
Technical Appendix for the paper
“Pollution Regulation of Competitive Markets”

1 Absence of Profit Overshifting

We show that, in our model, profits always fall as the marginal production cost k increases. This rules

out the possibility of profit overshifting to explain the increase in firm profits under regulation in our

model. (See Seade (1985) and related discussions in Section 2). Firm i’s objective, 8i, is

max
qi≥0

πi (qi | Q−i) = qi · (pi (qi; Q−i)− k)

Where the price pi (qi; Q−i) = a− bqi − γbQ−i. The first-order necessary condition is:

@πi
@qi

= a− k − γbQ−i − 2bqi = 0) qi =
a− k − γbQ−i

2b

Since Q = Q−i + qi, we can rewrite qi =
a−k−γbQ
b(2−γ) , which does not depend on i. Hence,

Pn
i=1 qi =

Q = n · a−k−γbQb(2−γ) from which we derive the equilibrium quantities and prices

Q∗ =
n (a− k)

b (2 + (n− 1) γ)

q∗i =
a− k

b (2 + (n− 1) γ)
> 0

p∗i =
a+ k (1 + (n− 1) γ)

2 + (n− 1) γ

Since @
2πi
@q2i

= −2b < 0, q∗i is the unique maximizer of πi. Since Q−i = (n− 1) qi, firm i0s equilibrium

profits are

π∗i = q∗i · (p
∗
i − k) = q

∗
i (a− k − b (1 + (n− 1) γ) q

∗
i )

= (a− k) q∗i − b (1 + (n− 1) γ) q
∗2
i =

(a− k)2

b (2 + (n− 1) γ)2

It is easy to see that π∗i is decreasing in k for 0 < k < a. Hence, there is no profit overshifting. !

2 Proof of Theorem 1

Proof of Part (i): We derive the unique Nash equilibrium under the Cap-and-Trade mechanism for

any S, any γ, and 8 0 ≤ m ≤ n. Let S = (n−m)a(ch−cl)
ch[b(2+(n−1)γ)+2cl]

, and let bsi = si − ti denote the post-trading

emission allowances held by firm i. When 0 < m < n, the unique equilibrium is:
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Case 1, S > S (Interior Solution—Moderate Regulation) :

qctl = qcth =
a ((n−m) cl +mch) + 2clchS

(2 + (n− 1) γ) b ((n−m) cl +mch) + 2nclch

xctl = ch
na− b (2 + (n− 1) γ)S

a ((n−m) cl +mch) + 2clchS
; xcth = cl

na− b (2 + (n− 1) γ)S
a ((n−m) cl +mch) + 2clchS

r = 2clch
na− b (2 + (n− 1) γ)S

(2 + (n− 1) γ) b ((n−m) cl +mch) + 2nclch

bsl =
ch [b (2 + (n− 1) γ) + 2cl]S − (n−m) a (ch − cl)
(2 + (n− 1) γ) b ((n−m) cl +mch) + 2nclch

bsh =
cl [b (2 + (n− 1) γ) + 2ch]S −ma (ch − cl)
(2 + (n− 1) γ) b ((n−m) cl +mch) + 2nclch

Case 2, S ≤ S (Corner Solution—Stringent Regulation)

qctl =
a [b (2− γ) + 2ch]− 2γbchS

[b (2 + (m− 1) γ) + 2cl] [b (2 + (n−m− 1) γ) + 2ch]−m (n−m) γ2b2

qcth =
a [b (2− γ) + 2cl] + 2ch [b (2 + (m− 1) γ) + 2cl]S! (n−m)

[b (2 + (m− 1) γ) + 2cl] [b (2 + (n−m− 1) γ) + 2ch]−m (n−m) γ2b2

xctl = 1; xcth =
(n−m) a [b (2− γ) + 2cl]− b [b (2− γ) (2 + (n− 1) γ) + 2cl (2 + (n−m− 1) γ)]S

