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A Relation between State-space model and predictive regres-

sions

In this appendix we first connect the state-space model presented in Section 2 of the paper with
its observables vector autoregressive (VAR) representation, as in Cochrane (2008), and then
we consider the special cases of constant expected dividend growth and of equal autoregressive

coefficients, i.e. 61 = 1.

A.1 General case

In the present-value model there are three potentially independent shocks {e9,e#,e%}. The
observable version of this model is equivalent to the ARMA Wold representation for {pd;, Ad,}
(or {pd¢, r:}), so the shocks have to be linear functions of only the two observable shocks {£} 4 ed}

(see Cochrane (2008)):*

g _ pd d
€41 = Qgpd€ii1 + Qgd€ii,
H _ pd d
Ei+1 = Qupd€ip1 T Qudbiyr, (1)

Moreover, we know that the shocks must obey

pd H g

'Remind that given the price-dividend ratio, returns or dividend growth can be dropped from the analysis.

We can for example predict {pd:, Ad;} and then recover returns from the present-value constraints.



Hence, the weights in (1) have to be such that

1 = —Biaypg + Baayg pa,

0 = —Blau,dﬁ-BQOég’d. (3)

Imposing the constraints, we can parametrize the o weights by

L+tapd pa | @ g

€l = By ct+1 T Bttt
Qpd pd Qg g
ey = Eefﬂ + Bt (4)

To derive VAR representations, we first express the latent state variables in as a function of the

observable shocks:
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frt = e = Toag et gl
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where L is the lag operator. Substituting (5) in the expressions for the price-dividend ratio and

the realized return we get:
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respectively.

Hence we have the MA representation for the demeaned price-dividend ratio, E&t =pd; — A,

and dividend growth, &it = Ad; — Yo:
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or, in vector format:
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Multiplying out the denominator lag polynomials, we get a VARMA(2,1) representation:

- 01 — apa(y1 —01)  aq(y — 1) I efil'
—71+;QW m-—3B et
(10)

Finally, we can invert the MA lag polynomial to find the VAR representation, which describes

Py

(1—-061L)(1 —mL) 0
&lt+1

0 (1 —’ylL)

forecasting regressions.

—1 —
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(11)
Let us define
01 — apa(y1 —61) aa(y1 — 1)

1+Oépd ap
"B, "~ B2

The inverse of I — ®L, at the left-hand side of (11), is equal to > o0  ®*L’. Therefore, the

o=

VAR representation of the present-value model has infinite lags. The single coefficients can be
solved explicitly and are functions of the structural parameters,? but they do not lead to easily

interpreted quantities, unless we consider special cases.

A.2 Special cases

Here we consider the special cases of constant expected dividend growth and of equal expectation
persistences.

In the case of constant expected dividend growth, the model-implied dividend growth pre-
dictability is trivially zero, and the present-value model collapses to a standard linear regression

of returns on lagged price-dividend ratio, which follows an AR(1) process:

~ —~ d
pdiey = Oipdy + ey

~ 1 —

Tep1 = _Epdt + €415

In the special case of equal autoregressive coefficients, which we denote ¢ = d; = 1, the
price-dividend reduces to

pdi = A — B(fu — §t), (12)

1

1=pg-

Equation (12) we find that price-dividend ratio follows an AR(1) process:

where B = Substituting the dynamics of expected returns and dividend growth in

pdiy1 = (1 — @)A+ ¢pd; + 5511 (13)

2 Also the a coefficients are functions of the parameters of the structural model which can be found by matching

second moments.



and, using (11), demeaned dividend growth, Ad = Ad — ~y, are given by:
N 1 ~ - PN 1 ~ d
Adt-H = E + apg pdt + aq Z(¢ - Oéd) (Adt—i - E + apg pdt—i—l) + €415 (14)
i=0

where /pji = pd — A denotes the demeaned price-dividend ratio. The expression for demeaned

returns follows from Campbell and Shiller (1988) approximation:

N ~ 1 ~ — i [ 1 ~ ~
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€41 = Qpd€ipiq t+ Qa€eyq,

and are functions of the model parameters which can be found by matching second moments.
These can be thought as standard predictive regressions with the addition of a long moving av-
erage of errors from the dividend growth regression. Typically, the variation in ex-post dividend
growth is much larger than its expected value, thus (15) and (14) can be well approximated

