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Appendix A: Proofs

Proof of Theorem 1

The proof proceeds in three parts that (1) establish the essential uniqueness of the equilibrium under

Assumption 1(i); (2) provide a characterization of equilibrium prices and procurement quantities

when both Assumptions 1(i) and (ii) hold; and (3) show that if Assumption 1(ii) is violated, then

there exist realizations of the disruptions for which the realized price for the output of at least one

of the K + 1 tiers is equal to zero, respectively.

The proof relies on formulating a convex optimization problem (given in (1)) and showing that

its (unique) solution along with the solution to the corresponding dual problem can be used to

construct a supply equilibrium. In particular, in establishing all three parts that follow, we use the

problem’s KKT conditions (that are necessary and sufficient for optimality).

We start by introducing some notation, stating the aforementioned optimization problem, and

establishing two auxiliary lemmas. Then, we proceed to the proof of claims (1)-(3) above.

To simplify the exposition, we let ηk(ω) , P(ω̂k = ω) denote the probability that state ω is

realized after tiers k + 1, · · · ,K + 1 complete production. Note that η(ωk) > 0 for all ωk ∈ Ωk,

since by definition Ωk consists of states that are realized with nonzero probability. Also, given a

state ωk, with some abuse of notation, we let ωk,j denote whether firm j ∈ Tier(k+ 1) experiences

a disruptive event in state ωk (i.e., ωk,j is equal to the binary variable zk+1,j associated with
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ωk = {ωk+1,{zk+1,i}i}). In addition, we use notation ωk+1 → ωk when state ωk can be realized

with positive probability assuming that the state describing the realizations of disruptions in tiers

k+ 2, · · · ,K + 1 is ωk+1. Finally, we let S denote the set of valid states.

We consider the following optimization problem:

max
∑
ω0∈Ω0

η0(ω0)
(
αx0(ω0)− β

2
x0(ω0)2

)
− pc

∑
i∈Tier(K+1)

xK+1,i(ωK+1)−
K+1∑
k=1

∑
i∈Tier(k)

∑
ωk∈Ωk

ηk(ωk)c(k)xk,i(ωk)
2

s.t.
∑

i∈Tier(k)

xk,i(ωk)≤
∑

j∈Tier(k+1)|ωk+1→ωk,ωk,j
=1

xk+1,j(ωk+1), for 1≤ k≤K and ∀ωk ∈Ωk,

(1)

x0(ω0)≤
∑

j∈Tier(1)|ω1→ω0,ω0,j=1

x1,j(ω1), ∀ω0 ∈Ω0,

x0(ω0)≥ 0, xk,i(ωk)≥ 0, for 1≤ k≤K + 1, and ∀i∈ Tier(k),∀ω0 ∈Ω0,∀ωk ∈Ωk.

The following lemma summarizes a number of properties of this optimization problem that we

use in our subsequent analysis.

Lemma 1. Suppose Assumption 1(i) holds.

(a) Optimization problem (1) admits a unique optimal solution, which we denote by x?. More-

over, this solution satisfies x?k,i(ωk) = x?k,j(ωk) for all k ∈ {1, . . .K + 1} and i, j ∈ Tier(k).

(b) The nonnegativity constraints are not binding in the optimal solution for the decision vari-

ables that correspond to valid states, i.e., x?k,i(ωk)> 0 and x?0(ω0)> 0 for ωk, ω0 ∈ S at the optimal

solution.

Proof:

(a) Note that the objective function is additively separable over the decision variables, i.e.,

{xk,i(ωk)} for 1 ≤ k ≤ K + 1, i ∈ Tier(k), and ωk ∈ Ωk, and x0(ω0) for ω0 ∈ Ω0. Moreover, it is

strictly concave in all the decision variables. Since the feasible set is convex, these observations

imply that there is a unique optimal solution.1

We proceed by establishing that in the optimal solution

x?k,i(ωk) = x?k,j(ωk), (2)

for all i, j ∈ Tier(k), ωk ∈Ωk, and 1≤ k ≤K + 1. Suppose that this is not the case and x?k,i(ωk)>

x?k,j(ωk) for some i, j ∈ Tier(k) and ωk ∈Ωk. Then, another feasible solution x′ with the same value

for the objective function can be constructed by setting x′k,i(ωk) = x?k,j(ωk) and x′k,j(ωk) = x?k,i(ωk),

and x′ equal to the original solution x? for the remaining decision variables. This solution is also

optimal; thus, we obtain a contradiction to its uniqueness.

1 It can be readily seen that when the decision variables take large enough values, the objective becomes negative.
Thus, it is sufficient to restrict attention to a bounded interval for the vector of decision variables x. Thus, the
existence of an optimal solution follows from the Weierstrass theorem.
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(b) Next, we show that the nonnegativity constraints are not binding in the optimal solution for

the decision variables that correspond to valid states. By way of contradiction, assume that this

is not the case and consider the most upstream tier k ∈ {1, · · · ,K + 1} such that in an optimal

solution x?k,i(ωk) = 0 for some i∈ Tier(k), and valid state ωk ∈Ωk. Then, by Expression (2), one of

the following two cases should hold:

• k < K + 1, i.e., x?k,i(ωk) = 0 for all i ∈ Tier(k) and x?k+1,j(ωk+1) > 0 for any j ∈ Tier(k + 1)

where ωk+1→ ωk; or

• k=K + 1, i.e., x?K+1,i(ωK+1) = 0 for all i∈ Tier(K + 1).

Consider any valid states ω′k−1 ∈Ωk−1, . . . , ω
′
0 ∈Ω0 that can be reached (with nonzero probability)

after ωk is realized, i.e., ωk → ω′k−1→ · · · → ω′0. Note that by feasibility in optimization problem

(1), we have x?`,i′(ω
′
`) = 0 = x?0(ω′0) for all i′ ∈ Tier(`) and 1≤ ` < k. Next, for each tier `≤ k, fix a

firm j(`)∈ Tier(`). Note that another feasible solution x′ can be constructed by setting:

(i) x′k,j(k)(ωk) = ε,

(ii) x′`,j(`)(ω
′
`) = ε for 1≤ ` < k and every state ω′` such that firms {j(m)}km=`+1 do not experience

a disruption,

(iii) x′0(ω′0) = ε for every state ω′0 such that firms {j(m)}km=1 do not experience a disruption,

while leaving the remaining decision variables unchanged.

By Assumption 1(i), we have α
∏K+1

`=1 q(`) = α(K + 2) > pc. Hence, it can be seen that this

feasible solution yields a strictly higher value for the objective function for sufficiently small ε,

thereby leading to a contradiction to x?k,i(ωk) = 0 for some 1< k ≤K + 1, i ∈ Tier(k), and valid

state ωk ∈ Ωk at the optimal solution of (1). Similarly, if all x?k,i(ωk) > 0 for valid ωk ∈ Ωk, and

x?0(ω0) = 0 for some valid ω0, it can be readily seen that one can construct another solution x′ with

a strictly higher value for the objective function by setting x′0(ω0) = ε for a sufficiently small ε > 0.

Thus, we conclude that in the optimal solution of optimization problem (1), for valid states the

nonnegativity constraints are not binding. �

Introducing Lagrange multipliers {λk(ωk)} and {λ0(ω0)} for the first two sets of constraints,

respectively, and {µ0(ω0)} and {µk,i(ωk)} for the nonnegativity constraints, the necessary and

sufficient (given that the problem’s constraints are linear) KKT optimality conditions corresponding

to optimization problem (1) can be written as follows:

−η0(ω0)(α−βx?0(ω0)) +λ0(ω0)−µ0(ω0) = 0, (3a)

pc + 2c(K + 1)x?K+1,i(ωK+1)−
∑

ωK |ωK+1→ωK ,ωK,i=1

λK(ωK)−µK+1,i(ωK+1) = 0, (3b)

2c(k)ηk(ωk)x
?
k,i(ωk) +λk(ωk)−

∑
ωk−1|ωk→ωk−1,ωk−1,i=1

λk−1(ωk−1)−µk,i(ωk) = 0, (3c)
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λk(ωk)≥ 0 ⊥
∑

i∈Tier(k)

x?k,i(ωk)≤
∑

j∈Tier(k+1)|ωk+1→ωk,ωk,j=1

x?k+1,j(ωk+1), (3d)

λ0(ω0)≥ 0 ⊥ x?0(ω0)≤
∑

j∈Tier(1)|ω1→ω0,ω0,j=1

x?1,j(ω1), (3e)

µk,i(ωk)≥ 0 ⊥ x?k,i(ωk)≥ 0, µ0(ω0)≥ 0 ⊥ x?0(ω0)≥ 0. (3f)

Our next lemma provides a characterization of the optimal dual multipliers and relates the

solution of the above system to the supply equilibrium.

Lemma 2. Suppose Assumption 1(i) holds.

(a) The dual multipliers {λk(ωk)} and {λ0(ω0)} corresponding to valid states and satisfying

conditions (3a)–(3f) are unique. Moreover, µ0(ω0) = µk,i(ωk) = 0 for valid states ω0 ∈Ω0 ∩S, ωk ∈

Ωk ∩S, where k ∈ {1, . . . ,K + 1} and i∈ Tier(k).

(b) Let {x?k,i(ωk)} ∪ {x?0(ω0)} and {λk(ωk)} ∪ {λ0(ω0)} ∪ {µk(ωk)} ∪ {µ0(ω0)} denote a solution

of (3a)–(3f), and define pk(ωk−1) = λk−1(ωk−1)/ηk−1(ωk−1). Then {pk(ωk−1), x?k,i(ωk)} is a supply

equilibrium.

(c) Conversely, suppose that {pk(ωk−1), x?k,i(ωk)} is a supply equilibrium. Define

λk(ωk) = pk+1(ωk)ηk(ωk), (4)

and x?0(ω0) =D(p1(ω0)). Also, let µk,i(ωk) = 0 if x?k,i(ωk)> 0 for 1≤ k ≤K + 1, and, µ0(ω0) = 0 if

x?0(ω0)> 0. Otherwise, if x?k,i(ωk) = 0, let

µk,i(ωk) = λk(ωk)−
∑

ωk−1|ωk→ωk−1,ωk−1,i=1

λk−1(ωk−1), (5)

when 1≤ k ≤K and µk,i(ωk) = pc−
∑

ωk−1|ωk→ωk−1,ωk−1,i=1 λk−1(ωk−1) when k =K + 1. Similarly,

let µ0(ω0) = λ0(ω0)− η0(ω0)α, if x?0(ω0) = 0.

Then, {x?k,i(ωk)}∪{x?0(ω0)} and {λk(ωk)}∪{λ0(ω0)}∪{µk(ωk)}∪{µ0(ω0)} is a solution of (3a)–

(3f).

Proof:

(a) By Lemma 1, optimization problem (1) admits a unique optimal solution {x?k,i(ωk)} ∪

{x?0(ω0)}. Lemma 1 also implies that x?0(ω0)> 0 for ω0 ∈ Ω0 ∩ S and x?k,i(ωk)> 0 for i ∈ Tier(k),

ωk ∈Ωk∩S. Thus, by (3f), we have µ0(ω0) = µk(ωk) = 0. Thus, given x?0(ω0), condition (3a) implies

that λ0(ω0) is uniquely defined for ω0 ∈ Ω0 ∩ S. Suppose that {λ`(ω`)}`<k,ω`∈Ω`∩S are uniquely

defined for some k. Since µk(ωk) = 0 for ωk ∈ Ωk ∩ S, given x?k,i(ωk) and {λ`(ω`)}`<k,ω`∈Ω`∩S , by

conditions (3b) and (3c), dual multiplier λk(ωk) is also uniquely defined for ωk ∈Ωk∩S. Proceeding

inductively, we conclude that dual variables {λk(ωk)} and {λ0(ω0)} corresponding to valid states

and satisfying KKT conditions (3a)–(3f) are uniquely defined.
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(b) First consider x?0(ω0). Note that if x?0(ω0)> 0, then by (3f) and (3a) we have µ0(ω0) = 0 and,

in turn, p1(ω0) = (α−βx?0(ω0)). Hence,

D(p1(ω0)) = x?0(ω0) for ω0 ∈ S and x?0(ω0)> 0. (6)

On the other hand, if x?0(ω0) = 0, by (3a), we obtain directly that p1(ω0)≥ α. Hence,

D(p1(ω0)) = 0 = x?0(ω0). (7)

Expressions (6) and (7) together with KKT condition (3e) imply condition (iii) from the definition

of a supply equilibrium (Definition 1). In addition, KKT condition (3d) readily implies condition

(ii) from the definition of a supply equilibrium.