(n−m) a [b (2− γ) + 2cl] + 2ch [b (2 + (m− 1) γ) + 2cl]S

r = 2ch
(n−m) a [b (2− γ) + 2cl]− b [(2− γ) (2 + (n− 1) γ) b+ 2cl (2 + (n−m− 1) γ)]S
(n−m) [[b (2 + (m− 1) γ) + 2cl] [b (2 + (n−m− 1) γ) + 2ch]−m (n−m) γ2b2]

bsl = 0; bsh =
S

n−m

When m = 0 (or n), the unique equilibrium 8 S is:

qcti =
a+ 2ciS/n

b (2 + (n− 1) γ) + 2ci
; xcti =

a− bs (2 + (n− 1) γ)
a+ 2ciS/n

r =
2ci [a− b (2 + (n− 1) γ)S/n]

b (2 + (n− 1) γ) + 2ci
; bsi =

S

n

Proof
Firm i’s objective under Cap-and-Trade, 8i, is

max
qi>0, 0≤xi≤1, ti≤si

πi (qi, xi, ti | Q−i, r) = qi · (a− b · qi − γ · b ·Q−i)− ci · (qi · xi)2 + r · ti

subject to the pollution constraint qi · (1− xi) ≤ si − ti,

Note that the conditions qi > 0, xi ≤ 1, and the pollution constraint jointly guarantee that ti ≤ si.

Hence, we can eliminate the constraint ti ≤ si.

We analyze the cases 0 < m < n and m = 0 (or n) separately.
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2.1 Case 1: 0 < m < n.

There are four steps to the proof: (i) We analyze the Lagrangian, and derive necessary conditions

on qi, xi, and ti based on the Kuhn-Tucker conditions; (ii) We show that any equilibrium must be

symmetric, meaning that if firms have equal cost coe¢cients, their production quantities, abatement

levels, and trading quantities are identical; (iii)We solve for the equilibrium, and prove that it is unique;

and (iv) We verify the second order su¢cient conditions.

2.1.1 Step 1 - Analysis of the Lagrangian

Write the Lagrangian Li = qi · (a− b · qi − γ · b ·Q−i)− ci · (qi · xi)2 + r · ti + ηi · xi − µi · (xi − 1)− νi ·

(qi · (1− xi)− si + ti). The Kuhn-Tucker necessary conditions are:

@Li
@qi

= a− γbQ−i − 2qi ·
(
b+ ci · x2i

)
− νi · (1− xi) = 0 (1)

@Li
@xi

= qi · (νi − 2ci · qi · xi) + ηi − µi = 0 (2)

@Li
@ti

= r − νi = 0 (3)

with the complementary slackness conditions ηi·xi = 0, µi·(xi − 1) = 0, and νi·(qi · (1− xi)− si + ti) =

0, and the feasibility constraints, qi > 0; ηi, µi, νi ≥ 0; 0 ≤ xi ≤ 1; and qi · (1− xi) ≤ si − ti.

First, we show that ηi = 0. Proof. (By contradiction.) Suppose that ηi > 0. Then xi = 0, which

also implies that µi = 0 (by complementary slackness), and from equation (2), ηi = −νiqi ≤ 0. !
Given that ηi = 0, we now consider two cases for νi:

• If νi = 0, then (2) ) µi = −2ciq2i xi. Furthermore, µi ≥ 0 ) xi = 0 ) µi = 0. By equation

(1) , and the fact that Q = Q−i + qi, qi =
a−γbQ−i

2b = a−γbQ
b(2−γ) . Also, ti ≤ si − qi (by the pollution

constraint).

• If νi > 0, then the pollution constraint binds, i.e.,

ti = si − qi (1− xi) (4)

Now, consider the following two sub-cases for µi:

1. µi = 0 : Then, (2) ) νi = 2ciqixi. Substituting in (1) , we get qi =
a−γbQ−νi
b(2−γ) . The condition

xi ≤ 1) νi ≤ 2ciqi.

2. µi > 0 : Then, xi = 1, by complementary slackness. By equation (4) , ti = si, and by equation (1) ,

and the fact that Q = Q−i+ qi, qi =
a−γbQ−i
2(b+ci)

= a−γbQ
b(2−γ)+2ci

. By equation (2) , µi = qi (νi − 2ciqi) >

0, which implies that νi > 2ciqi.

3



To summarize: if qi > 0, then ηi = 0 (always), νi = r by (3), and there are three possible candidate

solutions:

qi =
a− γbQ
b (2− γ)

; xi = 0; ti ≤ si − qi; νi = r = µi = 0; (5)

qi =
a− γbQ− r
b (2− γ)

; xi =
r

2ciqi
; ti = si − qi (1− xi) ; 0 < νi = r ≤ 2ciqi; µi = 0; (6)

qi =
a− γbQ

b (2− γ) + 2ci
; xi = 1; ti = si; νi = r > 2ciqi; µi > 0. (7)

Consider first the solution candidates given by (5) . Since r = 0 under this solution, the set of

equations represented by the conditions (5) must apply to all firms, if they apply to any. By (5), we

have ql = qh =
a−bγQ
b(2−γ) and xl = xh = 0. Since Q = nql, we have ql = qh =

a
b(2+(n−1)γ) > 0. By (5), we

also have, 8i, ti ≤ si − qi. Hence, 8i, si ≥ qi + ti. Thus,
nX

i=1

si ≥
nX

i=1

qi +

nX

i=1

ti , S ≥ na
b(2+(n−1)γ) = S

(since
nX

i=1

ti = 0 by the market-clearing condition). Thus, the set of conditions given by (5) cannot lead

to any feasible equilibrium in the range of interest S 2
(
0, S

)
. Hence, in the rest of this proof, we focus

only the candidate solutions given by conditions (6) and (7).

