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Electronic Companions to “The Economics of Line-Sitting”

EC.1. Auxiliary Results

ProrosiTiON EC.1.1. In the FIFO benchmark, customers join the system if and only if their

hourly waiting cost ¢ is less than a cost threshold cF1F9, i.e., ¢ < cFTFO where

= ; R-B-1.
CFIFO:{C’ @fpé E )

R
¢(R—B) R—E—
(R—B)p+1’ fp> "R-B

The service provider’s revenue IIF1FC s given by

[FIro _ {ch AB,  ifp< ?B ;

iy
—B—1.
cpB- ma pr> 5

and customer welfare CWFIFO s given by

- (_R 1 : R—B-1.
CWFIFO _ cp (RfB* —p)) Vi P s THE
N w if p> R-B-1

T aysik P> "7 g

LEMmA EC.1.1. Given the hourly line-sitting rate r € (0,¢), the customer equilibrium is char-

acterized by c¢*° as follows:

(1) if p> Eﬁ?él cif r < cF1FO | line-sitting activities exist and

o (14 E+R=B)p— /1 +(E+R- Bl —4(R-B)p
2p

otherwise, line-sitting activities do not exist and some customers balk, and ¢ = cF1FO;

(2) if p< %: there are no balking customers and c® = cF'1F0 =,

ProprosITION EC.1.2. In the line-sitting model, under the optimal hourly rate rv* of the line-

sitting firm, the service provider’s revenue II*S and customer welfare CW'S are as follows:

(1) if p<1,

; (R-B)>-1.,
s ch AB, if p< ==
B —LB ifp> > (B=B)’-1
P VE-B)p+1’ R-B

- (B T 4— 2(§ B-1) .

cp (R_B s(1 pp)) Uy =

o) R-B R-B)%-1
oW gc R-B-120-0)+4], e = Sy Y

_ (R-B)(R-B)pt1-1 2/(R-B)p+1-(B-B)p ifp> (B B)2—1
2p

V(R-B)p+1 -B
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(2) if p>1, B .
-~ B.__R-B 541 .
Ies — C/iB V (RB-B)p+1’ fp—z(R B)’
¢B=uB, if p> 28%;1%) )
e (R—B)[/(E=B)p+1-1] 21/ (R=B)p+1—-(R—-B)p if VL
Cowks = P vV (R-B)p+1 2p P 2(R-B)’
5c/p, if p> 555

LeEmMMA EC.1.2. Given priority premium P (and P = uP/¢), the customer equilibrium is char-

acterized by (P PR as follows:
R—B-1. e*(R-B)* PRI _ P PRI _ _eR-B) . ‘
(1) if p> == if P< u[(§—§)9+1]2’ ¢ = B Fc)(ﬁ 55T and ¢, = A Bl otherwise,
PRI — PRI — cFIFO "4 e the system degenerates to the FIFO case;
(2) if p< = BBl B Liif P< CPA, PRl = 7;?(;(1”)/))] and cE® =¢; otherwise, ¢Vl = cPRI = F1FO =¢,

, the system degenerates to the FIFO case without balking.

ProrosiTioN EC.1.3. In the priority purchasing scheme, the unique priority premium that

mazximaizes the service provider’s revenue is given by

2p(1-T=p) , FoB1.

. e =55
=Y = /p_ 2 B-Bp+l-/(R-B)p+1 - R-B-1
Cp(R_ B) < wl(B—B)p+1]2 ) ) pr > "R-B °

ProrosiTiON EC.1.4. In the priority model, under the service provider’s optimal priority pre-

mium P*, the service provider’s revenue is given by

e (=2 | B BB,
o [ (524 B), fo<iEa
) =B B E-B+(E-B)p+1|E—2(R-B)\/(R—B)p+1
colii=B)- (- B)pt 12 o>

and customer welfare is given by

_ (B B A-vI=p? 2-yI—p R-B-1

coprnn _ ) P B - ) i < PR
) =72 V(E-Bpti-1/2 - —B-1
p(B=B) S if p> TR0

ProprosiTION EC.1.5. The optimal basic fees for the different schemes are given as follows:

C<R—VR”T“) sy if (1= p)VRp+1<1;
dﬁ—ﬁ)/ﬂ, if (1—p)VRp+1>1.

E@*ﬁ“)/u, if p>1 and R— B, > Y2+,

2p 2p 7

B =< z(R_ ervar4>/,u,2fp<1 and R — Bazi”?“p;

BFIFO —

¢-min{B,, R —1}/u, otherwise.
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BPRI _ 7<§_L>//~l/v if p<1and R— By > 1=,
¢-min{ By, R —1}/u, otherwise

_ 4 5Rp—\/ 16+16R R2p2
where B +5Rp + p+R p

6p

(R—B)\/(R—B)p+1[(R—B)p+4] =R+ (Rp+2)(R— B).

EC.2. Proofs
We define additional notation R;, Ry, Rs in Table EC.2.1 that will be used throughout the proofs.
It is easy to verify Ry < R, < Rj.

and By, is the unique solution of B to the following equation

Table EC.2.1 Additional Notation Used in the Proofs.

Symbol  Description Value

n R -B = — 2
Ry solves p:% Rl—B_|_”+\/7”+4
R _ 2R -1) 5

Rs solves p—% ]~23:B_|_E

Proof of Proposition EC.1.1 Tt is clear from (1) that the equilibrium is a threshold type, i.e.,

there exists a ¢/'F9 <€ so that customers join the system if and only if ¢ < c7¥9. Furthermore,

cF1FO is uniquely determined b % = R — B subject to ¢TF° <¢. It follows that if p >
quely Y heFTFOTS j p
Eﬁ?él, we have cFIFO = ZB-B)_ (Otherwise, cF1FO =, i.e., all customers will join the system.

(R—B)p+1°
The service provider’s revenue is given by IF1FO = BAFIFO — BACFIFO /& and customer welfare

by

CFIFO

FIFO FIFO(,\ /= FIFO /= 1 chro
cw :A/O U (¢)/edc=Ac /C<R—B—HACFIFO/C~ 5 >
The results follow from plugging ¢ into the expressions of II*'/F© and CWFIFO, O

Proof of Lemma EC.1.1 For a given r, we consider the following two cases.

(1) If p > E= Bﬁl. if r> cF1FO = %, there will be no customers using a line-sitter in

equilibrium, and the system degenerates to the FIFO case, so c¢*® = cTFO If y < I'TFO

, a frac-
tion of customers will use a line-sitter. In particular, if p <1 and U*¥(¢) > 0, all customers will

join the system, so ¢ =¢ > f'TFO. Otherwise, ¢° is uniquely determined by UZL¥(cES) =0,
s (1+<z+R—B>p—\/[1+(2+R—B>pJ2—4<R—B>p

which leads to ¢® =¢ . Note that ¢ can be rewritten as

2p
= 2(R—B)e R T : s FIFO _ _€(R—B)
C <1+(2+R3)p+\/[1+(g+RB)p]24(RB)p>’ which is strictly decreasing in r <c = FE Bl By
plugging r = cF1FO into ¢, we have c|,_.riro = cF''FO  which implies that ¢ > cFTFO for all
r < cFIro,

(2) If p< Eéi%l, we have UL9(¢) > 0 for all r € (0,¢), and all customers will join the system,

ie., ct¥=¢. O
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Proof of Proposition 1 First, consider the case where there exist, in equilibrium, both cus-

tomers who purchase line-sitting and customers who balk. By Lemma EC.1.1, we have c&5(r) =
z <1+(Z+RB),O\/[1+(£+R3)p]24(RB)p

2 , which is decreasing in 7. Because ¢ needs to be greater

than 7, we must have r <7 for some unique threshold 7 which is the solution of r to c¢X%(r) =r. It

—_ (R-B)e
follows that 7 = FBpri’

Recall from (3) that the revenue (rate) of the line-sitting firm in equilibrium is

’I‘A(CLS—T) cLSA/E _ AchS(cLS—T)r

so the firm’s objective is equivalent to maximizing S%(r) :=

T a(u—cISAR) . SEulu—(cIS/DA]’
LS L R-B)p— L 1R-B)p|2—4(R—B .
LU0 gver 1 e [0,7] with ¢b(r) = C<1+<C+R B)o \/[1+é;+R B)ol® (R B>p>7 that is,

max,.c o7 S (r) with

(14 +R-Bo= i+ G+ R-B) AR B)p) (1+(R-B = 2yp—\/IL+ (4 R= Byl — (- Bp)

re?

SLS(r) =

2p? 1-(£+R-B)p+ \/[1+(§+§—§)p}2—4(§—§)p

Notice that in equilibrium, we must have 1 — (¢&(r)/¢)p > 0 to ensure system stability. r <
ctS(r) (& r < 7) further gives S¥9(r) > 0 for all r € (0,7). Because S¥9(0) = SL9(F) = 0 and
SL9(r) is continuous, we can solve for the unique maximizer 7 € (0,7) by setting the first-order

condition (FOC) of SL9(r) with respect to r equal to zero. We obtain three roots: r; =0, 7, =

2(R—B)p+1]y/ (R—B)p+1—[(R—B)p+1]? 2(R—B)p+1]y/ (R—B)p+1+[(R—B)p+1]? <0 Ol'lly -

[(R—B)p+1]p [((R=B)p+1]p
is valid because r; and 73 are not in (0,7), and thus can be omitted. Thus, it follows that

and rg3 =

oo 2(R-B)p+1/(R—B)p+1—[(R—B)p+1]? e mT)

@B+ 1l N

Letz=+/(R—B)p+1>1, Wehaver<cLs<:>(2"” ;é)p”” ! <z _1@2:3 —1—2?<z?2< 2 >1. Thus
we have 7 < ¢l for all /(R — B)p+ 1> 1. On the other hand, Notice that 7 > 0 < (222 — 1)z —2* >
022 —23 21—x2@x2—x—1§0@x<@. That is, # > 0 if and only ifﬁ—?g‘fg—:l.

