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Hybrid Equilibria

While in the paper we focus on pure-strategy equilibria (as in Mailath et al.|[1993 and Mezzetti and
Tsoulouhas|[2000), below we briefly discuss mixed-strategy equilibria. Mixed strategies introduce
another type of equilibria in addition to separating and pooling, namely hybrid equilibria, where at
least one type of firm randomizes between pooling and separating. We will show that the socially
responsible firm always prefers the pure-strategy undefeated equilibrium characterized in the basic
model to any hybrid PBE. Note that whenever a firm randomizes between pooling and separating,
she is indifferent between the pooling payoff and the separating payoff.

First, when both types of firms randomize between pooling and separating, the socially respon-
sible firm can obtain a profit that is equal to at most her profit in the pure-strategy separating
equilibrium (see Lemma , because she needs to ensure that the profit maximizer is unwilling
to deviate from putting positive probability on separating without mimicking.

Second, when only the socially responsible firm randomizes, the pooling payoff she receives is
lower than her profit in the pure-strategy pooling equilibrium (see Lemma [A.3]).

Third, when only the profit maximizer randomizes, she is indifferent between the pooling payoff
and the separating payoff (Vz, — Uy)™, and the socially responsible firm always chooses pooling. In
this case, the expected consumer reward is ¢’ R upon pooling, where ¢’ € (¢, 1) is the conditional
probability that the firm is socially responsible upon pooling. It can be shown that the socially
responsible firm strictly prefers the pure-strategy separating equilibrium (see Lemma to the

pooling payoff she receives in the hybrid equilibrium.

Proof of Proposition

To have a complete picture, we restrict our attention to the non-trivial case wherein the equilibrium

is a cheap signaling equilibrium when the budget constraint is not binding (otherwise, no cheap



signaling equilibrium exists). As such, our proof focuses on R < ac(2pe). The proof for R > ac(2pe)
is very similar and is thus omitted.

Before analyzing the equilibrium outcome, we first characterize the complete/full-information
benchmark. Since in this extension we have assumed that Uy = 0, the optimal prices are pg = Vg
and pr, = V. Because ax + (1 — a)y (subject to ac(x) + (1 — a)c(y) = B) is maximized at x =

y = ¢ 1(B) for B < ¢(zpe), we have the following lemma.

Lemma W.1. Under complete information, for B > ¢(zpe), the socially responsible firm’s optimal
strategy is the same as that in the basic model; for B < c¢(zpe), the optimal investment level of the
socially responsible firm is x = y = ¢~ (B) in both observed and unobserved activities. The profit

mazimizer does not spend anything on CSR.

Under incomplete information, in any pooling equilibrium, the two firms charge the same price,
p = &V + (1 — )V, — Up; in any separating equilibrium, firm H sets py = Vi — Uy and firm L sets

pr = (Vi — Up)*. We first find the candidate undefeated separating equilibrium in Lemma [W.2

Lemma W.2. There exists a separating equilibrium iff B is sufficiently large. In the equilibrium

that is undefeated by any other separating equilibrium, vy = x5 = max{min{zpe, c 1 (B)},c 1 (R/a)},
_ sep

yn = Yy = min{zpe,c_1 (Bcfcf(?q))}, z, = 277 =0, and y, = y;° = 0. The out-of-

equilibrium belief can be specified as (x) =0 for any off-equilibrium action x.

Proof. 1t can be verified that, if B < R, then no separating equilibrium exists, because the budget B
is too small to prevent the profit maximizer from mimicking the socially responsible firm. In the
rest of this proof, we suppose that B > R.

Given that the equilibrium is a cheap signaling equilibrium without the budget constraint,
we have R < ac(zpe). As such, there are three cases for the stated z3”: (I) when B > ¢(zpe),
2P = z,. (cheap signaling); (I1) when R/a = B < B < ¢(zpe), 32 = ¢ 1(B) (cheap signaling);
(1) when B < B = R/a, 22 = ¢ (R/a) (costly signaling).

We first show that for the equilibrium strategies stated in the lemma, the profit maximizer has

no incentive to deviate. Similar to the basic model, it can be verified that the first two cases refer

to the cheap signaling outcome where the profit maximizer prefers 27" to %", whereas the third

sep

case refers to the costly signaling outcome in which the profit maximizer is indifferent between x';
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and 2. In the cheap signaling outcome, the socially responsible firm would never deviate to any
off-equilibrium strategy. In the costly signaling outcome (B < R/«), the socially responsible firm
would not deviate to her optimal strategy under the pessimistic belief ¢ = 0 (which coincides with

the complete-information optimal) iff M = R + ~ [acil (g) +(1—a)ct <%) - cil(B)} > 0.

