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Appendix A: Proofs
Proof of Theorem 1

The proof proceeds in three parts that (1) establish the essential uniqueness of the equilibrium under
Assumption 1(i); (2) provide a characterization of equilibrium prices and procurement quantities
when both Assumptions 1(i) and (ii) hold; and (3) show that if Assumption 1(ii) is violated, then
there exist realizations of the disruptions for which the realized price for the output of at least one
of the K + 1 tiers is equal to zero, respectively.

The proof relies on formulating a convex optimization problem (given in (1)) and showing that
its (unique) solution along with the solution to the corresponding dual problem can be used to
construct a supply equilibrium. In particular, in establishing all three parts that follow, we use the
problem’s KKT conditions (that are necessary and sufficient for optimality).

We start by introducing some notation, stating the aforementioned optimization problem, and
establishing two auxiliary lemmas. Then, we proceed to the proof of claims (1)-(3) above.

To simplify the exposition, we let n(w) £ P(U, = w) denote the probability that state w is
realized after tiers k + 1,---, K + 1 complete production. Note that n(w;) > 0 for all w;, € Qy,
since by definition £, consists of states that are realized with nonzero probability. Also, given a
state wy, with some abuse of notation, we let wy, ; denote whether firm j € Tier(k + 1) experiences

a disruptive event in state wy (i.e., wy; is equal to the binary variable z;.;; associated with
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wi = {Wkt1, {Zk+1.:}:}). In addition, we use notation wyi; — wy when state w;, can be realized
with positive probability assuming that the state describing the realizations of disruptions in tiers
k+2,--- ,K+1is wgy1. Finally, we let S denote the set of valid states.

We consider the following optimization problem:

K+1

B
max Y (o) (awo(wo) = Gao(@)”) ~pe D0 wrpilern) =Y DD mlwne()rai(wn)

wo €N i€Tier(K+1) k=1 i€Tier(k) wy €y

s.t. Z Ti(wi) < Z Tr1, (Wrt1)s for 1 <k < K and Vwy, € 4,
i€Tier(k) jeTier(k-l-l)\wk+1—>wk,wk,].=l

(1)
Zo(wo) < Z z1,5(wi), Vwo € o,
jETier(l)\wlﬁwo,wgyj=l

Zo(wg) >0, xyi(wg) >0, for 1 <k < K+1, and Vi € Tier(k),Ywy € Qo, Vwy, € Q.

The following lemma summarizes a number of properties of this optimization problem that we

use in our subsequent analysis.

LEMMA 1. Suppose Assumption 1(i) holds.

(a) Optimization problem (1) admits a unique optimal solution, which we denote by x*. More-
over, this solution satisfies xj, ;(wi) = o, ;(wi) for all k€ {1,... K +1} and i,j € Tier(k).

(b) The nonnegativity constraints are not binding in the optimal solution for the decision vari-
ables that correspond to valid states, i.e., x5 ;(wi) >0 and z5(wo) >0 for wy,wo €S at the optimal

solution.

Proof:

(a) Note that the objective function is additively separable over the decision variables, i.e.,
{zpi(wi)} for 1 <k < K+1, i€ Tier(k), and wy, € , and z¢(wy) for wy € Q. Moreover, it is
strictly concave in all the decision variables. Since the feasible set is convex, these observations
imply that there is a unique optimal solution.

We proceed by establishing that in the optimal solution

o i(wn) = o5 (W), (2)

for all 7, j € Tier(k), wp € A, and 1 <k < K + 1. Suppose that this is not the case and zj ;(wi) >
v ;(wy) for some 4, j € Tier(k) and wy, € Q. Then, another feasible solution x’ with the same value
for the objective function can be constructed by setting xj, ,(wi) = 7 ;(wi) and z}, ;(wi) = 7% ; (W),
and x’ equal to the original solution x* for the remaining decision variables. This solution is also
optimal; thus, we obtain a contradiction to its uniqueness.

1Tt can be readily seen that when the decision variables take large enough values, the objective becomes negative.

Thus, it is sufficient to restrict attention to a bounded interval for the vector of decision variables x. Thus, the
existence of an optimal solution follows from the Weierstrass theorem.



(b) Next, we show that the nonnegativity constraints are not binding in the optimal solution for
the decision variables that correspond to valid states. By way of contradiction, assume that this
is not the case and consider the most upstream tier k € {1,---, K 4 1} such that in an optimal
solution w7} ;(wy) =0 for some i € Tlier(k), and valid state wy, € ;. Then, by Expression (2), one of
the following two cases should hold:

o k<K+1,ie., x;,(wp) =0 for all i € Tier(k) and zj,, ;(wiy1) > 0 for any j € Tier(k + 1)
where w1 — wy; or

e k=K+1,ie, x5, ,;(wgy1) =0 for all i € Tier(K +1).

Consider any valid states wj,_; € Qx_1,...,w) € Qp that can be reached (with nonzero probability)
after wy, is realized, i.e., wy — w;,_; — -+ = w|. Note that by feasibility in optimization problem
(1), we have x7 , (w;) = 0= zj(wp) for all i’ € Tlier(¢) and 1 </ < k. Next, for each tier £ <k, fix a
firm j(¢) € Tier(¢). Note that another feasible solution x’ can be constructed by setting:

(i) 2 oy (wr) =€,

(ii) @) (w)) = € for 1 <€ <k and every state w; such that firms {j(m)}},_,,, do not experience
a disruption,

(iii) zf(wp) = € for every state w) such that firms {j(m)}* _, do not experience a disruption,
while leaving the remaining decision variables unchanged.

By Assumption 1(i), we have aHZ{l q(f) = a(K + 2) > p.. Hence, it can be seen that this
feasible solution yields a strictly higher value for the objective function for sufficiently small e,
thereby leading to a contradiction to zj ;(wy) =0 for some 1 <k < K + 1, i € Tier(k), and valid
state wy € () at the optimal solution of (1). Similarly, if all x; ;(wi) > 0 for valid w; € €, and
x5 (wo) = 0 for some valid wy, it can be readily seen that one can construct another solution x” with
a strictly higher value for the objective function by setting z{(wy) = € for a sufficiently small € > 0.
Thus, we conclude that in the optimal solution of optimization problem (1), for valid states the
nonnegativity constraints are not binding. O

Introducing Lagrange multipliers {\x(wx)} and {Ag(wp)} for the first two sets of constraints,
respectively, and {uo(wo)} and {pui(wy)} for the nonnegativity constraints, the necessary and
sufficient (given that the problem’s constraints are linear) KKT optimality conditions corresponding

to optimization problem (1) can be written as follows:

—1o(wo) (@ — Bz (wo)) + Ao(wo) — po(wo) =0, (3a)

Pe+2e(K + 1)aje i (wiern) — > A (wi) = prct,i(Wit1) =0, (3b)
WKWK 41— WK Wi =1

2c(k)m(wi )y (wi) + Ak (wr) = > A1 (Wr—1) = pei(wr) = 0, (3¢)

wp_1|wg—wg_1,wE—1,=1



Mewr) =0 L Y @) < > Thipr (W), (3d)

i€Tier(k) J€Tier(k+1)|wg 41wk ,wg, j=1
)\0(&)0) Z 0 1 .’L'S((A)Q) S Z w;)j(wl)y (36)
Jj€Tier(1)|w; —wg,wp, ;=1
pri(we) >0 L mzl(wk) >0, po(we) >0 L z5(wo) >0. (3f)

Our next lemma provides a characterization of the optimal dual multipliers and relates the

solution of the above system to the supply equilibrium.

LEMMA 2. Suppose Assumption 1(i) holds.

(a) The dual multipliers {Ap(wy)} and {Ao(wo)} corresponding to wvalid states and satisfying
conditions (3a)—(3f) are unique. Moreover, po(wo) = pur,i(wr) =0 for valid states wy € Qo NS, wy, €
Q.NS, where ke {l,...,K+1} and i€ Tier(k).

(b) Let {x} ;(wi)} U{z§(wo)} and {Ap(wi)} U{Ao(wo)} U {pw(wi)} U{po(wo)} denote a solution
of (3a)~(3f), and define pp(wi—1) = Mp—1(Wr—1)/Mh—1(wWr—1). Then {pr(wk-1), 2} (W)} is a supply
equilibrium.

c¢) Conversely, suppose that {py(wr_1),2% ;(wi)} is a supply equilibrium. Define
k,i

)\k(wk) Zpk+1(wk)77k (Wk)y (4)

and xj5(wo) = D(p1(wo)). Also, let py.i(wi) =0 if zf ;(wi) >0 for 1 <k <K +1, and, po(wo) =0 if
x5(wo) > 0. Otherwise, if x, ;(wi) =0, let

i (wi) = Ag(wy) — Z -1 (Wr—1), (5)

W 1|wp—wp_1,wg—1,;=1

when 1 <k <K and pg;(wi) =pe — Me—1(wk—1) when k=K + 1. Similarly,

Zwk—l‘wk_)wk—lvwk—l,izl
let po(wo) = Ao(wo) — 10 (wo) v, if a5 (wo) = 0.
Then, {z} ;(wr) }U{x(wo)} and { A (wi) } U{Ao(wo) } UL (wr) }U{po(wo)} is a solution of (3a)-

(31).
Proof:

(a) By Lemma 1, optimization problem (1) admits a unique optimal solution {zj ,(wy)} U
{xf(wo)}. Lemma 1 also implies that z{(wo) >0 for wy € QNS and zj ;(wi) > 0 for i € Tier(k),
wi € QNS Thus, by (3f), we have po(wo) = pr(wr) = 0. Thus, given xf(wp), condition (3a) implies
that Ag(wp) is uniquely defined for wy € Qo N'S. Suppose that {A,(wr)}ecr w,cons are uniquely
defined for some k. Since py(wi) =0 for wy € Q. NS, given x} ;(wi) and {Ae(we)}eckweamns, DY
conditions (3b) and (3c), dual multiplier \x(wy) is also uniquely defined for wy, € 2, NS. Proceeding
inductively, we conclude that dual variables {\;(wx)} and {A¢(wo)} corresponding to valid states

and satisfying KKT conditions (3a)-(3f) are uniquely defined.



