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Appendix

A. Technical Results on Contextual Learning Loss

PRrROPOSITION 4 (Confidence Bound on Expected Reward under Stochastic Delays). Let D(t)
be the stochastic delay time for observing the feedback of patient t, and assume that {D(t)}_, are i.i.d.

non-negative random variables with mean pp that satisfy the following reqularity condition for any finite m:

mpt1
P<D(t)_MD Zm) SGXP(— 72)5
207,
for some p>0 and op >0, which characterize the tail of delay distribution.
Then, for any t >ty and § >0 , where to = max{t;,ta} in which t; and ty are defined in Lemma 2, the
following estimation loss bound on the difference between the true and estimated expected rewards under each

selected medication k holds with probability at least 1 —40:
[V (0,7) = V2 (B(8), 7 (1)) | < Radi(t),

where é(t) and 7 (t) are respectively the mazimum likelihood estimators of the unknown model parameters 6

and 7 at time period t obtained under stochastic delays, and the confidence radius Rady(t) is defined as:

Rady(t) = § 0 (0, (V arnog (L) s1og (1) +e. N(t)>

2 IOl (A\/(d2 1 K)log (W) +log (;) ey N(t)),

where ¢, = inf {Vo,0 (6100 — fu(eim0)) : 80 — 6]l <1, ol < L1166l < o llxall S e} > 0 and also v =
max{ay, Br}/2. Further, V, = 22;11 Or(s) Pu(s)T and U, = 22;11 X&(8) xx(s)T are the design matrices corre-
sponding to the first t — 1 observed features. N(t) is the random number of unrealized feedback outcomes at
time period t, which is upper bounded by 2up + 64/2log (1/5) + ¢ with probability at least 1 — &, in which
c=25%log (203 +1)+1 and 6 =op\/p+2.

Proof of Proposition 4: The objective is to establish a high probability confidence bound that contains

the true expected reward using the feedback outcomes realized by the end of time period ¢.
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To this aim, consider that medication k is the one selected by the SGD-MAB algorithm for patient ¢.
We first decompose [V ¥ (9, 7) — VY (A(t), #(t))|, which is the difference between the true and estimated

expected rewards of patient ¢ under the selected medication k, by the triangle inequality as follows:

VI (0,7) =V (00), 7)) | = [0 (6100 = fulpe(®)im) ) — o (60()T0(0) = i (pe(£):7(1) )|
<o (70— F(pe0im)) = o (60()08) ~ S (pu(t)i ) )|
Term (I)
+[o ()7 80) = fo ()i m) ) =0 (60T 8) — (01 7(1) )|, ()
Term (IT)

where § (t) and 7 (t) are the estimators of the unknown model parameters € and 7 at time period ¢, respectively.

Term (I): To derive a high-probability bound for this term, we first decompose it as follows:

(070 = fu(pet)im) ) = o (4107 00) — S (pat)im) )|
< 1 |soro— s am| = 1|V -00)] [V ou]|

<1 [vre-ao)| v =7 oo o], ol (10)

where the first inequality is by Lipschitz property of the logistic function, and the second inequality is by
Cauchy-Schwarz inequality |27 y| < ||#||a-1 [|y|lar for any vectors z,y and matrix M. We now bound the last

expression in the following two steps.

Step 1 (Online estimator of parameter ): Recall that R, () is the stochastic reward feedback of patient
t with Ry (t) =0 (¢x(t) 70 — fi(pr(t);m)) + & (t), where &,(¢) is an independent 1-sub-Gaussian variable.

In the stochastic delay setting, the patient’s feedback outcomes are not realized immediately once a decision
is made for the patient. Instead, they arrive sequentially with a stochastic delay, meaning that there is
uncertainty in the timing of when the true feedback will be observed. Consequently, the estimators for the
model parameters are updated on-the-fly after each patient based on the available information at that time.
This dynamic updating ensures that we use the information of a patient to whom a medication with a
dose was prescribed previously only if their feedback is realized up to the current time. In other words, the
estimator of 6 at each time period ¢ incorporates only the pairs of realized information (patient features and
feedback outcomes) in the history up to the time period t.

We denote M (t) = kLGJ’CMk(t) as the set of time-stamps with realized feedback outcomes by the end of time
period ¢ — 1, where M, (t) ={s|s<t—1,s+ D(s) <t—1,k(s) =k} and k(s) is the medication selected by
the algorithm at time period s. We also denote N (t) = kg)cNk (t) as the set of time-stamps with unrealized
feedback outcomes by the end of time period ¢ — 1, where Ny (t) ={s|s<t—1,s+ D(s) >t —1,k(s) =k}.

Let A(t) be the maximum likelihood estimator (MLE) of § € R at time period ¢. Given only the realized
feedback outcomes at time period ¢, the log-likelihood function £,(0) is as follows:

= > (Rels)ogo(64()70 = fi(pels)im)) + (1= Rec(s))log (1= 7 (6n(5) 0~ i (pi(s)im)) ).

seEM(t)
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where £,(0) is a strictly concave function of 6.

The MLE f(t) can then be written as the solution to the following estimating equation:

VoLi0)= 3 (Ruls) = (0u(5) 0~ fiulpals)im) ) ) ouls) =0, (11)
sEM(t)

Note that this estimator gets updated after each patient by using only the available information up to the

current time. We next define the vector-valued error function F,(6p): R% — R% for any parameter 0y as:
F(6o) =3 (7(00(9) 00 = fu(pe(s)im)) = o (60(5) 70~ filpu(s)im)) ) n(s),
seM(t)
which is the difference in the gradients of the log-likelihood function £,(6) evaluated at any 6 and true 6,
respectively. Note that F,(6) = 0 for true parameter 0, and F,(d(t)) is given by definition as:
> &ls) il
seM(t)
Now, the mean value theorem for vector-valued functions implies that for any parameter 6;, 0, € R%, there

exists 0 = uf; + (1 —u)fy € R% with some u € (0,1) such that:

Fi(0)) — Fi(62) = ( / VE,( du) (6, —6s).

Furthermore, let H,(f fo VF,(0) du= fo wer(y VO (0k(8) 70— fi(pi(5);7)) bi(s) ¢x(s) " du, and also
We=>.c M) e gbk(s) be the design matrix corresponding to only the observed features whose feedback
outcomes have been received by time ¢ — 1. Since Apin (W) > 1 and ¢, > 0, we have H,() = c, W, = 0. Thus,

we have the following for any 6; # 05:
(0, — 02) T (Fy(01) — Fo(02)) = (01 — 05) "H(0) (6, — 02) > (61 — 02) Tco W, (01 — 62) >0

The above implies that F,(.) is an injection from R% to R%, and so, F, " is well-defined. Thus, (11) has
a unique solution 4(t) = F; *(S,) as the MLE for parameter 6, where S, := F,(4(t)) = 2ser(n) i (8) dr(s).

Step 2 (High probability confidence bound): Using the proposed estimator §(t), we now derive a high-
probability confidence bound for

o(t) fGH in (10). To this aim, following an argument made by Zhou
Vi

et al. (2019), this term can be decomposed as follows:

oo -af, -~ (60-2) (000
~(i0-0) (w4 5 o) (-0
SEN(t)
<(i0-1) w (10-0)+ 3 Hé<s> At
SEN (1)
< Hé(t) 0" Ny e -, (12)
Wy
where we use the fact that Hfbk( )|| <cy and N(t) = |N(t)].
Note that in (12), N(t) =3} ]l{s + D(s) >t} is the random number of unrealized feedback outcomes

at time period ¢. In Lemma 9 (see Appendlx C), by building a sequence of stopping times for the number
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of realized feedback outcomes, the tail behavior of N(t) can be characterized so that it is sub-Gaussian and
upper bounded by N(t) < 2up + 6+/2log(1/d) + ¢ with probability 1 — 4§, where ¢ =2 d?log (202 + 1) + 1
and ¢ =op+/p+2.

A 2 R 2
We next develop high probability bounds for expressions HG(t) — HH and Hﬁ(t) -0
Wi

in (12), separately.

To bound the first expression, we make the following argument:

’Ft(é(t)) ;ﬁllet(é(t))—Ft(e) jvt,l
- (Ft(é(t)) - Ft(0)>T Wt (Ft(é(t)) - Ft(9))
> ’é(t)—@ jv : (13)

where the first equality is established by F,(6) =0, the inequality is established by using the mean value
theorem and by H,(0) = c, W, as well.