(see Cochrane (2008)) by:

— 1 —~ > ~—
Adt+1 = <B + &pd> pdt + aq Z(¢ — ad)lAdt_i + Ethrl’
=0
Fir = papdy + oy > (- ) Dy i + €] .

i=0
Thus, estimates of the structural parameters of the model for the case §; = 1 can be recovered
from regressions of returns and dividend growth on lagged price-dividend ratio and on a moving
average of past dividend growth.? Predictability implied by these adjusted predictive regressions
are very similar to what we find using standard predictive regression, with R%{et = 8.7% and
R2,. = 0.78%, compared to R%_, = 8.61% and R%, = 0.01%, for the same sample period. In
particular, the R-squared for dividend growth is almost zero. Moreover, as expected returns
and dividend growth display equal persistence, the EIV-induced asymptotic bias in standard
predictive regressions is very moderate (see Figure III). Therefore, the constraint §; = 71 can
be seen as a way of obtaining low dividend predictability and small EIV bias in a setting where

expected dividend growth is time-varying and stationary.

3Using a 10 year moving average, we find results which are very similar to those we obtain using constrained
g y g ge, Yy g

Kalman filter estimation.



B Consistency with standard predictive regressions

A good specification of the present-value model has to produce predictability features consistent

with the empirical evidence of standard OLS regressions for dividend growth and returns.

Tl = G+ bypd; + 5:.;_1’ (16)

Adii1 = ag+bapd; + b1, (17)

This feature is essential in order to avoid a model misspecification along some important pre-
dictability dimension, which would weaken the interpretation of predictability structures esti-
mated by latent variables approach.

We use a nonparametric bootstrap approach to obtain the distribution of the predictive
coefficients b, and by, of their t-statistics and of returns and dividends predictive regression
R-squared, implied by the estimated present-value model, both unconstrained and under the
constraint of constant expected dividend growth and of equal expectation persistences. The
distributions of the t-statistics in the three cases (see Figure I) are almost identical and are all
well consistent with results of standard predictive regressions on observed data. The only dif-
ference we can note is that the t-statistics of the dividend growth predictive coeflicient implied
by the present-value model estimated under the constraint of equal persistence parameters is
slightly more in line with observed data, since the observed value is included in the interquar-
tile range of the bootstrap distribution. The predictive regression R-squared implied by the
estimated models are also consistent with the observed values (see Figure II), even if the true
model-implied R-squared can be very different.

The main message is that constrained and unconstrained models cannot be discriminated
based on their consistency with standard predictive regression results, even if the estimated

dividend growth predictability in the unconstrained present-value setting is very large.

C Expectation persistence and EIV-problem

This appendix studies the link between the relative persistence of the two expectation pro-
cesses, the severity of the EIV problem and the degree of estimated return and dividend growth
predictability.

Consistent with the literature, e.g., Campbell and Shiller (1988), Campbell (1991) and
Cochrane (1992), the largest estimated fraction of price-dividend ratio variation is generated

by expected return shocks. The loadings B; and By of expected dividend growth and expected



returns in the price-dividend ratio expression are in a close relation to their persistence features.
Therefore, the relative persistence of dividend and return expectations is a key parameter for
quantifying the potential EIV problem in the present-value model.

Figure III reproduces graphically this link, by plotting the asymptotic EIV-induced bias
for dividend and return predictive regressions, as a function of different hypotheses about the
relative persistence, §; — 71, of dividend and return expectations.* While the bias for the return
predictive regression coefficient (top panel) is moderate and less than 20% across all values of
91 — 1, the one for the dividend predictive regression coefficient (bottom panel) is very sensitive
to differences in the persistence of the two expectations.