(b) First consider z}(wo). Note that if zj(wo) > 0, then by (3f) and (3a) we have ug(wy) =0 and,

in turn, p;(wo) = (@ — Brf(wp)). Hence,
D(p1(wp)) = x(wo) for wy € S and z75(wy) > 0. (6)
On the other hand, if xj(wo) =0, by (3a), we obtain directly that p;(wy) > «. Hence,
D(p1(wo)) =0 =z (wo). (7)

Expressions (6) and (7) together with KKT condition (3e) imply condition (iii) from the definition
of a supply equilibrium (Definition 1). In addition, KKT condition (3d) readily implies condition
(ii) from the definition of a supply equilibrium.

Finally, we establish that the combination of KKT conditions (3f), (3b), and (3¢) imply condition
(i) from the definition of a supply equilibrium. To see this, recall that the expected profit of firm
i € Tier(k) when the realized state is wy, after firms in tiers k+1,--- , K + 1 complete production

and firm ¢ procures y; ; can be written as follows

7 (4, Wk Yr,i) = Z Mi—1(Wr—1|wi)Pe(Wk—1)Yk,i — Pre1 (Wi)Yr,i — C(k)yzl
w1 |wg—wp 1w —1,;=1
—1(wp—
= Z Mm(wkq)yk,i — D1 (Wk)Yri — C(k)yi,ia
M (wr)

w1 lwg—wg 1wk —1,;=1

where 7,1 (wg_1|wy) = % is the probability state wj_, is realized, conditional on state wy,
being realized.
For k < K + 1, by taking the derivative with respect to yi,; and substituting pyii(wi) =

Ak(wk)/nk(wk) and py, (wkq) = >\k71(wkf1)/77k71(wk71)7 we obtain

o7 (4, Wk, Y, i) Ai—1(Wk—1) B Ak (we) —2e(B)a* () = _Mk,i(wk)
OYr.i Z (W) M (W) 2¢(k) k’l( ) e (we)

(8)

Yk,i=oh (W) Wh—1lwpDwp_ w1, =1
where the last equality follows from (3c). Note that this equality implies that

xz,i(wk) € arg max ﬁ(kaa yk,i>7
Yk,i=20

for all k€ {1,---, K +1}. This is because if x; ;(wi) > 0, then by (3f) we have p ;(wi) =0, and (8)
implies that 7 ;(wy) satisfies the first order optimality conditions. On the other hand, if 2} ;(wy) =

0, then from (8) we obtain that %’;y’“)

st () =0 which readily implies that x} ,(w;) €
=T (W "~

argmaxy, ,>o (0, Wi, Yr,i)-



Following a similar approach but using pxi2(wxyi1) = p. (and the fact that n(wg,1) =1), the

derivative of the expected profit of a firm ¢ € Tier(K + 1) is given by:

)\K(WK) — Pec— 2C(K + 1)x;<+1,i(WK+1)

OT (1, Wi +1, Yr+1,) _ Z
a?/K+1,i
YK+1,i=T ) 11, (WK+1) Wi lwi 1wk wi =1

= _/~LK+1,i(wK+l)a

(9)
where the last equality follows from (3b). Once again this implies that 2%, ,(wki1)
argmaxy, ., ;>0 7(i,Wx11,Yx+1,:)- Hence, the tuple {py(wi_1), 7} ;(wi)} also satisfies condition (i)
of Definition 1; thus, it constitutes a supply equilibrium.

(c) First, note that i ;(wi) and po(wo) are nonnegative. This is immediate when 7 ;(wy.) > 0 and
xf(wo) > 0. If, on the other hand, x} ;(wx) = 0, condition (i) of a supply equilibrium in Definition 1

implies that

E [Pk(@kq)zm — Proy1 (Wr) |0k = wk:| <0.

Using A (wi) = prs1 (W) (we) from (4), we have

E pk(wkfl)zkz,i — Pk+1 (@k)

A AMe—1(Wi—1) Me—1(Wi—1) _ A (W)
o k} Z Me-1(we-1)  7e(wr) M (W)

w1 |lwg—wp 1wk 1 ,;=1
1

:m Z )\k—l(wk—l)_)‘k(wk) <0.

w1 lwg—wp_1.wg_1,i=1

(10)
Combining (10) with (5) implies that g ;(wy) >0 for all w, and 1 <k < K. A similar argument
readily applies to establish that pri1;(wki1) > 0. Furthermore, if x%(wy) = D(p1(wp)) = 0, then

p1(wo) > a. In turn, this implies

to(wo) = Xo(wo) — 1o (wo)ar = 1o (wo) (p1(wo) — ) > 0.

In addition to being nonnegative as we established above, by construction, variable p, ;(wy) (simi-
larly, po(wo)) is equal to zero when xj ;(wi) > 0 (similarly, zf§(wo) > 0). Thus, condition (3f) holds.

Moreover, the primal and dual variables as constructed above, satisfy conditions (3d) and (3e)
given conditions (ii) and (iii) from the definition of a supply equilibrium, the nonnegativity of prices,
and the fact that % (wy) = D(p1(wp)). In a similar fashion, note that for the given construction of
variables pi, ;(wy) and fio(wo), KKT conditions (3a)-(3c) are trivially satisfied when x} ;(wy) =0
(or z5(wo) =0). On the other hand, if x ;(wx) >0 (or xj(wy) > 0), condition (i) in Definition 1

implies that

E| Zy,ipe(Wr—1) — Prs1 (@r) |0r = Wk] = 2c(k)z} ;(wi),



for 1 <k < K. Thus, (10) implies condition (3c) (a similar argument readily applies to establish
that the constructed vector of dual variables satisfies also condition (3b)). Finally, when xf(wy) > 0,
condition (3a) readily follows by noting that z}(wy) = D(p1(wp)).

Thus we conclude that {z} ;(wi)} U{xf(wo)} together with the constructed { Ay (w)}U{Ao(wo)}U
{1 (wi) } U {po(wo) } is a solution of (3a)—(3f).

g
Using these auxiliary lemmas, we next complete the proof of the theorem.

Part (1): Suppose that Assumption 1(i) holds. Then, the supply equilibrium is essentially
unique.

Let {pr(wk_1), 2k i(wr)} be a supply equilibrium, and consider the construction in Lemma 2(c).
It follows by the lemma that {z;(wi)}U{zo(wo)} and {Ag(wr)} U {Xo(wo)} U {p(wk)} U{to(wo)}
constitute a solution of the KKT conditions (3a)—(3f) associated with problem (1). Lemma 1(a) and
Lemma 2(a) establish that the tuple of {z;(wk), To(wo)} and {Ax(wk), Ao(wo)} for valid wy,wy, that
satisfy (3a)—(3f) is unique. In turn, this implies that all supply equilibria share the same {zy;(wg)}.
Moreover, since A (wk) = pr+1(wi)nk(wi) by construction (and 7 (wy) > 0), it also follows that all
supply equilibria share the same {p;.1(wy)} for all valid states {wy}. Thus, we conclude that the
supply equilibrium is essentially unique.

Part (2): Suppose that Assumptions 1(i) and (ii) hold. Then, the essentially unique equilibrium
is characterized by Expressions (5), (6), and (7).

By the expression for the procurement quantity of firm i € Tier(k) given in the statement of the
K41 n(fwy)

theorem, i.e., (7), we have Zieﬂer(k) Tri(we) =5[], s D) and
T vt — s L) Iﬁl n(lwin)  _ Iﬁl n(t,wy)
eritory T e D)\ g, n(O o, )

where we make use of the fact that Zieﬂw(kﬂ) Zkr1i =n(k+1,wy), and wy, = {wks1, {zk+1.:}: } and
wi41 capture the same set of disruptions in tiers £ >k + 1, and hence n(¢,wyy1) =n(l,w;). These

observations readily imply

Z $k,i(wk)= Z Zk+1,¢$k+1,i(wk+1)a (11)

i€Tier(k) i€Tier(k+1)

for wy = {wi1,{zk+1.}} € O, and

« 1(wo R, £, wy
D(p:1(wo)) = E P (5 ) =S [1_11 (n(é) ) Zieg(l)zuxm(wl), (12)

for wo ={w1, {z1.:}:} € Qo. Thus, the constructed tuple satisfies conditions (ii) and (iii) defining a



supply equilibrium (Definition 1). To complete the proof, it suffices to establish that the prices are
nonnegative and

xy i (wi) € arg max (i, Wy, Yr.i), (13)
Yk,i >0

forall ke {1,...,K+1}, i € Tier(k), and wy € .
We first establish that (13) holds. To this end, note that 7(,wy, yx,) is concave in yy ,;, as can
be seen from (2). Thus, to verify (13), it suffices to check that the first order optimality conditions

are satisfied by vy, = ;(wk). In other words, it suffices to show that

aﬁ-(Z? Wi, yk,i)
Yk,i

0> =K [pk(@k—l)zk,i — D1 (@Wr) — 2¢(k) g i (W)

Yk, i =Tk, (Wk)

Wy = wk] , (14)

where the inequality holds with equality for zy ;(wy) > 0. Using the expression for the prices as
given in (6), we have

K+1

B[ 2o = | = |2, <a<kz> —8s [ %) o]
=k
B n(k,&p 1) Tp 6o \].
_IEE[Z;W (a(k}) —B(k)s (k) Z_l;[+1 ) Wi —wk] (15)
Lt q(k)(n(k) 1) T n(lwe)
= a(k)q(k) — B(k)sq(k
S ol Ve
Here, the last equality follows since n(k,@x—1) =3 icpiep i) Zk,; and
jETier(k)|j#i
Similarly, we have
E pk+1(wk)+2c(l{;)xk1(djk) L:)k :(JJ]C:| = Pk+1 (wk) +20(l€)$k)i(wk)
= n(l,wy) s n(l,wy) (17)
=a(k+1) —5(k+1)s€=111 oD +20(k)n(k) HHH )
Using these two equalities and the fact that a(k)q(k) = a(k+ 1), we can rewrite (14) as follows
= k)2(n(k) =1+ 5) 52 ne,wr) s T nllw)
0> B(k+1 nlw) g atk) k) 9k o k)
20+ s 1 = - s, L= 2y 170G
(18)

Canceling out common terms and observing that s >0 under Assumption 1(i) yields

03 8t 41) - ety WO Le b)) _ 2ett) (19)




Note that this inequality always holds with equality as can be seen from the definition of 5(k+1)
in (4). Thus, we conclude that (14) and, hence, (13) hold.