2.1.2 Step 2 - Proof of Symmetry

Lemma 1 If ci = cj , then µi = µj , qi = qj , xi = xj and si − ti = sj − tj .

Proof. Consider two firms, indexed by i and j, and suppose that ci = cj = c. By Step 1, we know

that the solution candidates must satisfy conditions (6) or (7) .

Consider the case (µi = 0, µj > 0). Conditions (6) apply for firm i and conditions (7) for firm j.

From (6) , qi =
a−γbQ−2cqixi

b(2−γ) ) qi =
a−γbQ

b(2−γ)+2cxi
. Thus, r = 2cqixi > 2cqj ) qixi > qj )

(a−γbQ)xi
b(2−γ)+2cxi

>

a−γbQ
b(2−γ)+2c , which simplifies to xi > 1, which is infeasible. Therefore you cannot have µi = 0 and µj > 0

simultaneously. Similarly, you cannot have µi > 0 and µj = 0 simultaneously. The only two possible

cases are:

1. µi = µj = 0. In this case, by (6) , qi = qj which also implies that xi = xj . Further, si − ti =

qi (1− xi) = qj (1− xj) = sj − tj .

2. µi > 0 and µj > 0. Then, xi = xj = 1 and qi = qj =
a−γbQ

b(2−γ)+2c , by (7) . From equation (2),

µi = qi (νi − 2cqi) = qi (r − 2cqi) = qj (νj − 2cqj) = µj . Further, si − ti = sj − tj = 0. !

2.1.3 Step 3 - Equilibrium Analysis

We know by Lemma 1 that if ci = cj then si − ti = sj − tj , i.e., firms with the same abatement cost

coe¢cient will have the same post-trading caps. Let the post-trading cap of a low-cost firm be bsl ,
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and that of a high-cost firm be bsh . The market clearing condition stipulates that
nX

i=1

ti = 0; hence,

nX

i=1

(si − ti) = S = mbsl + (n−m) bsh, which implies that

bsh =
S −mbsl
n−m

(8)

We showed in Step 1 that the equilibrium solution for each firm must satisfy exactly either (6) or

(7). Hence, by Lemma 1, firms with identical abatement cost coe¢cients must satisfy the same set

of conditions—(6) or (7).We investigate all possible solutions that can arise from these conditions by

varying r.

Case 1: 0 < r ≤ min {2clql, 2chqh} : This is obtained by applying conditions (6) to both types of

firms. Using (6) and (8), we have five equations in the five unknowns ql = qh, xl, xh, bsl
and r : (i) ql = qh =

a−γbQ−r
b(2−γ) ; (ii) r = 2clqlxl; (iii) r = 2chqhxh; (iv) bsl = ql (1− xl) ;

and (v) bsh = S−mbsl
n−m = qh (1− xh) . By algebraic manipulations, we can prove that qctl = qcth =

a((n−m)cl+mch)+2clchS
(2+(n−1)γ)b((n−m)cl+mch)+2nclch

> 0; xctl = ch
na−b(2+(n−1)γ)S

a((n−m)cl+mch)+2clchS
; xcth =

cl
ch
xctl = cl

na−b(2+(n−1)γ)S
a((n−m)cl+mch)+2clchS

;

bsl = ch[b(2+(n−1)γ)+2cl]S−(n−m)a(ch−cl)
(2+(n−1)γ)b((n−m)cl+mch)+2nclch

; bsh = S−mbsl
n−m = cl[b(2+(n−1)γ)+2ch]S+ma(ch−cl)

(2+(n−1)γ)b((n−m)cl+mch)+2nclch
and r =

2clch[na−b(2+(n−1)γ)S]
(2+(n−1)γ)b((n−m)cl+mch)+2nclch

.

This equilibrium will hold only if 0 < r ≤ min {2clql, 2chqh} = 2clql, since ql = qh and cl ≤ ch.