Because %—Ag = (c,(c_l(lfff)) — c’(cll(B))> > 0 (since B < R/a implies that =2 < B), M >0
iff B is sufficiently large.

Given that B is sufficiently large such that M > 0, we now prove that the equilibrium strat-
egy xﬁp stated in the lemma is the socially responsible firm’s favorite, and so the equilibrium
sustains and cannot be defeated by any other separating equilibrium. Cases (I) and (III) are sim-
ilar to those in the basic model. For case (II), 23" = ¢ '(B). Given the budget B < ¢(zpe),

xif,p is the high-type firm’s optimal strategy under complete information, and so it is the socially

responsible firm’s favorite separating equilibrium strategy. ]

Note that in Lemma for B > R/a the equilibrium is a cheap signaling equilibrium
where gy = 23" = min{zpe, ¢~ !(B)}, which is undefeated by any other equilibrium (including
any pooling equilibrium); for B < R/a, the equilibrium is a costly signaling equilibrium where
vy = 2’ = ¢ }(R/a), which is undefeated by any other separating equilibrium. We next prove
that the costly signaling equilibrium is defeated by a pooling equilibrium iff B is sufficiently small.

In the rest of the proof, we can restrict our attention to B < R/a.

The following lemma provides the candidate pooling equilibrium and echoes Lemma

Lemma W.3. There exists a pooling equilibrium iff B is sufficiently small, where g = xp =
220! = min{¢ 1 (pR/a), ¢ (B}, yir = y5r° = min {zpe, el (%) }, and yr, = 42" = 0.

The out-of-equilibrium belief can be specified as ¥(x) = 0 for any off-equilibrium action x. The

socially responsible firm prefers this pooling equilibrium to any other pooling equilibrium.

Proof. In order for the profit maximizer to prefer the pooling equilibrium strategy to her optimal
strategy under complete information, we need zP°°! < ¢1(¢R/a). We next examine the socially
responsible firm’s deviation incentive. There are three cases for the stated equilibrium strate-

gies: (I) when B > ¢R/a and B > ¢R + (1 — a)c(zpe), 2P°°! = ¢ 1(¢R/a) and y%o‘ﬂ = Zpe;

11—«

(1) when 9R/a < B < 6R + (1 — a)elzpe), 2 = ¢ (0R/a) and gy = ' (B=2R),
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(III) when B < ¢R/a, P! = y%OOI = ¢ }(B). In case (III), the socially responsible firm
cannot make a profitable deviation to any off-equilibrium strategy. In case (I), the socially re-
sponsible firm does not want to deviate to her optimal strategy under complete information iff
M = aye H(pR/a) 4+ (1 — @) (Yzpe — ¢(2pe)) — (e H(B) — B) > 0. Since (y¢~!(B) — B) is increas-
ing in B (because B < R/a < ¢(2pe)), M1 > 0 iff B is sufficiently small. In case (II), the socially

responsible firm would not deviate to her complete-information optimal strategy iff My = ¢R +
—1 ( $R —1 ( B—¢R —1 . oMy 1 1

v ae™ (58) + (1= apet (B — e (B)] 2 0. Since St = (a@ﬁﬁ)) - c’(cl(B))) <

0 (because B > ¢R/a implies that Bff’R > B), My > 0 iff B is sufficiently small. In sum, the

«

pooling equilibrium stated in the lemma sustains iff B is sufficiently small. It can be verified that
the equilibrium strategy stated in the lemma is the socially responsible firm’s favorite, and so this
pooling equilibrium is the one that most easily satisfies the socially responsible firm’s incentive

compatibility constraint. O

Under certain parameter settings, for very small ¢, there may be a small interval (C (¢R/a, R/))
for B, within which no pure-strategy equilibrium exists: In the proof of Lemma it can be
shown that both My and M are increasing in ¢. In the proof of Lemma M does not depend
on ¢. As such, for very small ¢, under certain parameter settings there can be some B such that
both My (or M) and M are negative and no pure-strategy equilibrium exists. In this case, only
hybrid equilibria exist. Similar to the discussion of hybrid equilibria for the basic model, when
both types of firms randomize between pooling and separating, the socially responsible firm has
incentive to deviate, because M < 0; when only the socially responsible firm randomizes, the
socially responsible firm has an incentive to deviate, because M; < 0 for case (I) or My < 0 for
case (IT). Therefore, when no pure-strategy equilibrium exists, in any hybrid equilibrium only the
profit maximizer randomizes between pooling and separating.

