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Additional Proofs and Numerical Results

EC.1. Proof for the Two-Stage RSB Procedure

Proof of Theorem 1. We first notice that if g, — g1 <40, then by Assumption 1 p;; —pp <96
for all i=1,...,k, which implies that P(u;«; — 11 <J) =1 and the theorem trivially holds. Hence,
without loss of generality we assume that there exists [ =1,...,k — 1 for which p; — g1 <9
and fy411 — p11 > 0. Then, a good selection (i.e., {1 — p11 < J}) occurs if any alternative i,
i=104+1,...,k is not selected. It follows that

k
P{fte1 — p11 <6} > ]P){ m

1<j<m 1<j<m

max X;;(N)> max X, (N)}}

i=l+1
k) X —
> IP’{_Orl Xi(N) > 1%%>&X1J(N)}ﬂ{lr<nﬂ)§nle(N) — X1 (N) <51}}

{

> P{ﬁ {1%%)@-](N) > lgéaanu(N)}ﬂ{lgiﬁle(N) — X1 (N) <5,}}
{
{

zp{ﬂ X (N) > X (N +5,}ﬂﬂ{xlj XH(N)<5,}}

>1- Z P{Xil(N) §X11(N)+51} —ZP{XU(N) ZXll(N)"i'(SI}, (EC.1)
, =
where the last step is due to the Bonferroni inequality. For each t =1+ 1,...,k,
P{Xi1(N) < X11(N)+ 67} = P{Xia(N) = X11(N) — (pir — pa1) < —pin + par + 67}
<P{Xa(N) = X1 (N) = (pta1 — p11) < =00 }

Xﬂ(N) - Xll(N) — (i1 — p111) < _
S%Lil/N 5121,i1/N

=P

<P Xia(N) = X11(N) — (pir — pn)

N A/ S%l,z’l/N

where the first inequality holds because d; + dp =9 and ;1 — gy >0 for each i=101+1,...,k under

<—hy, (EC.2)

Assumption 1, and the second inequality holds because N > h*S7, ;, /63,.

For notational simplicity, we suppress its dependence on i and set Y, = X1, — X1, — (fti1 — po11)
forr=1,...,N, o3 = Var[Y,], and S} =57, ;;. Applying (EC.2) and following a similar derivation
in Stein (1945),

B N

P{Xi1(N) < X1 (N) +6;} < P{M < —h} =P{Z < —h} =5, (EC.3)

J/NSZ
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where Z has the distribution of Student’s ¢ with ng — 1 degrees of freedom, and the second inequality

holds due to the definition of h. Likewise, we can show that
P{X,;(N)> X5 (N)+6;} < 8, (EC.4)

for each j=2,...,m. The proof is completed by combining (EC.1), (EC.3), and (EC.4) to obtain

P{pis1 — pan > 6} < ZP{XM(N) < X1 (N)+0r} +zm:]P’{X1j(N) > X1 (N)+6r}

<(k+m-2)B=a. O

EC.2. Proofs for the Sequential RSB Procedure
We prove Proposition 1 and Theorem 2 in this section. To facilitate their proofs, we first present

a result that characterizes the first-exit probability that a random walk exits from the region
(_gc(t)7gc(t))'

LEMMA EC.1. Let {Y,:i=n=1,2,...} be a sequence of independent and identically distributed

(i.i.d.) random variables with mean 0 and variance o < oco. Let Y (n) and S*(n) denote the sample

mean and the sample variance of (Y;:i=1,...,n), respectively. Let g.(t) =+/[c+log(t+1)](t+1)
with ¢ =—2log(253) for some € (0,1). Assume that the moment generating function of Yy is finite

in a neighborhood of zero.

