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Electronic Companion

EC.1. Computing the Exact KG Quantity
An algorithm based on enumeration of elements in X" is proposed in Frazier et al. (2009) to compute
the KG quantity (17), when it can be expressed as a one-dimensional random variable.

Given S, and z, sort the set {p},q; (7)}.cx With respect to the values ¢ (z) in ascending order,
and label the sorted set by {p},qr}E,, ie., ¢ <qp <---<q}. Let {¢}}E | be the non-decreasing
sequence of breakpoints where the lines p} + it intersect, for some K < K. Frazier et al. (2009)
show that

K
E | max (0} + 4y () Ta,) | Sn] —maxp? = (qiy, — gp)E [max {0, Ta,, — |cp[}]. (EC.1)

yekX
k=1

The expectation E [max {0,T5,, —|c}'|}] can be expressed in terms of the pdf, fr,, (), and cdf,
Fr,, (-), of the standard Student’s ¢-distribution with 2a,, degrees of freedom, see Section 5.3 of
(Ryzhov and Powell 2012),

2a, + (cp)?

B (0. o, ~ et} = 255

Fra () 1R 1 —F%(rczm) . (®C2)

Applying equations (EC.1) and (EC.2) to (17), we arrive at the exact KG quantity

M, K ) 2a,, n)2
VKG () = (1_e—x m) (Z(q,’sﬂ —q) <wa2an(|cg|)— A (1—FT2%(|C;;|))>> . (EC.3)
k=1 n

This expression indicates that when there is at least one ¢f < gp, ;, we have vX%(z) > 0.

EC.2. Second-Order Cone Optimization for Linear Exposure Rates
This section presents a second-order cone optimization representation for problem (24), under a
linearity assumption for the exposure rate. Below, vec(+) is the vectorization operator, and (u;6)

denotes the column vector by stacking the vector u on top of 6.

PROPOSITION EC.1. Let the exposure rate be linear in input features: X (x) = ATz for some
A € R™, such that \"x >0 for all x € X. Denote the finite set of possible values of X (x) by
{1, ,A}. Then an optimal solution of problem (24) can be computed by solving L mized-integer

second-order cone optimization problems of the following type
! T
V() o (1—e ) max ij vec ((pz;0,)A")  vec(W)+1—v (EC.4)
j=1

J
s.t. ||PY2z||, < ijtj vec (vec(En);\T)T vec(27),

j=1
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“,<yl, <y, ,>yz—|—y,—1 j=1,...,J, i,i'=1,...,m,
Z(HM yan < ( s Z(HT . 1))w<3/"a i, =1,...,r, 1" =1,...,m,
2oy < (@B i,i'=1,...,r, 7"=1,...,m,
(z+7‘z (y)

i (@) + (yh)w —2, i =1,...,r, i"=1,...,m,
T 1, — ( —2)<2< Mz, <M, N a=)\,

(&, 7)eXt, myl,...yl € X, uw e {0,111, e {01},
Here, v is given in (22) and can be computed by the following integer linear optimization problem,

v = max vec((uz;gn)XT)T vec(u), (EC.5)

z€X, ue{0,1}mxm

s.t. U 4 < Tiy Ui < Tiry  Uqyt > T; + X5 — 1, i,i/ = 1, ey M.

Proof. When the set of possible A# (z)’s is finite, i.e., {\?(x)},ex = {\1, -+, A1}, Problem (24)

can be solved by selecting the largest V(\) for £ =1,..., L, where one can solve in parallel
V()\g) (1—6_’\5) max {ij)\//{ (gyl + 6]y )+T—V} (EC.6)
(#,7)ext, r<M, zex

ylex, - ylex
subject to M (x) =\,

7-1, —M(1,, —2) <z < Mz,

J
1Py 22 s < D wity X (4 )2 s Sayp-
j=1

Under the linearity assumption for intensity A% (x) = A"z, for all ¢/, we have
Xy )z 00) Ty = () Mz 00) Ty (EC.7)
=tr (Mpuz;00) "y (")7)
=vec((pz;0,)A") Tvec(u?),
where u/ satisfies v = y7 (y7) . Similarly, by defining the decision variable 27 = vec (yha}) ()",
M (y)ap Sy = ATyt (28,y%) = tr ((v7) "M (S,y52))) = vee (Vec(En)S\T)T vec(z’). (EC.8)

The constraints u/ = 3/ (y7) and 27 = vec (yhah) (v )" can be expressed by linear inequal-
ities. Applying (EC.7) and (EC.8) in the maximization problem (EC.6) along with the lin-
earized inequality constraints for u/ and 2’ yields (EC.4). Equation (EC.5) comes from v =

max vec ((pz; Qn)S\T)Tvec (zz7). O
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EC.3. Marketing Campaign Features and Constraints

First, to ensure that the set of constraints on the allowable inputs contains at least one equality
constraint (see the assumption after equation (1)), we include a feature xo € {0,1} with the asso-
ciated constraint xzo = 1. For age, we introduce x1,--- ,xq, where, x; =1 if age is between 18 and
24, xo =1 if age is between 25 — 34, etc. The age-related features should satisfy the constraint
Z? . Z; = 1. Similarly, we define income-related binary features xv,...,x,, features related to the
insurance needs x13, T4, 15, decision variables x4 and x; for Insurance Product, xg, %19, T2 for

Customer Mindset, and a1, ..., 224 for Time with Insurer. In summary, the set of customer segment

features satisfying the requirements is

XC—{JJE{O 1} s.t. Zx,—l le—l le—l sz—l Zx,—l Zq,y—l}

=13 1=16 1=18 1=21
For Ad channels, we define variables z,5 (agent), xq¢ (digital), zo7 (contact center), zog (agent and
contact center), xq9 (digital and contact center), z3, (digital and agent), x3; (agent and digital and
contact center). For pricing innovation features, we introduce 34 to specify that the advertisement
emphasizes on first accident forgiveness, and x5, if the advertisement emphasizes on in-vehicle

telematics programs. The associated constraints define the set,

_ 38 _ _ _ _
Xa = {»’U € {0, 1} S.b. Xog = Tas X Tay, Tog = Tag X Ty, T30 = Tas X Tae, L31 = Tas X Tag X Tar,

Zz 95 i 2 1, Zz 3T =1, Zz 34T =1, Zz 36552’:1}'

The nonlinear constraints such as x,s = Z95 X 297 in the definition of X5 above can be reformulated
by linear constraints, namely for this example, x5 < To5, Tog < To7, Tos + Ta7 — Tog < 1.

The cross-type constraints in our study are to ensure that for price-focused customers the acci-
dent forgiveness pricing innovation property is emphasized, for customers who are with an insurer
for more than three years the accident forgiveness is not mentioned, the easy service is emphasized
for convenience-focused customers, while for customers older than 45 years options on online ser-
vices and digital marketing channel are not highlighted, and finally the telematics programs are
not emphasized for customers earning more than 100K . These requirements imply the following

set

2{336{0,1}38 s.t. xgo—x34§0, IE@+.’E34§1 €:23,24, x19—$33§0,

xi—i—:r32§1, $i+$26§1 7::4,5,6, $j+.%'35§1 j:11712}

Hence, the set of feasible marketing campaigns is given by X = X N Xy N A includes K = |X| =
34560 alternatives.
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EC.4. Proofs

This section presents the proofs of the results of the paper.

EC.4.1. Proof of Proposition 1

We start by establishing a few intermediate results.