It remains to show that the prices are nonnegative. Note that for any w;, we have

pe(wp) >alk+1)=Bk+Ds=alk+1)—B(k+ 1)0W

where the inequality follows from Assumption 1(ii). Thus, the prices given in (6) are, in fact, strictly

>0, (20)

positive. Therefore, the essentially unique equilibrium is characterized by Expressions (5), (6), and
(7) when Assumptions 1(i) and (ii) hold.

Part (3): If Assumption 1(i) holds but (ii) does not, then at any supply equilibrium, there exists
at least one tier k' € {1,..., K +1}, such that py (wp—1) =0, where wyr 1 € Qpr_1 is the state where

no firm experiences a disruption in tiers {k',..., K +1}.
: a(k) a(K+2)—pe . . o
First, assume that 3 = Camrn for k€ {1,...,K + 1}, with equality for some k = k'.

Consider the characterization provided by Expressions (5), (6), and (7). The proof of Part (2)
implies (after changing the inequality in (20) to a weak inequality) that Expressions (5), (6),
and (7) once again describe the essentially unique equilibrium. However, since a(k’')/B(k') =
(a(K +2)—p.)/B(K +2), it can be readily seen that in state wy_; where no firm in tiers k > &’
experiences a disruption, we have py/(wy) = 0; hence the claim follows.

Suppose instead that there exists some &’ such that 2) < @E+2-pe ,pq Jet {x} ;(wi)} for

B(K") B(K+2)
1<k<K+1and {z}(wy)} denote the unique solution of optimization problem (1). We claim that

there exists some valid state w, € Q, for 0 < ¢ < K, for which one of the first two constraints of (1)
is not binding, i.e.,
Z ;i (we) < Z Ty ;(wesr), or

i€Tier (L) JETier(f+1)|wpyq—wp,w, =1

" (21)
xg(wo) < Z ry (W), if£=0.

J€Tier(1)wi —wo,wp, ;=1
By way of contradiction, suppose that the first two constraints in (1) are binding for any valid
state. Recall that, as established in Lemma 1(b), the nonnegativity constraints are not binding at
the optimal solution for valid states; thus, s =3, 7., (x11) Tcs1,:(Wr+1) > 0. Since the first two
constraints are binding in (1) for any valid state (and the optimal solution is such that zj ;(wy) =

v ;(wy) for all 4,5 € Tier(k), by Lemma 1(a)), we obtain that

s 1 n(l,ws) 1n(€w)

s Wk s W0
¥ (wg) = || for I<k<K+4+1 and z)(wy)= Il . 22
’“( k) n(l{)z il n(ﬁ) OISR a 0( 0) Se 1 n(ﬁ) ( )

Let {Mx(wk), Ao(wo), tk.i(wk), po(wo)} denote the set of dual variables that satisfy (3a)—(3f).
Observe that by (22) we have z ;(w), zj(wo) > 0 for valid states wo,wy. Hence, by (3f) we obtain
to(wo) = pur(wi) = 0 for valid states.
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We claim that
K+1

A (wi) = me(wi)a(k+1) — ni(wi) B(k+1)s H

l=k+1

for any valid state wy, and 0 < k < K. We prove that (23) holds by induction. First, consider the

n(l,wy)
n(f) ’

(23)

case when k=0 and let wy € 2y be some valid state. Then, using the expression for z{(wp) in (22)
(and recalling pio(wy) =0) we obtain from (3a) that

K+1

Ao (wo) = no(wo)ax — 10 (wo) B (wo) = no(wo)ax(1) = mo(wo)B(1)s [ |

=1
Suppose that (23) holds for some k € {0,1,..., K — 1} (induction hypothesis). We will establish
that it holds for k + 1, as well. Note that for a valid state wy, 1, we have

A1 (Wr1) = > Ar(wi) = 2¢(k + 1)1 (Wr1)Thp i (Wht1)

Wi |wg 1= wg W, ;=1

n(f,wp)
n(f) -

= Z (Uk(wk)a(k‘+1) — M(wi) Bk +1)s H n(j&jﬁ) —2¢(k 4+ 1)1 (We1) T 3 (@Wri1)

Wi |wg 1 2w, wg, ;=1

- K+l n(l, wys) n(k+1,wy)
= a(k+1)q(k+ V)1 (i) — sBk+1) (Z_IL n(g)) Wk+l§k%i_l @)= G
S s n(f,wkH)
—2¢(k+ 1)nrg1(wigr) n(h£1) 5_11& W
_ T on(lwii) gk + 1A +qk+1)(n(k+1)-1))
=a(k+1)q(k+1)ne s (Wey1) — sB(k+1) (Zgﬂn(g) M1 (Whe1) < n(k+1) )
2c(k+1 Sy JRUCTRSY
—2c(k+ )77k+1(wk+1)n<k+1)£_1;£2n(g)
T 2w

= ok + 2)ns1(Wet1) = 741 (i) B(E +2) H n(0)
(=k+2 (24

Here, the first equality follows by (3c) and the fact that g1 ,(wky1) =0 for any valid state wy.1.
The second equality follows from the induction hypothesis. The third equality follows by using (22)
and the following two observations:

(i) Zwklwk—o—l‘)wkawk,i:l Ne(wy) is equal to the probability that state wy,; is realized and firm
i € Tier(k + 1) does not experience a disruptive event, which can alternatively be expressed by
Ni+1(Wr1)q(k +1);

(ii) Also, n(f,wry1) =n(l,wy) for any £ > k+ 2 and wy1 — wg.

The fourth equality follows by observing that

S wlnl L) =B = Do) Y (mladan)

W |Wk 41 =W ,wg ;=1 Wi |wg 1 2w, Wk, ;=1

n(k+1,wy) )
IED(Zk—i-l,i = 1)
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=P(Ziy1: = Dmigr (Wi E[n(k + 1,00) | Zry1i = 1, 01 = Wiy
=P(Zisri = D (@es)EL D Zeg gl Zerni =1

jE€Tier(k+1)

=1 (wrr1)g(k+ 1) (1 +qgk+1)(n(k+1) —1)). (25)

The fifth equality follows from (3) and (4). Thus, the induction hypothesis holds for k+ 1 as well;
i.e., Expression (23) holds for any k € {1,---, K}. Finally, by Expression (3b) we have

Pe= > A (wr) = 2¢(K 4+ 1)afe i (wrer),

WKWK +1 WK WE =1

given that px 1 (wiry1) =0. Using (23) to express A (wg) and following a similar reasoning as in
(24), yields
Oé(K + 2) — Pe
B(K +2)
Let wy_, denote the state where no firms experience a disruption in tiers k',..., K + 1. Given

) _ alK+2)—pe
*) < TAK+D)

pe=a(K +2)— [B(K +2)s, or alternatively s =

that we have assumed that 3 , using (23) we obtain

A1 (@rr—1)
Mer—1(Wpr—1)

(K +2)—p.

—a(K) = B(K)s = a(k') — B(K)< skey <"

However, given that Ay _; (wys_1) is nonnegative, we arrive at a contradiction to our original hypoth-
esis that at the unique solution of (1) the first two constraints of the optimization problem are
binding for any valid state. In other words, we conclude that (21) holds.

To finalize the claim, let wy denote a valid state where the first constraint (second if k = 0) of
(1) is not binding at an optimal solution. If there are multiple such states, let w; denote the one
that corresponds to the largest k. Also, let @, denote the state where no firm in any tier I > k
experiences a disruption. We claim the aforementioned constraint is also not binding for wy.

First, note that if Wy = wy, the claim trivially follows. Next, suppose Wy # wy, and the aforemen-

tioned constraint is binding for w,. Observe that by our choice of k and w;, we have

s= 3 a@)> Y whiw). (26)

i€Tier(k) i€Tier (k)

Let T denote the set of states reachable from wy, i.e., T = {w;|wy = wp_1 — -+ > wy, I < k}U{wy}.
In addition, for any w; € T, let m(w;) denote the state that is identical to w; in terms of disruption
realizations in tiers [ 4+ 1,...,k, but involves no disruptions in tiers £+ 1,..., K + 1. Note that
m(wg) = w. Let T ={m(w;)|w, € T}. Clearly m(-) is a bijection between 7 and 7, and m(w;) is
reachable from ¢, if and only if w; is reachable from wy,.

Observe that in (1), by our choice of wy, the upper bound constraint on ZieTier(k) T i(wy) 1s

not binding. Since (1) is a convex optimization problem, x* remains the unique optimal solution
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even when the constraint that sets an upper bound to ZZ Tier(k) Zy.i(wy) is removed. We refer to
the optimization problem that is obtained from (1) after removing the aforementioned constraint
as (1’). We construct another solution x’ for (1), by setting

o z;(w)=xj;(w) for any w; ¢ TUT,
N (wr) @] (wi) +me(@n) 27 (m(wr))

R ACORL/ACD)
Ne(@e) ] 5 (wi) + me(wr) 2], (m ™ (wi))

(W) + 7w (@r)
for any tier [, j € Tier(l), and defining x{,(wp) similarly. Intuitively, x’ is obtained from x* by taking

o 7 (w)= for w, €T,

o 1;(w)= for w, € T,
convex combinations of the decision variables between states in 7 and 7’ (and weighing decision
variables corresponding to 7 by n;(wx) and those in 7’ by n;(wy)), while leaving the remaining
decision variables intact.

