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Appendix. E-Companion to “Dynamic Learning and Pricing with Model

Misspecification”

A. A Different Regret Definition

In the literature on dynamic pricing with demand learning, it is standard to define regret relative to the

clairvoyant who knows the true demand model. Let us refer to the clairvoyant defined in Section 3.1 as the

_ f(=e)

“linear clairvoyant,” and define a second clairvoyant, called the “true clairvoyant,” who sets price p, = — =

at each time period. Then we can define a second notion of regret, Regret, (7'), in terms of the true clairvoyant:

T

Regret,(T) = > E[pD(p,)] — > ElpD(p.)).

t=1

To see how Regret(T") compares to Regret,(T), we can write

Regret, (T') = Regret(T) + iE[ﬁtD(ﬁt)] —E[p; D(p;)] (EC.1)
=Regret(T) + %E (f(mt) —E[f(z,)[1 z]]] (E H:clt xfij”)l [xltD2

> %E <f(xt) —E[f(z) [1 2]]] (E Hxl a:m;ml m)?

using closed form expressions for p, and p;. This shows that the regret of any admissible pricing policy that
assumes a misspecified demand model, relative to the true clairvoyant, grows linearly in T, and with the
extent of model misspecification as captured by the expectation term in the second line. It reflects the fact
that prices chosen by a seller who assumes a linear demand model may never converge to the optimal price
D¢, because p, could depend nonlinearly on x,. We have also included additional numerical experiment using
Regret,(T') as the benchmark, see Appendix B.3.

Throughout the rest of this paper, we mainly focus on Regret(T) rather than Regret, (7). Regret(T) is a
more interesting performance metric as (EC.1) shows that Regret,(7) of any admissible pricing policy affine
in x; is always ©(T'), implying that it cannot be optimized in terms of 7. The term “regret” thus refers to

Regret(T) in the rest of this paper unless stated otherwise.

B. Additional Numerical Results

In this section we expand on the numerical results in Section 4 by investigating how our results depend
on the parameter settings. Section B.1 shows how the performance of the RPS algorithm depends on the
choice of demand function. Section B.2 looks at its dependence on the dimension of the feature vector m,

complementing our theoretical results on the RPS algorithm’s regret upper bound given in Section 3.



ec2 e-companion to Nambiar, Wang and Simchi-Levi: Dynamic Learning and Pricing with Model Misspecification

=1.02 =2
30- v 15 K

—True f —True f

- - -Best linear approx - - -Best linear approx
141

>1.3
121
‘‘‘‘‘‘‘ 1.1 :
0.5 1 -1 -0.5 0 0.5 1
X X
(a) y=1.02 (b) y=2

Figure EC.1 f(z) vs best linear approximation a + ¢’z for v =1.02,2

B.1. Dependence of regret on demand function

We now investigate how the results of our simulations depend on the demand function. In the IID setting

studied in Section 4, the quasilinear demand model is of the form

1
D.(p)= 211 7)

where v = 1.03, while the closest linear approximation is

+1—-0.9p + ¢,

D, (p) ~2.05—0.90p — 176z,

As v increases, the fit of the closest linear approximation of D, for z, uniformly distributed between
[—1,1] improves, i.e. E[(f(z;) —a— c'x;)?] decreases. Fig. EC.1 illustrates this by comparing the function f
with its best linear approximation on the interval [—1,1] for two values of 7, v =1.02 and 2. Since model
misspecification worsens as v decreases, we would expect that the endogeneity effect is more significant for
demand models with smaller values of ~.

We ran the RPS and one-stage regression algorithms for v =1.02,1.03,1.05,1.1,1.25,1.5,2.0, keeping the
price and parameter bounds the same as in the IID case numerical example with v = 1.03. Table EC.1,
which gives the estimates of the parameter b at the end of 5000 time periods averaged over 50 iterations,
shows that for all «, the RPS algorithm produces unbiased estimates of the parameter b. The one-stage
regression algorithm estimates, on the other hand, are biased for smaller values of 7. As ~ increases, the
one-stage regression estimates of b improve. This is consistent with the observation that the endogeneity
effect becomes more significant as v decreases; the RPS algorithm, which corrects for endogeneity, produces
unbiased parameter estimates for all v, while the one-stage regression algorithm, which does not correct for
endogeneity, only accurately estimates the parameters when the endogeneity effect becomes insignificant.
Fig. EC.2 plots the average cumulative regret (over 50 iterations) of the RPS and one-stage regression
algorithms at the end of 5000 time periods for the different values of . The RPS algorithm outperforms
the one-stage regression algorithm for v < 2.0, and the improvement of RPS relative to one-stage generally
increases as 7y decreases and the endogeneity effect increases. However, for v = 2.0, one-stage regression
outperforms RPS algorithm; In the absence of endogeneity, parameters can be estimated more efficiently

using a one-stage rather than a two-stage regression, and RPS loses its competitive edge.
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Table EC.1 Estimates of parameter b in Linear Demand Example
vy= 1.02 1.03 1.05 1.10 1.25 1.05 2.00s

RPS algo. -0.94 -0.90 -0.91 -0.92 -0.90 -0.91 -0.90
One-stage reg. -0.50 -0.50 -0.50 -0.53 -0.66 -0.77 -0.86
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Figure EC.2 Average regret over 50 iterations of RPS vs one-stage regression algorithms as -y is varied

B.2. Dependence of regret on feature vector dimension m
We conducted numerical experiments in an attempt to investigate the dependence of the results on m. For
simplicity, we looked at a number of different settings without any model misspecification, with 7" = 5000
and m varying from 1 to 1001. Unfortunately, almost none of these settings yielded a clear regret trend, and
showed the regret seesawing with increasing m. One possible explanation is that the asymptotic dependence
of the results on m only becomes detectable for larger values of m, which would be computationally infeasible
to test.

