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n n=
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t=1
xt

x xt
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βt t pt(b) = Pr(βt = b)
β βt

αt(xt) t x qt(k,xt) = Pr(αt(xt) = k)
α(x) αt(xt)
Ω0(x) x

ω0 ω0 ∈Ω0(x) Ω0(x)
Ω(z) z

ω ω ∈Ω(z) Ω(z)
γt,i(ω) i t ω
γ(ω) γt,i(ω)
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ΓI

ΓO
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Πt(k) k t
Ψt(k) k t
Υ (x, ω0) x ω0

Υ (z, ω) z ω



P{a≤ b}= 1 a≤ b a− b≤ 0 b− a≥ 0

a b a− b≥ 0 0≤ (a− 1)+−

(b− 1)+ ≤ (a+β− 1)+− (b+β− 1)+ ≤ a− b β

0≤ (a− 1)+− (b− 1)+

a− 1≤ 0 b− 1≤ 0

(a− 1)+ = (b− 1)+ = 0 a− 1> 0 b− 1≤ 0 P{0≤ (a− 1)+− (b− 1)+}= P{a≥ 1}= 1

a− 1> 0 b− 1> 0 P{0≤ (a− 1)+− (b− 1)+}= P{b≤ a}= 1 0≤ (a− 1)+− (b− 1)+

(a− 1)+− (b− 1)+ ≤ (a+ β− 1)+− (b+ β− 1)+ β = 0 (a− 1)+− (b− 1)+ =

(a+ β − 1)+ − (b+ β − 1)+ β ≥ 1 (a+ β − 1)+ − (b+ β − 1)+ = a− b a− 1≤ 0 b− 1≤ 0

(a− 1)+− (b− 1)+ = 0≤ a− b a− 1> 0 b− 1≤ 0 (a− 1)+− (b− 1)+ = a− 1≤ a− b

a− 1> 0 b− 1> 0 (a− 1)+− (b− 1)+ = a− b (a− 1)+− (b− 1)+ ≤ a− b (a− 1)+− (b− 1)+ ≤

(a+β− 1)+− (b+β− 1)+

(a+ β − 1)+− (b+ β − 1)+ ≤ a− b β = 0 (a+ β − 1)+− (b+ β − 1)+

(a−1)+−(b−1)+ a−b β ≥ 1 (a+β−1)+−(b+β−1)+ =

a− b (a+β− 1)+− (b+β− 1)+ ≤ a− b

a b 0 ≤ a− b ≤ 1 (a+ β −

1)+− (b+β− 1)+ ≤ (a− 1)+ +β− (b+β− 1)+ ≤ 1 β

(a + β − 1)+ − (b + β − 1)+ ≤ (a − 1)+ + β − (b + β − 1)+

(a+β− 1)+ ≤ (a− 1)+ +β β = 0 (a+β− 1)+ = (a− 1)+ +β β ≥ 1 (a+β− 1)+ = a− 1+β

(a−1)++β = (a−1)++β P{a−1≤ (a−1)+}= 1 (a+β−1)+ ≤ (a−1)++β (a+β−1)+−

(b+β− 1)+ ≤ (a− 1)+ +β− (b+β− 1)+

(a− 1)+ +β− (b+β− 1)+ ≤ 1 β = 0 (a− 1)+ +β− (b+β− 1)+ = (a− 1)+−

(b−1)+ ≤ a− b≤ 1 β ≥ 1 (a−1)++β− (b+β−1)+ = (a−1)+− b+1 a= 0

(a− 1)+ + β − (b+ β − 1)+ = 1− b≤ 1 b≥ 0 a≥ 1 (a− 1)+ + β − (b+ β − 1)+ = a− b≤ 1