Finally, we establish that the combination of KKT conditions (3f), (3b), and (3c) imply condition

(i) from the definition of a supply equilibrium. To see this, recall that the expected profit of firm

i ∈ Tier(k) when the realized state is ωk after firms in tiers k+ 1, · · · ,K + 1 complete production

and firm i procures yk,i can be written as follows

π̄(i,ωk, yk,i) =
∑

ωk−1|ωk→ωk−1,ωk−1,i=1

ηk−1(ωk−1|ωk)pk(ωk−1)yk,i− pk+1(ωk)yk,i− c(k)y2
k,i

=
∑

ωk−1|ωk→ωk−1,ωk−1,i=1

ηk−1(ωk−1)

ηk(ωk)
pk(ωk−1)yk,i− pk+1(ωk)yk,i− c(k)y2

k,i,

where ηk−1(ωk−1|ωk) =
ηk−1(ωk−1)

ηk(ωk)
is the probability state ωk−1 is realized, conditional on state ωk

being realized.

For k < K + 1, by taking the derivative with respect to yk,i and substituting pk+1(ωk) =

λk(ωk)/ηk(ωk) and pk(ωk−1) = λk−1(ωk−1)/ηk−1(ωk−1), we obtain

∂π̄(i,ωk, yk,i)

∂yk,i

∣∣∣∣∣
yk,i=x

?
k,i

(ωk)

=
∑

ωk−1|ωk→ωk−1,ωk−1,i=1

λk−1(ωk−1)

ηk(ωk)
− λk(ωk)
ηk(ωk)

− 2c(k)x?k,i(ωk) =−µk,i(ωk)
ηk(ωk)

,

(8)

where the last equality follows from (3c). Note that this equality implies that

x?k,i(ωk)∈ arg max
yk,i≥0

π̄(i,ωk, yk,i),

for all k ∈ {1, · · · ,K+ 1}. This is because if x?k,i(ωk)> 0, then by (3f) we have µk,i(ωk) = 0, and (8)

implies that x?k,i(ωk) satisfies the first order optimality conditions. On the other hand, if x?k,i(ωk) =

0, then from (8) we obtain that
∂π̄(i,ωk,yk,i)

∂yk,i

∣∣
yk,i=x

?
k,i

(ωk)
≤ 0, which readily implies that x?k,i(ωk) ∈

arg maxyk,i≥0 π̄(i,ωk, yk,i).
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Following a similar approach but using pK+2(ωK+1) = pc (and the fact that η(ωK+1) = 1), the

derivative of the expected profit of a firm i∈ Tier(K + 1) is given by:

∂π̄(i,ωK+1, yK+1,i)

∂yK+1,i

∣∣∣∣∣
yK+1,i=x

?
K+1,i

(ωK+1)

=
∑

ωK |ωK+1→ωK ,ωK,i=1

λK(ωK)− pc− 2c(K + 1)x?K+1,i(ωK+1)

=−µK+1,i(ωK+1),
(9)

where the last equality follows from (3b). Once again this implies that x?K+1,i(ωK+1) ∈

arg maxyK+1,i≥0 π̄(i,ωK+1, yK+1,i). Hence, the tuple {pk(ωk−1), x?k,i(ωk)} also satisfies condition (i)

of Definition 1; thus, it constitutes a supply equilibrium.

(c) First, note that µk,i(ωk) and µ0(ω0) are nonnegative. This is immediate when x?k,i(ωk)> 0 and

x?0(ω0)> 0. If, on the other hand, x?k,i(ωk) = 0, condition (i) of a supply equilibrium in Definition 1

implies that

E
[
pk(ω̂k−1)Zk,i− pk+1(ω̂k)

∣∣∣∣ω̂k = ωk

]
≤ 0.

Using λk(ωk) = pk+1(ωk)ηk(ωk) from (4), we have

E
[
pk(ω̂k−1)Zk,i− pk+1(ω̂k)

∣∣∣∣ω̂k = ωk

]
=

∑
ωk−1|ωk→ωk−1,ωk−1,i=1

λk−1(ωk−1)

ηk−1(ωk−1)

ηk−1(ωk−1)

ηk(ωk)
− λk(ωk)
ηk(ωk)

=
1

ηk(ωk)

 ∑
ωk−1|ωk→ωk−1,ωk−1,i=1

λk−1(ωk−1)−λk(ωk)

≤ 0.

(10)

Combining (10) with (5) implies that µk,i(ωk)≥ 0 for all ωk and 1≤ k ≤K. A similar argument

readily applies to establish that µK+1,i(ωK+1) ≥ 0. Furthermore, if x?0(ω0) = D(p1(ω0)) = 0, then

p1(ω0)≥ α. In turn, this implies

µ0(ω0) = λ0(ω0)− η0(ω0)α= η0(ω0)(p1(ω0)−α)≥ 0.

In addition to being nonnegative as we established above, by construction, variable µk,i(ωk) (simi-

larly, µ0(ω0)) is equal to zero when x?k,i(ωk)> 0 (similarly, x?0(ω0)> 0). Thus, condition (3f) holds.

Moreover, the primal and dual variables as constructed above, satisfy conditions (3d) and (3e)

given conditions (ii) and (iii) from the definition of a supply equilibrium, the nonnegativity of prices,

and the fact that x?0(ω0) =D(p1(ω0)). In a similar fashion, note that for the given construction of

variables µk,i(ωk) and µ0(ω0), KKT conditions (3a)–(3c) are trivially satisfied when x?k,i(ωk) = 0

(or x?0(ω0) = 0). On the other hand, if x?k,i(ωk) > 0 (or x?0(ω0) > 0), condition (i) in Definition 1

implies that

E
[
Zk,ipk(ω̂k−1)− pk+1(ω̂k)

∣∣∣∣ω̂k = ωk

]
= 2c(k)x?k,i(ωk),
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for 1≤ k ≤K. Thus, (10) implies condition (3c) (a similar argument readily applies to establish

that the constructed vector of dual variables satisfies also condition (3b)). Finally, when x?0(ω0)> 0,

condition (3a) readily follows by noting that x?0(ω0) =D(p1(ω0)).

Thus we conclude that {x?k,i(ωk)}∪{x?0(ω0)} together with the constructed {λk(ωk)}∪{λ0(ω0)}∪

{µk(ωk)}∪ {µ0(ω0)} is a solution of (3a)–(3f).

�

Using these auxiliary lemmas, we next complete the proof of the theorem.

Part (1): Suppose that Assumption 1(i) holds. Then, the supply equilibrium is essentially

unique.

Let {pk(ωk−1), xk,i(ωk)} be a supply equilibrium, and consider the construction in Lemma 2(c).

It follows by the lemma that {xk,i(ωk)}∪ {x0(ω0)} and {λk(ωk)}∪ {λ0(ω0)}∪ {µk(ωk)}∪ {µ0(ω0)}

constitute a solution of the KKT conditions (3a)–(3f) associated with problem (1). Lemma 1(a) and

Lemma 2(a) establish that the tuple of {xk,i(ωk), x0(ω0)} and {λk(ωk), λ0(ω0)} for valid ω0, ωk that

satisfy (3a)–(3f) is unique. In turn, this implies that all supply equilibria share the same {xk,i(ωk)}.

Moreover, since λk(ωk) = pk+1(ωk)ηk(ωk) by construction (and ηk(ωk)> 0), it also follows that all

supply equilibria share the same {pk+1(ωk)} for all valid states {ωk}. Thus, we conclude that the

supply equilibrium is essentially unique.

Part (2): Suppose that Assumptions 1(i) and (ii) hold. Then, the essentially unique equilibrium

is characterized by Expressions (5), (6), and (7).

By the expression for the procurement quantity of firm i∈ Tier(k) given in the statement of the

theorem, i.e., (7), we have
∑

i∈Tier(k) xk,i(ωk) = s
∏K+1

`=k+1
n(`,ωk)

n(`)
and

∑
i∈Tier(k+1)

zk+1,ixk+1,i(ωk+1) = s
n(k+ 1, ωk)

n(k+ 1)

(
K+1∏
`=k+2

n(`,ωk+1)

n(`)

)
= s

K+1∏
`=k+1

n(`,ωk)

n(`)
,

where we make use of the fact that
∑

i∈Tier(k+1) zk+1,i = n(k+1, ωk), and ωk = {ωk+1,{zk+1,i}i} and

ωk+1 capture the same set of disruptions in tiers ` > k+ 1, and hence n(`,ωk+1) = n(`,ωk). These

observations readily imply

∑
i∈Tier(k)

xk,i(ωk) =
∑

i∈Tier(k+1)

zk+1,ixk+1,i(ωk+1), (11)

for ωk = {ωk+1,{zk+1,i}} ∈Ωk, and

D(p1(ω0)) =
α

β
− p1(ω0)

β
= s

K+1∏
`=1

n(`,ω0)

n(`)
=

∑
i∈Tier(1)

z1,ix1,i(ω1), (12)

for ω0 = {ω1,{z1,i}i} ∈Ω0. Thus, the constructed tuple satisfies conditions (ii) and (iii) defining a
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supply equilibrium (Definition 1). To complete the proof, it suffices to establish that the prices are

nonnegative and

xk,i(ωk)∈ arg max
yk,i≥0

π̄(i,ωk, yk,i), (13)

for all k ∈ {1, . . . ,K + 1}, i∈ Tier(k), and ωk ∈Ωk.

We first establish that (13) holds. To this end, note that π̄(i,ωk, yk,i) is concave in yk,i, as can

be seen from (2). Thus, to verify (13), it suffices to check that the first order optimality conditions

are satisfied by yk,i = xk,i(ωk). In other words, it suffices to show that

0≥ ∂π̄(i,ωk, yk,i)

yk,i

∣∣∣∣∣
yk,i=xk,i(ωk)

=E
[
pk(ω̂k−1)Zk,i− pk+1(ω̂k)− 2c(k)xk,i(ω̂k)

∣∣∣∣ω̂k = ωk

]
, (14)

where the inequality holds with equality for xk,i(ωk) > 0. Using the expression for the prices as

given in (6), we have

E
[
pk(ω̂k−1)Zk,i

∣∣∣∣ω̂k = ωk

]
=E

[
Zk,i

(
α(k)−β(k)s

K+1∏
`=k

n(`, ω̂k−1)

n(`)

)∣∣∣∣ω̂k = ωk

]

=E
[
Zk,i

(
α(k)−β(k)s

n(k, ω̂k−1)

n(k)

K+1∏
`=k+1

n(`, ω̂k)

n(`)

)∣∣∣∣ω̂k = ωk

]

= α(k)q(k)−β(k)sq(k)
1 + q(k)(n(k)− 1)

n(k)

K+1∏
`=k+1

n(`,ωk)

n(`)
.

(15)

Here, the last equality follows since n(k, ω̂k−1) =
∑

j∈Tier(k)Zk,j and

E[Zk,in(k, ω̂k−1) | ω̂k = ωk] =E

[
Zki +

∑
j∈Tier(k)|j 6=i

Zk,iZk,j

]
= q(k) + q(k)2(n(k)− 1). (16)

Similarly, we have

E
[
pk+1(ω̂k)+2c(k)xk,i(ω̂k)

∣∣∣∣ω̂k = ωk

]
= pk+1(ωk) + 2c(k)xk,i(ωk)

= α(k+ 1)−β(k+ 1)s
K+1∏
`=k+1

n(`,ωk)

n(`)
+ 2c(k)

s

n(k)

K+1∏
`=k+1

n(`,ωk)

n(`)
.

(17)

Using these two equalities and the fact that α(k)q(k) = α(k+ 1), we can rewrite (14) as follows

0≥ β(k+ 1)s
K+1∏
`=k+1

n(`,ωk)

n(`)
−β(k)s

q(k)2(n(k)− 1 + 1
q(k)

)

n(k)

K+1∏
`=k+1

n(`,ωk)

n(`)
− 2c(k)

s

n(k)

K+1∏
`=k+1

n(`,ωk)

n(`)
.