Now we are ready to compare the pooling equilibrium with the separating equilibrium.

Lemma W.4. There exists an undefeated separating equilibrium iff B is sufficiently large; the
equilibrium strategies are unique (see Lemma for equilibrium strategies). There exists an
undefeated pooling equilibrium iff B is sufficiently small; under SUE, the equilibrium strategies are

unique (see Lemma for equilibrium strategies).
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Proof. We need to show only that the socially responsible firm prefers the costly signaling equilib-

rium with 23" = ¢ }(R/a) and y3" = ¢! (%) to the pooling equilibrium stated in Lemma [W.3

iff B is sufficiently large. Since the socially responsible firm’s profit is continuous in the pooling
equilibrium, we need to show only that this preference holds in each of the three cases discussed
in the proof of Lemma [W.3|
In case (I), the socially responsible firm prefers the separating equilibrium iff G = R +
o T—a

v [ac*1 (E) +(1—a)c ! (M)} —B—[ayc Y (¢R/a)+(1—a)(vzpe—c(zpe))] > 0. Note that % =

W—l. Since B < R/a implies that 2= < B < ¢(2p.), we have % > 0, and so Gp > 0 iff

B is sufficiently large. In case (II), the socially responsible firm prefers the separating equilibrium

iff G = R+~ [acil (g) +(1—a)c? (%)} — ¢R — v [acfl (%) +(1—a)ct (Bli(iR)} >
0. Since 865311 =~ <c’(c‘1(1}ff)) — c/(c1(IB¢R))> > 0, Gip > 0 iff B is sufficiently large. In

11—«

case (III), the socially responsible firm prefers the separating equilibrium iff Gy = (1 — ¢)R +

v [ac‘l (g) +(1—a)c! (%) - C_l(B)} > 0. Since % =7 <C,(Cl(13R)) - c’(cll(B))> >0

11—«

(because B < R/« implies that % < B), Gip > 0 iff B is sufficiently large. In summary, the
socially responsible firm prefers the separating equilibrium iff B > B , where B is determined by
Gi, = 0 for each case (k), k = L,ILIIL At B = B, if My < 0 for case (I) or My < 0 for case (II)
(iff M < 0), then B*P is determined by M = 0 (see M in the proof of Lemma [W.2) and BP°°! is
determined by M; = 0 for case (I) and by My = 0 for case (II) (where M} and Mjy are as in the
proof of Lemma [W.3)); otherwise (M; > 0 for case (I), or My > 0 for case (II), or in case (III)),

BseP = Brool — B Note that BP°! is always less than or equal to Bsep, O

Thus far, we have characterized the equilibrium with respect to B. According to Lemmas [W.2)|
and as the equilibrium shifts from the pooling equilibrium to the separating equilibrium, the
socially responsible firm shifts a portion of her CSR spending from the unobserved activity to the
observed one: z5° > ¢ 1(B) > 22 and 43P < ¢ 1(B) < y5°°". Furthermore, the investment

allocation becomes less socially efficient for sure in cases (II) and (III) discussed in the proof of

Lemma [W.3l and leads to lower welfare.



Proof of Proposition

With bargaining power, in any pooling equilibrium, the two types of firms charge the same price,
p=(1-0)[¢Vu+(1—¢)VL —Up; in any separating equilibrium, firm H sets py = (1—9)(Va —Up)

and firm L sets pp = (1 —6)(Vp — Up) ™.

Table W.1: Equilibrium Characterization

Separating equilibrium

Equilibrium outcome Pooling equilibrium - - - -
Costly signaling ‘ Cheap signaling

Existence condition H §<6 5<86<6 ‘ 6> 5

Observed investment

sep __

sep — —1 ([ Vg—max{Vy,Ug}
=c (f > Zpe T = Zpe

Ty =

pool H
P z = Zpe sep __ sep __

Profit maximizer xr, z, =0 ;=0

Socially responsible firm x g

Unobserved investment
Socially responsible firm yg Zpe

Profit maximizer yr, 0

5 =10 is uniquely determined by
yah (¢t (A=D0ned Vil ) ) — (1 - 6)[@Vir + (1 = )V2 — max{Ve, Us}] = a(vh(zpe) = c(2pe)) = 0.