(a− 1)+ +β− (b+β− 1)+ ≤ 1

a b c d 0≤ a− b≤ c− d a≤ c

b≤ d 0≤ (a+β− 1)+− (b+β− 1)+ ≤ (c+β− 1)+− (d+β− 1)+ (a+β− 1)+ ≤ (c+β− 1)+

(b+β− 1)+ ≤ (d+β− 1)+ β

0≤ (a+β− 1)+− (b+β− 1)+ (a+β− 1)+ ≤ (c+β− 1)+

(b+β− 1)+ ≤ (d+β− 1)+

(a+β−1)+−(b+β−1)+ ≤ (c+β−1)+−(d+β−1)+ β ≥ 1 (a+β−1)+−(b+β−

1)+ = a− b≤ c−d= (c+β−1)+− (d+β−1)+ β = 0 (a+β−1)+− (b+β−1)+ = (a−1)+− (b−1)+



(c+ β − 1)+ − (d+ β − 1)+ = (c− 1)+ − (d− 1)+ (a− 1)+ − (b− 1)+ ≤ (c−

1)+ − (d− 1)+ b≤ a≤ c b≤ d≤ c b≥ 1 (a− 1)+ − (b− 1)+ = a− b≤ c− d=

(c−1)+− (d−1)+ b= 0 a≥ 1 d= 0 (a−1)+− (b−1)+ = a−1≤ c−1 = (c−1)+− (d−1)+

b = 0 a ≥ 1 d ≥ 1 (a − 1)+ − (b− 1)+ = a− 1 ≤ c − d = (c − 1)+ − (d− 1)+ b = 0

a = 0 (a− 1)+ − (b− 1)+ = 0 ≤ (c− 1)+ − (d− 1)+ a = b = c = d = 0

(a− 1)+ − (b− 1)+ = (c− 1)+ − (d− 1)+ = 0 (a+ β − 1)+ − (b+ β − 1)+ ≤ (c+ β − 1)+ − (d+ β − 1)+

a b c d 0≤ a−b≤ c−d c≤ a d≤ b

a− d≤ 1 0≤ (a+β− 1)+− (b+β− 1)+ ≤ (c+β− 1)+− (d+β− 1)+ (c+β− 1)+ ≤ (a+β− 1)+

(d+β− 1)+ ≤ (b+β− 1)+ (a+β− 1)+− (d+β− 1)+ ≤ 1

β

0 ≤ (a + β − 1)+ − (b + β − 1)+ (c + β − 1)+ ≤

(a+β− 1)+ (d+β− 1)+ ≤ (b+β− 1)+ (a+β− 1)+− (d+β− 1)+ ≤ 1

(a+β−1)+−(b+β−1)+ ≤ (c+β−1)+−(d+β−1)+ β ≥ 1 (a+β−1)+−(b+β−

1)+ = a− b≤ c−d= (c+β−1)+− (d+β−1)+ β = 0 (a+β−1)+− (b+β−1)+ = (a−1)+− (b−1)+

(c+ β − 1)+ − (d+ β − 1)+ = (c− 1)+ − (d− 1)+ (a− 1)+ − (b− 1)+ ≤ (c−

1)+ − (d − 1)+ c ≤ a d ≤ b a − d ≤ 1 d ≥ 1 (a − 1)+ − (b − 1)+ = a − b ≤

c− d= (c− 1)+ − (d− 1)+ d= 0 a≤ 1 b≤ 1 c≤ 1 a≤ d+ 1 c≤ a b≤ a

(a− 1)+ − (b− 1)+ = (c− 1)+ − (d− 1)+ = 0 (a+ β − 1)+ − (b+ β − 1)+ ≤ (c+ β − 1)+ − (d+ β − 1)+

a≤ b E[h(a)]≤E[h(b)] h(·)

f(x) Z
T →R f(x) = ΓS(x)+CWΓW (x)+CDΓD(x)−CI

T
∑

t=1

xt

x x+vi x+vj x+vi +vj Z
T
+

f(x+vi)+ f(x+vj)≥ f(x)+ f(x+vi +vj)

vi, vj ∈V ⋄ vi 6= vj V ⋄

x∈Z
T
+ β= (β1, β2, ..., βT )

yt t yt+1 = (yt+xt+1+βt+1−1)+ yit+y
j
t ≥ yt+y

ij
t

t x i x+ vi

j x+ vj ij x+ vi + vj

st t st+1 = (st +

xt+1 − 1)+ ΓS(x) =
∑T

t=1
st ΓS(x) + ΓW (x) =

∑T

t=1
E[yt(x)] ΓD(x) = E[yT (x)] + T

f(x) st E[yt] −xt CW ≤ 1



t sit + sjt ≥ st + sijt E[yit] + E[yjt ]≥ E[yt] + E[yijt ] −xi
t − xj

t ≥−xt − xij
t

−xi
t−x

j
t =−xt−x

ij
t

sit + sjt ≥ st + sijt E[yit] +E[yjt ]≥ E[yt] +E[yijt ]