(18)

Canceling out common terms and observing that s > 0 under Assumption 1(i) yields

0≥ β(k+ 1)−β(k)
q(k)2(n(k)− 1 + 1/q(k))

n(k)
− 2c(k)

n(k)
. (19)
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Note that this inequality always holds with equality as can be seen from the definition of β(k+ 1)

in (4). Thus, we conclude that (14) and, hence, (13) hold.

It remains to show that the prices are nonnegative. Note that for any ωk, we have

pk+1(ωk)≥ α(k+ 1)−β(k+ 1)s= α(k+ 1)−β(k+ 1)
α(K + 2)− pc
β(K + 2)

> 0, (20)

where the inequality follows from Assumption 1(ii). Thus, the prices given in (6) are, in fact, strictly

positive. Therefore, the essentially unique equilibrium is characterized by Expressions (5), (6), and

(7) when Assumptions 1(i) and (ii) hold.

Part (3): If Assumption 1(i) holds but (ii) does not, then at any supply equilibrium, there exists

at least one tier k′ ∈ {1, . . . ,K+ 1}, such that pk′(ω̄k′−1) = 0, where ω̄k′−1 ∈Ωk′−1 is the state where

no firm experiences a disruption in tiers {k′, . . . ,K + 1}.
First, assume that α(k)

β(k)
≥ α(K+2)−pc

β(K+2)
, for k ∈ {1, . . . ,K + 1}, with equality for some k = k′.

Consider the characterization provided by Expressions (5), (6), and (7). The proof of Part (2)

implies (after changing the inequality in (20) to a weak inequality) that Expressions (5), (6),

and (7) once again describe the essentially unique equilibrium. However, since α(k′)/β(k′) =

(α(K + 2)− pc)/β(K + 2), it can be readily seen that in state ω̄k′−1 where no firm in tiers k ≥ k′

experiences a disruption, we have pk′(ωk′) = 0; hence the claim follows.

Suppose instead that there exists some k′ such that α(k′)
β(k′) <

α(K+2)−pc
β(K+2)

and let {x?k,i(ωk)} for

1≤ k≤K+1 and {x?0(ω0)} denote the unique solution of optimization problem (1). We claim that

there exists some valid state ω` ∈Ω` for 0≤ `≤K, for which one of the first two constraints of (1)

is not binding, i.e., ∑
i∈Tier(`)

x?`,i(ω`)<
∑

j∈Tier(`+1)|ω`+1→ω`,ω`,j
=1

x?`+1,j(ω`+1), or

x?0(ω0)<
∑

j∈Tier(1)|ω1→ω0,ω0,j=1

x?1,j(ω1), if `= 0.
(21)

By way of contradiction, suppose that the first two constraints in (1) are binding for any valid

state. Recall that, as established in Lemma 1(b), the nonnegativity constraints are not binding at

the optimal solution for valid states; thus, s =
∑

i∈Tier(K+1) x
?
K+1,i(ωK+1) > 0. Since the first two

constraints are binding in (1) for any valid state (and the optimal solution is such that x?k,i(ωk) =

x?k,j(ωk) for all i, j ∈ Tier(k), by Lemma 1(a)), we obtain that

x?k,i(ωk) =
s

n(k)

K+1∏
`=k+1

n(`,ωk)

n(`)
for 1≤ k≤K + 1 and x?0(ω0) = s

K+1∏
`=1

n(`,ω0)

n(`)
. (22)

Let {λk(ωk), λ0(ω0), µk,i(ωk), µ0(ω0)} denote the set of dual variables that satisfy (3a)–(3f).

Observe that by (22) we have x?k,i(ωk), x
?
0(ω0)> 0 for valid states ω0, ωk. Hence, by (3f) we obtain

µ0(ω0) = µk(ωk) = 0 for valid states.
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We claim that

λk(ωk) = ηk(ωk)α(k+ 1)− ηk(ωk)β(k+ 1)s
K+1∏
`=k+1

n(`,ωk)

n(`)
, (23)

for any valid state ωk and 0≤ k ≤K. We prove that (23) holds by induction. First, consider the

case when k= 0 and let ω0 ∈Ω0 be some valid state. Then, using the expression for x?0(ω0) in (22)

(and recalling µ0(ω0) = 0) we obtain from (3a) that

λ0(ω0) = η0(ω0)α− η0(ω0)βx?0(ω0) = η0(ω0)α(1)− η0(ω0)β(1)s
K+1∏
`=1

n(`,ω0)

n(`)
.

Suppose that (23) holds for some k ∈ {0,1, . . . ,K − 1} (induction hypothesis). We will establish

that it holds for k+ 1, as well. Note that for a valid state ωk+1, we have

λk+1(ωk+1) =
∑

ωk|ωk+1→ωk,ωk,i=1

λk(ωk)− 2c(k+ 1)ηk+1(ωk+1)x?k+1,i(ωk+1)

=
∑

ωk|ωk+1→ωk,ωk,i=1

(
ηk(ωk)α(k+ 1)− ηk(ωk)β(k+ 1)s

K+1∏
`=k+1

n(`,ωk)

n(`)

)
− 2c(k+ 1)ηk+1(ωk+1)x?k+1,i(ωk+1)

= α(k+ 1)q(k+ 1)ηk+1(ωk+1)− sβ(k+ 1)

(
K+1∏
`=k+2

n(`,ωk+1)

n(`)

) ∑
ωk|ωk+1→ωk,ωk,i=1

ηk(ωk)
n(k+ 1, ωk)

n(k+ 1)


− 2c(k+ 1)ηk+1(ωk+1)

s

n(k+ 1)

K+1∏
`=k+2

n(`,ωk+1)

n(`)

= α(k+ 1)q(k+ 1)ηk+1(ωk+1)− sβ(k+ 1)

(
K+1∏
`=k+2

n(`,ωk+1)

n(`)

)
ηk+1(ωk+1)

(
q(k+ 1)(1 + q(k+ 1)(n(k+ 1)− 1))

n(k+ 1)

)

− 2c(k+ 1)ηk+1(ωk+1)
s

n(k+ 1)

K+1∏
`=k+2

n(`,ωk+1)

n(`)

= α(k+ 2)ηk+1(ωk+1)− sηk+1(ωk+1)β(k+ 2)
K+1∏
`=k+2

n(`,ωk+1)

n(`)
.

(24)

Here, the first equality follows by (3c) and the fact that µk+1,i(ωk+1) = 0 for any valid state ωk+1.

The second equality follows from the induction hypothesis. The third equality follows by using (22)

and the following two observations:

(i)
∑

ωk|ωk+1→ωk,ωk,i=1 ηk(ωk) is equal to the probability that state ωk+1 is realized and firm

i ∈ Tier(k + 1) does not experience a disruptive event, which can alternatively be expressed by

ηk+1(ωk+1)q(k+ 1);

(ii) Also, n(`,ωk+1) = n(`,ωk) for any `≥ k+ 2 and ωk+1→ ωk.

The fourth equality follows by observing that∑
ωk|ωk+1→ωk,ωk,i=1

ηk(ωk)n(k+ 1, ωk) = P(Zk+1,i = 1)ηk+1(ωk+1)
∑

ωk|ωk+1→ωk,ωk,i=1

(
ηk(ωk|ωk+1)

n(k+ 1, ωk)

P(Zk+1,i = 1)

)
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= P(Zk+1,i = 1)ηk+1(ωk+1)E[n(k+ 1, ω̂k)|Zk+1,i = 1, ω̂k+1 = ωk+1]

= P(Zk+1,i = 1)ηk+1(ωk+1)E[
∑

j∈Tier(k+1)

Zk+1,j|Zk+1,i = 1]

= ηk+1(ωk+1)q(k+ 1)(1 + q(k+ 1)(n(k+ 1)− 1)). (25)

The fifth equality follows from (3) and (4). Thus, the induction hypothesis holds for k+ 1 as well;

i.e., Expression (23) holds for any k ∈ {1, · · · ,K}. Finally, by Expression (3b) we have

pc =
∑

ωK |ωK+1→ωK ,ωK,i=1

λK(ωK)− 2c(K + 1)x?K+1,i(ωK+1),

given that µK+1,i(ωK+1) = 0. Using (23) to express λK(ωK) and following a similar reasoning as in

(24), yields

pc = α(K + 2)−β(K + 2)s, or alternatively s=
α(K + 2)− pc
β(K + 2)

.

Let ω̄k′−1 denote the state where no firms experience a disruption in tiers k′, . . . ,K + 1. Given

that we have assumed that α(k′)
β(k′) <

α(K+2)−pc
β(K+2)

, using (23) we obtain

λk′−1(ω̄k′−1)

ηk′−1(ω̄k′−1)
= α(k′)−β(k′)s= α(k′)−β(k′)

α(K + 2)− pc
β(K + 2)

< 0.

However, given that λk′−1(ωk′−1) is nonnegative, we arrive at a contradiction to our original hypoth-

esis that at the unique solution of (1) the first two constraints of the optimization problem are

binding for any valid state. In other words, we conclude that (21) holds.

To finalize the claim, let ωk denote a valid state where the first constraint (second if k = 0) of

(1) is not binding at an optimal solution. If there are multiple such states, let ωk denote the one

that corresponds to the largest k. Also, let ω̄k denote the state where no firm in any tier l > k

experiences a disruption. We claim the aforementioned constraint is also not binding for ω̄k.

First, note that if ω̄k = ωk, the claim trivially follows. Next, suppose ω̄k 6= ωk, and the aforemen-

tioned constraint is binding for ω̄k. Observe that by our choice of k and ω̄k, we have

s=
∑

i∈Tier(k)

x?k,i(ω̄k)>
∑

i∈Tier(k)

x?k,i(ωk). (26)

Let T denote the set of states reachable from ωk, i.e., T = {ωl|ωk→ ωk−1→ · · ·→ ωl, l < k}∪{ωk}.

In addition, for any ωl ∈ T , let m(ωl) denote the state that is identical to ωl in terms of disruption

realizations in tiers l + 1, . . . , k, but involves no disruptions in tiers k + 1, . . . ,K + 1. Note that

m(ωk) = ω̄k. Let T ′ = {m(ωl)|ωl ∈ T }. Clearly m(·) is a bijection between T and T ′, and m(ωl) is

reachable from ω̄k if and only if ωl is reachable from ωk.

Observe that in (1), by our choice of ωk, the upper bound constraint on
∑

i∈Tier(k) xk,i(ωk) is

not binding. Since (1) is a convex optimization problem, x? remains the unique optimal solution
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even when the constraint that sets an upper bound to
∑

i∈Tier(k) xk,i(ωk) is removed. We refer to

the optimization problem that is obtained from (1) after removing the aforementioned constraint

as (1’). We construct another solution x′ for (1’), by setting

• x′l,j(ωl) = x?l,j(ωl) for any ωl /∈ T ∪T ′,

• x′l,j(ωl) =
ηk(ωk)x

?
l,j(ωl) + ηk(ω̄k)x

?
l,j(m(ωl))

ηk(ωk) + ηk(ω̄k)
for ωl ∈ T ,

• x′l,j(ωl) =
ηk(ω̄k)x

?
l,j(ωl) + ηk(ωk)x

?
l,j(m

−1(ωl))

ηk(ωk) + ηk(ω̄k)
for ωl ∈ T ′,

for any tier l, j ∈ Tier(l), and defining x′0(ω0) similarly. Intuitively, x′ is obtained from x? by taking

convex combinations of the decision variables between states in T and T ′ (and weighing decision

variables corresponding to T by ηk(ωk) and those in T ′ by ηk(ω̄k)), while leaving the remaining

decision variables intact.