Therefore, for ¢“S(r) :c<1+<z+R—B>p—\/u+( +R—B)P]2—4(R—B)P>

al

(EC.2.1)

o3

2 and r € [0,7], the maximum of

SLS(r) can be attained at ¥ when R — B < ‘/25:;1. That is, S%(r) increases in 7 <7 and decreases

in r > 7. Building on the above properties, we will prove the different cases in Proposition 1 as
follows.
When p <1,

e Case (1):

(i) If1/(1-p)<R-B,ie, p< E%_Egl, all customers will join the system in equilibrium even

if the line-sitting service is not provided, i.e., ¢/¥ =¢ and AL = A. The revenue of the line-sitting

firm can be simplified to S¥%(r) = C(LJ which is maximized at r* =¢/2.

(i) If (p/2)/(1—p)+1<R—B<1/(1—p), ie, L2 < p< %, all customers will join

the system in equilibrium if the hourly line-sitting rate r is set at £. As such, r* =¢/2 continues
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LS/ .LS
to be optimal because S¥%(r) = [1((:2/1‘7’9/_(/7.) obtains its theoretical upper bound when r =¢/2 and
Ae = A (i.e., maximum p). Combining (i) and (ii), we can conclude that for p < %, we always

have r* =¢/2 and ¢'¥ =¢.

e Case (2): If p7/[c(1—p)]+1<R—B < (p/2)/(1—p)+1, ie. @<p<mm{m B) =

' 2(R—B)—1
which combines both Case (2)-a and Case (2)-b, the feasible region is nonempty because % <
— —~ = R B o, 2B (R B)’-
land R—B>1=2(R—B)>>R- B+1<:>2(R 55 < s ©ammoa < 75 - Because
all customers will join the system with 7 as pr/[¢(1 — )] +1< R— B, the optlmal price r* cannot

be smaller than 7 (this follows the same argument of the earlier proof for Case (1)-(ii)). Under

the condition of Case (2), it can be shown that all customers join the system in equilibrium if

S(R-B-1)(1—p)
p

and only if r < based on solving pr/[é(1 — p)] + 1 = R — B. Furthermore, we have 7 <

SR=B-1(p) ¢/2. When r € (0, @[)1)(1—@]7 all customers join the system, so S“°(r) reduces to

P

c(c—r)r ¢(R—B—1)(1—p)

1—p P

decreases in r € (7,¢) when there are balking and line-sitting customers. Therefore, the optimal r*
« _ 2B-B-1)(1-p)
p .

e Case (3)-a-(i): If pr/[é(1 —p)]+1>R—B, i.e., @ < p <1, which implies R— B < @

, we have already shown that S=%(r)

which is clearly increasing in r. When r >

is attained at r

R—
because (R — B)? — (R — B) — 1 <0, then we must have % <p<1< 2?*;) In this case,
customer equilibrium can be described by two thresholds 0 < 7 < ¢¥ < € such that customers
join without line-sitting, or JOln with line-sitting, or balk when ¢ <7, or ¢ € (7,c¥], or ¢ > &5
respectively, where 7 and ¢° are given in (EC.2.1). We have 7* =7 and )\, = %.
When p > 1, there must exist some balking customers in equilibrium.

e Case (3)-a-(ii): I % <p, ie,1<p< 2(\§+119 , which implies R — B < \/5;17 then we
have =B -1 ) l<1<p< 2(‘;:*];) From (EC.2.1), r* = is indeed the optimal solution.

Comblmng Case (3)-a-(i) and Case (3)-a-(ii) gives Case (3)-a in Proposition 1. In particular,

when R=B + @:1, ie., p= 2&;*;), r* reaches zero.

o Case (4): If \/% > 1, i.e., p>max{ 2(‘;5:%) , 1}, which combines both Case (4)-a and Case

(4)-b in Proposition 1, we continue to have r* = 0 because a negative rate is certainly not optimal

(5 fe)pr L5 2)pr
o EA=p(eL /) T S =R-Be lin Sl = R-B -

(RHS) to have a finite positive number, the denommator

In equlhbrlum we must have hm

of the left-hand-side (LHS) must approach zero as r — 0, which implies that ¢/ =¢/p. It follows
that AL = cl9A /e = p. O

Proof of Corollary 1 We consider three cases based on the different forms of r* in Table 2 of

Proposition 1.
Case (2) of Proposition 1: if p € (%,min{1 (R&RB)B)_l}:| we have dr*/dp =7¢[l — (R —

B)]/p* <0 for R— B> 1. On the other hand, we have d((ct® —r*)/ct%)/dp=(R— B —1)/p*>0
for R— B >1.
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Case (3) of Proposition 1: if p (w(ﬁji%) L 2(%5:%)}, we have dr*/dp = —%, where

=4/(R—B)p+1>1. It is immediate that dr*/dp <0 for all z > 1. Also, we have d((c*® —
r*)/cES) Jdp = % >0, where z=+/(R—B)p+1>1.

Other cases of Proposition 1: 7* and (¢“¥ —r*)/c"¥ are both constant in p.

Therefore, r* is weakly decreasing in p € (0,00), and (¢*® —r*)/c"S is weakly increasing in

p € (0,00). O

Proof of Proposition EC.1.2 Given B, the service provider’s revenue is given by 11?5 = \:5B =
(Act9 Je) - (Bé/p) = AcP® B/, and customer welfare by

/0 " UFIFO () fede + / . U5 () /cdc]

Acts Acts ( riAcks cls +T> kS — 72
1(

== ([B-B)-— Gi—AS) 2

CWHE = A

The results of Proposition EC.1.2 follow from plugging 7* and c¢%® from Proposition 1 into IT*%
and CWES, O

Proof of Theorem 1 Based on the expressions of II/FY and II*® in Propositions EC.1.1 and

EC.1.2, we consider the following five cases.

e When p <1,
() Ifp< E§?§17 we have I171FO =T1*5 =¢pB.
(2) It §*§*1<p<@ we have ITFF0 =¢pB - %<EP?ZHLS'
(3})1 f%<p, we have I[T77F0 =¢pB - #<cp3 \/%:HLS.
e When p > 1,

(4) If p< 2BEL we have IIF1FO =¢pB . D) o eBE-B) _ LS,

— 2(R—B)’ (R B)p+1 v (R-B)p+1
(R-B 5
(5)If p> g*%) we have 17170 =¢pB - m<0B. O

Proof of Theorem 2 Based on the expressions of CWFF9 and CWES in Propositions EC.1.1
and EC.1.2, we consider six cases in total, four for p <1 and two cases for p > 1.
e When p <1,
E-B-1 :, P~>D FIFO _ = (] 1 (B _ B 4\ _
(1) If p< =", i.e., R> R3, we have CW cp(R—B—m><cp(R—B—8(1_pp)>—
CWLS

(2) If Rﬁ = <p_2(:%g)li,ie., R, < R < Rs, we have

NCWFIFO - CWEs) ([(R—B)p—i— 2)(1 —2p) — 2)
OR - S[(R—B)p+ 1)? '
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(i) If 20— 1> 0, we have [(R— B)p+2](1—2p) —2 < 0, which implies that a(CWFIZC;_CWLS) <0.
(ii) If 2p—1 < 0, because R— B < 1/(1—p), we have [(R—B)p+2](1-2p) -2 < (& ~+2)(1-2p)—

O S
2= 2290 () which also implies aewro _owr?) Therefore, for case (2), CWFIFO —CWHkEs

1—p OR
is decreasing in R € [Ry, R3). Furthermore, at R = Rs, we have CW"S|5_5, = E;éfjg > 8(?_%) =
CWHIFO g 5. At R= Ry, CW S| g, > CWHFOlp_4 <:>Cp2W <0e3(p-1)2<le

p< % Therefore, if p < 3*3\/5, we always have CWLS > CWHIFO,
3-V3
If p> 33 et

R, apy T 12+8= V' +8p(p* —2p+2)
8(p—1)(2p—1)
denote the unique R value such that CW"5|z_g = CWFFO|5_5 . Thus, CWFFO < CW*¥ if and
only if R > Ry.
(3) I 2520 < p < BB e Ry <R< Ry,

€ [Ry, Rs)

8(C’WF1FO—CWLS)_C< (R-B)? (R_B_1)2(1—p)+p>
OR ~ P\ AR B+ 1] 20

and 2 CWFIFO cwhts _ - ((Eﬁ)p[(ﬁf?)?f+3®§>p+31<p71>+<2p71>

=ap S
oR” pl(R—B)p+1] o
B)p((R — B)?p* +3(R— B)p+3)(p—1) + (2p — 1) is decreasing in R and the denominator

a(CWFIFO _cyyLs)

