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Appendix. Appendix

Proofs of Auxiliary Results.

A. Proof of Proposition 1.

First suppose that the nominal mean p increases by Ap > 0. Then there exists As* > 0 and Ax* >0
that solves the nominal problem with deterministic demand Ap, with non-negative profit P > 0. Thus the
worst-case profit with g+ Ap increases at least by P. On the other hand, one can show that the set U
increases in any of Aq,...,A;, followed by that the objective value decreases. ([l
B. Proof of Proposition 2.

For fixed {w,,W_.,} and Dj;.7y, the inner maximization in problem (6) with respect to Xi.7) is a linear
program in which {w,, W_,} are on the right-hand side. It follows that for any Dy1.7y, the inner maximization
problem (6) is concave in {w,, W, ,}. Hence the objective function in (6) is concave as well, because it is a
pointwise infimum of concave functions. Moreover, the problem is always feasible with assigning zero vectors
and matrices to {w;, W_,}. Finally, applying strong duality to constraint (7) shows that a feasible set of
{w;, W_,} is a polyhedron and hence, convex. a
C. Proof of Proposition 3.

D(s0,dp) := max V(ﬂ'(wt,WT’t);so,do), where V(ﬂ'(wt,Wm);so,do) is defined as

V(W(wt,Ww);so,do) ‘= min max P(W(wt,Wnt),d,x;so,dO)

deuT x,s
T T t
= mir% max [— Cs (Z st> —Cy Z (so + Z(S,— — a:T)>
deu s t=1 t=1 =1
T t T
_CPZ <d0—|—2(d7—m7)> +T<th>‘|,
t=1 r=1 t=1

where the inner maximization problem has a feasible set X (m,d, sg,dp)-
We first claim that the following equation holds for any affine policy 7 (w;, W, ;) such that so < wq,

V(f(EMWT’t); S0, do) =V (W(wt, W.,-’t); O7 0) +csS0 + (T — Cs)do, (24)

where 7(w,, W ,,) is defined as (11). For any demand realization d € U”, let 5, = 5,(m,d) and 7, = 7,(m,d)

be an aggregated order quantity and the corresponding optimal processing activity at time ¢ with zero initial

input and demand, i.e., it solves the inner maximization problem of V(7;0,0) with d. Let 5, = 5,(7,d)

be an order quantity by the policy 7 for V(7;sq,dy), and define T, = T,(d) = #,(d) + dy. Then by (11),

5, =3, — 8o+ do for every t=1,...,T, and thus

P(ﬂ(wt, W..),d,x;0, 0) + ¢80+ (r—cs)dy

T T
= (— CgSr — Cx Z(’s} —Zy)—cp Z(dt —Zy) —l—rET) +(r—cs)do+csso
=1

T T
=—c5(Sr—so+do) — Z(5t+d0 —CPZ do—l—dt + (cu +cp) Z Ty +do)+r(Tr +do)
t=1 t=1

t=1

T
= —csvr — cn Z(SO +5, _%t) —Cp Z(do +d; _%t> + 1T

t=1 t=1

- P(ﬁ(@t,WML d,X; so, do).
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Since X is a feasible solution of the inner maximization problem in V(7;so,dp), the LHS of (24) is greater
than or equal to the RHS. Similar argument can be made to show the contrary and this concludes the proof
of (24).

Now suppose 7* (@Z,Wit) is not optimal, and let 7* (E:,Vit) be an optimal solution of @(sg,dy). Now one

can easily check that by (24),

D(s0,do) =V (@ :50,do) =V (¢"50,0) + cssg + (r — cs)do
<V (7;0,0) 4+ cs80 + (r —cs)do =V (T*; 80, do) < D(s0,do),

which makes a contradiction. Finally, the proof of Eq. (24) directly shows that both &(0,0) and ®(so,dp)

shares a common worst-case scenario among U7T. ]
D. Proof of Proposition 4.

Let pa = (T1,...,7n ), where each 7, solves the j** subproblem. Then the worst-case scenario (dj,...,d%)

solves an optimization problem

di,....dny X1,...,XN

N
min  max {ZPJ-(Wj,dj,xj;ufjl,ufjl)} (25)

i=1

Since Tpa is a well-defined periodic-affine policy, (25) is rewritten as
N
min max [ZPj(Wj,dj,xj;ufj_l,ufj_l)]
. o

N

— 3 D (= -} d

= min  max {E Pj(wj,dj,xj,utjl,utjl)}
=1

di,....,dy X1,...,XN

dy,....,dny Xi1,...,XN

N
= min  max |:Z.PjPA(7Tj7djan):|
i=1

N
= Z[ min max PJ.PA(Wj,dj,xj)}

e d;eus  x;

= ) max PPA(T,,d;,x,),

=1 "’

where ISj and PP are defined in (18) and (19). As a result, the overall objective function is separable for

each subproblem, and hence, the worst-case scenario consists of those of the subperiods. O
E. Proof of Theorem 1.

