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Appendix A: Proof of Lemma 1
For all ¢ > x, objective (2)’s first-order derivative with respect to g is —c¢(1 — \), which is negative.
Hence x = g at an optimum. For z = ¢, the project’s value m.(-) is as in the standard newsvendor
model and the optimal capacity is F ! (¢/r). Condition (3) implies that e = 1 is optimal. |
Appendix B: Proof of Lemma 2

Point (i): Objective (5) is strictly increasing in I. The only upper bound on I is set by condition
(6), which must thus be binding.

Point (ii): The firm makes zero profit if the project is abandoned (¢ =0) and must thus make a
non-negative profit at an optimum. To prove that e = 0 cannot be optimal, we show that if e =0,

the firm’s objective (5) is strictly negative. For e =0, it is
E[Py.q— R(Pouq)+Ac(g—x)+1—cq— ko
which is equal to
(E[Poe,q —E[Pos.)) + E[Poss] —E[R(Poeq)] +Ac(q—2)+1 —(cqg—cx) —cx — Ko
or, noting further that Py . , = Po.s.z,
(E[Pos.e] —cx = ko) + (I —E[R(Posq)]) — (1= A)(g— =)

The first term is m(z) — ko which is strictly negative from (3). The second term is negative due to
(6). The third term is negative from A < 1. Hence objective (5) is strictly negative, which implies

that ¢ =0 dominates ¢ >0 and e=0.
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Point (iii): Suppose contract (g, I, R) satisfying constraints (6)-(9) implies diversion (z < ¢). We
show that it is strictly dominated by another contract with no diversion. Consider contract (z,I’, R’)
with investment I’ =TI — ¢(¢ — z) and claim R’(-) defined for all p as, R'(p) = R(p) — ¢(q — ).

First, we check that contract (z,I’, R) is feasible, i.e., that claim R'(-) is feasible. R'(-) inherits

R(-)’s monotonicity and, since Py, , = P .4, it also inherits its satisfying limited liability:
R(Py2q) <Pouq=R(Posy) —clqg—2)<Porq=>R (Pozw) <Pouz
We now check that (z,I’, R’) satisfies conditions (6)-(9) given (g, I, R) does. Condition (6) holds:
E[R(P..)| 2 I=E[R(P...)—cl¢g—z)| > T —clg—z)=>E[R (P.,.) >TI
Next, for all e € {0,1} and y € [0,z], define I, , , =E[P., , — R(P., )]+ Ac(qg—y) + I —cq— k.

and I’ =E[P.,,—R(P.,,)]+ X l(¢—y)+I —cq— k.. We have:

€v.q
Weyq = E[Peyq = B(Pey o)l +Aclg—y) +1 —cq— ke
=E[P.,.—R(P.,.)+X(¢g—y)+1 —cx— k.
=E[P.,.—R(P.,.)]—clg—x)+AI(qg—y—ax+z)+ 1 —cx—k.
=E[P.,.—R(P.y.)]—c(l=N(g—z)+ Az —y)+ I —cx— k.
Hence:
., =1L, — (1 - \)(g—2) (1)

Condition (7) holds as using (1) we have:

ifg>0, I ,,>W=ifz>0, I _>c(l-N(¢g—z)>0

€,Y,x

Condition (8) holds:
I>eq= I —clg—zx))>ecqg—clg—x)=1T > cx
Condition (9) holds as using (1) we have:

Vy € [0,q], Yee{0,1}, L. ., > 11, ,=1II. c(1=XA)(gq—z) >1I

e,r,r €Y,

—c(1-N(g—=x)=1, >TI

e,x,x — “Tey,x
Last, objective (5) is strictly larger for (z,I’, R") than for (¢, I, R) as (1) implies:
M., =1, —c(1-XN(g—z)<IIL

e,x,r e,x,T

Thus the optimal contract must induce no diversion, i.e., x =q. |
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Appendix C: Proof of Theorem 1

For 0 <z <g and e €{0,1}, define
Te(q,2) SE[Pesq = R(Pewq)] + Ac(q — ). (2)

For contract (¢, R) € RT x C, denote the firm’s optimal decisions as e , and z . For a given z €
[0,q] and e =0, 1 define e ,(z) =argmax.—o 1 7c(q, z) and x} ,(e) = argmax,eo,q 7c(q, z). Further,
for all x < ¢, denote the cashflow implied by demand realization u >0 as p, ,(u) =r(uAx).

We prove the theorem by showing that if optimal contracts with ¢ > 0 exist, they include one

with a debt claim (Lemma 1) raising the needed funds c¢q (Lemma 2).

Lemma 1 If an optimal contract (q, R) € R, x C ewists, then (i) a debt claim L € L exists such
that E[L(P1,4.,)] =E[R(P1,4.4)], and (i) it is such that contract (¢, L) is also optimal.