The predictability features implied by a present-value model are also strongly dependent
on the relative persistence of the unobservable expected returns and expected dividend growth
processes. Figure IV shows the R-squared of returns and dividend growth implied by the
present-value model described in Section 2 of the paper as a function of the difference between
the autoregressive coefficients in the expected returns and cash flow growth dynamics. For low
values of the difference between the persistence parameters, the predictability of growth rates
implied by the model is almost zero, contrary to what we obtain in Section 3 of the paper. Note

that under the null hypothesis of equal expectation persistences:®

HO Y= (51 s (18)

the model implies an identical sensitivity of price-dividend ratios to return and dividend expec-
tation shocks. Under this constraint, the EIV-induced asymptotic bias for both dividend and
return predictive regressions is very small.b

Based on asymptotic critical values from a y? distribution (r = 1), the null hypothesis (18)
is clearly rejected with a p-value of 0.05%, while the bootstrap p-value is much larger, at 2.4%.
Thus, null hypothesis (18) cannot be rejected at a 1% significance level, but it is significantly

rejected at the 5% level by our bootstrap testing procedure. Overall, when considering also

4The asymptotic EIV-induced bias for dividend and return predictive regressions in the benchmark present-
value model can be computed explicitly, as a function of the model parameters; see Supplemental Appendix

D.
At the estimated parameters, the difference between the autoregressive parameters in the expected returns

and dividend growth dynamics is equal to 0.623. The parameter constraint 3 = d; was also imposed, e.g., for

the present-value models in Cochrane (2008) and Lettau and Van Niewerburgh (2008).
SUnder null hypothesis (18), pd; follows a standard AR(1) process; see also Stambaugh (1999) and Lewellen

(2004), among others, and Section A of this Supplemental Appendix.



the slightly too liberal behaviour of bootstrap tests in our Monte Carlo simulations,” the evi-
dence against a similar persistence of expected returns and expected dividend growth is more

ambiguous than under the conventional asymptotic tests.

D Asymptotic EIV Bias in Standard Predictive Regressions

Standard predictive regressions of either returns or dividend growth rates on the lagged log
price-dividend ratio suffer from an error-in-variables (EIV) problem, which does not disappear

as the sample size increases. Indeed, the true model for aggregate stock returns is:
Ter1 = 0o + flt + €4y 1, (19)
but we wrongly assume the following model to hold:
Tey1 = ap + bepdy + €44, (20)

where pd; = A — Bijiy + Ba2g:, and we try to estimate the true parameter b, = —1/B; from
(20). The p-limit of the OLS slope coefficient is the following:®

- Cov(pdg, ri41)
by — ———————= 21
Var(pdy) (21)
where
Cov(pdy,ri11) = Cov(A — Bijiy + Bag, 60 + fiy + €4 1)
= —BiVar(i) + B2Cov(gy, fir)
Var(pdy) = B?Var(jy)+ B3Var(§) — 2B1ByCov(§t, i)
so that
N 1
b, — (22)

By + B2Var(g:)—B1B2Cov(g,fit) ’
L TB3Cov(Ge,u)— B1Var(fir)

and the unconditional variances and covariance of demeaned expected return and dividend

growth are the following:

2
I

Var(fiy) = 1_62
1

"For null hypothesis (18), we obtain an empirical rejection frequency ay = 7.5% for the bootstrap test, which
is again clearly lower than the rejection frequency ar = 26.4% of the asymptotic test. Also in this case, the
bootstrap test corrects the asymptotic critical values in the correct direction, even though it is again slightly too

liberal.

Note that here we denote with b, the OLS estimate of the slope coefficient b, in (20).
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Thus, the OLS slope coefficient in the regression of returns on lagged price-dividend ratio is
biased. However, at the estimated parameters the bias is small due to the relative persistence

of expected dividend growth and returns.

The model for aggregate log dividend growth is:
Adiy1 =0+ gt + 6§l+1a (23)

while the wrong model is:

Adiy1 = aq + bapd; + 5?+1> (24)

and we try to estimate the true parameter by = 1/B3 from (24). The p-limit of the OLS slope

is the following:
- Cov(pdy, Adyy1)

b 25
4 Var(pdy) (25)
where
Cov(pdy, Ady1) = Cov(A— Bujir + Bage, o + §e + &)
= BoVar(g) — B1Cov(gy, fir)
so that
" 1
bg — (26)

By + B2Var(ji)—B1B2Cov(g,fit)
2 ByVar(§:)—B1Cov(dt,fit)

Therefore, the OLS slope coefficient in the regression of dividend growth on lagged price-
dividend ratio is also biased. This bias is negative and, at the estimated parameters, much

more significant than the one for standard return regressions.

