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All technical proofs for the paper titled “Pricing Ancillary Service Subscriptions” are provided
in this Online Appendix.
Proof of Proposition 1. Under the i.i.d. Gumbel distribution for €,’s, we have a closed-form

expression for 7y and 7} as follows (see, e.g., Anderson et al. 1992):

T, = MpE[log (uro + exp(tmr — p+ Wi - uar)) ] — S

= Aitt (wilog(uro + exp(Ump — P+ uar)) + (1 — we) 1og(uro + exp(umr, —p))) — 5,
w? = Ak~ ,uE[log (Uko + exp(Upk — P+ Wi - (Uar — T)))]

= it - (wrlog (o + €xp(tmi — P+ tar — T)) + (1 — wy) log(uro + exp(tmi — p)]-

By the utility equivalence between with and without service subscription, a type-k customer will
subscribe to the ancillary service if and only if 72 > 7 or equivalently the subscription price S is

less than S (p;w), where S7(p;w) is defined as follows:

exp(uro/pt) + exp((ux — p) /1) ) =wi Si).

Sp(p;w) :=wy, - Applog (exp(uko/u) +exp((ur —p—T)/p)

Note that S¢(p) can be viewed as the willingness to pay for service subscription when customers

always consume the main product and ancillary service together. O

Proof of Lemma 1. Let function f;(a) be the following

fila) ==1o (exp(uko/m +exp((uy —p— (1- a)T)/u)> (1= )T /p-expl(ux —p — (1= )T) /1)
e exp(uzo/1) + exp((ux —p— 1) /1) xp(uro) + exp((ur —p— (1~ a)T)/p1)

Consider its first-order derivative as follows:

N

exp(uro/p) -exp((ux —p— (A —a)T)/u)
(exp(uro/p) +exp((ur —p— (1= a)T)/))*> ~

Then, f1(0) < fi(1), ie.,

T/p-exp((uy —p—T)/n) <10< exp(uko/pt) +exp((ug — p)/1t) )
exp(uro/p) +exp((ux —p—T)/p) ~ exp(uro/p) +exp((ux —p—T)/p)/

Similarly, let function f(«) be the following

fala) = og( exp(Uro/ 1) + exp((w —p)/1) > oT /- exp((w —p— (1= a)T)/p)
exp(ugo/ 1) + exp((ur, —p— (L= a)T)/p) ) expluro) +exp((ue —p— (1 a)T)/p)



2

Consider its first-order derivative as follows:

8f2(04) _ Oé(T/ )2 . eXp(ukO/M) i eXp((uk —pP— (1 — Ck)T)/,u)
da (exp(uro/p) +exp((ur —p — (1 —a)T)/p))?

Thenv fQ(O) < f2(1)7 i'e'7

>0.

10( exp(ugo/ 1) +exp((ux — p)/ 1) ) T/p-exp((ux —p)/ 1)
exp(uro/ 1) +exp((ux —p—T)/ 1)/ ~ exp(uro/ ) +exp((ur —p) /1)

It completes the proof. O

Proof of Proposition 2. By Lemma 1, Part (a) holds immediately. For part (b), consider the
derivative of Sp(p) w.r.t. T,

9S;(p) e -exp((up —p—T)/ 1)

= >0,
or  exp((uro = T)/1) +exp((ur —p—T)/ 1)
and 0S¢ (p)/0T < A. Consider the derivative of S (p) w.r.t. uxo as follows:

d < exp(uyo/pt) + exp((ur —p)/ 1) ) _ (exp((ux —p)/p) —exp((ux —p—T)/1)) - exp(uro/ 1)

Quio \exp(upo/p) +exp((ux —p =T) /1) plexp(uo/p) +exp((ux —p =T)/p))? ="

i

then S7(p) is decreasing in the utility of outside option ug. Similarly,

<0,

ﬁ( exp(uro/ ) + exp((ux — p) /1) ):_eXp(uko/u)-(eXp((uk—p)/M)—exp((uk—p—T)/u))
Ip \exp(ugo/p) +exp((ur, —p—T)/1) p(exp(ugo/p) +exp((ur, —p—T)/1))?

For the monotonicity of S{(p) w.r.t. u, consider the derivative as follows:

A ::ﬁub( exp(uro/ ) +exp((ux —p)/1) ):10 ( exp(uro/p) + exp((ux —p)/ 1) >
o exp(uxo/pt) +exp((uy, —p—T)/p) exp(uxo/pt) +exp((uy, —p—T)/p)
_ ko - exp(uro/ ) + (i —p) - exp((ux —p)/p) | tro - exp(uro/pt) + (ux = p) -exp((ux —p—T)/11)
p(exp(uro/ ) + exp((ux —p) /1)) p(exp(uro/p) +exp((ux —p—T)/p))

The second and third terms together can be rewritten as follows:

T/p-exp((u, —p—T)/1) (uko — (u—p)) - exp(uro/p1) - (exp((ur, —p)/p) —exp((ur, —p—T)/ 1))

~exp(uko/p) +exp((ux —p—T) /1)~ p(exp((uro —T)/p) +exp((ux — p—T)/p)) - (exp(uro/p) + exp((up —p—T)/p))
By Lemma 1, it holds that

o ( exp(ugo/ ) +exp((ur —p)/p) ) T/p-exp((ug —p—T)/pn)
exp(uko/pt) +exp((ux —p—T)/p)/) ~ exp(uro/pt) +exp((ur —p—T)/1)’

If uy, — p < g, then

A (ko — (ur = p)) - (1 —exp(=T/p)) - exp(uro/ 1) - exp((u — p)/ 1) -
~ n(exp((uro —T)/p) +exp((ux —p = T)/ 1)) - (exp(uro/p) +exp((ux —p—T)/p)) ~
Thus, Sg(p) is increasing in p if uy — p < ugo.

By Lemma 1,

10( exp(uno/ ) + exp((ur —p)/ 1) >:10< exp(uro/p) + exp((ur —p)/ 1) )
exp(uro/p) +exp((ug —p = T)/p) exp(ugo/p) +exp((ux —p—T)/ 1)



T/p-exp((uy — p)/p)
~ exp(uro/ 1) +exp((ux —p) /1)

If up —p—T > uyp, then

A< T/p-exp((ue—p)/u)  T/p-exp((ux —p—T)/n)
~ exp(uro/p) +exp((ux —p)/1)  exp(upo/p) +exp((ugy —p—T)/p)
(uko — (u—p)) - exp(uro/p) - (exp((ur, —p)/p) —exp((ux —p—T) /1))
pu(exp((uro = T)/p) +exp((ur —p—T) /1)) - (exp(uro/ ) + exp((ux —p —T)/ 1))
_ (wo— (ux —p—T))-exp(uro/p) - (exp((ur —p)/p) — exp((ur —p—T) /1))
p(exp((ury —T)/p) +exp((ux —p—T) /1)) - (exp(uno/ ) +exp((uy —p—T)/ 1))

<0.