Let S, = F,(0(t)) for convenience and H, be a sigma algebra generated by the feature vectors and the noise
values upon the arrival of the patient ¢. The following bound then holds with probability at least 1 —§ for
each time period t >ty and any 6 > 0:

oo -], < Ci2 A é <d1 log <“‘ZW’) +log (;)) , (1)
where the first inequality is established by (13), and the second one is obtained by Lemma 1. Indeed, since the
noises &;(s) are independent 1-sub-Gaussian random variables, the sequence {S; =3_ v &x(5) dx(8) beer
is a vector-valued martingale adapted to {H,};e7. Accordingly, Lemma 1 proves that this martingale stays
close to zero with high probability (see Lemma 1 in Appendix A).

Moreover, to bound the second expression Hé(t) - 9”2 in (12), Lemma 2 proves that Hé(t) — HH <1 holds
with probability at least 1 — ¢ for any time period ¢t > t;, where ¢; is the time step for which we have that
Amin (Wi, ) = max{1,1/c2 (dylog(1 +Tc2 /dy) +1og(1/6%))} (see Lemma 2 in Appendix A).

Replacing this bound and (14) in (12) results in the following bound with probability at least 1 — 24:

Wt+c¢\/WH§(t)—9’,

<L s (XD o (1) sevvm

Putting the above bound in (10), we can upper bound term (I) with probability at least 1 — 24.

Hé(t) 9

<Jf-o
Vi

Term (IT): To derive a high probability bound for this term, we first decompose it as follows:

o (6007 000) = i (pe(0):m) ) = o (600 0(0) = i (e (0):7(1)] )|

< 1| Al 05m) — o) | < ZAL | g7 00|
< A (s 10) — "

The first and second inequalities are respectively by Lipschitz properties of the logistic function o(.) with
constant 1/4 and the penalty function f;(.) with constant max{ay, 8y}, which can be shown by the reverse

triangle inequality |||z|| — ||y||| < ||z — y|| for 2,y € R™. The last inequality is by Cauchy-Schwarz inequality.



Keyvanshokooh, et al: Contextual Learning with Online Convex Optimization: Theory and Application 5

To bound the expression on the right hand side of (15), we follow the same two-step procedure that we
took for bounding term (I) in the previous part as follows.

Recall that P, (t) is the sub-outcome with Py (t) = xx(t) T 7+ e (t), where the noise € (t) is an independent
A-sub-Gaussian variable. We define 7 (¢) as the maximum-likelihood estimator of parameter 7 at time period
t by using only the available information (features and sub-outcomes) pairs up to the current time ¢. Since
the linear model can be viewed as a special case of the generalized linear model with a linear link function,
this estimator #(¢) can be obtained by solving the following estimating equation:

Valh(m) = Y (Pels) = xa(s) ) als) =0,
SEM(8)
where U, () is the log-likelihood function for estimating .

Next, following the same two steps for bounding term (I), we establish the following bound for the MLE
#(t) of the parameter 7. This bound holds with probability at least 1 —2¢ for any time period ¢ > to, where ¢,
is the time step for which we have Amin(Z,) > max {1, A*((d2 + K)log(T'c2 /(d2 + K)) +1og(1/6%)) }, where
Zi =3 em (1) Xk (s) xx(s) " is the design matrix corresponding to only the observed features whose feedback

outcomes have been received by time ¢ — 1:

#(8) — 7y, < A\/ o+ 100105 () g () e /N

Putting the above bound in (15), we can upper bound term (II) with probability at least 1 — 2.

Finally, plugging all the above derived results for term (I) as well as the results for term (II) into the

decomposition (9) completes the proof where we set to = max{ty,ts}. Q.E.D.

PROPOSITION 5 (Confidence Bound on Expected Reward under Constant Delays). If the true
feedback outcomes are revealed after A time periods for an individual, then for any t > A and § >0, the fol-
lowing bound on the difference between the true and estimated expected rewards for each selected medication

k holds with probability at least 1 —20:
VD (0,m) = VU (0(0), 7(1)) | < Rady (1),

where é(t) and 7 (t) are respectively the regularized mazimum likelihood estimators of the model parameters

0 and 7 at time period t obtained under constant delays, and the confidence radius f{éﬁk (t) is defined as:

Rad 1/2 -1/2
Radk(t)=%ll¢k(t—m||v& (\/ng(det(vt_m 5det(71) )M)

det(U,_a)1/2 det(oI)~1/2
+g||xk(t—A)\|U:A <\/2A210g( et(Ui_a) ' et(ol) >+91/2>,

where ¢, = inf pkvea(cb;r@*fk (pk; ™)), Viea = 32170 0u(8) (5) T+ and U,_a = 3175 xa(5) xi(5) T +oI

are the design matrices corresponding to the observed features by t — A. Also, k and ¢ are regularization

parameters for the estimators 0(t) and 7(t), respectively, and v = max{ay, B }/2.
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Proof of Proposition 5: We need to establish high probability bounds for both terms (I) and (II) of the
same decomposition argument (9) made in the proof of Proposition 4. Consider that k is the medication

selected by our algorithm for patient ¢. For now, assume that there is no delay in observing feedback outcomes.

Term (I): We obtain a high probability confidence bound for this term in the following two steps.
Step 1 (Online estimator of parameter ): We formally define A(t) as the regularized maximum like-
lihood estimator of § € R% at time period t. Under the no delayed feedback assumption, the regularized

log-likelihood function of the available data at time period t is derived as follows:

ZRk )og o (¢(s)” 9—fk(]9k(t)§7f))+(1—Rk(s))log(1—0(¢k(8)T9—fk(Pk(t)UT)))—gHGHZ»

where k is the regularization parameter and £,;(0) is strictly concave function of 6 for x > 0.
We then need to find the maximum of £,(#) to obtain the regularized maximum likelihood estimator 8(t).

To this aim, we set the gradient of £,(6) to zero as follows:
t—1
VoLi(0) =" (Ruls) = o (64(5) 0~ fi(pult)im) ) ) éuls) — k6 = 0.
s=1

Since £,(f) is a concave function of 8 for x>0, A(t) is the unique solution of VoL, (6) = 0.

Step 2 (High-probability confidence bound): Using the proposed estimator §(t), we establish a high-
probability confidence bound for the true expected reward at each time period ¢t by the following steps.

First, we define the design matrix V; and the vector-valued function h,() at each time period ¢ as follows:

t—1

h(6) = Z (@1(5)70 = Je(pa(8)s) ) Buls) + w6,

Vi= Z¢k T+,

where we set kK = ¢,y > 0. Note that V; contains the first ¢ — 1 time-steps of observed features.
Next, according to the mean-value theorem and the Lipschitz property of the logistic function, Lemma 7

(see Appendix C) establishes the following almost-surely bound:

o (9670~ Fu(pult)i7) ) — o (6 0)780) ~ fulpe(0m)) | < 32 hn O+

he(0) = he (00|

—1 °
Vi

he(0) — ha(B(t))

thus, the following equation holds at each time period ¢:

We now bound the term ‘ ‘ |- First, recall that 0(t) is the unique solution of VoL, (#) = 0;
\7n

[

t—

o (64()0(0) = Fiu(prlt)im) ) 0 (s) + Bt an (16)

s=1

Consequently, we expand and bound the term ‘ h(0) — ht(é(t))H _ with probability at least 1 — 4, for
v

any time period ¢ and § > 0 as follows:

he(0) = hu(000)

—1
Vt

2_3(( 0(t) — i (pe (1) ))a(@(s)wfk(pk(w;w)))¢k<s>+n(é<t>9)

—1
Vt
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= z_: (’Rk(s) - 0<¢k(8)T9 —Jx (pk(t)ﬂf))) bi(s) — K0
< iﬁk(s)qbk(s) +r |6, < \/210g (det(vt)l/Z giet(w)—uQ) e -

Vi
where the first equality is by the definition of function h,(.), and the second equality is by (16). The first
inequality is by knowing that £, (s) =R (s) — U(¢k ()70 — fu(pw (t);ﬂ)) and the triangle inequality.