E Reliability of ML estimation

In this appendix we analyse the finite-sample properties of the ML estimator of the present-
value model under the null hypotheses of constant expected return (Table I), constant expected
dividend growth (Table II) and of equal persistence coefficients (Table IIT). We generate 1000
samples from the model using nonparametric bootstrap, with the same number of observations
as in the data (65 years), starting from the unconditional mean of the state variables and using

the point estimates obtained under the null hypothesis considered as the true parameters in the



simulations. We subsequently estimate the model for each of the bootstrap samples.?” We report
the true parameters along with the mean, standard deviation and quantiles of the distribution
of parameter estimates, obtained from the bootstrap samples. In all cases, the estimation of
the persistence parameters and of the volatility of the shocks can be highly biased, due to the
very limited size of the sample and to the fact that different parameter structures can lead to
very similar properties of the model-implied dividend growth and price-dividend ratio.

For example, in the case of equal persistence parameters (Table III), the autoregressive
coefficient of expected returns, d1, is slightly downward biased, which corresponds to an upward
bias in 0, due to the high negative correlation between these two parameters. The distribution
of 47 is also left skewed but does not have an excessive standard deviation. On the other hand,
the persistence of expected dividend growth, +; is heavily downward biased and has a highly left
skewed distribution if the true autoregressive parameters are similar. Due to the high negative
correlation between the estimated v; and o4, the volatility of the expected dividend growth
shock is strongly upward biased. We can also note a very high negative correlation between,
o4 and o4, which is intuitive, since the variance of realized dividend growth is divided between
expected and unexpected component. Furthermore, the correlation parameters appear to be
quite poorly estimated in finite samples. In fact, the confidence intervals for py, and p,q are
very broad.!?

This simple study of the finite-sample properties of the estimated parameters gives some
intuition for the poor finite-sample properties of the asymptotic LR test outlined in Section 4.4
of the paper. In fact, the probability of estimating a -«; which is equal or lower than the one
obtained in the unconstrained estimation of the benchmark model, i.e. 0.304, is about 30% even
if the true parameter is equal to 0.926. This potential bias in the estimation of the persistence
parameter of expected dividend growth has repercussions on the amount of dividend growth

predictability we may find from model estimation.

9The same exercise is run in the Internet Appendix to Binsbergen and Koijen (2010) for the unconstrained
estimation results. Unreported findings show that we get results similar to what they report starting from our

unconstrained parameter estimates.

10T6 make sure that the bias is due to finite-sample issues and not to convergence problems of the optimization
algorithm, we also repeat the same exercise simulating longer samples of observations and we show that already
with 7' = 200 the median of the distribution of estimated parameters is almost identical to the true parameters,

even if the mean is still slightly different due to the skewness of the distribution.



F Estimation Methodology for the Extended Model

Appendix B in the main text describes the estimation methodology for the benchmark model.
Here we describe the modifications required to account for the extended version of the model
discussed in Appendix F of the paper, which includes additional observable predictive variables.

In the case of the extended model in Appendix, the transition dynamics are the following;:

g1 = MG+ +el ), (27)
fiy1 = O1fu + 022 + €4 (28)

The observable variables are dividend growth Ad;yi, the price-dividend ratio pd;11 and an
additional observable predictor variable, z;. Since the equation for the pd ratio contains no
error term, as for the benchmark model we can reduce the number of transition equations and

we arrive at a final system with one transition equation, (27), and three measurement equations:

Adi1r = Yo+ 0t + ey (29)

(1 —061)A+ Ba(y1 —61)g¢ + [v2B2 + (&1 — 01)(Ba — Bz) — 62B1]2 +

pdiy1

—}—51pdt — Bp?éﬂrl + BQ&tg+1 + (B4 — B3)6§+1. (30)

We use the Kalman filter to derive the likelihood of the model and we estimate it using ML.