The feasibility of x′ in (1’) readily follows from (26) and the fact that in (1’) no constraint imposes

an upper bound on
∑

i∈Tier(k) x
′
k,i(ωk). Furthermore, it can be seen that in (1) (and similarly in

(1’)) the objective function can be expressed as follows:

f + ηk(ωk)g({x0}ω0∈T ,{xl,i(ωl)}i∈Tier(l),ωl∈T ,l>0) + ηk(ω̄k)g({x0}ω0∈T ′ ,{xl,i(ωl)}i∈Tier(l),ωl∈T ′,l>0),

(27)

where f is a function of only ({x0}ω0 /∈T ∪T ′ ,{xl,i(ωl)}i∈Tier(l),ωl /∈T ∪T ′,l>0) and f and g are concave

functions. On the other hand, because of concavity and the construction of x′, it follows that x′

has a weakly higher objective value in (1’) than x?. This contradicts that fact that x? is the unique

optimal solution in (1’). Therefore, we obtain a contradiction, and conclude that the first constraint

(second if k= 0) of (1) is not binding at ω̄k.

Note that this implies by (3d)-(3e) that λk(ω̄k) = 0 (or λ0(ω̄0) = 0). Since ω̄k is a valid state

its equilibrium price is uniquely defined by pk+1(ω̄k) = λk(ω̄k)/η(ω̄k) (by Lemma 2(b)). Hence, we

obtain pk+1(ω̄k) = 0. Thus, we conclude that for a state where no disruptions take place in tiers

{k+ 1, . . . ,K + 1}, the equilibrium price is zero, and the claim follows. Q.E.D.

Proof of Corollary 1

Before proving the corollary, we introduce additional notation and state and prove an auxiliary

lemma. Let µ(k), E[Zk,ixk,i(ω̂k)] denote the expected equilibrium production output of firm i in

tier k. Using the fact that ω̂k and Zk,i are independent (and the fact that E[Zk,i] = q(k)), µ(k) can

alternatively be expressed as µ(k) = q(k)E[xk,i(ω̂k)]. Furthermore, let

θ̂(k),E
[(
Zk,ixk,i(ω̂k)

)2
]

= q(k)E
[
x2
k,i(ω̂k)

]
,

for any i∈ Tier(k). Finally, for any tier k such that n(k)> 1, let

θ(k),E[Zk,iZk,jxk,i(ω̂k)xk,j(ω̂k)] = q(k)2E[xk,i(ω̂k)xk,j(ω̂k)],
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where i, j ∈ Tier(k) and i 6= j. We next state an auxiliary lemma, which we then use in the proof

of the corollary.

Lemma 3. Suppose Assumption 1 holds. In the equilibrium, for any tier 1≤ k≤K + 1 we have

(i) µ(k) =
s

n(k)

K+1∏
`=k

q(`);

(ii) θ(k) =

(
sq(k)

n(k)

)2 K+1∏
`=k+1

(
q(`)2

n(`)

)(
n(`)− 1 +

1

q(`)

)
, for n(k)> 1;

(iii) θ̂(k) =
s2q(k)

n(k)2

K+1∏
`=k+1

(
q(`)2

n(`)

)(
n(`)− 1 +

1

q(`)

)
, and thus for n(k)> 1, we have θ̂(k) = θ(k)

q(k)
.

Proof:

(i) By Theorem 1, we have that xk,i(ωk) = s
n(k)

∏K+1

`=k+1
n(`,ωk)

n(`)
, for every tier k when the realized

state is ωk. This immediately implies that

µ(k) = q(k)E[xk,i(ω̂k)] = q(k)E

[
s

n(k)

K+1∏
`=k+1

n(`, ω̂k)

n(`)

]
= q(k)

s

n(k)

K+1∏
`=k+1

q(`) =
s

n(k)

K+1∏
`=k

q(`),

given that disruptive events are independent and E[n(`, ω̂k)] = E
[∑

i∈Tier(`)Z`,i
]

= q(`)n(`), for

`≥ k+ 1.

(ii), (iii) First, note that for tier K + 1 we have θ(K + 1) =
(
sq(K+1)

n(K+1)

)2

if n(K + 1) > 1 and

θ̂(K + 1) = q(K+1)

n(K+1)2
s2, given that si = s

n(K+1)
for any firm i ∈ Tier(K + 1) and ω̂K+1 = ωK+1 = ∅.

For any other tier k, we can write the following recursive equation for θ(k)

θ(k) = q(k)2E[xk,i(ω̂k)xk,j(ω̂k)] = q(k)2E

[(
s

n(k)

K+1∏
`=k+1

n(`, ω̂k)

n(`)

)(
s

n(k)

K+1∏
`=k+1

n(`, ω̂k)

n(`)

)]

= q(k)2E

[(
s

n(k)

n(k+ 1, ω̂k)

n(k+ 1)

K+1∏
`=k+2

n(`, ω̂k)

n(`)

)(
s

n(k)

n(k+ 1, ω̂k)

n(k+ 1)

K+1∏
`=k+2

n(`, ω̂k)

n(`)

)]

=
( q(k)

n(k)

)2

E

[(
n(k+ 1, ω̂k)

s

n(k+ 1)

K+1∏
`=k+2

n(`, ω̂k)

n(`)

)(
n(k+ 1, ω̂k)

s

n(k+ 1)

K+1∏
`=k+2

n(`, ω̂k)

n(`)

)]

=
( q(k)

n(k)

)2

E

[ ∑
t∈Tier(k+1)

Zk+1,txk+1,t(ω̂k+1)

 ∑
t∈Tier(k+1)

Zk+1,txk+1,t(ω̂k+1)

]

=
( q(k)

n(k)

)2

E

[ ∑
t,u∈Tier(k+1),t6=u

Zk+1,tZk+1,uxk+1,t(ω̂k+1)xk+1,u(ω̂k+1) +
∑

t∈Tier(k+1)

(
Zk+1,txk+1,t(ω̂k+1))2

]

=
( q(k)

n(k)

)2(
n(k+ 1)

(
n(k+ 1)− 1

)
θ(k+ 1) +n(k+ 1)θ̂(k+ 1)

)
,

(28)

where the expression in the fourth line follows from the fact that n(k+ 1, ω̂k) =
∑

t∈Tier(k+1)Zk+1,t

and
s

n(k+ 1)

K+1∏
`=k+2

n(`, ω̂k)

n(`)
=

s

n(k+ 1)

K+1∏
`=k+2

n(`, ω̂k+1)

n(`)
= xk+1,t(ω̂k+1), (29)
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for every firm t ∈ Tier(k+ 1) (since ω̂k and ω̂k+1 both encode the same disruptions in tiers above

k+ 1). Following the same approach for θ̂(k) we obtain that

θ̂(k) =
( q(k)

n(k)2

)(
n(k+ 1)

(
n(k+ 1)− 1

)
θ(k+ 1) +n(k+ 1)θ̂(k+ 1)

)
. (30)

Expressions (28) and (30) imply that θ(k) = q(k)θ̂(k). Exploiting this observation, (30) can be

written as

θ̂(k) =
( q(k)

n(k)2

)(
n(k+ 1)

(
n(k+ 1)− 1

)
q(k+ 1) +n(k+ 1)

)
θ̂(k+ 1). (31)

Using this equality recursively with the boundary condition θ̂(K + 1) = q(K+1)

n(K+1)2
s2, part (iii) of the

lemma follows. Together with the fact that θ(k) = q(k)θ̂(k), this implies part (ii); thus, completing

the proof of the lemma. �

Next, using Lemma 3 we provide an expression for the (unconditional) expected profits of firms

in different tiers. Consider firm i in tier k ∈ {1, . . . ,K}. Recall that its expected profit is given as

follows:

π(k) =E

[
pk(ω̂k−1)Zk,ixk,i(ω̂k)− pk+1(ω̂k)xk,i(ω̂k)− c(k)x2

k,i(ω̂k)

]
.

As before we have n(k, ω̂k−1) =
∑

t∈Tier(k)Zk,t and

s

n(k)

K+1∏
`=k+1

n(`, ω̂k−1)

n(`)
=

s

n(k)

K+1∏
`=k+1

n(`, ω̂k)

n(`)
= xk,t(ω̂k),

for every firm t∈ Tier(k) (see Expression (29)). Using these observations, we obtain

s
K+1∏
`=k

n(`, ω̂k−1)

n(`)
= n(k, ω̂k−1)

s

n(k)

K+1∏
`=k+1

n(`, ω̂k−1)

n(`)
=

∑
t∈Tier(k)

Zk,txk,t(ω̂k) =
∑

t∈Tier(k−1)

xk−1,t(ω̂k−1),

(32)

where the last equality follows from Definition 1 after noting that under Assumption 1 pk+1(ωk)> 0

for any state ωk ∈Ωk. Together with Theorem 1 this equality in turn implies that

pk(ω̂k−1) = α(k)−β(k)
∑

t∈Tier(k)

Zk,txk,t(ω̂k) = α(k)−β(k)
∑

t∈Tier(k−1)

xk−1,t(ω̂k−1).

Using these expressions (and the corresponding expressions for pk+1(ω̂k)), the profits can be

expressed as follows:
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π(k) =E

[
pk(ω̂k−1)Zk,ixk,i(ω̂k)− pk+1(ω̂k)xk,i(ω̂k)− c(k)x2

k,i(ω̂k)

]

=E [α(k)Zk,ixk,i(ω̂k)]−E

β(k)Zk,ixk,i(ω̂k)
∑

t∈Tier(k)

Zk,txk,t(ω̂k)

−E [α(k+ 1)xk,i(ω̂k)]

+E

β(k+ 1)xk,i(ω̂k)
∑

t∈Tier(k)

xk,t(ω̂k)

−E
[
c(k)x2

k,i(ω̂k)
]

=E [α(k)Zk,ixk,i(ω̂k)]−E

β(k)

∑
t|t6=i

Zk,iZk,txk,i(ω̂k)xk,t(ω̂k) +
(
Zk,ixk,i(ω̂k)

)2


−E [α(k+ 1)xk,i(ω̂k)] +E

β(k+ 1)xk,i(ω̂k)
∑

t∈Tier(k)

xk,t(ω̂k)

−E
[
c(k)x2

k,i(ω̂k)
]
.

(33)

Recalling the definitions of µ(k), θ(k), and θ̂(k), we can rewrite (33) as follows:

π(k) = α(k)µ(k)−β(k)
(

(n(k)− 1)θ(k) + θ̂(k)
)
− α(k+ 1)

q(k)
µ(k)

+
β(k+ 1)

q(k)2

[
(n(k)− 1)θ(k) + q(k)θ̂(k)

]
− c(k)

q(k)
θ̂(k).

(34)

Canceling common terms using (3) and noting that θ(k) = q(k)θ̂(k), the expression for π(k) sim-

plifies to

π(k) =
β(k+ 1)

q(k)
n(k)θ̂(k)−β(k)

(
(n(k)− 1) θ̂(k)q(k) + θ̂(k)

)
− c(k)

q(k)
θ̂(k)

= θ̂(k)

(
β(k+ 1)

q(k)
n(k)−β(k)

(
(n(k)− 1)q(k) + 1

)
− c(k)

q(k)

)
.

(35)

Note that the expression defining β(k), i.e., Expression (4), yields

β(k+ 1)n(k)−β(k)(n(k)− 1)q(k)2−β(k)q(k) = 2c(k).

Using this observation, (35) can be written as π(k) = θ̂(k) c(k)

q(k)
. Combining this with the expression

for θ̂(k), i.e., θ̂(k) = s2q(k)

n(k)2

∏K+1

`=k+1

(
q(`)2

n(`)

)(
n(`)− 1 + 1

q(`)

)
, yields

π(k) = s2 c(k)

n(k)2

K+1∏
`=k+1

q(`)2

(
n(`)− 1 + 1

q(`)

n(`)

)
, (36)

which completes the proof of the claim for firms in any tier k ∈ {1, . . . ,K}.
Finally, consider tier k=K + 1, and recall that by Theorem 1, we have

pK+2(ω̂K+1) = pc = α(K + 2)−β(K + 2)s= α(K + 2)−β(K + 2)
∑

t∈Tier(K+1)

xK+1,t(ω̂K+1).