(i) Define t(n) =n/c? and N =min{n >ng:t(n)|Y (n)| > g.(t(n))}. If no — oo as B — 0, then,

lim sup ;1@ [HN)T (V) < —g.(t(N)), N <o} <1.
B—0
(ii) Define 7(n) =n/S?(n) and N’ =min{n >ng:7(n)|Y (n)| > g.(7(n))}. If ng — 0o as B — 0,

then,

lim sup ;P{T(N/)Y(N/) < —g.(T(N')),N' < o0} <1.
B—0

Proof of Lemma EC.1. We provide a proof sketch here. The complete proof can be found in
the proof for Theorem 2 in Fan et al. (2016). Let (B(t):t > 0) be a standard Brownian motion. By
virtue of the functional central limit theorem (Whitt 2002, p.102), it can be shown that

P {1(N)Y (N) < ~g.(t(N)). N < o0} <B{B(T) < ~g.(T.). T, < o0},
where T =inf{t > 0:|B(t)| > g.(t)}. Moreover, Example 6 in Jennen and Lerche (1981) shows that
P{B(T.) < ~g.(T.), T, < oo} = 5/ =,
and thus (i) follows immediately. On the other hand, (ii) can be shown by noting

fimsip ;1@ (V)T (V) € ~g.(r(N). ' < o0} < limsup ;1@ [H(N)T(N) < —g.(t(N)),N <oo}. O
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EC.2.1. Proof of Proposition 1
Proof of Proposition 1. 1If (i,1) € 8;(n), then

Uy(n) = max X,;(n)— max Xu;(n)+Cy(n)+ D(n
() (i-4)€8;(n) i (i ,1)€S 1 (n) () () ()
S S ge(tinii(n))
> Xi(n)— max Xyi(n)+Cy(n)+ F—">—12~.
1( (i §)€8 1 (n) J( ) ( ) til,i’l(n)

(EC.5)
Let (4', %) denote the system having the largest mean performance among 8, (n). If (7/,1) € 8;/(n),
then system (4, 1) has not been eliminated by (7', j;). According to the mechanism of the inner-layer

elimination and its related discussion in Section 4.1,

max X (n) — Xin(n) = Xuse (n) — X (n) < gelbinigy (M) _ (n) (EC.6)
(i/,j)ES,L-/ (n) i j /1 - 7 ]i, /1 ti/LZ‘/j;“/ (n) ~ i . .
Plugging (EC.6) into (EC.5) yields
7, v e(tin,ir
tiri1(n)
Likewise, we can show that
= = e(Tir,ar
tiri(n)

y (EC.7) and (EC.8), if (i,1) € 8;(n) and (i',1) € 8(n) for all n> 1, then

P{ui — pirr & (Liir(n), Uz (n)) for some n > 1}
<P {Mn — it ¢ ()_(ﬂ(n) —Xin(n) - Ma)_ﬁl(”) — Xin(n)+ gC(t““(n))) for some n > 1}
til,i’l(n) til,i’l(n)
= P {ti1,i1(n)| Xi1(n) — X1 (n) — (a1 — pr1)| > ge(tia1(n)) for some n>1}

= ]P){Nil,i/l < OO}, (ECQ)

where N;j i1 =min{n > 1:t; .1 (n)| X (n) — Xin(n) — (ir — pin)| > ge(tinin(n))}. It follows from
Lemma EC.1(i) that, letting Yy (n) = X;1(n) — Xy1(n) — (pa1 — i),

hrélsup P{tn 1 (n)Yii(n) < —ge(tiin(n)), Npn < OO} <1
—0

By the symmetry of the random walk paths,

hrélsup P{tu i1 ( )Y (n) > ge(tinin(n)), N < OO} <L
—0

Hence, the proof is completed in the light of (EC.9). More specifically,

1
limsup =P {1 — pinn & (Lizr(n), Uz (n)) for some n > 1}
B—0 6
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1
< limsup =P {N;; ;1 < oo}
B—0 ﬁ

. 1
< hr;lsup BP {til,z"l(Nil,i’l)l/ii’ (Nil,i’l) < _gc(til,i’l(Nil,i’l))a Nil,i’l < OO}
—0

. 1
+hrélsup BP {til,i’l(Nil,i’l)Yii’(Nil,i’l) > ge(tin,inn(Nitin)), Nivin < OO}
—0

<2 0O

EC.2.2. Proof of Theorem 2
In order to prove Theorem 2, we characterize various scenarios that can lead to an incorrect selection
(ICS) event that alternative 1 is not ultimately selected. One such scenario is that in step 3.2,
i.e., outer-layer elimination, alternative 1 may be eliminated because the approximate dynamic
confidence interval for i, — u;1, which is constructed in the spirit of Proposition 1, is entirely to
the right of the origin. In this scenario, we say “alternative 1 is eliminated by alternative i”.