Thus, S (p) is decreasing in p if u, —p —T > uo.
We consider the limits of S¢(p).

exp(ugo /1) +exp((ug—p) /1) )

limy, o0 37; - log <cxp (uko/ 1) +exp((up—p—1)/ 1)

lim S2(p) = A-

e limy, 00 —1/p2
— )\ lim eXp(’LLko/M) “Ugo + eXp((uk — )/,U,) (Uk _ )
O exp o)+ exp{(ux — p) /)

_exp(ugo/pt) - uro +exp((ux —p—T)/p) - (ux —p—T)
exp(ugo/p) +exp((ux —p—T)/ 1)

— . (Uk0+ukp_uk0+uka> —A\T/2.

2 2

If up, — p < wuyp, then

1 +exp((up —p— uko)/ 1) ) -0
1+exp((ug —p—uk —T)/ 1) '

hl,%so:)\hmlulog ( eXp(Uko/M)+eXp((Uk _p)/lu’)
p— "

exp(uko/,u) —f-exp((u,C —p— T)/M)) = )\}}L%M -log (

If up, — p > ugo, similarly, we have

lim S° — ). lim SP(uk0/1) ko +exp((un —p)/p) - (e —p) _ exp(uro/p) ko +exp((uy —p—T)/p) - (ur —p—T)

pmroo exp(ugo/ 1) + exp((ugy — p)/p) exp (o /1) + exp((ur —p—T) /1)
)\ (u i S0/ ) ko + exp((ux —p = T) /1) - (u _p_T)>
k pn—0 eXp(uko/lj,)—’—exp((uk _p_T)//,L) .

If up, —p—T > uy, then

lim exp(uro/ ) - uro +exp((up, —p—T) /1) - (ux —p—T)
p=0 exp(uko/1) +exp((uy —p—T) /1)

=ur—p—T;
if up, —p—T <y, then

lim exp(uro /) - uro +exp((uy —p—T) /) - (ux —p—"T)
n=0 exp(uro/ 1) +exp((uy —p—T) /1)

= Uko-

Therefore, if u, —p — T > uyg, we have lim, o Sp(p) = N1 if up — p — T < uyy, we have

lim,, o SP(p) = AM(ur, — p — Upo)- =



Proof of Theorem 1. We will show that for any pair (4,7), the equation on the willingness to
pay for type-i and type-j customers, i.e., S7(p) = S¢(p), has at most one finite solution w.r.t. p.

Consider the derivative for S?(p) w.r.t. p as follows:

052 (p) exp(u; —p) —exp(u; —p—"1T)

op " (U+exp(u—p)- (L +exp(u—p—T))

Then, after some algebra, the equation 957(p)/0p = dS5(p)/0p can be rewritten as follows:

(viexp(uy) — 5 exp(u;)) - exp(u; +u; — T) - exp(—2p) + (v — ;) - exp(u; + ;)
(1 +exp(—T))exp(—p) + (7 exp(u;) — v; exp(u;)) =0.

The left-hand side (LHS) is a quadratic function in terms of exp(—p), so the above equation has
at most two distinct solutions w.r.t. p, denoted by p; < p,. Therefore, S7?(p) = S§(p) has at most
three distinct solutions w.r.t. p. Next, we will show it has at most one finite solution.

Without loss of generality, suppose v; exp(u;) —7; exp(u;) > 0. Then, S?(p) — S5 (p) is increasing
in p for p < p;; then is decreasing in p for p; < p < po; and thereafter is increasing in p for p > ps.
Consider S7(p) = S5 (p),

N -log( 14 exp(u; —p) ) ., -log< 1 +exp(u; —p) )
L+exp(u; —p—T) 1+exp(u; —p—T)
Note that p = oo is a solution to the above equation. Therefore, there exist at most two finite
solutions to the equation S7(p) = S9(p). Moreover, at p = —o0, S7(—00) =T and S?(p) = ,T.
We consider two cases: (a) v; > ;5 (b) v <7;-

Case (a): 73 > ;. Then, SP(p) — S9(p) >0 for p < p; because S7(p) — S7(p) is increasing in p
for p <p,. Therefore, there exists at most one finite solution to S?(p) = S7(p) and the solution is
between p; and p..

Case (b): v; <~;. By viexp(u;) —v; exp(u;) > 0, we have exp(u; —u;) <~;/7; < 1. Then, u; < u;.
By part (b) of Proposition 2, S?(p) and Sf(p) are increasing respectively in u; and u;, so we have
S7(p) < S%(p) for any p. In other words, there is no finite solution to S7(p) = S¢(p) in this case.

Thus, we have shown that for any pair (i,7), the equation S7(p) = S§(p) has at most one finite

solution, or their willingness to pay crosses at most once as the main product price p changes. [

Proof of Proposition 3. For a given main product price p and service subscription fee S, a type-
k customer subscribes to the service if and only if her willingness to pay is greater than the
subscription fee, i.e., Sp(p) > S. Thus, the total expected revenue for the firm serving heterogeneous

customers can be expressed as follows:

K
R(p,S,T) :Zak Rk;(p,S,T),

k=1
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where Ry (p,S;T) is the revenue for each type-k customer. In particular, if S < S¢(p), the type-k

customers will subscribe to the ancillary service and

exp(u —p)

Bi(p,5T) = R (0,5, T) = M- s

+ S

If S> S2(p;T), the type-k customers will not subscribe to the ancillary service and

exp(u—p—T)

Ry,(p, S;T) = Ry (; T) = Ar(p+T) 1+exp(u—p—T)

By Lemma 1, for any given main product price p, we have

1 ( 1 +exp(u—p) >>T-exp(u—p—T)
l+exp(u—p—T)/) ~ 1+exp(u—p—T)"

Therefore, the firm earns more revenue by providing service subscription. In particular, we show
R (p,S2(p);T) > RE(p; T) in detail as follows:

Axp - exp(u —p) 1+ exp(u —p) Ae(p+T)-exp(u—p—T)
s o(0)-TY — RT (p: T) = 2F A -1 -
- Aprexp(u—p) AT -expu—p-=T) N(p+T)-expu—p-T)
~ l4exp(u—p) 14+exp(u—p—T) l+exp(u—p—T)
= \ep- (¢°(p) — 4" () 2 0.