yit + yjt ≥ yt + yijt yit + yjt ≥ yt + yijt

sit + sjt ≥ st + sijt yt st βt = 0 yit + yjt ≥ yt + yijt

t x Z
T
+

yit + yjt ≥ yt + yijt

vi = (−1,0,0, . . . ,0) vj = (1,−1,0, . . . ,0)

x+ vi t= 1 x+ vj t= 2

t= 1 x+vi +vj t= 2 x1 ≥ 1 x2 ≥ 1

y1 t = 1 x yi1 =

(y1 − 1)+ yj1 = y1 + 1 yij1 = y1 y1 − yi1 ≤ yj1 − yij1 t = 2

y2 = y1 + x2 + β2− 1 yi2 = (y1− 1)+ + x2 + β2− 1 yj2 = y1 + x2 + β2− 1 yij2 = (y1 + x2 + β2− 1)+

yj2 = y2 yi2 ≥ yij2

t= 2 yjt = yt yit ≥ yijt t≥ 3 yit + yjt ≥ yt + yijt t

vi = (−1,0,0, . . . ,0) vj = (0, . . . ,1,−1,0, . . . )

x+vi t= 1 x+vj t= j+1

t= j x+vi+vj t= 1 t= j+1

t= j x1 ≥ 1 xj+1 ≥ 1

y1 t= 1 x yi1 = (y1−1)+ yj1 = y1

yij1 = (y1 − 1)+ y1 − yi1 ≤ 1 yit = yijt yjt = yt yt − yit ≤ 1

t≤ j−1 t= j yj = (yj−1+xj +βj−1)+ yij = (yij−1+xj +βj−1)+ yjj = yj−1+xj +βj

yijj = yij−1+xj +βj yj−y
i
j ≤ yjj −y

ij
j t= j+1 yj+1 = (yj−1+xj +βj−1)++

xj+1 + βj+1 − 1 yij+1 = (yij−1 + xj + βj − 1)+ + xj+1 + βj+1 − 1 yjj+1 = (yj−1 + xj + βj + xj+1 + βj+1 − 2)+

yijj+1 = (yij−1 + xj + βj + xj+1 + βj+1 − 2)+ 0≤ yj+1 − yij+1 ≤ yjj+1 − yijj+1

yjj+1 ≤ yj+1 yijj+1 ≤ yij+1 yj+1−y
ij
j+1 ≤ 1 t > j+1

0≤ yt−y
i
t ≤ yjt −y

ij
t yjt ≤ yt yijt ≤ yit yt−y

ij
t ≤ 1 yit+yjt ≥ yt+yijt

t

vi = (−1,0,0, . . . ,0) vj = (0, . . . ,0,1)

x+vi t= 1 x+vj

t= T x+vi +vj t= 1 t= T x1 ≥ 1

y1 t = 1 x yi1 = (y1 − 1)+ yj1 = y1

yij1 = (y1 − 1)+ yt = yjt yit = yijt yt ≤ yit t ≤ T − 1 t = T

yT = (yT−1 + xT + βT − 1)+ yiT = (yiT−1 + xT + βT − 1)+ yjT = yT−1 + xT + βT yijT = yiT−1 + xT + βT

0 ≤ yT − yiT ≤ yjT − yijT yT ≤ yjT yiT ≤ yijT T

0≤ yt− y
i
t ≤ yjt − y

ij
t yt ≤ yjt yit ≤ yijt t > T yit + yjt ≥ yt + yijt t

vi = (0, . . . ,1,−1,0, . . . ) vj = (0, . . . ,1,−1,0, . . . ) j = i+1



x+ vi t= j t= i x+ vj

t= j+1 t= j x+vi+vj t= j+1 t= i

xj ≥ 1 xj+1 ≥ 1

t < i t= i yii

t= i xi yi = (yii − 1)+ yji = (yii − 1)+ yiji = yii yi = yji yii = yiji

t= j yj = (yii−1)++xj+βj−1 yij = (yii+xj+βj−2)+ yjj = (yii−1)++xj+βj yijj = yii+xj+βj−1

yjj − yj = 1 yijj − y
i
j ≤ yjj − yj t= j +1 yj+1 = (yii − 1)+ + xj + βj − 1+ xj+1 +