To argue about the last inequality in (17), let H, be a sigma algebra generated by all the feature vectors
and the noise values of the patients who arrived by the end of time period ¢ — 1. Now, since the noises £,(s)
are independent 1-sub-Gaussian random variables, then {Zz;ll &1 (8) dr(8) heet 1s a vector-valued martingale
adapted to {#H,};cs. Following Theorem 1 of Abbasi-Yadkori et al. (2011), this martingale can be bounded
with a high probability, that is, it stays close to zero with a high probability, which results in the last
inequality in (17). Also, using the inequality Amin(M)||2[12 < [|2]12; < Amax(M)||z||3 for any positive definite
(M), we note that ||9||‘2/;1 <AL (vole)f <1

min

matrix M and any vector z # 0 as well as Apax (M) = A1,
since ||6]] <1 and Apin (V) >y > 1.
Therefore, we establish the following confidence bound on the difference between the true and estimated

rewards under estimated é(t) with probability at least 1 —§ for any time period ¢:

o (61070 = Fi(pr(0)im) ) = (600)T00) — fu(pa(0)i) )|

< ﬁ ||¢k(t)||v;1 <\/2 log (det(Vt)lm glet(’ﬂ)—l/2> + /@) ) (18)

Term (II): To derive a high probability bound for this term, we first decompose it as follows:
o (660700 = Ju (pr(0: 7)) = o (00 T0(8) — S (pu (1) 7(1) )|

Ju (o0 7) = fu(pu(0): 7)) < W ()7 = () 7 (1)

where the first inequality is by the Lipschitz property of logistic function with constant 1/4, and the second

1
<- 19
= , (19)

one is by the the Lipschitz properties of dose penalty function with constant max{ay, i} (due to the reverse
triangle inequality |||z| — ||y||| < ||z —y|| for z,y € R™).

We next follow the same two-step procedure that we took for bounding term (I) to derive a high-probability
bound for the expression on the RHS of (19).
Step 1 (Online estimator of parameter 7): Under the no delayed feedback assumption, we define #(t)
as the regularized least square estimator for parameter w. According to the least square principle, we derive

this estimator by minimizing the following least square expression:

Us(r) = (tims)%m(s)f (§Xk<s>Tka<s>) + o,

where g > 0 is the regularization parameter. Minimizing the above term by setting V. U;(7) = 0 results in

the following estimator for the parameter m:

(1) = (ixk<s> xils) "+ af)‘l(tiW@ x(s)).
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Step 2 (High probability confidence bound): Following the approach used in the proof of Theorem 2
of Abbasi-Yadkori et al. (2011), we can obtain the following bound on the difference between the true and

estimated dose effectiveness measures holds:

t—1

Zﬁk(S)Xk(S)

s=1

X)) —xa () "7 ()| < IIxe(®)lly— (

+0'% ], (20)
U71

¢
where U, = 3177 Xk (s) xx(s)T + oI is the design matrix corresponding the first ¢ — 1 time-steps of the
observed features.

Now, consider H, as a sigma algebra generated by the feature vectors and the noise values of the patients
who arrived by the end of time period ¢ — 1. Since £;(s) is an independent A-sub-Gaussian variable, then
{Zz;ll £x(8) X (8) }ier is a martingale adapted to {H,},c7. Accordingly, with probability at least 1 —d, the
following bound holds for any time period ¢ and § >0 (see Theorem 1 in Abbasi-Yadkori et al. 2011):

1/2 I)-1/2
< \/2)\210g(det(Ut) det(ol) ) (1)
vt

S e(s) vuls)

0

Integrating the bounds (20) and (21) with (19), we establish the following bound on the difference between

the true and estimated rewards under estimator 7(t) with probability at least 1 — ¢:
o (60700 — Fepe(t)5m) ) =0 (640) 700 — Fe (015 7(0) )|
1/2 -1/2
< maX{akaﬂk} ka(t)HUt_l <\/2)\2 log (det(Ut) det(QI) > JrQl/2> (22)

4 )

Finally, replacing the bounds (18) and (22) in the decomposition argument (9) and using a union bound
argument, we obtain a bound on |Vt(k’y) (6,7) — viEy) (é(t),fr(t))} with probability at least 1 — 24.

However, the resulting bound is under the assumption that the there is no delay in observing feedback
outcomes. In §2, under constant delays, we assume that the true feedback outcomes of a patient are realized
after A time periods. To handle such delay, we wait for the fixed amount of time A, which guarantees that
the patient’s feedback outcomes are realized, and then update the model parameters. That is, we obtain
estimators 9(15) and 7 (¢) using only the realized information at time period ¢ — A. Using this observation, we

can derive the final bound. Q.E.D.

LEMMA 1 (Self-Normalized Bound for Vector-Valued Martingale S;). Consider that we have the
vector sequence Sy =3 vy Ex(5) Pr(s), where ¢y (s) € R, ||¢w(8)|] < ¢y, and the noise &(s) is a condi-
tionally o?-sub-Gaussian random variable. Moreover, let W, = D semq) P(8) di(s)" be the design matriz
corresponding to only the observed features whose feedback outcomes have been received by time t — 1. Then,

the following bound holds with probability at least 1 —§:

t—N(t))c? 1
5.1+ <o (1o (0% ) i0g (1)),

for any time period t > to, where to is any time period such that Amin(Wy,) > 1, and N(t) is the number of

unrealized feedback outcomes by time t — 1.
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Proof of Lemma 1: We first need to derive an extension of Theorem 1 in Abbasi-Yadkori et al. (2011),
which is about the concentration of a certain vector-valued martingale.

Recall that Sy =37 __ ) &k(s) dr(s) and Wy =37 ;o) @(s) du(s) . Let to =min{r > 1: W, = W} for
some W = 0. Then, for any ¢ € (0,1) and a stopping time ¢ > 1 such that ¢ > ¢, holds almost surely, we have
the following, which holds with probability at least 1 — :

det(W,)/2 det(WtO)‘l/z)
3 .

||St||‘2/Vfl <20%log (

The expression on the right-hand side can be further simplified by the following algebra:
2log <<iet0%a>l/2 det(W,,) /2 det(vvzo>1/2)

5 ) =2log (det(W;)"/?) +2log < 5

<log (det(W,)) + 2log (;) ) (23)

where the inequality is by the choice of ¢y for which Ay, (Wy,) > 1, so det(W,,)~1/2 < 1.
Note that since W, is a positive definite matrix for any t > to, det(W,) is equal to the product of its
eigenvalues and trace (W) is equal to the sum of its eigenvalues. Now, by using the inequality of arithmetic

and geometric means i.e., = > a; > ¢/ [T ;, and ||¢x(s)|| < ¢4, we have the following:
i=1 i=1

dy | & di
det(W,) = EAi(Wt) < <c11 ;Ai(wt)>
= <d11 trace (Wt)) 1

1 2\ (N
(7 X o] <(HP)

L sem() dy
where \;(W,) is the i*! eigenvalue of the matrix W,.

Replacing the above bound on det(W;) in (23) results in the self-normalized bound on the deviation of

the martingale HSz”?,Vt—l. Q.E.D.

LEMMA 2 (Regularity Conditions for Design Matrices). Let t; be any time period such that:
1
Amin (W, ) > max {1, = (d1 log(Tci/dl) + 10g(1/52)> } , (24)

where W, = ZseM(t) r(8) dr(s)T for any t represents the design matriz corresponding to only the observed
o(t)— 9H <1 with probability
at least 1 — 6 for any t > t,, where é(t) is the MLE for true parameter 6 and is obtained by solving (11).

features ¢y (s) whose feedback outcomes have been received by time t — 1. Then,

Moreover, let ta be any time period such that:
Amin(Zey) 2 max { 1,02 ((da + K) log (T2 (da + K)) +10g(1/6%) ) } (25)

where Z, = ZseM(t) X&(8) Xx(8)T for any t is the design matriz corresponding to only the observed features
Xk (8) whose feedback outcomes have been received by time t —1. Then, |7 (t) — 7| < 1 with probability at least
1 =4 for any time period t > to, where 7(t) is the MLE for true parameter .
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REMARK 2. In the SGD-MAB algorithm with stochastic delay case, a warm-up period of length ¢y is
necessary. We may set the value of ¢y by following Proposition 1 of Li et al. (2017). However, in our setting, we
have two unknown model parameters € and 7, which need to be estimated. Our design matrices, corresponding
to only the observed features whose feedback outcomes have been received, should possess certain desirable
properties for reliable estimation of these model parameters. To address these issues, we set to = max{t;,ts}
such that ¢y = ¢; (dy log(T'c3/d1) +1log(1/6)) and t5 = c3 ((d2 + K)log(Tc2 /(dz + K)) +1og(1/5)), where ¢,
and ¢, are universal constants. By setting ¢, in this manner, we ensure that the length ¢y of warm-up period
is bounded by a logarithmic expression in 7. This allows sufficient time for accurate estimation of the model
parameters and ensures that the design matrices meet the desired properties for effective learning within the
given time horizon.

Proof of Lemma 2: We shall prove that the estimator f(t) falls into the 7-neighborhood B, (8) of the true
unknown model parameter 8 with respect to £-norm for some 7 > 0 that will be set later.

