Technical Appendix for the paper
“Pollution Regulation of Competitive Markets”

1 Absence of Profit Overshifting

We show that, in our model, profits always fall as the marginal production cost k increases. This rules
out the possibility of profit overshifting to explain the increase in firm profits under regulation in our
model. (See Seade (1985) and related discussions in Section 2). Firm i’s objective, Vi, is

max 7; <Qi ’ Q—i) =dqi- (Pi (Qz‘; Q—z‘) - k)

;>0

Where the price p; (¢i; @—;) = a — bg; — ybQ—;. The first-order necessary condition is:

on; a—k—~vbQ—;
=a—k—7Q_; —2bg;=0=>¢ = ————
d4; a YoQ—; qi q; %
Since Q = Q—_; + g;, we can rewrite ¢; = “;(l;__:’gQ, which does not depend on i. Hence, Y " | ¢; =
Q=n- a;(’;__YSQ from which we derive the equilibrium quantities and prices
Q* o n (CL B k)
b2+ (n—1)7)
. a—k
- >0
& b2+ (n—1)7)
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Since %2(;%" = —2b < 0, ¢ is the unique maximizer of 7;. Since Q_; = (n — 1) ¢;, firm 4’s equilibrium
profits are
mo= ¢ -pi—k)=¢ (a-k—-b(1+(n—-1)7)q)
(a—k)?

B vk n— 2 —
= (a=k)g -0+ (n-1)7)g b(2+ (n— 1))

It is easy to see that 7 is decreasing in k for 0 < k£ < a. Hence, there is no profit overshifting. [

2 Proof of Theorem 1

Proof of Part (i): We derive the unique Nash equilibrium under the Cap-and-Trade mechanism for

any S, any v, and V0 <m <n. Let § = Ch[%?;:(z)la_(%%?m, and let §; = s; — t; denote the post-trading

emission allowances held by firm ¢. When 0 < m < n, the unique equilibrium is:



Case 1, S > S (Interior Solution—-Moderate Regulation) :
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Case 2, S < S (Corner Solution—Stringent Regulation)
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When m = 0 (or n), the unique equilibrium V S is:
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Proof

Firm ¢’s objective under Cap-and-Trade, V4, is

2
N L (qis i, ti | Q-iy ) =¢qi-(a—b-q¢—7v-b- Qi) —c¢i-(¢i-x) +r-t

subject to the pollution constraint ¢; - (1 — z;) < s; — t;,

Note that the conditions ¢; > 0, x; < 1, and the pollution constraint jointly guarantee that ¢; < s;.
Hence, we can eliminate the constraint ¢; < s;.

We analyze the cases 0 < m < n and m = 0 (or n) separately.



2.1 Casel: 0 <m < n.

There are four steps to the proof: (i) We analyze the Lagrangian, and derive necessary conditions
on ¢;, x;, and t; based on the Kuhn-Tucker conditions; (ii) We show that any equilibrium must be
symmetric, meaning that if firms have equal cost coefficients, their production quantities, abatement
levels, and trading quantities are identical; (iii) We solve for the equilibrium, and prove that it is unique;

and (iv) We verify the second order sufficient conditions.

2.1.1 Step 1 - Analysis of the Lagrangian

WritetheLagrangianSi:qi-(a—b-qi—’y-b~Q,Z-)—ci-(qi-azi)2+7‘-ti+m-mi—ui-(:Ei—l)—ui-
(¢i - (1 —z3) — s; + t;). The Kuhn-Tucker necessary conditions are:

0&;

94, = a—’be,i—qu-(b—I—ci-x?)—l/i-(l—mi):O (1)
0L;

oz, Gi - (vi—2¢i - qi-wi) +1; — p; =0 (2)
%il = r—v;=0 (3)

with the complementary slackness conditions n,;-x; = 0, p;-(z; — 1) = 0, and v;-(q; - (1 — ;) — 84 + 1) =
0, and the feasibility constraints, ¢; > 0; n;, p;, v; > 0; 0<z; <1; and ¢; - (1 — x;) < 8; — t;.

First, we show that n; = 0. Proof. (By contradiction.) Suppose that 1, > 0. Then z; = 0, which
also implies that p; = 0 (by complementary slackness), and from equation (2), n; = —v;q; < 0. O

Given that 7; = 0, we now consider two cases for v;:

e If ; = 0, then (2) = u; = —2c¢;¢?x;. Furthermore, y; > 0 = z; = 0 = y; = 0. By equation

(1), and the fact that Q@ = Q—; + ¢;, ¢ = a_ébl?_i = Z(_;_bg Also, t; < s; — q; (by the pollution

constraint).

e If v; > 0, then the pollution constraint binds, i.e.,
ti=s;—qi (1 —m) (4)

Now, consider the following two sub-cases for p,:

1. p; = 0 : Then, (2) = v; = 2¢;q;x;. Substituting in (1), we get ¢; = %. The condition

x; < 1= v; < QCiqi.

2. p; > 0: Then, z; = 1, by complementary slackness. By equation (4), ¢; = s;, and by equation (1),

—bQ_; _ .
and the fact that Q = Q_; +¢;, ¢ = a2(z+%) = b(giy)i%cl_. By equation (2), u; = ¢; (vi — 2¢iq;) >

0, which implies that v; > 2¢;q;.