The condition r ≤ 2clql () S ≥ (n−m)a(ch−cl)
ch[b(2+(n−1)γ)+2cl]

≡ S. The condition r > 0 () S <

na
b(2+(n−1)γ) = S. It is easy to check that S ≤ S. This candidate solution is an interior solution

and corresponds precisely to Case 1 (Moderate Regulation) of Theorem 1, when 0 < m < n.

Case 2: min {2clql, 2chqh} < r ≤ max {2clql, 2chqh} . There are two possibles cases: (2.1) 2clql < r ≤

2chqh, and (2.2) 2chqh < r ≤ 2clql. We analyze each case separately.

(2.1) 2clql < r ≤ 2chqh : This is obtained by applying conditions (7) to low-cost firms, and

conditions (6) to high-cost firms. By (7), we have ql =
a−γbQ

b(2−γ)+2cl
; xctl = 1; and bsl = 0.

Hence, bsh = S−mbsl
n−m = S

n−m . By (6) , r = 2chqhxh and bsh = qh (1− xh) ) qhxh = qh − S
n−m .

Also by (6), qh =
a−γbQ−2chqhxh

b(2−γ) = a−γbQ+2chS/(n−m)
b(2−γ)+2ch

. To summarize, we have the following

expressions for ql and qh : ql =
a−γbQ

b(2−γ)+2cl
and qh =

a−γbQ+2chS/(n−m)
b(2−γ)+2ch

, where Q = mql +

(n−m) qh. Solving the above system of linear equations for ql and qh, we get the following

corner solution:

qctl =
a [b (2− γ) + 2ch]− 2γbchS

[b (2 + (m− 1) γ) + 2cl] [b (2 + (n−m− 1) γ) + 2ch]−m (n−m) γ2b2

qcth =
a [b (2− γ) + 2cl] + 2ch [b (2 + (m− 1) γ) + 2cl]S/(n−m)

[b (2 + (m− 1) γ) + 2cl] [b (2 + (n−m− 1) γ) + 2ch]−m (n−m) γ2b2
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Grouping the b2 terms of the denominator and simplifying, we can rewrite the denominators

of ql and qh as (2− γ) (2 + (n− 1) γ) b2 + 2b [(2 + (n−m− 1) γ) cl + (2 + (m− 1) γ) ch] +

4clch > 0. Hence, qh > 0. Further, ql =
a−γbQ

b(2−γ)+2cl
= a−γbQ−2clql

b(2−γ) > qh =
a−γbQ−2chqhxh

b(2−γ) only

if 2clql < 2chqhxh = r, which is true. Thus, ql > 0 also.

Further, we have xcth = 1 − S
(n−m)qh

= (n−m)a[b(2−γ)+2cl]−b[b(2−γ)(2+(n−1)γ)+2cl(2+(n−m−1)γ)]S
(n−m)a[b(2−γ)+2cl]+2ch[b(2+(m−1)γ)+2cl]S

.

We also have, r = 2chqhxh = 2ch

(
qh − S

n−m

)
, which, after algebraic simplification, yields

r = 2ch
a[b(2−γ)+2cl]−b[(2−γ)(2+(n−1)γ)b+2cl(2+(n−m−1)γ)]S!(n−m)

[b(2+(m−1)γ)+2cl][b(2+(n−m−1)γ)+2ch]−m(n−m)γ2b2
. The conditions 2clql < r ≤

2chqh imply that S <
(n−m)a(ch−cl)

ch[b(2+(n−1)γ)+2cl]
= S, since r = 2chqhxh ≤ 2chqh.

(2.2) 2chqh < r ≤ 2clql : The solution to case (2.2) is obtained from the solution to case (2.1)

by substituting cl and m for ch and (n−m), respectively, leading to the condition S <

ma(cl−ch)
cl[b(2+(n−1)γ)+2ch]

< 0, which is infeasible.

Case 3: r > max {2clql, 2chqh} : This is obtained by applying conditions (7) to both types of firms.

By (7) , bsl = bsh = 0 and, by (8) , bsh = S−mbsl
n−m = 0 ) S = 0, and there is no feasible equilibrium

in the range of interest S 2
(
0, S

)
. !