Since every affine policy is feasible to the DP problem (12), proving Vig < Vgp directly follows. Thus it
suffices to show Vi, = Vj3p, and let Tpp = (T1,...,7Tn) be an output of the periodic-affine algorithm. That
is, 7, is an affine-IBS policy associated with 7; = Wj(wt(j), T(”t))7 where 7; solves (20) for each j=1,...,N.
Define V;(u®,u) as a worst-case optimal profit from the j*" subperiod to the last period, where u® and u?
are current on-hand input and backlogged demand. Our framework justifies using the (robust) optimality
equation and a (worst-case) value function approach in robust dynamic programming scheme; we refer
Iyengar (2005) to readers for technical details. We will show for every j=1,..., N,

(a) Vj(u®,u?) is concave in (u*,u?), and
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(b) V;(us,ut) = V;(0,0) + csu® + (r — cs)u for every 0 <u* <w, ud > 0.
by mathematical induction.
Now consider j = N and suppose u® < w§N). Then Vy(u®,u?) can be written as

Vy(u®,u?):= max min max Py(m,dy,xy;u’,u?)
TEMp(UN) AN XN SN

st.  (Xn,sy) € X(m,dy,u’,ut),
where ™ = 7(w;, W, ;) and the constraints in X (7, dy,u®,u) can be rearranged so that the right hand sides
are linear in (u®,u?,w,, W, ). Since Py is concave in (Xy,w;, W, ,,u®,u?) and X(r,dy,u*,u?) defines a
polyhedron for any 7, u*, and u?, the objective function within the min operator is concave in (u®, u®, w;, W, ;)
by concavity preservation under maximization. Since a pointwise infimum of concave functions are concave
and applying concavity preservation under maximization again to the outermost max operator, we finally
have that Vy(u®,u?) is concave in (u*,u?). On the other hand, (b) follows directly from Proposition 3 for
j=N.
Now suppose that both (a) and (b) hold for any 1 < j <N, and let u* <w{™" and u® > 0. Then from the
optimality equation, we have
Vst =i max | P (md ) + V)| (26)
Since V;(u$,uf) is concave in (u$,uf) and (uj,uf) can be expressed as affine functions of (w, W ,,u®,u?),

applying the above argument shows that V‘,l(u ,u?) is also concave in (u®,u?). In addition, we have

Vio1(u*,u?)= max min max 1(7r o1, X 1;us,ud)+‘/}(u‘;,u?)
TEpp(UI—1) dj—1 X531
< max  min max PJ 1(7nd] 1, X, 1;u° ud) V;(0,0) + csuf + (r —cs)ul
mEMapp(UI—1) dj—1 Xj—1
= max  min max PJ 1<7r,dJ 1L,Xj_ 15U, ud)+cgu + (r —es)uf| +V;(0,0)
TEMapp(UI—1) dj—1 Xj-1
= max min max Pj 1(7r X ut ut) +esu + (r—es)ut| +V;(0,0)
TEMpp(UI—1) dj—1 X5

=csu’+ (r—cg)u’+  max min max [ (7r i—1,%;-1;0, O)} +V;(0,0)

TE€Mpr(UI=1) dj—1 X531

<V 1 (u®,u?).

The first inequality comes from that both (a) and (b) hold for V;}, and the third equality is from the definition
of P 1. Finally, the last inequality is a worst-case profit from j** subperiod with a policy Tpa, by Assumption
1. Since 7pa is a feasible policy to the DP, the last inequality follows. This shows that whenever u* < w%j 71),

then the value function V;_;(u®,u?) is achieved with a policy (7;_1,...,7x). Finally we have

TEMapp(UI—1) dj—1 Xj-1

Vi1 (u®,u?) =csu® + (r—cs)u’+  max min max {15]-_1 (T(,dj_l,Xj_l;0,0)] +V;(0,0)
=V;_1(0,0) + csu® + (r — cs)u’,

and thus (b) holds for j — 1. By Assumption 1, Tpa = (71,...,7x) satisfies ug, < w(Hl) for every j =

1,...,N —1 and every realization of demands, and hence, 7ps is Bellman-optimal to the DP (12) and this

PR

concludes with V3, = Vi3p. O
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F. Proof of Proposition 5.