Using this observation the profits can once again be expressed as in (33). Hence, following the

same steps as before yields the profit expression in (36) for k=K + 1. Thus, the claim follows for

k=K + 1 as well. Q.E.D.
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Proof of Proposition 1

Recall that according to Theorem 1, equilibrium supply s is given by s = α(K+2)−pc
β(K+2)

. Using (4)

recursively to state β(K + 2) more explicitly, supply s can be expressed as follows:

s=
(
α
K+1∏
`=1

q(`)− pc
)(K+1∑

r=1

2c(r)

n(r)

K+1∏
`=r+1

q(`)2

n(`)

(
n(`)− 1 +

1

q(`)

)
+β

K+1∏
`=1

q(`)2

n(`)

(
n(`)− 1 +

1

q(`)

))−1

.

The first part of the proposition follows immediately by observing that the cost coefficients appear

only in the denominator; thus, increasing the cost coefficient corresponding to any tier decreases

equilibrium supply s (provided that both before and after the update of the cost coefficient Assump-

tion 1 is satisfied). Similarly, increasing the number of firms n(`) in tier ` leads to a decrease in

the term n(`)−1+1/q(`)

n(`)
; thus, equilibrium supply is increasing in n(`) for any tier `.

To establish the last part of the proposition, we consider tier k and define the following terms

to simplify exposition:

Ak ,
K+1∑
r=k

2c(r)

n(r)

K+1∏
`=r+1

q(`)2

n(`)

(
n(`)− 1 +

1

q(`)

)
(37)

Bk , β
K+1∏

`=1, 6̀=k

q(`)2

n(`)

(
n(`)− 1 +

1

q(`)

)
+

k−1∑
r=1

2c(r)

n(r)

K+1∏
`=r+1, 6̀=k

q(`)2

n(`)

(
n(`)− 1 +

1

q(`)

)
. (38)

Note that Ak and Bk are strictly positive and independent of q(k). We can rewrite s in terms of

Ak and Bk as follows:

s=
α
∏K+1

`=1 q(`)− pc(
Ak +Bk

q(k)2

n(k)

(
n(k)− 1 + 1

q(k)

)) =
n(k)

(
α
∏K+1

`=1 q(`)− pc
)

(
Akn(k) +Bkq(k)

(
1 + (n(k)− 1)q(k)

)) . (39)

The partial derivative of s with respect to q(k) can be expressed as follows:

∂s

∂q(k)
=

n(k)

(
Akn(k)α

∏K+1

`=1, 6̀=k q(`) +Bk

((
1 + 2(n(k)− 1)q(k)

)
pc−

(
n(k)− 1

)
αq(k)2

∏K+1

`=1, 6̀=k q(`)
))

(
Akn(k) +Bkq(k)

(
1 + (n(k)− 1)q(k)

))2 .

(40)

First, note that the denominator of (40) is always positive. Second, the numerator is concave

(quadratic) in q(k) and positive at q(k) = 0. Thus, it follows that there exists some q̃ > 0 such

that for q(k) ≤ q̃, Expression (40) is positive, whereas for q(k) > q̃, (40) is negative. For some

modeling primitives, q̃ < 1 and, thus, aggregate supply s at equilibrium first increases ((40) is

positive) and then decreases in q(k) ((40) is negative). We provide an illustration of the (potential)

nonmonotonicity of s in q(k) in Figure 2 of the paper. Q.E.D.
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Proof of Proposition 2

According to Corollary 1, the expression for the profits of firms in tier ` is given as follows:

π(`) = s2 c(`)

n(`)2

K+1∏
m=`+1

q(m)2

n(m)

(
n(m)− 1 +

1

q(m)

)
. (41)

We analyze the effect of increasing q(k) on π(`) by considering the following cases separately: (a)

` < k and (b) `≥ k.

Case (a) ` < k: Recall that s can be stated in terms of Ak and Bk defined in Expressions (37)

and (38), respectively, as follows (see (39)):

s=
α
∏K+1

`=1 q(`)− pc(
Ak +Bkq(k)2

(
n(k)−1+1/q(k)

n(k)

)) .
Moreover, we can rewrite π(`) as

π(`) = s2 c(`)

n(`)2

q(k)2

n(k)

(
n(k)− 1 +

1

q(k)

) K+1∏
m=`+1,m 6=k

q(m)2

n(m)

(
n(m)− 1 +

1

q(m)

)
,

or, equivalently, as

π(`) = Γ

(
q(k)2

(
n(k)− 1 +

1

q(k)

)) α
∏K+1

`=1 q(`)− pc(
Ak +Bkq(k)2

(
n(k)−1+1/q(k)

n(k)

))


2

,

where Γ is a constant independent of q(k). The partial derivative of π(`) with respect to q(k) can

be written as follows:

∂π(`)

∂q(k)
= Γ

(
Akn(k) +Bkq(k)

(
q(k)(n(k)− 1) + 1

))−3

n(k)2(α
K+1∏
`=1

q(`)− pc)

[
Bkq(k)(q(k)(n(k)− 1) + 1

)(
α
K+1∏
`=1

q(`) + pc + 2(n(k)− 1)q(k)pc

)
+

Akn(k)

(
α
K+1∏
`=1

q(`)
(
3 + 4q(k)(n(k)− 1)

)
− pc

(
1 + 2q(k)(n(k)− 1)

))]
> 0,

where the fact that ∂π(`)

∂q(k)
> 0 follows since both the numerator and denominator in the expression

above are positive.

Case (b) `≥ k: In this case, Expression (41) directly implies that firms’ profits in tier ` depend on

q(k) only through term s. Therefore, from Proposition 1, we conclude that π(`) is, in general, non-

monotonic in q(k). For completeness, we provide an example that illustrates this nonmonotonicity

in Figure 2 of the paper. Q.E.D.
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Proof of Proposition 3

According to Corollary 1, the expression for the profits of firms in tier ` is given as follows:

π(`) = s2 c(`)

n(`)2

K+1∏
m=`+1

q(m)2

n(m)

(
n(m)− 1 +

1

q(m)

)
. (42)

We analyze the effect of increasing n(k) on π(`) by considering the following three cases separately:

(a) k > `, (b) k= `, and (c) k < `.

Case (a) k > ` : Collecting the terms that depend on n(k) in (42), it can be seen that for k > `,

π(`) depends on n(k) only through term s2 n(k)−1+1/q(k)

n(k)
. Thus, the sign of ∂π(`)

∂n(k)
is the same as the

sign of ∂
∂n(k)

(
s2 n(k)−1+1/q(k)

n(k)

)
and this holds for all tiers ` downstream of k. Note that we can write

s2n(k)− 1 + 1/q(k)

n(k)
=

(
α
∏K+1

`=1 q(`)− pc
)2(

n(k)2−n(k) +n(k)/q(k)
)

(
Ak+1n(k) +Dk +Bkq(k)2

(
n(k)− 1 + 1

q(k)

))2 ,

where Ak and Bk are defined as in (37) and (38); and

Dk , 2c(k)
K+1∏
m=k+1

q(m)2

n(m)

(
n(m)− 1 +

1

q(m)

)
. (43)

Thus,

(
α
K+1∏
`=1

q(`)− pc
)−2 ∂

∂n(k)

(
s2n(k)− 1 + 1/q(k)

n(k)

)
=

=
(q(k)− 1)

[
Ak+1n(k)−Bkq(k)(q(k)n(k) + 1− q(k))

]
+Dk

(
2n(k)q(k)− q(k) + 1

)
q(k)

(
Ak+1n(k) +Dk +Bkq(k)2

(
n(k)− 1 + 1

q(k)

))3 ,

which is positive for large enough q(k) < 1 (since it is a continuous function and takes strictly

positive values for q(k) = 1). Conversely, one can identify conditions under which the numerator is

negative. For example, it can be readily seen that this is the case if q(k)� 1 and c(k) is sufficiently

small.2 In this case, the terms in the numerator involving Bk and Dk are small, and the first

(negative) term dominates, thereby yielding nonmonotonicity of profits in n(k).

2 Note that it is straightforward to construct problem instances where having small q(k) and c(k) does not violate
Assumption 1. In particular, Lemma 3 provides sufficient conditions under which the assumption holds for any network
structure and choice of cost parameters. Furthermore, this lemma shows that even for q(k)� 1 for sufficiently small
pc the assumption continues to hold.
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Case (b) k= ` : Using Ak, Bk,Dk (as defined in (37), (38), and (43), respectively), we can rewrite

s as follows:

s=
α
∏K+1

`=1 q(`)− pc(
Ak+1 + Dk

n(k)
+Bkq(k)2

(
n(k)−1+ 1

q(k)

n(k)

))

=
n(k)

(
α
∏K+1

`=1 q(`)− pc
)

(
Ak+1n(k) +Dk +Bkq(k)2

(
n(k)− 1 + 1

q(k)

)) .
Thus, the expression for the firms’ profits in tier k can be written as

π(k) =

(
α
∏K+1

`=1 q(`)− pc
)2

(
Ak+1n(k) +Dk +Bkq(k)2

(
n(k)− 1 + 1

q(k)

))2

Dk

2
.

Finally, by noting that Ak+1, Bk, and Dk are independent of n(k), we obtain that ∂π(k)

∂n(k)
< 0 (since

n(k) appears only in the denominator of the expression).

Case (c) k < `: Ignoring the terms that do not depend on n(k) in (42), it can be seen that for

k < `, π(`) depends on n(k) only through term s. Thus, the claim follows directly by noting that

the aggregate supply of raw materials s is increasing in n(k) as shown in Proposition 1. Q.E.D.

Proof of Lemmas 1 and 2

First, note that E[U ] = µ(1), and according to Lemma 3 we have E[U ] = s
∏K+1

`=1 q(`). In addition,

note that according to the definition of the coefficient of variation, we have

CV (U) =

√
Var(U)

E[U ]2
=

√
E[U 2]−E[U ]2

E[U ]2
=

√√√√√√ θ̂(1)
(
n(1) +n(1)(n(1)− 1)q(1)

)
(
s
∏K+1

`=1 q(`)
)2 − 1. (44)

Observe that Lemma 3 implies that θ̂(1) = s2q(1)

n(1)2

∏K+1

`=2

(
q(`)2

n(`)

)(
n(`)− 1 + 1

q(`)

)
. Substituting this

expression for θ̂(1) in (44), it immediately follows that

CV (U) =

(
K+1∏
`=1

1

n(`)

(
n(`)− 1 +

1

q(`)

)
− 1

) 1
2

. (45)

Finally, Corollary 1 together with Expression (45) yield for the profits of a retailer:

π(1) = s2 c(1)

n(1)

1

n(1)− 1 + 1/q(1)

(
CV (U)2 + 1

)K+1∏
`=2

q(`)2.

Q.E.D.
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Proof of Lemma 3

First, note that pc <α
∏K+1

`=1 q(`) in (10) implies the first part of Assumption 1. To show that (10)

guarantees that the second part of Assumption 1 also holds, note that

β(k)

β(K + 2)
<

1∏K+1

`=k

q(`)2

n(`)

(
n(`)− 1 + 1/q(`)

) ≤ 1∏K+1

`=k q(`)
2
, (46)

where the first inequality follows since c(`) > 0 for 1 ≤ ` ≤ K + 1 and the second follows since

1
n(`)

(
n(`)− 1 + 1/q(`)

)
≥ 1 for any q(`) such that 0< q(`)≤ 1.

On the other hand, when pc >α

(∏K+1

`=1 q(`)−
∏K+1

`=1 q(`)2

)
, we have

α(k)

α(K + 2)− pc
>

α
∏k−1

`=1 q(`)

α
∏K+1

`=1 q(`)2
=

1∏k−1

`=1 q(`)

1∏K+1

`=k q(`)
2
>

β(k)

β(K + 2)
,

where the last inequality follows directly from (46) given that 0 < q(`) ≤ 1 for 1 ≤ ` ≤ K + 1.

Q.E.D.

Proof of Proposition 4

According to Corollary 1, a raw materials supplier’s profits are given as

π(K + 1) = s2 c(K + 1)

n(K + 1)2
.

Thus, since n(K+ 1) is assumed to be fixed and given, it follows that the networks that maximize

s also maximize π(K + 1). Q.E.D.

Proof of Proposition 5

The fact that VS = Vsupply follows directly from Proposition 4. Note that in the absence of any dis-

ruption risk the expression for a retailer’s expected profit simplifies to π(1) = s2 c(1)

n(1)2
(see Corollary

1). Thus, the network that maximizes the retailers’ profits is the same as the one that maximizes

the supply procured in the upstream tier, which, in turn, is the same as the one that maximizes

the suppliers’ profits.