βj+1 − 1 yij+1 = (yii + xj + βj − 2)+ + xj+1 + βj+1 − 1 yjj+1 = (yii − 1)+ + xj + βj + xj+1 + βj+1 − 2

yijj+1 = (yii+xj+βj−1+xj+1+βj+1−2)+ yj+1 = yjj+1 yijj+1 ≤ yij+1

j+1 yt = yjt yijt ≤ yit t > j+1 yit +yjt ≥ yt+yijt

t

vi = (0, . . . ,1,−1,0, . . . ) vj = (0, . . . ,1,−1,0, . . . ) j > i+1

x+vi t= i+1 t= i x+vj

t= j+1 t= j x+ vi + vj t= i+1 t= i

t= j+1 t= j xi+1 ≥ 1 xj+1 ≥ 1

t < i t= i yii

t= i xi yi = (yii − 1)+ yji = (yii − 1)+ yiji = yii yi = yji yii = yiji

t= i+1 yi+1 = (yii−1)++xi+1+βi+1−1 yii+1 = (yii+xi+1+βi+1−2)+ yji+1 = (yii−1)++xi+1+βi+1−1

yiji+1 = (yii +xi+1+βi+1−2)+ yt = yjt yit = yijt 0≤ yt−y
i
t ≤ 1 i < t≤ j−1

t= j yj = (yj−1 + xj + βj − 1)+ yij = (yij−1 + xj + βj − 1)+ yjj = yj−1 + xj + βj yijj = yij + xj + βj

yj − yij ≤ yjj − yijj t= j + 1 yj+1 = (yj−1 + xj + βj − 1)+ + xj+1 + βj+1 − 1 yij+1 =

(yij−1 + xj + βj − 1)+ + xj+1 + βj+1 − 1 yjj+1 = (yj−1 + xj + βj + xj+1 + βj+1 − 2)+ yijj+1 = (yij−1 + xj +

βj +xj+1+βj+1−2)+ 0≤ yj−1−y
i
j−1 ≤ 1 0≤ yj+1−y

i
j+1 ≤ yjj+1−y

ij
j+1 yjj+1 ≤ yj+1 yijj+1 ≤ yij+1

yj+1 − yijj+1 ≤ 1 j + 1

0≤ yt− y
i
t ≤ yjt − y

ij
t yjt ≤ yt yijt ≤ yit yt− y

ij
t ≤ 1 t > j+1 yit + yjt ≥ yt + yijt

t

vi = (0, . . . ,1,−1,0, . . . ) vj = (0, . . . ,0,1)

x+vi t= i+1 t= i x+vj

t= T x+vi +vj t= i+1 t= i

t= T xi+1 ≥ 1

t < i t= i yii

t= i xi yi = (yii − 1)+ yji = (yii − 1)+ yiji = yii yi = yji yii = yiji

t= i+1 yi+1 = (yii−1)++xi+1+βi+1−1 yii+1 = (yii+xi+1+βi+1−2)+ yji+1 = (yii−1)++xi+1+βi+1−1

yiji+1 = (yii +xi+1+βi+1−2)+ yt = yjt yit = yijt 0≤ yt−y
i
t ≤ 1 i < t < T

t= T yT = (yT−1 +xT +βT − 1)+ yiT = (yiT−1 +xT +βT − 1)+ yjT = yT−1 +xT +βT yijT = yiT +xT +βT