It suffices to show that an optimal periodic-affine policy is indeed an affine policy. Using the same notations
in Theorem 1 and without loss of generality, we may assume that N =2 and let Tp, = (71,72), where
m = (wt(J ), WT(]t)) for 7 =1,2. By definition of periodic-affine policies, we only need to check that if an order
quantity at time ¢, + 1 is affine in & =U"* x U?. Recall that 75, determines order quantity at ¢; + 1 as

t1 t1
w? — uj +uy = w'? — max (Z(st —d,), 0) + max (Z(df —5), 0)

t=1 t=1
t1
= U}§2) + <Z(dt — St)> .
t=1

It is affine in dy, since s, is affine in d;, and this concludes the proof. O

G. Proof of Theorem 2.

We use the value function V;(u®,u?) defined in Theorem 1. From concavity V;(u*,u?) and using (b), we have
Vi(u®,u®) <V;(0,0) + csu® + (r — cg)u?

for every u® >0 and u¢ > 0. We will show that

N
Vj(us,ud)Scsus—&—(r—cs)ud—i—Zﬁ: Vi=1,...,N (27)

k=j
by induction, and plugging 7 =1 and u* =u® =0 into (27) concludes the proof.
From Vy(0,0) = f;(,, we have that (27) holds for j = N. Now suppose 1 < j < N. Then from the optimality
equation we have

d . d d
Vi_1(v’,u*)= max min max Pj_1(7r,dj_1,xj_1;us,u )JrVJ(uj,uJ)
mEMp(UI—1) dj—1 xj-1

N
< max min max {Pj_l(ﬂ,dj_l,x]-_l;us,ud)+csuj—|—(r—cs)u?+2f,:]
k=j

TmelL(UiT1) djo1 x5

N
< csu5+(r—cs)ud+ max min max {Igjl(w,djhle;(),())} —&-Zf,:
k=j

TEMape(UI—1) dj1 xj-1

N

= csu®+ (r —cg)u® + Z fg,

k=j—1
where the first inequality holds from the induction hypothesis and the third equality is from definition of
ﬁj,l. One can show that the maximization problem in the third equality is concave in u® and u?, as similar

in the proof of Theorem 1 and this concludes the proof. O

H. Proof of Theorem 3.

All the proofs of Theorem 1 and 2 can be extended into multi-station networks, by using a basis matrix Rz
to replace csu® and (r — c¢g)u® terms in the proof with cJu® and (Rijr — RiRjcs) "u?, respectively. This

expressions are still linear in u® and u?, hence all the arguments in the proof are valid. O
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I. Proof of Theorem 4.

It suffices to show for single-station cases, since it is straightforward to extend the result to general multi-
station networks, as in Theorem 3. Note that the optimality equation for the infinite horizon problem is
written as
Vee(u®,u®) =  max min max {P(ﬁ,D[LTO],X[LTO];uS,ud) —&—BT"VOO(UQ,E?) , (28)
m€Ma(UT0) DPriimg) X[y
where 7° and T denotes on-hand input and backorders after Tj periods (one stage).

We impose mild conditions so that the optimality equation (28) defines a contraction mapping and there
exists V,, which is the unique fixed point. (See Iyengar (2005) for details.) Hence the value iteration algorithm
is well-defined, and let V,,(u*,u?) be a value function after n iterations. Recalling that u® and u® are expressed
as linear functions of u*® and u¢, one can show by applying concavity preservation under maximization as
similar in Theorem 1 that if V, (u®,u%) is concave, then so Vi (u®,u?) is. Since we can start with any
bounded continuous function for the value iteration algorithm, we conclude that V. (u*,u?) is concave in
(u®,u).

In this setting, there exists a stationary optimal policy 7., = (7,7, ...) where m = 7(u®,u?) is defined for
each subperiod of length Ty. By Proposition 3, we can see that V., (u®,u?) =V_(0,0) + csu® + (r — cg)u® for

u® < w; and with concavity of V., we have
Voo (u®,u) <V (0,0) + csu® + (r — s )u®

for every u® >0 and u? > 0.
Let V(7ms) be a worst-case objective value under policy 7., and VX be an optimal value of the DP
problem. Since 7, is feasible to the DP by Assumption 1, we have V(7.) < V. On the other hand,

V= max min max [P(ﬂ,D[LTO],X[LTO];O,O) +6T0Vm(u5’ud):|

oo
mEMLee(UT0)  Dpiimg]  X(1:10)

< max min max [P (7T, Dpzy)s X11mp)s u°s ud) + BT (csﬂs + (r —cs)u + Voo (0, O))

n€M, i (UT0) Dy X[1:1)

max min max POIZA(W,D[LTO],X[LTO])+BT°VOO(0,0)

ey (UT0) Dpiirg] Ximy)

= VOO(TFOO)v

by Assumption 1 (this step is similar to Theorem 1), and this implies that an optimal value to the DP is

achieved by 7., where the stationary policy 7 is obtained by solving the optimization problem (22). (|
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