Finally, when q= 1, the expression for the supply level s simplifies as follows (see Theorem 1):

s=
α− pc

β(K + 2)
.

Thus, when the cost coefficients for all tiers are equal, the supply level s is maximized when

β(K + 2) =
K+1∑
r=1

2c

n(r)
+β, (47)

is minimized. In turn, this directly implies that, given n(1), n(K+ 1), the optimal network is such

that the number of firms in any two intermediate tiers differs by at most 1, i.e., Expression (47)

is minimized when the number of firms in any two tiers k, `∈ {2, . . . ,K} satisfies |n(k)−n(`)| ≤ 1.

Q.E.D.
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Proof of Theorem 2

Proposition 4 readily implies that sNR
≤ sNS

. By way of contradiction, assume that CV (UNS
)>

CV (UNR
). Then, since the supply s is weakly larger and CV is strictly larger in NS, Lemma 2

implies that retailers can obtain a strictly larger expected profit inNS. This contradicts our assump-

tion about the optimality of NR for retailers’ profits. Thus, we must have CV (UNS
)≤CV (UNR

),

which concludes the proof of part (i) of the theorem.

To establish part (ii), consider NR and assume by way of contradiction that there exist two

consecutive tiers k− 1 and k (with 2< k <K + 1) such that n(k)< n(k− 1). In what follows, we

show that swapping the number of firms in tiers k−1 and k leads to a network that generates higher

(expected) profits for the retailers. When the disruption risk is the same for all tiers, Lemma 1

implies that such a swap does not change CV (U). Hence, it follows from Lemma 2 that retailers’

profits are only affected through the s term in the expression for π(1). Theorem 1 implies that

when q(`) = q and c(`) = c for every tier `, s= (pqK+1− pc)/β(K + 2), where by using Theorem 1

to express β(K + 2) more explicitly we obtain:

β(K + 2) =

(
K+1∑
r=1

2cq2(K−r+1)

n(r)

K+1∏
`=r+1

n(`)− 1 + 1/q

n(`)
+βq2(K+1)

K+1∏
`=1

n(`)− 1 + 1/q

n(`)

)
.

It is straightforward to see that when q < 1 the aforementioned swap strictly decreases term∑K+1

r=1
2cq2(K−r+1)

n(r)

∏K+1

`=r+1
n(`)−1+1/q

n(`)
. Given that the last term in the expression for s remains the

same after the swap, this implies that both supply s and (through Lemma 2) the retailers’ profits

strictly increase. Thus, we obtain a contradiction to the optimality of NR for retailers’ profits.

Hence, it cannot be the case that n(k)<n(k− 1) for two consecutive tiers.

A similar argument can be used to establish that NS also takes the form of an inverted pyramid.

Suppose that this is not the case. The same approach as before implies that a swap between two

consecutive tiers k−1 and k with n(k)<n(k−1) (and 2<k <K+1) strictly increases s. However,

by Proposition 4, NS maximizes s, thereby yielding a contradiction. Q.E.D.

Proof of Proposition 6

Let the probability of a disruptive event be equal to q and the production cost coefficients be equal

to c for all tiers. To simplify exposition, we use the shorthand notation

φ, β(K + 2) =

(
K+1∑
r=1

2c

n(r)
q2(K+1−r)

K+1∏
`=r+1

n(`)− 1 + 1/q

n(`)
+βq2(K+1)

K+1∏
`=1

n(`)− 1 + 1/q

n(`)

)
, (48)

where the expression for β(K + 2) is obtained by recursively using (4). Note that by Theorem 1

we have s=

(
α
∏K+1

`=1
q(`)−pc

)
φ

. Thus, the structure that maximizes s also minimizes φ. The following

lemma is useful in the analysis that follows.
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Lemma 4. Consider two network structures N and N ′ with the same total number of firms.

Suppose that the numbers of firms in different tiers satisfy n(k− 1)≤ n(k), n′(k− 1)≤ n′(k) for

2 < k < K + 1 and n(k) = n′(k) for k ∈ {1,K + 1}. Let φ and φ′ be the corresponding values

of Expression (48) for N and N ′ respectively. Assume that there exist two tiers k1, k2 such that

K + 1>k2 >k1 > 1 and

n(k1)<n′(k1) and n(k2)>n′(k2),

n(`) = n′(`) ∀`∈ {k1 + 1, . . . , k2− 1} ,

and n(`)≤ n′(`) ∀` < k1.

If in N removing one firm from k2 and adding it to k1 weakly increases φ, then in N ′ removing

one firm from k1 and adding it to k2 weakly decreases φ′; thus, it increases supply s.

Proof: To simplify exposition, we define the following set of terms:

γ1 ,

(
k1−1∑
r=1

2c

n(r)
q2(K+1−r)

k1−1∏
`=r+1

n(`)− 1 + 1/q

n(`)
+βq2(K+1)

k1−1∏
`=1

n(`)− 1 + 1/q

n(`)

)
,

γ2 ,
k2−1∑
r=k1+1

2c

n(r)
q2(K+1−r)

k2−1∏
`=r+1

n(`)− 1 + 1/q

n(`)
,

γ3 ,
K+1∑

r=k2+1

2c

n(r)
q2(K+1−r)

K+1∏
`=r+1

n(`)− 1 + 1/q

n(`)
,

ζ1 ,
k2−1∏
`=k1+1

n(`)− 1 + 1/q

n(`)
,

ζ2 ,
K+1∏

`=k2+1

n(`)− 1 + 1/q

n(`)
.

Similarly, let γ′1, γ′2, γ′3, ζ ′1, and ζ ′2 denote the corresponding quantities for network structure N ′.

Finally, let φ̂ denote the value of Expression (48) corresponding to the network that results from

moving one firm from tier k2 to tier k1 in network N . Then, according to the assumption in the

lemma, we have φ̂≥ φ. Next, we write φ and φ̂ in terms of γ1, γ2, γ3, ζ1 and ζ2. We have

φ= γ1


(
n(k1)− 1 + 1/q

)(
n(k2)− 1 + 1/q

)
n(k1)n(k2)

 ζ1ζ2 + 2c

(
q2(K+1−k1)

n(k1)

)
ζ1

(
n(k2)− 1 + 1/q

n(k2)

)
ζ2

+ γ2

(
n(k2)− 1 + 1/q

n(k2)

)
ζ2 + 2c

(
q2(K+1−k2)

n(k2)

)
ζ2 + γ3.

Similarly, φ̂ is given by
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φ̂= γ1


(
n(k1) + 1/q

)(
n(k2)− 2 + 1/q

)
(
n(k1) + 1

)(
n(k2)− 1

)
 ζ1ζ2 + 2c

(
q2(K+1−k1)(
n(k1) + 1

))ζ1

(
n(k2)− 2 + 1/q(
n(k2)− 1

) )
ζ2

+ γ2

(
n(k2)− 2 + 1/q(
n(k2)− 1

) )
ζ2 + 2c

(
q2(K+1−k2)(
n(k2)− 1

))ζ2 + γ3.

.

Note that φ− φ̂≤ 0 implies (φ− φ̂)/ζ2 ≤ 0 which using the above expressions can be expressed as

follows:

γ1ζ1

((
n(k1)− 1 + 1/q

)(
n(k2)− 1 + 1/q

)
n(k1)n(k2)

−

(
n(k1) + 1/q

)(
n(k2)− 2 + 1/q

)
(
n(k1) + 1

)(
n(k2)− 1

) )

+

(
2cq2(K+1−k1)ζ1

(
n(k2)− 1 + 1/q

)
+n(k1)

(
γ2

(
n(k2)− 1 + 1/q

)
+ 2cq2(K+1−k2)

)
n(k1)n(k2)

)

−

(
2cq2(K+1−k1)ζ1

(
n(k2)− 2 + 1/q

)
+
(
n(k1) + 1

)(
γ2

(
n(k2)− 2 + 1/q

)
+ 2cq2(K+1−k2)

)
(
n(k1) + 1

)(
n(k2)− 1

) )
≤ 0.

Multiplying this expression by q2
(
n(k1)n(k2)

(
n(k1) + 1

)(
n(k2)− 1

))
and rearranging terms, we

conclude that the above inequality holds if and only if the following holds:

γ1ζ1(1− q)
(
n(k2)−n(k1)− 1

)(
q
(
n(k2) +n(k1)− 1

)
+ 1
)
− γ2(1− q)qn(k1)

(
n(k1) + 1

)
+ ζ12cqq2(K+1−k1)

((
(n(k2)− 1)2q+n(k2)− 1

)
−n(k1)(1− q)

)
− 2cq2q2(K+1−k2)n(k1)

(
n(k1) + 1

)
≤ 0.

(49)

Consider network structure N ′. Let φ̂′ denote the value of Expression (48) corresponding to the

network that results from moving one firm from tier k1 to tier k2 in network N ′. By way of

contradiction, assume that by moving one firm from tier k1 to k2, we have φ′ < φ̂′ or equivalently

0< φ̂′−φ′.

Once again writing the difference in terms of γ′1, γ′2, γ′3, ζ ′1, ζ ′2, and rearranging terms we obtain

that this inequality holds if and only if

γ′1ζ
′
1(1− q)

(
n′(k2)−n′(k1) + 1

)(
q
(
n′(k2) +n′(k1)− 1

)
+ 1
)
− γ′2(1− q)q

(
n′(k1)− 1

)
n′(k1)

+ ζ ′12cqq2(K+1−k1)

(((
n′(k2)

)2
q+n′(k2)

)
− (n′(k1)− 1)(1− q)

)
− 2cq2q2(K+1−k2)

(
n′(k1)− 1

)
n′(k1)> 0.

(50)

However, the inequality above cannot hold in light of inequality (49). In particular, note that since

n(`) = n′(`) for every `∈{k1 + 1, . . . , k2− 1}, we have γ2 = γ′2, and ζ1 = ζ ′1. Also since n(`)≤ n′(`),

for every tier ` < k1, we have γ1 ≥ γ′1. Finally, since n′(k2) + 1≤ n(k2) and n′(k1)− 1≥ n(k1), the
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left-hand side of the inequality (50) is less than or equal to the left-hand side of inequality (49),

which is a contradiction. So, it must be the case that φ′ ≥ φ̂′ and, thus, the proof of the lemma is

complete. �

Using the lemma above we complete the proof of the proposition. Let k be the first tier such that

nS(k) 6= nR(k) (thus, for every ` < k, we have nS(`) = nR(`)). By way of contradiction, assume that

nS(k)<nR(k). Since the total number of firms in the two networks is the same, there should be a

tier k2 >k such that nS(k2)>nR(k2). Consider the most downstream such tier k2. Also consider the

largest k1 < k2 such that nS(k1)<nR(k1). Note that for every tier between k1 and k2 the number

of firms in the two networks is equal, and also for every k′ <k1 we have nS(k′)≤ nR(k′). Moreover,

by Proposition 4, NS is a network that maximizes the supply level s, and moving one firm from

tier k2 and adding it to tier k1 should not strictly decrease φ (and strictly increase the supply s).

Note that by Theorem 2, for any ` > `′ such that `, `′ ∈ {2, . . . ,K}, we have nS(`) ≥ nS(`′) and

nR(`)≥ nR(`′). Thus, we can use Lemma 4 and conclude that in network NR moving one firm from

tier k1 to tier k2 does not decrease the supply level s.

Note that since k1 < k2, we have nR(k1)≤ nR(k2). We claim that in NR if we move a firm from

tier k1 to tier k2, the following term strictly increases:

K+1∏
`=1

(
nR(`)− 1 + 1/q

nR(`)

)
.

Note that by Lemma 1 this implies that the aforementioned change in number of firms in different

tiers strictly increases CV of the output of the chain. In order to show that the term above increases,

it is enough to show that(
nR(k1)− 1 + 1/q

nR(k1)

)(
nR(k2)− 1 + 1/q

nR(k2)

)
<

(
nR(k1)− 2 + 1/q

nR(k1)− 1

)(
nR(k2) + 1/q

nR(k2) + 1

)
.