). Because the numerator (R—

p[(R— B)p+ 1]? is positive, we know that is unimodal in R € [R;, R,). However,

OR
aCwFIFO_cwls), _ — 2(R-B)°~2(R,~B)"~ (R, ~B)*+R,~B+1 o(cwFIFO_cwlsy
B OR ‘R:Rl _fp = 2(R11 B)3(1+R11 —B) ! >0 and OR ‘R:RQ -
cp2Uiz=E B _(zggi B; +f§R2 B)=1 > 0 because 225 — 224 — 23 —|—x1 +1 for z; ;= R, — B>1 and 23 —
FIFO
212 4 2x5 — 1 for zy := R, — B > 1. Therefore, o(CeW 55 —cw’ ) >0 for Re [Rl, Rz). Furthermore,
J— J— J— J— J— 2 J—

recall that (Ry — B)* — (R — B)p—1=0, i.e.,, Ry = 7”)% + B, so (CWFHFO — CW*)|g_g, =

&R -B-1)*(B1-B)’~(R1-B)-1] _ &R -B-1)*(R-B)’~(Ri— )P 1 _ FIFO
2H ) < ) = 0, which implies CW =z, <

CW*S|5_g,. We still can have CWFIFO|§:§2 < COWHs g g, or CWHFHO g 5 > CWH|gig,. It
can be shown (similar to Case (2)) that if p < 252, we always have CWHIFO s 5 < CWH |4z,
and in this case CWFTFO < CWES for Re [Ry, Ry). If p > %, let

20 =14+ 4p* +1
2p

R,2 B+ € (R, R,]

denote the unique R value such that CW 9|z _p = CWE |5 g . Thus, CWLS > CWHIFO jf
and only if R < R,.
(4) If % <p<l,ie., R<Ry, in this case, we have
O2(CWFIFO _ L) 3(R—B)p*[(R—B)p+2]y/(R—B)p+1+4(1-2p)

—2 =cp = 3
OR 4[(R—B)p+1]
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Because the numerator 3(R — B)p?[(R— B)p+2]\/(R—B)p+1+4(1—2p)>2(3p*—4p+2)>0

2 FIFO LS
is positive and so is the denominator, we know %W g W) 0. That is, CWFIFO — CWLS

is convex in R € [B+1, Ry). Recall from Case (3) that (CWFC —CW)|z_g <0. In the mean-

time, we can show (CWFIFO — CWLS)|z 5., <0 due to the following. Let z:= /T+ p € (1,/2),
— — — <l :B2— _12 -

we have that (CWFIFO — CWES) 55, =p (2(11+p) _ \/1J1?Jprp1 2\/12+pp p> _ - 1) <% R +1) _

—=(2 2

Sz 1) <(1_x)(_x +w+1)) <0 because 1 —x <0 and —22 + 2+ 1> 0 for = € (1,v/2). Therefore,

2z z(1+x)
CWES > CWFIFO for all R€ [B+1,R,).
e When p>1,
(5) If p< 2\;;*;), ie, R—B< \/5;17 we have CWES > CWFIFO for Re [B+1,B + */g:l) and

the proof is identical to that of Case (4).

V541 T _ /B~ VBl FIFO _ (R-B)*p” = _ LS
(6) If p> sy en B— B> Y=, we have CW =C e ¢/(2p) = CW

because (R — B)p > Y5l = (R~ B)p]> ~ (R—B)p—1>0=[(R—B)p]* > (R—B)p + 1. Let

ol

R. 2B+ f“ Thus, CW S > CWFFO if and only if R < R.. In particular, when p > ‘[“
R. =B+ f“ < B+ 1. Since R > B + 1 by Assumption 1, we have CW% < CWFIFO for all
p> VBt O
Proof of Lemma EC.1.2 Recall that w;(A.,q) = m + i and wa(Ae,q) = u(u sv) + &
At any equilibrium in which some customers purchase priority, we must have P = (w, WQ)CP B
and R — B — P = wyct ! which can be transferred into
p 2( .PRI2
/IiRI = PRIp 5 )pRI 5 (EC.2.2)
ch (€= peyh)[e = p(e) ™ — cP7)]
R-B-P c+pck (1 —gq
i PRI ) =z 4 PRI( PR)I : (EC.2.3)
¢ c—pley ™ —clH)
By solving (EC.2.2)-(EC.2.3), we obtain ¢/® = — P and PR = E-5)_ T follows

ATB=P) (BT ¢ R Byl
RB L otherwise ¢/ *! =¢. ()Whenp> , we have ——— 2 _

PRI
that ¢; ' <ec&p> p[(R—B—P)(R—B)p—P]

and ¢, = (1;(1;7)311 To have a nonzero amount of priority purchasmg, we also require ¢ < /' &
2

P< ﬁ Therefore, when P < %, customers will purchase priority if and only if

c € (PRI PRI otherwise (when P > %), there will be no priority customers. (2) When

RI PRI __ =P

p< R:ijl we have ¢! =€ and all customers will join the system. By solving (w; —ws)c!

RI _ _©P(1-p)*
"~ plp—P(1-p)] o )
, otherwise (i.e., when P > l‘i—p) no customers purchase priority. O

RI

— 2
for ¢”R! we have c¥ . When ¢l <& P < -, customers will purchase priority if

and only if ¢ > ¢I'F!

Proofs of Propositions EC.1.3 and EC.1.4 The service provider’s revenue is II7% = \ (B +
qP) = (Acf'? /&) (B + qP) which, after algebraic manipulation, can be written as

e I N e gl T 5

P(p”—P(1-p)) R—B-1
Cp B+m), 1fp< =735 -

(P+B)(R-B) _ P> ) if p> E—E—l.
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Taking the derivative of II”# with respect to P gives

= - 2P E-B P*(~14Bp—Tp) ; R-B-1,
8HP13(P) _ cp( (R-B)(R-B-P)p—P] | 1-Bp+Tp | p[(RB)2p+P(1+BpRp)]2> > T
orP = ( P2(1=p)*—2P(1—p)p+s° ) E B
P ( DD ) if p< L

_ _ 2(R—B)*p : R-B-1,

2[PRI —c = 5 | <0, if p> ==
LQ(P) — p [(ﬁfB) “P((R- B)p+1)]5> HP~ R
oP _ 2(1—p)2 E B—

CP([P(l—pp)—ZP) <0, if p< 555

Based on Lemma EC.1.2, to have priority purchase, the service provider must consider P <
S_73,2 = 5 — = 5
% when p > % and P < 1’% when p < %. For each of these cases, there exists a

unique P € (0, R — B) that satisfies the FOC. P~ is given as follows.

_ (R-B)p+1]2 B

1—/I=
p(lfpp)a if p<

F* (R_E)Qp ((RB)p+1 (RB)P+1> if p> @

<RB1
—B

P* and IIP® follow from plugging P~ into P ¢/u and IIPRI(P), respectively. On the other hand,
customer welfare is given by

C(I;R[ CER[
CWPRI = A / UREG(C)/CdC—I—/ UPRI(C)/CdC]
0 ¢PRI
PR PRI PRI
= A\(R—DB)— X [wlcza PRI PRI | <w2(cb 2+c ) —|—P*> (e CfRI)/chl]

i, (B wip(cE)? wop((ef M) — (cFRN)?) P (cf R — PR
G P — b 2cPRIG 9cPRI - RI .

a c cf
The results follow from plugging ¢Z2!, ¢PR! from Lemma EC.1.2 into P . O

Proof of Theorem 38 Based on the expressions of IIF/FO TIPEL CWEFIFO and CWFEL in Propo-

sitions EC.1.1 and EC.1.4, we consider the following five cases, we consider the following two

cases.

(1) If p< ﬁ:§§1’ we have ITFIFO — TIPRI = —¢p . U=vIpl * <0 and CWFIFO _ CWPRI =
p(1—vI=p)*
2(1-p)
( ) If p > R B— 17 we have IIFIFO _ [IPRI — _

> 0.

p(R B)(v/ (R=B)p+1-1) <0 and CWFIFO _

(R-B)p+1]?
CWPRI — p(R BQ[ERV (’;)pi)l”]jl b > 0, which completes this proof. O

Proof of Theorem 4 Based on the expressions of II*® and II”#! in Propositions EC.1.2 and
EC.1.4, we consider the following five cases.

oWhenp<1

()pr< , R> R3, we have ITI7F =¢p - ((1_17 V_l;”)2+§>>ép§:HLS.



(2) If B_B_1 o p< @, i.e., Ry < R < Rs, we have

(B-B)+[(R-B)p+1|R-2F-B)\/(R-B)p+1

n°* > 1 < (R—B) - - >B
[(R—B)p+1]?
& (V(R—B)p+1-1)*(R-B)*>B[(R-B)p+1](R-B)p+1-(R-B))
s 11— 1 — f(ﬁ_gyf — >B.

(E—E)p—l—l (R—B)p+1—(R—B)

Note that the LHS of the last inequality is increasing in R. By substituting R = R, into the LHS

of this inequality, we have

1 ! (R-B) - 2
(F-B)p+1) RB-B)p+1-(R-D) fi=t p+VET PP
Therefore, when B < 1 — —2—_ we always have II”#! > I1X%. Otherwise, i.e., when B > 1 —
pt/ 4+p?
— —(1 — —
— 2 there exists a threshold R such that TS > ITPR! if and only if R < B (and Ry < R<
p+\/Tp
Rs) where R is the unique solution of R to the equation
2
1 R— B)? —
F(Rp)=|1- R €l ) R - )
(R—F)p—l—l (R—B)p+1—(R—B)
B 2 VIFp—1 EC.2.1
Because 1 oy > i, for p € (0,1) , then we always have
IIPR > T159 when B < ¥1te=l
_— +p .