The last inequality holds because ¢°(p) > ¢” (p). Moreover,

s vy exp(u—p) exp(u—p—T)
¢(p)=a( )_1+exp(u—p)_1+exp(u—p—T)

>min (¢"(1—-¢"),¢°(1—¢")) - T.
Then, we have
Ri(p,S°(p):T) = Ry, (p;T) > App-min (¢ (p) - (1= ¢" (p)),¢°(p) - (1 = ¢°())) - T,

which provides a lower bound for the revenue improvement of the main product with subscription
of ancillary service, compared to that without subscription.
(a) For the monotonicity of Rf (p, S¢(p); T) — RF (p; T), consider its derivative w.r.t. T as follows:

IRy (p,Sp(p); T) — R (p; T)]
oT

exp(u—p—T)

>0,
(1+exp(u—p—T))

=M(p+T)-

Thus, R} (p,S¢(p);T) — RE (p; T) is strictly increasing in 7.
(b) Similarly, we have the following

IR (p, Sp(p); T) = RE(;T)] _ Nwp-exp(u—p) LM+ T) explu—p—T)

dp (1+exp(u—p))2 (1—i-exp(u—p—T))2

The first-order condition 8(Rg (p, Sp(p); T) — RE (p;T))/0p =0 can be rewritten as follows:

P <1—|—exp(u—p—T)>2 exp(—T)
: =exp(-T).
p+T 1+ exp(u—p) P
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Because p/(p+T)=1-T/(p+T) is increasing in p and (1 +exp(u—p—T))/(1 4+ exp(u —p)) =
1 — (exp(u) — exp(u — T))/(exp(p) + exp(u)) is also increasing in p, then the above equation has
at most one solution w.r.t. p, denoted by p°. Then, for any p < p°, we have O(Rf(p, S (p);T) —
R{(p;T))/0p = 0; for any p > p°, we have (R (p,S¢(p);T) — RL(p;T))/0p < 0. Therefore,
R (p,S¢(p); T) — RE (p; T) is strictly increasing in the main product price p if p < p°; and is strictly
decreasing in p for p > p°. O

Proof of Theorem 2. Consider the derivative of R(p,S{(p);T) defined in equation (10) w.r.t. T’
as follows:

K

aR(p,gij;(p); o z_; adi(d" ()" =Y ai(\a" (0) = M) -d" ().

i=k

where ¢7(p) is defined in equation (2), i.e., ¢7(p) = exp(u —p—T)/(1 + exp(u — p — T)). Notice
that A, is increasing in k, i.e., A\ < Ay < --- < Ag. Therefore, for any given main product price p
and the pay-per-use service cost 7', the derivative OR(p, S{(p);T)/0T is increasing in k, i.e.,

OR(p, S (p);T) _ OR(p, S3(p)iT) _  _ OR(p,Sk(p);T)
oT oT oT ’

Thus, for any pair (k, k'), lines R(p, Sq(p);T) and R(p, Sy (p); T') cross at most once or there exists
at most one solution to equation R(p, Sp(p);T) = R(p, Sy (p);T) w.r.t. T, denoted by zy 4.

Next, we show that among all the intersections xy, 5/’s, there exist at most K — 1 points, denoted
by oo =Ty >Trqy >+ > Trgo—1) > Tr (ko) =0, K, < K such that for any T ) <T < T ,—1), we
have R(p, 2, (p); T) > R(p, Sp(p); T) for any k' # 7(k).

By the definition of SP(p;T") (we indicate the dependence of T' explicitly to show the threshold
results) in equation (4), we have S{(p;00) = limy_,o, Sp(p; 1) = Ak log(1l + exp(u — p)). Then, all
type-i customers will subscribe to the service, ¢ > k; all other customers will neither subscribe to
service nor purchase main product with pay-per-use option, so the total revenue can be rewritten

as follows:

K
exp(u —p)
R(p, 5} (p; o0 Z;Y( ) F AP s ).

Let 7(1) be the index of the highest R(p, S{(p;o0);00), defined as follows:
T(1)= argmaX{R(p, S?(p;o0);00): i=1,2,... ,K}.

Suppose that the largest point among (1) for any k # 7(1) is @,(1),-(2), which is the solution to
R(p, 5741y (p);T) = R(p, 575)(p); T)- Let Tr (1) = 27(1).7(2)- Note that R(p, 57, (p); T) = R(p, S{(p); T)
for k# 7(1) and any T > Tr1); R(p,S7o)(p);T) = R(p, S2,)(p); T) for any T < T'.(1). Moreover,
OR(p, S2(5)(p); T) /0T < OR(p, S 1)(p);T)/OT for any given p and T and therefore 7(1) > 7(2)
because OR(p, Sp(p);T)/0T is increasing in k for any given p and T'. Therefore, for any T'> T’ 1), it
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is optimal to charge S;’(l)(p; T') for the service subscription and all type-k customers will subscribe
to the service, k > 7(1).

Now, remove 7(1) from the consideration set. Denote the largest point among () s for any
k#7(1),7(2) by Zr(2),-3)- Let Tr2) = Zr(2),-(3)- By similar arguments, we have R(p, S22 (p);T) >
R(p,Sy(p);T) for k # 7(2) and any T, > T > Tray; R(p,S%s()iT) > R(p, Sy () T) >
R(p, 52y (p);T) for any T < T (5). Moreover, 7(2) > 7(3). Therefore, for any T,y >T > Ty, it is
optimal to charge 57(2) (p;T) for the service subscription and all type-k customers will subscribe
to the service, k > 7(2).

Repeat the above procedure and stop until only one is left, denoted by R(p,S;’( Ko)(p);T). Let
T (koy = 0. Thus, we have show that for any 7% ) <T <T,-_1), it is optimal to charge Sﬁ(k) (p;T)
for the service subscription and all type-i customers will subscribe to it, ¢ > 7(k).