To summarize: if ¢; > 0, then n; = 0 (always), v; = r by (3), and there are three possible candidate

solutions:
g = m;xizo;tigsi_QiS vi=1=p; =0; (5)
4 = m; xi:iﬂqz’; ti=si—qi(1—m); 0<v;=r<2¢q; p; =0; (6)
¢ = Zm; x; =15 t; =85 vy =71 > 2¢iq35 p; > 0. (7)

Consider first the solution candidates given by (5). Since 7 = 0 under this solution, the set of

equations represented by the conditions (5) must apply to all firms, if they apply to any. By (5), we

have ¢, = ¢, = Z(;blg and z; = x;, = 0. Since @ = ngq;, we have q; = q, = m > 0. By (5), we
n

n n
also have, Vi, t; < s; — ¢;. Hence, Vi, s; > ¢; +t;. Thus, Zsi > Z% + Zti &8> m =5
i=1 i=1

=1
n

(since Z t; = 0 by the market-clearing condition). Thus, the set of conditions given by (5) cannot lead
i=1
to any feasible equilibrium in the range of interest S € (O, ?). Hence, in the rest of this proof, we focus

only the candidate solutions given by conditions (6) and (7).

2.1.2 Step 2 - Proof of Symmetry
Lemma 1 If ¢; = ¢j, then p; = p;, ¢ = qj, i = zj and s; — t; = sj — t;.

Proof. Consider two firms, indexed by ¢ and j, and suppose that ¢; = ¢; = c¢. By Step 1, we know
that the solution candidates must satisfy conditions (6) or (7).

Consider the case (y; = 0, p; > 0). Conditions (6) apply for firm i and conditions (7) for firm j.
From (6), ¢; = % = q; = #—lgw' Thus, r = 2cqix; > 2cq; = ¢ixi > g = % >
b(;:f%, which simplifies to z; > 1, which is infeasible. Therefore you cannot have p; = 0 and p; > 0

simultaneously. Similarly, you cannot have p; > 0 and p; = 0 simultaneously. The only two possible

cases are:
L. p; = p; = 0. In this case, by (6), ¢; = ¢; which also implies that z; = x;. Further, s; —¢; =
qi(l—aji) :q]'(l—:l?j) :Sj —tj.

2. p; > 0 and p; > 0. Then, z; = z; = 1 and ¢; = ¢; = b(aJ’bQ by (7). From equation (2),

b1
i = qi (Vi — 2¢qi) = ¢i (r — 2¢q;) = qj (vj — 2cqj) = p;. Further, s; —t; = s; —t; = 0. O

2.1.3 Step 3 - Equilibrium Analysis

We know by Lemma 1 that if ¢; = ¢; then s; —t; = s; — t;, i.e., firms with the same abatement cost

coefficient will have the same post-trading caps. Let the post-trading cap of a low-cost firm be §; ,



n
and that of a high-cost firm be 5, . The market clearing condition stipulates that Zti = 0; hence,

i=1
n
Z(Si —t;) =S =ms5 + (n — m) $p, which implies that
i=1
. S—mg
o= (8)

n—m

We showed in Step 1 that the equilibrium solution for each firm must satisfy exactly either (6) or
(7). Hence, by Lemma 1, firms with identical abatement cost coefficients must satisfy the same set
of conditions—(6) or (7).We investigate all possible solutions that can arise from these conditions by

varying r.

Case 1: 0 < r < min{2¢q;, 2cpqn} : This is obtained by applying conditions (6) to both types of

firms. Using (6) and (8), we have five equations in the five unknowns ¢, = qn, =, xp, §
and r @ (i) @ = qn = %;QVT; (i) r = 2cqay; (749) r = 2enqurn; (v) 5 = q(1—x);

S—m3;
n—m

and (v) §, = = gn (1 — xp,) . By algebraic manipulations, we can prove that ¢ = ¢f* =

a((n—m)c;+mep)+2¢icp 8 na—b(2+(n=1)v)S . ¢t _

na—b(2+(n—1)v)S

.oct <L .ct
@ (- D7)b((n—m)er Fmen) L 2naien, > 0 ¥ = Challn—m)erkmen) 13aensS’ Th = ey ¥l = Clag(

é\l _ cpb(24(n—1)7)+2¢]S—(n—m)a(cp—cp) , 5 = S—ms& b2+ (n—1)y)+2c,]S+malcy,—cp)

2+ (n—1)Vb((n—m)c;+mep)+2nciep, * “h n—-m ~ (24+(n—1)y)b((n—m)c;+mcp)+2ncicp
5]
+2nciep ”

and r =

2¢icp [na—b(2+(n—1)y
@2+ (n—1)7)b((n—m)c+mep

~|—

This equilibrium will hold only if 0 < r < min {2¢q;, 2¢hgn} = 2¢1q;, since g = g, and ¢; < ¢p.

The condition r < 2 <= 5 2 gzt
na

YO =T)) = S. It is easy to check that § < S. This candidate solution is an interior solution

= S. The condition r > 0 < S <

and corresponds precisely to Case 1 (Moderate Regulation) of Theorem 1, when 0 < m < n.

Case 2: min {2¢q;, 2chqn} < r < max{2cq;, 2chqn}. There are two possibles cases: (2.1) 2¢q < r <

2¢nqn, and (2.2) 2cpqn, < T < 2¢1q;. We analyze each case separately.

(2.1) 2¢qp < 7 < 2¢pqp : This is obtained by applying conditions (7) to low-cost firms, and
conditions (6) to high-cost firms. By (7), we have ¢ = I;(MA' it = 1; and § = 0.