LEMMA EC.1. Suppose Assumption [I]: £,1, =S '+ azp x5, for some a>0. Then

S0t 72 =80 2/ 1+ Q250 Sntpn. (EC.9)

Proof. It follows from assumption [I] and the fact that for any invertible square matrix X, we

have | X + AB|=|X||I + BX'A| and |A~!| =|A|™*, that

’Zn-i-1|_1 = |Er:—:|L-1’ = ‘2;1 + amB,nt,nW = ’Zngl + aaijTanBm’.
Positive semidefiniteness of ¥, X g, and X,, implies that 1+ ax BynTEnm B.n > 0. This completes
the proof of equation (EC.9). O

LEMMA EC.2. Let 3,1 be defined as in (9). Then [I] in Lemma EC.1 holds for o= (1 +

T T 1
xz,nzzxz,n + xB’nEBxB,n) .

Proof. 1t follows from the matrix inversion lemma, (A + UCV)™! = A=t — A7'U(C™! +
VATIU)"'V A~ that

2—1 — (E Ean,an,nTzn >_1

+1 -
" 1425, Y25, +x;,n2Z~rZ,n+xB,nT2B$B,n

=S+ S ap, (1425, S0+ 05, Sptp,) T LX)

=Y '+tarp.rp. . (EC.10)

This completes the proof. [

Lemma EC.3. Let L=0,.41 —0,,. Suppose [I] holds and

[II] there exists v >0 such that L = a*1+rBl€T2nt,n YnZBon-
Then,

(IU’B’ - 9n+1)T27_ler1(uB - 9n+1) = (MB - Hn)ngl(:u’B - en) +a (67 + (971 - /J'B)TwB,n)2
7262

— . EC.11
xB,nTEan,n + a_l ( )
Proof. Using L=0,,,1—0,, we have
(1B — 9n+1)TZ;i1(NB —0p41) (EC.12)

— (11— 0,) 5L, (1 — 0,) — 20z — 6,) TS L L+ LT, L.
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Next, we apply Assumption [I] for each term in (EC.12). First,

(s —0,) "5 (ps — 0n) = (pp — 00) "2, (0 — 00) + (s — 60) ' 2pa@pn ' (s —6,).(EC.13)

From Assumptions [I] and [II], we have

2
Ty-1 7 _ e T -1 T
L'S 1 L= (xB,nTEnt,n +a1> Tpn Sn (S, +azp,2p, ) Sezp,  (EC.14)
e ’
_ -1 T T
- (l’B,nTEn:ﬂB’n ¥ Oél> « (O[ +$B,n Zn$B,n) xB,n Ent,n
_ a72£2$3,n—r2n$3,n — 292 7262
:EB,TLTz]najB,n—i_&i1 xB,nTanB,n+O[71'
Next, we have
Ty -1 T (y-1 T Ve
(:uB - en) En+1L = (HB - en) (En + ATBnTBn ) (0471 T nTEan n) Ean,n
Ve -
- 0171 +-’L‘B nTZniB n (MB N gn)T (Enl + axB’"'er”T) Eanvn
4 T T
(Of_l + -T:B,n—rzan,n) (MB ) B, ( * B, e )
=avl(pup —0,) 25, (EC.15)

By using equations (EC.13), (EC.14), and (EC.15) in (EC.12), we have

(1 = Ons1) 201 (s — Ongr) = (5 — 0n) "2, (15 — 6,,)
202
vl
mB,nTZ:an,n +Oé_1

+a[(up—0,) wparrs (s —0n) — 20y(up — 6,) g, + 720 —

_ . Ty—1 . _ . T 2 v
= (g —0n) "3, (s — 0n) +a (by = (up — 0n) " 25.0)

Tpn SpZpn+at’
which leads to equation (EC.11). O
Next we apply Lemmas EC.1, EC.2, and EC.3 to prove Proposition 1.
Proof of Proposition 1. Since (ug,p) follows a multivariate normal-gamma distribution with

parameters (6,,,3,,a,,b,), the joint density is given by

Pr(/“37 p|Sn) = Pr(:uB|pa O, En) Pr(p|am bn)

T _ ben
= (57 Bl e B R ) s i, (BC.16)

where I'(+) is the gamma function.
Let 1,41 and k,+1 be the observations corresponding to the measurement z, = (2z,,T5,)-
It follows from ( NN(MZ,%ZZ) and S N./\/'(MB,%ZB), and the assumption that ¢, 3, and € are

independent given p, that for every given (xz,,,%5.,),

{CTxZ,n +5TxB,n +€ ‘ NB,P} NN <M;xZ,n +‘Ltgx3’n , (1 +$;7nzzxz7n +x;7nZBxB,n)) (ECI?)

DI
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~ def 1 A~ def T T ~ A
Define p = Tl Sremniel Spennl and 0, = 1+wy,Yz27, +2p,YpTr,. Thus, p=po, "
n s N )

Therefore, under model (2), we have

2
{nn+1 = Kn41 (CTxZ,n +ﬁTxB,n +€) |Mva7 xnvﬁnJrl} NN (”inJrl (:u;xZ,n +ng3,n) ’ KTLpAJrl) . (ECIS)

Consequently, given k,, 1 >0,

Vo

27r/<;n+1

€Xp <— P (ﬂn+1 - ’in+1(/i;$z,n ‘HL;l"B,n))Z) . (EC.19)

P n ) b nI n =
Y(nt1|tin, 0, Ty Kng1) 22,

Define ¢ % Z"—i —(uyrz,+0)xp,). Bayes’ rule implies that

Pr (ﬂva‘Snvzn7’£n+lvnn+l) x Pr (,U'Bap|Sn7xnaK:n+1> x Pr (nn+1|p’B7paSnaxn7’in+1)

=Pr (:uB7p|Sn) x Pr (nn+1|:U’B7p7 mn7"€n+1) (EC20)
_ (P )5 172 L (up—02) TS N (up—04) b =1 —bup
=(— P z\HB n X =" EC.21
(22) 12l 172 FP e (me)
% \/l73 e—g(ZJr(Gn—MB)T@?B,n)Q’
2T K41

The equality (EC.20) comes from the fact that the realized frequency k,.; does not impact the
distribution of up and p. Thus, Pr(ug, p|Sn, n, knr1) = Pr(us, p|S,). In addition, given pp and
p, the description of 7,4, implies that p (n,+1|pB, P, Sns Ty Kns1) =P (Mas1lis, Py Tn, Kny1). Equa-
tion (EC.21) comes from (EC.16) and (EC.19).

Using the expression of 6,,,; in equation (8), the assumptions in Lemma EC.3 hold for v =1 and

a =0, "*. Therefore, it follows from Lemma EC.3 that
(15— 0n1) 'S0 (15— Ongr) = (1 — 0,) "3, (up — 0,) + 6, (€4 (0, — MB)THCB,n)2 —2(bpt1 = bn).

Here, we have introduced the notation b,,; as defined in equation (11) to get 2(b,y1 — b,) =

4242
TBp | Znep pta”l

Therefore,

A~

_ 2
~ L= 0,) T (1 = 00) = bup = £ (= (= 6.) Tw5.0)

= —g(MB —0041) 204 (15 = Oni1) = by p. (EC.22)

Using Lemma EC.1 for a =4, and equation (EC.22), the right-hand side of (EC.21) equals

(ﬁ)% |En|—%e—%(uB—On)TEﬁl(uB—Gn) % by pan—le—bnp v e—g(fﬂ@n—uB)TwB,n)z
2 F(an) vV 27TF\7n+1
r _1 ~_1han
— (ﬁ) 2 |E"+1| 2 e*%(MB*9n+1)TE;j_1(MB*9n+1) % V. n b" pan+1*16*bn+1p
2m \/1 +&;1xB,nTEan,n \/E/{nleB(ana %)F(anJrl)
r an+1
— p ) 2 -3 7£(/1‘ —0n 1)TZ_1 (BB—0nt1) n+1 a 1—1 ,=bpt1p
=c |l =) |, 2¢” 2B nt nt1 B TUnt1) s _DE _ pOndl 7o 0nt1p, EC.23
0 <27T | +1| F(an+1)p ( )
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1
27