The other possible scenario for ICS is that in step 4, i.e., stopping, the stopping criterion is met
with both alternative 1 and alternative ¢ having survived, but alternative 1 has a larger worst-case
sample mean than alternative ¢. From now on, when we say “alternative 1 is killed by alternative

1”, we mean that either of the above two scenarios occurs.

LEmMA EC.2. Assume that (1,1) € 81(n) and (i,1) € 8;(n) for alln>1. Then,

1
lim sup BIP’{ alternative 1 is eliminated by alternative i} <1.
B—0

Proof of Lemma EC.2. Let M denote the sample size n when the stopping criterion is met.

Define
Ny =min{n > ng : 75, (n)[Wis(n) — Ci(n)] > ge(75,(n)) or 75;(n)[Wii(n) + Ci(n)] < —ge(71;(n))},

where 77,(n) = ming jyes, m).i.0es;(m) T (n), Wii(n) = max  Xy;(n) — max X;;(n), and
(1,5)€81(n) (4,5)€84(n)
Ci(n) = max j),i,jes;(n) 9e(Tijij7(n)) /Tijijr (n). Then, alternative 1 is eliminated by alternative 7 if

and only if

{Tfi(Nn,z’l)[Wu(Nn,u) - C1(N11,11)] > gc(T{Z(Nn,ﬂ))’ Nn,u <M< OO}

C {Tfi(Nll,il)[Wli(Nll,il) - 01(]\711,7:1)] > gc(T{Z(Nn,m)), Nn,ﬂ < OO} (EC.IO)

Since (1,1) € 8;(n), following the argument for deriving (EC.6) we can show that
Max(1 j)es, (n) X1j(n) — X1, < Cy(n). Hence,

Wii(n) —Ci(n)= max Xi;(n)— max X;i(n)—Ci(n)<Xyi(n)—Xi(n) (EC.11)

(1,5)€81(n) (i,7)€84(n)
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It is easy to see that g.(t)/t is decreasing in ¢ > 0, and thus
getis(n) _ ax 9e(T151 (M) o ge(T1,11(1))
T (n) (14)es1(n),(i.5)e8:(n)  Tiji(n)  —  Tira(n)
where the inequality holds because (1,1) € §;(n) and (i,1) € §;(n). It follows from (EC.10), (EC.11)
and (EC.12) that

, (EC.12)

0 < [Wi(n) —Ci(n)] — W < [Xu(n) = Xa(n)] - W

Therefore,

(EC.10)
C {7'11,1'1 (Nu,il)[Xu(Nu,ﬂ) - Xil(Nll,il)] > gc(Tll,il (Nll,il))a Nll,il < OO}
C {Tll,il(Nll,il)[Xll(Nll,il) - Xil(Nll,il) — (p11 — pir)] > gc(Tll,il(Nll,il))a Nll,il < OO} . (EC.13)

Define Ny; 41 = min{n > ng : ‘Tu’ﬂ(n) [X11(n) — Xa(n) — (p11 — ,uil)H > g.(m11,1(n))}. By (EC.10)
and (EC.13), in order to prove Lemma EC.2 it suffices to show

hf;lj})lp ;P{Tll,il(zvll,il)[XH(Nll,il) - Xil(Nll,il) - (,Uu - Mﬂ)] > gc(Nn,u)), Nll,il < OO} <1
(EC.14)
Following the proof of Theorem 2 of Fan et al. (2016) and the functional central limit theorem, it
can be shown that the left-hand-side of the inequality (EC.14) is upper bounded by its counterpart
for the standard Brownian motion, i.e.,

lim sup BP{Tll,il (Nll,il)[Xll(Nll,il) - Xil(Nll,il) - (,Ull - Mil)] > gc(Nu,m)), Nll,il < OO}

B—0

< hlélSUP]P{B(Tu,ﬂ) > gc(Tll,i1)7 Tll,il < o0}, (EC.15)
—0

where Tn,ﬂ is the random time that can be seen as the limit of Nu’ﬂ as n — oo. Its explicit
form can be written by applying the functional central limit theorem, but we omit it since it
is quite involved. Moreover, (EC.13) implies that T < Tn’ﬂ and \B(Tn,ﬂ)\ > gC(TH’ﬂ), where
T=inf{t>0:|B(t)| > g.(t)}. By the symmetry of standard Brownian motion B(-), we have