— (1)
Next, we prove that R( is increasing in p € ( 1). We need to show that dl;p =

2

o (RW py/0p . —(1) —(1) B 1 ) (R-B)2 .
or (R ) 07D > 0. First, 0Fy(R ",p)/OR >0 because | 1 JEo T S

z—1)(R—B+(z—2)z>
_feh(@Braa)
:v3(Rfox2)

,p)/0p < 0. Therefore,

increasing in R. Next, let z =1/(R — B)p+ 1, we have d ( a (11;13 ) Jdx =

because R — B+ (z — 2)2? > 2 + (v — 2)2? = z(z — 1)? > 0. Thus, 0F(R RY

=) . . o EBo1 (B-BY-1
R is increasing in p € [ == == }
(3)Ifpe (%,1), i.e., R < R;, we have
PR < T[S o 7—§)+[(§—B)pil]§—2(§—3) (R— B)p—|—1> B
(R-B)p+1° F-Bpr1
( (R—B)p—i—l—l) (R—B)
= = > B.

(R—B)p+1

EC-21 Define ®(p) =1— — 24+p2 _ \/11T+Pp‘1, We have d®(p)/dp =1 (1 - m + W) >0 and ®(0) =0, which

gives ®(p) >0 for all p € (0,1).
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(\/ (ﬁfg)p%»lfl) (R-B) (\/ (ﬁfﬁ)p+1fl) (R-B)

Note that B is increasing in R. Then if @B |z—r, < B (or
equivalently, B > 1 — ﬁ), we have IT¥% > IIPE! for all R < R,. Otherwise, i.e., when
p P
V(R-B)p+1-1) (R-B) =
( (Efﬁ)p+1) ‘ﬁ R, > B, we have (HPRI — HLS) B=R, = 0.

(i) If (IIPRT —1159) |55, >0, ie., B< ¥ 1+p_1’ we have IIPR > T1L9 for all R€ [B+ 1, R,).

(ii) If (PR —TI49) |z 54, <O, ie., B> Y H =L there exists a unique threshold R such that
X% > IIPR! if and only if R < R? where B is the unique solution of R to the equation

< (R—B)p+1—1> (R—-B)
(R-B)p+1

—B=0.

Fy(R,p) =

- . . . R-B)%— s
Next we prove that R(z) is decreasing in p € (%,1). We need to show that 28—~ —=

R—B dp
(« /(R-B)p+1— 1) (R-B)

(R—-B)p+1

§71S) . —(2) - (2)
__OFy (R ,p)/0p
oy (2D oy 57D < 0. First, we have 0F2(R "™, p)/OR "~ > 0 because

ing in R. Next, let z = 1/(R— B)p+1. We have d(“‘—_l)/dx:%—’”>0<:>:v<2<:>p<$.

Not1ce that % <1l R-B< ‘fH < 2. It follows that p <1 < 5. Thus, we obtain

OFy(R ,p) /0p > 0, which implies that R is decreasing in p € <%, 1).
e When p>1,

4)Ifp< 22%51%), i.e., R<R. (R, is defined in Theorem 2), similar to Case (3) (p < 1), we have

VEBp1-1)R-B) _ — s
VEBrA-)ED 5 Note that (PR — ) - > 00 B < V2 20,

PRI LS
IT > [1"° < R-DB)pt1 =Rc 1+(\/5;-1)p
V3L and (ITPRT —T159)|_p,, > 06 B < Yite=L H —1_Therefore, IT*% > II7#! if and only if

2
VTFp—1 YI+95Re -1 By | W1+ 1 5

§>max . =
’ (V5+1) (v5+1)
L+p 1+ (5He 2 1+ Lot 2

1s increas-

(VB+1)p
. N oD TFp— e\ s JIFp— - 1+ -1
Otherwise, (i) if B < %}1, we have ITPR > T155) or (ii) if YAl <« B < \/;H)p . ‘/52“, we

have IT“% > IIP®! if and only if R < R(?’), where B = B 4 ¥5+1

decreasing in p.

(5) If p> f“) i.e., R> R., we have

Hmu>Hm¢w§_§yu%Jﬂ+KR—BWiH§—ﬂR—B)(R—BW+1>§
(R—B)p+1)2 P
|1 1 (R-Byp>B
(R—B)p+1

Note that the LHS of the last inequality is increasing in R. Therefore, if (II"#/ — II*%)|z_5 >0

B i ! VB+1 PRI LS BV 1+ 5 V41
(if B< RTINS ), we always have IT"* > II*°. Otherwise, (if B > i ),
2 2
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there exists a unique R such that TI%S > ITPR! if and only if R < R where B is the unique

solution of R to the equation

2

1 _

F(R,p)=|1- ——— (R—B)*p—B=0.
(R—B)p+1
s Y TR 2 EC.2.2 PRI  T{LS VIFp-1
p— 2.
Because Y AR > R forp>1 , we always have II”# > IT"% when B < =
—(4) . . . 7=(4) 7@
Next, we prove that B is decreasing in p. We need to show that 44— = — aF‘"ﬂi) L )/E&)
, oFy (R p)/0F

0. Let # = /(R—B)p+1, we have d((1 — 1/2)?)(z? — 1) /dz = 2e=22C2250 5 0 which implies
OF3 (RM), p)/0p > 0. By inspection, it is obvious that 0F3(R R 0/ dR" >0. Hence, R is decreas-
ing in p.

Combining the underlined parts in cases (1)-(5), if B < ‘/117%;1, we have TIPEL > TIL9 for all
R > B+1 and for all p. Otherwise, define R for the mutually exclusive and collectively exhaustive
cases for B > ‘/ﬁ L. We have

=0 . T
R Tlnp,lfB>1—7andp<1
e v S0 _
R \Llnp,lfBgl—ﬁandp<l, R(Q)T lnp71f0§p<pa;
P 4 5) . :
— e — fp, < 1;
R/: ) . L 1+(\/5%)p_1 . <:>R/: 5(3)¢ ?np7? Pa S p< L
R 7| inp,if B< T tland p> 1, R()¢ in p, if p, < p < po;
B R —(4 . .
) o feeEe R 1 inp, if 1<p<p,orpzps,
R "] inp,if B> T 5;’ and p>1,
\ 2
(EC.2.4)
14+v5-4B2(V5—1)B°~v2,/3+V5-4(1+v5)B 14+v5-4B2(v5-1)B*+v2,/3+V5-4(1+V5)B
where p; = — , P2 = — s Pa =
_ 4B 4B
. . (B-2)B 5 :
1 ]I{§23,2\/3}+ =—4 ]I{B< VR and p, = max{1,p;} ]I{Bgéléﬁ:/*5 y TP ]I{B> 311\&)} Thus we

have I1-9 > IIPR! if and only if R < K. Moreover, it is not difficult to verify from (EC.2.4) that

R is first increasing and then decreasing in p > 0. O

Proof of Theorem 5 Based on the expressions of CW® and CWTE! in Propositions EC.1.2
and EC.1.4, we consider the following six cases.
e When p <1,

(1) If p < RRBBl, i.e., R > Rs, based on the proofs of Theorem 2 and Theorem 3, we have

CWPRI < CWFIFO < CWLS.

= J— J— J— PRI LS FIFO LS
(2) If R B 1 <,0_7§$ g) 1%, i.e., Ry < R < R3, we have SCW' — —CW ) _ (CW W) _

OR OR

FIFO PRI FIFO LS
(el CW ). Because 2Y W) < 0 (see the proof of Theorem 2) and

OR ’ OR

EC-22 Define W(z) = xVHgC —L for p>1 and = > 1. Wehave@’()—vll':_ —L and d¥(z )/dm=7W>O,

1+ M —1
. . . 2
which implies that

L VB4l Vitp—1
1+ (Gie 5 > s for p> 1.
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ACWFIFO_cwPRIy _(R=B)p([(R—B)p]*+3[(R—B)pl+4—+/ (R—B)p+1[(R—B)p+4))
—= =C G SYEIE > 0, we know that

6<CWP’;;CWLS> < 0. Therefore, if (CW" — CW"S)|5_z <0, we have CW P < CW™S for all
. Otherwise, there exists an R, € (R», R3] such that CWES > CWPR! if and only if

note that this can be an empty set).

(
If 2800 < < BBE=t e Ry < R < Ry, we have 20020 — (1 p)(R—B—1) -

-1 — R—B OR

]\/m 2) 5 _ B 92(CWLS _ CWPRI)
BBt . Also, by letting x : (R—B)p+1, we have 2 =

2[
[42®(1—p) + p- (2° + 62 — 82? — 152 + 12)]/(42®). For any fixed z, we have d[42%(1—p) +p- (z° +
623 — 82x% — 15z + 12)]/dp = —4a® + 2° 4+ 623 — 8% — 152 + 12 < 0 for 2 > 1. Thus, 42°(1 —p) +p-

%\
=l
3
%
g\
heY
\ +

(2° + 62® — 8x? — 152 + 12) is decreasing in p and is minimized at p = min{1, %}.