However, for one of the settings tested, a clear regret trend was observed. Below, we report the results

from this numerical experiment. The demand function is given by

D,(p)=2—-0.7p+c "z, +¢,.

For each m, the feature vectors x; are drawn IID from the distribution [—1,1]™, and ¢ is a vector of length
m with the first entry set to 0.9 and all other entries set to 0. Note that ||c||; is constant for all m, and thus
so is ¢, on which our regret bound depends (see Eq (EC.8) for the full statement of the IID regret bound
in terms of all parameters). We set ¢pax to ¢+[0.5,0.5,...,0.5] and ¢pin to ¢—[0.5,0.5,...,0.5], and let the
noise ¢, be normally distributed with mean 0 and variance 0.3. The price across all periods ¢ is lower bounded
by $1.75 and upper bounded by $8.25.

Fig. EC.3 plots the regrets of the RPS algorithm for m =1,3,5,11,51,101,201, 501, 1001, averaged over 10
iterations each. We can see that the regret of RPS is increasing with m, and that the growth of the regret
with m appears to be O((m + 1)T), in accordance with our regret upper bound. This numerical example
thus supports the idea that the regret of the RPS algorithm does indeed depend on m, and that there is a

gap in terms of m between our lower and upper bounds.
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Figure EC.3  Average regret over 10 iterations of the RPS algorithm as m is increased from 1 to 1001.

B.3. Regret relative to different clairvoyants

The above numerical experiments benchmark the performance of the RPS algorithm against the linear
clairvoyant, who bases pricing decisions on the closest linear approximation of the true quasilinear demand

model. Here we present additional numerical experiments benchmarking the performance of RPS against

_f(=)
2b

the true clairvoyant, who has full knowledge of the true quasilinear demand model, and sets price p, =
at each time period. Fig. EC.4a plots the results of repeating the IID setting experiments from Section 4.1;
it plots the average regret of the RPS algorithm relative to both clairvoyants over 200 iterations and 5000
time periods. Similarly, Fig. EC.4b plots the results of repeating the price ladder setting experiments from
Section 4.1, and Fig. EC.4c plots the results of repeating the non IID experiments from Section 4.1.

Fig. EC.4a confirms the result that the regret of RPS relative to the true clairvoyant grows linearly with
T in the IID setting. On the other hand, Fig. EC.4b shows that, depending on the function f and the
distribution of the feature vectors, the regret of RPS relative to the true clairvoyant need not grow linearly
with 7" in the non IID setting. We can also observe from Figures EC.4a - EC.4c that the difference in
revenue earned by the true clairvoyant and the revenue earned by the linear clairvoyant can vary considerably
depending on the demand model and parameters; In the IID and price ladder settings, the extent of model
misspecification is extremely large, while in the non IID setting, the linear clairvoyant achieves nearly as
much revenue as the true clairvoyant. One way the retailer could try to improve the fit of her demand model
in the first two cases is by including higher order terms of x, in the feature vector and performing polynomial
regression; however we note that she faces a tradeoff in doing so: The regret bound stated in Theorem 1,
shows that the regret of RPS is O((m + 1)v/T), i.e. including more terms of x, in the feature vector could

decrease the regret from model misspecification, but increase the regret due to parameter estimation errors.

C. Appendix: Proofs for Theoretical Analysis
Notation. The following notations will be used in this section. We define e := (a,c")" and e, := (a,,¢] )"

Let & :=(1,2")", M :=E[#i"] and M, := 1 Y'7) #;i].
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C.1. Proof of Proposition 1
Proof of Proposition 1. Consider price p; = —%ﬁ:“, where «, 3,y are measurable with respect to history

. T
H,_1. Since p; = — %22t we have

Elp; D(p;) = piD(p;) | Heoa] =E[p; (bp; + f (@) — pi(bpy + f(24)) | He-a]
=E [p; (bp} +a+cTw,) = pi(bp; +a+c"w) — (p; —p})(a+ Ty — (@) | Heoa]
=E [p; (bp} — 2bp;) — p;(bp, — 20p7) | Hoa] = E[(0] —pi)(a+cTa, — f(x,)) [ Hin ]
=—bE [(p} —p})* | Hiea] = B [(0} —p))(a+ T — f(2,)) | Hon] -

To finish the proof, we shall prove that E [(p; — p;)(a+c"2, — f(x)) | H,—1] = 0. By definition, a,c is the

optimal solution of the following least squares problem

minE [(f(z,) — (a' + T z,))?].

a’,c’
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By first order conditions, we have
E [a +cTx, — f(xt)] =0, E [xt (a +cTa, — f(mt))] =0.
Since z, is independent of the history H,_;, we have
Blat e~ f() | His] =0, Blr (a+Tr,— f(z)) | Hea] =0

Therefore,

at+c'z, at+q'z,
2 23

)E [(a+c 2, — f(z,)) |Ht1]]

E (6} — p))(a-+ e — ()| Hoor] =E [(— Ja+ e — fa) |'Ht1]

E|5+ 55
+B [ 5+ TR e o~ (e (%0 =0. O

which implies that E [(p; — p;)(a+ "z, — f(z;)) | H,—1] =0. Then, applying the law of total expectation,

we prove the theorem.

C.2. Proof of Theorem 1

Proof. Recall that the expected regret over the selling horizon is defined as

Expected Regret(T ZE[pt ;)] ZE[Z% (pe)] (EC.2)

First, let Q be a positive definite matrix such that M = Q? (Q must exist since M is positive definite).

