé Vi(m—e,

uj u#j
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=00+ q.(Vi[m+e;—e,)—Vi(m—e,)]+ Y 6,V (m)—> 4,Vi(m—e,)

uF#j uFj uFEj

=0+ Y qu(Viim+e;—e,) = Vi(m—e,)|+ > 6.[Vi(m)—V,(m—e,)]
u#yj u#0,j5

<So+ Y qut D 6.
uF#j u7#0,j5

:]_7

where the last inequality comes from the induction hypothesis for property (ii).
As for property (iii), first note that it trivially holds for n = 1. We can then follow similar induction steps

as those used to prove the RHS of the inequality in property (ii) to complete the proof. [

A.2. Proof of Proposition 1

Proof. We focus on the W model instance here, as the N Model instance is a special case of this. For

n>1 and any system state (x,y) > (1, 1), the optimality equation for the W model instance reads.

1— >\0 + ()\1 + %)\Q)Vn_l(ﬂf — 1y) + (%Az +>\3)Vn_1(l’,y — 1) +>\0Vn_1($,y),
Va(z,y) =max ¢ (1 =Xz —=Xo) + (A + o) Vo1 (m,y) + (A1 +A2) Vi (2 — 1, y), ;o (18)
(]- - )\1 - )\0) + ()\1 +AO)Vn71(x»y) + ()‘2 +)‘3)Vn—1(x7y - 1)

where the three terms in the max operator correspond to the action of offering slot types {1,2}, {1} and {2},
respectively. For the boundary conditions, it is easy to see that Vy(z,y) = 0 regardless of  and y. When one
type of the slots are depleted, it is optimal to offer the other type of the slots. To calculate V, (x,0), note
that type 1 slots are accepted only by type 1 and type 2 customers and the number of type 1 and type 2
customers in the last n customers yet to come has a binomial distribution with parameters n and A; + A».

Denote this random variable by X; ~ Bin(n, A1 + A2). It follows that
V,(2,0) = E(min{z, X, }) = Zn:mm(a:, k) (Z) (M1 X0) (1= Ay — Ag)™ k. (19)
k=0
Similarly, with X5 ~ Bin(n, As + A3)
V,,(0,y) = E(min{y, X,}) = znj min(y, k) (Z) (A2 £ Aa) (1= Ay — Ag)" ", (20)
k=0

For ease of presentation, we define A% (x,y) to be the difference of the ith and jth terms in the max operator

(18) above, i,5 € {1,2,3}. In particular, we have
1 1
A2 (x,y) =As — 322Va-1(z = Ly) + (GA2 +Ag)Vooa(z,y = 1) = AsVaa (z,9), (21)

and

1 1
Ai3($7y) = )\1 — 5)‘2Vn—1(1‘7y — ].) + (5)\2 + )\1)Vn_1($ — ].,y) — Aan_l(:U,y). (22)

It suffices to show that A'?(z,y), A3(z,y) >0 for any z,y > 1 (the case when z or y equals 0 is trivial as
it meets the boundary conditions discussed above; see (19) and (20)). We use induction below to prove this.
When n =1, it is a trivial proof as it is optimal to offer all available slots with one period left. Suppose that

(21) and (22) hold up to n =k and for any x,y > 1. Now, consider n =k + 1 and x,y > 1 . We have four
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cases to check: (1) x=y=1; (2) y=1and z>2; (3) x=1 and y > 2; and (4) z,y > 2. We start with case

(1) and evaluate the term A}?, (z,1) below.
AP (L) =X+ (M + %/\Q)Vk(o, 1) — %)\ZVk(l,O) — M Vi(1,1)

(At %Ag)u (O A - %Agu ~ (A0
M=ot (M4 %Ag)Vk,l(O,l) et %Ag)vk,l(m) Vi1 (1,1)]

“AAB (1, 1)+ (A + %Ag)u (A - %Agu — O+ 20)"]
a4 %Ag)Vk,l(O, 1)+ O + %)\z)Vk,l(l,O)]
o+ A Via(0,1) 4 DhoAeVi 1 (1,0)

—AAB(1, 1)+ (A + %Ag)u ~ (Ao - %)\2[1 ~ (a4 20)]
4 [%mz W %AQ)] [L— O+ Ao)* ]

=oAL (1,1) + [%AQ(/\g +Xo) — %AOAQ + A1 (A5 + %/\2)]()\3 + Xo)F !

=XoAB(1,1) + [%Az(,\1 +A3) + A As](As +Ag) >0

where the second equality follow from (19), (20) and the induction hypothesis. Observing the symmetry, we
can show A3, (1,1) >0.

We now study case (2). We can evaluate the term A3 (x,1) as below.
AR (2, 1) =h + MVi(e - 1,1) — \Vi(e, 1) + %Ang(m— 1,1) - %Am(m,m
A A= Ao+ O+ %AQ)Vk_l(x— 2.1)+ (%AQ AV (@ —1,0) + AoVe 1 (2 — 1,1)]
A= Aet (4 %AQ)vk_l(x 14 (%/\2 ) Ve 1 (2,0) 4+ Ao Vi1 (2,1)]
+ %Ag[l o+ (4 %/\Q)Vk_l(ac— 2.1)+ (%AQ AV (2 —1,0) + AoVe 1 (2 —1,1)]
- %Ag[l A= Ao+ Ot ) Vi1 (@ — 1,0) + AsVie_1 (2, 0) + AoVe_1 (2,0,

where the second equality follows from the induction hypothesis. Note that Ay = A (Ag + A1 + Az + A3). We

can continue the equality chain above as follows.
A (z,1)
1 1 1
:()\1 + §A2)[)\1 + )\1Vk_1(l' — 2, 1) — /\1Vk_1(x — ]., ].) + §A2%_1($ — 2, 1) — 5)\2Vk_1($ — 1,0)]
1 1
+ )\0[)\1 + /\1Vk_1($ — 1, 1) — /\1%_1(37, 1) + 5/\2Vk_1($ — 1, 1) — §A2V}C_1(l’,0)]
1 1
+ (5)\2 + A3)[)\1 + Ale_l(x — 1,0) — Al‘/k_l(ilﬁ,()) + 5/\2Vk_1(l‘ — 1,0)]
1 1.1 1
+ 5/\2/\3 - 5)\25/\2‘/1\:—1(35 -1,0) - 5)\2/\3‘/1@—1(3770)
1 . . 1 1
:()\1 + §A2)A,1€3(ZL’ — ]., ].) + AoAllcS(.fC, 1) + (§A2A1 + )\3)\1 + 5/\2A3)[1 + Vk_l(x — 1,0) — W_1($,0)] Z 0,

where the last inequality follows from the induction hypothesis (22) and Lemma 3. Following a similar proof,

we can show that Ap%, (z,1), A3 (1,y), A, (1,y) >0 for z,y > 2.
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Finally, we consider case (4) and evaluate the term A3 (z,y) below.
A% ()
=M+ AVl —1,y) — M Vi(z,y) + %/\ng(x —1,y)— %/\QVk(x, y—1)
A M= Ao+ (4 %)\g)Vk_l(:c Cog) 4 (%AQ AVt (@ — 1y — 1)+ AoVe 1 (z —1,1)]
A= Ae+ (g %/\Q)Vk_l(a:— Ly)+ (%Ag AVt (@5 — 1)+ AoVi1(2,9)]
+ %AQU o+ (O + %)\g)Vk_l(:c o)+ (%AQ AWVt (2= 1,5 — 1)+ AoVer (z — 1,9)]
- %/\2[1 —Xo+ (A + %/\Q)Vk_l(a:— Ly—1)+ (%Az +A3)Vi1 (2,9 —2) + AoVioa (z,y — 1)),

where the second equality follows from the induction hypothesis. Recall that Z?:o A; =1 and thus A\, =
A1( Ao+ A1 4+ A2 + Az). We can continue the equality chain above as follows.

AR ) =+ AN+ M Vs - 2,9) - AVe (o Ly)
+ %AQ‘/k—l(I =2,y) %)\2‘/1@—1(17 ~Ly-1)]

+ (%)\2 + )M M Vie(z—1Ly—1) =\ Vii(z,y—1)

+ %)\QVk_l(x —ly—1)— %)\2‘/}@—1(17& —2)]

+ Ao[A1 — %)\QVk_l(:n,y -1+ + %)\Q)Vk_l(x —1,y) = MVi_1(z,y)]
=On+ PA)AEE L)+ (Gha A AR .y — 1)+ deA(w,9) 20,

where the last inequality follows from the induction hypothesis. Using similar arguments, we can show that

A% (x,y) >0 for z,y > 2. Combining the four cases above, we prove the desired result. [
A.3. Proof of Proposition 2

Before we prove Proposition 2, we first present an auxiliary result.
LemMMA 4. Consider the “M” network and let n € IN. Then
V. (0,ma,m3 —1) >V, (0,my —1,m3), mo>1, mg>1, (23)
V.(m1 —1,m2,0) >V, (m1,mz2—1,0), m3>1, my>1. (24)

Proof.  We will prove (23) by induction; this immediately implies (24) due to symmetry.

First, we can see by inspection that
Vi(0,mg,m3 —1)=1—Xg > V1(0,mz —1,m3).

Now, let t € IN and assume that (23) holds for all n <¢. In order to show that (23) holds for n=t+1 as

well, first observe that for m; =0, the M model reduces to the N model, and by Proposition 1 we know that

it is optimal to offer all slots:

1 1
Vn(O,mQ,mg) :(1 — )\0) + (>\1 + 5)\2)‘/”_1(0, mo — 1,m3) -+ 5)\2‘/”_1(0, Mo, M3 — 1)

+)\0Vn—1(07m27m3)7 mQZla m3217 ?’lE]N, (25)
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and

Vn(o,mg,o):(].—)\0)+(1—)\0)‘/”_1(0,7712—1,0)+)\0Vn_1(0,m2,0), ’I’I’LQZ]., ne]N (26)

We first prove that (23) holds for mgy > 2 and m3 > 2, and treat the boundary cases separately. Using (25)

we can write

Vit1(0,mo,ms — 1)
— (1= o)+ (O + %Ag)‘/}(o,mz Cms—1)+ %Agvt(o, sy s — 2) + A Vi(0, ma, ms — 1)
> (1= Ao)+ (A + %)\Q)Vt((),mQ 9 mg) + %m@(o,m2 C1ms — 1)+ AV (0, ms — 1,ms)
=Vi41(0,ma — 1,m3).