The feasibility of x" in (1”) readily follows from (26) and the fact that in (1) no constraint imposes
an upper bound on ., Tk (wk). Furthermore, it can be seen that in (1) (and similarly in

(17)) the objective function can be expressed as follows:

J+mk (Wk)g({xo}wgeT’ {$l,i(wl)}iETier(l),wleT,l>0) + (@k)g({iﬂo}woe"r', {l’l,i(wz)}ieTier(l),wleT',bo)7
(27)
where f is a function of only ({zo}woerur, {Z1i(W) Yierier@)weTur150) and f and g are concave
functions. On the other hand, because of concavity and the construction of x’, it follows that x’
has a weakly higher objective value in (1’) than x*. This contradicts that fact that x* is the unique
optimal solution in (1’). Therefore, we obtain a contradiction, and conclude that the first constraint
(second if k=0) of (1) is not binding at wy.
Note that this implies by (3d)-(3e) that A\i(wx) =0 (or Ag(wy) = 0). Since @y is a valid state
its equilibrium price is uniquely defined by pyy1(wr) = A\ (@0r)/n(@0x) (by Lemma 2(b)). Hence, we
obtain pyi1(wy) = 0. Thus, we conclude that for a state where no disruptions take place in tiers

{k+1,..., K + 1}, the equilibrium price is zero, and the claim follows. Q.E.D.

Proof of Corollary 1

Before proving the corollary, we introduce additional notation and state and prove an auxiliary
lemma. Let u(k) = E[Z), ;21.:(:)] denote the expected equilibrium production output of firm i in
tier k. Using the fact that w, and Z ; are independent (and the fact that E[Zy ;] = q(k)), p(k) can
alternatively be expressed as p(k) = q(k)E[xy ;(0x)]. Furthermore, let

0k) 2 E | (Zriwna(@))’] = aE a2 (@0)].
for any i € Tier(k). Finally, for any tier k such that n(k) > 1, let

O(k) £ B[ Zyi Zy jani(On)xn ()] = q(k)*Elzg i (Or) 2 5 (@),
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where i, j € Tier(k) and i # j. We next state an auxiliary lemma, which we then use in the proof

of the corollary.

LEMMA 3. Suppose Assumption 1 holds. In the equilibrium, for any tier 1 <k < K +1 we have

(i) u(k nk)Hq

(i) 00k <‘;q((k )2 b <‘if(%2> <n(z)—1+q(1£)>, for n(k) > 1;

l=k+1

i) 0 282(]( ) in a(t) n(l) — L an us forn we have 0(k) = L&
(iii) O(k) n(k)2£1;[+1<n(f)><(£) 1+q(£)>, d thus for n(k) > 1, we have (k) = %3.

Proof:
(i) By Theorem 1, we have that xy ;(wy) =

Hfiil nié, ;f’)’“), for every tier k when the realized

n(k)
state is wy. This immediately implies that

R s K+1 n(&@k) K+1 K+1
M(k)—Q(k)E[ﬂUk,i(wk)]ZQ(k)E [”(k)ggﬂ n(f) ] Z 1 /<; ng)y

given that disruptive events are independent and E[n(¢,&y)] = E[ZZGTW Zy;| = q()n(t), for
(>k+1.
2
(i), (iii) First, note that for tier K + 1 we have (K + 1) = (SW(“)) if n(K +1) > 1 and

n(K+1)
0K +1)= 7:1((?:11))23 given that s; =

+ern for any firm i € Tier(K +1) and Qg1 = wr = 0.

For any other tier k, we can write the following recursive equation for 6(k)

A (N E T )

l=k+1 l=k+1

K

o s nlk+1,0) Y& n(l,or) s nlk+1,0) Yo n(l,op)
_q(k)E[(n(k) e U @ )(n(k:) EaTal § Sy )]

{=k+2 L=k+2

K+1 K+1

q(k)\2 . s n(f,or) . o s n(l,wy)
niiy) © (”(’““’“’C)n<k+1>e_112 o) (a0 % T )]

(=k+2

()
(Zik))fﬂi( Z Zk+1,twk+1,t(@k+1))( Z Zk+1,t$k+1,t(@k+1))
(aw)

)

teTier(k+1) teTier(k+1)

E Z Zk+1,tZk+1,ul’k+1,t(@k+1)$k+1,u(@k+1) + Z (Zk+1,t$k+1,t(@k+1))2]

Lt,u€Tier(k+1),t#u teTier(k+1)

(n(k: + 1) (n(k+1) = 1)0(k + 1) +n(k + 1)0(k + 1)),
(28)
where the expression in the fourth line follows from the fact that n(k+1,01) =3 ,crierri1) Zrt1.

and
K

s (L) s e _ X
win U = =airn L = = oena@), (29)

L=k+2 l=k+2
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for every firm ¢t € Tier(k + 1) (since @y and @i, both encode the same disruptions in tiers above

k+1). Following the same approach for 6(k) we obtain that

0(k) = ( a(k) ) (n(k +1) (n(k+1) = 1)0(k + 1) +n(k + 1)8(k + 1)). (30)

Expressions (28) and (30) imply that 6(k) = q(k)0(k). Exploiting this observation, (30) can be

written as

d(k) = (5((:))2) (n(k +1) (nlk+1) = 1)q(k + 1) +n(k + 1))é(k: +1). (31)

Using this equality recursively with the boundary condition §(K +1) = f((lfjll))g s?, part (iii) of the
lemma follows. Together with the fact that 6(k) = q(k)@(k), this implies part (ii); thus, completing
the proof of the lemma. O
Next, using Lemma 3 we provide an expression for the (unconditional) expected profits of firms

in different tiers. Consider firm 7 in tier k € {1,..., K'}. Recall that its expected profit is given as

follows:

(k) = E | pr(@r—1) Zii@n,i (W) — D1 () Tri (W) — c(k) i (@) |-

As before we have n(k,Wr—1) = > cpiep ) Zr+ and

s T n(l,op-1) s e n(l,op) X
n(k) e_l;[rl n(f)  n(k) é_lgﬂ n(f) Tyt (W),

for every firm ¢ € Tier(k) (see Expression (29)). Using these observations, we obtain

K+1 ~ K+1

n(ﬁ,wk,l)_n N s
U =gy 1

{=k+1

’I’L(Z, (:kal) _

n(f) Z L (k) = Z Tro—1,t(@r—1),

teTier(k) teTier(k—1)

(32)
where the last equality follows from Definition 1 after noting that under Assumption 1 pjyq(wy) >0

for any state wy, € (2. Together with Theorem 1 this equality in turn implies that

Pr(@r—1) = (k) — B(k) Z Zi i (wr) = a(k) — B(k) Z Tp—1.4(Qp_1)-

teTier(k) teTier(k—1)

Using these expressions (and the corresponding expressions for py.q(wy)), the profits can be

expressed as follows:
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m(k)=E [Pk(@k—l)zk,ﬂk,i(@k) — i1 (@) Tk i (1) — C(k)xi,i(d)k)]

=E[a(k)Zy iz (0p)] — E [ﬁ(k )Z1.ixy i (k) Z Zye 1Tk (W ] —E[a(k+1)zgi(wr)]

teTier(k)

+E lﬁ(kﬂ)xk,l(@k) > xk,t(wk)] —E [e(k)a? ()]

teTier(k)

tlt#i

=E [Oé(k‘)Zk,ika,i(@k)] —-E [ﬁ(k‘) (Z Zk,iZk,tﬂUk,z‘(@k)l‘k,t(@k) + (Zk,zxk,i(wk))2) ]

—Efa(k+1)zki(r)] + E {B(kJr Dagi(@) Y xk,t(@k)] —E [e(k)af i (wn)] -

teTier(k) )
Recalling the definitions of u(k),0(k), and 0(k), we can rewrite (33) as follows:
w(K) = a(k)(k) — B06) ((n(k) — 1) 0(k) +0k)) — 2L
q(k) (34)
o ) = 1608) + k)W) ~ A0
Canceling common terms using (3) and noting that 6(k) = q(k)0(k), the expression for (k) sim-
plifies to _ "
(k) = 2L n(0 ) — 500 (k) - 1A <k>+é<k>) o)
(35)
_ g (BEED c(k)
=00 (2 ) - 06 (0~ yati) +1) - S0 ).

Note that the expression defining 3(k), i.e., Expression (4), yields

Bk + )n(k) — B(k)(n(k) = 1)q(k)* — B(k)q(k) = 2c(k).

Using this observation, (35) can be written as (k) = 6(k)<% (k
~ . ~ 82 2
for O(k), i.e., (k)= n(‘i()@ Z;lﬂ (%) (n(ﬁ) -1+ ﬁ), yields

K+1 ) 1+q([)>
m( — |, (36)
* S ( n(é)

which completes the proof of the claim for firms in any tier k€ {1,..., K}.