(i) If R— B> ‘/52“, we have p=1 and (R — B)p > ‘/52“, which implies that = > @ We can
verify that aQ(CWL(;_QCWPM) > 0 because z° + 623 — 8x% — 152+ 12> 0 for = > @

(ii) Otherwise, if R — B < f“ , by plugging p = % and 2 =1/(R— B)p+1 into 42%(1 —
p)+p-(2°+62° —8x% — 15z + 12), we can verify that —4(R —E)g[(R—E) (R ) 1+ [(R-
B)?—-1][(R-B)*+6(R—B)>-8(R—B)*—-15(R— B) +12] < VEELEC23 Then
we have 62(CWL§E_QCWPRI) >0 for 1 <R~ B < Y51 Therefore, (C’WLS — CWPRI) is convex in
R, <R < R,. When R = R,, from the proofs of Theorem 2 and Theorem 3, we have (CWLS —
CWPED) g, > (CWES — CWFIFO) |5 5 > 0. Also, from Case (1) of this proof, we know that
(CWHES —CWHIFO)|5_g, > 0. Together with Case (2) of this proof, it follows that if there exists an
R € (Ry,R,) such that CWLS < CWPEL &« CWLS — CWPEL < (), there must exist two thresholds
R, <R, <R, <R, such that CWL5 < CWPEL if and only if R € (R,,R,), i.e., CWLS > CWPEI if
and only if R< R, or R > R,. Otherwise, we have CW.5 > CWPE! for all R € [Ry, R;).

(4)If p> % i.e., R < Ry, from the proofs of Theorem 2 and Theorem 3, we have CW L5 >
CWFIFO > CWPRI for R<R,.

Because CWE5 > CWFIFO > CWPRI for all p<1—+/3/3 (by Theorems 2 and 3), there must
exist p' > 1—+/3/3 such that CW ™5 > CWPE! for all p < p’. On the other hand, if p € [p’, 1), there
exist two thresholds E; < R; such that CWES > CW PR if and only if R < R; or R> E;.

e When p > 1,
(5) If p< 2B+ je, R<B+ \/3:1, using a similar argument to that for Case (4) (p<1), we

— 2(R—B)’
have CWES > CWTIFO for Re [B+1,B+ ¥Y3HL).

BC-23 Define Y(z) = —42%(2® — 2 — 1) + (2% — 1)(2° + 62° — 82 — 150+ 12) for = € [1, \/52+1}, we have d°Y(x)/dz® =
—4 - 91(10z — 1) < 0, and we can verify that d*Y(z)/de* < 0 for 4 < k < 8 sequentially by noticing that
(d*Y () /dz" ) |az1 < 0 for 4 < k < 8. Because (d°Y(z)/dz®)|z=1 >0 and (d3T(x)/dw3)\z:(\/g+1)/2 < 0, we have
d*Y(z)/dz? is unimodal in z € [1, ‘/52“]. Because (d*Y(x)/dz?)|z=1 >0 and (dZT(x)/d:ﬁ)\z:(\/gH)/z < 0, we have
dY(x)/dz is unimodal in x € [1, ‘/52"'1]. Also, it follows from (dY(z)/dx)|e=1 >0 and (dY(z)/dz)|,_( /541y, <O that
Y (z) is unimodal in z € [1, @] It implies that Y (z) > 0 because Y(z)|s=1 >0 and Y(2)[,_(/541)/2 > 0.
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(6) If p> 5 5+l i, R> B4 Y3 we have CWLS>CWPRI©2—@WH'((R—§)[))2<

2AR-B)> 2 [(R-B)p+1]2

le % < 1. Because m—% is increasing in R, there must exist an EL such that
CWLS =¢/(2p) < CWPEL if and only if R < R., which completes this proof. O

Proof of Proposition EC.1.5 Define B® = B*uje for s € {FIFO,LS, PRI}. From Proposition
EC.1.1, we have

OIIFIFO(R) cp, if p<1 and Egﬁ—ﬁ;
9B { By [J(%E:EQEE];E) ) otherwise;
O’TIFIFO(B) 0, if p<land B<R-— %p
T - { —cp%, otherwise.
Thus, ITFFO(B) is quasi—concave. In the region of p <1 and B < R — 7%, the maximizer of
II71F9(B) is B = R — . Otherwise, the maximizer is B = R — \/ﬂ_l, which is obtained by
solving OIIFTFO(B )/8B = 0, or CPB p[J(r}(%R BQ)]j-)i-(ll]JQer) =0. It can be verified that B =R — mfl is
contained in the region of p < 1and B< R— -1 1f and only if \/ﬁ ! > e, (1- )\/R,OT
1, in which case the optimal B is determmed by the boundary condltlon that BFIFO R— flp.
Therefore, B R- ﬁ if and only if (1 — p)\/m > 1. Otherwise, B R- @.
Similarly, from Proposition EC.1.2, we have
oIS (B) 6;);?2 - ifp<1and§<§ \/@“
T B =93c p+22[f%1_%1?zzr_1§5§+mp)’ ifp<land B>R-— Phdte or,if p>1and B>R— f“
c, if p>1and B R-—

p

— 0, if p<1land B<R— ”p2+4+p
O?T1H% (B)

—{ — (R—B)(3B-4R)p*+(8B—12R)p VP2 Hatp +4+p fﬂ
PSea cp B2 ¢ if p<1 B>R— or,if p>1and B>R—

0, 1fp21andB§R—%.
P

, ITI%(B) is quasi-concave. The B value that solves

— — 2qLS
Because B < R, we have % <0,

—9 - S\_H 7\/7 . . —
cpiLpt2hlkp) BUtSRD) _ () jg B, = H5Re=VIGHIGRoHR 02 yyrpep p < 1, the maximizer of I1*%(B)

2((R-B)p+11%/2

—LS — / / n2
is attained at B = R — Y22 i and only if B, <R — %4”. When p > 1, the maximizer is

2
attained at B> = R — ¥3+1 if and only if B, <R — fg’—:l. Otherwise, the maximizer is attained at

2p
min{B,, R —1}.
Finally, from Proposition EC.1.4, we have

OTIPRI(B) cp, if p<land B R—
~—a95 -V (B=B)p+1I(R-B)p+4]- =Le —(Rp+2)

cp E B P D) otherwise.
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Note that the numerator of the “otherwise” case, \/(R— B)p+1[(R — B)p + 4] — % — (Rp+

2), decreases in B. Therefore, II*#!(B) is unimodal in B. Because GHP;#@ o+ >0 and
PRI 3 —_ J— —
BHTE(B) 5.7~ <0, there exists a B;, € (0, R) which is the unique solution of B to the FOC

LD S, PN (R—B)\/(R—B)p+1[(R—B)p+4] =R+ (Rp+2)(R— B). Therefore, the maxi-

0B
mizer of IR/ (B) is attained at B =R~ =, if and only if p<1 and R — B, > 5. Otherwise,
we have B' ' = min{B,, R — 1}, which completes this proof. O

EC.3. More Details on the Extensions in §5

EC.3.1. Other Waiting-Cost Distributions

EC.3.1.1. Power Distribution Figure EC.3.1 reproduces Figure 4-(a) by replacing the
uniform-distribution assumption U(0,¢) with the assumption that customers’ hourly waiting cost
follows a power distribution with the cumulative distribution function (CDF) F(z) =2,z € (0,1).
In particular, Figures EC.3.1-(a) and -(b) present the cases of &« =2 and « = 3, respectively. We
observe that the qualitative insights from Figure 4-(a) (which considers a uniform distribution) are
preserved under these power distributions. Note that as « gets large, the distribution would be more
concentrated around 1, making customers more homogeneous vis-a-vis their waiting costs, in which

case, the three schemes (FIFO, line-sitting, priority) would yield similar equilibrium outcomes.

117
111 1 (LS,LS) (PRI,FIFO)

(PRI,FIFO)

(LS,FIFO)
1w v

(PRI, LS) (PRI, LS)

Bl

(a) a=2 (b) =3
Figure EC.3.1  lllustration of (argmaxII® argmaxCW?) for s € {FIFO, LS, PRI} when customer waiting-cost
rates follow a power distribution with CDF F(z) =2 u=1, B=1.

EC.3.1.2. Triangular Distribution Figure EC.3.2 reproduces Figure 4-(a) by replacing the
uniform-distribution assumption U(0,¢) with the assumption that customers’ hourly waiting cost

follows a triangular distribution. In particular, Figure EC.3.2-(a) (-(c)) presents the probability
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18-

161

141

12r

0.8r

0.61

04r

0.2r

(a) PDF: f(z)=2z (b) Partition of the (R, p) space for f(z)=2z

16

18f
14f
16f

12F Jos

14f 117

1k (LS, FIFO) (PRI,FIFO)

12F

PDF
-
P
o
&

0.8r

0.6f

0.4r

0.2r

35
R

(c) PDF f(z)=2(1—-x) (d) Partition of the (R, p) space for f(z)=2(1—x)
Figure EC.3.2  The illustrations of PDF and (arg maxII°, argmax CW?) for s € {FIFO, LS, PRI} when customer

S S
waiting-cost rates follow a triangular distribution. u=1, B=1.

density function (PDF) f(x) =2z (f(x) =2(1 — z)) and Figure EC.3.2-(b) (-(d)) presents the
corresponding partition of the (R, p) space. We observe that the qualitative insights from Figure
4-(a) (which considers a uniform distribution) are preserved under these triangular distributions.
Another observation is that for the triangular distribution with PDF f(z)=2(1 — z), the win-win
region (LS, LS), despite its existence, is notably small (see EC.3.2-(d)). Under this “top-heavy”
triangular distribution, the majority of customers have low waiting costs and few customers have
high waiting costs. The former exacerbates the negative congestion externalities that jeopardize
customer welfare because the many low waiting-cost customers are the ones who tend to wait
themselves are thus the most affected by the increased congestion. The latter dampens the demand

expansion effect that boosts the service provider’s revenue because the few high waiting-cost cus-
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tomers are the ones who join as a result of line-sitting but would not otherwise. Therefore, this
“top-heavy” triangular distribution limits both the service provider’s revenue increase and customer

welfare improvement.