Then, let us define the event A, as follows:
A, = {M, is invertible and |QM; Q|2 < 2}.

We can write the regret as

iE[ i D(p;) —peDy(py)] i Elp; D.(p;) = pDi(po)| Al] - P[A] + Elp; Dy (p;) — . Di(p1) | A7 ] - P[AT]
< ED ) D4 i+ e
< tz:E[pZDt(pi) = peDi(pe)|A] - P[A]
+ 5 atm o (g o )

where the second inequality follows from the definition of p; and our assumptions on the boundedness
of the true parameters a,b,c, and the final inequality follows by bounding P(A¢) by Lemma EC.2, where
V:=E[(Q'2Z"Q "' — I)?]. Since the second addend in the final line is O(e~*), it is left to show that the
first addend is O(4/1/t).
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We decompose it as follows:

Ma

ZE[prt(P:> —p:eDi(pe)|As] - P[A] = El[p; D:(p;) — P;tDt(pZ,tNAt] -P[A,]

t

Mﬂ“

+ > Elpy Di(py ) = pg.iDi(pg.1)|Ad] - P[A,]

t

Z [Pg,e De(pg,e) — PeDe(pe) [ Ad] - P[A].

t=1

1

Sl

Since p,,, = Proj(p; ;. [p, + 6:,p: — ;]) and the optimal price p, € [p,, p;|, we have

T

" _
) ) 52 b6
;E[pg,tDi(pg,t) Py, tDt(pgt |A < Zb62 X::T = 2

15

5 \

In addition, p; =p,, + Ap,, where Ap, is generated mdependently from p, ¢, z; and the history H,_, with

. 2
variance 67 = 7. So

T
ZE[Pg,tDt(Pg,t) peDy(pe)| A - ZE[Pg tDi(g.t) = (Pg.e + Ape) De(pg,e + Ape)|Ac] - P[A]

§%

E[Api(—2bpy,. — f(x:)) — (Apt) |A,] - P[A]

o
Il
_

t%q

E[-b(Ap,)?*|Ai] - PA/]

1

o
Il

b6?
2

_b*
1

15

<

VAN
i+
Sl

To finish the proof, we want to show that E[p; D, (p;) — p,D.(p%,)|A] - P[A,] = O(1/+/t). In the proof of

Proposition 1, we show that

E[p: D, (p}) — piDy(p})[Ho—1] = —bE[(p} — pl)?|H,_1].

for any p; = —%BT“ with «, 8,7 measurable with respect to the history H,_;.

Since the event A, depends on the history H,_; and is independent of z,, this gives

E[p; D (p}) — py, D (py )| Ar] - P[A] = —bE[(p; —p},)*|Ad] - P[A],

~ AT
u at+c, xt
where pj , = 25

is the greedy price given the estimates a;, ét, ¢, and p; = f%;“ is the optimal price
of the following linear model

Dt(p)=a+bp—|—cth—|—l/t, vpe[gtal_)tL

with v, = f(zy) —a—c'x, + €.

By the definition of pi , and p;, we have

atcTz, a4l
Bl ~ #0714 -Pla) = | (et - I g
2b 2b,
T T 2 T 5o AT 2
<9E (‘””t‘”f“t) |4, | P[A]+2E (“fxt“f*ftxt) 4, | P[4,
2b 2b, 2b, 2b,

<(a+0°E [(2_5)2%

‘P[A,] + biQE [((a +cTwy) — (@, + étht))2 \At] -P[A}]
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where the second line follows from the inequality (z +y)? < 222 + 2y2, and the third line follows from the
fact that the true parameters a, ¢ satisfy ||a|| <@ and ||¢||; <&, as well as from the fact that b, € [—b, —b].

Now, for demand parameter b, let h be the function h(b') = % The gradient of h, denoted by Vh, is given
by VA(V) = —k, and we have |Vh(b')[? = 5 < 7. Then by the Mean Value Theorem, we have

w1 ST

. [(zl) - LY 4| Bl < B0 - b7 BlA
< %E[(b—ét)ﬂ. (EC.3)

By Lemma EC.1, we immediately have E[(b, —b)%] = O(1/+/%). Now we will bound the error in the estimates
of a and ¢, namely E[((e - et)Tft)2 |A;]. Note that e, is measurable with history H,_; and &, is independent
of H,_1, so
E[((e—e) )" |A] =E [(e — e.)TE[#:3] | Ay, Hy 1] (e — €1)]
=E [(6 - Gt)TM(e - et)\At} =E [”6 - et||§4|At] )

where ||y||4 :=+/y" Ay for any positive definite matrix A.

By the definition of Algorithm 1, assuming that M, is invertible, e; — e can be written as

t—1 ~ 7
e, — e = Proj (Mt125:1x3(p3(b_bt)+63)>. (EC.4)

t—1
Then we have

E[((e — et)Ti“t)2

1=Ellle. —ell3, | A]-P[A,]
<E[lle. —ell3, | Ad]-P[A] + E[4(e"%,)? + 4(e; %,)?] - P[A{]
<E[lle. —ell3, | A - P[A,] +160%p2,, P[A]]

<Ellle. —ell3, | A] - P[A,] (EC.5)

BAuin (M)t~ 1)
24)‘min(M>||V||2+8(m+1)>' (EC.6)

+160%p2,. - 2(m+1)exp (

The third line follows from the assumption that the true parameter e € E. In the last step, we bound
P(AS) by Lemma EC.2, where V :=E[(Q'z2"Q~' —I)?]. Since Eq (EC.6) is O(e™"), it is left to show that
Eq (EC.5) is O(y/1/t).