Proof. Let (g, R) be an optimal contract with ¢ > 0. We have e} , =1 and 7} , = ¢ (Lemma 2).
Point (i): For Lx € £ with face value K € [0,7¢] and given ¢q. We have:

K/r ~
E[L(Pr )] = / Pa(t) 1 (w)du + K - Fy (K /)

For K =0, E[Do(P1,4,4)] = foo Pa.o(w) f1(u)du+0- F;(0) = 0. That is, debt with zero face value has

zero value. For K =rq,

BlLeo(Praa)) = [ (ua) Ara)fulwdu= [ oy fdu=EIP )
That is, if debt’s face value rq exceeds the highest cashflow realization possible, the investor receives
the whole cashflow. Moreover, the expression is continuous and strictly increasing in K over [0, rq],
taking values from 0 to E[P; , ] since
PLcaall L () o) K2 (0 )+ BB,
Given that p,,(K/r)=r(% Aq) =K, we have OE[L (P1,4,)]/0K = Fy(K/r) > 0.
Finally, we have E[R(P; ,,)] € [0,7q]. Indeed, constraint (12) implies E[R(P ,,)] > cq > 0, limited
liability implies R(Py 4,,) < P14, and thus E[R(P, ,,)] <E[P1 ..
Point (ii): To show that contract (¢, L) is optimal, it suffices to show that e} , =1 and z} , =q.
To do so, we show that the fact that optimal contract (¢, R) satisfies condition (13) implies that
contract (¢, L) satisfies it as well, i.e., Ve € {0,1}, Vy €0, ¢]

E[Pl,q,q - R(Pl,q,q)] —K12> E[Pe,y,q - R(Péyy,q)] —Ac(q—y) — ke
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= IE[Pl,q,q - L(Plyq,q)] — K1 > E[Pe,y,q - L(Pe,y,q)] - )‘C(q - y) — Re
After simplification, this amounts to showing that
E[P1,g,q = R(Prg,0)] = E[Pey g = R(Pey,q)] = 51— ke — Ac(g — y)
= IE[Pl,q,q - L(Plyq,q)] - E[Pe,y,q - L(Pe,y,q)} > K1 = Ke — )‘C(q - y)
which, both inequalities’ right-hand sides being identical, amounts to showing
E[Pl,mq - L(Plyq,q)} - E[Peyy,q - L(Peyy,q)] > IE[Pl,q,q - R(Pl,q,q)] - ]E[Pe,y,q - R(Pe,y,q)]
Denoting A(+) = L(-) — R(-) and given that E[L(P; ,,)] = E[R(P1,4.,)], the condition amounts to

Vee{0,1},Vy€[0,q], E[A(Pey,q)] =0 3)

We complete the proof in two steps, first showing that for all y € [0, ¢], condition (3) holds for e =1
and then showing that it holds for e = 0. We start with the case e = 1. We have for all u € RT,

Pyq(u) = r(uny)=r(uAyAq) (because y <q)

rl(ung) Ny Ag)l=[r(uNgIN[r(yAg)] =pgq(w) Apgq(y)

Thus, denoting debt claim L’s face value as K, we have

L (py,q (v) = Dy.q (W) NEK = Paq,q (w) NPq.q (y) NK.
Case 1: y > d(K) which amounts to p,,(y) > K. In that case, we have:
Vu e R+7 L(py,q(u)) =Pa,q(W) APq,q(¥) NK =Dy (W) NEK = L(pg,q(u))

Hence E[A(Pe,y,q)] = E[L(Plyyyq)] - E[R(Plyy,q)} = ]E[L(Pl,q,q)] - E[R(Plyy»q)}' Moreover, R() being
non-decreasing, p, ,(u) < p, ,(uw) implies R(p, ,(u)) < R(p, ,(u)) which implies, by definition of L(-),

E[A(Pl,y,q)} > E[L(Pl,q,q)} *E[R(Pl,q,q)] 20.
Case 2: y < d(K) which amounts to p, ,(y) < K. In that case, we have:

Vu € R+, Py,q (u) < py,q(y) < Paq (y) <K (4)

Thereforev Vu e R+’ L(py,q(u)) - R(py,q(u)) = py,q(u) NK — R(py,q(u))
= p,.o(W)R(py,4(u)) from condition (4)

> 0 due to limited liability
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which implies E[A(P; )] =E[L(P1,,4)] — E[R(P1,,,4)] > 0.

Now consider the case € = 0. First, there exists p* € [0, rq] such that A(p) >0 for all p € [0, p*) and
A(p) <0 for all p € (p*,rq]. (This is because dL(p)/dp is as high as possible for p < K and as low
as possible for p > K.) Define g. ,(-) as the distribution of cashflows p given effort e and effective
capacity z, i.e., g (p) = fe (P}, (p)) for p€[0,rz) and g, (rz) = F. (). For all y € 0, ], we have

Py,q(y)

E[A(Py,.)] = / A(p)go. (p)dp.