We remark that K° may be strictly smaller than K, i.e., it may not be optimal to charge the
willingness to pay of a certain type of customers as T changes. It is the case if that type of cus-

tomers do not contribute a significant amount of market share. O

Proof of Theorem 3. (a) Solving equation Sp(p) =S yields py, i.e.,

p(S/A) =1 )
1—exp(S/A\,—1T)

1+ exp(u—p)
1+exp(u—p—T)

)\k-log( >:S == pk:u—log<

If A\, <S/T, the type-k customer will not subscribe to the service, we set p, = 0. Notice that A is

assumed to be increasing in k, so p; is also increasing in k, i.e., p; <py < -+ < pg. For any product

price p, < p < pr41, we have SP(p) < S and Sp ., (p) > S. Therefore, all type-j customers, j <k, will

not subscribe to the service, whereas all type-j customers, j > k + 1, will subscribe to the service.
(b) We compare the values of R(p,S;T') at the left and right sides of point py:

exp(u—p—T) exp(u — p)
lim R(p,S;T) ; T)- Z(go Aip —)
plfrffk (p Za i(p+ 14+exp(u—p—T) +Za 1+ exp(u—p)
exp(u—p—T) exp(u—p)
lim R(p,S;T) A(p+T)- 1(5 Aip —)
pgzrvlk (v Za (+ 1+exp(u—p—T) + Z iZelP © 1+4exp(u—p)

i=k+1

Note that S¢(p) = \x-log (%), and therefore, the comparison between lim,, ~,, R(p,S;T)
and lim,.,, R(p,S;T) becomes the comparison between Ry, (py,Sp(p);T) and R} (p;T), which are
defined in equations (6) and (7). By Proposition 3, we have Ry (py,S2(p); T) > R{ (p; T), and there-
fore lim,, »,, R(p, Sp(p); T) > limyp, R(p, Sp(p); T).

(c) Note that the unique solution to p+T =1+exp(u—p—T) w.r.t. p is p;. Suppose pjo <
P < Djoy1 < Pro < pip + T < proyq. For any product price py, < p < py41, the total revenue can be

expressed as follows:

exp(u—p—T) | —_exp(u—p)
R(p,$:T) Za)\ p+T 1+exp(u—p—T)+,_2: a1<5+)\1p — )
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Consider its derivative w.r.t. p as follows:

ORW.S:T) _ (< __ pAT 3 -—L
Tl ;am(l Hexp(u_p_T))Jri_;HaiAi(l Trem@_p)

. exp(T)—1
(1+))>.

1+exp(u—p

For any p < pk, we have ptT F<1, and therefor OR(p, S;T)/0p > 0. Note that

L <
1+exp(u—p) 14+exp(u—p—T

limy, ~,, R(p,S;T) <limy,, R(p,S;T). Thus, given service subscription fee S, R(p, S;T) is increas-
ing in p for p < pk.

Similarly, for any p > p%+T', we have 1+ex§(zip—T) > Troaqu—yy < 1, and therefor OR(p,S;T)/0p <
0, so R(p,S;T) is decreasing in p for max(py,ph +T) <p < pri1- O

Proof of Proposition 4. Customers subscribe to the service if and only if S°(p) > S, i.e.,

exp(S/A) — 1 )
1—exp(S/\.—T)/"

1+ exp(u—p)
l4+exp(u—p—T

)\k-log( ))25 == pkgu—log<

The revenue comparison yields

exp(u—p—T)
l+exp(u—p—T)

_exp(u—p)
1+ exp(u—p)

S+ A\ep >max g (p+T)- =R
p

Note that R (p,S¢(p);T) = A\ - log (%) + \ip- %. We consider its derivative as

follows:

ORE (. SEwhT) _ )\ 5. (a"(»)/a°(p) — (1= q°(p)))-

dp
The ratio ¢7'(p)/q°(p) is decreasing in p because
T s _ _ —T))- o
9¢" (p)/a°(p) _ exp(—T) 0 1+exp(u—p) _ (1—exp(=T))-exp(u 4 ) <g
op Opl+exp(u—p—T) (1+exp(u—p—T))

Notice that p(1—¢®(p)) is increasing in p. Thus, ¢* (p)/q°(p) —p(1 —¢°(p)) is decreasing in p from
positive to negative as p increases from zero to infinity, and therefore R®(p,S°(p);T) is strictly
unimodal in p. Moreover, max, R} (p, S°(p); T) > R’.. Then, equation R (p, S°(p); T) = R} has two
distinct solutions, denoted by p <p. Let S = S¢(p) and S = 5¢(p). For any S <5< S, we have

max S+ A\gp- exp(u — p) < max So(p)—i—)\kp-m

T own(r — ) <max RZ(p,S°(p);T).
p:8°(p)2S 14exp(u—p) ~ p:Sop)=s l+exp(u—p) ~ » k(0,5°(p); T)

Let Sp(p') = S. Then, we have p <p' <p and

exp(u—p) s, ) .
max S+Mp —————2— >R, S°(p);T) > R
p:S,‘;(piczS P +exp(u—p) — R, 57 T) T

The last inequality holds because R®(p, Sg(p);T) is strictly unimodal in p, and Ry (p, Sg(p);T) =
Ri(p, S;(P);T) = Ry



For any S < S (resp., S > S), we have the following

exp(u —p) exp(u—p) s
max S+ \p—m—FF— max S.(p)+M\p-——————= max R_(p,S;(p);T)<R;.
piSY(p)>S LA exp(u—p) ~ p:5(p)>S e(p)+Awp 1+exp(u—p) »sop>s © (p, S (P);T) < B

The last inequality holds because Ry (p,Sp(p);T) is strictly unimodal in p, R{(p,Sg(p);T) =
R (P, SR(p);T) = Ry, and p > P (resp., p <p). O

Proof of Theorem 4. By equation (10), if the service subscription charges Sg(p), all type-i cus-
tomers will not subscribe to ancillary service and use the pay-per-use option, ¢ < k, and their

revenue can be expressed as follows:

exp(u—p—T)
l+exp(u—p—T)

k—1
i=1

Considering the first-order condition for the above equation yields
1—(p+T)/(1+exp(u—p—T))=0.

Thus, the total revenue is strictly unimodal in p and the optimal product price is equal to the
unique solution to the first-order condition, denoted by p%.. All other type-i customers will subscribe

to the ancillary service, ¢ > k, and their revenue can be expressed as follows:

K

ofr. exp(u — p)
;ai (Sk(pa T)+A\ip- m)

Considering the first-order condition for the above equation yields

1 P n Zfik o  1—exp(-T)
l+exp(u—p) K No; L+explu—p-—T)

=0.