We write Eq (EC.5) as

i t—1 ~ h
B 1D eq Ts(ps(b—by) + v
Blle, —ell3 | A BlA] <B | Qa; Q@ &=t TP b V) gy
r t—1 ~ 7
<B [1QM QI Q3 - 2 T b Ve oy g
<E :4 1 2 ||Zi;11§:sps(b_[;t) ”2_'_”22;11‘%81/5”2 |A IP[A]
- Amin (M) t—1 t—1 ! !
[ 8 Ztill‘%sps(bil;t) 2 Ztill‘%sys 2
< S= S=
<p| <|| e
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SE l)mj(m ((m+1)p1211ax(b—6t) + ||Z§#H >]

-1
ey <<m + P El(b— b))+ (tll)QEm;mn?}) . men)
The first inequality holds by Eq (EC.4) and the assumption that the true parameter e € E. The second
inequality holds from the submultiplicative property of the spectral norm. By the definition of @, we have
Q|2 =1/+/Amin(M). The third inequality uses the definition of event A, and the fact ||z +y[|? < 2||z|*> +
2|ly||*. The fourth inequality simply uses the definition of conditional expectation. The fifth inequality uses
the assumptions that [|z||.. <1 and p; < pmax-
It has already been established using Lemma EC.1 that E[(b—b,)?] is O(1/v/1), so the first term of Eq
(EC.7) is O(1/+/1). For the second term, note that (Z,,v,) is independent of (,/,v,/) for s # s’. Furthermore,
by the first order condition of the least squares estimator, we have E[v,] =0 and E[x,1,] =0. So for each s,

E[z.vs | H. 1] =E[Z,v,] =0. Thus,

IIZSC vl ZE [CRA

1 t—1 i ,
:m;Emzs(ﬂmfachmft)H )
D3P g a5 %),

where the last step uses the fact that (z +y+ 2)? < 3(2? +y? + 2?) and ||Z,||*> < m + 1. Therefore, by Eq
(EC.7), E[lle —e:]|2,] <O(1/Vt) + O((m+1)/t) = O(1/V/t) as desired.
Dependence on m,b,b and other parameters By combining constant factors, the expected regret of

RPS algorithm over N periods can be bounded by

9 m+1
max )\min(M)

12( 2 1 £2 2 72,,2
O(b (pnlax+ )(f +U +b pnlax)(1+p

b 52 WT) +0((m+1)logT), (EC.8)

where the pre-factor in the first big O notation only contains an absolute constant. [

C.3. Proof of Theorem 2

Proof. 'We will prove that the lower bound of regret is Q(v/T) even if the model is correctly specified.

Suppose there is no model misspecification, i.e. the demand function is given by
D,(p) :aerpJFCTfEt + €.

We assume feature vector z, is ii.d. and sampled uniformly from [-1/2,1/2]™, and demand noise ¢, is
i.i.d. normal with variance 1. By the first order condition, the optimal price that any non-anticipating pricing
policy can charge at period t is p; = (a+c'x,)/(—2b).

By Lemma EC.3, we can assume without loss of generality that the seller uses a linear pricing strategy

7 at period t given by p, = S, + (U,)"z,, where S, and U, are measurable with respect to the history
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H, 1 =o0(x1,€1,...,0,_1,€_1). Denote the regret incurred by the seller at the end of T' periods as Regret(T).

By Proposition 1, we have
Regret(T) = —bE[(p; — p})?]
- _bE[(St + (Ut)T.%'t - S* - (U*)th)z]

=-b {E[(St —S*)? + ZE[(Ut,kxt,k - U;:xt,k)Q]}

:—b{E[(St—S*)2]+éZE[(Ut’k—UZ)Q]}, (EC.9)

where S* = —a/(2b), U* = —c¢/(2b), the third line follows since E[x;] =0 and =, = (2, 1,...,%;,,) has inde-

pendent entries for our particular choice of x,, and the last line is because each entry of z, has variance
1

12"

Now we use the Van Trees inequality (Gill and Levit 1995), a Bayesian version of the Cramer-Rao inequal-
ity, to lower bound the regret of any admissible policy. The proof below is a generalization of the proof
of Theorem 1 in Keskin and Zeevi (2014). Suppose the parameters 8 = (a,b,¢) belong to compact sets
©=Ax BxC, where A=[-a,a], B=[-b,—b], C={c eR™:Y7" |c,| <¢}. We can construct a prior
distribution on © with density function A which is positive on the interior and 0 on the boundary of ©. We

finish the proof by showing for any pricing policy that
E, [Regret, (T)] = (v/T),

where Regret,(T) is the regret associated with a particular (unknown) parameter 6, and E,[-] is the expec-
tation operator on parameter € under distribution A. The above result immediately implies that there exists

some parameter § with regret Q(+/T) for any pricing policy, namely
Iglag({Regretg(T)} > E, [Regret, (T)] = Q(VT).
S

Let f,(H, | 0) be the joint probability density function of history H, = (z1,p1, D1, "+, 2, s, D;) under
parameter 6 and a particular pricing policy p, = 7(H,_1,z,). By our assumption that x, is uniform and e,

is normal, we have
fi(H, | 0)= H;:lqb(Dj —a—bp,—c'x;),

where ¢ is the density function of the standard normal distribution. The Fisher information matrix of 6

given history H, is

t 1 2T D,
J J
T,(6) = Eq | Volog fi(H, |0) - (Volog fi(H, |0)"| =B | |2, 2,27 pa] | |- (EC.10)

i=1 |Pj Pj%;j P?-
Define function g(0) = [a/(2b),1,¢/(2b)]" and function S(6) = —a/(2b) = S*. Applying the multivariate
Van Trees inequality to S;, which is an estimate of S(6) based on history H,_, gives