0 ≤ yT − yiT ≤ yjT − yijT yT ≤ yjT yiT ≤ yijT T

0≤ yt− y
i
t ≤ yjt − y

ij
t yt ≤ yjt yit ≤ yijt t > T yit + yjt ≥ yt + yijt t

vi = (0, . . . ,0,1,−1) vj = (0, . . . ,0,1)



x+ vi t= T t= T − 1 x+ vj

t= T x+vi +vj t= T − 1 xT ≥ 1

t < T − 1 t = T − 1 yiT−1

t= T − 1 xi yT−1 = (yiT−1− 1)+ yjT−1 = (yiT−1− 1)+

yijT−1 = yiT−1 yT−1 = yjT−1 yiT−1 = yijT−1 t= T yT = (yiT−1− 1)+ +xT +βT − 1 yiT = (yiT−1 +xT +

βT − 2)+ yjT = (yiT−1 − 1)+ + xT + βT yijT = yiT−1 + xT + βT − 1 0≤ yT − yiT ≤ yjT − yijT

yT ≤ yjT yiT ≤ yijT T 0≤ yt − yit ≤ yjt − yijt yt ≤ yjt

yit ≤ yijt t > T yit + yjt ≥ yt + yijt t

yit + yjt ≥ yt + yijt t

x Z
T
+ f(x)

A

f A f A A

x xt > 1 t f(x)

t1 t xt > 1 t2 t t2 > t1 xt = 0

t2 6= φ x′ x′t = xt t 6= t1 t 6= t2 x′t1 = xt1 − 1 x′t2 = 1

[t1, t2]

t2 ΓD(x
′) = ΓD(x)

ΓS(x
′) ≤ ΓS(x) t2 t1 ΓW (x′) = ΓW (x)

∑T

t=1
x′t =

∑T

t=1
xt f(x′)≤

f(x)

t2 = φ x′′ x′′t = xt t 6= t1 x′t1 = xt1 −1

[t1, T ]

T ΓD(x
′) = ΓD(x)− 1 ΓS(x

′)≤ ΓS(x)

ΓW (x′)≤ ΓW (x) t1
∑T

t=1
x′t =

∑T

t=1
xt− 1 CI +CO =CD

f(x′)≤ f(x)

f(x′)≤ f(x)

f(x+ vi) + f(x+ vj)≥ f(x) + f(x+ vi + vj)

xt t



αt xt = xi
t = xj

t = xij
t

αt βt

t

βt

f(x+ vi) + f(x+ vj)≥

f(x) + f(x+ vi + vj) x+ vi

x+ vj i j x+ vi + vj i j i j

i

x=x+vj x+vi =x+vi+vj

t= 3

T = 9 CW = 0.8 CD = 25 CI = 10 qs = 0.4

T = 5 CW = 0.8 CD = 25 CI = 11

xw/o

xw/

t
∑

i=1

xw/
i ≥

t
∑

i=1

xw/o
i , ∀t= 1,2, . . . , T.



t = 1 t = 2

a b a≻ b

k
∑

i=1

ai ≥

k
∑

i=1

bi, ∀k= 1,2, . . . , n− 1,

n
∑

i=1

ai =
n
∑

i=1

bi.

xw/ ≻xw/o xw/o

xw/o = (1,1, , . . . ).

T

xw/ xw/o xw/

xw/ ≻xw/o

x̄

min
x∈ZT

+

Eωo

[

Υ (x, ωo)−CI

T
∑

t=1

αt(xt, ω
0)
]

Υ (x, ωo) =
{

CDy
s
T

∣

∣

∣
,

}

.

n̄=
∑T

t=1
x̄t n̄≥ n∗

(n̄,0,0, . . . ,0)

min
x∈ZT

+

Eωo

[

Υ (x, ωo)−CI

T
∑

t=1

αt(xt, ω
0)
]



Υ (x, ωo) =
{

T
∑

t=1

yst +CW

T
∑

t=1

ywt +CD(y
s
T + ywT )

∣

∣

∣
,

}

.

x′ x
∑T

t=1
xt = n̄ x′ =x+δ δ≥ 0 k=

∑T

t=1
δt > 0

δ x+ δ

n̄≥ n∗ n∗

x n̄ δ k

∆A CDE[y
s
T ] (n̄,0,0, . . . ,0) + δ (n̄,0,0, . . . ,0)

∆B CDE[y
s
T ] x+ δ x

k x′ n̄

(n̄,0,0, ...,0)+ δ n̄ ∆A ≤∆B ∆α

CIE[
∑T

t=1
αt(xt)] n̄+ k n̄

∆A ≥∆α (n̄,0,0, . . . ,0) ∆B ≥∆α E[yst ]

E[ywt ] x δ x+ δ

n̄≥ n∗

∀at, bt, t= 1,2, . . . , T

Pr(αt(xt, ω
o) = at, βt(ω

o) = bt, ∀t= 1,2, . . . , T ) = Pr(

NS
∑

i=1

γt,i(ω)zt,i = at, βt(ω) = bt, ∀t= 1,2, . . . , T ).