The LHS is decreasing in p, so the objective function is strictly unimodal and has the unique
maximizer, denoted by py.

Let A\, be the weighted average demand rate, i.e., A, = Zszk )\iai/ziK:k o;. Notice that )\ is
increasing in k, so it is straightforward to show that ), is increasing in k. Moreover, if A, /A, >

Akp1/ kg1 (respe, A/ A < Xet1/Aky), then we have py >pi,, (resp., py <pi,,)- O

Proof of Theorem 5. To show that charging S¢ earns more revenue than charging S, for service

subscription, we need to show the following inequality

(arde i (p) +andu -5 (p)) - p+S2(p) > arA(p+T) - q1 (p) + au (Aap- a5 (p) + S5 (p) XEC.1)

The above inequality holds if oy > a; or A\ > A, , where ¢, and ), are defined as follows:

o — St (p) = S7.(p) (1—01)Sy(p) — Si(p)
T an(gg () p—dl(p) - (p+T)) + Sy (p) ar(qZ(p)-p—al(p)-(p+1))

and A\, =
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Similarly, the equation R(p,S%(p)) = R(p, S (p)) can be rewritten as follows:

arAr-(a2(p) -p—ai(p)- (P +T)) +Si(p) _ ( 1+ exp(us — p) )
(1—ap) A L+exp(ug —p—T)/
By Proposition 2, the RHS is strictly increasing in ug, so denote the unique solution w.r.t. ug by
Ug. Then, for any uy < gy, we have R(p,S%(p)) < R(p,S%(p)).
The inequality (EC.1) can be rewritten as follows o, - (ALp-gs(p) + S5 (p) = AL(p+T) - qr(p)) >
S (p) — S?(p). Define o, as follows:
o — S5 (p) =57 (p) '
A as(p) + 85 (p) — Aulp+T) - ar(p)
Noting that ALp - qs(p) + S5 (p) = A(p+T) - qr(p) > Arp - qs(p) + 52 (p) = AL(p+T) - gr(p) > 0,
then, a; >0 and if and only if a;, > «,, the desired inequality (EC.1) holds.

The inequality (EC.1) can also be rewritten as follows:

A (0s0-a50) ) -009) o () ) 2 o (o )

l+exp(u—p—T) l+exp(u—p—T)
Let A; be defined as follows:

1+exp(u—p)
aH)\H lOg ( 1+cxp(lzzfpr) )

AL = exp(u— :
ap(p-gs(p) — (p+T) - gr(p)) +log (zbltls)

By similar arguments, we know A, > 0. Therefore, if and only if A\, > A, the desired inequality
(EC.1) holds. O

Proof of Corollary 2. Consider the first-order derivative of R%(p,S°(p)) as follows:

OB 5"0)) _ g ) (a7 (0) /a5 0) — b1 — 4 0)))-

dp
The ratio ¢7(p)/q°(p) is decreasing in p because
T s 1 — 1— -T)) - —-p—T
9q" (p)/a°(p) _ exp(—T)- 0 l14exp(u—p) _ (1—exp(=T))-exp(u 4 ) <0.
Op pl+exp(u—p-—T) (1+exp(u—p—T))

Notice that p(1 —¢%(p)) is increasing in p. Therefore, ¢* (p)/q°(p) — p(1 — ¢°(p)) is decreasing in p
from positive to negative as p increases from zero to infinity, and R%(p,S°(p)) is strictly unimodal
in p. Solving the following first-order condition yields the unique optimal price p§ for the main
product in the presence of service subscription, i.e., ¢*(p)/q°(p) — p(1 —¢°(p)) =0.

Without service subscription, we maximize the total revenue R (p) w.r.t. p. Given the pay-per-
use price T' of the ancillary service, the optimal price of the main product p} can be found by

solving the corresponding first-order condition

1—(p+T)(1—qr(p)) . 1—1 +exp((@;jp€)_ T)/p) 0
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Note that " (p)|p=pz. = ¢°(P)|p=pz.+r and ¢" < ¢° for any price p and T > 0. Therefore,

" (p)/¢°(p) —p(1 = ¢%(p)) <0.
p=pp+T
Thus, the optimal price of the main product in the presence of service subscription is lower than

pr+ T, ie., p§ <ph+T. For the other side of the inequalities, consider the following

—T) +exp(u—p;—T) P

T S . 1_ S — eXp( T _ T

" ()/a°(p) =p(1=a°(P))] s T exp(u—pi— T 1+ exp(u—py)
1 —exp(—T) Py Pr Pr

Cltexplu—pyp—T) l+exp(u—p;) 1+exp(u—pp—T) 1+exp(u—pi)
T—(1-exp(-T))
1+exp(u—pr—T)

>0.

The third equality holds because 1 — (pi. + T') / (1 + exp(u — pi — T)) = 0; the inequality holds
because ¥ > 1 — exp(—=x) for any z > 0. Recall that ¢7(p)/q¢°(p) — p(1 — ¢°(p)) is decreasing in p,
then therefore we have pg > pi..
Consider the cross derivative of R%(p,S°(p)) w.r.t. p and T as follows:
&*R%(p, S°(p))

opor 00 (/0T =M (p)(1 - 4" (p) <0.

Then, R%(p,S°(p)) has decreasing differences in (p,T), and therefore p% is decreasing in T (see,
e.g., Theorem 2.3 in Vives 2001). O

Proof of Corollary 3. Suppose uy =wuy, =u, then ¢ (p) and ¢! (p) are invariant in k, so we omit
the subscript k. By Proposition 2, S%(p) < AgT - qs(p) and S9(p) > AT - qr(p). The inequality

(EC.1) holds in a stronger version as follows:

arAL(pg®(p) — (p+T)q" (p)) + L S7(p) > arAcp(q®(p) — 4" (p)) = an (Mg — A)T - ¢° (p),

which is equivalent to

CVH(AH — )\L)T

p(1—q"(p)/d°(p)) > —

By the proof of Corollary 2, (1—¢”(p)/¢%(p)) is increasing in p. Note that p(1—q¢"(p)/q%(p)) — 00
as p — oo. Let p be the unique solution to

aH()\H — )\L)T

oL

p(1=a"()/a°(p) =
Then, if p > p, the desired inequality (EC.1) holds.
(b) Consider the first-order derivative of R(p,S¢(p)) as follows:

OR(p,S7(p)) an(Au —Ar)

= A A )a (p) -
Op (arde +anrn)q(p) (aL)\L-f-aH)\H

+4¢"(p)/4°(p) —p(1 - qs@))) :
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We can show that ¢7(p)/q°(p) — p(1 — ¢°(p)) is decreasing in p from positive to negative as p
increases from zero to infinity, and R%(p,S°(p)) is strictly unimodal in p. Solving the following
first-order condition yields the unique optimal price p; for the main product in the presence of
service subscription, i.e.,

aH(/\H — )\L)

e oy T /) 1= ¢ F) =0,

For the case of charging S%(p) for the service subscription, R(p, S%(p)) =arAL(p+T)-q" (p) +
g ()\Hp -q°(p) + S%(p)). Moreover, (p+T) - q*(p) is unimodal in p and it achieves its maximum
at pi; Agp-q°(p) + S%(p) is also unimodal in p and it achieves its maximum at p% by solving the

corresponding first-order condition

q"(p)/q°(p) — p(1 — ¢°(p)) =0.

Moreover, we have p%. < p%. Because R(p,S%(p)) is the sum of two unimodal functions, which may
not be unimodal, it must achieve its maximum at a point between p}. and p%, i.e., pj < pj <D5.
Furthermore, by comparing the above two first-order conditions and noting Ayg > Ar, we have

p}, > ps. Therefore, p}, <pj. O

Proof of Theorem 6. We first show that there exists a unique equilibrium, under which each firm
i offers subscription at price S} (p;,p;) and all customers will subscribe to the ancillary service with
both firms.

Suppose that each firm ¢ offers subscription at price S;. A customer faces four options when
deciding whether to subscribe to the ancillary service with each firm: (1) subscribe neither; (2)
subscribe to firm 4 only; (3) subscribe to firm j only; (4) subscribe to both firms ¢ and j. We will
investigate all the cases one by one.

Case (1): customers subscribe to neither ancillary service. The revenue of firm i is

eXp(Ui —Di — T)

(pi+T) 1 +exp(u; —p; = T) +exp(u; —p; — T)

By Proposition 3, firm #’s revenue will be higher if offering subscription of ancillary service at price

1+ exp(u; — p;) +exp(u; —p; — T) )

o8 14 exp(u; —p; = T') +exp(u; —p; —T')

Therefore, case (1) is not an equilibrium.
Cases (2) and (3): customers subscribe to ancillary service with either of the two firms only,
e.g., firm ¢. By similar arguments, firm j’s revenue will be higher if it also offers subscription at an

appropriate price as follows:

1+ exp(u; —p;) +exp(u; —p;) )

S =l (
J °6\1 +exp(u; —p;) +exp(u; —p; —T)
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Therefore, neither cases (2) nor (3) is a Nash equilibrium.
Case (4): customers subscribe to ancillary service with both providers. Apparently,
(S;k (pi,p5), S; (pi,pj)) is an equilibrium by now familiar arguments. Then, we argue that any pair

of subscription fees (S;,5;) other than (S;‘ (pi,p5), S5 (ps; pj)) is not an equilibrium. Note that cus-
tomers subscribe to ancillary service with both firms, so by similar argument to equation (2) the

following inequalities hold:
S; <87 (pi,p;) and S; < S (pi, p))-

If one of the above inequalities holds strictly, e.g., S; < Sf(p;,p;), firm i can earn strictly more
revenue by increasing the subscription fee to S;(p;,p;) because all customers still subscribe to

its service and the main product price is fixed. Therefore, (SZ?k (pis pj),S;-‘

(pi,pj)) is the unique
equilibrium.

At the equilibrium, the customer’s surplus is equal to the expected maximum utility subtracted
by the upfront subscription fees, i.e., Alog (1+ exp(u; — p;) +exp(u; —p;)) — S (pi, ;) — S5 (pi, y)-
To show that customers are better-off at the equilibrium, we compare customer surplus without

and with subscription as follows:

Alog (1 +exp(u; — p;) +exp(u; —pj)) = S7(pisp;) — S; (pispj) — Alog (1 +exp(u; —p; —T)
+exp(u; —p; —T))

= \log (1+exp(ui —p; — T) +exp(u; —p;)) - (1+exp(u; —pi) +exp(u; —p; —T)) 0
(1+exp(u; —pi) +exp(u; —p;)) - (1+exp(u; — p; = T) +exp(u; —p; — 7))

The inequality holds because

(1+exp(u; —pi = T) +exp(u; —p;)) - (1 +exp(u; —p;) +exp(u; —p; —T))
— (1 exp(us — pi) + exp(us; — ;) - (1 +exp(us — pi — T) +exp(u; — p; — T)
= exp(u; —pi = T) -exp(u; —p; = T) - (exp(T) — 1)* > 0.

The inequality holds strictly for any 7" > 0.
We will show that the total revenue of firm ¢ at equilibrium is higher than that without service

subscription. By Lemma 1,

T-exp(u;—p; —T)

o ( 1 +exp(u; — p;) +exp(u; —p;) )
1+exp(u;—p; —T)+exp(u; —p;)/ — 1+exp(u;—p;, —T) +exp(u; —p;)’

For the desired inequality

pi - exp(u; — p;) +log < 1+ exp(u; — p;) +exp(u; — p;) )

1+ exp(u; —p;) +exp(u; —p;) 1+ exp(u; —p; —T) +exp(u; —p;)
(pi+T)-exp(u; —p; —T)

~ 1+exp(u; —p; —T) +exp(u; —p; — T)

)
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it is sufficient to show
Di T
+
exp(—T) +exp(u; —p; —=T) + exp(uj —Dbj— T) 1+exp(u;—p;— T) + exp(uj _Pj)
> pi+T
T 14exp(u; —p;i—1T) +eXp(Uj —P;— T) ’

Or equivalently

pi- (L+exp(u; —p; —T) +exp(u; —p;)) > T - exp(u; — p;) - (exp(=T) +exp(u; —p; = T)
+exp(u; —p; —T)).