EAlg(0)VS(©O)
Exlg(0) 7, +(0)9(0)] + ()

E\[E[(S: — 5(6))%]] =

(EC.11)
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where Z()\) is the Fisher information of # given prior A\. We have

a cT 1 a a
SO (VSO) =[5 1. 53] |50 00| = g

By Eq (EC.10) and p; = —(a+c'x;)/(2b), one can show that

t—1 T
9(0)'Z,_1(0)g(0) =Eq [Z(pj —pj)zl <Eq | (p; —p;)* =Regret,(T)] .
j=1 j=1
Substituting the equations above into Eq (EC.11), we get
2
Eilg=
EL[Eo[(S, — S(0))%] > (Eala3z) (EC.12)

~ Ea[Regret, (T)] +I(\)
Similarly, for each k=1,...,m, by letting U, () = U; = —¢;,/(2b) and applying Van Trees inequality, we get
(Ex[5])?

EAEo[(Upx — Ui(0))%]] > —. EC.13
ARl (U = OO = - [Regrety(T)] + I(A) (EC.13)
Combining (EC.9), (EC.12), (EC.13), and summing over t =1,...,T, we have
T a 2 1 m c 2
Eilgz]) + 5352 Ealits Q(mT
E, [Regretg (T)} > ZQ ( >\[4b2]) 12 Zkfl NA[4b2D _ (m ) _ )
— E,[Regret, (T)] + I(\) Ex[Regret, (T)] + I(\)
Note that I (M) is a constant independent of T'. Consequently, we have
I(\)
Ex[Regret, (T)] > /T) - —= = QWT). O
C.4. Proof of Theorem 3.
Proof.  In the following, let p; , := —%Cb/‘”. We can decompose the regret into the loss due to imperfect
knowledge of the true demand model, and the loss due to price experimentation, namely
T
Regret(T) = Y E[p; D(p})] ~ E[p.D.(p.)]
t=1
T
= Z Elp; D:(p;)] — E[py,: De(pg,0)] + E[pg e Di(pg,0)] — Elp: D: (p:)]-
t=1
The loss from price experimentation is upper bounded by
T T
ZE[Pg,tDt(pg,tﬂ — E[p:D:(p:)] = _bZE[AP?]
t=1 t=1
T
= _bZE[(qlt - Qit—l)(qit+1 - Qit)t_l/s]
t=1
< 3b62T2/3.
where the last line uses the assumption that ¢; —¢;,_1 <6 fori=1,..., N — 1.
The loss from parameter estimation is upper bounded by
T
> Ep; D)) = Elpg e Di(py.)) = El0}, — (07 = p7.) De (05 — (0 = 97.)] = Elpee Di(py)]  (EC.14)
t=1
< KE[p; . —pi + 00w —Peoll (EC.15)

< K(E[p;, —pi | + E[lp} , — peoll)
<2KEl|p; ., — Pigll-



ecl2 e-companion to Nambiar, Wang and Simchi-Levi: Dynamic Learning and Pricing with Model Misspecification

The first line, (EC.14), follows from the fact that

Elp; Di(p})] = El(p; .., + (0 — pi.)De(pr., + (07 — 07, = El(0; ., — (07 —0}..) De(p . — (p7 — P7.0)]5

by the symmetry of the function p ~ E[pD,(p)] around its maximizer p = p; . The second line, (EC.15),
follows from the mean value theorem since E[pD,(p)] is a differentiable function of p. By the mean value

theorem, we have, for any p1,ps € {q1,...,qn}, that

|E[p1D,(p1)] —E[p2D:(p2)]| <  max | | < 20b|pmax + f,

dpD(p)
p€{q1,...an} dp
thus (EC.15) follows by setting K = 2|b|pmax + f. Finally, the third line follows from the triangle inequality,
and the last line follows from the fact that |p;, —p;| < |p;, — il since p; = argminge(q, ... qny P70 — 4l

It remains to bound E[|p; ., — p.,¢|]. Since E[|p;u — Pegll <A/E[lp}, —pegl?], we can then bound E[‘P:,u —

Di.o|?] using the same argument made in the proof of Theorem 1, giving an upper bound of

m—+1

(m + DpacBI(b = b)*] + O(—

8
Amin (M) )

Lemma EC.1 can be applied to bound the term E[(b— l;t)z]. Then, using the identity /z +y+2 < /x +
VY ++/z for x,y,2> 0, we can bound E[[p] , — p;4|] with

13 pmax(f+0’+bpmax) ymtl +O(\/7m+1)
5\/ mln t1/3 t—1

Dependence on m,b,b and other parameters By combining constant factors, the expected regret of

the RPS algorithm over T" periods can be bounded by

pmax(.]?+0+6pma><) 2/3
O<(|blpmax+f NI Vm+1T >+O< (m+1)T),

where the pre-factor in the first big O notation only contains an absolute constant. [

C.5. Proof of Proposition 2

Proof. Consider the optimization problem

T T
. . a+vyx a+vy'x
max >~ Blp; Di(p))| {1, r)] = max§j ” b5 5 + )
=1

It is easy to see that for any optimal solution (a*,5*,v*), (a* 3 b b,y ﬁ,‘) is another optimal solution. Thus,

setting 8 = b, we have the equivalent optimization problem

max Y (97w (2f (2) = (a+97w,)).

t=1
Finally, note that

T T

argm’axz a+y'a)(2f () — (@+vTz,)) = —argminZ(f(xt)—(a+7T:L't))2,

t=1 t=1

which proves Proposition 2. [
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C.6. Proof of Theorem 4.