2—y)+2¢;”
Hence, 55, = SJ_";? = nfm By (6), r = 2cpqnzy and S, = qp (1 — zp) = qpen = qn — %
Also by (6), g = af'yblf%;_z%qhx" = af’ﬂ;}%t 25)}3%&7@ To summarize, we have the following
expressions for ¢; and ¢, : q = b(;_—wi% and g = ai'ﬂfg;_ 27c;fé£:fm)7 where QQ = mq; +

(n —m) qp,. Solving the above system of linear equations for ¢; and g, we get the following

corner solution:

alb(2—7)+ 2cn] — 27bcyS

ai T Pt m 1) r2ep @+ (n—m—1)7)+ 2] —m(n —m) 22
qﬁt ab(2—7)+2¢]+2c,[b(24+ (m—1)7)+2¢]S/(n—m)

b2+ (m—=1)7)4+2¢] b2+ (n—m—1)7) + 2¢;] — m (n —m)y2b?

5

n—m)c;+mecp)+2c;cpS?



Grouping the b? terms of the denominator and simplifying, we can rewrite the denominators

of ¢ and gp, as (2—79) 2+ (n—1))?* +2b[2+n—-—m—1)y) g+ 2+ (m—1)7)cp] +
a—ybQ—2chgnTh

4c¢iep, > 0. Hence, g > 0. Further, ¢, = b(;:%bgq = “_Zl(’g:f)clql > qn = TG only
if 2¢;q; < 2¢pqpxp, = 7, which is true. Thus, ¢; > 0 also.

t _ S _ (n=m)a[b(2—7)+2¢]-b[b(2—7) (2+(n—1)1)+2¢ (2+(n—m—1)7)]S
Further, we have xz =1- (n—m)qp, — s (nf;/n)a[bc(ZZf’y)+2CH+2ch[;)1(2+(7m710)l’y)+22].5’cn L=,

We also have, r = 2¢cpqpxn = 2¢p, (qh — —=— ], which, after algebraic simplification, yields

a[b(2—y)+2¢)]=b[(2=7) (24+(n—1)7)b+2¢; (2+(n=m—1)7)]S / (n—=m)
[b(2+(m—1)7)+2¢/][b(2+(n—m—1)7)+2ch] —m(n—m)y*b

(n—m)a(cp—ci)
b(2+(n—1)v)+2c]

r = 2c, . The conditions 2¢;q; < r <

2cpqp imply that S < ol = S, since r = 2cpqnxn < 2¢hqph.-

(2.2) 2cpqn < r < 2¢q; = The solution to case (2.2) is obtained from the solution to case (2.1)

by substituting ¢; and m for ¢, and (n —m), respectively, leading to the condition S <

ma(c;—cp)
ci[b(2+(n—1)7)+2¢x]

< 0, which is infeasible.

Case 3: r > max{2¢q, 2cpqn} : This is obtained by applying conditions (7) to both types of firms.
By (7), § =5, =0 and, by (8), s, =
in the range of interest S € (O,?). O

S—m3;
n—m

= 0= 5 =0, and there is no feasible equilibrium

2.1.4 Step 4 - Second Order Sufficient Conditions

For the interior solution, we show that the Hessian matrix is negative semidefinite, which proves con-
cavity (Theorem M.C.2 of Mas-Colell et al. 1995, p. 933). Since r = 2¢;g;x; for the interior solution
(by (6)), the Hessian is
b—|—cix? ciqix; 0
H=-2 Ciqi T4 Ciql'Q 0
0 0 0

Let H™ denote the matrix in which both the rows and the columns of H are permuted according
to some permutation 7 of the set {1, 2, 3}, and let H™ denote the k x k submatrix consisting of
only the first k rows and columns of H™. H is negative semidefinite iff (—1)* det (,H™) > 0 for every
permutation 7, and for every k € {1,2,3} (Mas-Colell et al. 1995, Theorem M.D.2, p. 936). These
conditions are easily verified for H.

For the corner solution, we use an approach from Luenberger and Ye (2008) to show that any
nonzero feasible move away from the candidate solution decreases the objective function. For the
corner solution, the active constraints are z < 1 and ¢(1 —z) < s—t. Let g1(q, =, t) = x — 1 and
92(q, z, t) = q(1 — ) — s + t. The gradients of g; and g2 at the candidate solution are # 0, which

means that the candidate solution is regular. The gradient of the objective function at this candidate



solution is

T
VT = < 0 —202‘6],? r )
. L T, T T
A nonzero feasible direction, v = ( v Vs U3 ) is defined by (V¢1)" -v <0 and (vVg2)" -v <0.
These conditions are equivalent to vo < 0 and —weq; + v3 < 0. If v is a feasible direction, then
vy = —2¢iq?v2 + rvg < 1 (—v2q; + v3) < 0, because r > 2¢;¢; (by equation (7)).
2.2 Case 2: m =0 (or n).

2.2.1 Step 1 - Analysis of the Lagrangian

This step is identical to Case 1.

2.2.2 Step 2 - Proof of Symmetry

This step is identical to Case 1.

2.2.3 Step 3 - Equilibrium Analysis

First consider the case m = 0 (¢; = ¢, for all 7). By Lemma 1 (of Step 2), all the firms W111 have the same

post-trading cap, §j,. The market clearing condition stipulates that Ztl = 0; hence, Z =5=

=1 =1
nsy, which implies that 5, = %

We showed in Step 1 that the equilibrium solution for each firm must satisfy exactly either (6) or

(7). We investigate the two possible solutions that can arise from these conditions by varying r.