Finally, consider tier k= K + 1, and recall that by Theorem 1, we have
prt2(@ri1) =pe=a(K +2) - B(K +2)s=a(K +2) — B(K +2) Z Tt (Wr1)-
teTier(K+1)
Using this observation the profits can once again be expressed as in (33). Hence, following the
same steps as before yields the profit expression in (36) for k= K + 1. Thus, the claim follows for
k=K+1aswell. Q.E.D.
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Proof of Proposition 1
Recall that according to Theorem 1, equilibrium supply s is given by s = % Using (4)

recursively to state S(K + 2) more explicitly, supply s can be expressed as follows:

(el -2 (8530 T 28 (w025 o T2 (0145

r=1 =r+1

The first part of the proposition follows immediately by observing that the cost coefficients appear
only in the denominator; thus, increasing the cost coefficient corresponding to any tier decreases
equilibrium supply s (provided that both before and after the update of the cost coefficient Assump-

tion 1 is satisfied). Similarly, increasing the number of firms n(¢) in tier ¢ leads to a decrease in

n(£)—1+1/q(¢) .
B~ thus,

To establish the last part of the proposition, we consider tier k£ and define the following terms

the term equilibrium supply is increasing in n(¢) for any tier /.

to simplify exposition:

A2 Ki T ( —1+1£)> (37)

o ) £38 T )

=1k r=1 n(r) l=r+1,0+£k

3

Note that A, and By are strictly positive and independent of (k). We can rewrite s in terms of
A, and B, as follows:

a oI q(0) = po ) n(k) (@ TT a(0) — ) )

(Ak + By (n(k) — 1+ <>)> (Aknu@) + Bug(k) (14 (n(k) - 1>q<k>))

The partial derivative of s with respect to g(k) can be expressed as follows:

ps ") (Akn< o T1E s a0) + Be (1420 (k) = 1)a(k))p. — (n(k) = 1) aq(k)* [T alf )))

Pa(k) (Aun(k) + Bea(k)(1+ (n(k) ~ a(k)) )
(40)
First, note that the denominator of (40) is always positive. Second, the numerator is concave
(quadratic) in ¢(k) and positive at ¢(k) = 0. Thus, it follows that there exists some ¢ > 0 such
that for ¢(k) < ¢, Expression (40) is positive, whereas for ¢(k) > ¢, (40) is negative. For some
modeling primitives, ¢ < 1 and, thus, aggregate supply s at equilibrium first increases ((40) is
positive) and then decreases in g(k) ((40) is negative). We provide an illustration of the (potential)
nonmonotonicity of s in ¢(k) in Figure 2 of the paper. Q.E.D.
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Proof of Proposition 2

According to Corollary 1, the expression for the profits of firms in tier £ is given as follows:

_ 20 T am)? ) — 14+ L
T(0) = (07 11 <( ) 1+q( ) (41)

n(m) m)

We analyze the effect of increasing ¢(k) on 7(¢) by considering the following cases separately: (a)
¢ <k and (b) £>k.

Case (a) £ < k: Recall that s can be stated in terms of A, and By, defined in Expressions (37)
and (38), respectively, as follows (see (39)):

(0% Hf:tl Q(E) — Pec
(Ak + Brq(k)? (Mk)—nl(:)l/q(k) ))

S =

Moreover, we can rewrite 7(¢) as

B , 1 oI L2 a(6) = pe
oot | )

where T is a constant independent of g(k). The partial derivative of w(¢) with respect to ¢(k) can

be written as follows:

or(t) By
dq(k) T(Akn(k) + Big(k) (q(k) (n(k) —1) + 1))

K+1

qu

Aun(k (Hq )3+ 4a(0)(0(k) = 1)) =521+ 2080l - )

K+1

)| Bea(k) (k) (n(k) — 1) + 1) ( [T +po+2 <k>1>q<k>pc>+

>0,

where the fact that g”((g > 0 follows since both the numerator and denominator in the expression
above are positive.

Case (b) £ > k: In this case, Expression (41) directly implies that firms’ profits in tier £ depend on
q(k) only through term s. Therefore, from Proposition 1, we conclude that 7(¢) is, in general, non-
monotonic in g(k). For completeness, we provide an example that illustrates this nonmonotonicity

in Figure 2 of the paper. Q.E.D.
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Proof of Proposition 3

According to Corollary 1, the expression for the profits of firms in tier £ is given as follows:

121

m(f)

) Tr qm)2< (m)

E m=~+1 (m)

1
_1+q(m)>' (42)

We analyze the effect of increasing n(k) on m(£) by considering the following three cases separately:
(a) k>4, (b) k=¢, and (c) k< L.
Case (a) k> ¢ : Collecting the terms that depend on n(k) in (42), it can be seen that for k > ¢,

or(£)

(R is the same as the

m(¢) depends on n(k) only through term SQM Thus, the sign of

2n(k)—1+1/q(k)
n(k)

sign of s ) and this holds for all tiers ¢ downstream of k. Note that we can write

()n(k) (

)1 1qtr) (T a0 =) (009 =)+ 00
n(k) <Ak+1n(k)+Dk+qu(kr)2(n(k)1+q<1k>)>2

i

where A, and By, are defined as in (37) and (38); and

Dy 2 2¢(k) 7 «m )2< )1+1>. (43)

m= k+1

Thus,

s o on(k)—1+1/q(k)\
( H q(t > an(k) (S n(k) ) -
k)

(a(k) = 1) [Axsn(k) = Bea(k) (a(k)n(k) + 1 = (k)| + D (2n(K)g(k) — q(k) +1)

o) (A,Hln(k) LD+ qu(k)z(n(k) 1+ q(k))>3

Y

which is positive for large enough ¢(k) < 1 (since it is a continuous function and takes strictly
positive values for g(k) =1). Conversely, one can identify conditions under which the numerator is
negative. For example, it can be readily seen that this is the case if ¢(k) < 1 and ¢(k) is sufficiently
small.? In this case, the terms in the numerator involving B and D, are small, and the first

(negative) term dominates, thereby yielding nonmonotonicity of profits in n(k).

2 Note that it is straightforward to construct problem instances where having small ¢(k) and c(k) does not violate
Assumption 1. In particular, Lemma 3 provides sufficient conditions under which the assumption holds for any network
structure and choice of cost parameters. Furthermore, this lemma shows that even for ¢(k) < 1 for sufficiently small
pc the assumption continues to hold.
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Case (b) k=1 : Using Ay, By, Dy, (as defined in (37), (38), and (43), respectively), we can rewrite

s as follows:

oI154 a(0) —pe
n(k)—1+
(Ak+1+ +Bk (k) <(k)q(k)>>

) n(k) (o T15 a0~ p.)

(Ak+1n(/c) + Dy Brg(k)? (n(k) — 1+ M)) |

S =

Thus, the expression for the firms’ profits in tier & can be written as
K+1 2
(o TTE a(0) — v ) Dy
m(k) = 279
(Aean(h) + D+ Bk (o) -1+ 25 )

on (k)

Finally, by noting that A1, By, and D, are independent of n(k), we obtain that 7~ @

< 0 (since
n(k) appears only in the denominator of the expression).

Case (c) k < {: Ignoring the terms that do not depend on n(k) in (42), it can be seen that for
k< {, m(¢) depends on n(k) only through term s. Thus, the claim follows directly by noting that

the aggregate supply of raw materials s is increasing in n(k) as shown in Proposition 1. Q.E.D.

Proof of Lemmas 1 and 2

First, note that E[U] = (1), and according to Lemma 3 we have E[U] = s[[;."" ¢(£). In addition,

note that according to the definition of the coefficient of variation, we have

Var(U)  [EU?—E[OP |0 (n(l) +n(1)(n(1) - 1)q(1))
CV(U)= E[U]2 = E[U]2 P 2
(sTT a(0)

Observe that Lemma 3 implies that 6(1) = & Q(l) HKJr1 (n(t’) ) (n(ﬁ) -1+ (4)> Substituting this
expression for A(1) in (44), it immediately follows that

—1.  (44)

K+1

CV(U) = (H n(1)<n(€) 14 q(1€)> - 1) . (45)

=1
Finally, Corollary 1 together with Expression (45) yield for the profits of a retailer:

K+1

=W (ovwy 1) [] ey

Q.E.D.
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Proof of Lemma 3

First, note that p, < a [, q(£) in (10) implies the first part of Assumption 1. To show that (10)

guarantees that the second part of Assumption 1 also holds, note that

B(k) < ! < ! , (46)

A e ‘iffﬁf <n(€)—1+1/Q(€)> RS

where the first inequality follows since ¢(¢) >0 for 1 </ < K + 1 and the second follows since

ﬁ (n(f) —1+1/q(¢) | > 1 for any ¢(¢) such that 0 < g(¢) <1.

On the other hand, when p, > « (Hfﬁl q(0) -T2 q(£)2> , we have

o) ollSlal0) _ 1 LB
oK +2)—p. " o[5S (0 TIZ a0 TS a0~ BK+2)7
where the last inequality follows directly from (46) given that 0 < ¢(¢) <1 for 1 </ < K + 1.
Q.E.D.

Proof of Proposition 4

According to Corollary 1, a raw materials supplier’s profits are given as
e c(K+1)
n(K+1)?
Thus, since n(K + 1) is assumed to be fixed and given, it follows that the networks that maximize

s also maximize m(K +1). Q.E.D.

m(K+1)=

Proof of Proposition 5

The fact that Vg = V1, follows directly from Proposition 4. Note that in the absence of any dis-

2 c(1)
n(1)2

1). Thus, the network that maximizes the retailers’ profits is the same as the one that maximizes

ruption risk the expression for a retailer’s expected profit simplifies to 7(1) = s (see Corollary
the supply procured in the upstream tier, which, in turn, is the same as the one that maximizes
the suppliers’ profits.
Finally, when ¢ =1, the expression for the supply level s simplifies as follows (see Theorem 1):
— O — Pe

BK+2)°

Thus, when the cost coefficients for all tiers are equal, the supply level s is maximized when
K+l o,

5(K+2)=Z%+5, (47)

is minimized. In turn, this directly implies that, given n(1),n(K + 1), the optimal network is such
that the number of firms in any two intermediate tiers differs by at most 1, i.e., Expression (47)
is minimized when the number of firms in any two tiers k,¢ € {2,..., K} satisfies |n(k) —n(¢)| < 1.
Q.E.D.
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Proof of Theorem 2

Proposition 4 readily implies that sy, < syg. By way of contradiction, assume that CV (Uyy,) >
CV (Upry,)- Then, since the supply s is weakly larger and CV is strictly larger in Ng, Lemma 2
implies that retailers can obtain a strictly larger expected profit in Ng. This contradicts our assump-
tion about the optimality of Ny for retailers’ profits. Thus, we must have CV (Upy) < CV (Un,,),
which concludes the proof of part (i) of the theorem.