Proof. We decompose the regret as

T

Regret(T) =Y Elp; D(p;)] — E[p. D(p.)]

t

Il
A

B

El[p; D(p;)] — Elpg . D(p.,)]

+E[py  D(Py)] = Elpg: D(pg,)] + Elpg.e D(pg.0)] = Elpe D (pe)]-

Il
-

Following the proof of the regret bound in the IID setting, the quantity in the final line is upper bounded by

b6 1
2 207 1 L 2ps2Ts
QZM _QZ t1/3—2b6T
To bound the difference between the oracle’s revenue and the revenue earned by the greedy prices, we let
y. =D, —bp, = f(x,)+ €. Let y, =D, — Btpt. Let e, = (ay,¢;) and let e, = (a,,c,) denote the parameters of
the clairvoyant’s demand model conditional on the realization {z1,...,zr}. Let E, denote the expectation

conditional on a realization {z1,...,zr}, namely
E,[|=E[|z; for t=1...T].

By rewriting the demands and prices in terms of y, and y; we have

> Elp;D(p;)] - Elp, Di(pt,)] T ZE (/& —y))* = (er 2 — ;)] (EC.16)
+‘—,§|E[Ez[<ng>2<b2—bf>n. (BC.17)
+ﬁE[EJ[<yt y)(eTF — T2, (BC.18)
+ ‘—;E[Ez ety (b — )] (EC.19)

First, we will bound (EC.16). Define M, = I,,,41 +>.._, #,@.. The closed form expression for the estimator
e, at period ¢ is (M,) (31 llysxg) Expanding the expressions for e, in (EC.16), we see that most of the

terms in the expansion are telescoping, giving

T T
> Eul(ef @ —yy)? = (end —yy)? = > Eu[(y;)a] M, '3, (EC.20)
t=1 t=1
+Eq[lle. — e1||2 (€x — eT+1)TMT(€x —ert1)] (EC.21)
+E.[(e131)? + (e]T741)°] (EC.22)

- Z Eo(e/ 1 841) 28 M By — (e Brga)” — (e,31)%).
t=1

Since e; = (I +7,2])7*-0=0, |le, —e1||> = ||e.||*. Then since M, is positive semi-definite for all ¢, (EC.21)
is upper bounded by |e,||? <a? + ¢*. Since e; =0 and zr4; can be set to 0, (EC.22) is 0. The final line is
upper bounded by 0.
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Finally, to bound Eq (EC.20), we can write

B, [(f(z) + e+ (b—b)p,) & M &)

p”qﬂ

ZE [(y)2&] M &,

o
Il
A

Me

(202 + 2% +4b%p2, )& M %,

o
Il
-

The second line follows from the fact that €, is independent of the other terms and that it is mean 0 and

variance o2. We also use the boundedness of f, b, and p,. Finally, using the identity

det(X)
T » Ty—1 —
v (Etar) e det(X + zaT)
for any matrix 3, we have
T
_ _ det(M, )
2 2 2 2 Z 2 472 Z t—1
(20 +2f +4b pmax — t 20 +2f +4b pmax 1 det Mt

m—+1

< (207 + 27 +46%ph,) D log(1+ Ay,

where the \;s are the eigenvalues of 3°;_, #,4]. The sum of the \;s is at most 7 - max, ||Z,||?, which in turn
is at most v/m + 17. Thus the last line is O((m+1) -log(T(m +1))). Then (EC.16) does not dominate the
regret bound.

Now we will bound Eq (EC.17). Using the definition p} , = — <% and the fact that |b;| > b gives

B, [(p2,)2 (6% — §2)] < %E (€772 (62 — b2)]
< SBT3 4 (L2)) (0 - 7))
< %((252)Ez[(efjt —eT7,)% + (a+¢)E, [b* — b2)). (EC.23)

The second line follows from the identity (z + y)? < 222 + 2y2. The third line follows from the fact that
b% + B? < 2b% due to the assumptions on b and the projection step in the algorithm, as well as from the

assumptions on e,. Now, to bound E,[(ef'Z, — eZZ,)?] in Eq (EC.23), note that we have

Z E.[(ef &, —efi,)%] = Z E.[(ef @ —y)? — (el T —y)°]- (EC.24)

This is because

=

T
S B F - y)? — (€FF - )] = > Bul(el & — €7 5)%) + Eul(eX & — y)FT (e — )]
t=1

t=1

I
NE

Eo[(ed @ — e 2)°] + Eul(ez @0 — )T/ (e — €2)]
1

o~
Il

[M]=

EZ[(etTi't - efjt)Q],

t=1

where the second line follows from the fact that y, = f(x;) + ¢, and E,[e;] =0, ¢, independent of z,, e,, e,
and the final line follows from the first order conditions of the minimization problem Eq (10), as given by

Eq (11). Eq (EC.24) thus implies that >, E.[(eT#, — eTd,)?] is O((m + 1)log(T(m +1)).
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To bound E,[0% — b2]) in Eq (EC.23), we can write
E.[b? = b7) = E.[(b—b,)(b+ b))
< 20E, [|b— b, ]

< 2b\/E[(b, —b)?]