1
B(ay,3) = FF(?::JFF(;)) — \F/Zi(z?)), where B(ay, 3) is the beta function. In equation (EC.23), the factor

co is given by

where we have introduced the notation a,,; = a, + 3, see equation (10), and used the fact that

~—1/2
Co def In / b%n
F—1 T An+1 1\°
\/1 -+ 0, TBn Ean,nbn+1 \/imn-i-lB(ana 5)

The factor ¢y in equation (EC.24) is constant with respect to p and pup. Thus, we arrive at

(EC.24)

An 41

T
P2 —1/2_—B(up—0p11) 51 -6 n+1 —1_-b
p(:u'B7p‘Sn7$na"in+17nn+1) X ( |En+1| / € 2(MB nt1) n+1(MB nt1) pan+1 € n+1P’
2 T(an1)

which is the normal-gamma density with parameters S, 1 = (0n11, Znt1,@ns1,0n41). O

EC.4.2. Proof of Proposition 2
Proof. Tt follows from \# (x’_“) = \; ~ Gamma (c, (x’_“) ,dn (Z‘E)) that Pr (A7 | cn(zF), d, (:U’_“)) x

cn zE -1 _ AR _
Az ( ) e (3c )’\’“. Let k,4+1 be drawn from Poisson ()\/” (l‘k)) The conditional distribution of
X7 (a:E) = \; given S, 11 is
Pr ()\g | cn(x’;),dn(x’g),/ﬁnﬂ) X Pr(k,41|A5) x Pr ()\,;, | cn(mlg),dn(x’_“))
-2 x AEn(zE)fle—dn(zg))\E :)\gn,(z’_“)+n7,+17167(d,,,(z’5)+1)x,—c
k k :

)\g"“ e

Hence, the posterior distribution remains a Gamma, distribution with the shape parameter ¢, (x’%) +

Kny1 and the rate parameter dn(x’_f) +1. O

EC.4.3. Proof of Proposition 3

Proof. From the description of 7,41 in (2), we have

K2,
Thn+1 | Snaloaxna,uBalinle NN<Kn+1(;u-|Z—xZ,n+,UE$B,n)a p+1 Un)- (ECQ5)

Recall that 6, =14, X220z, + 25 ,Xp2p,. Thus from (EC.25) and pp|S,, p~ N (6,, %En), the
random variable 7,1 | Sp,p, Tpn, knp1 follows a multiplicative model whose mean is distributed
according to another Gaussian distribution. This implies that the Gaussian distribution

2
def Ry41 4
J = Tin+1 _I{n+1(M;$Z,n+Mg$B,n) ‘ Snvpalim:uBa’inJrl NN<07 p+10n>

is independent of %, 1 (¢, Tz, + ppxp.,). Therefore,

{7771+1 | Smpaxm"{rwl} = J+’Qn+1(:u1z—m2,n +:“ng,n)

K2 K2
NN(O+’€n+1(M;xZ,n+€Ime)v n+1a-n+ n+1mB,nTEn:rB,n) .
p p

Given k,, 1 =k >0, we have

Pr(nn+1 =0 | Spy Ty biny1 =k) Z/ Pf(nn+1 | P=T1,50,Tn, Kny1 Zk’)Pr(Pzr)dT
0

2
o0 \[ 7T(777k(“;IZ,n+SIIB,n)) pan
/ r e 2k2(6n+TB,n | ZnTp ) n
0

k\/Qﬂ' (6n+x;nEan,n) I(an
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Define

A def anp, T -
Mnt1 = \/;ﬂbn(&n F Z5n Snlpn) (77n+1 —k(pzxz,+0, $B7n)) . (EC.26)

Therefore, given (S, Ty, Knt1), Mnr1 =7 if and only if 1,11 = g(7n), where

~y def bn a-n +x nTEn:L‘ W)
9(77)(1: k(pyrz,+0,)xp,) +k\/ : z’ = )?7.
ThuS, Pr (ﬁn+1 = ﬁ|Sn; Ty K/nﬁ*l) = Pr (nn+1 = g(ﬁ) |Sn7 Tn, K’n+1) X g/ (ﬁ) Denote 6' déf a_n +

g, X,Tp.,. Hence, we have

2
[bns
NG ,Agiggﬂij), bon 1 b, 0
e 225 X rin e " dr X ky | ——
k\/ 2o F(an) Ay,

52
o <1+2TZT”) partdpen=1 gy
n

Pr(ﬁn-{-l :ﬁ ‘ Sn7$n7Hn+1 :k) :/
0

1 oo
- I'(an)V2a,m /0 €
1 ik a"2/°° _ _1
=1+ — Tpin—id
I‘(an)\/2an7r< 2an> 0 € v
1

1 14 P\ r L 1
= — an+= .
I'(an)V2a,m 2ay, 2

The last line is the probability density function of the standard Student’s t-distribution with 2a,,
degrees of freedom. Hence, 7, 1|Sn, T, kny1 = k > 0 follows a standard Student’s t-distribution

with 2a,, degrees of freedom. This completes the proof of (12). O

EC.4.4. Proof of Proposition 4
Proof. We proceed by backward induction on n. Problem (14) is reduced to

sup E™ [max)\/”(x) (nyzz+ 92,373)} . (EC.27)

Tell zeX

Recall that Oy :=E[up|Sy]. For n=N —1, for any zx_; € X,

QN—l(SN—h%N—l) =E [VN (S/” (SN—1,$N—17 (KN,UN)))]

=E {max N (y) (nyyz + 9Ly3)}

YyeEX

bn-1

max A" (y) (H;yz +0%5_1ys+ = ygEN—lzB,N—lTZaN1>]
anN_10

yeXx
A T T bel T
ANY) | pzyz +0x 1ys + ~YpEN-1TB,N-112a5_,
anN_10
| bn_
= max {/\J%(y) <N;yz +0%_1ys + NlAy;ENlﬂUB,NﬂE[TQaNlo }
yeX anN-10

=max A\ (y) (nzyz +0%_1ys) = Va(Sn-1).

yeX

=E

> maxE
yeEX
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Here, we used the notation ¢ defined as 6 =6 y_1(xz N-1,Tp,N-1) —i—x;N_IEN_l:rB,N_l. In the last
equation, we used the fact that E[T5,, ,]=0.
Next, we prove the induction step. Suppose the statement is true for n + 1, we prove it for n.

For any z, € X,

Qn(S’n7xn) :E [Vn+1 (S//[ (Sn,xn, (lin+1,77n+1)))] y

=B |max B [Via (S (S (Sn s (8ns1,1011)) 59, (5y,m))) ]| (EC.28)
2 max E[E [Viis (S (S (Sns s (Kns1:Mm11)) 595 (Rysmy)))]] - (BC.29)
=max E[E [V (57 (S S,y (kg 1y))s s (Bnsrmn)))]] - (EC.30)
=max B [Quir (S (Sw,y, (5y,m0)) ,20)] (EC.31)

where (k,,n,) is the observed outcome of the marketing campaign characterized by the input
feature vector y. Equality (EC.28) comes from the optimality equation. In equation (EC.30), we

use the fact that the belief model and the induced transition function S-# satisfy

S (S (Sny, (Fymy)) s @, (Fay 1)) = S (S (Sny 2, Koy ) Y, (Rysmy)) s YV iy, € X,

The induction hypothesis implies that

Quit (S (Sns ¥ (Kys1y))  Tn) > Vira (S (S, (5y,m,))) . almost surely, VyeX.