P{B(Tn,n) > gc(Tll,il)a Tll,il <oo} <P{B(T)>g.(T), T <oo}. (EC.16)
Combining (EC.15) and (EC.16),

hrgsup BP{Tll,il(Nll,il)[Xll(Nll,il) - Xil(Nll,il) - (,uu - Mﬂ)] > gc(Nll,il))7 Nll,il < OO}
—0

1
< limsup —P{B(T) > g.(T'), T < oo}
g0 B

11
= limsup— - —e~ /2 =1,
B—0

where the equality follows from Example 6 in Jennen and Lerche (1981). Therefore, (EC.14) is true
and the proof is complete. [
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LEmMA EC.3. Assume that (1,1) € 81(n) and (i,1) € 8;(n) for alln>1. If p;1 — p11 >0, then
1
lim sup BP{ alternative 1 is killed by alternative i} < 1.

B—0

Proof of Lemma EC.3. We follow the notation in the proof of Lemma EC.2. Notice that alter-

native 1 is killed by alternative ¢ either immediately after the stopping criterion is met, i.e.,
{Wi(M) >0, M < Niya Aoo} ({r;(M)[6 — Ci(M) V Ci(M)] = g.(r7,(M))}, (EC.17)
or before the stopping criterion is met, i.e.,
{71 (Vi) [Was (Vi) = CL(Nwin)] 2> ge(r15 (N )y Nivan < M < oo} (EC.18)
Let WP(n) =Wy (n) — (u11 — pir) and
N}y = min{n 2> no : 75 (n) [W),(n) — Ci(n)] 2 ge(7;(n)) or 73(n)[Wi(n) + Ci(n)] < —go(75;(n))}.
Then,

(EC.17) = {W(M) > pir — par, M < Nyyn Ao} (| {rs(M)[6 — CL(M) v Ci(M)] = ge(75,(M)) }
C {WP(M) > 6, M < Nyya Ao} [ V{r(M)[6 — Cy(M)] > ge(ri,(M))}
C {m (M) WEL(M) — O (M) 2 ge(r,(M)), M < Niya Moo |
C {Tl*i(M) (WO (M) — Cy(M)] > go(r (M), NO, < M < Nyy oy A oo} , (EC.19)

where the last step follows from the definition of N101,i1~ Moreover, notice that

{M < Niya} € {r;(n)[Wii(n) + Ci(n)] > —ge(75;(n)) for all n < M}

C {r1:(n)[W(n) + Ci(n)] > —g.(71;(n)) for all n < M},
since W (n) > Wy;(n). It then follows from (EC.19) that

(EC.17)

- {Tfi(Nlol,il)[Wloi(N?l,il) - C (Nfl,z‘l)] > gC(Tl*i(Nfl,il))v Nlol,il <M< Nll,il N OO} . (EC.20)
For (EC.18), the other scenario that can lead to ICS, we notice that since W (n) > Wi;(n),

(EC.18)
c {Tfi(Nu,ﬂ)[WlOi(Nn,ﬂ) - 01(]\711,1'1)] > gc(Tl*i(Nn,il)), Nu,ﬂ <M< OO}

C {Tfi(Nll,il)[Wloi<N11,il) - Cl(Nn,il)] > gc(Tfi(N11,il))> N&,ﬂ < ]\711,1'1 <M< OO} (EC-21)
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Moreover,

{Nlol,il <N} € {m:(n)[Wii(n) + Ci(n)] > —g.(r1:(n)) for all n < N,
C {mi(n) [Wloz(n) + Ci(n)] > —g.(r;(n)) for all n < N?z .