To this aim, first let B,,(8) = {0 : ||6o — 0| < n} be the n-neighborhood of the true model parameter 6, and
also 0B8,,(6) = {00 : ||6o — 0|l =n}. We further define:

o =nf { Vo,0 (6] 00 = Filprimo)) 00 € By (6), lImoll < 1, fnll < conllxall S e } > 0.

From the proof of Proposition 4, recall the vector-valued error function F,(6p) for any parameter 6, as:
F(0o)i= > (o(00() 00 = fu(pi(s)im)) = o (64(5) 70— fi(pu(s)im)) ) du(s),
seM(t)
and we had that F,() =0 for the true parameter 6 by definition.

Accordingly, the mean value theorem for vector-valued functions implies for any parameter 6, € 9B, (),
there is some 0 = ufy + (1 —u)0 € B, () with some u € (0,1) such that F,(6y) — F,(0) = H,(9) (6o — 0), where
H,(0) = [, VE0) du= [ 3, iy Vo (6i(5) 70— fi(pi(s)im)) 61 (5)di(s)  du = ¢,., W, = 0 since ¢, > 0 and
Amin(W3) > 1. Thus, we can argue that the followings hold for every parameter ¢, € 05,(6):

1E(80) Iy, = 1 E2(80) — Ei(8)II5y-+ = (B0 — ) " H.(8) W, " H.(6) (60 —6)
> 2 Amin(W) 180 = 011 = ¢ 0% Aunin (W) (26)

o,n

where the last inequality is by H,(0) > ¢,.,, W,. This implies that info, com, (o) | F1(0o) wa—l > ConMy/ Amin (W).
Given that this condition holds, we use Part (b) of the inverse function lemma (see Lemma 8 in Appendix

C) to establish the following:

{00 € RYHIF(00) 1 < Contt/ Nin(We) } € B,(6) = {80+ 109 — 6] < n}. (27)

The above argument implies that for any 6y, if F,(6p) and F,(6) are close, then 6, and 6 are also close.
On the other hand, using the fact that S, = F,(0(t)) = > sem(s) &k (8) @ (s), Lemma 1 develops the following
bound that holds with probability at least 1 —§ for any time period ¢ > ¢;:

‘ Ft(é(t))wal < \/v <d1 log (T’) +log (;)) (28)
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F,(0 H _, shows that F,(0(t)) and F,(#) are indeed close.
H < Com/ Amin(W,) to guarantee A(t) € B, (6),

which means that H(t) falls into the n-neighborhood of the true parameter 6 with respect to £o-norm. To do so,

\/)\2 (dl log(Tci/dl)-‘rlog(l/éz))
con\/ Amin (We)

at least 1 — 0 (note that in our problem \ = %) Moreover, since ¢, = ¢,,1, we have ¢, , > ¢, when n <1.

The above high-probability bound on ‘

Finally,

if we combine (27) with (28), setting n > implies Hé(t) - 9H <1 with probability

Therefore, the following bound holds for any time period ¢ > t; with probability at least 1 —¢:
. A2 (dylog (T'c2 /dy) +log(1/62)
H@@)@HJ (dslog (T3 /) ),
Co )\min(Wt)
whenever Ayin(W;) > 1/c2 (dylog(T'c2 /dy) + log(1/62)), which is the case in our problem setting, because we

— Y

have the condition that Amin(W:) > Amin (W, ). This completes the proof for part one of the lemma.
Note that the proof for the second part of this lemma follows the same steps as above since the linear

regression is a special case of generalized linear models. Q.E.D.

LEMMA 3 (Bound on Difference between Upper and Lower Bounds of Expected Reward).
For any t >ty and 0 > 0, the following bound holds with probability at least 1 —44:

i ]E{(UBk(t) LBk(t)ﬂ L \/2le log (Zi% < 10 \/d1 log (Td12) +log (512) +c¢\/@>

t=to+1

Tc2 Tc2 1
vy|2T(dy + K)log LK M/ (da+ K)log LK +log 52 + ¢V Nmax |
2

where UBy,(t) and LBy (t) are the largest and smallest possible estimated quantities for the expected reward of

patient t for whom the medication k with the optimal dose y* is selected by the proposed SGD-MAB algorithm,

respectively.
Proof of Lemma 3: Recall that UB,(t) and LBy (t) are defined as the sequence of real-valued functions

of the history H, and the feature vectors ¢, (t) and x,(¢) of patient ¢ as follows:

UBk(t):min{l, max ka’y*)(e,w)},

(0,m)eQ
LB ax< 0, v (9,7) 8,
w(t) =m X{ (921)1;1% (6,7)
where €, is the confidence set that contains true parameters (6, 7) with high probability.

By Proposition 5, we establish the following confidence set €, for the unknown model parameters (0, 7),

which holds with probability at least 1 — 49 for any ¢ > tq and § > 0:
Q= {(e,w) ‘ VES) (0,1) — V) (B(t), 7(1)) | < Rad, (¢ )}

where Rady (t) is defined as follows:

Rad, (1) = 7 (0, (1 1 log ft”%)+1og(;)+c¢ N(t))

v (t —N(t))c2 1
+ 5 ”Xk ”U—1 <)\ d2 +K dz”() +10g <52> +CX N(t) .
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Next, we define the sequences UB(t) and LBy (t) as follows:

UB(t) = Vi (6(1), #(1)) + Rad, (¢),
LB.(t) =V (6(1), 7 (1)) — Rady(t).

Since UB,(t) <UB,(t) and LBy (t) > LB, (t), we have that:

(UB:(t) — LBu()) < (UB(t) — TBi(t)) < 2Rady ().

Now, taking the expectation on both sides of the above inequality and summing over all periods result in

the following bound:

XT: E[(UBk(t)fLBk(t)ﬂ <2 XT: E[Rad, (t)].
t=to+1 t=to+1

The summation of E [Radk (t)} over T time periods on the RHS of the above inequality results in:

T T
1 1 Tec 2 1
Z E[Rad(t)] < i 72 [EXG] [P (C \/d1 log< T >+10g <52> +c¢\/Nmax>
t=to+1 t=to+1
VU e T02
5 Y Ixa@®lly-r [ A/ (d2+ K)log +log + eV Nomax |-
2 t dg (52
t=tg+1
Based on Lemma 6 (see Appendix C), we have the following almost-surely bound:
T
det(VT+1)
o)1 < 210 .
t=§|—l ' " det(Vto-H)

Note that since Viyi =Y., dx(s) ¢x(s)T and each term [¢(s)|| < c,, we then have that trace(Vi i) =
ST trace(dr(s) dx(s)T) = 01, |6k (s) I? < T'c}. Therefore, using the inequality of arithmetic and geometric

. 1/n .
means, i.e., % T > ( i1 T ) / , we have the following:

1=

Tc?

trace (V; “ “
det(Virs1) H/\ (V1) < ( Z/\ VTH) _<TC§T+1>> <<d¢) ,
1

1

where \;(Vpy1) is the i*" eigenvalue of the matrix Vi, .
Moreover, we have that det(V;, 1) = Hdl Aj(Vig+1) > ( min(VtOH))dl > 1 since Apin(Vig+1) > 1. Using
the Cauchy-Schwarz inequality >, [@ell a1 < VT[S0 )

the obtained bounds for det(Vr41) and det(V;,41), the summation of the induced matrix norm of the feature

o for every vector z; and matrix M, and

vector ¢ (t) is bounded by:

> @l VT Y llon®)l-

t=to+1 t=to+1
<4/2Tlog (det(VTH) >
det(‘/t(rkl)
Tc¢
2T d; log .
dq
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A similar bound can also be derived for ZthtOH llxx (t)||U;17 where y,(t) € RP2+K:

T T c2
> Il < \/2T @) o ()

t=to+1

T
Inserting the above two bounds in the bound for Y E[Rad,(t)] completes the proof. Q.E.D.
t=to+1
LEMMA 4 (Bound on Difference between Expected Reward and its Upper Bound). For any

time period t >ty and § >0, the following bound holds with probability at least 1 —49:
T

Y E [(Vﬁ“’y” (6,7) — UBk*(t))} < 4T,
t=to+1
where U By« (t) is the largest possible estimated value for the expected reward of patient t for whom the optimal

medication k* with the optimal dose y* is selected.