Here we use the induction hypothesis (23) (with n =1t) for the inequality, and use (25) for the second equality.

For the case my >2 and mz =1 we use (26) to obtain

Vit1(0,m2,0)
=(1—=Xo) + (1 = Ag)Vi(0,mq — 1,0) + A V;(0,m2,0)
>(1—Xo)+ (M + %/\Q)Vt(o,mg -2,1)+ %/\QVt(O,mg —1,0) + AoVi(0,m2 — 1,1)
=Vi41(0,m —1,1),

where the inequality follows from the induction hypothesis (23), and the final equality from our knowledge

on the optimal control for n =1t + 1, see (25).

For the case my, =1 and m3 > 2 we write, using (25),
Vit1(0,1,m3 — 1)
= (1 20) + (4 A Vil0,0,m — 1) SAVA(0, g —2) + AgVi(0, 1,y — 1)
= (1= X = A0) o 3AV0,0,ms — 1)+ S0aVi(0, 1, —2) 4+ A (14 Vi(0,0,ms 1)
+ XV (0,1,m3 — 1)
>(1—Xg— A1)+ A2V(0,0,m3 — 1) + (Ao + A1) V,(0,0,m3)
=V.+1(0,0,m3).

For the second inequality, we use the induction hypothesis (23) and apply Lemma 3(ii) to show that 1+

V;(O, 0, ms — 1) Z V;(0,0,Tng)

The case my =msz =1 we can do directly, by observing that
Vir1(0,1,0) =1 = (1= X) ™ > 1= (1= X0 — A2) ™ =V,41(0,0,1),

completing the proof. [

With Lemma 4, we can now prove Proposition 2.
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Proof of Proposition 2. From the boundary conditions, it is easy to see that Vp(m) =0 regardless of m.
When mgy = 0 the problem degenerates into two separate problems with a single customer type and single
slot type where the straightforward optimal decision is to offer all slots to customers. When either m; =0 or
ms3 =0, the problem reduces to an “N” model and it is optimal to offer all available slots (see Proposition
1). Thus, what remains to be shown is that when none of the slots are depleted, it is optimal to offer type-1
and type-3 slots, but block type-2 slots.

Throughout this proof we assume that m > (1,1,1), unless stated otherwise. In this case, the Bellman
equation can be written as

1—)\0+%x\lvn_l(m—el)—i-%(/\1+/\2)Vn_1(m—e2)+%/\QVn_l(m—e3)
+A0%L—1(m)a
1—)\0+%z\lvn_l(m—el)—l—(%/\l—|—/\2)Vn_1(m—e2)+)\0Vn_1(m),
1—)\Q—I—)\1Vn_1(m—el)—|—)\2Vn_1(m—e3)—I—)\()Vn_l(m),
1—)\0—|—(/\1+%)\Q)Vn_l(m—eQ)—F%)\QVn_l(m—eg)+)\0Vn_1(m), ’
)\1+)\ Vn 1(111 el) ()\0+)\2) (m),
1—)\0+()\1 +)\2) n— 1(m 92)+/\0Vn 1(111)
Ao+ AV, 1(m—e3)+ Ao+ A1)V, 1 (m)

V,(m) = max

where the seven terms in the max operator correspond to the action of offering slot types {1,2,3}, {1,2},
{1,3}, {2,3}, {1}, {2} and {3}, respectively.
For case of notation we define A% (m) to be the difference of the ith and jth terms in the max operator
(27) above, i,j € {1,2,...,7}. To prove the desired result it suffices to show for any n € that A37 >0, j #3.
First, by writing out the definition,

AL (m) = Aa[L+ (Vaoy (m —e5) — V1 (m))] > 0, (28)
Afj(m) :)\1[1+(Vn,1(m—el) —Vn,l(m))] >0. (29)
The equalities follow from the fact that V,,_;(m)—V,,_;(m—e3) <1 (for (28)) and V,,_;(m) -V, _;(m—e;) <

1 (for (29)), see Lemma 3.(i).

The other four inequalities can be written as

Af’11+1>0<:>)\V(m—e1)+)\2V (m—e3) > (A1 + X))V, (m—es), (30)
Aiil>0<:> )\1 (m—e;) + XV, (m—e3) ()\1+)\2)Vnm es), (31)
AiéuZO@)an(m—el)—F%)\gvn(m—eg) (A += Ag) - (m —ey), (32)
A¥ >0 NV, (m—e)+ AV, (m—e3) > (N +/\2) W (m —ey). (33)

Note that (30) and (33) are equivalent, as are (31) and (32), due to symmetry. Thus, we limit ourselves to
showing that (30) and (31) hold, which we will do by induction.
Let n =1, then it is readily seen that for (30),

/\1V1(m —el) +)\2‘/1(m— 63) = (Al + Ag)(l — Ao) = ()\1 +)\2)V1(m — 92),
and for (31),

1 1 1
5)\1‘/1(1’1’1 —el) + )\Qvl(m —83) = (5)\1 +)\2)(1 — )\0) = (5)\1 +)\2)V1(m —82),
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so both hold.
Next we let t € IN and assume that (30)-(33) hold for all n <t —1, i.e.,
MVom—e;)+ XV, (m—e3)> (A +X)V,(m—ey), n<t-—1, (34)
%x\lvn(m —e1)+ AV, (m—e3) > (%)\1 + ) V(m—ey), n<t—1. (35)
In this case we know that g, in (4) provides an optimal policy for all n <t. We shall now demonstrate

that (34) and (35) hold for n =t as well, which implies that g, is also optimal for n =t+ 1. Since we know an

optimal control policy for n <t, we also know the transition probabilities given that we use optimal control.

Po(m) = Ao+ XML, —mo—o0y + Aol —ms =015

/\1]1{"”1:0* m2>1} +)‘2]l{m221= m3=0}

)=
pr(m) = A1, 515,
p2(m) =

)=

p3(m) = Aol 51y
Using the above transition probabilities we can compute
Vim—e)=1- X+ MVioi(m—2e;)+ XV, 1(m—e; —e3) + AV (m—ey), (36)
Vim—e3)=1—- X+ MV,_1(m—e; —e3) + A V,_1(m—2e3) + A\V;_1(m —e3). (37)
Moreover, we know from the induction hypothesis (34) that
MVioi(m—2e1)+XV1(m—e; —e3) > (A + )V (m—e; —e3), (38)
MVioi(m—e; —e3) + A Vi1 (m—2e3) > (A1 + X))V, 1 (m —ex —e3). (39)
Using (36)-(39), we can write
AMVi(m—ep)+ AV, (m —e3)
> F)I =) +FAM M+ X))V (m—e; —er)+ Aa(M + X))V, (m—ey —e3)
+Xo(MVici(m—eq) + A2Vi1(m —e3))
> A+ (L —=X)+F A (A1 +A)Vioi(m—e; —ez) + Aa(A + Ao)Vi_1(m — ey —e3)
+Ao(A1 +A2)V, 1 (m —es)
= (A1 +A2)Vi(m —e2),

where the second inequality follows from the induction hypothesis (34). This proves the desired inequality.
Similarly, to verify (31) we use (36) and (37) and apply the induction hypothesis (35) to obtain, after some

rearranging,
SV — 1) + AV, (m - e3)
>0+ 22) (1= 0) (A4 M)A Vi (m 1 —e3) + (0 + A hoVis(m — 5 —e3)
+(%)\1 + A2)Ao(m —e3) (40)
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Next, we verify the induction hypotheses for the various boundary cases. First, it is readily verified, using

our knowledge of the optimal control for n =t, that for m; =1

1 1
Vim—ey)=(1-X)+ (A + 5)\2)1/;—1(0,7712 —1,m3) + 5)\2‘4—1(0,7”2»7713 — 1)+ XoVi—1(0,mq,m3)

>1 =X+ (M +22)Vi1(0,ma — 1,m3) + AgVi_1(0,ma, m3),
where the inequality follows from Lemma 4. Analogously, we derive
Vim—e3)>1—2g+ A1+ 22)V, 1(my,me —1,0) + XV, 1 (my,m2,0), mz=1.
First we treat the case m; =1 and ms > 2. Combining (37) and (42) yields
MVi(m—ep)+ XV, (m —e3)
>SA (1 =X)+ A+ X))V, 1(m—e; —ey) + AV 1 (m—e))]
+ A1 =Ag) F MV (m—e; —e3)+ XV (m —2e3) + AgV;_1(m — e3)]
>(A+A)(1—=A0)+ A1+ A)M Vi 1(m—eg —ez) + (A + X)XV 1(m—ez —e3)
+ A+ 22NVl (m —es)
= (M +A2)Vi(m —ey),

with the second inequality due to the induction hypothesis (34).