It then follows from (EC.21) that

(EC.18)
- {Tfi(Nfl,il)[Wloi(N{)l,il) - Cl(N&,il)] > gc(Tfi(Nlol,ﬂ))7 N&,ﬂ < Nll,il <M< OO} (EC'22>

By (EC.20) and (EC.22),

P{alternative 1 is killed by alternative i}
< P{T;(N&,il)[Wloi(N{)Lﬂ) - Cl(Nfl,il)] > gC<T1*i(N101,i1))7 N&,ﬂ < OO}
Hence, in order to prove Lemma EC.3, it suffices to show
. 1 YaN \7 \7 aN N7
hr;l S(ljlp EP{TU(N&,H)[Wloi(N&,ﬂ) -C (Nlol,il)] > gC(Tli(Nlol,il))a N?l,il <oo} <1
5
This can be done by adopting a proof that is essentially identical to the discussion between (EC.10)
and the end of the proof of Lemma EC.2. O
To establish Theorem 2, we need one additional building block. Notice that a common assumption
shared by both Lemma EC.2 and Lemma EC.3 is that when alternative ¢ is compared with another
alternative, system (i,1), the worst system of alternative 7, is not yet eliminated in the inner-layer
elimination. This assumption essentially guarantees that the worst-case mean performance of
alternative 7 can be accurately estimated via a dynamic confidence interval; see Proposition 1.
Therefore, we need to characterize the probability that system (i,1) is eliminated by some other

system (4,7).
LEMMA EC.4. In the inner-layer selection process of the sequential RSB procedure,

1
lim sup BP{System (1,1) is eliminated by system (i,5)} <1,
B—0

foreachi=1,2,....k and each j=2,3,...,m.

PTOOf Of Lemma E04 Define NZ/ = mln{n Z Mo Ti1,i5 (n)’Xﬂ(n) — XU(TL)‘ Z 96(71'171;]' (n))}, for

1,ij

each 1=1,2,...,k and each j=2,3,...,m. Then,

P{system (i,1) is eliminated by system (i,7)}

- _ 9e(Tirij (N} ;)
=P X;1(Nyy i) — X (N )< — ’ M N < 00
{ 1( 1, J) J( Ll,t]) = Til,ij(Ni/uj) i1,ij <

S S , 9el\Ti,ij N{ i ,
<P {Xil(Nil,ij) — Xij(Nﬂ,ij) — (pin — pij) < — (T i y = J)),Nﬂ’ij < oo} ,
Tin,ij (N1 ;)

il,ij
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where the inequality holds because f;; — p;; > 0. The proof is completed by applying Lemma
EC.1(i). O

Proof of Theorem 2. We first notice that if pu,; — py1 <9, then by Assumption 1 p;; — py1 <9
for all i =1,...,k, which implies that P(p;«; — 11 <J) =1 and the theorem trivially holds. Hence,
without loss of generality we assume that there exists [ =1,...,k — 1 for which u;; — 1 <9 and
fs1,1 — p11 > 6. Then, a good selection event (i.e., alternative 7 is selected for any i =1, ...,1) occurs

if ﬂf:l +11alternative 1 kills alternative i}. We denote

k
A= ﬂ {alternative 1 kills alternative i}
i=l+1

!
B = ﬂ{alternative 1 is not eliminated by alternative i}

1=2
k. m

C = m ﬂ{system (,1) is not eliminated by system (4,7)}.
i=1j=2

Clearly, P(ANB|C) > 1 —P(A°|C) —P(B¢|C). Multiplying P(C') on both sides this inequality yields
P(ANBNC)>P(C)—-P(A°NC)-P(B°NC)=1-P(C°) —P(A°NC)-P(B°NC).
Since P{p;1 — p11 <6} >P(A) >P(ANBNC), it follows that
P{pi1 — p11 >0} <P(ANC)+P(B°NC)+P(Ce). (EC.23)

Notice that

k
P(A°NC) < Z P{alternative 1 is killed by alternative 7, (1,1) € 8;(n) and (i,1) € 8§;(n) for all n}

i=l+1

!
P(B°NC) < Z]P’{alternative 1 is eliminated by alternative i, (1,1) € 8;(n) and (i,1) € 8;(n) for all n}
i=1

k m

P(C) < ZZP{system (,1) is eliminated by system (i,7)}.

i=1 j=2

The proof concludes by combining Lemma EC.2, Lemma EC.3, Lemma EC.4, and (EC.23) to obtain

1 1
lim sup aIP’{,ui*l — 1 >0} = hmsupé c=P{pe1 — p1r >0} < [(k=D+1l+k(m—-1)]=1. O

a0 oo a fB

km—1

EC.3. Additional Comparison Between Procedure T and Procedure S
We fix k=10 and plot in Figure 3 the ratio of the average sample size of Procedure T to that of
Procedure S (i.e., NT/N¥) as a function of m. The result associated with the case of fixing m = 10

and varying k is almost identical and thus it is omitted.
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Figure EC.1 Average Sample Sizes of Procedure T and Procedure S Under the EV Configuration
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Note. The vertical axis is on a logarithmic scale with base 10.