2.1.4 Step 4 - Second Order Su¢cient Conditions

For the interior solution, we show that the Hessian matrix is negative semidefinite, which proves con-

cavity (Theorem M.C.2 of Mas-Colell et al. 1995, p. 933). Since r = 2ciqixi for the interior solution

(by (6)), the Hessian is

H = −2

0

BBB@

b+ cix
2
i ciqixi 0

ciqixi ciq
2
i 0

0 0 0

1

CCCA

Let Hπ denote the matrix in which both the rows and the columns of H are permuted according

to some permutation π of the set {1, 2, 3} , and let kHπ denote the k × k submatrix consisting of

only the first k rows and columns of Hπ. H is negative semidefinite i§ (−1)k det (kHπ) ≥ 0 for every

permutation π, and for every k 2 {1, 2, 3} (Mas-Colell et al. 1995, Theorem M.D.2, p. 936). These

conditions are easily verified for H.

For the corner solution, we use an approach from Luenberger and Ye (2008) to show that any

nonzero feasible move away from the candidate solution decreases the objective function. For the

corner solution, the active constraints are x ≤ 1 and q (1− x) ≤ s − t. Let g1 (q, x, t) = x − 1 and

g2 (q, x, t) = q (1− x) − s + t. The gradients of g1 and g2 at the candidate solution are 6= 0, which

means that the candidate solution is regular. The gradient of the objective function at this candidate
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solution is

5πi =
(
0 −2ciq2i r

)T
.

A nonzero feasible direction, v =
(
v1 v2 v3

)T
is defined by (5g1)T · v ≤ 0 and (5g2)T · v ≤ 0.

These conditions are equivalent to v2 ≤ 0 and −v2qi + v3 ≤ 0. If v is a feasible direction, then

v ·5πi = −2ciq2i v2 + rv3 ≤ r (−v2qi + v3) ≤ 0, because r > 2ciqi (by equation (7)).

2.2 Case 2: m = 0 (or n).

2.2.1 Step 1 - Analysis of the Lagrangian

This step is identical to Case 1.

2.2.2 Step 2 - Proof of Symmetry

This step is identical to Case 1.

2.2.3 Step 3 - Equilibrium Analysis

First consider the casem = 0 (ci = ch for all i). By Lemma 1 (of Step 2), all the firms will have the same

post-trading cap, bsh. The market clearing condition stipulates that
nX

i=1

ti = 0; hence,
nX

i=1

(si− ti) = S =

n bsh, which implies that bsh = S
n .

We showed in Step 1 that the equilibrium solution for each firm must satisfy exactly either (6) or

(7). We investigate the two possible solutions that can arise from these conditions by varying r.

Case 1: 0 < r ≤ 2chqh : Conditions (6) apply to both types of firms. Using (6), we have three

equations in the three unknowns qh, xh and r : (i) qh =
a−γbQ−r
b(2−γ) ; (ii) r = 2chqhxh; and

(iii) bsh = S
n = qh (1− xh) .

By algebraic manipulations, we can prove that qh =
a+2chS/n

b(2+(n−1)γ)+2ch
> 0; xh =

a−b(2+(n−1)γ)S/n
a+2chS/n

and

r = 2ch[a−b(2+(n−1)γ)S/n]
b(2+(n−1)γ)+2ch

.

This equilibrium will hold only if 0 < r ≤ 2chqh. The condition r ≤ 2chqh () S ≥ 0. The condition

r > 0 () S < na
b(2+(n−1)γ) = S.

Case 2: r > 2chqh : Conditions (7) apply to both types of firms. By (7) , bsh = 0 = S
n ) S = 0, and

there is no feasible equilibrium in the range of interest S 2
(
0, S

)
.

Finally, the symmetric case m = n is obtained from the case m = 0 by substituting cl for ch.
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2.2.4 Step 4 - Second Order Su¢cient Conditions

This step is identical to Case 1.

By Step 2, the equilibrium is symmetric for any S, γ, m and n.

Proof of Part (ii): The equilibrium solution
{
qctl , q

ct
h , x

ct
l , x

ct
h , r, bsl, bsh

}
depends on the regula-

tor’s total pollution cap S, but is independent of the initial allocation {si}ni=1 , so long as
Pn
i=1 si = S.

This concludes the proof of Theorem 1 for any S, any γ, and 8 0 ≤ m ≤ n. !

3 Proof of Theorem 2

3.1 Proof of Part (i)

We solve for the Subgame Perfect Nash equilibrium under Taxes. There are three steps to this derivation:

(i) Using backward induction, we solve for the firms’ Nash Equilibrium given the tax rate τ ; (ii) We

verify the second order su¢cient conditions; and (iii)We solve for the Subgame Perfect Nash equilibrium

by finding the minimum tax rate τ that achieves P ≤ S, and prove that it is unique.