The above inequality holds if T' < p;/exp(u; — p;). Thus, the competition in service subscription

results in a “Win-Win-Win” situation for both firms and customers. OJ

Proof of Theorem 7. For S; > S?(p;,p,), customers do not subscribe to the ancillary service. In
this case, it is a price competition under the MNL model, i.e., the choice probabilities q] (p;, p;; S;)
and q] (pi, p;3S;) are

_ exp(u; —p; —T)
1+exp(u;—p;, —T)+ eXP(“j —Dj— T) .

o exp(u; —p; —T')
~ 1+exp(u; —pi —T) +exp(u; —p; — T

a; (pispy3S:) ) and q; (p;,p;3S:) :

The revenue functions for firms ¢ and j are R} (p;,p;;S:) = ANpi + T) - ¢ (pi,pj;S;) and
RY (pi,0358:) = AMp; + T) - q] (pi,p;35:). The Nash equilibrium exists and is unique, denoted by
(p?, pg) The detailed analysis and closed-form expression can be found in the proof of Theorem 8.

For S; < S¢?(pi,pj), customers subscribe to the ancillary service with firm 4. Then, a customer

will choose the main product of firm i with probability ¢} (p;,p;;S:),

exp(u; — p;) exp(u; —p; = T)

a; (pipji Si) - y and @ (pipji Si) -

" 1t exp(u; —py) +Fexp(u; —p; — T ~ 1+ exp(u; —p;) +exp(u; —p; — 1)

The revenue functions are RY(p;,p;;S:) = Api - ¢ (pi, p;; Si) + S and Rf(pi,pj; S))=Ap; +7T) -
qjs (pi, p;3 Si). Comparing the two cases, p; in Case 2 plays exactly the same role of (p; +7') in Case
1, so the unique Nash equilibrium is (10&t +T, pg)

(a) If customers do not subscribe to the ancillary service, (p?, pg) is the unique Nash equilibrium.
While firm j has no incentive to deviate, firm ¢ may lower price such that customers will subscribe
to its ancillary service. If so, he must set his price p; such that the willingness to pay for the service
subscription is greater than or equal to S;, i.e., Sf(pi,pg) > 5;.

Similar to the proof of Corollary 2, S¢ (pi,pg) + R} (pi,pg-) is unimodal in p; and is increasing in
p; for p; < pg. Denote the unique solution to the following equation w.r.t. p; < pf by p;:

Szo(pmpg) +R§(pzap§) = R;T(pfvpg)

Let S; =S¢ (T)i,pg-). Therefore, if S; > S;, firm 7 has no incentive to deviate either and then (p?,pg-)

is indeed the unique equilibrium.
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(b) If S; is low enough, customers subscribe to the ancillary service with firm . Then, the unique
Nash equilibrium in the price competition is (pii + T, pg), because S; is the sunk cost and p; plays
exactly the same role of p; + 7T in the case without subscription. By Proposition 2, S? (p’zi +T,p;)
is increasing in p;. While firm ¢ has no incentive to deviate, firm j may lower its price such that
customers will not subscribe to the ancillary service with firm 4. If so, its price p; must satisfy

So(pt +T,p;) < S;. Denote the unique solution to the following equation w.r.t. p; < pg by p;:
R} (pi +T,p;) = R} (0} + T.p}).

Let S, = So(p! +T, Qj). Therefore, if S; < S;, firm j has no incentive to deviate either, so (p? + T, pg)
is the unique Nash equilibrium.

Apparently, we have S; > S, by Proposition 2. Each firm captures exactly the same amount of
market share, so firm j earns the same amount of revenue. Firm 7 collects more revenue by exactly
the amount of S;, because customers subscribe to its ancillary service. Whereas, customer surplus
decreases also by the exact same amount.

(c) For S, < S; <5, there are two candidates for the pure-strategy Nash equilibrium, i.e., (p’f, pg)
and (joﬁt + T, pg) However, by similar arguments, we find that either firm 4 or j has incentive to
deviate from (p?, pg) or (p' +1T, pg), e.g., firm 7 may lower its price such that customers will sub-
scribe to its ancillary service if customers have not yet; firm j may also lower its price such that
customers will unsubscribe to firm i if they have already. Thus, there does not exist a pure-strategy

Nash equilibrium. O

Proof of Theorem 8. As shown in Theorem 6, for any pair of prices (p;,p;), each firm will price
its service subscription such that all customers will subscribe to it. Therefore, the two-dimensional

problem reduces to a single-dimension price competition. The payoff function for firm ¢ is

). (EC.2)

By similar arguments to Corollary 2, given any price p;, function R?(p;,p;) is strictly unimodal

1+exp(u; —pi) + eXP(Uj —P; — T)
1+exp(u; —p;i —T)+exp(u; —p; —T)

Ap; - exp(u; — p;)

RS
(p’mpj> ]_+6Xp(u fpz)+exp(u —DP; — T)

+)\log(

w.r.t. p;, which is equivalent to the quasi-concavity in a single-dimension space. Therefore, there
exists a Nash equilibrium (see, e.g., Vives 2001). Next, we will establish its uniqueness and find the
closed-form expression. Without loss of generality, let A =1 for notational simplicity in this proof.

Define the corresponding attractiveness as follows: a? = exp(u; —p; — T'), a? = exp(u; — p;) and
a;fr =exp(u; —p; —T). We change decision variables to the attractiveness. First, we consider the

case without a service subscription option. The revenue functions for firms ¢ and j are

RT( T T) (ul —log(aiT)) -al and RT( T T) (uj —log(ajr)) 'aJT
i o4 1+a] +af i 1+a] +a]
The first-order condition of R (af,a]) w.r.t. af is
ORIl 1 (tal-logd)

dal 1+al 4al (1+a] +a])?
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Using some algebra yields
(a—ai) - (ui—log(a;)) =a, (EC.3)

where a =1+ al + ajT represents the total attractiveness of the outside option, products ¢ and j.
For any given a in a feasible region, the left-hand side (LHS) of equation (EC.3) is decreasing in
al’, so the corresponding a! is unique, denoted by a! = A¥(a). To study the monotonicity of A7 (a)

with respect to a, taking the full differential for equation (EC.3) and rearranging it results in

0A] (a) (u; —log(a})) —1

da (uw—log(aT)) + (a—al)jal ~

0.

The inequality holds because u; —log(al) > 1 for any a in the implicit function (EC.3). We will

next show that A7 (a)/a is decreasing in a. Equation (EC.3) can be rewritten as follows
(1= AT (a)/a) - (u; — log(AT (a)) = 1.