Case 1: p* <p, ,(y). In that case, we have:

Py,q(¥)

E[A(Poy,q)] = /A(p)go,y(p)dp+ / A(p)go., (p)dp

*

P

. Py,q(¥)
N / A(p)gl,y(p)z?ygz;dﬁ / A(p)gl‘””(p)ztzyyg;dp

It can be shown easily that go and g; inherit the MLRP from f, and fi, i.e., go,(P)/91.,(P)
increases strictly over [0,p, ,(y)] (see de Véricourt and Gromb (2018)).

Py,q (y)

*

E[A(PO,y,q)] = g(l) = /A 91 y( )dp—l— g? = / A gl y( )dp > g? yEp*; E[A(Plyy,q)}'

Since we have shown that EA(P; , )] >0, this implies E[A(P,, 4)] > 0.
Case 2: p* > p, ,(y), which amounts to Vp € [0,p, ,(v)], A(p) > 0. In that case, we have:

Py,q(y)

EAPa))= [ Ao (pdp>0.
0
Last we show (¢, L) to be an optimal contract. We have shown that e} , =1 and z; , = ¢. Hence

(¢, L) is optimal because objective (10) and condition (11) only depend on e, ¢ and x, which are
the same as for (¢, R), and E[L (P 4+ 4+ )] = E[R (P14« 4+)] ensures condition (12) holds. |

Lemma 2 If contract (q,L) € R x L is optimal, a unique L* € L exists such that E[L* (Py44)] =

cq and it is such that (q, L*) is also optimal.

Proof. For all e € {0,1}, ¢ € R*. and z € [0, ¢], the firm’s objective (5) given debt with face value K

is, using a slight abuse of notations,

(K, e,2,q) = r (/ Fe(u)du>++)\c(q—y)—/@e.

K/r
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We have,

oIl _
87[( (K767$7Q) = *l{zZK/T(K,q)>0} - Fe (K/T (Ka Q)) <0 (5)

which also implies

oIl

o1l _ _
87]{ (Ka 1aQ7q) Y7 (K)eaxaQ) - 1{q2K/r}F1 (K/T > 0) + 1{$ZK/T>O} : Fe (K/T) < 07 (6)

0K

where the inequality holds because z < ¢ and F(-) > Fy(+) from MLRP. Now consider contract
(g, L) as in the lemma, with L’s face value K. By Lemma 2, e; =1, 2} = q. Since E[L(Py,.,)] > cq,
L* € £ with face value K* < K exists such that E[L*(P;,,)] = cq as per previous arguments. By
(6), we have e;. =1 and x}. = ¢q. Moreover, given (5), the firm’s objective (5) decreases with K

and so (6) holds for K* as it does for K. Hence, (g,L*) is also optimal. |

Appendix D: Counter-example

We provide an elementary example with two moral hazards satisfying the MLRP in which debt
is suboptimal. Consider a wealthless firm with a project requiring an investment I and generating
a random cashflow. The simplest way of capturing our idea is to consider a three point cashflow
support: {po, p1,p2} With pa > p1 > po. The firm chooses two efforts (e, es) € {0, 1}2 at cost k; ; >0
for e; =4 and ey = j. Efforts (e1,e2) determine the probability distribution of the cashflow P., ..,
with f; ;(pr) =Pr[P,; =pi | €1 =1, e3 = j]. Thus, if the firm undertakes the project and exerts efforts
(e1,e2) = (i,]), its expected profit gross of effort cost is: m, ; = B[P, ;] =3, oo fis(0r)re — 1.
We assume that the first best is to undertake the project and exert (e, e2) = (1,0), i.e.,

T0—k10>0 and V(i,7) €{0,1}* w0 — k10 >m — ki (7)

We assume that for a given e;, the probability distributions satisfy the MLRP for e,,, i.e.,

fl,j(p2) fl,j(pl) fl,j(po) fi,1<p2> fi,l(pl) fi,1(p0)
fo,j(p2) ~ fo,j(pl) ” fo,j(Po) fi,o(P2) ~ fi,O(pl) ~ fi,O(pO)

The firm can raise funds from a competitive investor against a claim with repayments R(p). For

Vji=0,1, and Vi=0,1,

(8)

(e1,e2) =(1,0), the project can be financed with a given claim R(-) if and only if

E[R(P1o)] = Z Jro(pe)R(pr) > 1 (9)
k=0,1,2
Denoting 7; ; = E [P, ; — R(P;;)], the firm chooses (e1,e2) = (¢,7) to maximize

Fij— ki = Y Fo(0)R(Dr) = ks (10)

k=0,1,2
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and the first-best is implemented if and only if
V(i 5) €{0,1}*  Tro— k10> Tiy — Ky (11)

We now exhibit an example in which the first-best cannot be implemented with debt but can be

implemented with non-debt claims, for example, equity, implying that debt is strictly suboptimal.