By applying this inequality in (EC.31), we arrive at

Qn(S’naxn) Z gleaﬁdE [Qn+1 (S% (Sn7y7 ("iyvny)) 7:[:71)]
> maxE [VnH(S/” (Sn,y, (ﬁy,ny)))] =Voi1(Sn), Vaz,eX.

yeXx

This shows the validity of the statement for n, and completes the proof of the first part. When
the additional marketing campaign can be measured according to the optimal policy 7*, we have
Qn (S, xk) =V, (S,). This, along with the inequality @Q,(S,,z,) > V,11(S,) for any z,, € X', implies
that V,,(S,) > V,u1(S,). O

EC.4.5. Proof of Proposition 5
Proof. Tt follows from Vi (S,) :=U(E[ug|Sy = S,]) =U (0,), that

’UEG’n =E [VN (S//[(Smxa (’in+17nn+1>)) - VN(S”) | S"’w]
=E [VN (S/ﬂ (Sn7x7 (HnJrlannJrl))) - U(en) | S"’x]
=K [U (9//[ (Sn,:p, (fin+1,77n+1))) | Smx] - U(an)’ (EC'32)
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where 67 (S, , (Nni1,Kny1)) =E [,U,B | Sy =85 (S, 2, (Mns1, Hn+1))]. The first term is then equal

to

E[U (6 (S, 2, (Fns1:711))) | Sy ]
=E., ., [Epos [U (07 (Sn 2, (Fns1,M041))) | Sns @, Bt ]
— Pr(sins1 = 0|2) X B [U (0 (S, @, (Kns1,7m11))) | Ss @, ings = 0]
4 Pr(kns1 > 0[2) X E[U (6%(Sn, 2, (Kn1,Mn51)) | sy i1 > 0]
e @OU0,) + (1= e N ONE[U (07(S0, 2, (Kns1:0ni1))) | Sus@, ki > 0] . (BC.33)

Here, we used the observation that 6-7(S,,x, (Kni1,Mns1)) = On, given k,,; = 0. Consequently
E [U (eﬁ(snama (K'n+1777n+1))) | San) Rny1 = O] = U(‘gn)
From Proposition 3 and given &, 1 >0, 1,41 follows the Student’s t-distribution. In particular,

using equation (13), we have

b
0 Sn? n b n en 0n A = Zn Ta .
( Z, (77 +1, R +1)) +1 — +\/an(an(x)+x£Ean) Tpl2a,

Hence,

E [U (9"” (Sn,x, (Hn+1,77n+1))) | Sp, @y Kpy1 > 0]

[ b
=E|U|6, - - Ynxplh, Sy Ty bopy1 >0
( +\/an<0n<w>+xgznw3> e ) S ]
- T
b
— T n
=K I;lea;()\( ) [LZyZ+ <Q"+\/an(&n(x)+mg§]nx3)2"xBT2a"> YB ’Sn73:7/€n+1>0
=K _I;lea/%( (pZ—i—qZ(x)Tzan) ’ Sn,.’L’,Hn+1 > 0:| ; (EC34)

where p} and q; (z,,) are given in equations (18) and (19). Applying equation (EC.34) in (EC.33),
and finally in equation (EC.32) completes the derivation of (17). O

EC.4.6. Proof of Proposition 6
Proof. Using the expression (21) and the notation v in (23),

KG _ —)\/”(x)
max v, (x) = 1{{{%};{,€X(1 )(ngpyj ngq ) (EC.35)

T,y

where p7; and ¢ (x) are given in equations (18) and (19). Given the description of X' in equa-
tion (1), for every feasible x € X, h"h = (Az)" (Az) = 2T AT Ax. It then follows from |hl, #
0, that 1 = azTiTh
|PY2x||2 =2 Pix=a, (1 +2LY2, +25(2, +X5)2p) /b, and consequently from (19), @ (v) =

x. Using this equality and the definition of the matrix P, in (22), we get
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A (y? )ﬁ Replacing this equation and the expression of p}; in equation (EC.35) implies

KG
that max v, (x) equals

sl Iex AT

max (1 (x)> (Zw X)) (nyyy + 0, v +ij ﬂt ) , (EC.36)

or equivalently

o Tpa;/xex <1 _Vﬂ(*)> (Zw Ny (ngyl + 0,y )—i—T—V) . (EC.37)

TR Eny
T<Z] 1w] (yj) 1/2 HBt]
2

For the maximization problem, at the optimal solution, we have 7 = Zj L WA (yd )%t This
constraint can be written as Z _ Wit N (y) xS, yh > 7| P22y = || PY?%||, where & = 72 For
x € X, the nonlinear constraint & = 7x can be expressed by the linear constraints (z,7) € X" and

71, —M(1,,—2) <2< Mz and k <M for a large constant M. [

EC.4.7. Proof of Proposition 7

Proof. For any feasible solution of problem (P, ), the constraints 7-1,, — M (1,, —z) <& < Mz,
7<M, and (&,7) € Xt collectively imply that & =7x. Constraints 0 < u;y < Mx;, 0 <wu;p < MTy,
and Ty — M(1 —z;) <wy <Zy for all i,i =1,...,m, yield u;y = z;Z,. It thus follows from the
constraint vec(P,) vec(u) =1 that 2" P, =1 or equivalently 2" P,z = 7 and ||P;/*z|» = J=. The
constraints 0 < (25)iir < ()i, 0 < (25)i0 < (x5)y, and (25)is > (yh): + (x5)y — 1, for all i,i' =
1,...,r, yield 2z} = yja}. It thus follows from \/7||P}/2z||, = 1 that vec(%,) vec(z}) = 25X yh =

xEEnyj
—2 52—, Therefore,
VTP " zl2
J A J Y .
aZ)\wjtjvec(En)Tvec(zj)—aZ)\ wit;—2 HQB = Z w;t; 1; Y
i=1 =1 VTR Pzl VTS 1P %>

Hence, at any feasible solution of problem (P,), the objective function of this problem equals

J
Z)\wj (,u;yz +0y1 —I—aZ)\w]t vec(3,) Tvec (25) — v

j=1
J A TSy
=Dy (ugpyy + Z SBonE
=1 HP 2ll;
This equality implies that the objective function of problem (24) (reproduced as equation (EC.36)
and under the assumption A7 (x) = \),

J T J
ax; ZwM V(v 4 0Tyh) + S ) ey L o)
Lyl EeX j=1 HP" xHQ

ERTENS
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and the objective function of problem (P,) when 7= a? coincide. This completes the proof of the
first part.
The set of constraints of Problem (P,) imply that it is equivalent to the following problem:

J J
j nyB 1/2 1

max w; (gl + 0y —vst. ||P/zlls = —. (EC.39

e Z o Z ”P1/2 . |P}/2alle = = (BC.39)

Let a be such that 7, = o2, where (z,y', -+ ,y”/,7.) is the solution of Problem (P,). In particular,

we have 7, = ”T For such a’s, the point (z,y', -+ ,y”’) is an optimal solution of the following

z||3
parametric optimization problem implying the same optimal objective value:

J T J
. 5, 1
Aa) § Xy (1 + 05 yh) + Y Awity 2 —y st | Py/all, = —. (EC.A0)

z,yl, Ly EX =1 =1 ”Pé/Q:UH?

Problem (EC.38) can be expressed as max A(a). Let (x*,(y")*,---,(y’)*) constitute an opti-

mal solution of problem (EC.38), resulting in the level a* := and the optimal objective

S S
1P 2% 1o
value A(a*). Therefore, an optimal solution of problem (P,) is an exact optimal solution of prob-
lem (EC.38) (zX¢ =), when 7* = o? and « € argmax,>o A(«), i.e., problems (EC.38) and (P,,)
have identical optimal objective values. [

a,

The iterative process, outlined in Figure 2, aims to find the solution of the equation m =
Tall2

where z, is an optimal solution of problem (P, ). Our computational experiments in Section 9 indi-

cate that this iterative procedure converges. In addition, Section 9 reports numerical assessments

of a computed solution from this method.