NP ok, 1
<8b 5 PVES

where the second line follows from our assumed bounds on b and the projection step in the algorithm, the third

line follows from Jensen’s inequality since the function z + 22 is convex, and the final line follows from Lemma
7 7 f: o b max . .
EC.1. Then, 3°7_, E,([b> —b?]) < %b7WT2/3, which dominates the O((m + 1log(T(m+ 1)) term
S E.[(ef#, —eT#,)?], and implies that Eq (EC.17) is O(T?/3).
Similar ideas can be used to bound Eq (EC.18) and (EC.19). For Eq (EC.18), using the identity y, —y, =
(b—b,)pe, we have

T T
ZEI[(QQ —y) (€] T — €] T1)] < 2bPmax Z E,[le] 2, — el ]
=1 t=1
T
< 2bpmax Z \/Ex [(etTji - efft)z]
t=1

T
< 2I_meaxﬁ ZEZ[(etT:Et —eT7,)?].
t=1

The first line follows from our assumption on b, and that b and p, are projections onto bounded sets. The

second line follows from using Jensen’s inequality again, and the final step follows from the Cauchy-Schwarz

theorem. Then, applying Eq (EC.24) again, we see that Eq (EC.18) is O(y/(m + 1)Tlog(T(m + 1))).
Finally, each term of Eq (EC.19) can be written as

E, [ytng (Bt - b)] =E, [f(xt)p:,g(gt - b)]

f T ~, 7
< @Ex[(et z;)(b; — b)]

f T =, T~ \(] T~ \(]
= @Ew[(et Ty —e &) (b —b)+ (e' T,) (b, — b))
< L (@BE[ler 5, — ")+ @+ DE. 1B — b]).

2b
The second line follows from the definition of y, and the fact that E[e,] =0 and ¢, is independent from pj,
and b,. The final line follows from our assumption on b, and that b and p; are projections onto bounded
sets. We have already shown that 37| E[|ef &, — e"#,|] is O((m+ 1log(T(m+1)), and that Y1 B, [|b, —b|]
is O(T?/3). Then Eq (EC.19) is O(T?/?), which implies that the RPS algorithm is O(7?/3) as well, thus
concluding the proof.

Dependence on m,a,b,¢é and other parameters By combining constant factors, the expected regret
of the RPS algorithm over T" periods can be bounded by

- 5172 £2 2 1 Hh2.2 _
O <b62+ (G—ZC) \/f +0'5+b Pmax ((a—i—c)b—i—ll)) T2/3>

+0 (\/(m 1) Tlog(T(m+1)) + (m+ 1) log(T(m + 1)))

where the pre-factor in the first big O notation only contains an absolute constant. [
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C.7. Lemmas
LEMMA EC.1 (Bound on b,). E[(b, — b)2] can be bounded as follows:
o When Algorithm 1 is applied to the IID setting, for t >4, we have
o+ pha 1
0?2 Vi
o When Algorithm 2 is applied to the price ladder setting, for t > 2, we have
. N T

E[(b, — b)*] < 12-

E[(b, —b)?] <4 7 R
o When Algorithm 3 is applied to the non IID setting, for t >4 we have
2 2 72,2
7 2 f +o0°+ b Phax 1
E[(b; —b)*] <12- 52 s

Proof. Define the constant a; such that

in the IID setting,
in the price ladder setting,
in the non IID setting.

] =

[ RN TN

We will first consider the ITD and non IID settings, where prices are drawn from continuous price

intervals at each time period. Using the definitions of b, in Algorithms 1 and 3, b, = Proj(lA)ﬁ,B), where

ju — Liz1ApDs
=

STAe Since the true parameter b € B, we have

E[(b, —b)?] < E[(B“ —b)?]

2
_E >l Ap.D 2 ApDs
Zs lAps

2
:E Z Aps ( >+€ +bpg,s+bAps) —b
Ze lAps

97

l=msne )+t b,
S Ap?

o
(= s e,
= thll %872041

—2a1

In the last equality, we used the fact that Ap? =
Note that Ap,’s for all s are mutually 1ndependent, independent of z,, and have mean 0, so

. (Z L Ap(f (xt)+es+bpg,s)>2 lz p2(f (s )+es+bpg,s)21
(>

t=1 42 24,2
s=14°5 )

(04h Ssm2e)?
72, 2 72,2
1
<12. [f+o (;-b Pinax | ST (EC.25)
s=1 §To

<E sz 3AP (/@) + € +b2p3,j>]

—2a1

We used the fact that (x+y+2)? < 3(2%+y?+22). In the last step, we used the definition that Ap? =
and the assumption that f(z,),b,p, s are bounded.
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Now consider the price ladder setting. Using the definitions of b, in Algorithm 2, b, = Proj(lajj, B), where

I;u _ Zi;i ApsDg
= —— —
t EICIR —ai,_1)(ai g —ai)s 21

. Since the true parameter b € B, we have

E[(b, — b)?] <E[(b! —1)?]

t—1 2
. E Zs:l AZJSDS o b
- -1
Zi 1(qls - q’LS—l)(qis-Fl - qis)872a1

2
k <Z L Op.(/ (@ s>+es+bpg,s+bAps)_b>

1
Zi:l (qls —Gig_,y ) (qis+1 —di, )872061

1
(@ = G )G, — )T

=k _< Zs 1Ap5( ( S)+€s+bpg,s) )2
>

The last line follows from the fact that E[Ap?|py. =q;,] = (@i, — @i, ) (@i, — @)™

As before, Ap,’s for all s are mutually independent, independent of x, and have mean 0, so

. ( T Ap(f (@) o+ by ) .
=

s;l(qis i, )(qis+1 - qis)s_Qal

STV AR (f(w.) + e+ bpy.)? 1

(Zi;ll (qzs —Gi,_4 )(qis+1 — QiS)S_QO‘l)Q

S 3APA(f(x,)? + & 4+ 022 ) 1

IN

E

(Zz;ll (@i, = @i )Gy — qi)572%1)2

P40+ 0P
~1
Zi 1(qi _qisfl)(qis+1_q%)8_2al
f2+o + D22 o 1
8 7 S

We used the fact that (z +y + 2)? < 3(2? + y? + 22). The second to last step uses the definition that