Lemma 3 For the funding problem defined in (9), (10) and (11), parameters exist such that debt

financing cannot achieve first best, while equity financing does, implying that debt is suboptimal.

Assume the project’s investment cost is I = 99, the possible cashflows are (po,pi1,p2) =
(0,100, 156), the effort costs are (ko.0, %10, k0,15 %1,1) = (0,10,10,20), and the probability distribu-

tions are
(P8.0:P0.0:P5.0) = (0.01, 0.05,0.94)  (pi.p1,0.PY,0) =(0.19,0.80, 0.01) (12)
(pg,lvpé,lapg,l) = (0205 OGOa 020) (pihp%,l)p(l),l) :(0357 0657 000)

First, we check that the first best is to undertake the project and exert (ey,es) = (1,0). We have

To,0 — Ko,0 = —9244, 1,0 — K1,0= 064, To,1 — Ro,1 = —].780, and 1,1 —R1,1 = 0.60. Hence (7) holds.
Second, we can check that for a given e;,i =0, 1, the MLRP holds for e;_;, i.e., that (8) holds:

f1,o(p2) _ f1,0(p1) _ f1,0(P0) _ f0,1(p2) _ f0,1(]01) _ f0,1(P0) _

fo,o(}b) =19> fO,j(pl) =16> fo,o(Po) =0 fo,o(PQ) = 20> fo,o(Pl) =12> fo,o(Po) =0
f1,1(p2) o f1,1(p1) . f1,1(P0) _ f1,1(p2) _ fl,l(pl) _ f1,1(p0) .
f1,o(p2) =2> f1,0(p1) =1> f1,0(p0) =0 f0,1(p2) =2 fo,1(p1) =1> f0,1(p0) =0

We then show that the first-best cannot be implemented with debt, i.e., that for all K >0, if R(p) =
p A K satisfies (9), it violates (11). For debt with face value K, (9) is written 0.19 x (156 A K) +
0.80 x (100 A K') > 99 which holds if and only if K > 100. For all K > 100, we have

771’() —KRi10— (77()71 — K;O,l) =—0.01x% (156 — K)+ and 7:1’0 —KR1,0— (770’0 — I'ioyo) =0.18 x (156 — K) —10

Hence, no debt contract implements the first-best. Indeed, for K € [100,156), we have II; o (K) <
II; o (K) and for K > 156, we have II; o (K) < Iy (K).

Last, we show that the first-best can be implemented with equity, i.e., that there exists « € [0, 1]
such that R(p) = o - p satisfies (9) and (11). For a claim on a fraction « of equity, (9) is written

@ (0.19 x 156 4 0.80 x 1004+ 0.01 x 0) >99 or «>0.902956 (13)
We consider o =0.90296. In that case, the firm’s expected profit for (e;,e —2) =(1,0) is

71,0 — 1,0 = 0.90296 x (0.19 x 156 4 0.80 x 100+ 0.01 x 0) — 10 = 0.640,
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and similarly 7o o — k0,0 = 0.637, 791 — ko1 = —1.150 and 71 1 — k11 = —8.393. Thus the firm opti-
mally chooses (e1,e3) = (1,0) and the first-best is implemented. This proves that in our example,

debt financing is strictly suboptimal despite the MLRP. |

The intuition for debt being suboptimal in our example is as follows. Under the MLRP, debt
maximizes the incentive to exert effort in each moral hazard separately. Thus debt also maximizes
the incentive to choose (e1,ez2) = (4,7) over (e1,e) = (¢',5') with i >4’ and j > j'. However, MLRP
does not imply that debt maximizes the incentive to choose (eq,es) = (4, 7) over (eq,e2) = (', 5') with
i<i and j > j' ori > and j < j'. And indeed this is the binding constraint in our example. Looking
at the probability distribution in (12), going from (eq,e2) = (1,0) to (e1,es) = (0,1) increases the
variance of cashflows and decreasing their average, and debt motivates the firm to engage in such
risk-shifting whereas equity nullifies those incentives (Jensen and Meckling 1976). By contrast, in
our model, the complementarity between diversion and shirking ensures that mitigating one moral

hazard with debt also mitigates the other, hence the optimality of debt for both moral hazards.

Appendix E: Proof of Theorems 2 and 3 and Corollaries
E.1. Preliminaries

Recall the definition of 7.(¢,z) in (2). For all ¢ < g, denote d(q) = K(q)/r < ¢ the lowest demand
realization allowing the firm to repay the optimal face value K(q) of Theorem 1. For ¢ and = and

effort e, the firm’s objective (5) under the debt claim of Theorem 1 is

+

To(q,x) =7 / F,(u)du| +Xc(q—1x). (14)
d(a)

Lemma 4 We have, dd(q)/dq = F, (¢"B)/F, (J(q)) and d(q) increases with q.