EC.4.8. Proof of Proposition 8
Proof. Since (up,p) follows a multivariate normal-gamma distribution with parameters S, =

(0,20, an,b,), the joint density is given by

Pr(ug, p|Sn) :Pr(/‘B|p79n72n) r(plan, by)

1o_p Ty—1 by
Y ["Ee BB =0n) By (np=bn) y« _n__jan—1,=bnp EC.41
(27r) a2 F(an)p ‘ 7 ( )

where I' is the gamma function.

Let 1, and x, be the observations corresponding to the measurement x. It follows from

1 1
<k‘NN</'LZ7pEZ)7 BkNN<MBapEB>7 fork:la"'u’%xv

and the assumption that (., 8i, and €, are independent, that for every measurement x € X,

1
(CJCUZ‘F@ISUB#L%) NUN NN<M;$2+M£1‘B ) p(1+$222xz+x;§33x3)) .
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K Adif
Hence, {7796 ‘ :uBapaxv'%z} NN <’Viz (M}xZ +/~Lng) ) 7)7 where p= 1+152212113T231"Bp' ThUS,
Pr(n.|us,p,x, k) = VP exp | — P (nx—/ix(ﬂgxz—i—,u;x]g))z (EC.42)
V2T Ky 2K,

Bayes’ rule implies that

Pr(pip, plSn, @, ke, ne) < Pr (g, plSn, @, ka) X Pr(na|ps, p, Sns Tns i)
=Pr (g, p|Sn) x Pr(nz|ps, p, 7, K2)
where the equality comes from the fact that the realized frequency k, does not impact the distribu-
tion of (up,p), i-e., Pr(ug, p|Sn, z, k) =Pr(up, p|S,). In addition, given up and p, the description

of n, implies that Pr (n.|us, p, Sn, T, k) = Pr (.| s, p, T, Ks).
Using equations (EC.41) and (EC.42),

. _ bon
Pr (,UBap|Sn) x Pr (771:|,UB7p7$; /‘im) = (%) ’ |En‘_1/26_5(“3_‘97L)T2"1(HB_97L) x ﬁpan_le_bnp
/Y CT R S (EC.43)

V2T Ky

It follows from equation (31) and the matrix inversion lemma that, 3.}, =¥~ +axpzp ", where

def —1 A
a=k, (14w, Sz +2p Yprp) :mm%. Therefore,

Snl =180 =8 Fazprs | = [T+ axp ' Saap| = ST (L + axp ' S, p),

where the last equality comes from the positive semidefiniteness of ¥, ¥z, and ¥,,. Applying this

along with equations (30) and (33), we can show that

N 2
sz x
— (s = 0,) " (s — On) = bup — ,02 (Z — (ugyas + ME:EB)> (EC.44)
= _5(“3 —Ons1) ' E0 1 (15 — Ong1) — bugap.
Using equation (EC.44), the right-hand side of equation (EC.43) will be equal to

r _ an S
(ﬁ) 2 |Zn|—%e*%(uB*OnH)TEnil(#B*9n+1) > by VP pen~tebnt1r

27 V2mk,I(ay)
- (ﬁ)% |8, |2 e s o) B (en O b Vi prni~te~tni1r (EC.45)
2m \% 2pK’wB(ana %)P(anJrl)
( P )% ’Z ’7% —S(pp—0 +1)T27_|1_1(NB_‘9 +1) ?Lﬁfll any1—1,—byp1p (EC 46)
=cX [=— n e " n nt) sy TS pin e Int1P, .
21 1 P(an-i-l)p

where equality (EC.45) comes from equation (32) and the description of the beta function

I'(an)l i wl'(an .
B(an,3) = F((an)Jr(%z)) = \F/(;i(ﬂ))' In equation (EC.46), we have

def K:m b”aln
c= X
\/1 +27"8z207 + 25  Xptp + Kot BT KyV2B(ay, )b
which is constant with respect to p and pup. Thus, Pr(ug,p|Sn, z, ke, n:) is proportional to the
normal-gamma density with parameters (6,,1,%,11,@n11,b,41) calculated according to the desired

updating equations. [
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EC.4.9. Proof of Proposition 9
Proof. It follows from the model for 7, in (29) that

K

Ne | S, Hz,MB,PNN<f%(Mz$Z+MB$B) r(IZTEZSUZJrl“BTEBﬂﬁB+1))a

"
where S, def (0,2, an,by,). Since pp|p follows N (6,,+3%,), we have

l
’p

€ K/z I{"ZI:
Jd—f ( - Z (M;‘,L.Z +M;$B) ’ Snvﬂa%ﬂBﬂ%) NN (07 ?(‘,L.ZTEZxZ +$BTEBxB + 1)> .
k=1

Hence, the random variable J is independent of y15, and thus independent of > ;% (ujzz+p' z5).

Therefore,

Nz | Svpama“q‘w :J‘F/fx(li;xz +MTmB)

:N(O,KZ (l’ZTZZJ)Z +.’L‘BTZB$B+1)) +N<K/x (M;xz+93$3),

2

K

xxBTZn-rB>
p

:N(ﬁz(u;xz—&—ezxf;) (22 S22z +2p Lprp+1+K,2p 2 x3)>.

K
0
It follows that

Pr(nm =1 ‘ Sf“x."‘fw) :/ Pr(nat:n ’ p:T7S7L7x7/€x)Pr(p:7')dT
0

2
r(’l*kz(#gzerele)) ban
- 2o X M _pin=le=bnr

:/0 oz T(an)

o déf 1+ -CUZTZZxZ + xBT (EB +//‘7z2n)xB' Deﬁne7 ﬁm déf o (77 _k (M}$Z+‘9Tx3))

bnkyo
Thus, Pr (7, =75, 2z,k:) = Pr(n. =g(n)|Sn,x, k) X ¢’ (), where g(7 ) = k (upry + 0 xp) +

bnngco

where

7. Hence,

2
bnké
()
—e~ %o X —rtn et dr x
V 27'(']{30' F(an) an

2
—7rbp 1+2an

1 1
>bZ,"+2 rénTadr
I'(a, \/2an /

1
1 n? o\ 2 1
=—— (14— I'ta,+-|.
F(an)\/2an7r< +2an> <a +2>

The last line is the pdf of the standard Student’s t-distribution with 2a,, degrees of freedom. Hence,
N | Sny @, ke =k >0 follows a standard Student’s t-distribution with 2a,, degrees of freedom. [

EC.4.10. Proof of Proposition 10
Proof. It follows from V7 (S,) =U(6,) that

vRG(z) =E [VN (S“”(Sn,wn, (/I /<;n+1))) —Vn(S,) | Sn=s,2, = x]
=E [U (607 (Sn, 2, (M0, £2))) | Sn=35] —U(6,). (EC.47)
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def

where 0% (S,,z, (N, k) = Ost (8,1 ,2,(n0,m0))- From Proposition 9, for all £, > 0, 6,4, in equa-

tion (30) can be expressed as

Oni1 =0, + Vha Y1, - (EC.48)
\/‘Zf (14 (z2)"Sz2z+ 257 (Sp + Ko Sn)28)

The term 6,,; can be expressed as 607 (S,,z, (1., ke)) = On + an YoxpTs,,, where 6 :=1+
(2)"Yzxz +25" (X5 + ko, )wp. Therefore

]E’/”xvm? [U (0//{ (S”’ €, (77557 Rx))) ’ S’” = S] = ]E"iarvTQan

b
U <9n i ?EntTzan> 1S, = s] ,

an0

which then equals

.
b,
By o, |max X (y) | nzyz + <9 +\/a: > xBTZan> ys | [ Sn=s

=B, 1o, [glg (P + 4y (2, 52) T2a,,) | S = s] : (EC.49)

Here, py and q; (z,,) are defined as in equations (18) and

K
P(@, k) = X7 - "Y,y5. EC.50
Qy(l'7/{ ) (y)\/tblz(l_i_xgzzxz_i_xBT (szn+23)w3)x3 YB ( )