3.1.1 Step 1 - The firms’ Nash Equilibrium given τ

The firm’s problem under the Tax mechanism is

max
qi>0, 0≤xi≤1

πi (qi, xi | Q−i, τ) = qi · (a− b · qi − γ · b ·Q−i)− ci · (qi · xi)2 − τ · qi · (1− xi)

Write the Lagrangian for firm i :

Li = qi · (a− b · qi − γ · b ·Q−i)−ci · (qi · xi)2−τ ·qi · (1−xi)+ηi ·xi−µi · (xi−1). The Kuhn-Tucker

necessary conditions are:

@Li
@qi

= a− γbQ−i − 2qi ·
(
b+ ci · x2i

)
− τ · (1− xi) = 0 (9)

@Li
@xi

= qi · (τ − 2ci · qi · xi) + ηi − µi = 0 (10)

with the complementary slackness conditions ηi · xi = 0, and µi · (xi − 1) = 0, and the feasibility

constraints, qi > 0, 0 ≤ xi ≤ 1 and ηi, µi ≥ 0.

First, we show that ηi = 0. Proof. (By contradiction.) Suppose that ηi > 0. Then xi = 0, which

also implies that µi = 0 (by complementary slackness), and from equation (10), ηi = −τqi ≤ 0. !
Given that ηi = 0, we now consider two cases for µi:

• µi > 0. Then xi = 1 and by equation (9), qi =
a−γbQ−i
2(b+ci)

) 2qi(b+ci) = a−γbQ−i. Subtracting γbqi

from both sides of the equation, and since Q = Q−i + qi, we have qi =
a−γbQ

b(2−γ)+2ci
. The condition

µi > 0) τ > 2ciqi (using equation 10) .
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• µi = 0. Then, by equation (10), τ = 2ciqixi. After substitution in (9), we get qi =
a−τ−γbQ−i

2b =

a−τ−γbQ
b(2−γ) . The solution holds only if xi ≤ 1) τ ≤ 2ciqi.

To summarize, there are two possible candidate solutions:

qi =
a− γbQ

b (2− γ) + 2ci
; xi = 1; µi > 0; τ > 2ciqi (11)

qi =
a− τ − γbQ
b (2− γ)

; xi =
τ

2ciqi
; µi = 0; τ ≤ 2ciqi (12)

Next, we prove that any equilibrium must be symmetric, meaning that if firms have equal cost

coe¢cients, their production quantities and abatement levels are identical.

Lemma 2 If ci = cj , then µi = µj , qi = qj and xi = xj .

Proof. Consider two firms, indexed by i and j, and suppose that ci = cj = c.

Consider the case (µi = 0, µj > 0). Conditions (12) apply for firm i and conditions (11) for firm j.

From (12) , qi =
a−γbQ−2cqixi

b(2−γ) ) qi =
a−γbQ

b(2−γ)+2cxi
. Thus, τ = 2cqixi > 2cqj ) qixi > qj )

(a−γbQ)xi
b(2−γ)+2cxi

>

a−γbQ
b(2−γ)+2c (also by conditions (11) and (12)), which simplifies to xi > 1, which is infeasible. Therefore

you cannot have µi = 0 and µj > 0 simultaneously. Similarly, you cannot have µi > 0 and µj = 0

simultaneously. The only two possible cases are:

1. µi = µj = 0. In this case, using (12) , a − τ − γbQ = b (2− γ) qi = b (2− γ) qj ) qi = qj . Since

τ = 2cqixi = 2cqjxj (again by 12), qi = qj also implies that xi = xj . Thus, Lemma 2 holds.

2. µi > 0 and µj > 0. Then, xi = xj = 1 and qi = qj =
a−γbQ

b(2−γ)+2c , by (11) . From equation (10),

µi = 2qi (τ − 2cqi) = 2qj (τ − 2cqj) = µj . !

By Lemma 2, firms with identical abatement cost coe¢cients must satisfy the same set of conditions—

(11) or (12). We investigate all possible solutions that can arise from these conditions by varying τ .

Case 1: 0 ≤ τ ≤ min {2clql, 2chqh} . This is obtained by applying conditions (12) apply to both types

of firms. By (12) , we have τ = 2clqlxl = 2chqhxh, ql = qh =
a−τ−γbQ
b(2−γ) . Since Q = nql, we have

ql = qh =
a−τ

b(2+(n−1)γ) . Further, we have xl =
b(2+(n−1)γ)τ
2cl(a−τ)

≥ xh =
b(2+(n−1)γ)τ
2ch(a−τ)

. The conditions

τ ≤ min {2clql, 2chqh}) τ ≤ τ1 ≡ 2acl
(2+(n−1)γ)b+2cl

. Notice that Case 1 is an interior solution.