Case 1: 0 < r < 2¢pq, : Conditions (6) apply to both types of firms. Using (6), we have three

equations in the three unknowns ¢, =, and r : (i) q, = %; (i9) r = 2cpgprp; and
(iid) s =2=gq,(1—ap).
By algebraic manipulations, we can prove that ¢, = atleyS/n > 0; zp, = a=b@+n=D)m)S/n nq

b(2+(n—1)v)+2cp a+2cpS/n
_ 2 [a—b(2+(n—1)v)S/n]

b(2+(n—1)7)+2cp,

This equilibrium will hold only if 0 < r < 2¢pqp. The condition r < 2¢pq, <= S > 0. The condition

T>0<’:>S<m:§

Case 2: r > 2¢pqp, : Conditions (7) apply to both types of firms. By (7), §, =0=2 = S =0, and

there is no feasible equilibrium in the range of interest S € (O, g).

Finally, the symmetric case m = n is obtained from the case m = 0 by substituting ¢; for ¢y,.



2.2.4 Step 4 - Second Order Sufficient Conditions

This step is identical to Case 1.

By Step 2, the equilibrium is symmetric for any S, v, m and n.

Proof of Part (i): The equilibrium solution {qf*, ¢, zf', #', r, 5, §,} depends on the regula-
tor’s total pollution cap S, but is independent of the initial allocation {s;};";, so long as Y i ; s, = S.

This concludes the proof of Theorem 1 for any S, any 7, and V0 <m <n. O

3 Proof of Theorem 2

3.1 Proof of Part (i)

We solve for the Subgame Perfect Nash equilibrium under Taxes. There are three steps to this derivation:
(i) Using backward induction, we solve for the firms’ Nash Equilibrium given the tax rate 7; (ii) We
verify the second order sufficient conditions; and (iii) We solve for the Subgame Perfect Nash equilibrium

by finding the minimum tax rate 7 that achieves P < S, and prove that it is unique.

3.1.1 Step 1 - The firms’ Nash Equilibrium given 7

The firm’s problem under the Tax mechanism is

o =a - (a—b-agi—~-b-0_ ) —ci (a2 =T a0 (1 — 2
qi>01,/n()a§Xa:i§17TZ (QZ7377,|Q 277_) qi (CL qi — 7 Q z) & (Qz 337,) T-q; ( .’137,)

Write the Lagrangian for firm i :
Li=q-(a=b-qg—v-b-Q_i)—ci-(qi- 1:,-)2—7'-qi-(1—xi)+7]i-:ci—ui-(a:i—l). The Kuhn-Tucker

necessary conditions are:

0L;
94 = a—’be_i—qu-(b—i—ci-:z:?)—v'-(l—xi):() (9)
giz = ¢ (T—2¢ci-qi-x)+n;—p; =0 (10)

with the complementary slackness conditions n; - ; = 0, and p; - (x; —1) = 0, and the feasibility
constraints, ¢; > 0, 0 < z; <1 and n;, p; > 0.

First, we show that n; = 0. Proof. (By contradiction.) Suppose that n; > 0. Then x; = 0, which
also implies that p; = 0 (by complementary slackness), and from equation (10), n, = —7¢; < 0. O

Given that n; = 0, we now consider two cases for p,:

a;(Zi(i’)i = 2¢;(b+¢;) = a—~bQ_;. Subtracting vbg;

from both sides of the equation, and since () = Q_; + ¢;, we have ¢; = b(za%)bf?c_

e 1i; > 0. Then x; = 1 and by equation (9), ¢; =

. The condition

w; >0 =7 > 2¢;q; (using equation 10).



e 1; = 0. Then, by equation (10), 7 = 2¢;q;z;. After substitution in (9), we get ¢; = %me_’ =

%. The solution holds only if z; < 1 = 7 < 2¢;q;.

To summarize, there are two possible candidate solutions:

a — ~vbQ

i = ——— x; =1 u, > 0; 2¢;q; 11
q'L b (2 _ 7) + 20747 $l ) I"LZ > ) T > Clql ( )
a—T—vb@Q T
; —_— x; = cou=0; T < 2¢0; 12
qi b (2 _ "Y) y Ly QCiQi, 122 ; TS 2Cig; ( )

Next, we prove that any equilibrium must be symmetric, meaning that if firms have equal cost

coefficients, their production quantities and abatement levels are identical.

Lemma 2 If ¢; = ¢j, then p; = p;, ¢ = q; and z; = z;.

Proof. Consider two firms, indexed by 7 and j, and suppose that ¢; = ¢; = c.
Consider the case (y1; = 0, p; > 0). Conditions (12) apply for firm 7 and conditions (11) for firm j.
—bQ—2cq;z; - —bQ)x;
From (12), ¢; = % = q; = Wﬁgm. Thus, 7 = 2cqiz; > 2¢q; = iz > qj = %@fm

b(;:fv)b%c (also by conditions (11) and (12)), which simplifies to z; > 1, which is infeasible. Therefore
you cannot have p; = 0 and p; > 0 simultaneously. Similarly, you cannot have pu; > 0 and p; = 0

simultaneously. The only two possible cases are:

L. p; = p; = 0. In this case, using (12), a —7 —y0Q = b(2—7v)q = b(2—7)q; = ¢ = g;. Since
T = 2cqiz; = 2cqjz; (again by 12), ¢; = ¢; also implies that z; = x;. Thus, Lemma 2 holds.

2. p; > 0 and p; > 0. Then, z; = z; = 1 and ¢; = ¢; = b(gfw)bf%’ by (11). From equation (10),

i = 2q; (1 — 2¢q;) = 2q; (T — 2cq;) = p;. O

By Lemma 2, firms with identical abatement cost coefficients must satisfy the same set of conditions—

(11) or (12). We investigate all possible solutions that can arise from these conditions by varying 7.