In order to show (35) we can again use (37) and (42), and do some rearranging to show that

ST = 1) + AoV (m ;)

Z%/\l [(1=2)+ A+ X))V, 1 (m—e; —ey)+ AV, 1 (m—ey)]
+ [T =Xo)+ M Vi1 (m—e; —es) + AoV (m —2e3) + Ao Vi1 (m — e3)]

z(%xl +29)(1= o) + (O +)\2)%)\1Vt_1(m—e1 —e) +)\2[%)\1Vt_1(m—e1 ey)
+ (%)\1 +X2)Vii(m—ey—e3)]+ (%)\1 +X2)AoVii1(m —ey)

z(%xl +29)(1= o) + (0 +)\2)%)\1Vt_1(m—e1 —e) +)\2[%)\1Vt_1(m—e1 o)
+ (%)\1 +X2)Viii(m—ey —e3)] + (%)\1 +X2)AoViii(m —ey)

1
:(§>\1 +2)Vm1(m—ey),

(42)

(43)

(44)

where the second and third equalities follows from the induction hypothesis (35) and Lemma 4, respectively.

This shows that the (35) holds for m, =1, ms > 2.

The proof for the case m; > 2, msz =1 follows from symmetry. Finally, we verify the case m; =mg = 1.

We first bound, using (42) and (43),
MVi(m—e) + X V,(m—e3) > (A +X2) (1= Xo) + (A1 +A2)A Vi1 (m —e; —ey)
+ (Al + AQ)AQ‘/t_]_(m — €y — 6‘3) + (Al + AQ)A()V;_:L(III — 82)
= (A +A2)Vi(m —e).
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Using these same inequalities we can show
%)\th(m—el)—i-)\th(m—eg))
> %/\1[(1 S 20)+ O+ AV 1(0,m — 1,1) + AgVi 1(0,m,1)]
+/\2[(1—/\0)+(/\2+%)\l)Vt,l(l,mg —1,0)+%Am,l(o,mz,m+A0m,l(1,m2,0)]
> (%)\1 +)\2)(1—)\0)+(%>\1 +)\2))\2Vt,1(1,m2—1,0)+(%>\1 )MV (0,ma —1,1)
+)\0[%)\1Vt,1(0,m2,1)—l—)\th,l(l,mz,O)]
> (%)\1 +)\2)(1—)\0)+(%>\1 —l—)\z))\zV’t,l(l,mQ—l,O)—k(%)\l MV (0,ma —1,1)
+>\0(%>\1 AV (Lms —1,1)
_ (%)\1 + 2 ) Vi(m — ez),

with the second inequality using Lemma 4.(i). and the third inequality due to the induction hypothesis (35).
This completes the proof. [
A.4. Proof of Corollary 1

We prove by contradiction. Suppose (5) does not hold and thus
Vo(m—e3) >V, (m—ey) and V,(m —e3) >V, (m —e3). (45)
In period n+1 and at state m, action d; := (1,0,1) yields the value-to-go of
pi(m,d)V,(m—e;)+p3(m,d;)V,(m—e3) + AoV, (m),
which is strictly less than the value-to-go under action ds = (0, 1,0) given by
po(m,ds)V, (m —e3) + AoV, (m),

by using (45) and p;(m,d;) + ps(m,d;) = po(m,ds) =1 — Ag. This contradicts the result in Proposition 2
on the optimality of d;. O

A.5. Proof of Theorem 1

This proof entails a few key steps. First, we show that the optimal amount of the customers scheduled in the
fluid model is an upper bound to that in the corresponding stochastic model (see Proposition 5 below). Then,
we construct a lower bound for the objective value of the stochastic model under any static randomized
policy (sece Lemma 6 below). Finally, we show that under the static randomized policy 7" this lower bound,
after normalization (i.e., divided by the scaling factor K'), converges to the optimal objective value of the
fluid model, which is a constant upper bound for the stochastic model. To economize our notation in the

proof below, we let Z={1,2,...,I} be the set of customer types and J = {1,2,...,J} be the set of slot
types.

LEMMA 5.
Z,(m)>V,(m), Vn=1,2,...,N, mEZi.
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Proof.  We first show that Problem (P1) has an equivalent dynamic programming (DP) formulation. This
DP formulation will facilitate our proof that the fluid model provides an upper bound for the stochastic
model. To differentiate from the stochastic model, we let V, (m) be the maximum amount of fluid that can

be served given n periods to go and the capacity vector m. Consider the following DP formulation.

) =max(>y;(n) + Vo1 (m — y(n))}, (46)

€T
subject to: )= vii(n), j€J, (47)
m — y(T:)i 0, (48)
Vo(x) =0, ¥x >0, (49)
and (6), (7), (8), (9), (10) defined for n only. (50)

Recall that Z,(m) is the optimal objective value to Problem (P1) with M;(n) =m; and n periods left to
go. We claim that
Z,(m)=V,(m), Vn=1,2,...,N, meZ]. (51)

We use induction to prove this claim. It is easy to check the cases for n =1. Now suppose that Z,(m) =
Vn(m) holds for n=2,3,..., N —1, and consider that n = N. Consider an optimal solution f* under the LP
formulation. Following the decision at period IV specified by f* in both the LP and DP formulations. We
see that the amount of fluid served in period IV is the same under both formulations, and that the capacity
left for period NV —1 is also the same for both formulations. Following the induction hypothesis, we know
that the total amount of fluid served from N —1 periods onward is the same under both formulations. Now,
the optimal action for period N under the LP formulation is clearly feasible for the DP formulation, but not
necessarily optimal. Thus we have Zy(m) < Vy(m).

Taking the optimal action in period N under the DP formulation, and apply it to both the DP and LP
formulations. Following a similar argument above, we can show that Zy(m) > Vy(m). It thus follows that
Zx(m) = Vy(m), as desired.

Now, to prove Lemma 5, it suffices to show that

V,(m)>V,(m), Yn=1,2,...,N, me€Z7.

We use induction to show this result. We first check the case when n = 1. Suppose that action k corresponds
to the optimal action taken in the stochastic model at n = 1. In the fluid model, we use the same action.
That is, we set z,(n) =1 and set z,(n) =0 for s # k. The feasibility of the optimal action in the stochastic
model implies that for each type of the slots opened, there is at least 1 unit of capacity. Thus, in the fluid
model, we can set 7 ;(n) = k for all j € J as the draining speed for each type of slots is bounded by 1
implied by constraint (9). Then, one can algebraically check that the expected number of customers served
in the stochastic model is the same as the amount of the fluid served in the fluid model.

Now suppose f/n(m) > V,(m) holds up to n=2,3,...,N — 1 and consider n = N. Again, we apply the
optimal action in the stochastic model at period N, say d, to the fluid model at period N. Here we let
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pr(m,d) be the probability that a type & slot is booked at state m if action d is taken. Using (2), one can

check that
> opy(md) =3 y;(n) (52)
jeg J€T
and J
> pi(m,d)(m—e;) =m—y(N). (53)
§j=0
The first equation (52) above suggests that the amount of customers served in both models are the same.
The second equation (53) implies that the system state at period N — 1 in the fluid model is a convex
combination of the possible states that a stochastic model may reach, in which the weights are the associated
state transition probabilities. To simplify notation, we let p; = p;(m,d), j=0,1,...,J. We claim that, for
the fluid model, i
VN—l(m_Y(n)) ZZPjVN—l(m_ej): (54)
=0

which will be proved at the end. By the induction hypothesis, we have that

Vy_1(m—e;)>Vy_1(m—e;), Vj=0,1,...,J. (55)
It follows that

Vi (m) > "y (N) + Vy_1(m —y(N)) (56)

jeg
=3 p, + Va (m— y(N)) (57)

jeg
2 ij [Lg50) + Viv—1(m —e;)] (58)
2 2 _Ps [1gj>0y + Vv-1(m —e;)] (59)
= Vy(m). (60)

Inequality (56) holds as the optimal action d for the stochastic model may not be optimal for the fluid model;
(57) holds because of (52); inequalities (58) and (59) follow from (54) and (55), respectively; equality (60)
holds by definition.

Finally, we prove our claim (54) for y(N) that satisfies (53). To do this, we turn to the LP formulation
(P1) for the fluid model. So Viy_1() in (54) is equal to the optimal objective value of the corresponding LP
formulation by claim (51). To simplify the notation, we can imagine that this fluid model can be written

into the following standard form of LP:
Vy_1(h) =max cx,
subject to: Ax=h
Bx=b

x>0,
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in which x is the vector of decision variables, h is the vector for slots capacity, b is the vector for other
right-hand-side coefficients, and A, B and C' are properly constructed matrices representing the coefficients
for x in the constraint sets. Denote the optimal decision to this LP formulation when h =m —e; as x;,
7=0,1,...,J. It is easy to check that a solution E;‘Lo p;%; is feasible (but not necessarily optimal) to the
LP when h is replaced by m — y(N) and other coeflicients are fixed, due to (53) and that Z;’:O p;x; is a

convex combination of x;’s. Thus we have

J J J
Vn_1(m—y(N)) > Czpjxj = ZPjCXj = ZP;‘VN—l(m —e;),
=0 =0 =0

proving the claim (54) and completing the whole proof. [

Before presenting Lemma 6, we introduce a few ancillary notations first. Recall that a static randomized
policy m* offers w* with probability p,. Define Z; = {i: Q,; = 1} be the set of customer types who accept
type j slots. Recall that K; = {s:w$ =1,5€ K} be the index set of actions that offer type j slots. Let

T=2 Qg

kEK; i€T; zl leg ”wl

7)

be the probability that a type j slot will be taken under policy 7” when m > 0. To simplify notations below,
let Z;(m) =Z; if m; >0 and Z;(m) = 0 if m; = 0. Define

m= (Y Ao (61)

Quw
keK; i€T;(m) El:ml>0,lej (2t

be the probability that a type j slot will be taken under policy 7 when some of m,’s are zeros. Note that

T, is a constant while T;(m) depends on m. Also, T;(m) > Y; for j such that m; > 0.

LEMMA 6. For any static randomized policy w7, V™" (m) > > ies E[Bin(n, ;) Amyl, Ym >0 and n =
1,2,...,N.