Proof. Taking the first-order derivative of (14) with respect to ¢ yields

9K (q) ra«f(q)F1 <K> .

dq dq

,
and since 8d(q)/0q = K (¢)/dq/r, this can be rewritten as

dd(q) _c 1 £y (¢"7) .
d  ri_p (d(q)) B (cf(q))
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E.2. Problem reformulation

We first derive properties of optimal effective capacity x, given capacity ¢ and effort e. For e =0, 1,

FB_ _—

define ¢! Y(e/r), the standard newsvendor quantity for demand D..

Lemma 5 Foree€{0,1}, define ¢)* = ;1 (Ae/r) for A€ (0,1] and ¢°* = +oo. We have: (i) ¢ is
decreasing in X over [0,1] from +oo to g P, and (i1) for all g < Gy, arg max, ¢ o 7 (¢, ) € {0, qng}
with 7.(q,q) <7.(¢,4 N q2*).-

Proof. From (14), we have for z € [ci(q)7 q], d7.(q,z)/dx = rF.(z) — Ac which is decreasing in z, equal
to zero if & = ¢ > d(q) and thus maximum at = =g A ¢™ if ¢™* > d(q) and at = = d(q) otherwise.
For z € [O,J(q)], 7.(q,x) = Ac(q — z), which being decreasing in z, is maximum at x = 0. Last, ¢}*
is decreasing in \ as F,(+) is a cdf. Further, ¢* = F. ! (¢/r) = ¢ and thus ¢/'? < ¢}*. |

From Lemma 5, constraint (13) is rewritten as

71(q,q) — Aeq > 0, (15)
m(q,9) —71(q, gAq7*) >0, (16)
®7(q,Ar) = 71(¢,9) — Aeg — Ar >0, (17)
D5 (q,Ar) = 71(q,q) —Tolg, 4N g5") — Ar > 0. (18)

(17) implies (15), i.e., if the firm diverts the full capacity (x =0), it will not exert effort. Further
from Lemma 5, if ¢ > ¢}*, argmax, ¢ , 7e(¢,7) < ¢ and so (15) or (16) is violated. Hence, ¢ < @
must hold, in which case (16) holds.

E.3. Properties of ®} and @)

Lemma 6 (i) For all g € [0,q], a unique M (q) € (0,1] ezists such that X € [0, A1 (q)] & (¢, Ar) >
D3 (q, Ar), with equality if and only if A= Xl(q). (i) For all ¢ > q"?, 5\1((]) is decreasing in q.

Proof. Point, (i): Define A;(q) =max {\ € (0,1], s.t. A® (¢, \) > 0}, where using (14), we have,
ang*

+
Fy (u) du> —Xe (gng*).
i(q)

AD(g,\) =D (q, Ak) — D (q, Ak) = To(q, q/\qé*) —Aeg=r (/
d

For ¢}* > q, A®(q,\) = Tf;(q) Fy (u) du — Aeg, which is decreasing in A. So too for d(q) < ¢)* < g, as

OAD B o 090" g™
Ta 0N =) 5 ey

For ¢)* < d(q), A® (g, \) = —eAgd* < 0. Hence, ¢}* being decreasing in A (Lemma 5(i)) and A®(g,-)

ot =—cqy* <0.

is continuous, A®(q,-) is decreasing for all A such that ¢}* > d( ) and negative otherwise. Thus

A1(g) exists and is unique. Further A®(g,0) >0 implies A; (¢) > 0.
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Point (ii): Assume ¢ > ¢*5. For ¢ < ¢}*, and using Lemma 5(i), we have

AD o ad o Re(dl)
—— (g, \) =7 | Fy — Fo(d a. =r |Fy - FBY — L1 — e
94 (2, M) (q) ( (Q))aq(Q)] (q) (q )E (d(q))

<r [Fo@ CF(¢"7) ?Egﬂ <0

where the first inequality holds from the MLRP and the last one from ¢ > ¢"®. For ¢ > ¢}*,
A®(g,\) <0 if @)* < d(q) and Ad(q,\) =1 ;(i; Fy (u) du — Aeg)* otherwise, which is decreasing in

q. Hence A®(q,\) is decreasing in g when ¢ > ¢*'# and A®(g, ) >0, and A®(g, \) being decreasing
in A, A1 (q) is decreasing in q. |

Lemma 7 ®}(q, Ar) is strictly concave in q for q € [0,q,] and decreasing in q for ¢ > q"5.