EC.4. Comparison Between Procedure S and Procedure V
Procedure 3 in Fan et al. (2016) requires an IZ parameter and we set it to be §/2 when the procedure
is applied to both the inner-layer and outer-layer selection of Procedure V. This is inspired by the

decomposition of the IZ parameter in Section 3.1 for the two-stage RSB procedure.

PROCEDURE V
0. Setup. Specify the error allowance = «a/(km — 1) and the first-stage sample size ny > 2. Set
c=—2log(28) and g.(t) = \/[c+1log(t+1)](t+1).

1. Imitialization: Set n =mngy. Set 8§ ={1,2,...,k} to be the set of surviving alternatives. Set

S8;={(i,7):7=1,2,...,m} to be the set of surviving systems of alternative 7, i =1,..., k. Take
n independent replications Xj; 1,. .., X, of each system (i, ). Solve T60/2 — g.(T) =0 for T*.
2. Inner-layer Elimination. For each i € §, do the following.

2.1 Updating. Compute

_ 1 —
Xij(n) = " ZXij,M i€8, (i,)) €8,
r=1

! Z (X — Xijr o — (Xi5(n) — Xij’(n))]2 o (4,9),(4,5") €8,

r=1

n—1
2.2 Screening. Compute

n - _ R
Tijagr (n) = ) and  Z;; 5 (n) =75 (n)[ Xy (n) — Xy (n)],  (4,7), (4, 5) €8,.
ig,ig’

Assign 8; < 8; \ {(2,7) €8;: Zijij7(n) < —g.(75,5(n)) for some (i, ;") € 8;}.
2.3 Stopping. If either |8;| =1 or 7;;,;(n) > T for all (i,75), (i,7') € 8; with j # 5/, then stop and
select j* = argmax X;;(n) as the worst system. Otherwise, take one additional replication

J:(4,5)€8;
of each (7,7) € §; with i € §, assign n < n+ 1, and return to step 2.1.
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3. Outer-layer Elimination.

3.1 Updating. Compute

1 - _ _ 2
Z [Xijf,T_Xi’jf*,,r_ (X”*(TL) _Xi/j?k, (n)) y Z,Y//ES

r=1

Szzj;‘,i’j;‘, (n)=

n—1

3.2 Screening. For each 4,7’ € § with ¢ #14', compute

n and  Zx v (n) =Ti5% 4% (1) [X'Z-j; (n) = Xy (n)], 4,i' €8.

Tijr 5% (n)= SiZj* o (n) iy 5% 355
R

Assign 8 <= 8\ {(i,5) € 8: Zijz w7, (n) > ge(Tijz w17 (n)) for some i’ € 8}.

VHEE M
3.3 Stopping. If either |§| =1 or Tijt i (n) >T* for all 4,i" € 8§ with i # ¢, then stop and select
" = argmin X'ij; (n) as the best alternative. Otherwise, take one additional replication of

each (@Z,ejc}) with ¢ € 8, assign n < n+ 1, and return to step 3.1. 0

The numerical results for the EV configuration are presented in Figure EC.2. The results for the
other two configurations of the variances are very similar so we omit them.

First, as expected, Procedure S requires significantly fewer samples than Procedure V in general.
In particular, under SC, if the IZ parameter § happens to be the difference between the best and
the second-best worst-case mean performances (i.e., = ua; — 11 = 0.5), then the average sample
sizes required by the two procedures are almost the same, regardless of the problem scale. This
implies that in this case, simultaneous elimination of the surviving systems of an alternative that
is unlikely to be the best rarely happens in Procedure S, which diminishes its advantage over
Procedure V. This is because under SC, the outer-layer selection process deals with the worst-case
mean performances (0,0.5,...,0.5). With 6 = 0.5, the alternatives are hard to differentiate in early
iterations of Procedure S when the sample size is large enough.