Case 1: 0 <7 < min{2¢q;, 2cpqn} . This is obtained by applying conditions (12) apply to both types

of firms. By (12), we have 7 = 2qqx; = 2chqneh, @ = qn = %. Since @@ = nq;, we have
- b(24+(n—1 b(2+(n—1 .
q = qn = m. Further, we have z; = % > xp = W The conditions

. Notice that Case 1 is an interior solution.

. _ 2
7 < min{2¢q;, 2cpqn} =T <71 = m

Case 2: min{2¢q, 2chqn}t < 7 < max{2¢q;, 2cpqr} @ There are two possible cases: (2.1) 2¢q; <

T < 2cpqn, and (2.2) 2¢pqn, < 7 < 2¢;q;. We analyze each case separately.

(2.1) 2¢q; < 7 < 2cpqp ¢ This is obtained by applying conditions (11) to low-cost firms, and

conditions (12) to high-cost firms. By (11), ;=1 and ¢; = 1)(265777)%?2@' By (12), ) =

-
2¢pqn



and g = %. Since @ = mgq; + (n — m) gy, solving the system of linear equations for ¢

and g, we get

a(2—7)+(n—-—m)y7
2-72+n-1)y)b+2¢ 2+ (n—m—1)7)
alb(2—7)+2¢] =72+ (m—1)7)+ 2¢]
b[2-7)2+(n—1)b+2¢ 2+ (n—m—1)7)]

q =

qn =

b[(2—v)(2+(n—1)y)b+2¢;(24+(n—m—1 T

Further, we have 25, = é(ch [&ZE2-§)+22;7})—7[17(Z2(+(77(1—1)@&2}]
2acy, [b(2—7)+2¢]

[b(2+(m—1)7)+2¢/][b(2+(n—m—1)7)+2cp]—m(n—m)y2b*

71 < T92. Case (2.1) is the corner solution with x; = 1.

. The conditions 2¢;q; < 7 < 2¢pqp =

T1 < 17 < T2 = It is easy to check that

(2.2) 2¢pqn < 7 < 2¢q;. The solution to case (2.2) is obtained from the solution to case

(2.1) by substituting ¢; and m for ¢, and (n —m), respectively, leading to the condition

2ac 2acy [b(2—7)+2ch]
(2+(n—1)’¢)b+20h <7< [6(2+(m—1)7)+2¢/][b(2+(n—m—1)7)+2cp]—m(n—m)

cause the LHS is greater than the RHS.

25 which is impossible be-

Case 3: 7 > max{2¢q;, 2cpqp} : This is obtained by applying conditions (11) to both types of firms.

By (11), we have z; = x5, = 1, q; = N a9 and g = N a=5Q _  from which we derive ¢ =

afb(2—7)+2¢n] and 0 — alb(2—7)+2c]
B+ (m—T)+ 2a]6+ (n—m— 1))+ 2] —m(n—m)7252 A4 Oh = a1y F2al b+ (n—m—1)y)+2en]—m{n—m)y262

To ensure a feasible solution for 7, we need 7 > max {2¢;q;, 2cpqn} = 7 > T9.

Finally, we will argue that the regulator will never choose a tax rate 7 > 79, and hence, Case 3 will
never be an outcome of the Taxes mechanism. To see this, observe that for any 7 > 7o, the pollution
is identically 0. This level of pollution is equally accomplished by setting 7 = 75, in which case firms
choose the candidate solution (2.1). Since the regulator’s objective is to choose the minimum 7 that
accomplishes P < S, she will never need to pick 7 > 75. Hence, in what follows, we will only focus on

Cases 1 and 2.1.

3.1.2 Step 2 - Second Order Sufficient Conditions

For the interior solution, we show that the Hessian matrix is negative semidefinite, which proves con-
cavity (Theorem M.C.2 of Mas-Colell et al. 1995, p. 933). Since 7 = 2¢;q;x; for the interior solution
(by (12)), the Hessian is

Ho o b+cix? g
Ciqi Ty Ciqiz

Let H™ denote the matrix in which both the rows and the columns of H are permuted according to

some permutation 7 of the set {1, 2}, and let , H™ denote the k x k submatrix consisting of only the first

k rows and columns of H™. H is negative semidefinite iff (—1)* det (, H™) > 0 for every permutation 7,
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and for every k € {1,2} (Mas-Colell et al. 1995, Theorem M.D.2, p. 936). These conditions are easily
verified for H.

For the corner solution, we use an approach from Luenberger and Ye (2008) to show that any nonzero
feasible move away from the candidate solution decreases the objective function. For the corner solution,
the only active constraint is © < 1. Let g (¢, ) = x — 1. The gradient of g at the candidate solution is
# 0, which means that the candidate solution is regular. The gradient of the objective function at this

candidate solution is
T
Vi = ( 0 ¢ (T —2¢q) > .

T
A nonzero feasible direction, v = ( V1 U ) is defined by (Vg)T -v < 0. This condition is
equivalent to vy < 0. If v is a feasible direction, then v - \ym; = vaq; (T — 2¢;q;) < 0, because T > 2¢;¢;

(by equation (12)).

3.1.3 Step 3 - The Subgame Perfect Nash Equilibrium

Next we solve the regulator’s problem which is to choose the smallest 7 such that P < S. Recall that
equilibrium FEj; is played when 0 < 7 < 71, and equilibrium FEj is played when 71 < 7 < 72. We prove

the following lemma on the total pollution as a function of the tax rate.