To establish part (ii), consider Ny and assume by way of contradiction that there exist two
consecutive tiers k — 1 and k (with 2 <k < K + 1) such that n(k) <n(k —1). In what follows, we
show that swapping the number of firms in tiers k — 1 and k leads to a network that generates higher
(expected) profits for the retailers. When the disruption risk is the same for all tiers, Lemma 1
implies that such a swap does not change CV (U). Hence, it follows from Lemma 2 that retailers’
profits are only affected through the s term in the expression for 7(1). Theorem 1 implies that
when ¢(¢) = ¢ and ¢(¢) = ¢ for every tier ¢, s = (pg" ™' —p.)/B(K + 2), where by using Theorem 1
to express S(K + 2) more explicitly we obtain:

K+1 _ K+1 K+1
2cq>K—r+1) n(f)—1+1/q (Kl n(l)—1+1/q
5<K+2>=< § B )
> 11 g

n(r) n(f) n(¢)

r=1 l=r+1

It is straightforward to see that when ¢ < 1 the aforementioned swap strictly decreases term

ZK+1 2eg?E D) K41 n(0)-141/q

vt ey e = Given that the last term in the expression for s remains the

same after the swap, this implies that both supply s and (through Lemma 2) the retailers’ profits
strictly increase. Thus, we obtain a contradiction to the optimality of Az for retailers’ profits.
Hence, it cannot be the case that n(k) <n(k—1) for two consecutive tiers.

A similar argument can be used to establish that Ny also takes the form of an inverted pyramid.
Suppose that this is not the case. The same approach as before implies that a swap between two
consecutive tiers k —1 and k with n(k) <n(k—1) (and 2 < k < K +1) strictly increases s. However,

by Proposition 4, Ng maximizes s, thereby yielding a contradiction. Q.E.D.

Proof of Proposition 6

Let the probability of a disruptive event be equal to g and the production cost coefficients be equal

to ¢ for all tiers. To simplify exposition, we use the shorthand notation

. = 26 s 7 MO =1H1/g e T o0 — 141/
d’:ﬁ(K—F?):(;Mq( " )6_111 n(0) q+5q( +)E n(0) 1 o (48)

where the expression for S(K + 2) is obtained by recursively using (4). Note that by Theorem 1
(T a(0)—pe)
¢
lemma is useful in the analysis that follows.

we have s = . Thus, the structure that maximizes s also minimizes ¢. The following
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LEMMA 4. Consider two network structures N and N’ with the same total number of firms.
Suppose that the numbers of firms in different tiers satisfy n(k —1) <n(k), n'(k—1) <n'(k) for
2<k<K+1 and n(k) =n'(k) for k€ {1,K + 1}. Let ¢ and ¢' be the corresponding values
of Expression (48) for N' and N’ respectively. Assume that there exist two tiers ky,ky such that
K4+1>k >k >1 and

n(ky) <n'(ki) and n(ky) > n'(ky),
n(l)=n'(0) Yle{k +1,....,ka—1},
and n(€) <n'(£) V< k.

If in N' removing one firm from ko and adding it to k, weakly increases ¢, then in N removing

one firm from k, and adding it to ky weakly decreases ¢'; thus, it increases supply s.

Proof: To simplify exposition, we define the following set of terms:

k1—1 k1—1 k1—1
2¢ _ n(l)—1+1/q 0)—1+4+1/q
A 2(K+1-7) 2(K+1)
n= q ———— + 08¢ — s
( 2 ) 1= H n(0)
ko—1 ko—1
A 2c 2(K+1 r) —1+1/q
Y2 = )
2 s I
K+1 K+1
A 2C  o(k+1-m) - 1 + 1/q
V3= )
2 s I
ko—1
n(l)—1+1/q
l=k1+1
oo fﬁl n(l) —1+1/q
l=ko+1 TL(E)

Similarly, let v1, 74, 75, ¢, and ¢} denote the corresponding quantities for network structure N”.
Finally, let gZ; denote the value of Expression (48) corresponding to the network that results from
moving one firm from tier k, to tier k; in network N. Then, according to the assumption in the

lemma, we have &Z ¢. Next, we write ¢ and qB in terms of 71, Y9, 73, (1 and (5. We have

n(ky)—14+1/q)(n(ks) —1+1/q 2K +1—k1) n(ks) —
o= ( n(k})g(,@) ) C1Cz+20<q i ><1<(’“ n(kt)*”q)cg

ko) — 2(K+1—kg)
+72 (W>C2 + 20<qn(k‘2)> G +7s.

Similarly, qg is given by
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. (n(k) +1/q) (n(kz) ~2+1/) 2(K41-k) n(ky) — 241/
P 1) (1) C1C2+2c(<qn<k1>+1)>l< (n(k2) —1) e

+72(W)62+26<m>@+%.

Note that ¢ — d; <0 implies (¢ — d;) /C2 <0 which using the above expressions can be expressed as

follows:
: <<n(k‘1) -1+ 1/q) (n(kg) -1+ 1/q> - (n(lﬁ) + 1/q) <n(/~€2) -2+ 1/q>
716 n(ki)n(ks) (n(k1)4—1) (n(kg)——1> )
20q*KTRIC (n(ks) — 1+ 1/q) +n(ky) (72 (n(ks) —1+1/q) + 20q2(K+1*’“2))
- ( n () (k) >

(20q2(K+1—k1)C1 (n(ks) —2+1/q) + (n(ky) + 1) (72 (n(ks) —2+1/q) + 20q2(K+1—k2))
B <0.
(n(kr) +1) (n(k2) — 1) )—

Multiplying this expression by ¢* (n(kl)n(krg)(n(kl) + 1) (n(ks) — 1)) and rearranging terms, we
conclude that the above inequality holds if and only if the following holds:
16 (1= a) (nlkz) = (ki) = 1) (a(nk2) +n(ks) = 1) +1) = 22(1 = @)an(kn) (n(kr) +1)
+ G120 ((<n<k2> ~12q+ nlky) — 1) = (k) (1 - q>) (49)
—2¢q** KT *2n (k) (n(ky) +1)<0.

Consider network structure A”. Let ¢ denote the value of Expression (48) corresponding to the
network that results from moving one firm from tier k; to tier ky in network N’. By way of

contradiction, assume that by moving one firm from tier k; to k3, we have ¢' < ¢’ or equivalently
0<¢ —¢'.

Once again writing the difference in terms of v, 75, 74, (i, ¢, and rearranging terms we obtain

that this inequality holds if and only if
=) (' (ka) =/ (k1) +1) (a0 (k) (k1) = 1) +1) =351 = @) (1 (k) = 1)’ (k1)
+ (1 2eqqP K HITRD (((n'<k2>)2q 0 (k2) ) = (' (k) = 1)(1 q>) (50)
— 2cq?? TR () (Kky) — 1)n (k) > 0.

However, the inequality above cannot hold in light of inequality (49). In particular, note that since
n(f) =n'(¢) for every £ €{k1 +1,...,ks — 1}, we have v, =4, and ¢; = (]. Also since n(f) <n'({),
for every tier ¢ < ki, we have v, >~}. Finally, since n’(ks) + 1 <n(k2) and n’(k;) —1 > n(k;), the
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left-hand side of the inequality (50) is less than or equal to the left-hand side of inequality (49),
which is a contradiction. So, it must be the case that ¢’ > ¢§/ and, thus, the proof of the lemma is
complete. ]

Using the lemma above we complete the proof of the proposition. Let & be the first tier such that
ng(k) # ngr(k) (thus, for every ¢ < k, we have ng(f) =ngr(¢)). By way of contradiction, assume that
ns(k) <ng(k). Since the total number of firms in the two networks is the same, there should be a
tier ko > k such that ng(ks) > ng(ks). Consider the most downstream such tier ky. Also consider the
largest k; < ko such that ng(ki1) <ngr(ky). Note that for every tier between k; and ko, the number
of firms in the two networks is equal, and also for every k&’ < k; we have ng(k’) <ng(k’). Moreover,
by Proposition 4, N is a network that maximizes the supply level s, and moving one firm from
tier ko and adding it to tier k; should not strictly decrease ¢ (and strictly increase the supply s).
Note that by Theorem 2, for any ¢ > ¢’ such that ¢,¢' € {2,..., K}, we have ng({) > ng(¢') and
nr(¢) > ngr(¢). Thus, we can use Lemma 4 and conclude that in network Nz moving one firm from
tier k; to tier k, does not decrease the supply level s.

Note that since ky < ko, we have ng(k;) <ng(ks). We claim that in Ny if we move a firm from
tier k; to tier ky, the following term strictly increases:

(5

(=1

Note that by Lemma 1 this implies that the aforementioned change in number of firms in different
tiers strictly increases C'V of the output of the chain. In order to show that the term above increases,
it is enough to show that

() (™) < (M) (ot 1)

The inequality above holds since for ¢ < 1 we have

nn(k) —241/q\ (nn(ks) +1/ nrlk) —14+1/q\ (nnlks) —1+1/
( ”R(’fl)jl q)( ”R(k2)++1q)_< nR(kl;L q)( ”R(kz;r q)
(nr(ks) — ng(ky) +1) (1 - q) ((nR(kQ) tnpll)—1)g+ 1)

= (k) — D rm(kn) (k) (na(ha) + 1) 2 >0

Summarizing, in network Az moving one firm from tier k; to tier k, weakly increases s and strictly
increases the C'V of the output. By Lemma 2, we conclude that this increases the retailers’ profits.
This contradicts our original assumption that Az is a network that maximizes the profits of the
retailer. Thus, we obtain a contradiction, and conclude that ng(k) > ng(k). Hence, the claim

follows. Q.E.D.
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Proof of Corollary 2

Observe that the claim trivially holds if Ng = Ny. Suppose this is not the case. Then, the fact
that Mg and Ny have the same number of firms, together with Proposition 6 implies the claim.