Proof. We prove this result by induction. Consider the case when n = 1. The above inequality holds as

equality if m > 0. If there are some m; =0, then

V' (m) = ) E[Bin(1,T;(m))]

— _Z E[Bin(1,;(m)) Am;]
Z E[Bin(1,Y;) Am;]
ZIE[Bin(n, ;) Amyl,

J

Y

where the first inequality above follows from (61).

Now, assume that the desired inequality holds up to n — 1 and consider the case of n. If m > 0, then
V™ (m ZT 1+ v))+(1—ZT1)V;j’1(m

>ZT [1+> E(Bin(n —1T)/\m)+E(Bm( 1L,Y,) A (m; —1))]
J sF#j
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1—ZT ZE Bin(n T.) Amy;)

:Zle—i-E(Bm(n— , L) A (my—1)) —I—ZEBin (n—1,7,) Am,)

J
+) 1, E(Bin(n—1,T,) Am,) ZEBm T:) Amy)]

J B
- ZT‘ 1+ E(Bin(n—1,7;) A (m; —1))]

+ ZE (Bin(n T;) Amy) ZT]-E(Bm(n— 1,7;) Amy)
:Zle—i-E(Bm(n—l,T) m; —1)) —I—Z 1-7",)E(Bin(n—1,1;) Am;)
- ZE(Bin(n, T;) Am;).

If there are some m; =0, then

Viim) = Y T(m)(1+ V" (m 1—ZT )V, (m)

jim ;>0

> Y Tj(m)[l—i-ZE(Bmn—1,T5)/\m5)—|—E(Bm(n—1,Tj)/\(mj—1))]
jim;>0 s#j
+(1— Z ZE (Bin(n T,)Am,)

jim;>0

= Z T;(m)[1+ E(Bin(n—1,7;)A(m; —1)) —I—ZEBin (n—1,7,) Am,)
Jjim ;>0

+ Y Y;(m)[> E(Bin(n—1,T,) Am,) ZEBm T,) Am,)]
jim ;>0 s#£j

= > Yim)[1+E(Bin(n—1,7;)A(m; - 1)+ Y E(Bin(n—1,T,)Am,)
Jim >0 t:my>0

+ Y Y;(m)[> E(Bin(n—1,T,)Am,)— Y E(Bin(n—1,T,)Am,)]
jim;>0 s#EJ t:my >0

= > Y;(m)[1+E(Bin(n—1,Y;) A(m; —1))]
jim ;>0

+ Z E(Bin(n—1,Y;) Am;) — Z T,(m)E(Bin(n—1,7;) Am;)
jim ;>0 jim ;>0

= > Yim)[1+E(Bin(n—1,Y;)A(m; — 1)+ Y (1=";(m)E(Bin(n—1,7;) Am;)
jim ;>0 jim;>0

= Y E{[Bin(1,Y;(m))+ Bin(n—1,T,)] Am,}
jim;>0

> Z E[Bin(Bin(n,Y;) Amy]
jim ;>0

Z E(Bin(n,Y;) Am;),
J
where the last inequality results from (61). This completes the proof. [
Before presenting the proof of Theorem 1, we need two more ancillary results. The first result states that

for the Kth problem, its objective value of the fluid model is K times that of the base model with K =1.

. D e
The second is a convergence result, and we let — denote convergence in distribution.
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LEMMA 7. Zyg(mK)=KZy(m), Vm >0, K =1,2,3,.....
Proof. 1t suffices to show that
K 'Zyg(mK) < Zy(m), Ym>0, K=1,2,3,..., (62)
and
Ink(mK)>KZy(m), Vim>0, K =1,2,3,.... (63)

To show (62), we let 2;(i,K), Vi=1,2,...,NK,Vk=1,2,...,2 be the optimal solution for the Kth fluid

model. Define K ‘
zi:(n—l)K+1 2, (i, K)
K

It suffices to show that z,(n,1) is a feasible solution for the base fluid model with K =1, and gives an

2k(n,1) = ,Vn=1,2,...,N, k=1,2,...,27.

objective value of K~'Zy(mK). It is easy to check that z,(n, 1) satisfies (6), because that 0 < z; (i, K) <1
by definition. To check that z;(n,1) satisfies (7), we have that

sz(n 1)—KZ Z zp (i, K)

k i=(n—-1)K+1

nk

1 .

e St
i=(n—1)K+1
S —
=1 by definition of z} (i, K)

1
- K—1.

K

Constraints (8)-(10) hold as they are simply definitions of 7; ;(n) and y; ;(n).
Now, let M;(n, K) be the capacity left for slot type j with n periods to go in the Kth fluid model under
its respective solution under consideration. To show that z(n, 1) gives an objective value of K~ Zyx(mK),

it suffices to show

1
Mj(n,l):EMj(nK,K), Vn=1,2,...,N. (64)
We prove (64) by induction. First consider n = N. By definition, we have
1 1
M;(N,1)=m; = E(mjK) = EMj(NK,K).

Assume that (64) holds for N —1, N —2, ..., n. Consider the case of n — 1.

Ai
Mln=1,1)= Z Z (. 1)w; Zlejmln{Q7lvwl}

i kek;
Z Z PRy 1)K+1ZIC(S’K)W,_C i
T Ker 7Y e, min{Q; ,wi'}
=§< KM(n1) - ST Y KW A )
AN s=(n—1)K+1 i keK; > i min{Q, Wit

= M;(nK, K) by induction

fluid taking type j slots from periods nK to (n — 1)K + 1 in the Kth fluid model

1
:EMj(nK—K,K)

1
- ?M]((n_ 1)K’K)v
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which proves (64). And thus (62) holds.
Next, we prove (63). Let z;(i,1) be the optimal solution to the base fluid model with K = 1. For i =
., N, define
zr(n, K)=2;(i,1), if ( — 1)K +1<n<iK.

It suffices to show that z,(n, K) is a feasible solution to the Kth fluid model and gives rise to an objective

value of KZy(m). It is easy to check that z(n, K) satisfies (6), (8), (9) and (10). To check (7), note that
> s, K) =Y zi(i,1) =1, for i=1,2,...,N and (i - )K + 1 <n <iK.
k k
To show that z,(n, K) gives rise to an objective value of K Zy(m), it suffices to show that
M;(nK,K)=KM;(n,1), Yn=1,2,...,N. (65)

We prove (65) by induction. For n = N, (65) holds by definition. Assume that (65) holds for N —1, N — 2,

., n. Consider the case of n — 1.

M;((n - 1)K, K) = M;(nK,K) — Z Z Z (s K)w ]Zlejmm{ﬂzhwl}

s=(n—1)K+1 i keK;

nk
A,
= MnKE) - > > Y zmw ,L
N min{Q; ;, wF}
= KM;(n,1) by induction s=(n-D)K+1 i kek, l 7 !
A,
= KM, K zi(n,1)w °
= Z %c: 1w De g min{ €, wi'}

fluid taking type j slots in period n for model with K =1

= KM,;(n—1.1),
which proves (65). Thus (63) holds. This completes the proof. [

LeEmMA 8. (Billingsley 1968, p. 34) Suppose that X and {X.} are R"-valued random variables such that
X, N X, and suppose that the functions hy : R* — R converge uniformly on compact sets to a continuous

function h:R™ —R. Then hy(X;,) — h(X).

We are now in a position to prove Theorem 1, the main result in this section.
Proof of Theorem 1. Consider the stochastic scheduling policy 77" defined above. To simplify notations

below, we define

STl ST T) e — (66)

kEK; i€, ZlleJQ“Wl
be the probability that a type j slot will be taken under policy 7*~ when m > 0. We have
K'Y "E[Bin(NK,Y}) Am;K] < K=V (mK) < K~ Zy i (mK) = Zy(m), (67)
i
where the first inequality follows from Lemma 6, the second inequality follows from Lemma 5, and the last
equality follows from Lemma 7. The LHS of (67) can be rewritten as

K'Y E[Bin(NK,Y;) Am; K] = ZE “'Bin(NK,Y7) Amy] (68)

J
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The strong law of large numbers implies that
K'Bin(NK,T;) 2> NY: as K — oo.
Applying Lemma 8, we conclude that
S K Bin(NK,Y;) Am;]| = Y [NT; Amy] as K — oo.
j j
Because that the random variable 37 [K~'Bin(NK, T;) Am;] is uniformly bounded by >~ m;, we have that

lim By [K ™' Bin(NK, ;) Amy] = > (N Amy) = Zy(m), (69)

J J

where the last equality follows from the definition of p* and ;. Specifically, T is defined based on the fluid
model, via the use of p; which is the proportion of time in which slot type k is offered in the fluid model;
see equations (14) and (66). Note that in the fluid model, we have constraints ensuring that a slot type can
only be offered if it is still available. Thus T matches exactly the proportion of time in which slot type j is
being drawn. This quantity times N is exactly the amount of type j slots being taken in the fluid model. In
fact, (NY; Am;)=NT; and . NY; = Zy(m). Combining (67), (68) and (69) gives the desired result and

completes the whole proof. O

A.6. Proof of Theorem 2

Proof. We prove this by induction. Let 2 be any preference matrix. For n =1, 7y is optimal and thus
Vi(m) =V ., (m) <2V; . (m). Suppose the desired result holds for any n <k —1 and state m.