@

08 =1—ac(zpe)/(Vi — max{Vi, Us}).

We can show that the unique undefeated equilibrium can be characterized in Table The
proof largely follows the proof of Lemma We highlight the proof of the existence condition:
It can be shown that the equilibrium is a pooling equilibrium iff ac(zpe) < (1 — 6)[¢Va + (1 —
&)V —max{Vy,Up}] (<= 0 <1—ac(zpe)/[¢VH + (1 — ¢)Vr, —max{Vy,Up}]) and G < 0, where

G =yac™? <(1_5)(VH_maX{VL’U0})) —(1=0)[¢Va+ (1 —¢)Vr —max{Vy, Up}] — a(vh(2pe) — c(2pe))-

(%

We have

0G "}/(VH - maX{VL, U(]})
< Vit + (1 - )Vi, — max{Vy, U
ZI e (= Ay Vi (1= VL —max{Vi, Uo},

o

which is decreasing in 6, and so G is concave in 6. At 0 = 1 — ac(2pe)/[¢VH + (1 — @)V, —

max{Vy,Up}], G = ya (c‘l ( Vi +‘(/f—_<b1;132({—mee;[>{({)\}/L,Uo} -c(zpe)) - zpe> > 0. Therefore, there exists
a pooling equilibrium iff § < 0, where § < 1 — ac(zpe)/[0VEe + (1 — @)V, — max{Vf,Up}] is the
root of G (as a function of §). Note that if the equilibrium is a costly signaling equilibrium in the

basic model (i.e., if @ < a < @), then 5<0< S, and thus the pooling equilibrium does not exist

for any 6 € (0,1). If the equilibrium is a cheap signaling equilibrium in the basic model (i.e., if
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a > @), then §, 5 < 0, which implies that the equilibrium is the cheap signaling equilibrium for any
9 €(0,1).

The proof of Lemma [3| implies that the welfare can decrease as the equilibrium outcome shifts
from a pooling equilibrium to a separating equilibrium. The expected consumer surplus is §(¢Vi +
(1 — ¢)VL — Up) in the pooling equilibrium, and it is 0(¢Vy + (1 — ¢) max{Vy,Up} — Up) in the

separating equilibrium. As a result, the consumer surplus always increases with §.

Generalized Formulation of Consumer Reward

In our basic model, the consumer rewards a firm’s motive, that is, her type. One may argue that the
consumer should also reward a firm’s actual action, that is, her investment in CSR. Put differently,
the consumer would pay a premium as long as the firm invests in CSR, no matter what her motive
is. To address this possibility, we generalize our basic model by allowing the consumer to reward
firm motives as well as CSR activities (see Baron [2001} 2009). Suppose that the consumer reward
for CSR activities is proportional to the expected CSR benefit a firm generates. We introduce a
parameter r € (0,1] to capture the magnitude of such reward. It turns out that the main insights
from the basic model are preserved: Propositions[I]and[2]can be generalized. More importantly, the
rationale behind these results is still valid. In the following discussion, we first formally introduce
the generalized formulation of consumer reward. We then examine how the extra consumer reward
for CSR activities affects the firm’s decisions under complete information. We finally characterize
the equilibrium outcome under incomplete information and compare the reward for firm motives

with the reward for firm investments.

Generalized Formulation

For the observed activity, the consumer reward r - ah(x) is based on the actual investment :):@
For the unobserved activity, the consumer has to make an inference, which in turn depends on his
belief about a firm’s intrinsic motive. Since the CSR investment is not observed by the consumer,
the unobserved investment itself does not affect the belief. Therefore, for the unobservable activity,

firms have no incentive to deviate from their respective optimal strategies under complete infor-

20We focus on 7 < 1 — = to rule out the anomaly where under complete information the socially responsible firm’s
optimal investment is beyond the socially efficient one.
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mation. Hence, the socially responsible firm invests the privately efficient level zpe; at the same
time, the profit maximizer does not invest anything in the unobserved activity. Knowing each type
of firm’s optimal unobservable actions, the consumer would pay a premium of 7 - (1 — a)h(zpe) - ¥
for the unobserved activity, where 1) refers to the perceived probability that the firm is socially
responsible. Formally, the consumer can derive a value Vi, +r-ah(xr) from the profit maximizer’s
product and obtain a value Vi + 7 - [ah(xg) + (1 — a)h(2pe)] (in which Vi = Vi, + R) from the
socially responsible firm’s product. For tractability, we assume Uy = 0 and c(z) = 32?/2, where
B > 0 measures the cost of investment. This generalized formulation is related to the multitask
principal-agent model. While in such a model (e.g., Holmstrom and Milgrom |[1991]) the princi-
pal maximizes its profit and usually seeks the optimal contract for the agents, in our model the
consumer is given a take-it-or-leave-it offer and the reward “contract” is fixed. This simplified
incentive scheme allows us to focus on investment decisions and provide welfare implications in the

presence of asymmetric information.