Case 2: min {2clql, 2chqh} < τ ≤ max {2clql, 2chqh} : There are two possible cases: (2.1) 2clql <

τ ≤ 2chqh, and (2.2) 2chqh < τ ≤ 2clql. We analyze each case separately.

(2.1) 2clql < τ ≤ 2chqh : This is obtained by applying conditions (11) to low-cost firms, and

conditions (12) to high-cost firms. By (11) , xl = 1 and ql =
a−γbQ

b(2−γ)+2cl
. By (12) , xh = τ

2chqh
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and qh =
a−τ−γbQ
b(2−γ) . Since Q = mql + (n−m) qh, solving the system of linear equations for ql

and qh, we get

ql =
a (2− γ) + (n−m) γτ

(2− γ) (2 + (n− 1) γ) b+ 2cl (2 + (n−m− 1) γ)

qh =
a [b (2− γ) + 2cl]− τ [b (2 + (m− 1) γ) + 2cl]

b [(2− γ) (2 + (n− 1) γ) b+ 2cl (2 + (n−m− 1) γ)]

Further, we have xh =
b[(2−γ)(2+(n−1)γ)b+2cl(2+(n−m−1)γ)]τ
2ch[a[b(2−γ)+2cl]−τ [b(2+(m−1)γ)+2cl]]

. The conditions 2clql < τ ≤ 2chqh )

τ1 < τ ≤ τ2 ≡
2ach[b(2−γ)+2cl]

[b(2+(m−1)γ)+2cl][b(2+(n−m−1)γ)+2ch]−m(n−m)γ2b2
. It is easy to check that

τ1 < τ2. Case (2.1) is the corner solution with xl = 1.

(2.2) 2chqh < τ ≤ 2clql. The solution to case (2.2) is obtained from the solution to case

(2.1) by substituting cl and m for ch and (n−m), respectively, leading to the condition
2ach

(2+(n−1)γ)b+2ch
< τ ≤ 2acl[b(2−γ)+2ch]

[b(2+(m−1)γ)+2cl][b(2+(n−m−1)γ)+2ch]−m(n−m)γ2b2
, which is impossible be-

cause the LHS is greater than the RHS.

Case 3: τ > max {2clql, 2chqh} : This is obtained by applying conditions (11) to both types of firms.

By (11) , we have xl = xh = 1, ql =
a−γbQ

b(2−γ)+2cl
, and qh =

a−γbQ
b(2−γ)+2ch

, from which we derive ql =
a[b(2−γ)+2ch]

[b(2+(m−1)γ)+2cl][b(2+(n−m−1)γ)+2ch]−m(n−m)γ2b2
and qh =

a[b(2−γ)+2cl]
[b(2+(m−1)γ)+2cl][b(2+(n−m−1)γ)+2ch]−m(n−m)γ2b2

.

To ensure a feasible solution for τ , we need τ > max {2clql, 2chqh} ) τ > τ2.

Finally, we will argue that the regulator will never choose a tax rate τ > τ2, and hence, Case 3 will

never be an outcome of the Taxes mechanism. To see this, observe that for any τ > τ2, the pollution

is identically 0. This level of pollution is equally accomplished by setting τ = τ2, in which case firms

choose the candidate solution (2.1). Since the regulator’s objective is to choose the minimum τ that

accomplishes P ≤ S, she will never need to pick τ > τ2. Hence, in what follows, we will only focus on

Cases 1 and 2.1.

3.1.2 Step 2 - Second Order Su¢cient Conditions

For the interior solution, we show that the Hessian matrix is negative semidefinite, which proves con-

cavity (Theorem M.C.2 of Mas-Colell et al. 1995, p. 933). Since τ = 2ciqixi for the interior solution

(by (12)), the Hessian is

H = −2

0

@ b+ cix
2
i ciqixi

ciqixi ciq
2
i

1

A

Let Hπ denote the matrix in which both the rows and the columns of H are permuted according to

some permutation π of the set {1, 2} , and let kHπ denote the k×k submatrix consisting of only the first

k rows and columns of Hπ. H is negative semidefinite i§ (−1)k det (kHπ) ≥ 0 for every permutation π,
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and for every k 2 {1, 2} (Mas-Colell et al. 1995, Theorem M.D.2, p. 936). These conditions are easily

verified for H.