Now we consider two systems, one under an optimal policy and the other under 7y, both starting from
state m in period n =k and operating independently from each other. We denote by Lj(m) the slot type
filled in period k in the first system (i.e., using an optimal policy), and by L;’(m) the slot type filled in
period k in the second system (i.e., using mg). These two random variables are independent and we shall
next condition on them. Specifically, let Vi (m|L;(m), L7° (m)) denote the value attained in the first system

conditioning on these two random variables. types. We have that

Vi(m|Li(m), Li° (m)) = E[L{1s (m)>o03 | Li (m), L (m)] + Vi1 (m — ez (m))
=1(r: (my>0y + Vi1 (M —€px (m))
< 1ir:(my>o0y + Vi-1(m) (70)

<Lirsmy>0y + Lpsoy + Vi (m—e), Vi€ S(m) U {0}, (71)

where inequality (70) follows from the left inequality of Lemma 3 (ii) and inequality (71) holds due to the

right inequality of Lemma 3 (ii). We now let I = L7 (m) in (71) and in turn have
Vi(m|L} (m), L;" (m)) < l{L;(m)>0} + ]]'{LZO(m)>O} + Vi1 (m— eL;jO(m))-
Further applying the induction hypothesis to the above inequality, we obtain

Vi(m|Lj (m), L7 (m)) < Tz (my>01 + Lm0 (mys0p + 2Vie 1m0 (M — €170 (1))
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Finally, taking expectations on both sides of the above inequality leads to
Vi(m) < E[]I{L;t(m)>0}] + E[l{L’;O <m>>0}] + 2E[Vk—1,m) (m— e (m))]'
Now note that E[]l{th,(m)>O}] > E[1{Lx(m)>0y] by the definition of the greedy policy, and hence we arrive at
Vi) < 211,70 (03] + 2BV 100 (10— €470 () )] = 2Vi s, (m).
O
B. Proof of the Results in Section 4

B.1. Proof of Lemma 1

Proof. The proof follows that of Lemma 3 with some minor modifications. In particular, to prove (17),
we define a decision rule h in period t 41 which acts the same as g;, ,;(m + e;) regarding all slot types but
type j. For type j, h does not offer it in any subsets it offers. That is, h =g, ,(m +e;) except that we
enforce hy; =0, ,Vk. All other parts of the proof readily follow. O

B.2. Proof of Lemma 2

Proof. For convenience, we introduce some notation here. We say the decision rule in period n given the
system occupies state m € .S can be described by a matrix-valued function: g, : S — d in which d ={d,;} is
a J by J matrix, dy; € {0,1}. If dy; = 1, type j slots are offered in the kth subset. Since these subsets offered
are mutually exclusive, Zle dy; <1, Vj. As before, depleted slot types cannot be offered: dy; <m;.

Let d denote an optimal decision rule. Without loss of generality, we assume that m; >0, Vj € J. Otherwise
we would consider a network where the preference matrix has been modified by removing empty slots. Let

J = {j: ngll dyj =1, j€ J} be the set of slot types offered by d collectively in all subsets it offers.
Assume that J '\ J #0. Consider another decision rule d which follows exactly the same sequential offering
rule as d, and then offers all slots types in J \ J as the Kth offer set. So d eventually offers all slot types.
To prove the desired result, it suffices to show that d is no worse than d, and thus must be optimal as well.
First consider a policy that uses d in the first slot, and then follows the optimal scheduling rule. Let
Vn’i (m) denote the expected objective value following such a policy. Recall that V,,(m) is the optimal expected
objective value, and that p;(m,d) denotes the probability that a type j slot will be booked in state m if
decision rule d is used. It follows that
Vim) =3 p;(m,d)+ Y p(md)V, i (m—e)+ 1= p;(m,d)]V, . (m). (72)
jed jed jed
Then, consider a a policy that uses d first, and then follow the optimal scheduling rule. The expected
objective valuing of this policy is
Vim) =) p;(m,d)+ Y p,(m,d)V,oi(m—e;) + 1= p;(m, )]V, (m) (73)
J€T jeg jeg
It is easy to check that p;(m,d) = p;(m,d) for j € 7, as d acts the same as d in the first K — 1 offer sets
that cover slots types in J. Subtracting (72) from (73) and simplifying, we arrive at
Vi(m)—Vi(m)= > p;(m,d)(1+V,_i(m—e;)—V,_i(m)) >0,
JETNT
where the last inequality directly follows from Lemma 1, proving the desired result. [
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B.3. Proof of Theorem 3

Proof. Lemma 2 suggests that there exists an optimal decision rule S* = Si-...-Sj, such that UX Sy =J
Suppose that S;-...-S3 does not take the form as desired, we will show below that the objective value
obtained by partitioning S* into singletons {j; }-...-{js} is no worse than that of S;-...-S.

If there exists some k that |S;| > 1, let us consider an alternative decision rule
S*=57 =S At} = Sp\{t} - = Sk, (74)

such that
Vioi(m—e,) >V, 1(m—e), Ve S\ {t1}. (75)

This new decision rule follows the same offering sequence as the original rule, except that it splits the offer
set Sy into two sub-offer sets S;_; and {¢;}.

Now, we will show that S* does no worse than S*. To do that, let V! (m) be the expected number of slots
filled at the end of the booking horizon by following decision rule S* at period n and then following the optimal
decision afterwards. Let A' =V, (m) — V3" (m). Let I* = {i: Q,, =1, Y sesive Qs 2 1 e rmnse iy =0}
be the set of customer types that accept type t; slots and also at least one slot type in the set of S} \¢;, but do
not accept any slot type that has been offered so far in sets S} through S;_;. Let J*(i) ={j:j € S;,Q; =1}
be the subset of slots type in S} that are acceptable by customer type ¢, i € I*. Clearly, t; € J*(i). One can

find that
Z Z v, ZAV (m—e,) <0,

iel* jeT*(3) iel*

where the last equality follows from (75), proving that S* does no worse than S*.

Following the procedure above to keep splitting offer sets that contain more than one slot types, we can
obtain an optimal action of form {ji}-...-{j;} so that each sequential offer set contains exactly one slot
type. Suppose that {j]}-...-{j’} does not follow the order desired. That is, there exists 1 <u < .J+ 1 such
that V,,_1(m —ej, ) <V,_1(m—e; ). Consider another decision rule with only j; and j,, switched and

others remained the same order.

VI8 Skl VAIRE Seb VS S Vg8 (76)

It suffices to show the claim that (76) either provides the same objective value as {ji}-...-{Jj’}, or strictly
higher, which contradicts with the optimality of {j{}-...-{j}, and thus forall 1 <u <J+1,V,_1(m—e; ) >
Vi—i(m —ey ) as desired.

To show the claim above, let I' = {i: Q;;; =1,Q;, =1,57", 1 Q5. =0} be the set of customer types that
accept both types j;, and j, , ; slots, but do not accept any slot type that has been offered so far. Let V,2(m)
be the expected number of slots filled at the end of the booking horizon by following decision rule (76) at
period n and then following the optimal decision afterwards. We consider

=V, (m) — )= AVii(m—ey) = > AV, i(m—e; ).

el il
If 32,c; A =0, then A? =0 and thus (76) is optimal. However, if )

contradiction desired. This proves our claim and completes the proof. [

;i >0, then A% <0 leading to the

iel’
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B.4. Proof of Theorem 4

Proof. For notational convenience, here we consider the case when Ag =0 and all customer types i €
can be covered by at least one slot type left in m. Proofs of other cases follow a similar procedure.

It is trivial that V*(m) =V,/(m), for n=0,1 and for all m > 0. Assume the desired equality holds up to
n=t—1, and consider n =t. Let V.f(m|i) be the optimal value function with system state m, the current
arrival being customer type ¢ € Z and n periods to go. Then Vi e 7,

J
V. (mli) = max{} _pi;(m,d)[1+ V[ ;(m —e;)],
j=1

where d is the offered set and p;;(m,d) is the probability that slot type j will be taken if d is offered and
the arrival is type i customer. It is not difficult to see that the optimal offer set will be the slot type j*(7)
(which is a function of ) such that

j ()= argmax V/  (m—ey). (77)

Je{k:Qi=1,k€T}
That is, for any arriving customer type, the optimal action is to offer the slot type that is acceptable by this
customer type and that leads to the largest value-to-go. It follows that
) =Y AV (mli) =1+> ANV (m—ej) =1+ A\V: (m—ejq)=V;(m).

i€L i€L i€L
To see the last equality, note that the optimal action stipulated by Theorem 3 ensures that (i) for any
arriving customer type, it will find an acceptable slot type and (ii) this accepted slot type leads to the largest
value-to-go among all slot types accepted by this customer type. This is exactly enforced by (77). O

B.5. Proof of Theorem 5

Proof. For notational convenience, here we consider the case when Ao = 0. The proof for the case when

Ao > 0 follows similar steps. In light of Theorem 3, it suffices to show that for any j;, j» such that 1(j1) C I(j2),
Vooiim—e;,)>V,_1(m—e;),Vn=12...,N. (78)

It is easy to see that (78) holds for n =1. Assume it holds up to n > 1 and consider n+ 1. Let us consider a
few cases below.

Case 1: m;;, >2,m;, > 1. Let g* be an optimal action for the state m —e;,. Let B,(m) denote the
probability that a type ¢ customers will choose type j slots in state m when action g is taken. If j =0, then
no slots are chosen. Note that g* is always feasible for state m —e;,, and that Bf] (m—e; )= ij (m—ej,).

Thus,

V,(m—e;) >V ( ZA ZB i) Lis0+ Vaoi(m—ej, —e))]

>Z)‘ ZB —e5,)[Ls0+ Va1 (m—e;, —e;)] = Vﬁq* (m—e;,)=V,(m—e,;),

where the second 1nequahty follows from the induction hypothesis.
Case 2: m;, =1,m;, > 2. Again, let g* be an optimal action for the state m —e;,. Following induction

hypothesis, we choose g* so that a slot type with a smaller set of covered customer types will be offered
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before any other slot type with a larger covered set of customer types. Thus, g* offers j; before offering js.
Let g be an action that follows exactly as ¢g* except that § does not offer type j; slots. It is clear that g is
feasible for state m — e;,. There are two subcases.

Case 2a: None of the slot types if any offered between j; and j> by ¢* are acceptable by customer type i1,
Vi, € L(j1) where I(j1) represent the set of customer types who would choose slot type j; when it is offered
by g* at state m —e;,. The following inequalities hold.

Bi(m—e;,) = BY (m—e;,), Vi¢ I(jr), Vs
B, (m—e;,) =B, (m—e;,) =1, Vic I(j).