The inequality above holds since for q < 1 we have(
nR(k1)− 2 + 1/q

nR(k1)− 1

)(
nR(k2) + 1/q

nR(k2) + 1

)
−
(
nR(k1)− 1 + 1/q

nR(k1)

)(
nR(k2)− 1 + 1/q

nR(k2)

)

=

(
nR(k2)−nR(k1) + 1

)(
1− q

)((
nR(k2) +nR(k1)− 1

)
q+ 1

)
(
nR(k1)− 1

)
nR(k1)nR(k2)

(
nR(k2) + 1

)
q2

> 0.

Summarizing, in network NR moving one firm from tier k1 to tier k2 weakly increases s and strictly

increases the CV of the output. By Lemma 2, we conclude that this increases the retailers’ profits.

This contradicts our original assumption that NR is a network that maximizes the profits of the

retailer. Thus, we obtain a contradiction, and conclude that nS(k) ≥ nR(k). Hence, the claim

follows. Q.E.D.
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Proof of Corollary 2

Observe that the claim trivially holds if NS = NR. Suppose this is not the case. Then, the fact

that NS and NR have the same number of firms, together with Proposition 6 implies the claim.

Q.E.D.

Proof of Theorem 3

Note that Expression (1) implies that in the end consumer market at most α/β units of final goods

are sold. Thus, the total monetary transfer from the end consumers to the rest of the supply chain

is bounded by α2/β. In turn, this implies that at most N̄ = α2/βκ firms find it optimal to enter

the supply chain at equilibrium.

In addition, recall from Proposition 3 that for a given network there exists q′ < 1 such that if

q ≥ q′, then adding a firm to a tier of the supply chain increases the profits of firms in all other

tiers. Since at most N̄ firms participate in the production process, there are finitely many networks

to consider. Hence, there exists some q̂ < 1 such that if q ≥ q̂, then adding a firm to a tier of the

supply chain increases the profits of firms in all other tiers for networks with at most N̄ firms. Note

that by construction all networks in Wκ have at most N̄ firms, and satisfy the aforementioned

property. In the remainder of the proof we focus on q≥ q̂, and exploit this observation.

In particular, start with a network in Wκ (recall that Wκ is nonempty), and assume that a firm

can enter some tier i and earn more than κ (if there is no such firm, then the network we start

with is an equilibrium network). Assume that this firm joins tier i; then Proposition 3 implies that

no firm in any other tier finds it optimal to leave the chain. Furthermore, the profits in tier i are

decreasing yet they have to be at least as high as the cost of entry κ (as otherwise the new firm

would not enter). Thus, we obtain another network structure in Wκ. Proceeding sequentially (and

keeping in mind that for any network in Wκ, Proposition 3 applies by our choice of q̂), after a

finite number of firms enter the chain, we reach an outcome where additional entry would not be

profitable (as the maximum total profits for the firms are bounded, and the entry cost κ > 0).3

Note that this is an equilibrium outcome (hence, an equilibrium exists) since at each step we obtain

a new network in Wκ, and reach an outcome where no further entry is profitable.

3 The number of firms that enter each tier cannot grow to infinity. To see this note that according to Corollary 1, we
have for the firms’ profits in tier 1≤ k≤K + 1,

π(k) = s2
c(k)

n(k)2

K+1∏
`=k+1

q(`)2

n(`)

(
n(`)− 1 +

1

q(`)

)
.

In addition, the supply s is bounded from above for any allocation of firms into the different tiers. Thus, as the number
of firms in tier k increases, π(k) approaches zero and thus at some point firms’ expected profits become smaller than
the entry cost κ.
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Finally, we show that there exists an equilibrium network that is maximal. The claim trivially fol-

lows if the equilibrium is unique. Suppose that there are two arbitrary equilibrium structuresN and

N ′, and define structureNmax as follows: for every tier 1≤ `≤K+1, let nmax(`) = max
{
n(`), n′(`)

}
.

We claim that in the structure Nmax we have πmax(`)≥ κ for all 1≤ `≤K+1. To see this, consider

an arbitrary tier 1≤ `≤K+ 1, and without loss of generality assume that n(`)≥ n′(`). Then since

nmax(`) = n(`) and for every other tier k 6= ` we have nmax(k)≥ n(k), it follows from Proposition 3

that πmax(`)≥ π(`)≥ κ. Since ` is arbitrary it follows that Nmax belongs to Wκ. Note that if no

other firm finds it profitable to enter Nmax, then this network is an equilibrium. Otherwise, after a

finite number of (sequential) entries to Nmax as explained before, we reach an equilibrium structure

where each tier has weakly more number of firms than the corresponding tier in N and N ′. The

above argument implies that given any equilibrium structures N and N ′, we can obtain another

equilibrium structure that has (weakly) more firms than both networks in all tiers. Since firms

pay an entry cost κ> 0, it follows that the number of firms in an equilibrium network is bounded,

and there are finitely many equilibria. Thus, we conclude that the maximal equilibrium structure

exists. Q.E.D.

Proof of Proposition 7

Consider an equilibrium chain NE . Let π̂E(k) and ŝE denote the profits of firms in tier k and the

level of supply procured by tier K+ 1, respectively, in the network that results after an additional

firm enters tier k of NE . Using Corollary 1, we obtain

κ> π̂E(k) = ŝ2
E

c(k)

(nE(k) + 1)2

K+1∏
`=k+1

q2
(nE(`)− 1 + 1/q

nE(`)

)
> s2
E

c(k)

(nE(k) + 1)2

K+1∏
`=k+1

q2
(nE(`)− 1 + 1/q

nE(`)

)
,

(51)

where the second inequality follows from the fact that ŝE > sE (the level of supply procured by the

firms in tier K+1 increases when a firm enters the chain as can be directly seen from Proposition 1).

On the other hand, since NE is an equilibrium network structure, we have that the profits πE(k+1)

of firms in tier k+ 1 (at the corresponding supply equilibrium) are such that πE(k+ 1)≥ κ. This

further implies that

πE(k+ 1) = s2
E
c(k+ 1)

nE(k+ 1)2

K+1∏
`=k+2

q2
(nE(`)− 1 + 1/q

nE(`)

)
≥ κ. (52)

Expressions (51) and (52) yield the following inequality:

c(k+ 1)

nE(k+ 1)2

K+1∏
`=k+2

q2
(nE(`)− 1 + 1/q

nE(`)

)
>

c(k)

(nE(k) + 1)2

K+1∏
`=k+1

q2
(nE(`)− 1 + 1/q

nE(`)

)
,
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which, in turn, yields

(nE(k) + 1)2

nE(k+ 1)2
>

c(k)

c(k+ 1)
q2
(nE(k+ 1)− 1 + 1/q

nE(k+ 1)

)
. (53)

Finally, inequality (53) implies that

nE(k)> qnE(k+ 1)

√
c(k)

c(k+ 1)

√
nE(k+ 1)− 1 + 1/q

nE(k+ 1)
− 1. (54)

Following a similar approach and noting that since NE is an equilibrium chain, no firm has an

incentive to enter tier k+1 (i.e., using an inequality similar to (51) for tier k+1, and an inequality

similar to (52) for tier k), we can establish that

nE(k)< q(nE(k+ 1) + 1)

√
c(k)

c(k+ 1)

√
nE(k+ 1)− 1 + 1/q

nE(k+ 1)
, (55)

which completes the first part of the proposition.

For the second part, we assume that c(k) = c for all 1≤ k≤K+ 1. Then, note that (54) directly

implies that ⌊
q ·nE(k+ 1)

⌋
≤ nE(k),

since nE (k+1)−1+1/q

nE (k+1)
≥ 1. Also note that if

q
(
nE(k+ 1) + 1

)√nE(k+ 1)− 1 + 1
q

nE(k+ 1)
− qnE(k+ 1)≤ 1, (56)

then by noting that nE(k) is an integer, (55) immediately implies⌈
q ·nE(k+ 1)

⌉
≥ nE(k).

Straightforward algebra implies that inequality (56) holds for any q ≤ 1. Summarizing, we have

established that ⌊
q ·nE(k+ 1)

⌋
≤ nE(k)≤

⌈
q ·nE(k+ 1)

⌉
. (57)

Q.E.D.
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Appendix B: Discussion and Additional Results

Appendix B discusses three results that were omitted from the main body of the paper. In par-

ticular, Appendix B.1 establishes a connection between balanced networks and the coefficient of

variation of the output that reaches the downstream consumer market. Appendix B.2 considers

the extension of our benchmark model to the case where disruptive events in a tier are correlated.

Finally, in Appendix B.3 we illustrate potential prescriptive implications of our results.

B.1. Balanced Networks and Coefficient of Variation

In this section, we establish that more balanced structures induce smaller CV . Throughout the

section we consider networks with a fixed number N of firms. Before we state our results formally,

we define a preorder on network structures with the same number of firms that aims to capture

how “balanced” they are.

Definition 1. Suppose networks N1 and N2 have the same number of firms. Network N1 is

more balanced than network N2 if for any two tiers k1 and k2 we have

|n1(k2)−n1(k1)| ≤ |n2(k2)−n2(k1)|,

where n1(k) and n2(k) denote the number of firms in tier k in networks N1 and N2, respectively.

The result that follows relates this preorder to the coefficient of variation of the corresponding

outputs.

Lemma 5. Let q(k) = q < 1 for all tiers 1≤ k≤K+ 1 and assume that network N1 is more bal-

anced than network N2. Then, the coefficient of variation of the supply chain’s output corresponding

to N1 is (weakly) smaller than that corresponding to N2, i.e., CV (UN1
)≤CV (UN2

).

Proof: The claim trivially holds if N1 =N2. Suppose this is not the case. Consider the following

sets S1 and S2:
S1 , {1≤ k≤K + 1|n2(k)<n1(k)},

S2 , {1≤ k≤K + 1|n2(k)>n1(k)}.
(58)

Since N1 6=N2 and these networks have the same number N of firms, it follows that S1, S2 6= ∅.

First, note that for any two tiers k1 ∈ S1 and k2 ∈ S2 we should have n2(k1) < n2(k2), since

otherwise we would have |n2(k1)− n2(k2)| < |n1(k1)− n1(k2)|, which contradicts the assumption

that network N1 is more balanced than N2. To see this, assume, by way of contradiction, that

there exist tiers k1 ∈ S1 and k2 ∈ S2 such that n2(k1)≥ n2(k2). Since we have n1(k1)> n2(k1) and

n1(k2)<n2(k2) we obtain

n1(k2)<n2(k2)≤ n2(k1)<n1(k1),

which in turn implies that |n2(k1)−n2(k2)|< |n1(k1)−n1(k2)|, contradicting the assumption that

N1 is more balanced.
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Fix some k1 ∈ S1 and k2 ∈ S2. We claim:(
n2(k1)− 1 + 1

q

n2(k1)

)(
n2(k2)− 1 + 1

q

n2(k2)

)
≥
(
n2(k1) + 1

q

n2(k1) + 1

)(
n2(k2)− 2 + 1

q

n2(k2)− 1

)
. (59)

To see this, note that we have(
n2(k1)− 1 + 1

q

n2(k1)

)(
n2(k2)− 1 + 1

q

n2(k2)

)
−
(
n2(k1) + 1

q

n2(k1) + 1

)(
n2(k2)− 2 + 1

q

n2(k2)− 1

)

=

(
n2(k2)−n2(k1)− 1

)(
1− q

)((
n2(k1) +n2(k2)− 1

)
q+ 1

)
n2(k1)

(
n2(k1) + 1

)(
n2(k2)− 1

)
n2(k2)q2

≥ 0,

(60)

where the inequality holds since n2(k2)>n2(k1).

Finally, Expression (45) together with the inequality above imply that in N2 after moving a firm

from k2 to k1, the CV of the resulting network is at most as high as the CV of the original network.

Finally, noting that network N1 can be obtained from N2 after moving a certain number of firms

belonging to tiers in S2 to tiers in S1 one after the other, we conclude that CV (UN2
)≥CV (UN1

)

(note that after each such move, the following still holds |n1(k1)− n1(k2)| ≤ |n2(k1)− n2(k2)| for

k1 ∈ S1 and k2 ∈ S2.) �

This result establishes that when a network becomes less balanced, e.g., due to having too few

firms in one tier, while having many more in another, then the coefficient of variation of the output

increases. The increase in the output variability is intuitive, since if the network has a tier with a

few firms, in case of disruption in this tier, the output is significantly reduced.