Benchmark: Complete Information

In this extended model, since the consumer’s willingness to pay depends not only on the firm’s
perceived motive but also on the firm’s actual investment, Lemma [I| no longer applies. Put differ-
ently, both types of firms would over-invest in their observable activity (relative to the complete-

information benchmark). We present the result under complete information in Lemma [W.5

Lemma W.5. Under complete information, both the socially responsible firm and the profit mazx-
imiazer over-invest relative to the complete-information benchmark; that is, the investment level in

the observed activity is higher than that in the unobserved activity.

In this generalized formulation, the firm’s strategy for the observed activity is different from that
for the unobserved one under complete information. Furthermore, the observed over-investment is
different from that in the basic model under incomplete information. Here, the over-investment is
made by both types of firms to obtain the extra reward the consumer is giving for the observed
CSR investment, whereas in the basic model the over-investment is made by the socially responsible

firm under incomplete information to separate from the profit maximizer.
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Incomplete Information

With incomplete information, firms always make over-investment, because the consumer would

reward a firm’s CSR investment regardless of the firm’s motive. The key finding is presented in

Proposition
Proposition W.1.

o Greenwashing and over-investment (see Table :

o The profit maximizer greenwashes to mimic the socially responsible firm when informa-
tion transparency is low.

o The socially responsible firm over-invests in the observed activity to separate from the
profit maximizer when information transparency is moderate.

o The two types of firms adopt their respective optimal strategies under complete informa-
tion when information transparency is high.

o For each equilibrium outcome (pooling, costly signaling, or cheap signaling), the invest-
ment in the observed activity is higher than that in the basic model.

o Welfare implication:

o Information transparency has a non-monotonic impact on welfare: The welfare can
decrease with information transparency when the equilibrium outcome moves from a
pooling equilibrium to a separating equilibrium.

Table W.2: Generalized Formulation of Consumer Reward

X . Separating equilibrium
Pooling equilibrium - - - -
. Costly signaling Cheap signaling
Equilibrium outcome - - -
Greenwashing Over-investment No greenwashing
(profit maximizer) (socially responsible firm) | or over-investment
Existence condition H a<a ‘ a<a<a ‘ a>a ‘
Observed investment higher than in the basic model (i.e., where r — 0, see Tableh[)
Unobserved investment the same as in the basic model
e The thresholds & and & generalize those in the basic model. See the proof of Proposition |W1l

Consistent with Lemma [2] and Proposition [I] for the basic model, in the pooling equilibrium the
profit maximizer engages in greenwashing, whereas in the costly signaling equilibrium the socially
responsible firm has a strong incentive to over-invest. As in the basic model, Proposition [W.1
implies that the separating equilibrium arises iff the CSR information is sufficiently transparent.
Yet this outcome appears to be surprising in our extended model: Compared with the basic model,
as more information is available to the consumer, the profit maximizer has a greater incentive to

invest more in the observed activity, because the consumer appreciates CSR effort per se. This
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incentive seems to compensate for the cost of the profit maximizer to mimic the socially responsible
firm along the observed activity. As such, the pooling equilibrium should be more likely to occur.
However, high information transparency still leads to a separating outcome, because, with higher o,
the socially responsible firm also has a higher incentive to invest in the observed activity. Since
both firms become more motivated to invest in the observed activity, the possibility of separation
does not diminish. The welfare implication is similar to that in the basic model. Note that, similar
to the basic model, for very large R, the separating equilibrium may disappear (i.e., & and @ can
be greater than 1).