Proof of Lemma 4: First, notice that since ka*’y*) (9,7r) €(0,1) and UBy+(t) > 0 for any time period ¢,
the following bound holds:
T T
3 (Vik*’y*)(e,n) _ UBk*(t)> <y 11(V§’“*’y*)(9,7r) > UBk*(t)).

t=to+1 t=to+1
Taking the expectation on both sides of the above inequality results in the following:

T T
> E[(VE(0,m) - UBe )] < Y B(VE(0,7) > UB (1))
t=to+1 t=to+1
By Proposition 5, we establish the following bound for the unknown model parameters (6, ), which holds

with probability at least 1 — 44 for any time period ¢t >ty and 6 > 0:
(VY (0,7) = VI (1), 7(1)) | < Rady- ().
The above high probability statement is equivalent to the following probability:
}P’(ﬁk* ) <VF V) (0,7) <UB- (t)) >1— 46, (29)
where the upper and lower bounds UB,-(t) and LB,-(t) are respectively defined as:
UB,-(t) = VIV (1), 7(1)) + Rady- (1),

LB,-(t) =V v (0(t), 7 (1)) — Rady- (1)
Note that the above definition implies that UB- (t) = max(g,nea, V,Ek*‘y*) (0,7r).
Recalling that UB-(t) = min{l,max(gyﬂ)egt ng*’y*)(ﬁ,ﬂ')}, we can obtain the following bound, which
holds with probability at least 1 — 446:
T T
> (VI (0,m) > UB (1) = > B(VI(0,7) > TBye (1)) < 4T,
t=to+1 t=to+1

where the inequality holds due to the probability statement (29).

To show that the above equality holds almost surely, we need to prove that U By« (t) = U By« (t). First, notice
that if we have max g yecq, v (6,7) <1, it implies that UBy-(t) < 1; thus, we have UB (t) = UB . (t)
for sure. Second, since V* ") (6,7) € (0,1), the event v (6,7) > UB,(t) implies that we always have
UB,-(t) < 1. Therefore, we can argue that U By (t) = U B, (t) and the above equality holds, which completes
the proof. Q.E.D.
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B. Technical Results on Sub-Gaussian SGD and B-SGD Losses
Proof of Proposition 2: First, we have the following for any point z; € K by convexity of g;(.):
9:(27) > gi(z:) + ﬁgz('zz) (2" —2), YVi=1,..,n,

where @gl(zl) €0g;(z) = {h:gi(u) > gi(z:) + K" (u—z;),Vu}, and 9g,(z;) is the set of all true sub-gradients

of g;(.) at z;. Using the above property, we establish the following regret decomposition:

LE[3 (920 - 0.)] < - B[S (Fata - )
= % E{i(%gz,zl - z*)] + % E{i(@gz(zl) —Vgi,zi— z*>}, (30)
Term (I) Term (II)

where 6gi is a stochastic sub-gradient of ¢;(.) at z;. Note that we have E[%gJ}},l] = @gl(zz) for a fized z;,
where the filtration F,_; =0¢ (%gl, e ,%gi,l) provides past observations.

We next bound each term on the RHS of (30), below.
Term (I): We show term (I) is bounded by the following:

1 N 3 G¢
Lp[S" (%, -] <2 5
- ; (Vgs, 2z —2")| < NG
To this aim, we first establish the following argument by using the Pythagorean theorem:

- 2
2i =1 Vg — 2"

)

2
<|

2 = 21 = || Proje (= = Vg.) = =
where the projection operator is defined by Proj.(z) = argmin, . ||z — y|| for projecting a point 2 € R™ onto

a convex set C. Therefore, we have that:

~ 2 ~
V|| —2m <V9z'7 2y — Z*>7

lzier =21 < llzs = 217 47

which implies that we have the following by reorganizing terms:

2

2
)< 120 = 2| = llzia — 27|
< s

Thus, summing over all iterations and taking the average, we establish the following arguments:

lE[i<% ‘ ZliZ*>]<i]E i “Zi_z*||2_|‘2i+1—2*‘|2+ , 2
' " - U

i=1 2n i
2) ]

%gi

2
2(Vg;, 2 — 2" +n;

691‘

691‘

5 < 1 1 >
— = + 7
N Mi—1

1 1 .
< G2 7 2 :
<5 (@ () e Tn)
1 3 G¢
< 2 ) s
<o ((G\/ﬁ r2vmGe) =5
where the second inequality is by expanding the telescoping series and the third inequality is by the assump-
tion E H ﬁgi
and the inequality Y7, 7= <2y/n.

2
] < (2. We also define % =0, and the last inequality follows from using the step size n; = %
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Term (IT): To bound term (II) in the regret decomposition (30), we first recall the filtration F;, which is a

sigma-field F; =0 (%gl, e ,%gi) for each iteration 7, and then establish the following argument:

E <§gz<zz> - 69”2&' - Z*>‘]:171:| :EB 691(7«’1) - ﬁgnzi - Z*> Zz:l = (Zz - Z*)T]E[(%gz(zz) - %gz) zz:| =0,

where the first equality is because of the projected SGD step z; = Proj, (zi,l - ni,lﬁgi,l), and the last
equality is because of E[%gﬁ]ﬂ-_l] = @gl(zz) for a fixed z; (i.e., conditioned on the filtration F;_;, the mean
of the noisy sub-gradient is equal to the true sub-gradient). Accordingly, the above property implies that
the sequence {(ﬁgz(zz) — %gi, Zi — z*)}jzl is indeed a martingale difference sequence with respect to the
filtration {}"i}?:l (see Definition 4 in Appendix C). This helps us take care of the dependency (or not being
i.i.d random variables) among both the decisions {z;}™_, and stochastic sub-gradients {Vg;}™,.

Furthermore, since Vg; is a p-sub-Gaussian random variable, we conclude that (@gz(yl) —Vgi, zi—2%) is
a G2p-sub-Gaussian martingale difference sequence. By applying the Azuma-Hoeffding’s inequality to this
sub-Gaussian martingale difference sequence {(@gl(zz) —Vgi, zi— z*)}?zl (see Lemma 10 in Appendix C),
we have the following high-probability bound:

I = ~ . nt?

i=1

%E[i <§gl(’zz) - ﬁgi, % —z*>} < \/QGQPIZW

i=1

holds with probability at least 1 — 4.

which implies that

Putting the bounds we developed for terms (I) and (II) together completes the proof. Q.E.D.

LEMMA 5 (Sub-Gaussian Stochastic Sub-gradient). Assume that the moment generating function of
7=(@",7")" is well-defined. Then, for the dose penalty function fi(.) defined in (2), there exists a positive
constant (;, such that we have the following:

1. The stochastic sub-gradient %fk defined in Step (4a) of Algorithm 1 is p-sub-Gaussian random variable.

2. The second moment of the stochastic sub-gradient %fk is bounded by (2, i.e.,
8917 < G2 where G = max(as, ~0)y B[

Proof of Lemma 5: Recall that we consider the following dose penalty function f(.) in Algorithm 1,

where we drop the time index t for convenience in this proof:

fk(wkayh%) :ak(¢;@+y;;*Q>++ 51@((1*7/’;&*y;7~')+7

T

where 7= (w",7") 7 is the sampled parameter. The sub-gradient of this dose penalty function with respect

to the £ element of ¥, is calculated as follows:

Fho= o (W 5+ 7>0) - 51 (s 5+l 7<) .
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Part 1: We shall prove that the stochastic sub-gradient v fr is a p-sub-Gaussian random variable. Using
Taylor’s series expansion while taking expectation, we have the following expression:

]E[exp(s?fk)] = 1+sE[|§fk|} +82E[m+i8’”153[|w

2! - m! ’
which implies that we have the following argument:
o smED%fklm} B B s E %f,?
mz::?) m _E{exp(szk)}—sE“kaﬂ—{2}—1
52 N 52 ’

which converges to 0 as s — 0 by using L’Héspital’s rule. This means that we have the following;:
s E |:|§fk |m]

3 m/!

ﬁMg

=o(s?).

52
Moreover, we note from the stochastic sub-gradient that |§ frl <max(ay, —fBi) [T]x- Now consider:
_ 0o SmED%me}

E[exp (szk)} <1+ Z .t ]

B[R] & wefosr]

o1 + -

m=3

m!

1+

IA

14 52 (max(;k’_ﬁk) 2 E[[}’]i} N i s™ (maX(n(zf,—ﬁk))m E[[ﬂ;ﬂ}

m=3

<14 52 (max(;k,—ﬂk))Q E[[ﬂﬂ +o(s?).

On the other hand, we know that for any p > 0, we have the following expansion:

32 2 52 2
exp( 2p>:1+ 2p +o(s?).

Therefore, if we choose p such that p? > (max(ay, —3;))° E {[ﬂz}, then for all s > 0, we have:
2

2

E{exp (s%fk)} < exp <S 2p ) )

which shows the stochastic sub-gradient v fx is a p-sub-Gaussian (see Definition 1 in §2). It should be noted

that because we assume that the moment generating function of 7= (w',77)"

is well-defined, we have the
boundedness for all moments of the random variable 7.
Part 2: We also need to show that the sub-gradient %fk has a bounded second moment. Since |6fk| <

max (., —B%) [T]k, then we have E[%f,?] < (2 where ¢}, = max (o, —3%) E{[ﬂﬁ} Q.E.D.