271 22

It follows that

J
Vn(m—ejl)ZV(m €e;, Z m €, [1+Vn—1(m_ej1_ej)]

||M~

Z ZB [1+V (m_ejl_ej)]+ Z >‘Bzgjg( ejl)[1+vn—1(m_ej1_ejz)]
ig1(j1)  7=1 i€1(j1)

2 Z Ai ZB —€j, [1+Vn 1(m €j, — € Z )‘an m_eh)[l—"vnfl(m_ejz_eh)]
igI(j1) =1 i€1(j1)

=V, 1(m—e,;,),

where the last inequality follows from the induction hypothesis.

Case 2b: Let I(ji) be the set of the customer types who will actually choose slot type j, under g* when it is
offered at state m —e;,. One slot type, say js, offered between j; and j, by g* is acceptable by some customer
type i1 € I(j1). Consider j3 to be the only one of such slots (extension to multiple of such slots uses a similar
but more tedious proof). Because slot types ji, j2 and j3 can cover some same customer types, we know
that either I(j3) C I(jx) or I(j3) D I(ji), k =1,2, by the preassumption of the theorem. Because we choose
g* based on the size of covered set of customer types, we have that I(j;) C I(j2) C I(js). Also note that
N3_,L(jx) = 0 because any customer type can choose at most one slot type. Let j(i) be the slot type chosen
by customer type i, i ¢ I(j1)UL(j2) UIL(j3). Note that j(i) is the same under g* or g, Vi ¢ I(j1) UL(j2) UL(js).
It follows that

Vn(m_ejl)_vn(m )>V( ]1) Vn 1(m €. )

= Z ANilVooi(m—ej, —ej) —Viooi(m—ej, —ej)]
i¢I(31)VIL(52)VI(53)
+ Z /\iVn_l( €e; — Z A V- 1 €5, _ej2)
i€1(j1)VL(j3) i€1(j2)
_{ Z AV m €jp — eh Z AV m €j, — ej3) + Z )‘ivnfl(m_eh _ej2)} >0,
i€I(j1) i€1(j3) i€1(j2)

where the last inequality follows from the induction hypothesis.
Case 3: m;, =1,m;, =1. Let g* be an optimal action for the state m —e;, (¢* does not offer slot type jo
because none is available). Let § be an action that follows exactly as g* except that § does not offer type j;

slots but offers type jo at the end. It is clear that § is feasible for state m —e;,. Let I(j2) be the customer
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types who choose js under §; these customers do not book any appointments under g*. Let j(i) be the slot

type actually chosen by customer type 4, i ¢ I(j2). Note that j(¢) is the same under g* or g. It follows that

Vn(m_ejl) _Vn(m_ejz) ZVT?(m_eh)_vg*(m_eh)

n

= Z AilVaoi(m —ej, —ej() + Vi1 (m —ej, — ;)] + Z Al +Vii(m—ej, —ep,) —V,oi(m—ej, )]
iE1(52) i€L(j2)
>0,

where the last inequality follows from the induction hypothesis and Lemma 1. This completes the whole

proof. [

B.6. Proof of Proposition 3

Proof. 1t suffices to show the following monotonic results for the “W” model with sequential offers:
V.(m —e;) — V,(m — ey) increases as m; increases and that V,(m — e3) — V,,(m — e;) increases as my
increases, ¥n > 1, VYm > (1,1).

That is,

V.(m) -V, (m+e; —e) >V, (m—e;)—V,(m—ey), Vo >1, Ym>(1,1), (79)

and

Vo(m) -V, (m+ex—e;) >V,(m—e)—V,(m—ep), Vo >1, Ym > (1,1). (80)

To facilitate the proof of (79) and (80), we introduce a few notations. Let A% (m) =V, (m—e;)—V, (m—e>)
and AZ(m) =V, (m—e;3) —V,(m —e;). Note that (79) and (80) are symmetric, and thus we limit ourselves
to just prove (79).

Consider the case for n =1. At m=(1,1), A{(m)=V1(0,1) — V1(1,0) = (A2 + A3) — (A1 + Aa) = A3 — A;.
For m = (m4,1) and m; > 2, we have A{(m)="V;(m; —1,1) — Vi(m,0) = (1 — X\g) — (A1 + A2) = A3. Thus,
(79) holds for n =1, m = (my, 1) and m; > 1. Now, for n =1 and m = (1,m5) and my > 2, we have A#(m) =
Vi(0,m2) — Vi(l,ma — 1) = (A2 + A3) — (1 — Ag) = —A;. Counsider n =1, m = (my,ms), and my,ms > 2. In
this case, we have that A%(m) = Vi(my —1,my) — Vi(my,ms —1) = (1= Xg) — (1 — Xg) =0. Thus, (79) holds
for n=1, m = (my,my) and m; >1,ma > 2. This completes the proof of (79) for n=1.

Assume that (79) holds up to n =% for m > (1,1). We will use induction below to show that this is also
true for n =k + 1. We start by witting the Bellman’s equation below.

Vi1 (m) =
1-— )\0 + ()\1 + %)\Q)Vk(m —el) + (%)\2 +)\3)Vk(m —92) +)\0V}€(m),
max 1—A0+(A1 +)\2)Vk(m—el)+)\3Vk(m—e2)—|—)\0Vk(m) 5 (81)

1-— )\() + )\1Vk(m — 91) + ()\2 + )\%)Vk(m — 62) + >\0‘/k(m)
where the three terms in the max operator correspond to actions {1,2}, {1}-{2} and {2}-{1}, respectively.

Action {S;}-{S2} offers subset S; followed by subset S,. For ease of notation, we define A}/, ; (m) to be the
difference of the ith and jth terms in the max operator (81) above, i,j € {1,2,3}. It follows that

Aﬁq(m) = %)\Q[Vk(m —e)—Vi(m—ey)]= %)\QA,?(m),
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and

AP (m) = 2oV (m —e) — Vi(m —e1)] = SAAL (m).

Because A7l (m) + Al (m) =0, one of these two terms must be non-negative suggesting one of the
corresponding actions is optimal. In particular, if A7, (m) > 0, or equivalently, A (m) >0, the the optimal
action is {1}-{2}; otherwise, it would be {2}-{1}.

To prove the desired result, we need to consider the following cases. Case (1): m = (1,1); case (2): m =
(my,1), my >2; case (3): m=(1,mz), my >2; and case (4), m > (2,2).

For Case (1) with m = (1,1), we have
Afp1(1,1) = Vi1 (0,1) = Vier (1,0) = [(1 = Ap = Ao) + (A1 + o) Vi (0. 1)] = [(1 = Az = Ao) + (A3 + Ao) Vi(L. 0)].
We consider two subcases. Case (1a): if at state (1,1) the optimal action is {1}-{2}, then

AI?+1(27 1) = ‘/k+1(17 1) - ‘/k+1(270)
=[(1—Xg) + (A1 +A2)Vi(0,1) + A3V (1,0) + A Vi (1,1)]
—[(1 =23 = X0) + (A1 +A2)Vi(1,0) + (A3 + Ao) Vi (2,0)].
It follows that
Ak“,‘H(Q,l) _Al?Jrl(lvl)
=M[1 = Vi(1,0)] + X2 [Vi(0,1) = Vi (1,0)] + A3 [2V(1,0) = Vi (2,0)] + Ao[A1(2,1) — AL (1,1)]
[ = Vi1, 00+ A A2 (1,1) £ A [2Vi (1,0) — Vi (2,0)] 4+ Ao [A2(2,1) — AA(T,1)].

It is trivial that 1 — V,(1,0) > 0. We also know that A7*(1,1) >0 in this case because the optimal action is
{1}-{2}; and that A$(2,1) — A (1,1) >0 by the induction hypothesis. Finally, we claim that

2V, (1,0) — Vi(2,0) >0, Vk > 1, (82)

which will be shown at the end of this proof. Thus, Ap (2,1) — Az, (1,1) >0 if the optimal action is
{1}-{2} at state (1,1).
Case (1b): if the optimal action at state (mq,1) is {2}-{1}, then
A?+1(27 1) = Vk+1(1’ 1) - ‘/k+1(270)
=[(1=Xo) + A1 Vi(0,1) + (A2 4+ A3)Vi(L,0) + Ao Vi(1,1)]

—[(1 =23 = X0) + (A1 +A2)Vi(1,0) + (A3 + Ao) Vi(2,0)].

It follows that
A (2,1) - AL (L)

=M1 [1 = Vi(1,0)] + A3 (2Vi(1,0) = Vi(2,0)] + Ao [A71(2, 1) — A (1,1)] > 0.

In summary, cases (1a) and (1b) collectively show that Az, ;(2,1) — Az ;(1,1) >0.
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For Case (2) with m = (m4,1), m; > 2, we evaluate Vi1 (my —1,1) — Viy1(m4,0) in the following two
subcases. Case(2a): if the optimal action at state (mq,1) is {1}-{2}, then
Vit1(m1 —1,1) = Viy1(m4,0)
=[(1—=Xo) + (A1 +22)Vi(my1 —2,1) + A3 Vie(my —1,0) + Ao Vi (mq — 1,1)]
—[(T=2A3 = Ao) + (Ar + A2)Vie(m1 — 1,0) + (A3 + Ao) Vie(mn1, 0)]
=As+ (AL 4+ A2) AL (m1 — 1,1) + XAg (ma, 1) + As[(1— (A + A2)™ 1) — (L= (A + A2)™)]
=3+ (A1 + X) AL (my — 1,1) + XoAj (ma, 1) — A3(As + Xo) (A1 4+ A2) ™,
which increases as m; increases by the induction hypothesis.
Case (2b): if the optimal action at state (mq,1) is {2}-{1}, then for m = (m4,1), m; > 2,
Vig1(mi —1,1) = Vi1 (my,0)
=[(1=Xo) + A1 Vi(m1 —2,1) + (A2 + A3) Vi(my —1,0) + Mg Vie(my — 1,1)]
—[(1= A3 = Ao) + (Ar + A2)Vi(m1 — 1,0) + (A3 + Ao) Vi (11, 0)]
=A3 + M AN My —1,1) + XA (m, 1) + A3[(1— (A1 +A2)™ 1) — (1 — (A +A2)™)]
=Xz + M AN (my —1,1) + XA (me, 1) — As(As + Xo) (AL + Ao)™ 71
which also increases as m; increases by the induction hypothesis. Thus, cases (1a) though (1d) shows that

A#(m) increases in m; for n>1 and m = (mq,1),m; > 1.