It is worthwhile to compare two special cases of the generalized formulation. Case (I) reward for
firm motives: The extra reward for CSR activity is negligible (i.e., » — 0). This case reduces to the
basic model, where the consumer pays a premium only for the firm’s motives. Case (II) reward for
investments: The consumer rewards only the firm’s actions (i.e., R — 0). At first glance, the results
in case (II) are expected to be totally different from those in case (I), since the consumer rewards the
firm differently in the two cases. However, Proposition (which holds for R — 0) implies that
these two cases have many similarities. When the premium is given according to firm investments
(case (IT)), the consumer rewards the firm based not only on the observed investment but also on
the expected unobserved investment. The reward for the unobserved spending, r- (1 — a)h(2pe) - ¥,
hinges on the perceived probability 1 that the firm is socially responsible. Hence, similar to R,
the premium r - (1 — a)h(zpe) can be treated as a reward for the firm’s motive. On the other
hand, in case (I) the premium R can be interpreted as a reward for other unobserved actions of the
firm that are not explicitly modeled. This explains why the extended model (including the special
case (II)) and the basic model (case (I)) have the same set of key results qualitatively. The main
difference is that the reward r- (1 — a)h(zpe) for firm motives in the extended model decreases with
information transparency «. As a result, in case (II) higher transparency facilitates the separation
outcome not only through the direct impact on the profit maximizer’s cost of mimicking but also

via an indirect effect by lowering the reward for firm motives.

Proof of Lemma [W.5|

We need to prove only the following lemma.



Lemma W.6. Under complete information,

(i) the socially responsible firm invests :C%} in the observed activity and zpe in the unobserved
activity, where ¢ (z$) =r + v and 2 > ZPQE

(i) the profit mazximizer invests x% in the observed activity and zero in the unobserved activity,
where ¢ (z§) =r.
Proof. We prove this lemma by rewriting the firms’ objective functions. The extra reward for
the unobserved CSR activity is 7(1 — a)zpe. It should be clear that the reward for the expected
unobserved investment is not so different from the reward for firm motives. The main qualitative
difference is that, the former depends on information transparency but the latter does not. Adding
up the consumer reward for firm motives (R), the objectives of the two types of firms can be written

as follows.

wr(x) =V + a(rz — c(z)); (W.1)

mr(x) = Vi + (1 = @)rzpe + o(r +7)z — c(@)] + (1 = @) (yzpe — ¢(2pe))- (W.2)

Note that, when r — 0, the objectives reduce to those in our basic model. From firms’ objectives
given above, the optimal observed investments are a:‘}} and :UCLI for the high-type firm and the

low-type firm, respectively, where ¢/(z%) = r + v and ¢/ (z§) = r. O

Proof of Proposition

Similar to the basic model, the firm charges a price to appropriate as much consumer surplus
as possible in equilibrium. In any pooling equilibrium, the two firms charge the same price p =
O[VE + razsh +r(1 — @)zpe) + (1 — ¢) (Ve + razh). In any separating equilibrium, firm H sets
pg = VH —1—7“04:6;}310 +7(1—a)zpe and firm L sets pr, = Vi, —|—7“aachi. The welfare implication is implied
by Proposition 2l We need to prove only the following lemma.

Lemma W.7. Suppose c(z) = 22/2. The unique undefeated equilibrium is shown in the following
table.

21The superscript “ci” signifies complete information.
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Separating equilibrium

Equilibrium outcome Pooling equilibrium - - - -
Costly signaling ‘ Cheap signaling

Existence condition H a<a a<a<a ‘ a>a

Observed investment

Socially responsible firm z gy gpool = i oy’ =i P = x5

Profit maximizer 7, H P = 2§ =P = af
Unobserved investment

Socially responsible firm yx Zpe

Profit maximizer yr, 0

e The thresholds & and & generalize those in the basic model.
e In the separating equilibrium 2§ > % . iff o > @, where {5 - will be defined in Lemma
e The pooling equilibrium is unique under SUE.

The separating equilibrium is unique under both SUE and UE.

e The out-of-equilibrium belief can be specified as ¥(-) = 0.

The proof is similar to (but more complicated than) that of Lemma . As such, we highlight
the differences between them and simplify the parts that are similar. We first provide a candidate

undefeated separating equilibrium.

Lemma W.8. There exists a separating equilibrium with v = x3° = max{x fﬁglﬁ} and xy, =

P = a:L, where xisigiﬁ € (x‘}j, +00) is uniquely determined by

a(raf — c(@$)) = R+ (1 — @)rzpe + a(rajeh s — c(rich o). (W.3)

The out-of-equilibrium belief can be specified as ¥(x) = 0 for any off-equilibrium action x. This
equilibrium cannot be defeated by any other separating equilibrium. There exists a threshold a such

that 25, > 280 iff a > a.