Q.E.D.

Proof of Theorem 3

Note that Expression (1) implies that in the end consumer market at most /3 units of final goods
are sold. Thus, the total monetary transfer from the end consumers to the rest of the supply chain
is bounded by a?/f3. In turn, this implies that at most N = a?/Bk firms find it optimal to enter
the supply chain at equilibrium.

In addition, recall from Proposition 3 that for a given network there exists ¢’ < 1 such that if
q > ¢', then adding a firm to a tier of the supply chain increases the profits of firms in all other
tiers. Since at most N firms participate in the production process, there are finitely many networks
to consider. Hence, there exists some ¢ < 1 such that if ¢ > ¢, then adding a firm to a tier of the
supply chain increases the profits of firms in all other tiers for networks with at most N firms. Note
that by construction all networks in W, have at most N firms, and satisfy the aforementioned
property. In the remainder of the proof we focus on ¢ > ¢, and exploit this observation.

In particular, start with a network in W, (recall that W, is nonempty), and assume that a firm
can enter some tier ¢ and earn more than x (if there is no such firm, then the network we start
with is an equilibrium network). Assume that this firm joins tier i; then Proposition 3 implies that
no firm in any other tier finds it optimal to leave the chain. Furthermore, the profits in tier ¢ are
decreasing yet they have to be at least as high as the cost of entry x (as otherwise the new firm
would not enter). Thus, we obtain another network structure in W,. Proceeding sequentially (and
keeping in mind that for any network in W,, Proposition 3 applies by our choice of §), after a
finite number of firms enter the chain, we reach an outcome where additional entry would not be
profitable (as the maximum total profits for the firms are bounded, and the entry cost x > 0).?
Note that this is an equilibrium outcome (hence, an equilibrium exists) since at each step we obtain

a new network in W,, and reach an outcome where no further entry is profitable.

3 The number of firms that enter each tier cannot grow to infinity. To see this note that according to Corollary 1, we
have for the firms’ profits in tier 1 <k < K 41,

_pk) TP a® (L
"= 11 S (r0-1+ 1)

In addition, the supply s is bounded from above for any allocation of firms into the different tiers. Thus, as the number
of firms in tier k increases, w(k) approaches zero and thus at some point firms’ expected profits become smaller than
the entry cost k.
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Finally, we show that there exists an equilibrium network that is maximal. The claim trivially fol-
lows if the equilibrium is unique. Suppose that there are two arbitrary equilibrium structures N" and
N, and define structure Ny as follows: for every tier 1 < £ < K +1, let nyax(¢) = max {n(¢),n'(¢) }.
We claim that in the structure M., we have m,.,(£) > & for all 1 <¢ < K + 1. To see this, consider
an arbitrary tier 1 <¢ < K + 1, and without loss of generality assume that n(¢) > n/(¢). Then since
Nmax(£) =n(¢) and for every other tier k # ¢ we have ny.. (k) > n(k), it follows from Proposition 3
that Ty (f) > m(¢) > k. Since / is arbitrary it follows that M., belongs to W,. Note that if no
other firm finds it profitable to enter N .., then this network is an equilibrium. Otherwise, after a
finite number of (sequential) entries to N,.x as explained before, we reach an equilibrium structure
where each tier has weakly more number of firms than the corresponding tier in N' and N’. The
above argument implies that given any equilibrium structures N' and A, we can obtain another
equilibrium structure that has (weakly) more firms than both networks in all tiers. Since firms
pay an entry cost k > 0, it follows that the number of firms in an equilibrium network is bounded,
and there are finitely many equilibria. Thus, we conclude that the maximal equilibrium structure

exists. Q.E.D.

Proof of Proposition 7

Consider an equilibrium chain Ng. Let 7g(k) and 8¢ denote the profits of firms in tier k£ and the
level of supply procured by tier K + 1, respectively, in the network that results after an additional

firm enters tier k of Ng. Using Corollary 1, we obtain

k> me(k) =5z

o clk) ﬁ q2<ns<e>—1+1/q>

e+ 12 11 ne(0)
k) 7 o(ne()-1+1/g o
7 5 (e (k) + 1) 4111‘1 ( e (0) ):

where the second inequality follows from the fact that §¢ > s¢ (the level of supply procured by the
firms in tier K + 1 increases when a firm enters the chain as can be directly seen from Proposition 1).
On the other hand, since N is an equilibrium network structure, we have that the profits mg(k+1)
of firms in tier k41 (at the corresponding supply equilibrium) are such that mg(k 4 1) > k. This
further implies that

o ock+1) T L me()—1+1/q
775(1{:+1)—55n£(+12£_1;£2q SnT)Z“' (52)

Expressions (51) and (52) yield the following inequality:

c(k+1) H 2 ng(ﬂ)n;(lg)—i—l/q>> c(k) H 2 ng(ﬁ)—l—i—l/q),

L=k+2
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which, in turn, yields

(ne(k)+1)2 ck) o/ ne(k+1)—141/q
ni(k+1)2 ~ c(+1)? ( . ne(k+1) ) (53)
Finally, inequality (53) implies that
ne (k) > qne (k + 1)\/0(2@1) \/”E(kﬁl){;llj Va_y. (54)

Following a similar approach and noting that since N is an equilibrium chain, no firm has an
incentive to enter tier k+1 (i.e., using an inequality similar to (51) for tier k+ 1, and an inequality

similar to (52) for tier k), we can establish that

ne(k) < q(ne(k+1) + 1)\/0(2(_/?1) \/m(k:;/)gﬂ; 1/q7 (55)

which completes the first part of the proposition.
For the second part, we assume that c¢(k) = c for all 1 <k < K +1. Then, note that (54) directly
implies that
|4 ne(k+1) | <ne(k),

e nE(etD)=1+1/g :
since —& =+ > 1. Also note that if

ne(k+1) =1+
q(ng(k—i-l)—l—l) g et <1, (56)

then by noting that ng(k) is an integer, (55) immediately implies
{q ‘ng(k+ 1)1 >ng(k).

Straightforward algebra implies that inequality (56) holds for any ¢ < 1. Summarizing, we have
established that
g ne(k+1)| <ne(k) < [ ne(h+1)]. (57)

Q.E.D.
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Appendix B: Discussion and Additional Results

Appendix B discusses three results that were omitted from the main body of the paper. In par-
ticular, Appendix B.1 establishes a connection between balanced networks and the coefficient of
variation of the output that reaches the downstream consumer market. Appendix B.2 considers
the extension of our benchmark model to the case where disruptive events in a tier are correlated.

Finally, in Appendix B.3 we illustrate potential prescriptive implications of our results.

B.1. Balanced Networks and Coefficient of Variation

In this section, we establish that more balanced structures induce smaller C'V. Throughout the
section we consider networks with a fixed number N of firms. Before we state our results formally,
we define a preorder on network structures with the same number of firms that aims to capture
how “balanced” they are.

DEFINITION 1. Suppose networks N; and A, have the same number of firms. Network N, is

more balanced than network N if for any two tiers k; and k, we have
71 (k2) —na(k1)| < [na(kz) —na (k)]

where n; (k) and ny(k) denote the number of firms in tier k& in networks N; and N, respectively.
The result that follows relates this preorder to the coefficient of variation of the corresponding

outputs.

LEMMA 5. Let q(k)=q <1 for all tiers 1 <k < K+ 1 and assume that network N is more bal-
anced than network Ny. Then, the coefficient of variation of the supply chain’s output corresponding

to Ny is (weakly) smaller than that corresponding to Na, i.e., CV(Uy,) < CV (Uys,).

Proof: The claim trivially holds if A, = N,. Suppose this is not the case. Consider the following

sets S1 and Ss:

Si2{1<k <K +1ny(k) <ni(k)},

Sy 2 {1 <k <K+ 1|ny(k) >ny(k)}. 59
Since N, # N, and these networks have the same number N of firms, it follows that S, S, # 0.

First, note that for any two tiers k; € S; and ky € Sy we should have na(ki) < ng(ks), since

otherwise we would have |ns(ky) — n2(ka)| < |ni(k1) — ny(k2)|, which contradicts the assumption
that network A, is more balanced than A,. To see this, assume, by way of contradiction, that
there exist tiers ky € .Sy and ky € Sy such that ny(ky) > na(k2). Since we have ny(k;) > na(ky) and
n1(ka) < na(k2) we obtain

n1(ka) < na(ke) <ns(ki) <nq(ky),

which in turn implies that |ny (ki) — ne(ka)| < |n1(k1) — n1(ks)|, contradicting the assumption that

N is more balanced.
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Fix some k; € S; and ky € S5. We claim:

(e ) )2 Gt () @
To see this, note that we have
(o) (o) Gt )
B (ng(kg)—m(kl)—1)(1—q)((ng(kl)—i—ng(kg)—1)q+1> L
B na (k1) (na(kr) 4+ 1) (na(ka) — 1)na(ks)g? -7

where the inequality holds since ny(ky) > no(ky).

Finally, Expression (45) together with the inequality above imply that in A, after moving a firm
from k, to ki, the C'V of the resulting network is at most as high as the C'V of the original network.
Finally, noting that network A; can be obtained from N, after moving a certain number of firms
belonging to tiers in S to tiers in S; one after the other, we conclude that CV (Uy,) > CV (Uny,)
(note that after each such move, the following still holds |n; (k1) — 11 (k)| < |ne(ky) — na(ke)| for
ki € S; and ky € S5.) O

This result establishes that when a network becomes less balanced, e.g., due to having too few
firms in one tier, while having many more in another, then the coefficient of variation of the output
increases. The increase in the output variability is intuitive, since if the network has a tier with a
few firms, in case of disruption in this tier, the output is significantly reduced.