Proof. From Lemma 4, the first order derivative of ®} with respect to g yields,

6(1)? I il dd i - ( FB
5g (©0K) =7 |Fig) —Fid(g) 5 (a)| —Ae=r [Fi(q) = Fi(d"")] = Ac,
which is strictly decreasing in ¢ over [0, ;] and negative for ¢ > ¢™5. |

Lemma 8 ®3(q,Ax) is constant in \ for q € [0,q)*] and strictly decreasing otherwise. Further, a
unique threshold Ay € (0,1) exists such that (i) If A < Ay, ®(q, Ak) is increasing in q for all ¢ < g2,
(i) If A\> Ay, ®(q, Ak) is decreasing in q for all ¢ > q"2, (iii) If A= Ny, ®Y(q, Ar) < B3 (¢FB, Ak)
for all ¢ €[0,q1].

Proof. From (18) we have,

q angy* +
(g, Ar)=7 [  Fi(y)dy—r (/ Fy (u) dU> —Aclg— ")t
d(q) d(q)

If ¢ € [0,¢)*], d®3(q, Ak)/d\ = 0. Otherwise, and given Fy(g)*) = c\/r, we have
d®3(q, Ar)/dA = —c(q — @) — [rFo(gp") — Ac] dgg™ /dA = —c(q — ™) <.
For Points (i), (ii) and (iii), ®3(g) is piece-wise differentiable and, 1., being the indicator function,

L0 (080 = Fil) ~ Fu(d0) 5o @)~ Fola ey +Fo (4(0)) S0 gy =ML}

n I FB n n Ax n FB FO (d(q))
(@) —Fi(q"7) - FO(q)]l{ngé*} —Fo(0%) 1{q>q3*} +Fi (¢"7) F(d(q))ﬂ{qg»é(q)}

r dq

|
o

Fy (CZ (Q)> 1
F (i)

(@) — Fi(q"") = Fo (g A gy™) + Fy (¢77) (19)

|
o
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where the second equality holds from Lemma 4. From Lemma 5(i), a unique A € (0,1) exists such
that ¢"8 < ¢* if and only if A < A,.
Case 1: A < 5\0. For ¢ < qa*, (19) is rewritten

2 2 > - Fy (d(9)
13;)2 (q,Ar) = Fy(q) — Folq) — F1 (¢"P) [ 1— M )
- P (i)
In particular, for ¢ < ¢"?, we have Fy (q) > F} (¢"'F) and so
2 B B(d@)\ _ [R(d@) &
ld;&(;AH)ZFl(Q)—Fo(Q)—F1(q) 1—<Aq> _Fi(qg) | — (A(I)_?O(q) 0
n 3 (d(Q)) £ (d(q)) 1 (q)

where the last inequality holds from the MLRP. Hence, ®3 (-, Ax) increases for ¢ < ¢*® when A < Ao.
Case 2: A > Ao. When ¢ < ¢)* and hence g < ¢"B, 99} (¢, Ar)/dq reduces to (20) which is positive.

When ¢ > ¢}*,

Fo(d)

— N s do b

Py (d(q) tag7>d(w}

which is decreasing in ¢ since F}(q) is, while Fy(x)/Fy(z) and l{qk*m} are both non-negative non-
0

199}

r g (¢, Ar) = Fi(q) — Fi(¢"") — Fo (q0") + FA (qFB)

increasing in x and cZ(q) is increasing. Thus, ®3(q, Ax) is concave in q if ¢ > g}*. Hence for A > Ao,
D3 (-, Ak) is unimodal, g3 ™ = argmazo<,<g, P3(q, Ak) is unique and g3 ™ > ¢)*.

Further, 0®3(q)/0q in (19) is decreasing in \ since ¢)* is non-increasing and hence Fy (¢ A g)*)
and 1 {a>d(a)} AT€ non-decreasing and non-increasing in \, respectively. Thus ®3(q) is concave and
submodular in (g, A) for A > Ay and ¢3™3* is non-increasing in A.

For A= Ao, 9}(¢F5)/0q > 0 from (20) and thus ¢} ™ > ¢"B. Further Fy(q*) = ¢/r = Fy(¢FP)

and

1-— Mﬂ i <0
@) 1)) <
where the inequality holds with Fy(-) < Fy(-) from the MLRP. Thus, a unique A, € (Ao, 1) exists
such that g™ > ¢ if and only if A <\ and where the equality holds only for A = \,. Points
(1), (ii) and (iii) hold because ®3(-) is unimodal. |
Defining ®*(q, Ax) = ®7(q, Ax) A ®3(q, Ak), problem (10) rewrites

1 00}

L ) =i (¢7)

max _ m(q) s.t. (g, Ar) >0. (21)

€[, a1} ]

We characterize next the monotonicity of ®*(q, Ax) in q.
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Lemma 9 Define capacity ¢*™> = argmaxqe[qlﬁwam]@’\(q,A/@). A unique threshold X € [0,1)

exists such that: (i) If A < X\, ¢*™ > ¢FB and ®*(q, Ar) is strictly increasing in q for all ¢ < ¢"5; If
A> A, e < gFB and ®*(q, Ar) is strictly decreasing in q for all > qF8; If A=\, g™ = ¢FB.