ProprosITION 6 (High Probability Regret Bound for Sub-Gaussian B-SGD). Let {z}’, € R?
be the sequence obtained by the sub-Gaussian B-SGD mechanism with respect to convex and L-Lipchitz func-

tions fi(.) with a domain IC, i.e.,

z1 €K and zH_l:Proj,cl9 (zi—ni ﬁz), Vi=1,..,n—1,
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where g; = % fi(zi +Yu;) u; is an approximate stochastic gradient of the function f;(.) at z;, u; is a random
unit vector sampled from the Euclidean sphere S = {u € R?|||lu|]| =1}, ¥ > 0 is a perturbation parameter, and
1, 1s step size at each iteration.
We make the following assumptions:
1. Diameter of the set KC is bounded by a constant G, i.e., sup,, . cx |21 — 22|| < G. The absolute value of
the function at any point is bounded by a constant C, i.e., sup .. |fi(2)| < C.
2. The set K contains the Fuclidean ball B={z € R?|||z|| <1} centered at the zero vector.
3. The set Ky is the Minkowski set corresponding to the set IC, defined by Ky = {2 |ﬁz €K}.
If we choose the step sizes n; = dn%/u the following bound holds with probability at least 1 —6:
= dG 8L
> (E [£i(z:+9us)] — fi(z*)) << (1 +O2 1 F) n3/4 4 G\/2dC log(1/6)n3/3,

i=1

where z* =argmin . fi(z).

zeK

Proof of Proposition 6: First, note that Flaxman et al. (2005) proposed the following;:

d
i = 3 fi(z+du)u

as a stochastic gradient estimator of f;(.) at z, where ¥ > 0 is a perturbation parameter, and u is a random
unit vector randomly selected from the Euclidean sphere S.

Using Stoke’s theorem, it can be shown that g; is an unbiased gradient estimator of the 9J-smoothed version
fi(2) =Eyen [f;(z+Yv)] of any convex (not necessarily differentiable) function fi(.), where v is randomly
selected from the Euclidean ball B = {v € R?|||v]| <1} (see Lemma 2.1 of Flaxman et al. 2005). This implies
the following for any ¢ > 0:

Bucs [z 400 | 2] = Vi) = 2 VB, s[4 )

where S = {u € R?|||u|]| =1} is the Euclidean sphere centered at the zero vector.

Given that the value of the function f;(.) is bounded by a constant C' at any point, we have:

~ d d
19l 5 fi(z4+u) ul| < 5C

Using a similar argument as we made in Lemma 5, we can prove that the gradient estimator g; is p-sub-
Gaussian and its second moment is bounded by E| ||§Z||2] < p?, where p= 4 C. Also, the ¥-smoothed version

fl() is a good approximation of f;(.), because we have the following for z € K:
J:(2) = 1:(2)| = | Bves [ £z +9v)] = £i(2) |
< EveB“fi(Z‘f'ﬁV) — fi (Z)”
< LV Eves[[Iv]] < Lo, (31)
where the equality is by definition of f,(), the first inequality is by Jensen’s inequality, the second inequality
is due to f;(.) being L-Lipschitz, and the last inequality holds because v € B.
Moreover, note that we project onto the shrunken set KCy = {z \ﬁz € K} instead of the original set K

to avoid moving outside of the set X when we add the random sampling from the Euclidean sphere S. For

these two sets K and ICy, we have the following properties:
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e Property 1: The shrunken set ICy is convex for any 0 < ¢ < 1.

e Property 2: Vz € Ky, By(z) ={x |z =z+9u} CK, i.e., all balls of radius 9 around points z € K, are
contained in I, because K is convex and uB C K, so ICy + JuB C (1 —9)K + 9K =K.

e Property 3: Vz € K, 3zy € Ky such that ||zy — z|| <IG, where G is the diameter of K.

Now, let 2* =argmin, . > ", fi(2), and yj; = Projy (z*). Denote fi(z) =Ey,cp [f:(z; +Uv;)] for short-
hand, where fl(zl) is the ¥-smoothed version of f;(z;) at z;. Also, let x; = z; + Ju;. We can then bound the

regret of the B-SGD as follows:

n n

> (Bl - £:0) < 3 (EA@)] - £i(z)) +9nLG

< iE[fi (0] —Zn:fi (23) + 20nLG
)3

=1

E[f } Zf (23) +49nLG, (32)

i=1 i=1

where the first inequality holds by Property 3 and f;(.) being L-Lipschitz, the second inequality is established

by |fi(x:) — fi(z:)| < Lz, — 2| < 9L. Also, note that since the set K contains the Euclidean ball, the
diameter G of this set is greater than 1 (so 20nL < 29¥nL@G). The third inequality is by (31).

In (32), > 7 1E[ f; (zl)} -y fi (z3) is indeed equal to the high-probability regret of implementing the

sub-Gaussian S-SGD mechanism on the functions fl() and over Ky. In Proposition 3, we develop the following

high-probability bound with probability 1 — ¢:
SE[fi)] - Zf 25) < o + > Zm +/2G2plog(1/6)n, (33)
i=1

where (=p=4C.
Plugging the high-probability bound (33) into the regret bound (32), we can establish the following bound,
which holds with probability 1 — é:

n

Z(]E[fi(xi)}fi(z*))gi]E{fi ] Z (23) + 49nLG

i=1

2 n
7"‘&2771-1- 2G?plog(1/8)n +49nLG

<o
2
:% 3 <> ZerG\/ ( 190) log(1/8)n +49InLG
= % n3/4 4 @ n3/* £ 4LG n®* + G/2dClog(1/5) n3/4
L
_dG (et Sd ) 0¥/ + G/2dCog(1/0) 7,

where we set 7, = %77 and ¥ = —7 in the second inequality, which completes the proof. Q.E.D.
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Proof of Theorem 2: Let Vt(k’y)(t?) =0 (¢r(t) 70— fi(vr(t), yx(t))) denote the expected reward. Note that
there is no parameter 7 in the general dose penalty function. Similar to the Bayesian regret decomposition
in §4.3, we argue the following decomposition:

BAYESREG(T) =E {ET: (Vf(k VI (0) - Vi (@)}

t=1

|

=E[}" (V7o) - v 0)) | +E [ZT: (V0 - Vi)

t=1 t=1

Below, we bound each term for the B-SGD-MAB algorithm (see Appendix E).

Part I (Contextual learning loss): To bound the contextual learning loss, we follow our techniques in the
proof of Proposition 1 under stochastic delays. Accordingly, the following bound for the contextual learning
loss holds with probability at least 1 —24:

E[ZTI (Vo) - vie0) |

t=1

1 T\ [ 1 Tc 1
< t() + 2\/2d1 log (dCd)) (C\/dl IOg (dCd)> +10g (52> +C¢\/ Nmax) +2T6
1 o 1

=to+ VT (&(T) +20VT).

It is worth noting that unlike Proposition 1, there is no unknown parameter 7w in the general convex and
lipschitz dose penalty function f(.) that we considered in §4.6; thus, we do not need to learn such parameters
using an online linear regression that we had in Proposition 1. Accordingly, we only need to include the loss

we incurred due to learning the parameter 6 in the above derivation using an online logistic regression.
Part IT (B-SGD sub-optimality loss): Recall that in the B-SGD-MAB algorithm, to optimize the dose of
each medication, we employ the B-SGD mechanism instead of the SGD mechanism. Accordingly, the B-SGD
sub-optimality loss is bounded with probability 1 — 4§ as:

E[i (Vo) - Vi )]

t=1

M=

:E[ (U(¢k(t)T0 — & (wk(t),y,:)) - U(%(t)Ta — fr (wk(t)7yk(t)))>:|

t

-~

< TE[Y (A0 5e(0) = £ (0n0).97) )| < (D) T4,

1=

t

where yi = argmin, (L5 s Sy f (k@) ), and T5(T) = € (% + \/QdClog(l/é)l/T3/4>.
Note that in above, the first inequality is by the fact that the logistic function is lipschitz with constant

1

1/4. The second inequality is established directly by using the result of Proposition 6 for the general convex
and lipschitz dose penalty function f(.), in which the dimension of the dose decision is set to d = 1.