Applying the equation (EC.49) to (EC.47) completes the proof. [

EC.4.11. Proof of Proposition 11
Proof. 1t follows from VF(S,) :=U(E[up|Sy = S,]) =U (6,) that

RS ({a})) =E [Viv (S (Sn Az V) A (Bnsts 1) my) ) = Ve (Sa) | S {z"HE ]
=B [U (6 (Sp, {2} AR i) YD) | S {27} ] = U(6,), (EC.51)

where 6 (Sn,{x e A s ) B ) [NB | S (Snv{$ e A s ) B )] Suppose
R =2. Therefore,

[ (9‘//! (Sn,{l' r= 17{( n+17nn+1) )) ‘S'ru{-r ]

:Pr("i+1 :Oa“i+1 =0|z) X]E[ (9/”(5”,{1‘ r= _1 1k n+17nn+1)} )) | S, {z" r=1> n+1 07Ki+1 :0]
+Pr("571l+1 > 075721+1 =0[|z) xE [ ( (Sn, {x =1 (R n+1’77n+1) )) | S’n,{x =1 n+1 > O’K’n+1 —0]
+Pr("~'711+1 :Ov"fflﬂ > 0[x) XE[ ( (Sn,{x =1 1(K n+1a77n+1) )) | Sn,{a? r=1s n+1 O’K‘n+1 >0]

+Pr("%ll+1 > Ov"ﬂi+1 > 0[z) x E [U (9/”(57“ {x" f:la {(x n+1a77n+1) )) | Sny{x" 1215 n+1 > 0a’%+1 > 0] .
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Therefore, we have

[U (9//{ (S”’{x r= 17{( n+1’nn+1) )) |Sna{$ r= 1] _e_zﬁ:l)\‘/ﬂ(mr)U(en)
LN a?) (1—eﬂ (@ >> X E[U (87 (Sp, 2, (K ymii))) | Sy {2} kL, > 0]

A (1 N (2
e (1= e ) B[ (0(Sn 0%, (R240,m240))) | S L My 124 > 0)

R
+H (1 - e_)\%(wr)> [U (9//1(5”7 {.’IJ r=1» {(Hn-i-l?nn-l-l) )) | S"’ {.T }R 1 ’ﬂ+1 > 07HTL+1 > O:| :
=1

From equation (EC.34), we have

E[U (0 (Sn,z", (Fhi1,mms1))) | Snyat kg >0] =E {max (P +q (2" )T2a,) | Snsbiniq > O} , (EC.52)

yeX
E[U (04 (Sya?, (52, 1,1%0))) | Suva® 62, > 0] =E hleag (0 + 0 (62 Toa.) | Sosi2sy >0} (EC53)
where p} and g, (v) are as in the equations (18) and (19), i.e.,

n, def
Py =X (y) (nzyz+0,ys)

n def \ _z# bn T
lef \ XnYp-
4y () (y>\/an (A+z,Yz0,+25(8p+3,)zp) w -

Given k) ,,,k%,, >0, using equation (13) twice, it holds that 8- (S, {a"}2 | {(nh 1, K0, 1) )

equals

bn 1
=t \/ an G ) TSy e \/ G 5, )

Recall that 6(z ) L] +x,Y 2, + vpYprp. Here, )

b/ !
n 5, (22) Ty, . (EC.54)

b are updated state variables using

n’ n7

equations (9), (10), (11) and observations (k) ,,n,, ) corresponding to z'. Hence,

[U (0%(57“{95 e (K n+1777n+1) )) |Sn,{x =1 n+1>07“n+1>0]

:E[U( n+1) ’ S, T, ﬁn+1>0]

=E [max)\“”(y) (1zyz+0, 1ys) | Sn @, Kngr > 0}

yeXx

=E [r;lea% (pZ + q;(ml)T&Ln + q;(mla $2)T2an+1) ’ Sn: Ty Kn41 > 0:| ) (EC55)

where 6,,,, is as in equation (EC.54), and p; and q; (z,) are given in equations (18) and (19). In

the last term, ¢ (z',2%) is defined as

nx1x2d:ef//z b/n 22Ty
%W s) = A (y’\/ (7 ()53 + (@) (T + S]] )
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By applying equations (EC.52), (EC.53), and (EC.55) in (EC.51), we get

K6 (at,a?) = [V (S (S {2 ot {(Rngrs i) 1) = Ve (Sn) | Sy {7}
=E[U (0 (Sn {a"} i AW DHEL)) | So {1 ] = U (60)
_(1_6—27-:1>\ (xr))maxp

yeX

v

7)\/”(302) . 7)\/”(1 ) n n(,.1 1
+e (1 e ) x E [r;@gc (py +4q, (x )TQan) | Shybopiq > 0]

2N (gt A (32 n n(, .2 2
+e ( )(1—6 ( ))xE|:rzflea;\}}((py+qy(SU )Tgan) |Sn,lin+1>0]

2

- M ZL‘T n n n

—I—H (1 —e N )> E {rgflea)?( (py +4q, (2" T, +4q, (:L‘l,xz)TganH) | Sy bomns by > 0]

r=1

Note that Ts,, and T5,,.+1 are two independent random variables. [
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EC.5. Benchmark Policies

This section provides an overview of some of the methods involving the idea of adaptive sequential

learning to improve our belief about the output. These policies serve as benchmark in Section 9.

EC.5.1. Optimal Design Policies

Optimal design policies are derived using principles from the optimal design of experiments, see e.g.
Boyd and Vandenberghe (2004), Bechhofer et al. (1995). The A-Optimal Design policy minimizes
the trace of the covariance matrix, that is mingey tr (2, 1), where tr(X, ;) is computed as in
equation (EC.57). The D-Optimal Design policy minimizes the log-determinant of the covariance
matrix, that is min,cy logdet(X, ;). These problems can be cast as mixed integer second-order
cone optimization problems. Below, Proposition EC.2 explains this model for A-Optimal Design.
Next, Proposition EC.3 presents the second-order cone optimization to compute the decision of
the D-Optimal Design policy. We use these policies in a sequential framework, in which each step
aims to find an alternative x,, minimizing the scalarization metric of the updated covariance matrix
Yini1, given X,

def AT 4 + EZ 0
~ hTh 0 X,+%p
min tr(X, 1) can be computed by solving the mixed-integer second-order cone problem

Tn€X

ProrposiTiON EC.2. Let @, The A-optimal design policy

min z (EC.56)
TneX, V>0, z
2QY %z,
tr(X2V) — 2
@)k + (@pn) —1 <V <min{(xp,)k, (@pn)i}, kI=1,...,m

s.t ‘

‘ <tr(Z2V) + 2,
2

Proof of Proposition EC.2. From equation (9) and linearity of the trace we have
1

o T
1 + xB,nTZn-rB,n + xB,nTZBxB,n + J:Z’nZZxZ,n

1
=0 = g,

tr(X,1) =tr(X,) tr (S0 2B nTpn Sn)

225 . (EC.57)

T2
Since at stage n, ¥, is a constant, to minimize tr(X,, ;) it is sufficient to maximize 2422 By
9 n ) n+ 17TLQTL$TL

introducing V =xp 25, ", we have xp,, X2zp, =tr(X2zp x5 ,) =tr(X2V). Hence, we arrive at

.
minimizing z subject to fgg;;g < z. This contraint is equivalent to the second-order cone constraint
20,z <tr(X2V) :— z. O
tr(X2V) — 2 , n )
ProposiTiON EC.3. Let @ def ATa Xz 0 The D-optimal design policy
e " hTh 0 ¥,+%p )"

miI}( logdet(X,,41) can be computed by solving the mized-integer second-order cone problem
Tn €

min z (EC.58)

Tn€X, V>0, 2
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s.t ‘

2lel/2xn
(S V) = 2|, S TEV) 2,

(@pn)k+ (@pn) —1 <V <min{(xp,)k, (@pn)i}, klI=1,...,m

Proof. For ¥, as in equation (9), and under the assumption that ¥, is symmetric positive

definite, we have

logdet(X,,+1) =logdet <E,L —

=logdet <Z}/2 (I —

T
EnzB,an,n Zn >
T
Ty ann
1

Ty Qnn

1
= IOg <1 — wmnxan,nTEan,n> +10g det(zn),

2n1/22an’HxB7Jz:nzn1/2> 2}/2>

where the last equality follows from the property det(I+cc') =1+c¢" ¢ for any column vector ¢, thus

in particular for ¢c=X!2zp,. Since at stage n, 3, is a constant and log is an increasing function,

B SnTen _ tr(SaV)

a:;.Lrann - IEIin‘n

to minimize logdet(X,,41), it is sufficient to maximize , where V =xp,25, .