1.6
14
12
17 117
i (LS, FIFO' (PRI, FIFO)
08 1
(LS, LS)
061
v
oal (PRI, LS)
0.2r
00 01 02 03 04 05 0.6 017 0.8 0.9 1 G2 25 3 35 4 45 5
R
(a) PDF with a=5=0.5 (b) Partition of the (R, p) space under the PDF in (a)

15
16

14r

11 111

12r

(LS,FIFO) (PRI, FIFO)

PDF
P
o
®

05+ 0.6 w

(PRI,LS)
04t

0.2f

0 Ojl 04‘2 04‘3 04‘4 04‘5 04‘5 04‘7 04‘8 04‘9 1 2 2‘.5 :‘i 3;5 l‘l 4‘.5 5
R
(c) PDF with a=8=2 (d) Partition of the (R, p) space under the PDF in (c)

Figure EC.3.3  The illustrations of PDF and (arg maxII° argmax CW?) for s € {FIFO, LS, PRI} when customer

waiting-cost rates follow a Beta distribution. y =1, B=1.

EC.3.1.3. Beta Distribution We consider Beta distributions with probability density func-

tion f(x;a, ) = B(i’ﬁ)xa(l —x)P~1 for € (0,1) and «a, 3> 0. Note that the uniform, triangular
and power distributions we studied are all special cases of the Beta distribution. Figures EC.3.3
and EC.3.4 investigate Beta distributions with functional shapes not studied previously. The left
panels plot the PDFs with the specified («, ) values, the right panels plot the corresponding par-

titions of the (R, p) space. Figure EC.3.3 considers two cases: (1) a=8=0.5, (2) a = 8 =2; Figure
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EC.3.4 consider another two cases: (1) a =2, =4 and (2) a =4, =2. We observe that the
qualitative insights from Figure 4-(a) (which considers a uniform distribution) are preserved under
these Beta distributions. In particular, for the Beta distribution with o = 2,8 = 4, the win-win
region (LS, LS), despite its existence, is notably small (see Figure EC.3.4-(b)). Given that this is

also a “top-heavy” distribution (Figure EC.3.4-(a)), the explanation for this observation is similar

to the triangular distribution with PDF f(x)=2(1 — ) (see Figures EC.3.2-(c) and -(d)).
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EC.3.1.4. Uniform Distribution with a Positive Lower Bound Figure EC.3.5 repro-
duces Figure 4 by replacing the uniform-distribution assumption U(0, ¢) with the assumption that
customers’ hourly waiting cost follows a uniform distribution U(e,1) with ¢ € (0,1). The case of
¢=0.05 is plotted in Figure EC.3.5-(a), and the case of ¢=0.1, in Figure EC.3.5-(b). We observe
that the qualitative insights from Figure 4-(a) (which sets ¢ =0) are preserved when ¢ takes these

positive values.

16 16
Lar 145
12f d L
IH 12 1 I
(PRI,FIFO) (LS, FIFO) (PRI.FIFO)
1t s
<osf ! <og |
(LS,LS) (LS, LS)
0.6 v 0.6 v
(PRI, LS) (PRI, LS)

04 1 04r
0.2 0.2

0 ‘ ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘

2 25 3 3_5 4 45 5 2 25 3 35 4 45 5

R R
(a) ¢=0.05 (b) ¢=0.1
Figure EC.3.5  lllustration of (argmaxII® argmaxCW?) for s € {FIFO, LS, PRI} when customer waiting-cost

rates follow a uniform distribution U(c,1). u=1, B=1.

EC.3.2. Endogenizing Service Fee B

Our numerical study suggests that for the service provider who endogenizes the base service fee,
accommodating line-sitting always raises more revenue than selling priority. To provide intuition
for this observation, we plot the service provider’s revenue under FIFO, line-sitting and priority as
a function of normalized service fee B = By /¢ in Figure EC.3.6-(a), with the optimal (normalized)
service fee for each scheme labeled.

It is evident that the revenue-maximizing service provider raises the service fee with line-sitting
(i.e., B > EFIFO) but lowers it with priority (i.e., B S EPRI). This is because demand
expansion of line-sitting is most helpful for revenue improvement of the service provider when
the service fee is reasonably high (otherwise the revenue would be too minuscule), whereas price
discrimination of the priority purchasing scheme works best when the service fee is relatively low
(otherwise the pricing policy would be close to uniform pricing). As such, with a fixed service
fee B, a sufficiently high service reward R would favor the priority purchasing scheme over the
line-sitting scheme. However, when B is endogenized, the service provider can always raise the

service fee to align with a high service reward, realizing the full potential of line-sitting, which,
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Figure EC.3.6  The service provider’s revenue and customer welfare as a function of the normalized service fee
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(a) Service provider’s revenue. (b) Customer welfare.

Note. p=0.8 and R=6.

in our case, always dominates that of priority purchasing. As a consequence of the high service
charge, customer welfare of the line-sitting case, on the other hand, becomes the lowest among the
three schemes; see Figure EC.3.6-(b). This explains why the line-sitting practice in Figure 5 is no
longer welfare-maximizing for customers when R is considerably large (cf. Figure 4). By contrast,
the optimal service fee charged by the service provider in the priority case is the lowest among the
three schemes, and under the right circumstances the priority purchasing scheme can now become

welfare-maximizing for customers.

EC.3.3. Minimum Line-Sitting Time or Hourly Rate
EC.3.3.1. Minimum Line-Sitting Time We continue the derivation in the main text of the
paper. Let T' be the waiting time in the queue conditioned on the service provider being busy. In an
M/M/1 queue, T is exponentially distributed with rate (u — \.). Hence, the expected line-sitting
payment is
A o0 M, e—(B=Ae)d
(T—=X/p)r+ er/ max{0,T}(u— A )e W 2)TdT =1 [E_ + 9] . (EC.3.1)
©oJo B = Ae
As in the base model, the expected waiting cost reduction due to line-sitting is e\, /[u(p — A.)] for
a customer with waiting cost rate c. Thus, a joining customer purchases the line-sitting service
if and only if her expected waiting cost reduction is at least as large as the expected line-sitting

payment given in (EC.3.1). The condition can be simplified to

c>rle” M2 L ou(pn— M) /Ae). (EC.3.2)
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One can show that the right-hand side of (EC.3.2) is increasing in 6 > 0, which implies that (for
fixed line-sitting hourly rate r and system throughput \.) a larger minimum wait requirement
makes line-sitting less attractive to purchase in the sense that only more delay-sensitive customers
would buy. In particular, recall from the base model which corresponds to 8 =0, joining customers
purchase line-sitting as long as hiring a line-sitter is less costly than waiting on their own, i.e.,
c>r; when 6 is positive, however, customers with a waiting cost rate ¢ marginally higher than r
may be reluctant to recruit a line-sitter because they could end up paying for longer line-sitting
time than necessary due to the minimum wait requirement.

Given 6, the line-sitting firm sets the hourly rate r to maximize total revenue:

—(p—Xe)b A (LS — —(r=Xe)0 4 9 — )/ e
r[&ﬂ +4 A e FOu = A g

o= A

the expected line-sitting payment per customer

max
re(0,c)

— )

C

the expected number of line-sitting users per hour

LS —(p=Xe)0
12 ,U’_)\e

Through a change of variables, i.e., letting z = r[e="#=2)% + (. — A\ )u/A.] € (0,€), the line-sitting

] >0, and A\, = Acts.

firm’s revenue-maximization problem becomes

Al —x) A

max xX -

2€(0,2) c pp—Ae)’
LS by
R-B-S T 50 A=A
o (= A)

The new optimization problem over (z,c% \.) is equivalent to the original optimization problem
in (3) over (r,c*%,\.). Hence, the maximum revenue of the new problem is attained at x =r*,
where r* is given in Table 2 of Proposition 1. That is, as a response to the minimum wait 6, the
revenue-maximizing line-sitting firm would optimally adjust the hourly rate of line-sitting such
that its revenue remains unchanged. Moreover, the equilibrium outcome characterized by ¢° and
ALS would also not be affected; neither would customer welfare nor the service provider’s revenue.

All our results regarding these two metrics carry over.

EC.3.3.2. Minimum Hourly Rate Figure EC.3.7 reproduces Figure 4-(a) by imposing a
price floor r on the line-sitting hourly rate r, i.e., r > r. (In Figure 4-(a), r =0.) The case of r =0.1
is plotted in Figure EC.3.7-(a), and the case of r = 0.2, in Figure EC.3.7-(b). We observe that the
qualitative insights from Figure 4-(a) (which sets r = 0) are preserved when r is subject to these
price floors. Further, by comparing Figure 4-(a) and Figures EC.3.7-(a) and (b), we observe that
a higher price floor r would detract from the win-win case (LS, LS) of line-sitting. This is because
the line-sitting firm must set a higher hourly rate with the increase of the price floor, which results
in less line-sitting purchase, possibly decreasing both the service provider’s revenue and customer

welfare. Understandably, the line-sitting business would not be viable if the price floor is too high.
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Figure EC.3.7  lllustration of (argmaxII®,argmaxCW?) for s € {FIFO,LS, PRI} when the hourly rate r is

S S
subject to a price floor r, i.e., r>r.¢=1, u=1, B=1.