Proof. Note that i h.e — ¢ '(R/a) when r — 0. This extreme case reduces to Lemma Now

let us first verify that 2" = max{z$, z;het and 27 = 2§ I constitute a separating equilibrium

(in which the low-type firm charges p;, = Vi + roszLi). The pessimistic out-of-equilibrium belief
guarantees that the low-type firm has no incentive to deviate to any out-of-equilibrium strategy.
She would not deviate to the high-type firm’s equilibrium strategy either, for the following reason:
If 23 = 2{°h.c > x5}, then the low-type firm is indifferent to a deviationr‘r_z] Otherwise (23" =
2§ > x;°h.0), because rh(-) — ¢(-) is strictly decreasing over (2, +00), we have R+ (1 — a)rzpe +

sep sep

a(rz§ —c(z$h)) < R4+ (1 — a)rzpe + a(rz;he — c(zih.e)) = a(ra§ — c(z$)). The above inequality

22We use the subscript “indiff” to represent the indifference.
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implies that 77, (23") < 71 (27"), and so the low-type firm has no incentive to mimic the high-type

firm’s equilibrium strategy.

We next examine the high-type firm’s incentive to deviate to step or any out-of-equilibrium

strategy under the pessimistic belief ¢(-) = 0. If a:;e,p = x‘ﬁ > :I:isrelgiﬂ, then she achieves her best
possible payoff in equilibrium, and so she is not willing to deviate to any other strategy. Otherwise
(25 = 2B > a5h), there are two cases pertaining to a deviation strategy z: (a) z < i b+ and
(b) & > x} .. For case (a), the high-type firm can earn directly from the observed activity a payoff
al(r+y)z—c(z)] < a(vay +ra§ —c(z$)), because x < x; h.c = 23 and 2§ maximizes rh(-)—c(-).

According to Equation (W.3), a(va5F + 72§ — c(25)) = R+ (1 — a)rzpe + a[(r +7) 25 — c(a5)],

and so my () < mu(25’). For case (b), x > x5 > 25, Since (r+7)h(-) —c(*) is strictly decreasing

over (2, +00), we have a[(r + v)z — c¢(z)] < a[(r +7)23 — c(@3F)] < R+ (1 — a)rzpe + af(r +
Nag —cl@y’)] = mu(z) < mp(ay’).

Similarly to the proof of Lemma it can be verified that no other separating equilibrium
can defeat the above separating equilibrium.

sep

Finally, we derive the threshold a at which z% > x; ¢,

g iff o > a: Note that the inequality
R+(1—a)rzpeta(res —c(z$)) < a(rz$i—c(z$)) is equivalent to R+ (1—a)rzpe+a(rag —c(z$) <

ci ci : ci ci : : : ci sep ~ __ ci
a(rz§ — c(zf)). Since 2 and x¢ are invariant in a, 29 > z, g4 iff @ > & = (R + rzpe)/[raf

c(2F) — (rafy — c(z§)) + r2pe- O
The following lemma echoes Lemma

Lemma W.9. [If
a(raf — c(af)) 2 p[R+ (1 — a)rzpe] + alrafy — c(af)), (W.4)

then there is no pooling equilibrium that can defeat the separating equilibrium stated in Lemma[W.8§,

poo
indi

Proof. Note that for any & > z¢, there exists a unique z ! > < such that
y L q ff L

a(m:CLi — c(:c%)) 2 PR+ (1 — a)rzpe) + afrz —c(x)) <= x 2 xfnocﬁ;f,

where a(re§ —c(2$)) = g[R+ (1 — a)rzpe) + a(r:nf)nodoilﬁ - c(:nf)nodoilﬁ)). (W.5)

No investment level higher than xﬁﬁﬁlﬁ can constitute a pooling equilibrium, because otherwise 7y, (xCLl) >

xiii



7z (2P°?). Inequality 1) implies that xfnocﬁlﬁ < z$. Thus, the favorite pooling equilibrium in-

. . pool
vestment for the high-type firm is z; 4.