-
This is equivalent to minimizing z such that fj(gny)b < z. This last constraint is equivalent to the
. 2012y
; n _tn < .
second-order cone constraint (V) — 2 |, = tr(X,V)+z2 O

EC.5.2. Optimal Computing Budget Allocation (OCBA)

The Optimal Computing Budget Allocation (OCBA) is an approach to allocate a given simulation
computing budget in order to find the best design by resampling a fixed number of alternatives,
see Chen (1995), Fu et al. (2007), Chen et al. (2008a), Chen and Lee (2011). The OCBA procedure
allocates a fixed simulation budget N among a finite number of designs |X| in order to maximize

some measure of the probability of correct selection (Pcg), i.e.,

N Pcs  subject to ;{Nm = N. (EC.59)

Here, the decision variable N, denotes the number of simulation replications allocated to design .
Picking the best design, i.e., the design with the maximum true mean, can serve as a measure for
the “correct selection”, Pcg. Hence, Pog := Pr(7,« > 17,, V € X'), where z* is the true best design,
and 7, is the sample average for design x over NN, replications. Various approximations for this
objective function, based on the concept of indifference-zone representing the smallest difference
in values that is significant, are typically considered. For most measures Pgcg, solving (EC.59)
remains computationally complex and thus approximate or heuristic solutions for the problem are
employed.

The standard OCBA algorithm is an iterative two-stage allocation process which involves esti-

mating the means and standard deviations for outcome of each alternative, and the second stage
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calculates {N"} based on these estimates to allocate the remaining computational budget. It starts
by either initial beliefs 7, ]Sy, or sample averages and variances obtained by taking an initial sample

N? of each alternative z. In the latter case, > _, N? measurements from the learning budget B

reX
are consumed. Suppose that 7 denotes the updated outcome mean for alternative x at stage n,
and 67 is the standard deviation of alternative x after stage n. Let & := argmax,c» 7. For a given
increment parameter A, calculate new allocations {N"*1} . by rounding up a solution to the

system of equations

Nn+1\ 2
Nyt =or | Y < - ) (EC.60)

zeX\{2} *

Ny <6”/(ﬁ1’—ﬁ7‘)>2

= , Vao,yeX\{3}, z#vy, EC.61
Nowt ~ \Gof(az —an) {2}, =# ( )
SN =A (EC.62)
reX

Then, perform additional max{0, N/*' — N} replications for alternative x, for all z € X, and
update the estimates 77", If the sum of the used simulations is still smaller than N, using updated
estimates 7! and 67%! and equations (EC.60)-(EC.62), calculate new allocations N*2. Other-
wise, return argmax,cy 7. Equations (EC.60)-(EC.62) can be solved by expressing each N/
in terms of some fixed alternative (other than z), using equations (EC.60) and (EC.61). Then, use
equation (EC.62) to determine N for the fixed alternative and consequently others. We consider
two implementations of this algorithm:
e Sequential OCBA Policy: This policy starts with the initial belief model, and selects only
one alternative to be measured per iteration, i.e., A =1.
e Batch OCBA Policy: This policy starts with the initial belief model, and selects a subset
of alternatives to be measured all in one iteration, i.e., A = N.
In the computational results in Section 9, the revenue or regret reported for the Batch OCBA
policy at stage n corresponds to the Batch OCBA for A =N where N =4,5,6.
Theoretical results on the optimality of the OCBA selection algorithm are limited to the normally
distributed samples. Branke et al. (2007) studies the performance of the OCBA when compared to
other ranking and selection algorithms. Extensions of the OCBA policy, to select the best m out

of |X| alternatives, are studied in Chen et al. (2008b), LaPorte et al. (2012).

EC.5.3. Linear Loss (LL) Policy
At phase n, let & =argmax,cx E[1,|S,] and 62 = var[E[n, |5]|S,]. Denote A, , =, /25 +

b, =, /(%24—6%. Define

Ai‘,acf E[%\SnA]le[nzlsn] _ gxf E[nz|Sn]

1

1467 and

—E[ng|Sn . N
. [12]5n] if @+ 2

S s At <w> —0,f (W) HE

Y,z Yy

D, =
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Here, f(2) o 2®(z) + ¢(z), where ®(z) and ¢(z) are the cumulative standard normal distribution
and the standard normal density, respectively. The LL policy thus allocates one sample for the
alternative with the lowest value of D,. For further discussion on this policy see Frazier and
Powell (2011) and Ryzhov and Powell (2012). The above mentioned method assumes that 7, is
normally distributed with known variance. For a constant exposure factor k = k and given the
precision p, this policy can be adopted, where E[n,|S,]| =k (1 zz + 0, v5) and var[E[n.|us]|S.] =

2
varlk (uyzz + pprp) [S) = 2o pY,ap.
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EC.6. The Bayesian Multi-Armed Bandit Model

An extension of the problem (14) is to modify the objective function to take into account the

outcome of each individual test. This can be expressed as

ZV”U )| s

n=0

sup E”
mell

(EC.63)

where U(+) is as in equation (4) and v € (0,1] is a discount factor. Problem (EC.63) lies in the class
of multi-armed bandit (MAB) problems. For a review on multi-armed bandit models, see Berry
and Fristedt (1985), Scott (2010), Gittins et al. (2011), Bubeck and Cesa-Bianchi (2012).

The literature on the analysis of MAB problems and solution strategies has typically focused on
settings where the arm payoffs are statistically independent. While the formulation in Chapter 2 of
Berry and Fristedt (1985) allows for correlated arm payoffs, the analysis and solution methods for
bandit problems with dependent arms is relatively scarce. Pandey et al. (2007) study bandit prob-
lems where the dependence of the arm rewards is represented via a hierarchical model. Mersereau
et al. (2009) investigate the optimality of the myopic policy for a bandit problem with a special

reward structure.

EC.6.1. Multi-Armed Bandit Policies

For a class of discounted infinite-horizon MAB problems (N — oo) with independent alternative
priors (X =1I), Gittins and Jones (1974) characterized its optimal policy. However, the optimality
of the Gittins index policy does not generalize to most other bandit problems (Gittins et al. 2011).
This has led to the development of policies to minimize the learning loss or regret, see e.g. Bubeck

and Cesa-Bianchi (2012). Next, we discuss these two classes of policies.

EC.6.1.1. Gittins Index Policy: In this policy, a Gittins index for each feasible alternative
xr € X is computed independently at each phase, and the alternative with the highest index is
measured next. Formally, at phase n and state S,,, the Gittins index policy selects an alternative
z € X with the highest Gittin’s index v&1*"" defined as (see e.g. equation (2.6) in Gittins et al.
(2011))

Gitt,n

v, (s) :==su [Zt O’YT”( Sn+t) | Sn:S:|
. o [Zt” \Snzs} .

Here, 7 is an adapted stopping time, and r,(.S,,) is the reward of measuring = at state S,,.