EC.3.4. Finitely Many Line-Sitters

Figure EC.3.8 reproduces Figure 4-(a) by replacing the assumption of an infinite supply of line-
sitters with the assumption that only N line-sitters are available. The case of N =1 is plotted in
Figure EC.3.8-(a), and the case of N =5, in Figure EC.3.8-(b). We observe that our qualitative
insights from Figure 4-(a) (which sets N = co) are preserved even when only a single line-sitter
is available (N =1). With five line-sitters, the directional impact of line-sitting on the service
provider’s revenue and customer welfare is already reasonably similar to the infinite supply case

as in the base model, judging from the similarity between Figure EC.3.8-(b) and Figure 4-(a).

EC.4. More Comparative Statics Results

EC.4.1. For the Line-Sitting Model
COROLLARY EC.4.1. The effective joining rate A\E5 (or ¢S = XS /A) is weakly increasing in
the normalized service reward R. However, the optimal hourly rate for the line-sitting firm is not.

In particular,

1) if p<p, r* is increasing in R€[B+1,B+ —==L-) and constant in R € [B + =22, 00);
F 2(1—p) 2(1-p)
2) if p<p<p, r*is unimodal in Re [B+1,B+ Y——-+ p2+ite , increasing in R € |B+ Y—— p2+4+ij +
P<p=p 2 2
2

2(1-p)
(3) ifp<p<1,r*is decreasing in R€[B+1,B+ 7“02;@”), increasing in R € [B+ 7”'02;4“,§+

2— n Re[B+ 5 '
3y) and constant in R € [B + 5725, 00);

(4) if p>1, r* is decreasing in R€[B+1,B+ f;’—:l) and constant in R € [B+ \/gjl,oo).

) and constant in R € [B+ %, 00);
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Figure EC.3.8 lllustration of (argmaxII® argmaxCW?®) for s € {FIFO,LS, PRI} under a finite N number of
S S

line-sitters. B=1.

COROLLARY EC.4.2. The number of customers who hire a line-sitter per hour, A(ct® —r*) /e,

and the fraction of joining customers who use line-sitting, (c** —r*)/c*%, change with R as follows:

(1) if p<1, they are increasing in R € [B+1, B+ 7“02;%)), decreasing in R € [B + 7”ﬂ2+4+p,§+

2— n Re[B+ 57 .
31 yy) and constant in R € [B + 555, 00);

(2) if p>1, they are increasing in R€ [B+1, B+ f;’—:l) and constant in R € [B+ ‘/gjl,oo).

We give the exact values of p and p in Corollary 2 in its proof. The key takeaway from Corollary
EC.4.1 is that the line-sitting firm does not necessarily find it optimal to increase the hourly rate
of line-sitting r* when the service reward R increases. To understand this result, first consider a
system whose potential workload p is small enough that all customers choose to join when they
experience a service need. In this case, it is indeed revenue-maximizing for the line-sitting firm to
increase r* as R increases, because doing so does not reduce the expected in-line waiting time per
customer, which is the same as the expected line-sitting time for customers who hire a line-sitter.
Increasing r* will reduce the number of line-sitting adopters as evidenced by the decreasing segment
shown in Corollary EC.4.2. Next, consider the case when p is sufficiently large. The expected in-line
waiting time per customer becomes sensitive to the hourly rate of the line-sitting service. In fact,
as R increases, the line-sitting firm would be better off reducing the hourly rate, as opposed to
increasing it, to take advantage of a greater number of line-sitting adopters, each paying for longer

line-sitting time.

EC.4.2. For the Priority Model
COROLLARY EC.4.3. When p <1, the optimal priority premium P*, the effective arrival rate

APRE (op ¢PRE= XPRI/N) | the number of priority buyers per hour A(cE®! —cPR) /¢, and the fraction
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of joining customers who purchase pmomty q=(cPB® — PRI JcPRI

1,B + —p) and constant in R € [B + 1= ~,00). When p > 1, all of these quantities, P*, APRI

are all increasing in R € [B +

A(cf BT — PR /G and q, are increasing in R €[B+1,00).

CoROLLARY EC.4.4. The threshold cI®! is non-monotone in R. In particular,

(1) if p<3/4, PR s increasing in R€ [B+1,B + 1%p) and constant in R € [B + ﬁ,oo)

(2) if p € (3/4,1), PRI s increasing in R € [B+ 1,B + 3/p), decreasing in R € [B+3/p,B +
1/(1—p)) and constant in R€ [B+1/(1—p),00);

(3) if p>1, cPB! s increasing in R€ [B+1,B+3/p), and decreasing in R € [B+3/p,0).

By comparing Corollaries EC.4.3 and EC.4.4 of the priority model with Corollaries EC.4.1 and
EC.4.2 of the line-sitting model, we discern several differences between the two schemes. For exam-
ple, while the number of priority buyers in the priority scheme weakly increases in the service
reward R, the number of line-sitting adopters in the line-sitting scheme is non-monotone in R.
This is due to the different pricing strategies of the two models. In the priority model, the total
revenue contributed by priority purchasing is the priority premium times the number of adopters.
As R increases, it is optimal for the service provider to raise the priority premium, because if some
customers purchase priority, it motivates even more customers to imitate them so as to avoid being
overtaken by future arrivals (i.e., priority adoption is a form of “follow-the-crowd” behavior accord-
ing to Hassin and Haviv 2003). By contrast, as we have explained in Corollary EC.4.2, the optimal
hourly line-sitting price is non-monotone in R because the line-sitting firm’s total revenue is deter-
mined by not only the hourly rate and the number of adopters, but also by the line-sitting time.
Consequently, the fraction of line-sitting users among the joining customers is also non-monotone

in R.

EC.4.3. Proofs
Proofs of Corollaries EC.4.1 and EC.4.2 First, we give exact and numeric values of p and p.

[2+ (62— 6v105) "*+ (62+6\/ﬁ)”3]2_

p= 7 a7 ~0.526,
62+ (62— 6v105) "+ (62-+ 6105) |
1/3 1/372
2+ (62— 6v105) "+ (62 + 6v/105) | —
D= ~ 0.683.
P 36
Next, we prove the corollaries. We consider the following two cases.
e When p <1,
If R> Rg, e, p< %)i, we have r* =¢/2 and ¢ =¢ (or AL¥ = A). Therefore, (¥ —r*)/r*
and A(cP® —r*) /¢ are both constant in R. If Ry < R< Ry, i.e. 2AR-B-1) o p< (R B) , we have

’ 2(R-B)—1 -B
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= wpl)(k”) which increases in R and ¢/ =¢ (or A\XS = A). It follows that (c&S —r*)/r*
and A(ctS —r*)/c are both decreasing in R € (R, Ry). If R< Ry, ie., p> %, we have
\LS — A(R—B)

JEer Therefore, A\° is weakly increasing in R € [B+1, oo). Taking the derivatives of
("% —7*)/r* and r* with respect to R yields

os v (V=B 14 @B-Bp-1) (E-Bo+1-1)

! _ N > 0;(EC.4.1)
OR 2[(R— B)p)?
Or(R) _, 2AR- B) pt3-2(R-DB)p+1]" (EC.4.2)
OR 2[(R—B)p+ 17
Or(R) ___ ph+2R-B)pl _
oR  WlE-Bypr 1 e

First, (EC.4.1) implies (ct¥ —r*)/r* is increasing in R € [B + 1, R;). Because c5 (A\L¥) weakly
increases in R, we know A(cl¥ —r*)/¢ is also increasing in R € [B + 1, R,). Second, (EC.4.3)
implies that 3r;(§§) is decreasing in R € [B + 1,R;). Therefore, if 2= (R)] r—m, > 0e 2(R —
[2+(6276\/ﬁ)1/3 (62+6\/W)1/3} —36
6[24—(62—6\/@) +(62+6\/ﬁ)1/3]
that 7* increases in R € [B + 1,R;). Otherwise, if p > p, we have
[2+(62—6\/ﬁ)1/3+(62+6\/ﬁ)1/3] ‘s

B?+1>2R —BPe0<p<p= ~ 0.526, we must have

87‘ (R)

lr-Bs1 20 p <

0= % ~ 0.683. Therefore, when p € (p,p], r* first increases then
decreases in R (i.e., r* is unimodal). Solving for FOC 3T;%§) = 0 reveals that maximum r*(R) occurs

at R= B+ p/p. Thus, r* increases in R € [B+1,B + p/p] and decreases in R € (B+7p/p,Ry).
Finally, when p > p, we have that r* decreases in R€ [B+1,R;).

e When p > 1, it is easy to verify using a similar argument to the one for the case p <1 and R < R,
above that r* decreases while (¢ —r*)/c¥ and A(c"S —r*)/¢ increase in R€ [B+1,B + ‘/gjl).
On the other hand, when R > B + ‘/5:1, we have r* =0 and ¢ =¢/p. O

Proof of Corollary EC.4.3 First, consider the impact of R on AP®/. When R < Rs, i.e., p >

E%?gl, we have \PRI = (%RT? When R > R, ie., p< = BBl, we have APl = A. Therefore,
APEL ig weakly increasing in R. Next, we consider two cases for P* and (¢/'®l — cPBI) JePRL
e When p <1,
(WIfRe[B+1,B+ —) we have P* =¢p(R — B)? <(RBZ€(;1_B”)I)(f1]f)pH> , and it follows that
op* (R—B)p([4+2(R—B)p]\/(R—B)p+1—4—(R—B)p)
- = >0,
OR 2(R—B)p+ 17/
o —ernny ot (JR-Blp+1-17

R 2[(R—B)pl\/(R—B)p+1
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Thus, P* and (cf ™ — ") /ef’" are increasing in R€ [B+1, B+ 1).