<3-E

(EC.26)

E[AP?|py: = ai.] = (¢, — iy )@y — @i, )s 2™, and the assumption that f(x,),b,p, . are bounded. The last
step uses the assumption that ¢; —q;_1 >d fori=1,...,N +1.
Now for the ITD, non IID and price ladder settings,
t—1

t
1
—2aq > 72a1d — t172a1_1
> s /y y iy = g );

s=1 =1

and we have for ¢t >4 that

1
ErET

Substituting (EC.27) into (EC.25) and (EC.26) respectively, we prove the lemma in the IID, price ladder

<2(1 — 20 )21, (EC.27)

and non IID settings. [

LemMA EC.2 (Bound on |QM;'Q|2). Let M = E[iz"], V = E[(Q'#3'Q"' — I)?] and M, =
D L 2,&1. For any t >2, M, is invertible and ||QM; Q|2 < 2 with probability at least

3Amin (M) (t—1) )
2 min (M) [V ]2+ 8(m+1) )

1—2(m+1)exp (
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Proof. F¥or any s =1,...,t — 1, we have E[I — Q 'Z,2TQ~'] = 0, where I is the identity matrix. In
addition, for an arbitrary matrix A, it holds that ||Al|2 <||A||r, so by [|Zs|lee <1, we have

)‘maX(I Q 1~ r )<HI Q 1~ -er71||2
<NQM2llM — 2.2 [|2|Q 7|2

<11Q al|M — &7 Q 1\\2
;. ' B 2(m+1)
S onan 2mty Amm(M) = N (M)

Note that we used the submultiplicative property of the spectral norm. Since {Z.} are independent and

identically distributed, we apply the matrix Bernstein bound (Lemma EC.4) with o= (¢ —1)/2 to yield

[ -Q'EEQ 1 /2
P [Amax (Z — ) > 2] < (m+1)exp <‘ [t = 1)V ]2 +2(m+ 1)t/(3Amm(M))>

- BAmin (M) (t — 1) )
242 min (M)[|V'[|2 +8(m +1)

=(m+1)exp <

By an identical argument, we also have

—I-Q'#iTQ ') 1 3Amin (M) (t — 1)
P[A“”X(_Z t-1 >>2]S(m“)exp<‘24Amm<M>||vn2+8<m+1>)'

Thus we have

Pl - @ MQ s > 5] = Flmax(Amas (T~ @ MQ ™) Amen( @ MQ " — 1)} > ]

<2+ Dewp (g T )

We can write Q *M,Q ' =T+ (Q 'M,Q~' —I), then by Weyl’s inequality,

(EC.28)

)\min(QilMtQil) 2 )\mln(-[) + )\min(QilMtQil - I)
>1- QT M,Q ™" — 1|5

By Eq (EC.28), with probability at least

1—-2(m+1)exp (— BAmin(M)(t —1) )

24)\min(M)||V||2+8(m+1)

we have Amn(Q'MQ7Y) > 1/2. Since QM,Q ' = Q1E=1BE -1 s positive semidefinite,
Amin (Q71M,Q~1) > 0 implies that it is invertible. Then

1

JoMQl = Qg =*

This proves the lemma. O

LemMMmA EC.3 (Optimal Policy Structure for Linear Demand). Suppose the true demand function
is linear, given by

D,(p)=a+bp+c'z, +e

Then, it is optimal for the seller to use a linear pricing policy of the form p, = S, + (U,)"x,, where S, and

U, are measurable with respect to H,_1.
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Proof. Suppose the seller uses a pricing policy 7(H,_1,2,) =7, (x;) at period ¢, where function 7, (-) is
measurable with respect to ¢ and could be nonlinear. We denote by I~E[] the conditional expectation operator

E[- | H;_1]. Let S and U be the optimal solution of the following least squares problem:

max E [(m(xt) —5— uTxt)Q} )

seR,ucR™

Clearly, S and U are measurable with respect to H,_1. By the first order condition, the optimal solution
(S,U) satisfies

B[ (z,) =S —U"z,]=0, E (@, (my(x) =S —U"m,)] =0. (EC.29)
Now, let us compare the conditional expected revenue of price m,(z;) and price S+ U"z,. We have
7o (2) Dy (e () — (S +UTa,) Dy (S + UTxt)]
() - (a + by () + 'y
(m, (xt)) —(S+U"x, }
(

0’

E
—b {E [(mo(z,) — S — U%f] 2R [(S+ Uz, (m() — S —UTa,)] } (EC.31)
E 0

)= (S+Uz)(a+b-(S+U'z,)+c'z,)]
+E [(a+c"x,)(m(z) =S —U'a,)] (EC.30)

\_/\_/

The second term of Eq (EC.30) and the second term of Eq (EC.31) are both zero because of the first order
condition Eq (EC.29). In the last step, recall that the price sensitivity parameter b < 0.

By taking the expectation over history #H; 1, we have
E [ﬂ't(xt)Dt(ﬂ't(iEt)) —(S4U"x,)D,(S + UTxt)] <0,
so if p, = m,(x,) is a nonlinear pricing policy, it is dominated by a linear pricing policy p; =S+ UTz,. O

LEMMA EC.4 (Matrix Bernstein bound, Tropp (2012)). Consider a finite sequence X, of indepen-

dent, random, self-adjoint matrices with dimension d. Assume that each random matriz satisfies
E[X.] =0 and Auax(Xy) < R almost surely,

then for all t >0,

_t2/2 2 2
P l)\max(;Xk)N} <dexp <02+Rt/3> where 0= = II%:E[X;C]IIz
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