Lemma 3 The total pollution, P (T), generated by firms as a function of the tax rate T is given by:

n(a—T) mr (n—m)T ‘
P(r)= b(2+(n-1)7) 2 2cp fO<T<m
alb(2—y)+2¢;]—7[b(2+(m—1)v)+2¢ . .
(n - m) (b[(Q[_’(Y)(22(77«—[1])7)1[)—&(-201((2_&-(71)2371_ll)],y)] - E) R ’Lf T1<T S T

Further, P (T) is continuous and strictly decreasing in T.

Proof. P (1) =31 11¢i (1) (L — 2 (1)) = mq (1 — ;) + (n —m) gp, (1 — xp) .
When 0 < 7 < 74,
~ n(a—T) mr  (n—m)T
PO = ert-n) 20 24

When 71 < 7 < 79, only the high-cost firms pollute and

P(r) = (n—m)qn(1—mp)
) ab—7)+2¢]—7b2+(m—-1)7)+2¢] T
b[2-7C2+r-DMNb+2q2+(-—m—-1)7)] 2¢

It is easy to see that P (7) is linear and strictly decreasing in 7 in each of the regions [0, 71] and

= (n—m

(11, T2]. Further, algebraic manipulations establish that P (71) = Ch[gé_ +"ZT)LG_(§’)“,Y_)TQCZ] such that P (1) is

continuous at 71. O

We now prove that for any pollution target S € (O, ?), there exists a unique tax rate 7* such that
P (7*) = S. Note that P (0) = T = S, and that P (79) = 0, because x; = x5, = 1. Since by
Lemma 3, P (7) is continuous and strictly decreasing, the result follows.

11



Finally, the equilibrium tax rate 7 (.5) for any pollution target S € (0, ?) is obtained by inverting

the expressions for P (1), which were derived in Lemma 3. Thus,
(n—m)a[b(2—)+2¢]—b[(2—) (2+(n—1)7)b+2¢; (24+(n—m—1)7)]S .
20 Gum) [+ F2a BT +2en mG—mp o) HO<S <50

na—b(2+(n—1)7)S . =
2+(n—1)7y)b((n—m)c;+mep)+2nciep’ ifS<S5<S

QClch(
When 0 < S < S,
a(2—7)+(n—m)y7(S)

T et m - b+2a 2+ (n—m—1)7)
_ alb(2 =)+ 2c] — 27bey, S
D24+ (m—=1)7)+2¢][b(24+ (n —m —1)7) + 2¢,] — m (n —m) b2
L b=+ 2]~ T ($)b+ (n 1)) + 2]
b[2—=7)2+(n—1)y)b+2¢q (24 (n—m—1)7)]
_ alb(2—7)+2¢]+2c, [b(2+ (m—1)7) +2¢] S,/ (n—m)
D24+ (m—=1)7)+2¢][b(24+ (n —m —1)7) + 2¢c,] — m (n —m) y2b?
Tz = 1
alb(2—7)+2a] -
bb(2=7) 2+ (n—-1)7) 4202+ (n-—m—-1)7)]5/(n—m)
T, =

alb(2—7)+2q]+2c, b2+ (n—m—1)7)+2¢]S,/ (n—m)

a—71(9) B a((n —m)c +mep) + 2cic,5
b2+ (n—1)7) 2+ ®m—-175)b((n—m)c +mep) + 2ncicp
7(95) _ cpna—b2+ (n—1)7v)5]
2¢iqf  a((n—m)c +mep) + 20,5
am alna—b@+@m—1)7)8
e a((n—m)c+mep) + 2,8

qQ = 4n =

This equilibrium is identical to the equilibrium under Cap-and-Trade (See proof of Theorem 1), and
VS, ¢ = ¢t > 0, 2l =z and 7 (S) = r (), where r(S) is the unique Cap-and-Trade equilibrium

(market-clearing) price at the emissions cap S. This completes the proof of Part (7).

3.2 Proof of Part (i)

Part (ii) follows directly from Part (7).

3.3 Proof of Part (i)

Since the Cap-and-Trade and Tax equilibria are identical, the difference 7¢ — 7!% is equal to the

difference between trading revenues (or expenses) under Cap-and-Trade and the tax paid to the regulator

under Taxes. Thus, ﬂft

7l = rt; + 7¢; (1 — x;) = 7 (t; + ¢ (1 — 2;)) = 7s; because under Cap-and-
Trade the pollution constraint of each firm is binding VS € (0, S), which means that ¢; (1 —z;) =

s; —ti, Vi. Equivalently, IT¢ — IT'** = "' 75, =75 > 0,¥S € (0, S). O
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4 Proof of Proposition 1

Proof of Part (i): By Theorem 1, the total output under Cap-and-Trade, Q< (S), is piecewise linear

and continuous in S, by continuity of ¢; and ¢, at S. Straightforward algebraic manipulations show that

a[nb(2—v)+2((n—m)c;+mep )] +2cp [b(2—7)+2¢]S
Qt(s) = PO 1)’y)+2cl][b(2+(7ll mhl)'y)JthC;Jf?’?yl(nlen)’ﬂbQ’ for 0 <5 <5
a((n—m)e;+mep)+2¢ch S for S<S <3S

"M@= 1))b((n—m)e;+men)+2nerer,’
Hence, Vv, m, n,

2¢cp [b(2—7)+2¢
Q" (S) _ [b(2+(m—1)7)+2cl][b(ZZ-[(gL—TZ)—l)'yL)]—i-?ch}—m(n—m)'ysz >0, for0<S<S

oS 2ncicp <
DR m)erTmen) T 2nae, = O for §<5<5.0

Proof of Part (ii): We show that (%a( ) < 0. Part (i) of Proposition 1 provides the expressions
for %;()