Note that A7 (a) is increasing in a, so A7 (a)/a must be decreasing in a.
Similarly, we can define AT (a) for the one-to-one mapping between a and a] . Moreover, A7 (a)/a
is also decreasing in a. Consider the following equation w.r.t. a:

Al(a) 4] (a)

=1. (EC.4)

The LHS is strictly decreasing in a, so there exists a unique solution to the above equation, denoted

by a*. Therefore, there exists a unique Nash equilibrium (a?, ag-) in the attractiveness competition

without service subscription, where af = A7 (a!) and ag = AT (a*). Immediately, the unique Nash
equilibrium in price competition is (pf, pg), where p! =u; — T —log(a?) and pg» =u; —T — log(ag.).
If only firm ¢ offers service subscription, its revenue can be rewritten as follows

Rf(asaS):(“i_IOg(af))'af+ ( 1+af +aT )

“1d 1+af +af 1+a/exp(T) +a?

while firm j’s revenue function does not change. By the first-order condition, we obtain
(a—a7) - (ui—log(a?)) - (a— (1 -1/ exp(T))a}) = a®/ exp(T), (EC.5)

where again a = 1+a? + ajr. Apparently, for given a and T there also exists a unique corresponding
a?, denoted by AP (a;T). For given T, taking the full differential for equation (EC.5) and using

some algebra yields

OATGET) _ ((u~tog(a) - (o~ (1~ 1/ exp(T))a) + (a— af) - (u - log(af) ~ 20/ exp(T))

/((wi=10g(a9)) - (a— (1 =1/ exp(T))af) + (a = af) /af - (a— (1= 1/ exp(T))af)

+(a—af)- (ui ~log(af)) - (1 -1/ exp(T))).
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By equation (EC.5), and a —af < a, a— (1 —1/exp(T))a; < a, we have (u; —log(a?)) - (a —
(1—1/exp(T))a;) > a/exp(T) and (a—af) - (u; —log(a;)) > a/exp(T). Then, for any given T,
DAY (a;T)/0a >0 and therefore A7 (a;T) is strictly increasing in a.

Equation (EC.5) can also be rewritten as follows
(1— A5(a;T)/a) - (i~ og(AS (@ T)) - (xp(T) — (exp(T) — 1) - A (a;T) /a) = 1.

Note that A7 (a;T) is increasing in a, so (u; —log(A¥(a;T))) is decreasing in a. Therefore, by the
above equation, A7 (a;T)/a must be decreasing in a. The unique Nash equilibrium is the solution

to the following equation:

L, Af@T) +AJT(@)

=1. EC.
a a a (EC.6)

The LHS of the above equation is strictly decreasing in a, so there exists a unique solution,
denoted by a’. Therefore, for any given T, there exists a unique Nash equilibrium (a?,a?), where
a; = A7 (a";T) and o}, = AT (a”).

Next, we study the comparative statics of the equilibrium w.r.t. T. Equation (EC.5) can also be

reexpressed as follow:
(a—a?) - (u; —log(al)) - (exp(T) — (exp(T)—1)- af/a) =a. (EC.7)

Note that exp(T) — (exp(T) — 1) -af/a= (1 —a /a)exp(T) + af /a > 1 for any T > 0, and it is
increasing in T for any given a. Therefore, for each given a, the corresponding A7 (a; T') by equation
(EC.7) is increasing in T'. The unique solution to equation (EC.6), denoted by a’(T), is increasing
in T'. Therefore, the equilibrium a’ = AY (a) is increasing in T and a] = A? (a’;T) is also increasing
in 7. Immediately, the equilibrium prices, expressed by p? = u; —log(a’) and p?- =u; — T — log(a;),
are decreasing in 7'

In addition, A7 (a;T) > AT (a) for any a. By comparing equations (EC.4) and (EC.6), we have
a’ > a* and therefore (a,a’) = (af,a?). Furthermore, for the corresponding prices, p’ < p’ + T and
p?» < pg- for any given pay-per-use fee T'.

Moreover, we have

A5(@) _ Al(@) A7)

’ b

AT ASw) | AT@) AT | AT
a’ at a

7 J
at and a® a® at at

<

That is, firm ¢ will capture more customers, firm j will lose some market share, and the total

market share served by both firms will increase. Recall that firm j’s attractiveness is higher, i.e.,

ﬁ

a?- > aj, so the corresponding price is lower and therefore firm j’s revenue at the equilibrium is

lower, compared to that without service subscription for firm . O
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Proof of Theorem 9. Continue with the proof of Theorem 8. Similarly, the revenue function of

firm j with service subscription can be rewritten as follows:

(u; —log(af))-a? | ( 1+aj +a? )

J
1+aj + a3 /exp(T)

RS (a?,a3) =
j(0565) 1+aj +af

i@
By the first-order condition, we obtain the following equation:
(a—a$) - (u; ~ log(a?)) - (a— (1~ 1/ exp(T))a5) = a?/ exp(T), (EC8)

where again a = 1+ aj +af. Similarly, we can define the corresponding A% (a;T) for each a and T,
and A% (a;T) is increasing in a and T, respectively. Moreover, A¥(a;T)/a is decreasing in a. The
unique Nash equilibrium is the solution to the following equation:

1 AS(a;T) A (e;T

Ty i (@ )+ il ):1, (EC.9)

a a a

The LHS of the above equation is decreasing in a, so for each given T, there exists a unique

solution, denoted by a*(T). Therefore, there exists a unique Nash equilibrium (af,aﬂ), where a} =
A% (a%T) and ag- = A9 (a*T). The unique Nash equilibrium in price competition is (pf-,ps-), where
p? =u; — log(af) and pE» =u; —log(a"). By similar arguments, a*(T) is increasing in T', and therefore
i

a; and ai are also increasing in 7T, respectively. Therefore, pg and pﬁ- are decreasing in 7T
Next, we compare the equilibria with and without service subscription. Equation (EC.8) can

also be rewritten as follow:
(a—a?) - (u; —log(a})) - (exp(T) — (exp(T) — 1) -a; /a) =a. (EC.10)

Note that exp(T) — (exp(T) — 1) -af/a= (1 —af/a)exp(T) + ai /a > 1 for any T >0, where the
inequality holds because (1 — af /a)exp(T) is increasing in 7. Comparing equations (EC.3) to
(EC.10), for each a, the corresponding af >al, ie., A?(a;T) > AT (a) and A3 (a;T) > AT (a) for
each a. Thus, comparing equations (EC.4) and (EC.9) yields a” > af. Therefore, (a?,a’) > (a!,a’).
Immediately, we have (pf-, p?) =< (P, pg) +T. O