Finally, putting the above two bounds developed in parts I and II together, we can establish the following
bound on the Bayesian regret of the B-SGD-MAB algorithm:

BAYESREG(T) < to 4 J5(T) T%/* 4 E5(T)VT + 20T = O <T3/4) ,
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which completes the proof where we set § =1/T for the case of stochastic delay.
It is worth noting that the same proof procedure can be followed to derive the Bayesian regret of o (T3/ 4)

for the case of constant delays. Q.E.D.

C. Known Results

In this Appendix, we provide some known results from the related literature. For completeness, we provide

the readers with self-contained and more expository versions of their original proofs and results as well.

LEMMA 6 (Upper-Bound on the Summation of Feature Vectors). Let {¢(t)}2, be a sequence of
feature vectors in R™ such that ||¢(t)|| < cg and V; = 22;11 o(s) ¢(s)". When \,.in(V;) is large enough, i.e.,
Amin(V2) > max{1,c3}, then the following holds almost surely (Adopted from Lemma 9 in Dani et al. 2008):

m—+n
det(vm+n+1)
16e(6)2-+ szlog(
tz;—l s det(Vint1)

Proof of Lemma 6: First, recall that the design matrix V,,;,+1 € R®*% corresponding to the first m+n

time-steps of the observed features is defined as:

m+n—1

Vingn+1 = Z Oi(8) Pi(s) T+ dr(m+n) g(m+n)" =V + dp(m+n) gp(m+n)".
s=1
The determinant of V,,,;,+1 can be obtained then as:

det(Vm+n+1) =det (Vm+n + d)k (m + n) (Zsk (m + n)T)
=det (V2 (1+ Va2 énm+n) ou(m+n) V, 12 ) V22
.
=det (Vy1r) det (I+ <V"1f ¢k(m+n)) (Vn;}r{f ¢k(m+n)) )

= det (Viysn) (1 + ||¢k(m+n)”\2/7;j_n)

m+n
=det (Viut1) [ II (1+ ¢k(t)||\2/t1)] ) (34)

t=m-+1
where the fourth equality holds because all the eigenvalues of a matrix of the form (I +zx ") where x € R"
are one except the one eigenvalue, which is 1+ ||z|*. The last equality is obtained by recursion.

Taking the logarithm of (34) from both sides results in the following:

m+n
: \ det(Vyini1)
> tog (11160} ) =log (det(vm+)>

t=m-+1

Using the inequality < 2log(14 z) for any 0 <z <1 along with the above result, we have:

m+n m4n
> min {1 0)F- } <2 > tog (1+min {1, low®)l })
t=m+41 t=m-+41
m—+n
<2 Z 10g(1+||¢k(t)\|?,t_1)
t=m-+1

det(Vm+n+1)
Og( det(Vyrs)
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(Vi) 2. When Ayin(V;) is large enough (ie.,
Amin(V2) > max{1,c3}) and knowing ¢, > 1, we have ||¢; (¢ )”v;l < 1. Accordingly, we have the following:

m—+n
2 G Vmtnt1)
Z o (Bl _210g< det(Viq1) >7

t=m+1

which completes the proof. Q.E.D.

min

Note that we have [|¢,(t)[[3 1 < Agiu (Vo) loe(DI” < AL

LEMMA 7 (Initial Confidence Bound on Expected Reward). For any time period t, the following
upper bound on the difference between the true and estimated expected rewards holds (Adopted from the proof
of Proposition 1 in Filippi et al. 2010):

(61070~ £ (on(0:m)) = 2 (600700 = (pu(0:7)) | € = In )y @) = @)

where Q(t) is the regularized mazimum likelihood estimator of 0 at time t, V, = 32— ¢p(s) di(s)T + I,
h(0) =3 110(¢k( )70 — fr(pr(s);m)) dr(s) + K0, and ¢, = , igfp Voo (¢1.(s) "0 — fi(p(s);m)).
T PPk

Proof of Lemma 7: Let S CRR™ be an open set and also w;,ws € R™. Consider a vector-valued function
F:S — R” and assume that it is continuously differentiable. According to the mean-value theorem for

vector-valued functions, there exist @ = ew; + (1 — €) wy, where 0 < € < 1 such that:

Flws) — (/ VF(@ ) (wa — w1).

We use the mean-value theorem for the following continuously differentiable vector-valued function,
t—1

he(0) =Y (6x()70 — fulpa(s)im) ) du(s) + w0,

s=1
where £ is the regularizatoin parameter. Let ° = € § 4 (1 — €) A(t) with 0 < e < 1. Then, we have the following

gradient vector:

Vhi(6°) ngoa $1.(s)"0° — filpi(s): m)) i(s) drls) " + k1.

Let H,(6°) fo Vh:(6°) dX\ and recall that ¢, = , 1(1;1" Voo (¢i(s)T0— fi(pe(s);w)) > 0. This implies that
YT PksPk

H,(6°) = ¢, V, >0, where V; = 22:11 &1(8) r(s)" +~I is the design matrix corresponding to the first ¢ — 1

time-steps of the observed features and k = ¢,y > 0. Therefore, the matrix H,(0°) is a positive definite and

non-singular matrix. According to the mean-value theorem, we then have:

h(6) = h(0(8) = H.(6°)- (- 0(0)) = (- 0(0)) = H1(8°) (u(6) — hu(8(1)))

Therefore, we can derive the following bound for each time period ¢:

(00— fu(pelt)im) ) = o (41(0) 00 = S (pat)im) )|

<1 |ero—anmae)
=& o H @) (n) -0 |
1 A
< 316y [0 =GO o

1
A [0k (E)lly,-2

hi(6) —hu(6(0))|

)
-1
Vi
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where the first inequality holds by the Lipschitz property of the logistic function with constant 1/4. The

equality holds by the mean-value theorem. In the second inequality, we use |a” - M -b| < |al|,, ||b]|,, where

M

llall,;, = VaT Ma. Next, recall that H,(6°) = c, V; = 0= H, "(6°) < = V"', which implies that the inequality
2]l =1 g0y < \/% llz|l\,-: holds for each vector # € R%. This is used in the last inequality above. ~ Q.E.D.
t o t

LEMMA 8 (Inverse Function Lemma). Let F be a smooth injective function from R? to R* with
F(zo) =vyo. Moreover, define B, (xo) ={x € R*: ||z —zo|| <n} and 0B, (x¢) = {x € R*: ||z — zo|| = n}. If the
condition inf,cop, (o) | F(x) —yo|| > 7 holds, then we have the following two arguments:

(a) B.(yo) ={y €R*: |ly —woll <7} € F(B,(x0)),
(b) F=1(B,(yo)) = {z €R*: || F(2) = yoll <} € B, (o),
(Adopted from Lemma A in Appendiz of Chen et al. 1999).

LEMMA 9 (Tail Characterization of N (t)). Consider a sequence of i.i.d. non-negative random vari-
ables {D(t)}L_, with mean up that satisfies the regularity condition (4). Define a random variable N(t) =
S 1{s+ D(s) > t}. We have the following statements (Adopted from Proposition 1 in Zhou et al. 2019):

(a) N(t) is sub-Gaussian and N(t) <2up+374/2log (1/8) + ¢ for each time period t, with probability 1 — 4.
(b) For the mazimal quantity Nya.x = maxi<,<r N(t), we have the following high probability bound:
Nowae < 201 + 5(\/W+ \/2 log (1/6) + c'(6/2Tog T + 1)) + ¢ with probability 1— 5,
where c=26%log (20% +1)+1, ¢ =2log(20% +1) and 6 =op\/p+2.

The following standard results and definitions in this Appendix are stated without any proof, and we refer

interested readers to the chapter 2 of Wainwright (2019) for their detailed arguments.

DEFINITION 3 (Martingale). A sequence of random variables {X;}2, is said to be a martingale sequence
adapted to some other sequence of random variables {Z;}52, if we have the following:
1. X, is a measurable function of the history H; ={Z1, Z,,---, Z;} for each 4 (this informally means that

X, is deterministic given history H,).
2. E[X,- |7-[1-_1] = X,_1, i.e., X; is centered around X,_;.
3. E[|X;|] < oo for each 1.

DEFINITION 4 (Martingale Difference Sequence). Assume {X,}52, is a martingale sequence adapted
to {Z;}2, and define the random variable D; = X; — X, 1, then {D,}%2, is called a martingale difference
sequence adapted to {Z;}:2, (i.e., E[|D;|] < oo and E[D; | H;_1] =0 where H; ={Z1, Zs,--+ , Z;}).