Case (3): m=(1,ms), ma >2. We want to show that
A1 (2,m2) = AL (1,ma) = [Viga (1,m2) = Vi1 (2,m2 — 1)] = Vi1 (0,m2) = Viga (1,me — 1)] > 0.

Again, we separate into a few subcases. If the optimal action at state (1,mg —1) is {1}-{2}, then AZ(1,mq —
1) > 0. Tt follows that A (2,ms — 1) >0 by the induction hypothesis, and the optimal action at state
(2,my — 1) is also {1}-{2}. But the optimal actions at state (1,ms) can still be either {1}-{2} or {2}-{1}.
Following this logic, we need to consider four subcases. Case (3a): the optimal actions at state (1,my — 1),
(2,my — 1) and (1,my) are all {1}-{2}. Case (3b): the optimal actions at state (1,ms — 1), (2,m9 — 1) and
(1,my) are {1}-{2}, {1}-{2} and {2}-{1}, respectively. Case (3c): the optimal actions at state (1,ms — 1),
(2,my — 1) and (1,ms) are all {2}-{1}. Case (3d): the optimal actions at state (1,ms — 1), (2,m9 — 1) and
(1,ms) are {2}-{1}, {1}-{2} and {2}-{1}, respectively.

For case (3a), we have
A?+1(27m2) - A}?+1(17m2)
ZAl[l — Vk(O,mg — 1)] + (>\1 + Ag)A‘kA(l, m2)
FA3[A(2,me — 1) — A2 (1,me — 1)] + Ao[A2(2,m2) — A (1,my)] >0,
where the inequality follows from the fact that the first term is trivially nonnegative, the second term is

positive as the optimal actions at state (1,ms) is {1}-{2} and the last two terms are nonnegative by the

induction hypothesis.
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For case (3b), we have

A?+1(27m2) - A?+1(17m2)
=>\1[—Vk<1,m2 — 1) =+ 1 + Vk(O,mg — 1)]
+A3[AL(2,me — 1) — AL (1,ma — 1) 4+ Ao [AL(2,m2) — AP (1,m2)] >0,
where the first term is nonnegative following Lemma 1 and the other two terms are nonnegative following

the induction hypothesis.

For case (3c), we have

A?—t—l(lm?) _A?-ﬁ-l(lva)
:)\1[—Vk(1,m2 — 1) + 1 + Vk(O,mQ — 1)]
+ (/\2 + )\3)[A‘,?(2,m2 — 1) — A?(l,’lng — 1)} + )\0[A£(2,7n2) — Af(l,’lnz)] > 0,

following a similar argument of case (3b).

For case (3d), we have

A (2,m2) — AL (1,me)

= XA (1,ma — 1) + As[A(2,m2 — 1) — A (Lima — 1)) + Ao[AF (2,m2) — A (1,m2)] >0,
following a similar logic of case (3b) and the fact that Aj*(1,ms — 1) <0 (because the optimal action at state
(1,mqo —1) is {2}-{1}). This completes the proof of case (3).

For case (4) m > (2,2), we evaluate V,,(m —e;) — V,,(m — e3) and need to consider four subcases. Case

(4a): if the optimal actions at states (m —e;) and (m — e3) are both {1}-{2}. Then

Af_,_l(m) =Vipi(m—e;) = Vi (m—ey)

:()\1 + )\Q)Af(m — 91) + /\3A,‘?(m — 92) + AoA}?(m),
which increases in m; by the induction hypothesis. Case (4b): if the optimal actions at states (m —e;) and
(m — ey) are both {2}-{1}. Then,
Ay (m)=Vi 1 (m—e) = Vi1 (m—ey)
:AlAf(m — el) -+ ()\2 -+ /\3)A£(m — eg) + )\0A£(m>,

which increases in m; by the induction hypothesis. Case (4c): if the optimal actions at states (m —e;) and

(m —ey) are {1}-{2} and {2}-{1}, respectively. Then,

A?ﬂ(m) =Viri(m—e;) = Vipi(m—ey)
=M AL (m —e;) + X[V (m —2e;) — Vi (m — 2e;)] + A3AL (m —e;) + Ao A; (m)

=MANm —er) + Ma[AN(m—e)) + A (m —es)] + A3A; (m — ) + AAL (m),
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which increases in m; by the induction hypothesis. Case (4d): if the optimal actions at states (m —e;) and

(m —ey) are {2}-{1} and {1}-{2}, respectively. Then,
A (m) =V (m —ep) = Visi(m—e) = M AT (m —e) + AA7 (m — e2) + A Af (m),
which increases in m; by the induction hypothesis.
Finally, we show our claim (82), which can be easily done by induction. When k£ =1, 2V,.(1,0) — V,.(2,0) =

2(A1 +X2) —[1— (1 =Xy — A2)?] = (A1 + A2)? > 0. Assume this holds up to k = u. Consider k =u+ 1. We have
that

2Vu+1(1?0) _Vu+1(270)
=2[(A1 4+ A2) + (A3 + A0)Vu(1,0)] — [(A1 + A2) + (A1 + A2) Vo (1,0) + (A3 + o) Va(2,0)]

proving our claim (82) and completing the whole proof.
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C. Scheduling in a Rolling-Horizon Setting

Our scheduling policy is based on a model that looks at how appointment slots are depleted in a single day,
and implicitly assumes that customer demand to a single day is independent from other days. In practice,
customer demand for different days may be correlated because customers who do not find an acceptable slot
in one day may opt for another day. To incorporate this effect, we develop a model to evaluate the potential
benefits of using our scheduling policies in a multi-day rolling-horizon setting. In Section C.1 we discuss how
to extend our single-day model to a rolling-horizon setting, and argue why it is mathematically challenging,
if not intractable. In Section C.2 we present numerical results for the multi-day model, and demonstrate that

the insights obtained from our analysis for the single-day setting remain valid in the multi-day case.

C.1. Rolling Horizon Model Outline

There is a variety of ways to extend the single-day model to a rolling-horizon setting. Here we discuss only
one such possibility, although we believe our takeaways hold more generally. Where possible we aim to follow
and extend the notation introduced in Section 3. For ease of presentation, we assume that each day some
deterministic number N customers arrive looking to book an appointment, and we limit ourselves to the non-
sequential offering case; a similar model can be constructed when customer arrivals in different periods are
mutually independent and identically distributed and when sequential offering is used. In fact, we consider
the case with random arrivals and sequential offering numerically in Section C.2.

Suppose that the scheduling window is T" days. In other words, customers are allowed to make appointments
up to T days in advance, i.e., customers who arrive on day ¢t can book appointments on day t+ 1, t + 2, ...,
t+T. For each day, available slots are divided into J types as before, and we denote by b = (b1,...,b;) the
initial capacity of slots for each day. Each customer has D <T acceptable days, which are selected uniformly
at random from the scheduling window. (For example, if 7'=10 and D = 3 then one customer may accept
day 3, 5 and 6 from her arrival day.) Upon arrival of a new customer, she will ask the provider for potential
slots in each of these D days, one day at a time in a random order. For each day the provider will reveal
some offer set. If this set contains at least one acceptable slot the customer books the appointment, ending
the scheduling process for this customer. Otherwise the provider will present the offer set for the next day
in the permutation, until either the customer finds an acceptable slot, or all D days have been covered. If
none of the offer sets for the D days contain acceptable slots, the customers leaves without selecting a slot.

Let o = (01, ...,0p) denote the days and the order requested by (and thus offered to) an arbitrary arriving
customer, drawn uniformly at random from all possible permutations of size D in {1,2,...,7T} (each with
probability (T'— D)!/T!). We denote by S7® = (S,,,,,...,Si1+,,) the corresponding offer set on day ¢
when a customer arrives with requested day order o, and S°® is our decision variable. The system state
is captured by a vector m = (m™ ... . m™)), representing the number of remaining slots for each day of
the booking horizon. Here, m®) = (m3$,...,m%) where s =1,...,T, and m; represents the number of slots
remaining for type j on day s in the booking horizon. The offer set for the sth day can only contain slots
that are available, i.c., S;y, € S(m(®), where S(m®) ={j=1,...,J : m3>0}. In vector notation we write

$°( C§(m?) = (S(m©D),..., §(mm)).
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We consider I customer types, characterized by which slot types they accept. We assume that among
acceptable days customer do not have strong preferences on which day to get service, although we could
for instance easily incorporate customer preferences on days in our model. As before, we represent customer
types by a matrix €, where €,; =1 if a type-i customer accepts type-j slots. Type-i customers arrive with
probability A;. Let us denote by qg’jl(S"(t)) the probability that a type-i customer with permutation o selects
a type-j slot on day t 4+ oy, so

Q; . o

qgjl(sa(t)) = Zkest+(’l ik if ZkESH'U ka >0 and Zl/ ! keb,_'_,,l’ Qlk 0
0 otherwise.