(2) If R € [B+ 5, 00), we have P* = 2Uov2eb) and (e B — cPRT) /e T = 2=41=2_ both of which

are constant in R.
e When p>1, P* and (cF® — c¢PRI) JePRI have the same expressions as those when p < 1 and (1),

thus they are increasing in R € [B+ 1,00).

R PRI __ PRI)

Finally, for all p> 0, because ¢/'**! is weakly increasing in R, it follows that A(c! /¢ is

also weakly increasing in R. O

Proof of Corollary EC.4.4 Recall that ¢I® is a constant in R > Rj, i.e., when p < & P

Consider the following three cases.

(1) Ef ’ >1, PR = Eim Takmg the derivative of ¢/’ with respect to R gives BC;; !
t[ (Vﬁ(j%_)]jlp lJ]r; £ [B+1,B +3/p). Therefore, ¢/ is
increasing in R€ [B+1,B+3/p) and decreasing in R € [B+3/p, ).

(2)If p€ (3/4,1), i.e., R3 > B+3/p, we have that c/’#! increases in R € [B+1,B+3/p), decreases
in R€[B+3/p,R3) and is constant in R € [R3,0)

3) If pe(0,3/4], ie., R3 < B+ 3/p, we have that c¢I#! increases in R € [B + 1,R;) and is

( p p o
constant in R € [R3,0). O

which implies tha

EC.5. Observable Queues

In this section, we consider an observable queueing model in which all arriving customers observe
the queue length when their service request arises, and decide whether to join or balk (or join by
hiring a line-sitter in the case of the line-sitting model) based on the queue length. We assume for
expositional convenience that customers’ hourly waiting costs follow a uniform distribution over
(0,1). We denote V £ R — B for simplicity. We compare the system throughput and customer
welfare between the FIFO benchmark and the line-sitting model. We demonstrate the robustness
of our findings from the main model of an unobservable queue.

FIFO without line-sitting. A customer with waiting cost rate ¢ (referred to as customer ¢ for
simplicity below) who sees n customers (excluding herself) in the system upon arrival joins if and

only if
c(n+1)

1

V- > 0.

Thus, customer c joins if and only if ¢ < —£& +1

Let N*¥(t) be the number of customers at time ¢ in the FIFO system. N (¢) is a birth-death

process. The birth rate in state n is A = Amin{nvfl,l}; the death rate, u. The steady-state

distribution {7}, is a variant of Poisson distribution:

=N/l ., n=1,2,...,|Vul.
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wf = RNl m= (Vi1

n

Let n 2 [Vl .

1+ Y (A )"+ 0l (Vi) E:(AVWﬁ4 .

n=1 n=n-+1

The FIFO system throughput is
NFIFO — (1 — ).

Customer welfare is

A 0 Vi
CWFIFO _\ lep/l <V—C(n+1)>dC+E7TF/n+1 <V_C(n+1))dc
o " Jo H — " Jo H
=A

n+1 Vi~ wF
Z”" (V‘ >+ > 2 (i)

Line-Sitting. Given an hourly rate r of line-sitting, a joining customer with ¢ > r uses line-

sitting, and this customer ¢’s expected utility for using line-sitting is

rnm C
V-2

Bop
Customer c joins by hiring a line-sitter if ¢ > r and V — —s20,o0rce< Vu—rn. fVu—rn<r,
or n>Vu/r — 1, then no joining customers hire a line-sitter, and customers join if and only if
c< V:I as in the FIFO case.

Let N%(t) be the number of customers at time ¢ in the line-sitting system. N*(¢) is a birth-death
process. The birth rate in state n is \X = Amin {max{ +17VM — TTL} }; the death rate, .

If customers see an idle server upon arrival, none would purchase line-sitting. If the queue is
short, a fraction of delay sensitive customers purchase the line-sitting service; if the queue is long,
i.e., n>|Vpu/r|, then no customers purchase line-sitting.

Thus, the line-sitting system’ arrival rates at state {1,..., |V u/r| —1} are different (larger) than
the arrival rates at the corresponding states in the FIFO system, whereas the arrival rates to the
other states are the equal across the two systems.

Generically, the steady state distribution {7%}%, satisfy

ko =mh (A/M)mln{max{v_-i_l V,u—rn} 1}, n=0,1,...

Specifically,
mh=mr (M), n=1,... [(Vp—-1)/r]+1;

b=l (AW (Vi—r(n—=1)), n=|(Vi—1)/r]+2,....[Va/r];

”
m =T (A WSE =V 1
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Denote ny = [(Vu—1)/r] +1 and ny = |V u/r] for later use.
System throughput is

S = (1 —7d).

ProposITION EC.5.1. For any r € (0,min{1,Vu/2}], \L'9 > AFIFO Otherwise, no customers

use line-sitting and \*5 = \FIFO,

Proof of Proposition EC.5.1 At any given state, the line-sitting’s arrival rate is always weakly
higher than that of FIFO, i.e., A > A" for n=0,1,.... When r € (0,min{1, V u/2}], the inequality

is strict for states {1,...n, —1}.

F 1 L 1
Ty = e n—1yF n’ Ty = 0 n—1yL n'
14+ G A 14+, IR A
Since AL > A\F for n=0,1,..., we have 7" > n}. Since A\I° = p(1 — wl) and A\F1FO = (1 —nl'), we
have A5 > A\FTFO with inequality being strict when AL > A" for some state n. O

Proposition EC.5.1 shows that for any nontrivial hourly rate r, the line-sitting system’s through-
put is strictly higher than the FIFO throughput, which implies that line-sitting strictly improves
the service provider’s revenue. Note that this is a slightly stronger result than what we obtained
with the unobservable queue setting in which line-sitting could lead to the same service provider’s
revenue as FIFO. Here, line-sitting is strictly better because there are always some customers who
balk upon seeing long queues (even when A is small) and line-sitting is able to bring some customers
back due to its demand expansion effect, whereas in an unobservable queue, it may happen that all
arriving customers join the FIFO system, in which case, there would be a tie between line-sitting
and FIFO from the perspective of the service provider’s revenue.

The line-sitting firm’s revenue is given by

nyp—1 ng—1
rA[(1—7) Z —7T + Z LWVu—rn—r)|, (EC.5.1)
n= n1

To parse the line-sitting firm’s revenue, note that for an arrival that sees queue length n, the
expected line-sitting payment for each line-sitting user is rn/u; if n is less than ny, the probability
of purchasing line-sitting is (1 —r) (the probability that the customer’s waiting cost rate is greater
than r); if n is between n; and ny, — 1, the probability of purchasing line-sitting is (Vu—rn —r).

Customer welfare is given by

A nlz:lﬂ' U +T§:1W \% rnU i n+1 Vi
. n 1 n M 2 2/.L n+1
n= n=ni n=na

where

= [ (v =AY [ (v T gy LR



ec29

Us(n) = [/O <V— 6(”:1)> dc+/rwm <V— m; c) dc] J(Vi—rn)

n2r? + 1 2V2 4+ nr(r —2uV
_ 7 : (r—2p )/(Vu_m)'

Hence, customer welfare simplifies to

ny—1 ng—1 oo
1+n(2—r)r n2r? + p2V2inr(r—2uV) Vi T
n V - n
ZOW< 2 >+ZW 2 T 2 D
n= n=ni n=no

CWH = A

We conduct a numerical study to compare customer welfare in the FIFO system, CW/F© and
that under line-sitting, CW %S, when the line-sitting firm optimizes hourly rate r to maximize its
revenue as expressed in (EC.5.1). The results are reported in Table EC.5.1 on the next page. We
observe that when the potential system workload is small (or large), line-sitting benefits (or harms)

customer welfare, which is largely consistent with our findings from the unobservable queueing

model.

Table EC.5.1 Comparison of customer welfare under FIFO
and line-sitting.

p V=1 V=156 V=2 V=25 V=3 V=35

1.4 - - - - - -
1.2 + - - - - -
1 + + + + - -
0.8 + + + + + +
0.6 + + + + + +
0.4 + + + + + +
0.2 + + + + + +
“+” means CWZLS > CWFIFO and “” means CWLS <

CW}“IFO_ = 1.

Here is the intuition. For a customer seeing the same queue length, her expected utility is always
weakly higher under line-sitting than under FIFO. However, customers are likely to see a longer
queue upon arrival due to the demand expansion effect (a higher throughput) which carries over
from the unobservable queueing model. Demand expansion could generate value by increasing
access to service but could also introduce excessive congestion negative externalities, making the
overall impact of customer welfare unclear a priori. Thus, the driving mechanism for the impact
of line-sitting on customer welfare in the observable queue is quite similar to the one identified in

the unobservable queueing model in the paper.
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