DEFINITION 5 (Sub-Gaussian Martingale). {D;}22, is said to be a o2-sub-Gaussian martingale dif-

ference sequence adapted to {Z;}52, if the following inequality holds almost surely:

2 .2

A
E[exp (AD;) |21, Zs, -+ 7Zi—1:| < exp( d

), for all A e R.
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LEMMA 10 (Azuma-Hoeffding for Sub-Gaussian Martingale Difference Sequence). Assume

that {D;}22, is a o2-sub-Gaussian martingale difference sequence adapted to {Z;}52,, such that:
2 2

]E{QXP (AD;) |Zi—1:| < exp <>\ d

),for all X e R.

Then, the following inequalities hold:

IP’(ZDi > t) < exp <_27102> , for allt > 0.

=1

P(ZDi < —t) < exp <—W) , for allt > 0.

=1

Or, simply we have:
2

t
> t) < 2exp (—22
no

(50
=1

As a corollary of the Azuma-Hoeffding inequality, we have the following bound:

. / 2
’ E D;| < o4/2nlog <§), with probability at least 1 — 4.
i=1

D. Belief Updating with Bayesian Inference

),for allt>0.

We explain the general idea of online Bayesian logistic and linear regressions. We use them in Step (6) of

the proposed SGD-MAB algorithm to adaptively update the belief about the unknown parameters.
Consider a training data set D = {(z;, ;) }"_,, where x; € R? is a feature vector and y; € {—1,+1} (failure,

success) is a response variable. Assume that the success/failure probability is a parameterized function

P(y = £1]z) = o(y - 6Tz) with unknown parameter 6 € R, where the link function is chosen as the logistic

1
1+exp(—u) "’

the likelihood is P(D|0) = [[/_, o(y; - 6" x;). The estimate of § can be found by maximizing the likelihood

function o(u) = With the assumption that training labels are independently generated given 6,
P(D|6), or equivalently minimizing the regularized negative log-likelihood under I, regularization (to avoid

over-ﬁtting) with parameter k> 0:

It can be proved that this regularized log-likelihood function is concave in 6 for logistic regression. Con-
sequently, various optimization methods (e.g., Newton’s and gradient decent algorithms) can be used for
solving it. However, we have a sequential setting in our problem. If we want to update our estimator for a
set of new realized data at each iteration, we should re-optimize the above problem using all the previous
realized data, which is computationally inefficient.

To deal with this hurdle, we adopt a Bayesian approach to perform a recursive update for the estimator
with each set of new realized data. Consider a prior P(6) for the parameter 6, we apply the Bayes’ theorem to
obtain the posterior P(0|D) = 11”(%%%’@) x P(D|6) P(#). Unfortunately, exact Bayesian inference for the above
linear classifier is not tractable since the evaluation of the posterior involves a product of sigmoid functions.

We can either use Markov Chain Monte Carlo methods (Hastings 1970), or analytic approximations to the

posterior (Tierney and Kadane 1986).
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We apply the Laplace approximation, which deploys a Gaussian approximation to the posterior. This
can be obtained by finding the mode of the posterior distribution and then fitting a Gaussian distribution
centered at that mode (see Chapter 4 of Bishop 2006). In particular, define the logarithm of the unnormalized

posterior distribution:
U (0lm,Q,D) =logP(D|0) + logP(6). (35)
Since the logarithm of a Gaussian distribution is a quadratic function, we use a second-order Taylor series
to ¥ in (35) around its MAP (maximum a posterior) solution = arg max, ¥ (|m, Q, D):
\If(&)%\l/(é)—%(&—é)TH(Q—éL (36)

where H is the Hessian of the negative log posterior evaluated at 6, i.e., H=—V2¥(6)|,_;. By exponentiating
both sides of (36), we can observe that the Laplace approximation results in a normal approximation to the
posterior i.e., P(0]D) ~ N (0|6, H™).

For Gaussian priors P(6) = N (6|m,Q), we have the following from (35):

1 n
\P(elm7 Qa D) = _5(9 - m)T Q_l (0 - m) + Zlog (U<yz . HTxi))a (37)
i=1
and the Hessian H evaluated at 6 is obtained as H= Q' + > % z;rl.
14e= 975

Starting from a Gaussian prior N'(6,|p;, (¢;)~!) with mean p} and variance (¢} )~ for each ¢ € {1,...,d},
the Laplace approximated posterior is N (6,|pt, (¢t)~*) after the t*® iteration. Recently, Wang et al. (2016)
proposed an online Bayesian logistic regression algorithm that finds the MAP solution (35) to the posterior
after observing a set of new realized data S, = {(z;,y;)}7., at iteration ¢ by solving the following optimization
problem (via a one-dimensional bisection search method):

d
Omax = arg max % Z a; (0] —pp)* + Z log (1+e7% (o)),
=1 JESt
The updated mean is then pt*! = 0,,., and the inverse variance of each weight 6, is given by the curvature at
the mode as ¢, = ¢! + dies, %([Q’:Jh)2 for Ve e {1,...,d} (see Wang et al. 2016 for details).

To conduct the Bayesian inference for online linear regression, we have the same issue as described for
the online logistic regression above. Agrawal and Goyal (2013) proposed a Bayesian inference procedure to
update the posterior distribution in online linear regression. In particular, consider B* = I, + Zf;i z; 7 and
ut = (Bt)‘l(zz;i T, yi), where z; € R? is a feature vector and ; is a response variable. Then, if the prior
for parameter 7 at time ¢ is given by A (uf,(B*)~!), then the posterior distribution for m at time ¢ + 1 is

N (ut*1) (B*T1)~1), which is derived as follows:

P(rlye) oc P(y.|m) P(rr)

ocexp { - %((yt —n"z)? + (m—u') B (r —u')) }

ocexp { — %(yf +alzaf m+7" B'r—2r" z,y, — 20" B'u')}
cesp{— Lo Bt et )

ocexp{ — %(ﬂ_utﬂ)TBurl (r—ut*1)}
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E. B-SGD-MAB Algorithm

Here, we present the B-SGD-MAB algorithm under stochastic delay in observing feedback outcomes. Note
that the theoretical performance of this algorithm is provided in Theorem 2.
Initialization. Use a warm-up period of length ¢y or offline data (see Lemma 2 in Appendix A for setting
the parameter tg).
Parameters. Let m} and (g})~! be the mean and variance of the Gaussian prior distribution for the ¢-th
element of 0 vector. These parameters can be initialized based on some prior beliefs.
Main Loop. We proceed in time periods 7 = {to+ 1,...,T} with the following steps.

Step 1 (context information). Observe the context information (p%(t), " (t)) of patient ¢.

Step 2 (sampling). Sample [0(t)], from the posterior distribution N (m!, (¢!)~'), Y0 e {1,...,d;}.

Step 3 (optimization of the nested decisions). Having the random samples @(t)7 choose the medica-

tion k(t) with corresponding dose y,(t) for patient ¢ such that:

ke

k(t) = arg max {U(¢k(t)T é(t) — fx (7/)k(t)vyk(t))> }7

where k(t) is the medication selected for patient ¢.

Step 4 (Bandit SGD mechanism). Update and calculate the following;:

(4a) Calculate the approximate gradient gy (t) = “’”‘19“) fr (wk(t), yk(t)) for the medication selected for patient

t, where u,,(t) is a unit random number and 0 <9 < 1.

(4b) Calculate the next period’s dose for the medication selected for patient ¢ by:

[yt + D) = Projo, (IOl —m(8) Gu(0) ) +9 un(0),

where Q, = {y| ﬁy € [EP ,wYP]}, uk(t) is a unit random number, 0 <9 < 1, 7, (t) = -3 is the step
size, and G, =vf® —vfB.

Step 5 (feedback observation). For each medication k € I, obtain Sy (t) as the set of time-stamps with
newly realized feedback outcomes at time period ¢, which is calculated by S, (t) = My (t+1) — M, (t), where
the set M, (t) contains the time-stamps with realized feedback outcomes by the end of time period ¢ — 1
corresponding to each medication k.

Step 6 (belief updating). Leverage the realized feedback outcomes whose time-stamp is in S (t) for
each medication k to update the posterior distribution of the 6 parameter.

(6a) Solve the following optimization problem,

dy
1
Pmax = arg max 3 E qz ([ple — mE)Q + E E log (1 4+ = (Ri(s)) (PT¢k(5)*fk(¢k(3)vyk(5))))’
=1

P kEK s€Sy (t)

where w: {0,1} — {—1,1} is a mapping function such that w(0) = —1 and w(1) =1.

(6b) Update the mean and variance of the posterior distribution for 8 as follows:

—(Pmax @k ()= Fr (Vi (8),wk (5))) 2
t+1 _ 1t €
= i =D D (14 e~ Phaxox (=¥ ()0 ()2 ([“J)k(s)h) R

keEK seSy (t)