2bcy, [(Tb—l)b2 (2—7)2+4b[(”_ 1)(2—v)ei+m(cp—cp)]+4e ((n—m—1)¢ +mch)]

?Q(S) _
For0 < S < S, 828583(5) = 2([2[1)(%.,_(Tln)_)l)»y);2cl}([b(2+(7)1—m—1)7)+2ch]—m(n—m)’y2b2]2 < 0.
— c _ +(n—1)y)nmbc;c (¢, —cy
For S <S5 < S, Sy T [(24+(n—1)7)b((n—m)ci+mep )+2ncicn) <0.0

5 Proof of Proposition 2

Proof of Part i(a): The firms’ joint profits Il = >_"" ; 7; are continuous at S by continuity of ¢; and
x; at S for all 5. We show that the firms’ joint profits under Cap-and-Trade are always decreasing to
the left of S iff v > 0 and n > 2. Formally, g—g (?) <0iff y >0and n > 2.

Rearranging the terms in equation (1) of the proof of Theorem 1, and since v; = r, we know that
in equilibrium, for all i, a — bg; — YWQ_; — c;ig;x? = bg; + ciqix? + (1 — x;) and that Y» ¢, = 0.
Furthermore, the pollution constraints are binding for S € (O, ?). Hence, the firms joint profits in

equilibrium are

I = mg(a—>bg—~Q_1) —mer (qn)” + (n—m) gn (a — bgn — YQ_p) — (n.—m) cn (quan) + 1>t
=1

= mq (a —bg —yQ_; — aqz}) + (n —m) gy (a — bgr, — YDQ_p, — chanz},)
= mq (bg + aqai +7 (1 —x)) + (n —m) q (b, + chanay +r (1 — x3))

= mqi (b+ca}) + (n—m)qy (b+cpap) +7(mg (1 —x) + (n—m) g, (1 — x3))

!
= mg (b—l—clxl) +(n—m)q (b+cpap) +18

On the interval [S, S), ¢ = g, and 7 = 2qqm; = 2cpgnry. Thus, we can rewrite I (S) = nbg? +

(n—m)c;+mep,
4cicp,

Hence, 8H5é5) = anql% +

r2+4rS, where II; is the industry profit on the interval [S, S), i.e., under moderate regulation.

(n—m)e+mep, ., &
2cicp,

T T+ BSS Note from the proof of Theorem 1 that ¢; and
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r are linear in S. Thus, analés) is also linear in S on the interval [S, S). It is straightforward to show

31_[1(5) o 2n(n—1)yacic . BH1(§) .
that = — (2+(n71)7)[QnClCh+(2+(n71§7’5b((n7m)q+m6h)] < 0iff y > 0and n > 2, where —5g—~ is the
limit of an{;éS) as S — S with S < S. Hence, the firms’ joint profits are strictly decreasing to the left

of S under Cap-and-Trade. By continuity, 38 < S such that H|S€(S 5 > msz§> vy >0.

Proof of Part i(b): We begin by showing that, on the relevant range, the industry profit under

moderate regulation, II;, increases as ¢; increases. Mathematically, 3S; < S such that %—I;Ill

SE(SZ ?)
From the proof of Part i(a), we have II; (S) = nbg? + (n=mjertmen 2 | g Thus, 211 = 2nbg 28 —

4ciep, dey oc;

(n—m)e;+mep,
2cicp,
6‘1l

1 m 2 4 r gcrl + &S. From Theorem 1, we have the expressions for ¢; and r from which we

oIl

can calculate and , and derive e, . Algebraic calculations are long but straightforward (and were

verified using Mathematlca). For brevity, intermediate calculations are omitted. Let C' = (n — m)¢; +

mcy,. We get
ol _ mci(nafb(2+(n71)'y)5)[(2nclch(2+3(n71)7)+(2+(n71)7)2bC)bena(2nclch+(27(n71)7)(20)]
e, — [2ncien+(2+(n—1)7)bC]?

It is easy to see that at S = S = the expression na—b (2 + (n — 1)) S in the first paren-

K@ (n-1)7)"

thesis of the numerator of 81211 equals 0, so that 8111 5= 0. Moreover, 8—1211 is quadratic in S. Thus,
(% (%2;) is linear in S. It is straightforward to show that % <%lgll> ‘S <= e 2:(;:( Qf(rsabgc’sb P <0
1Ch

for all n > 2 and m > 0. Hence, %—lgll is strictly positive to the left of S under Cap-and-Trade (and equal

to 0 at S = S). By continuity, 35; < S such that 2L >
) zn e o 5e(5.9)
1

The proof for 5+ follows the exact same logic. We get
o, _ (n— m)c? (na b(2+(n—1)7)S)[(anlch(2+3(n—1)'y)+(2+(n—1)'y)2bC)bS—na(2nclch+(2—(n—l)v)bC’)] A1,

den 2neien+(2+(n—1)7)bCP " en |g_g
o (o1l _ 2n(n—1)(n—m)abyc? . =
0 and &g (BC:))SZE = _[anlch+(2+(n—1)'y)bZC]2 < 0 for all n > 2 and m < n. By continuity, 35, < S

such that %Hl ’
Ch SE(S}H )

The proof for 8H1 follows the exact same structure again, except that we need to show that % <0

on the relevant range. We get
ol _ clch(ch—cl)(na—b(2+(n—1)*y)5)[na(2nclch+(2—(n—l)'y)bC)—(2nclch(2+3(n—1)7)+(2+(n—1)y)2b0)b5] oM,
om [2ncicn+(2+(n—1)7)bC)3 »Om|g_5

o1l _ 2n(n—1)abyciep(cp—cp) ..
0 and g (87;)’5:5 = Bt @2t m_1)7)6CT > 0 for all n > 2. By continuity, 35,, < S such that

oy
R )

Proof of Part (ii): Let Iy (S) denote the firms’ joint profits under Cap-and-Trade when v = 0.
We show that IIo (S) is strictly increasing on (0, S).

bey, S2—(n—m)acy, S a? nb+(n—m)c;+me
On (0, 5), Mo (S) = ~ h(n—rr(z)(b+gh)h T [4(bs-cl)(b)+lch) .