Proof. Define A= :\1(qFB) A Xs. Lemma 8 implies A< < 1.

Point (i): For A < A., ®}(-, Ak) is strictly concave (Lemma 7) and ®}(¢, Ax) increasing for ¢ <
¢"® (Lemma 8 with A\ < \;). Further ®}(¢"2, Ak) < ®}(¢"2, Ak) (Lemma 6 with A < A (¢75)).
Thus, ®*(q,Ar) is increasing for g < ¢"Z. Indeed, denote ¢ the unique maximand of ®7(-, Ax)
over [0,¢"B]. When ¢ < g, (g, Ax) and hence 97 (q, Ax) A P3(q, Ar) increase in g. When ¢ < g <
g8, if ©1(q, Ar) < P3(q, Ak) then ®3(¢"P, Ak) > O3 (¢"5, Ar) since P7(-, Ax) and P3(-, Ak) are
decreasing and increasing, respectively. This yields a contradiction and thus ®*(q, Ax) = ®3(q, Ak)
for q € [§,q"P], which is also increasing. Finally, ¢"Z < ¢}* for A < A (Lemma 5) and hence ¢% <
q1 A g*. Tt follows that ¢©'B < g*™max.

Point (ii): For A > A, ®}(-, Ax) is decreasing for ¢ > ¢"? (Lemma 7). If A\ > A, ®3(q, Ar) is
decreasing for ¢ > ¢F? (Lemma 8(ii)), and the result holds. If A > A (¢FB), ®*(q, Ar) = B} (q, Ak)
for ¢ > ¢"'P from Lemma 6 so that ®*(q, Ax) is still strictly decreasing, which yields the result.

Point (iii) stems from ®*(q, Ax)’s continuity in A, which holds from that of ®}(q,Ax),i=1,2. W

Lemma 10 For all g €[0,q1], a unique X(q) € [0, A1 (q)] eists such that ®*(q, Ak) is constant in \
for A< S\(q) and strictly decreasing otherwise. Further, X(q) is decreasing in q for ¢ > q7B.

Proof. Define A(q) = max{\ € [0, A\ (q)],s.t.¢)* > q}. For A< \(q), ¢ < ¢}* since ¢)* is decreasing in
A from Lemma 5. Further, by construction, S\(q) < 5\1(q) and thus Lemma 6 implies ®*(q, Ax) =
®) (g, Ak), which is constant in X for g < ¢}*. For A > A(q), we have either ®* (g, Ax) = ®)(q, Ar)
with ¢ < ¢}*, which is decreasing in A (Lemma 8), or ®*(¢,Ax) = ®7 (¢, Ax), which is decreasing in
A (Lemma 7). and thus ®*(q, Ax) is decreasing for A > X(¢). Further, \(¢) is decreasing for ¢ > ¢*'8

since ;\1(q) and g)* are decreasing for ¢ > ¢*'P from Lemmas 6(ii) and 5, respectively. |

E.4. Proof of Theorem 2

For A € [0,1), define Ax(\) and Ax(A) by ®*(¢*™** Ak(N)) =0 and ®*(¢"",Ax()A)) = 0. Both
are uniquely defined and non-increasing in A as ®*(q, Ax) is continuous, non-increasing in A and
decreasing in Ax. Further, for all A and Ak, ®*(¢"%, Ax) < ®*(¢*™**, Ak) by definition of ¢*™*
with equality if and only if A=\ (Lemma 9), and thus Ax(\) < AR(A) with equality if and only if
A=A
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Point (i): For Ax < Ax(A), we have, ®*(¢"5, Ar) > &*(¢"'B, Ax) =0, since ®*(q, ) is decreasing.

Hence, g&'®

satisfies the constraints of problem (21), and thus ¢* = ¢7'".

Point (ii): Assume Ax(\) < Ak < AR()) (and thus X #£ X).

For A < A, ¢"8 < ¢*™ (Lemma 9). Because Ax < A&(\), ®* (¢*™, Ak) >0 and S = {g <
™3 s.t. ®* (¢, Ak) > 0} is non-empty. For q < ¢F'8, ®*(q, Ax) < D ¢"E, Ak) < P (7B, Ar(N)) =
0 (Lemma 9). Thus for ¢ € S, ¢"? < q and (21) is decreasing in ¢ for ¢ € S. Hence ¢* = min{q s.t. q €
S} and ¢* > ¢F'B.

For A >\, "B > g™ Since Ax < AR()), ®* (¢*™>, Ak) > & (¢* ™ AR) =0 and S = {¢ >
@™ s.t. &> (q,Ar) > 0} is non-empty. For ¢ > ¢"Z, ®*(q, Ar) < ®*(¢FP,Ak) (Lemma 9). Thus,
for g€ S, ¢"® > q and (21) is increasing in q. Thus ¢* = max{¢s.t. ¢ € S} and ¢*™** < ¢* < ¢'P.