(EC.64)

In our problem, r.(S,) = n,|S,, where 7, is as in equation (2). Suppose that the exposures

are deterministic, k; = \,, and the precision parameter p is known. Every observation 7! is
def )\

normal with mean p, & )\w(uzwz + ppzp) and known variance o3, = 7” (zpYprpta,Yz0,+1).

Every unknown mean g, is normally distributed with prior mean 67 o Ao(pyxz 40 xp) and prior
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€ 2 . . . . .
variance o2, o ’\71 (x5X,zp). Under these assumptions, the Gittins index of the alternative z at

phase n can be written as (see e.g. Theorem 7.13 in Gittins et al. (2011))

T
w

VGitt7n(6n7 E’ru ow, 7) = 9: + O'WVrGitt’n (07 Temn ) 17 7) . (EC65)
g

2

The term pSittn (0 Zz.n 1,7) can be approximated by \/—log (7) b (—%) where
w

Pow? log(7)

= §<0.2

) 0.49y/5 — 0.11 02<s<1

b(s) % L 0.63/5—0.26 1<s<5 (EC.66)
0.77y/5 — 0.58 5<s<15

Vs (2log s —loglog s — log 167r)1/2 s> 15.

For this approximation, see Brezzi and Lai (2002). Chick and Gans (2008) provide a simpler
approximation as follows (see Appendix E in Chick and Gans (2008)),

s <1
) v =T
b(s) = { exp(—0.02645(log s)* +0.89106log s — 0.4873) 1 <5 <100 (EC.67)
S 0og s — 10g 1og s — 10 s s > .
Vs (2log s —loglog s — log 167)"/? 100

For a review on various algorithms to compute the Gittins index and in other settings, particularly
for Markovian bandit processes, and their computational details, see Chakravorty and Mahajan
(2014).

The Gittins index policies are effective strategies for Markovian bandit problems. Karoui and
Karatzas (1993) prove the optimality of Gittins index processes in non-Markovian MAB problems.
For analysis on the Gittins index policy, see Mahajan and Teneketzis (2008). For Markovian bandits,
see Gittins et al. (2011). For bandit models with finite state spaces, see Tsitsiklis (1994). For bandit
models with countable state spaces, see Frostig and Weiss (1999). For a counterpart of the Gittins
index policy for a finite-horizon one-armed bandit problem with a discrete (finite or countably
infinite) state space, see Nino-Mora (2011).

When following the Gittins index policy, incomplete learning may occur (Brezzi and Lai 2000),
in the sense that there is a positive probability that the chosen process does not have the maximum
reward (the chosen arm is sub-optimal), i.e., the Gittins index is an inconsistent estimator of the
location of the optimal arm.

A generalization within the MAB framework is the branching bandit (Weiss 1988). In such
models, new bandits arrive over time, see Chapter 4 of Gittins et al. (2011). Index policies remain
optimal for these bandit problems. For a proof of the index policy for branching bandits see

Tsitsiklis (1994).
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EC.6.1.2. Upper Confidence Bounding (UCB) Policy: For stochastic bandit problems,
an UCB index policy plays the arm IV°® with the highest an upper confidence bound at the n'!
phase. When the rewards are normally distributed with unknown means and known variances, the

UCB index is expressed as (see e.g. Bubeck (2010), Bubeck and Cesa-Bianchi (2012))

(EC.68)

6021
IECB — arg mag (ﬂx,n—1 1 g;logn )
re

T.(n—1)
where i, is the average reward obtained from machine x in the first n — 1 rounds, number of
plays T,(n — 1) = 3."_/ 1[IY°® = 2], and o, is the standard deviation of the reward distribution
of alternative x. For further discussion on derivations of the upper confidence bounds, see Lai and
Robbins (1985) and Agrawal (1995). Lai and Robbins (1985) compute such bounds by maximizing
the expected reward when the parameters vary within appropriate confidence sets. Agrawal (1995)
introduce a class of deterministic UCB policies where the index is expressed by sample-means of
the arms.

Policies based on UCB are easy to implement, efficient, and effective (Audibert et al. 2007).
These policies can achieve a logarithmic regret for some settings, see e.g. Auer (2002), Auer et al.

(2002a), Auer et al. (2002b), Audibert et al. (2007), Bubeck and Cesa-Bianchi (2012).

EC.6.2. The Knowledge Gradient for Bandit Problems (Online KG policy)
The KG quantity for the bandit problem is given by

UEG_MAB (J?) = E[nx|5n] + 7E [VnJrl (S//l (Sm Ln, (HnJrla 77n+1))) - Vn+1 (S”)] (EC'GQ)
=E[n.]Sn] +7(N = n)E [U(87 (Sn, 2, (Fnt1,M041))) = U (0n)]Sn, 2]

=E[n,|S,] +vya(N — n)I[-E[r1r1ax«9"+1 - max9 | Sy 2 = ]

A

=E[n.]8,] +7a(N —n)v; (@),

where vX¢(z) in the last term is as in (17). Here,
aef [ 1 if N is finite and v=1
&= (I—~""") if N<ooandy<lL.
For infinite-horizon bandit problems (N — c0), a = Compared to the typical MAB policies,

the KG policy is not an index policy, in the sense that 1t depends not only on the reward at z, but
also on other rewards at =’ # x. Thus, it can handle correlated measurements. Unlike the offline
KG policy, the decisions made by the online KG policy depends on both n and S,,.

The decision from the KG policy is easier to compute than the decision from a Gittins index
policy. In addition, the KG policy can be defined for both finite- and infinite-horizon problems,

while the Gittins index policies are only designed for infinite-horizon problems. The KG policy is
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not an optimal policy, but it can be used in many settings. The performance of the KG policy
for multi-armed bandit problems with normally distributed rewards in comparison to some of the
popular policies including the the Gittins index policy and UCB is investigated in Ryzhov et al.
(2012).
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EC.7. Computational Results: Plots
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Figure EC.1 Average revenue R} and average regret ¢}
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Figure EC.2  Average revenue R} and average regret ¢} for all benchmark policies

Revenue Improvement Regret Improvement
N KG vs. Thompson vs. A-Design D-Design KG vs. Thompson vs. A-Design D-Design
Myopic Myopic vs. Myopic vs. Myopic Myopic Myopic vs. Myopic vs. Myopic
4 2821 13.43 13.12 22.71 47.86 23.95 25.42 33.98
5 23.66 13.98 13.61 14.86 47.03 24.43 29.74 25.18
6 23.81 13.80 16.62 15.66 49.89 25.24 42.57 27.56
(a) K =34560, X, =%, X5 =34,
Revenue Improvement Regret Improvement
N KG vs. Thompson vs. A-Design D-Design KG vs. Thompson vs. A-Design D-Design
Myopic Myopic vs. Myopic vs. Myopic Myopic Myopic vs. Myopic vs. Myopic
4 3229 15.51 18.91 28.38 37.54 19.93 17.89 33.47
5 31.85 16.67 24.09 26.50 43.28 23.31 27.69 36.37
6 33.76 19.65 25.10 25.40 51.65 29.24 37.24 37.19
(b) K:56, EZ = Eg, EB = E%
Revenue Improvement Regret Improvement
N KCvs. Thompson vs. A-Design D-Design KG vs. Thompson vs. A-Design D-Design
Myopic Myopic vs. Myopic vs. Myopic Myopic Myopic vs. Myopic vs. Myopic
4 27.85 18.30 13.80 18.01 78.78 48.96 32.49 44.13
5 31.52 22.58 21.00 20.62 89.38 66.17 57.77 54.25
6 31.90 25.51 21.61 26.12 94.29 77.22 64.21 74.64

(¢) K=56,%,=0, S5 =0.

Table EC.1 Relative Improvement in average revenue R} and Average regret ¢y