Our next result complements the previous one by showing that the CV minimizing networks

are the most balanced ones, in the sense that the number of firms in different tiers is (almost) the

same.4

Lemma 6. Let q(k) = q < 1 for all tiers 1 ≤ k ≤K + 1, and denote by N the network with N

firms that minimizes CV . The network N is such that for any two tiers 1≤ k1, k2 ≤K+1, we have

|n(k1)−n(k2)| ≤ 1.

Proof: By way of contradiction, assume that for two tiers k1 and k2, |n(k1)−n(k2)| ≥ 2, and without

loss of generality assume n(k2)>n(k1). Then moving one firm from tier k2 to tier k1 decreases CV .

Note that to establish this claim it is enough to show that(
n2(k1)− 1 + 1

q

n2(k1)

)(
n2(k2)− 1 + 1

q

n2(k2)

)
>

(
n2(k1) + 1

q

n2(k1) + 1

)(
n2(k2)− 2 + 1

q

n2(k2)− 1

)
, (61)

which follows from equality (60) by noting that n(k2)>n(k1) + 1. �

4 Note that for a given number N of firms, it may not be possible to have the same number of firms in all tiers. To
account for this possibility, our result allows for the number of firms in different tiers to differ by one.
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B.2. Correlated Disruptions

Assume that for any two firms i, j in Tier(k) we have Cov(Zk,i,Zk,j) = δ(k), where we recall that

Zk,i is a Bernoulli random variable that captures whether a disruptive event has occurred in firm

i. Suppose that independence of disruptions across tiers is still preserved (i.e., Cov(Zk,i,Z`,j) = 0

for k 6= `). Theorem 1 below generalizes Theorem 1 to this case where disruptive events in a tier

may be correlated. Before stating the theorem, we introduce some notation (analogous to (3) and

(4)) and state an assumption analogous to Assumption 1.

In particular, we let

α̂(k) = α
k−1∏
`=1

q(`),

β̂(k) =


β if k= 1,

β̂(k− 1)
δ(k− 1) + q(k− 1)2

n(k− 1)

(
n(k− 1)− 1 +

q(k− 1)

δ(k− 1) + q(k− 1)2

)
+

2c(k− 1)

n(k− 1)
if 1<k≤K + 2.

In addition, we state the following assumption.

Assumption 1. The supply chain network is such that:

(i) α̂(K + 2)> pc,

(ii)
α̂(k)

β̂(k)
>
α̂(K + 2)− pc
β̂(K + 2)

, for k ∈ {1, . . . ,K + 1}.

Then, we obtain the following theorem, which is analogous to Theorem 1.

Theorem 1. Suppose that Assumption 1(i) holds. Then, the supply equilibrium is essentially

unique. In addition, if Assumption 1(ii) holds, the (essentially unique) equilibrium can be charac-

terized as follows:

(i) The aggregate supply s of raw materials is given by

s=
α̂(K + 2)− pc
β̂(K + 2)

. (62)

(ii) The price for the output of tier k when the state is ωk−1 is given by

pk(ωk−1) = α̂(k)− β̂(k)s
K+1∏
`=k

n(`,ωk−1)

n(`)
> 0, (63)

for all k ∈ {1, . . . ,K + 1} and ωk−1 ∈ Ωk−1. Here, we let n(`,ωk−1) denote the number of firms in

tier `≥ k that did not experience a disruption at state ωk−1.

(iii) The procurement quantity of firm i in tier k when the state is ωk is given by

xk,i(ωk) =
s

n(k)

K+1∏
`=k+1

n(`,ωk)

n(`)
, (64)

for all k ∈ {1, . . . ,K + 1} and ωk ∈Ωk.
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Finally, if Assumption 1(ii) does not hold, then at any supply equilibrium, there exists at least

one tier k′ ∈ {1, . . . ,K+1}, such that pk′(ω̄k′−1) = 0, where ω̄k′−1 ∈Ωk′−1 is the state where no firm

experiences a disruption in tiers {k′, . . . ,K + 1}.

It can be readily seen that the proofs of the essential uniqueness of the equilibrium (under

Assumption 1(i)) and its characterization when Assumption 1(ii) does not hold follow using essen-

tially the same arguments as in the proofs of the corresponding claims in Theorem 1 (with the

only difference that we need to take into account the correlation between disruptions in the same

tier when writing Expression (25)). Similarly, in order to establish that the prices and procurement

quantities given in Expressions (62), (63), and (64) constitute an equilibrium, as in the proof of

Theorem 1, we use the first order optimality conditions for the firms’ expected profit maximization

problems. In the setting of Theorem 1, when evaluating firms’ expected profits, we need to take into

account the correlation in disruptions affecting firms in the same tier. In particular, this implies

that instead of Expression (16), we have

E[Zk,in(k, ω̂k−1) | ω̂k = ωk] =E

[
Zki +

∑
j∈Tier(k)|j 6=i

Zk,iZk,j

]
= q(k) +

(
q(k)2 + δ(k)

)
(n(k)− 1).

Since the proof generally follows the same steps as the proof of Theorem 1, it is omitted for brevity.

B.3. Prescriptive Implications

The closed-form characterization of profits given in Corollary 1 is useful for understanding how

implementing a strategic initiative may impact firms’ profits, and consequently inform managerial

decision making. In this section, we illustrate this observation by investigating how investing in

improving the monitoring/production reliability of a given tier (or other interventions that effec-

tively lead to a higher q(k)) may affect the profits of a firm, and how a manager should prioritize

investing in such interventions among different tiers of the chain.

In particular, we consider a retailer investing in decreasing the disruption risk associated with

one of the intermediate stages of production. Assuming that such efforts incur the same cost

irrespective of the tier they are targeted to, we provide some understanding of the potential return

investing in a tier would yield as a function of the primitives of the environment.

Formally, we say that it is optimal for a downstream retailer to invest in decreasing the disruption

risk of tier k if d logπ(1)

dq(k)
is maximized for k. Intuitively, this is the tier where a marginal improvement

in disruption probability has the largest impact on the retailers’ profits. The proposition below

provides a characterization of such an optimal tier for the retailers as a function of the modeling

primitives. To simplify the exposition and obtain a crisp characterization, the proposition focuses

on the setting where the variable costs associated with production are positive but negligible for
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all intermediate stages of productions, i.e., c(k)→ 0 for k > 1, whereas c(1) > 0 (note that this

implies that roughly the entire surplus generated by the supply network goes to the downstream

retailers).5

Proposition 1. Consider a setting where c(k)→ 0 for all 1< k ≤K + 1. Then, it is optimal

for the downstream retailer to invest in decreasing the disruption risk of tier k that maximizes the

following expression:

1

q(k)

(
2α
∏K+1

`=1 q(`)

α
∏K+1

`=1 q(`)− pc
− 2 +

1/q(k)

n(k)− 1 + 1
q(k)

)
. (65)

Proof: The profits for a downstream retailer are given by the following expression from Corollary 1:

π(1) = s2 c(1)

n(1)2

K+1∏
`=2

q(`)2

n(`)

(
n(`)− 1 + 1/q(`)

)
. (66)

Also, the aggregate supply s at equilibrium is given by

s=
α
∏K+1

`=1 q(`)− pc
β(K + 2)

.

We are interested in finding the tier k for which the derivative dπ(1)

dq(k)
is maximized. Note that this is

equivalent to finding k for which d logπ(1)

dq(k)
is maximized. We can write the logarithm of Expression

(66) as

logπ(1) =2 log

(
α
K+1∏
`=1

q(`)− pc
)
− 2 log

(
β
K+1∏
`=1

q(`)2
n(`)− 1 + 1

q(`)

n(`)
+
K+1∑
r=1

2c(r)

n(r)

K+1∏
`=r+1

q(`)2
n(`)− 1 + 1

q(`)

n(`)

)

+ log

(
c(1)

n(1)2

K+1∏
`=2, 6̀=k

q(`)2
n(`)− 1 + 1

q(`)

n(`)

)
+ log

(
q(k)2

n(k)− 1 + 1
q(k)

n(k)

)
.

Thus, we can write d logπ(1)

dq(k)
as follows:

∂ logπ(1)

∂q(k)
=

2α
∏K+1

`=1, 6̀=k q(`)

α
∏K+1

`=1 q(`)− pc
+

2q(k)(n(k)− 1) + 1

q(k)2
(
n(k)− 1 + 1

q(k)

)
− 2

β
2q(k)

(
n(k)−1

)
+1

n(k)

∏K+1

`=1, 6̀=k q(`)
2
n(`)−1+ 1

q(`)

n(`)
+
∑k−1

r=1
2c(r)

n(r)

2q(k)

(
n(k)−1

)
+1

n(k)

∏K+1

`=r+1, 6̀=k q(`)
2
n(`)−1+ 1

q(`)

n(`)

β
∏K+1

`=1 q(`)2
n(`)−1+ 1

q(`)

n(`)
+
∑K+1

r=1
2c(r)

n(r)

∏K+1

`=r+1 q(`)
2
n(`)−1+ 1

q(`)

n(`)

.

Then, by using c(k)→ 0 for k > 1, we can rewrite the above as follows:

∂ logπ(1)

∂q(k)
=

2α
∏K+1

`=1, 6̀=k q(`)

α
∏K+1

`=1 q(`)− pc
− 2q(k)(n(k)− 1) + 1

q(k)2
(
n(k)− 1 + 1

q(k)

) ,
5 Similar insights hold in the general setting as well but obtaining analytical expressions is much more challenging.
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which, in turn, implies that it is optimal for a downstream retailer to invest in decreasing the

disruption risk of tier k for which the following expression is maximized

1

q(k)

(
2α
∏K+1

`=1 q(`)

α
∏K+1

`=1 q(`)− pc
− 2(n(k)− 1) + 1/q(k)

n(k)− 1 + 1
q(k)

)
.

Finally, we can rewrite the above as

1

q(k)

(
2α
∏K+1

`=1 q(`)

α
∏K+1

`=1 q(`)− pc
− 2 +

1/q(k)

n(k)− 1 + 1
q(k)

)
,

which completes the proof of the claim. �

As one would intuitively expect, if the number of firms in each tier is the same, Expression (65)

implies that it is optimal to invest in the tier for which the disruption risk is the highest. On the

other hand, this conclusion no longer holds if the number of firms in different tiers is different. In

particular, it may no longer be optimal to invest in the tier that is most prone to disruptions, i.e.,

the tier with the lowest q(k), or the retailers’ direct suppliers, i.e., firms in tier 2. In general, retailers

may find it optimal to concentrate their efforts on a different tier depending on the environment

they operate in. We illustrate this with an example where the chain consists of K+1 = 3 tiers with

n(3) = 5 firms, n(2)∈ {3,5,7} firms, and n(1) = 1 retailer. For each value of n(2) we compare (65)

for tiers k= 2 and k= 3, and obtain (q(2), q(3)) pairs for which it is optimal to invest in tier k= 2

or k= 3. The results are illustrated in Figure 1 below.

0.75 0.80 0.85 0.90 0.95
0.75

0.80

0.85
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0.95

q(2)

q(3)

Threshold values

n(2) = 3

n(2) = 5

n(2) = 7

Figure 1 Each of the curves in the figure corresponds to a different value for n(2), i.e., n(2) ∈ {3,5,7}, when

n(3) = 5. For (q(2), q(3)) pairs that lie above the corresponding curve, it is optimal to invest in tier 2, whereas

otherwise it is optimal to invest in tier 3. Here, the probability of successful production in tier 1 is q(1) = 1, pc = 0.5,

and α= 2.

Despite its simplicity, this example clearly illustrates the importance of results such as Theorem

1 and Corollary 1 in prescribing managerial decision-making in multi-tier supply chains: although
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intuitively it may seem best for a firm to focus on its direct suppliers (as their operations have an

immediate impact on the firm’s profits), this often leads to suboptimal returns. Thus, developing

an understanding of the firm’s supply chain structure and taking into account how relationships

between its direct and indirect suppliers affect its profits may be necessary for its strategic planning.
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