The parameters to be estimated are the following:

0= (707 607 1, 61) Ogs0u,0d; Pgus Pud> Pgd> 50) §17 Pgzs Puzs Pdzs Oz, 62772)'

For identification purposes, we impose the constraint p,q = 0, as in Binsbergen and Koijen
(2010) and Yun (2012). Overall the model implies 17 free parameters to estimate. The esti-
mation procedure is the following: We first define an expanded 5-dimensional state vector by
the concatenation of the original state variable ¢ and the process and observation noise random

variables:

which satisfies:

Xi41 = FX; + Bugp1 + el g,

10



where uy = 2,1 — & and
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The measurement equation,
Ad,
Yi=| pdi |,
<t
is of the form
Y, = Moy + MY, 1 + M2 Xy,
where
Yo 0 0 O
Mo=1| 1-6)A |, Mi=|0 & & |
o(1 —&1) 0 0 &
o =2 B2 + (& — 01)(Ba — Bs) — 6281,
and
1 0 0 1 0
My = | By(y1—86) By —B1 0 By— Bs
0 0 0 0 1

11

01x4

(31)



The steps of the filter algorithm are exactly as for the benchmark model (see Appendix B in

the paper) apart from a slight change in the time-update equation for the state, which becomes:

Xt7t—1 = FXt—l,t—l + B’LLt. (32)

12



G Tables and Figures

Table I: Finite-sample properties of the ML estimator of the present-value model. We generate 1000
samples using nonparametric bootstrap with the same number of observations as in the data
(65 years), starting at the unconditional mean of the state variables and using estimated
parameters under the constraint of constant expected returns. The model is then estimated
for each simulated sample. We report true parameters as well as average, standard deviation

and quantiles of the bootstrap distribution of 1000 parameter estimates.

True Mean St.dev Q10 Q25 Q50 Q75 Q90

v 0072 0.074 0.018 0049 0.064 0.077 0.082 0.095
do 0.079 0.085 0.017 0.062 0.076 0.086 0.095 0.106
v 0996 0.950 0.125 0918 0.956 0.980 0.993 0.999
01 0 0.122  0.248 0 0 0.001 0.093 0.461
os 0.002 0.007 0.009 0.002 0.003 0.005 0.008 0.014
ou 0 0.036 0.020 0.014 0.024 0.034 0.045 0.058
oq 0.069 0.066 0.010 0.054 0.060 0.067 0.072 0.077
Pau 0 -0.165 0.585 -0.912 -0.714 -0.200 0.329 0.668
Pud 0 0.626  0.397 0.121 0.433 0.752 0.938 0.988

13



Table II: Finite-sample properties of the ML estimator of the present-value model. We generate 1000
samples using nonparametric bootstrap with the same number of observations as in the data
(65 years), starting at the unconditional mean of the state variables and using estimated
parameters under the constraint of constant expected dividend growth. The model is then
estimated for each simulated sample. We report true parameters as well as average, standard

deviation and quantiles of the bootstrap distribution of 1000 parameter estimates.

True Mean St.dev Q10 Q25 Q50 Q75 Q90

v 0.055 0.055 0.010 0044 0.048 0.056 0.062 0.067
do 0.082 0.088 0.027 0.066 0.074 0.084 0.094 0.104
" 0 0.268  0.264 0 0.042 0.197 0.383 0.699
01 0903 0.854 0.087 0.6749 0.811 0.863 0.907 0.954
oy 0 0.042 0.025 0.006 0.018 0.049 0.064 0.071
o, 0.028 0.028 0.013 0.014 0.020 0.026 0.034 0.044
oq 0.068 0.037 0.025 0.003 0.012 0.041 0.060 0.068
m 0 0.081 0.456 -0.703 -0.138 0.191 0.350 0.523
pua 0.357 0.228  0.422 -0.413 0.085 0.307 0.470 0.697

14



Table III: Finite-sample properties of the ML estimator of the present-value model. We generate 1000
samples using residual bootstrap with the same number of observations as in the data (65
years), starting at the unconditional mean of the state variables and using estimated param-
eters under the constraint of equal persistence parameters. The model is then estimated for
each simulated sample. We report true parameters as well as average, standard deviation

and quantiles of the bootstrap distribution of 1000 parameter estimates.