(n-mja m)a > S. Thus, IIy (S) is strictly increasing on (0, S).

—dbeyep, S?+4nacic, S+na?[(n—m)e+me
On [§ S) o (S) = : h4[b[(n—ni)?l+mch]$nclch)] l .

Thus, I (S) is strictly increasing on [S, S). O

, which has a unique maximum at

, which has a unique maximum at S = o
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6 Proof of Proposition 3

Proof of Part (i): The augmented consumer surplus is continuous at S by continuity of ¢; and
x; at S for all i. We show that the augmented consumer surplus under Cap-and-Trade is always
decreasing to the left of S iff d > D.,. The Consumer Surplus is C'S = 7", [7 [di (¢) — pi (¢i)] dg, where
d; (q) = a—~bQ_; —bq is the demand curve for product 4, and p; (¢;) = a—~vybQ_; —bg;, the price charged
for product ¢. Thus, CS = Y77, [ b (¢ — q)dg = % >, 7. Hence, the augmented consumer surplus
isACS=CS—-D = % (mql2 +(n—m) q%) —dS?, because the pollution constraints are binding. On the
interval [S, S|, ¢/ = qx, which implies that AC'S = n%ql2 — dS?%. Hence ACS’ (S) = nbqq) — 2dS. Note
from the proof of Theorem 1 that ¢ is linear in S. Thus, AC'S’ is also linear in S. It is straightforward
to show that ACS' (8) = sttty [t o = d| = s Dy — d] < O iff
d > D.,. By continuity, 35 < S such that ACS‘Se(SE) > ACS|g55, Vv and d> D,.

Proof of Part (ii): We perform a similar analysis for welfare to the left of S. Recall that
W = II+ ACS. The social welfare is continuous at S by continuity of I and AC'S at S. Using the proof

of Proposition 2 and Part (i) above, on the interval [§ , ?] , we have W'/ (S) =1Ir (g) + ACS’ (S) <

beep, (1—(n—1)7)
2ncicp+(2+(n—1)7)b((n—m)c;+mep)

vV yand d > d,.

0 < d>

= d. By continuity, 38 < S such that W|S€(§ 5 > Wlgsgs
This completes the proof of Proposition 3. (]

7 Proof of Corollary 1

Proof of Part (i): If v > -1 or equivalently n > 1+ %, then d, < 0. Hence, by Part (ii) of

1
n—1"

Proof of Part (4i): Recall that D, = 2nclch+(2+(n—f)cflyc)Z((n—m)cl-i-mch)

and d, = oo (zi_céflh_(i); ()Z(_(Tll)l)n YT’ and note that D, and d, are strictly decreasing in v for

v € [0,1]. Furthermore, at v =0, Dy = d, = 2[nclch+b(?fczl—c};n)cl+mch)] = dy. Hence, V d > dy, d > D,

Proposition 3, welfare improves for all d > 0 when v > ——

and d > d-, and the result follows directly from Proposition 3. [J

8 Proof of Proposition 4

Proof of Part (7): We show that a%% < 0, which means that increasing the number of low-abatement

cost firms mitigates the rate of output reduction in response to regulation. By Proposition 1, we have

¢ 2ep [b(2—7)+2¢/]
9Q“ (S) (IS Yo T TGN oty s o s o ey rgerery

oS 2nc;c —
(2+(nfl)y)b((nfrrlz)gl+mch)+2nclch >0, for §<5<S

7 >0, for0<S<S
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Thus,

c _ dybep (ep—cr) (b(2—7)+2¢;)
PQ(S) _ ) i D el b@ om0 2e mGm e < O or0 <S5 <S
omosS _ 2nbeicn (cn—c) (2+(n—1)7) 0, for S < S < g.

(@ (- D)b((n—m)er+men) +2neren]”
Proof of Part (ii): We show that D, and dy are decreasing in m for any ~, and that d, is
decreasing in m for v < ﬁ We know by Part (i) of Corollary 1 that when v > ﬁ, dy < 0 and
Region R2 in which moderate regulation improves welfare cannot expand.

From Proposition 3, recall that

D - beyey,
T 2ngep+ 2+ (n—1)9)b((n —m) ¢ +mep)
i - been, (1 —(n—1)7)
7 2ncie, + (24 (n—1)3) b ((n — m) ¢; + mcep)
g = beiey,
O 7 20ncen + b ((n—m) e + mep)]
Thus,
oDy _ bPeich (ch — ) (24 (n— 1)) <0
am [2ncien + (24 (n—1)7) b ((n —m) ¢ + mep))?
ody b2eicn (en — ) <0
om 2 [neien + b ((n —m) ¢ + mep)]?
Furthermore,
9d, _ Vac(en—a)2+n-1)7)(1-(n-1)7) ;< 0fory< 1
Im 2ncicn + (24 (n = 1)9) b ((n — m) ¢ + men)]” -1

Proof of Part (ii): Recall that S = _- [27(12_ +"Z%‘i(i§5i)20l}, which is clearly decreasing in m and goes

to0asm—n. O
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