Our next result complements the previous one by showing that the C'V minimizing networks
are the most balanced ones, in the sense that the number of firms in different tiers is (almost) the

same.*

LEMMA 6. Let q(k) =q <1 for all tiers 1 <k < K+ 1, and denote by N the network with N
firms that minimizes CV . The network N is such that for any two tiers 1 <k, ko < K +1, we have
In(k1) —n(ke)| < 1.

Proof: By way of contradiction, assume that for two tiers k; and ko, [n(k;) —n(ks)| > 2, and without
loss of generality assume n(k2) > n(k;). Then moving one firm from tier &, to tier k; decreases C'V.

Note that to establish this claim it is enough to show that

() () G (Chtr). @

which follows from equality (60) by noting that n(kqy) > n(k;) + 1. O

4 Note that for a given number N of firms, it may not be possible to have the same number of firms in all tiers. To
account for this possibility, our result allows for the number of firms in different tiers to differ by one.
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B.2. Correlated Disruptions

Assume that for any two firms 4, j in Tier(k) we have Cov(Zy ;, Zx ;) = d(k), where we recall that
Zy.i is a Bernoulli random variable that captures whether a disruptive event has occurred in firm
i. Suppose that independence of disruptions across tiers is still preserved (i.e., Cov(Zy,;, Z;;) =0
for k # ¢). Theorem 1 below generalizes Theorem 1 to this case where disruptive events in a tier
may be correlated. Before stating the theorem, we introduce some notation (analogous to (3) and
(4)) and state an assumption analogous to Assumption 1.

In particular, we let

a(k) = a [ a(0).

B if k=1,
Bk)={ - S(k—1)+q(k—1)2 q(k—1) 2c(k—1) .

B(k—1) Wi 1) (n(k_l)_1+5(k—1)+q(k—1)2>+n(k:—l) ifl<k<K+2.

In addition, we state the following assumption.

ASSUMPTION 1. The supply chain network is such that:

(i) &(K +2) > pe,
( ) ( ) @({(4—2)—])
Bk) ~ BUK+2)

Then, we obtain the following theorem, which is analogous to Theorem 1.

< forke{l,...,K+1}.

THEOREM 1. Suppose that Assumption 1(i) holds. Then, the supply equilibrium is essentially
unique. In addition, if Assumption 1(ii) holds, the (essentially unique) equilibrium can be charac-
terized as follows:

(i) The aggregate supply s of raw materials is given by

(K +2)—p.
(K +2)
(i) The price for the output of tier k when the state is wy_1 1S given by

(62)

K+1

Pr(wir) = sH “”“ 0, (63)

forallke{l,...,. K+ 1} and w1 € Q1. Here, we let n(l,wy_1) denote the number of firms in
tier £ > k that did not experience a disruption at state wy_;.
(i1i) The procurement quantity of firm i in tier k when the state is wy, is given by

K+1

s n(l,ws)
xk,i(wk)—n(k)e_lgrl n(0) ) (64)

forallke{l,...,K+1} and wy € Q.
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Finally, if Assumption 1(ii) does not hold, then at any supply equilibrium, there exists at least
one tier k' € {1,..., K+ 1}, such that py (wx—1) =0, where Wy € Q1 is the state where no firm

experiences a disruption in tiers {k',..., K +1}.

It can be readily seen that the proofs of the essential uniqueness of the equilibrium (under
Assumption 1(i)) and its characterization when Assumption 1(ii) does not hold follow using essen-
tially the same arguments as in the proofs of the corresponding claims in Theorem 1 (with the
only difference that we need to take into account the correlation between disruptions in the same
tier when writing Expression (25)). Similarly, in order to establish that the prices and procurement
quantities given in Expressions (62), (63), and (64) constitute an equilibrium, as in the proof of
Theorem 1, we use the first order optimality conditions for the firms’ expected profit maximization
problems. In the setting of Theorem 1, when evaluating firms’ expected profits, we need to take into
account the correlation in disruptions affecting firms in the same tier. In particular, this implies

that instead of Expression (16), we have

E[Zin(k, o) |G =wil =E|Zi, + > ZiiZi,

jETier(k)|j#i

=q(k)+ <Q(k¢)2 + 5(@) (n(k) = 1).

Since the proof generally follows the same steps as the proof of Theorem 1, it is omitted for brevity.

B.3. Prescriptive Implications

The closed-form characterization of profits given in Corollary 1 is useful for understanding how
implementing a strategic initiative may impact firms’ profits, and consequently inform managerial
decision making. In this section, we illustrate this observation by investigating how investing in
improving the monitoring/production reliability of a given tier (or other interventions that effec-
tively lead to a higher ¢(k)) may affect the profits of a firm, and how a manager should prioritize
investing in such interventions among different tiers of the chain.

In particular, we consider a retailer investing in decreasing the disruption risk associated with
one of the intermediate stages of production. Assuming that such efforts incur the same cost
irrespective of the tier they are targeted to, we provide some understanding of the potential return
investing in a tier would yield as a function of the primitives of the environment.

Formally, we say that it is optimal for a downstream retailer to invest in decreasing the disruption

risk of tier k if dl;qg(zgl) is maximized for k. Intuitively, this is the tier where a marginal improvement
in disruption probability has the largest impact on the retailers’ profits. The proposition below
provides a characterization of such an optimal tier for the retailers as a function of the modeling
primitives. To simplify the exposition and obtain a crisp characterization, the proposition focuses

on the setting where the variable costs associated with production are positive but negligible for
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all intermediate stages of productions, i.e., ¢(k) — 0 for k > 1, whereas ¢(1) > 0 (note that this
implies that roughly the entire surplus generated by the supply network goes to the downstream

retailers).”

PROPOSITION 1. Consider a setting where c(k) — 0 for all 1 <k < K + 1. Then, it is optimal
for the downstream retailer to invest in decreasing the disruption risk of tier k that maximizes the

following expression:

1 ([ 2] a0 1/q(k)
<>Qnﬂwmz%2+<M1+M>' (65)

Proof: The profits for a downstream retailer are given by the following expression from Corollary 1:

(1) = 522 I1 alt)’ (n(e) - 1+1/q(€)). (66)

Also, the aggregate supply s at equilibrium is given by

_ oIl ) —pe
B(K +2)

We are interested in finding the tier £ for which the derivative % is maximized. Note that this is

equivalent to finding k£ for which dloerll) i maximized. We can write the logarithm of Expression
dq(k)
(66) as
K41 K41 n(l) —1+ -1 Etlg oy K+l n(f) —1+
log 7 (1) =2log (a 1T« —pc) —2log <5 11 Q(f)ZTM +> n((r)) 11 Q(E)QT
=1 =1 r=1 l=r+1
c(1) T Qn(e) -1+ ﬁ 2 n(k) -1+ q(k)
+ log < ql) ———= ) +log | q(k) —————— |.
oy AL n(0) (R
Thus, we can write dlgf(zgl) as follows:
dlogm(1) QQHftle;ﬁkq( ) 2q(k)(n(k )_1)"‘1
9a(k) oL q(0) —pe (k) (n(k) =1+ )
2q(k) (n(k)=1)+1 K41 n(0) =1+ k—1 2¢(r) 2a(k) (n(k)—1 K+1 n(6) =1+ 7y
ﬁ—im¢L~g#mwtﬁwﬂ+zﬂzg e O e

—2 n(0)—1+ n(0)—1+

K+1 K+1 2¢(r K+1
5H*<>—Wﬁﬂ+2qiwnhﬂ<>—qﬁ@

Then, by using c¢(k) — 0 for k> 1, we can rewrite the above as follows:

dlogm(l) 2 H?J{lé;ék q(¢) 2q(k)(n(k) — 1) +1

dq(k) aHfﬁlq() De q(k)Q(n(k:) 1;;))

5 Similar insights hold in the general setting as well but obtaining analytical expressions is much more challenging.
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which, in turn, implies that it is optimal for a downstream retailer to invest in decreasing the
disruption risk of tier k£ for which the following expression is maximized
K41
1 ( 20T,y q()  2(n(k) - )+1/CJ( ))
K+1 1 :
9(F) \a T, a(0) — pe n(k) =1+ 25
Finally, we can rewrite the above as

1 (20015 a0) , 1fatk)
()(aHfﬁlq() Pe 2+ (k)_1+q<k>

which completes the proof of the claim. ]

As one would intuitively expect, if the number of firms in each tier is the same, Expression (65)
implies that it is optimal to invest in the tier for which the disruption risk is the highest. On the
other hand, this conclusion no longer holds if the number of firms in different tiers is different. In
particular, it may no longer be optimal to invest in the tier that is most prone to disruptions, i.e.,
the tier with the lowest ¢(k), or the retailers’ direct suppliers, i.e., firms in tier 2. In general, retailers
may find it optimal to concentrate their efforts on a different tier depending on the environment
they operate in. We illustrate this with an example where the chain consists of K +1 =3 tiers with
n(3) =5 firms, n(2) € {3,5,7} firms, and n(1) =1 retailer. For each value of n(2) we compare (65)
for tiers k =2 and k = 3, and obtain (¢(2),¢(3)) pairs for which it is optimal to invest in tier k =2

or k=3. The results are illustrated in Figure 1 below.

Threshold values

Figure 1  Each of the curves in the figure corresponds to a different value for n(2), i.e., n(2) € {3,5,7}, when
n(3) =5. For (q(2),4q(3)) pairs that lie above the corresponding curve, it is optimal to invest in tier 2, whereas
otherwise it is optimal to invest in tier 3. Here, the probability of successful production in tier 1 is ¢(1) =1, p. = 0.5,

and o =2.

Despite its simplicity, this example clearly illustrates the importance of results such as Theorem

1 and Corollary 1 in prescribing managerial decision-making in multi-tier supply chains: although
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intuitively it may seem best for a firm to focus on its direct suppliers (as their operations have an
immediate impact on the firm’s profits), this often leads to suboptimal returns. Thus, developing
an understanding of the firm’s supply chain structure and taking into account how relationships

between its direct and indirect suppliers affect its profits may be necessary for its strategic planning.
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