P r(αt(xt, ω
o) = at, βt(ω

o) = bt, ∀t= 1,2, . . . , T ) =

T
∏

t=1

Pr(αt(xt, ω
o) = at) ·Pr(βt(ω

o) = bt, ∀t= 1,2, . . . , T ).

zt,i
NS
∑

i=1

γt,i(ω)zt,i
NS
∑

i=1

γs,i(ω)zs,i

Pr(

NS
∑

i=1

γt,i(ω)zt,i = at, βt(ω) = bt, ∀t= 1,2, . . . , T ) =

T
∏

t=1

Pr(

NS
∑

i=1

γt,i(ω)zt,i = at) ·Pr(βt(ω) = bt, ∀t= 1,2, . . . , T ).

t

Pr(

NS
∑

i=1

γt,i(ω)zt,i = at) =

(∑NS

i=1
zt,i

at

)

(qs)at(1− qs)
∑NS

i=1
zt,i−at =

(

xt

at

)

(qs)at(1− qs)xt−at

= Pr(αt(xt, ω
o) = at),



zt,i xt =
∑NS

i=1
zt,i

yt ys
t

t yt−1+
NS
∑

i=1

γt,i(ω)zt,i+βt(ω)−yt yt−1−yt t > T

t 1 0 1 yt

yst yt yst

U

v(z, ω)tr(M(ω)z+d(ω)) = Υ (z, ω), ∀z ∈Z.

v(z′, ω)tr(M(ω)z+d(ω))≤ Υ (z, ω), ∀z′ ∈Z.

Υ (z′) = Eω[Υ (z
′, ω)]. −h(z′)

z ∈Z

a(z′)z+ b(z′)−h(z)≤ Υ (z)−h(z), ∀z′ ∈Z.

z′ = z

a(z)z+ b(z)−h(z) = Υ (z)−h(z).

z∗ Υ (z∗)−h(z∗) (z, u) = (z∗, Υ (z∗)−

h(z∗)) z∗∗, u∗∗)

u∗∗ ≤ Υ (z∗)−h(z∗) u∗∗ <Υ (z∗)−h(z∗)

a(z∗∗)z∗∗+ b(z∗∗)−h(z∗∗) = Υ (z∗∗)−h(z∗∗)≤ u∗∗ <Υ (z∗)−h(z∗),

z∗ u∗∗ = Υ (z∗)−h(z∗)

(z∗, u∗) z∗

u∗ = Υ (z∗)−h(z∗)

u≥ u∗ z0 a(z′)z0 + b(z′)− h(z0)≤ u z′ ∈ Z z0



Υ (z∗)−h(z∗)≤ u< a(z′)z0 + b(z′)−h(z0)≤ Υ (z0)−h(z0)

z0 a(z0)z + b(z0) − h(z) ≤ u

a(z0)z∗ + b(z0)− h(z∗)≤ u∗ a(z0)z+ b(z0)− h(z)≤ u

z u(z)

z0 a(z0) b(z0)

z∗ u



t ECt = 1− CW × βt t

CW = 0 t

CW = 1

1− βt

max(0, ⌊ 1−CW×βt

qs
⌋) t= 1,2, . . . βt

CW

nh

| 1
qs
| 1,2, . . . , T

nh

βt t qs

xt← 0 t

ECt← 1−CW ×βt

n← n∗

t= 1 : T

Bt←max(0, ⌊ECt
qs
⌋)

xt← xt +min(n,Bt)

n← n−min(n,Bt)

B← | 1
qs
|

n> 0

t= 1 : T

xt← xt +min(n,B)
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