Second, the average sample size of Procedure V is more heavily affected by the configurations of
the means than Procedure S. With everything else the same, the average sample size required by
Procedure V (denoted by NV) increases faster than that of Procedure S (denoted by N®) under
MDM than under SC. This suggests that there are a significantly larger number of early outer-layer
eliminations in Procedure S under MDM than under SC.

Third, the average sample size of Procedure V is much more sensitive to § under SC than that of
Procedure S. For instance, with & = 30 and m = 10, NV increases from about 8.82 x 10° to 5.96 x 10°
as § drops from 0.25 to 0.1, respectively, whereas N° almost remains the value 2.10 x 10°. The
reason is as follows. The inner-layer selection process of Procedure V that relies on Procedure 3 in

Fan et al. (2016) faces systems with equal means under SC. It does not terminate until its stopping
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Figure EC.2  Average Sample Sizes of Procedure S and Procedure V Under the EV Configuration
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criterion that depends on the IZ parameter 0 is met. This stopping criterion is harder to meet for a
smaller value of §. Hence, a smaller § implies that the inner-layer selection process of Procedure V
needs more time to terminate, resulting in more required samples.

Last, NV grows much faster than N° as the problem scale k or m increases. For instance, with
§=0.25, k=10 and MDM, NV increases from about 2.90 x 10* to 2.87 x 10° as m increases from 5
to 40, whereas NS increases from about 3.94 x 10® to 9.04 x 103. This is because, as the problem
scale increases, there are more opportunities for Procedure S to eliminate alternatives early, leading
to a slower growth in NS.

The above numerical comparison between Procedure S and Procedure V indicates that the inferior
performance of the latter stems from its non-fully sequential nature — its outer-layer selection
cannot begin unless all the inner-layer eliminations are completed. Hence, an alternative having a

configuration of the means that is close to the SC will dominate the inner-elimination time, even if
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Figure EC.3  Average Sample Sizes of Procedure S and Procedure V.
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it were otherwise a poor alternative for outer elimination. This suggests an additional comparison
between Procedure S and Procedure V using a configuration of the means that somewhat combines
MDM and SC as follows

0 —0.2 —-0.2 —0.2
0.5 0.3 0.3 0.3
[Mz‘j]ka =

0.5(k—1) 0.5(k—1)—0.2 0.5(k—1)—0.2 ... 0.5(k—1)—0.2
Here, the alternatives are ordered as MDM, but the systems of each alternative are ordered as SC.
We adopt the EV configuration of the variances. The other experiment specifications remain the

same. The results are given in Figure EC.3 and they are consistent with the findings revealed by

Figure EC.2.

EC.5. Realized PCS of the G/G/s+ G Queueing Example
This section assesses efficacy of the two proposed RSB procedures as to whether they can achieve
the target PCS as promised. This complements the analysis in Section 5, since the samples in
queueing simulation are not normally distributed in general, in contrast to the normal assumptions
of the numerical experiments there.

With ¢ =2 and ¢ =50, we run 1,000 macro-replications of the experiment below.

(i) Generate a sample of service times from F.
(ii) Construct an ambiguity set P based on the sample.
(iii) Compute the expected cost E[f(s,&)] with 10,000 samples for each pair (s, P), s=1,...,k,

P € P so that the estimation errors are negligible and find the best alternative,
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(iv) Run the two RSB procedures 1,000 times independently on P and estimate their respective
PCS. The IZ parameter ¢ is set to be small enough so that the indifference zone contains only
the best alternative.

In summary, there are 100 ambiguity sets constructed in total, each from one macro-replication.

Hence, PCS is estimated 100 times for each RSB procedure and some statistics of these estimated

probabilities are reported in Table EC.1. Clearly, both procedures can achieve the target PCS even

by a large margin in general, despite the samples’ non-normal distribution. Moreover, the two-stage

RSB procedure is significantly more conservative than the sequential RSB procedure, producing a

larger realized PCS. This reflects that the former requires a larger number of samples, which is

consistent with the findings in Section 5.

Table EC.1 Realized PCS

Statistics
Procedure
Min  25% Quantile  Median  75% Quantile = Max
Two-stage  0.992 0.998 0.999 1.000 1.000
Sequential 0.951 0.980 0.991 0.996 1.000

Target PCS: 0.95.
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