The probability that an arbitrary customer with permutation o selects slot j on day ¢ + oy, given offer set

S?® can then be obtained as

qu So(t) Z)\ q]z Sa<t)

Suppose that we follow a booking policy f, which specifies S when a customer arrives and reveals her
permutation o. Let V,fi .(m) denote the expected total number of slots filled given that there are n customers
yet to come on day ¢ and the current system state is m, under policy f. Then for n > 2,

v m = TP lezq (S"O)(1 -V, (m)+ V), (m—e,,))

=1 j=1

+V,(m),  (83)

o

where e,, ; denotes the all-zero vector with a 1 at (0;,5). When n =1 we have to shift the capacity vector

9153

by one day in the next step, so

v om) = T PR S [qu;xsm)(l VR (Em)) V(L e, ) | 4V (Em), (84)

=1 j=1

where L(m) = (m®,..., m(”) b), the operator that adds a new day to the capacity vector, and removes the
current day that is just past.

One may consider a finite horizon problem that finds f to maximize V]\’;J(m) for a given, finite planning
horizon of 7 days. Or, one may consider an infinite horizon problem with the long-average reward criteria
as follows. Let 1;(m) be the long-run expected number of slots booked each day under policy f given the

initial state m, i.e.,

A booking policy f* is said to be optimal if
Ype(m) = s1;p Y(m), Ym.

For either case, the problem is very challenging, if not intractable, due to its aperiodic nature. It is readily
seen that the recursive equations in (83)-(84) are much more complex than those for the single-day case
presented in (3), given the additional parameter ¢ and the summation over D and o. In the multi-day setting,
the offering decision is a function of a J x T-dimensional vector that keeps track of the remaining capacity
of all days on the planning horizon, and the space of potential policies has size 277
For instance, recall that for the single-day case we derived the optimal offering policy for the M model

instance in Proposition 2, by showing that it is optimal to offer only slots 1 and 3, unless one has been
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depleted, in which case all remaining slots should be offered. However, in the multi-day setting we may wish
to offer different slots depending on how close it is to the present day. This makes it highly unlikely to
obtain any analytical results for this multi-day setting. Moreover, even numerically solving for f* through
policy iteration is unlikely to be possible, given the size of the state space in this model. Instead, we now

use simulation to test certain heuristics derived in the single-day setting.

C.2. Numerical Results

In these experiments we assume that the number of daily arrivals is either deterministic N or a Poisson
random variable with mean N. Daily capacity of the service provider is N slots, which may be allocated
over different types. We consider an M model for within-day preferences (because offering all is not optimal
in the single-day setting under this model). That is, each customer will either be type 1 or 2, and there are
three slot types in each day.

The system evolves as described in Section C.1. The scheduling window is 7" days. Upon each customer’s
arrival, she has D acceptable days, and these D acceptable days are randomly generated within the scheduling
window. The customer will then ask the provider for potential slots in each of these D days (one day at a
time in a random order). The provider offers slots following one of the three scheduling policies discussed
in the paper: offering-all, non-sequential optimal (blocking type 2 if available), and sequential optimal in
the M model instance. If the customer finds an acceptable slot in a day, the customer will take it and the
scheduling is done for this customer; if the customer cannot find acceptable slots in all D acceptable days,
she will leave without booking an appointment.

In our experiments, we let (T, N) € {(15,30),(30,50)} to consider systems at different scales. We vary
the arrival probabilities and the initial capacity vectors in each day (similar to Table 12). We also vary
D =1,2,3,4 to study the impact of customer flexibility in their choices of days (a larger D implies that
customers are more flexible in their choices). We run simulations for 1200 days, and use the first 200 days
as warm-up periods. Based on the results of the last 1000 days, we calculate the percentage improvement,
if any, in the slot fill count for non-sequential optimal and sequential optimal against offering-all for each
combination of parameters. For each D and the arrival probability vector, we report the max, mean and
median percentage improvement among the initial capacity vectors we consider.

Tables C1 and C2 show the comparison results with deterministic daily arrivals for systems with (7, N) =
(15,30) and (T,N) = (30,50), respectively. We observe that the optimal non-sequential and sequential
scheduling policies obtained in our single-day model still bring sizable benefits to the multi-day scheduling
setting we consider. Consistent with earlier findings, sequential offering brings much higher efficiency gains
compared to non-sequential offering. The maximum improvement in fill count by sequential offering com-
pared to offering-all can be as high as 12%. We also observe that when customers become more flexible
in their day choices (i.e., when D increases), the benefits due to “smart” scheduling decrease. This can
be explained by that when customers are more flexible, their preferences are immaterial and thus taking
customers’ preferences into account when making scheduling decisions becomes less valuable.

Results when daily arrivals are Poisson random variables are similar; see Tables C3 and C4.
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Table C1 Policy Comparison in a Multi-day Scheduling Setting (with deterministic arrivals, 7'=15, N = 30).
D #Of ()‘17>\2):(1/271/2) (Al7)‘2):(1/372/3) (AI‘AZ):(1/4‘3/4)
Scenarios | Max Average Median | Max  Average Median | Max Average Median
1 91 3.9% 21%  2.0% | 4.3% 24% 22% |3.7% 24% 2.5%
Non-sequential Optimal | 2 91 3.7% 1.9% 1.7% | 3.3%  2.0% 22% |2.8% 2.0% 21%
vs. Offering-all 3 91 33% 1.6% 1.7% | 27% 1.7% 1.9% |25% 1.6% 1.7%
4 91 271% 13%  1.3% | 23% 14% 1.5% |2.0% 14% 1.4%
1 91 9.5% 4.0% 3.3% |[11.0% 51% 4.0% |98% 55% 5.6%
Sequential Optimal 2 91 9.8% 3.8% 2.7% | 9.5%  4.5% 4.6% | 7.6% 4.9% 5.2%
vs. Offering-all 3 91 8.9% 3.4% 2.4% 7.7% 3.8% 4.4% 16.1% 4.0% 4.2%
4 91 76% 2.8% 1.8% | 6.6% 3.1% 3.5% [52% 3.3% 3.4%
Table C2 Policy Comparison in a Multi-day Scheduling Setting (with deterministic arrivals, 7'= 30, N =50).
pl| #of (A1, A2) =(1/2,1/2) (A1, A2) =(1/3,2/3) (A1, A2) = (1/4,3/4)
Scenarios | Max  Average Median | Max  Average Median | Max  Average Median
1 231 4.7% 23% 21% | 4.7% 2.7% 2.6% | 4.0% 2.7% 3.0%
Non-sequential Optimal | 2 231 4.1% 2.1% 2.3% 3.8% 2.3% 2.6% 3.2% 2.3% 2.4%
vs. Offering-all 3 231 34% 1.7%  1.8% | 31% 1.9% 21% | 25% 1.9% 1.9%
4 231 3.0% 14% 1.5% | 2.6% 1.5% 1.7% | 23% 1.5% 1.5%
1 231 11.2%  4.2%  3.3% |12.3% 5.6% 4.9% |10.6% 6.3% 6.6%
Sequential Optimal 2 231 11.2% 4.1% 3.0% | 9.9% 5.0% 55% | 82% 5.4% 5.7%
vs. Offering-all 3 231 9.7% 3.4% 2.4% | 82% 41% 4.7% | 6.7% 4.4% 4.4%
4 231 82% 2.9% 1.9% | 6.9% 3.4% 3.8% | 5.7% 3.6% 3.7%
Table C3 Policy Comparison in a Multi-day Scheduling Setting (with Poisson Arrivals, T'= 15, N = 30).
D # of (A1,A2)=(1/2,1/2) (A1,22) =(1/3,2/3) (A1,A2) =(1/4,3/4)
Scenarios | Max Average Median | Max  Average Median | Max  Average Median
1] 91 [41% 21%  20% | 42% 24% 21% | 3.7% 24%  2.5%
Non-sequential Optimal | 2 91 3.7%  1.9%% 1.8% | 3.4% 2.0% 2.2% | 2.9% 2.0% 2.1%
vs. Offering-all 3 91 3.0% 15% 1.5% | 1.6% 1.7% 2.3% | 2.3%  1.6% 1.6%
4 91 27% 12%  1.2% | 2.3%  1.3%  1.6% | 2.1% 1.4% 1.4%
1 91 9.6% 4.0% 3.4% |11.2% 51% 4.2% |10.0% 5.6% 5.8%
Sequential Optimal 2 91 9.8% 3.7% 2.8% 9.0% 4.5% 4.4% 7.6% 4.8% 5.1%
vs. Offering-all 3 91 8.6% 32% 22% | 7.5% 3.7% 42% | 6.1%  4.0% 4.1%
4 91 75% 2.6% 1.7% | 6.4% 3.1% 35% | 5.2% 3.3%  3.3%
Table C4 Policy Comparison in a Multi-day Scheduling Setting (with Poisson Arrivals, T'= 30, N =50).
p| #of (A1, A2) = (1/2,1/2) (A1, A2) =(1/3,2/3) (A1, x2) = (1/4,3/4)
Scenarios | Max  Average Median | Max  Average Median | Max  Average Median
1 231 45%  23% 21% | 5.1% 2.7% 2.6% | 4.0% 2.7% 2.9%
Non-sequential Optimal | 2 231 4.0% 2.0% 20% | 3.7% 22% 25% | 3.1% 22% 2.3%
vs. Offering-all 3 231 34% 1.7% 1.7% | 3.0% 1.8% 21% | 2.6% 1.8% 1.8%
4 231 29%  1.4% 1.4% | 2.6% 1.5% 1.7% | 23%  1.5% 1.5%
1 231 11.1%  41%  3.2% [12.3% 56% 4.7% |10.5% 6.2% 6.5%
Sequential Optimal 2 231 10.9% 3.9% 2.8% | 9.8% 4.9% 53% | 7.9% 5.3% 5.5%
vs. Offering-all 3 231 9.5% 3.3% 2.3% 8.0% 4.0% 4.6% 6.6% 4.3% 4.4%
4 231 83% 2.™% 1.7% | 6.8% 3.3% 3.8% | 5.6% 3.6% 3.6%