Point (iii): For Ak > AR(\), we have for all ¢, ®*(q, Ar) < P (¢* ™2, Ar) < P (¢* ™, AR(N\)) =
0, where the first inequality holds by definition of ¢*™®*, the second one since ®*(q,-) is decreasing

and the last equality by definition of A%(A). Thus, Problem (21) is not feasible and ¢* = 0.

E.5. Proof of Theorem 3

Monotonicity in Ax. For A> A and Ar(\) < Ak < AR()), Theorem 2 implies ¢* = max{q >
™ 5.t D> (¢, Ar) = 0} with ¢* < ¢"Z. From Lemma 9 with A < X and ¢* < ¢*Z, ®*(¢, Ak) is
decreasing ¢, and since it is also decreasing in Ak, ¢* is decreasing as well. Similarly, when A < A and
Ak € (AK(N), AR(N)), we have ¢* = max{q s.t. ¢ < q < ¢*™>*, &* (¢, Ar)=0}. Since ®*(q, Ar) is

decreasing and increasing in Ak and ¢, respectively (from Lemma 9 with A < A and qa>q¢"8), q

is increasing in Ax.

Monotonicity in A. For the sake of simplicity, the following notations omit the dependence of
the different parameters with Ax.

Case 1: A> A and Ar()\) < Ak < AR()). Theorem 2 implies ¢*™** < ¢ < ¢FB, where ¢** =
max{q > ¢*™** s.t. ®*(q,Ar) = 0}. ®*(¢) being non-increasing in A (Lemma 10) and ¢ (Lemma 9

with A > ) and q* < q"P), ¢* is also non-increasing. We show next that ¢**

is decreasing in A.
For A =0, ®°(¢) = ®3(¢) which is increasing in ¢ < ¢"? (Lemma 9 with 0 < \). Hence ¢° = min{g <
q"" s.t. ®°(q) > 0} is uniquely defined with ®°(¢) <0 if ¢ < ¢° and ®°(¢q) >0 if ¢* < ¢ <¢"".
Assume then that ®*(¢**) = ®3(¢**). We show by contradiction that we must have ¢** > ¢}* in
this case. Indeed, if ¢** < ¢}*, from Lemma 8 and the fact that ¢)* is decreasing in A (see Lemma
5), we have ®3(¢**) = ®9(¢**). If ¢** < ¢°, then 0> ®9(¢**) = ®*(¢**) which is impossible when
Ak <ARN). If ¢° < ¢ < ¢"P, then 0 < ®9(¢**) = *(¢**) which is impossible when Ax()\) < Ak.
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Thus, when ®*(¢**) = ®3(¢™*), we must have ¢** > ¢)*, in which case ®3(¢**) is decreasing in A
(Lemma 8 ). ®*(¢**) is then decreasing in A since ®7(q) is decreasing in A and thus ¢** = max{q >
™3 5.t ®*(q, Ak) = 0} is also strictly decreasing.

Case 2: A< A and Ar()\) < Ak < AR(A). Theorem 2 implies that ¢* ™ > ¢** > ¢FB, where ¢ =
min{q < ¢*™* s.t. ®*(¢) = 0}. In particular, given Ax, optimal capacity ¢°* for A =0 is such that
¢** > ¢"B, and is decreasing in Ak from the previous argument. Lemma 10 implies (¢°) € (a, B)
is decreasing in Ax € (Ag(0), A%(0)), where a and § are equal to A (¢°%) for Ak = Ar(0) and Ak =
AFR(0), respectively. Hence, a unique threshold A&(A) exists such that for Ax € (Axr(N), AR(X)),
Ak < AR(N) if and only if A < X (¢%%) with equality only for Ax = A%()), and where AR(N) = Ak(\)
if A<aand AR(N) = AR(N) if A> 5.

Take first Ax > A&(X) and hence A > A(¢%*). For all ¢ > ¢% > ¢"2, M(q) < A(¢°) < X where the
first inequality holds since A(-) is decreasing for ¢ > ¢*? (Lemma 10). And since A > A(¢°*) > A(q),
Lemma 10 also implies that ®*(q) is decreasing in A. It follows that ¢** is increasing in A for A > A
since ®*(q) is increasing q > ¢"® from Lemma 9.

Take now Ax < AR()\) and hence A < A(¢°*). From Lemma 10, ®*(¢%) = ®°(¢°*) > 0, where
the inequality holds from the definition of ¢°*, and ®*(q) < ®°(¢q) < 0 for all ¢ < ¢°*, where the
first inequality holds since ®*(g) is non-increasing in A (Lemma 10) and the second one from the

definition of ¢°*. Hence, ¢** = ¢°*.
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