True Mean St.dev Q10 Q25 Q50 Q75 Q90

v 0.054 0.054 0.010 0041 0.047 0.054 0.062 0.068
do 0.081 0.083 0.017 0.061 0.070 0.083 0.094 0.106
v 0926 0598 0.342 0.107 0.261 0.745 0.917 0.949
01 0926 0.865 0.068 0.775 0.829 0.876 0.915 0.940
og 0.004 0.026 0.025 0.003 0.005 0.013 0.049 0.066
o, 0021 0.028 0.011 0.016 0.021 0.027 0.034 0.043
oq 0.068 0.049 0.025 0.006 0.036 0.058 0.067 0.073
pgu 0.950 0.351 0.664 -0.875 0.056 0.441 0.946 0.971
pua 0312 0.259  0.382 -0.138 0.208 0.309 0.410 0.578

15



Figure I: Box plots of t-statistics of dividend growth (upper panel) and return (lower panel) standard
predictive regression coefficients implied by the estimated present-value model, both uncon-
strained (1) and under the null hypotheses of constant expected dividend growth (2) and equal
expectation persistences (3). Horizontal dotted red line represents the value of the t-statistic

on the observed data.
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Figure II: The upper (lower) panel represents Box plots of R-squared of dividend growth (return) stan-
dard predictive regression implied by the estimated present-value model, both unconstrained
(1) and under the null hypotheses of constant expected dividend growth (2) and equal expec-
tation persistences (3). Horizontal dotted red line represents the value of predictive regression

R-squared on the observed data.
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Figure ITI: Model-implied EIV bias for standard predictive regressions for returns (upper panel) and
dividend growth (lower panel) as a function of the difference between the autoregressive
coefficients in the dynamics of expected returns (d;) and expected dividend growth (7).
Solid blue lines denote the true model-implied value of the regression coefficients, b, =
—1/By and by = 1/Bs, while dashed red lines denote the limit of the OLS estimator of b,

and bg.
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Figure IV: Percentage R-squared of returns (dashed red line) and dividend growth (solid blue line),
implied by a simple present-value model as a function of the difference between the autore-
gressive coefficients in the dynamics of expected returns (d;) and expected dividend growth
(v1). Horizontal lines denote the R-squared of standard predictive regressions of returns
(dotted red line) and dividend growth (dash-dotted blue line) on lagged price-dividend ratio
for the same sample period, i.e. 1946 to 2010.
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Figure V:
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This figure refers to Section 4.5 in the main text. The blue histograms denote the boot-
strapped distribution of sample skewness of the standardized filtered innovations in the ob-
servation equations. For the panels in the first row, model parameters are taken from the
unconstrained estimation, while in other rows model parameters are those estimated under
the constraints of constant expected dividend growth, constant expected returns and equal
persistence, respectively. Panels in the two columns refer to the standardized residuals in
the dividend and price-dividend ratio observation equation, respectively. For comparison,
the red histograms denote the skewness when standardized innovations are simulated from
a standard normal distribution and vertical black lines denote the theoretical skewness of a

normal distribution, that is zero.
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Figure VI: This figure refers to Section 4.5 in the main text. The blue histograms denote the boot-

unconair

goonat

L conzat

1

strapped distribution of sample kurtosis of the standardized filtered innovations in the
observation equations. For the panels in the first row, model parameters are taken from the
unconstrained estimation, while in other rows model parameters are those estimated under
the constraints of constant expected dividend growth, constant expected returns and equal
persistence, respectively. Panels in the two columns refer to the standardized residuals in
the dividend and price-dividend ratio observation equation, respectively. For comparison,
the red histograms denote the kurtosis when standardized innovations are simulated from
a standard normal distribution and vertical black lines denote the theoretical kurtosis of a

normal distribution, that is 3.
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Figure VII: This figure refers to Appendix E in the main text. Bootstrapped distribution of the
R-squared of returns (upper panels) and dividend growth (lower panels) implied by the
present-value model with additional predictors (bm in the left panels and svar in the right
panels), starting from the estimates under the constraint of constant expected dividend
growth (y1 = 72 = 04 = pgu = pg- = 0). Vertical dashed black lines denote R-squared

from unconstrained estimations on real data. Distributions are based on 1000 bootstrap

samples.
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