Comparing Equations 1} and 1) we can see that :):fno(ﬁlﬁ < x; B, Recall that in the

separating equilibrium, 25" = max{z$}, 2{. o} (see Lemma [W.8). If 25" = 2{F. .. then

SR+ (1 — a)rzpe] + Vi + al(r + 7)alony — c(abugy)]

= alyabony + 2§ — e(2)) + Vi
< a(vxiﬁp + rm‘}j - C(l‘%)) + Vv

sep

=V + (1= a)rzpe + o(r +7)27" — c(a”)].
Otherwise (23" = %),

SR+ (1 — a)rzpe] + Vi, + al(r +7)2Po%0 — c(aPo)]

sep

< Vi + (1 — a)rzpe + af(r + )z — ()]

Therefore, the high-type firm always strictly prefers the separating equilibrium outcome. Thus, no

pooling equilibrium can defeat the separating equilibrium. ]
Similarly to Lemma [A-3] it can be verified that the following result holds.
Lemma W.10. [If
a(raf — c(af)) < p[R+ (1 — a)rzpe] + alrafy — c(af)), (W.6)

ci

then there exists a pooling equilibrium with zP°°! = x Y- The out-of-equilibrium belief can be specified

as Y(x) = 0 for any off-equilibrium action x. The socially responsible firm prefers this pooling

equilibrium to any other pooling equilibrium.
Now we are ready to characterize the equilibrium.

Proof of Lemma [W.7]. According to Lemmas [W.8] [W.9] and [W.10] the separating equilibrium

stated in the lemma is undefeated iff one of the following two conditions is satisfied: (a) Inequal-

ity (W.4)) holds; (b) Inequality (W.6]) (the opposite of Inequality (W.4))) holds, and the separating

equilibrium is undefeated by the pooling equilibrium stated in Lemma [W.10

Xiv



In this lemma, we utilize the functional form of the CSR. cost ¢(z) = 322/2. We have Zpe =7/,
% = (r+7)/B, and 2§ = r/B. Inequality (W.6) can then be written as

(1- a)w] Loar(r+y) alr+7)* . _20(BR+17)
B

B 23 Y(y +2¢r)

Thus, to characterize the existence of the separating equilibrium, we need to show only that for

047“2

28

< ¢ [R + (W.7)

a < 20(BR+ry) the

~(1207) socially responsible firm prefers the separating equilibrium outcome iff « is

sufficiently large.

According to Equation 1) since x ¢ > T4,

9 ar + 4/ 2« [R + m]
7(1 — o) + Ozrw.segff - 7aﬁx?§giﬁ = ar? sep \/ ’ ’
6 indi :

9 23 7 Tingift — B
Under Inequality (W.7) (equivalent to Inequality (W.6)), «

R+

2¢(BR+17) 2(BR+rv)
< y(y+2¢r) < y(y+2r) *

sep ci 2¢(BR+ry) | sep _ sep ci
— w5 > Ty- Therefore, for a < Sor2en) 0 TH = Tinaig > T

It can be

2(BR+r7)

verified that a < ~(rE2)

Thus, the socially responsible firm prefers the separating equilibrium outcome iff

gla) = R+ (1 — a)rzpe +af(r + ’Y>missgiﬂ? - c(xissgiﬂ)]

— ¢[R + (1 = a)rzpe] — af(r +7)af — c(zf)] > 0.

To prove that the high-type firm prefers the separating equilibrium outcome iff « is large enough,

2¢(BR+r7)
y(y+2¢r)

we need to show only that, when Inequality (W.6|) holds (a < ), there exists a threshold a

such that g(a) = 0 iff & = a. For g(-) to cross zero exactly once in going from negative to positive,
it is sufficient to show that g(0) <0, g (W) >0, and ¢"(a) < 0.

v(v+2r)
Equation (W.3) implies that

g(@) = a(yafigg +raf — c(@f)) = ¢[R + (1 — a)rzpe] — af(r + )% — c(zf)]

(1- a)m] _afr+7)?
B 26

2
ar
= OV T 25 ¢ {R +

Thus, we have g(0) = —¢ (R+ %) < 0, and

(@) or(rt7) , ar’ ¢ [+ 2R+ PR
o iy = —————  —— — —
PVattisd ™ B 25 v+2r 26

Cay(r+y)  ar’ agy? Cafr +7)2

s 28 28 2p
_all-9n*
=S =0
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The second derivative is

Plaat® ) 3y @ {VaBR+1-ar]}

7 — . == :
g (o) =~ da? 64 da?
d{ _BRiry-—2ory
e a[BR+(1-a)r]
V28 do
B — __(BRtry—2ary)?
e 2ryValBR + (1 - a)ry] - 5 et
NeT, a[BR + (1 — a)rv]
2
_ 0 (BR + 1) < 0.

V28 2{aBR+ (1 — a)ry]}*/?
Therefore, there exists a unique @ such that g(«) = 0 iff @ 2 &, where « is determined by g(a) = 0.
The proof with regard to the pooling equilibrium is very similar to that of Lemma and so it

is omitted. 0
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