For the corner solution, we use an approach from Luenberger and Ye (2008) to show that any nonzero

feasible move away from the candidate solution decreases the objective function. For the corner solution,

the only active constraint is x ≤ 1. Let g (q, x) = x− 1. The gradient of g at the candidate solution is

6= 0, which means that the candidate solution is regular. The gradient of the objective function at this

candidate solution is

5πi =
(
0 qi (τ − 2ciqi)

)T
.

A nonzero feasible direction, v =
(
v1 v2

)T
is defined by (5g)T · v ≤ 0. This condition is

equivalent to v2 ≤ 0. If v is a feasible direction, then v ·5πi = v2qi (τ − 2ciqi) ≤ 0, because τ > 2ciqi

(by equation (12)).

3.1.3 Step 3 - The Subgame Perfect Nash Equilibrium

Next we solve the regulator’s problem which is to choose the smallest τ such that P ≤ S. Recall that

equilibrium E1 is played when 0 ≤ τ ≤ τ1, and equilibrium E2 is played when τ1 < τ ≤ τ2. We prove

the following lemma on the total pollution as a function of the tax rate.

Lemma 3 The total pollution, P (τ), generated by firms as a function of the tax rate τ is given by:

P (τ) =

8
<

:

n(a−τ)
b(2+(n−1)γ) −

mτ
2cl
− (n−m)τ

2ch
, if 0 ≤ τ ≤ τ1

(n−m)
(

a[b(2−γ)+2cl]−τ [b(2+(m−1)γ)+2cl]
b[(2−γ)(2+(n−1)γ)b+2cl(2+(n−m−1)γ)]

− τ
2ch

)
, if τ1 < τ ≤ τ2

Further, P (τ) is continuous and strictly decreasing in τ .

Proof. P (τ) =
Pn
i=1 [qi (τ) (1− xi (τ))] = mql (1− xl) + (n−m) qh (1− xh) .

When 0 ≤ τ ≤ τ1,

P (τ) =
n (a− τ)

b (2 + (n− 1) γ)
−
mτ

2cl
−
(n−m) τ
2ch

When τ1 < τ ≤ τ2, only the high-cost firms pollute and

P (τ) = (n−m) qh (1− xh)

= (n−m)
[

a [b (2− γ) + 2cl]− τ [b (2 + (m− 1) γ) + 2cl]
b [(2− γ) (2 + (n− 1) γ) b+ 2cl (2 + (n−m− 1) γ)]

−
τ

2ch

]

It is easy to see that P (τ) is linear and strictly decreasing in τ in each of the regions [0, τ1] and

(τ1, τ2]. Further, algebraic manipulations establish that P (τ1) =
(n−m)a(ch−cl)

ch[b(2+(n−1)γ)+2cl]
such that P (τ) is

continuous at τ1. !
We now prove that for any pollution target S 2

(
0, S

)
, there exists a unique tax rate τ∗ such that

P (τ∗) = S. Note that P (0) = na
b(2+(n−1)γ) = S, and that P (τ2) = 0, because xl = xh = 1. Since by

Lemma 3, P (τ) is continuous and strictly decreasing, the result follows.
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Finally, the equilibrium tax rate τ (S) for any pollution target S 2
(
0, S

)
is obtained by inverting

the expressions for P (τ), which were derived in Lemma 3. Thus,

τ (S) = P−1 (S) =

8
<

:
2ch

(n−m)a[b(2−γ)+2cl]−b[(2−γ)(2+(n−1)γ)b+2cl(2+(n−m−1)γ)]S
(n−m)[[b(2+(m−1)γ)+2cl][b(2+(n−m−1)γ)+2ch]−m(n−m)γ2b2]

, if 0 < S < S

2clch
na−b(2+(n−1)γ)S

(2+(n−1)γ)b((n−m)cl+mch)+2nclch
, if S ≤ S < S

(13)

When 0 ≤ S < S,

ql =
a (2− γ) + (n−m) γτ (S)

(2− γ) (2 + (n− 1) γ) b+ 2cl (2 + (n−m− 1) γ)

=
a [b (2− γ) + 2ch]− 2γbchS

[b (2 + (m− 1) γ) + 2cl] [b (2 + (n−m− 1) γ) + 2ch]−m (n−m) γ2b2

qh =
a [b (2− γ) + 2cl]− τ (S) [b (2 + (m− 1) γ) + 2cl]
b [(2− γ) (2 + (n− 1) γ) b+ 2cl (2 + (n−m− 1) γ)]

=
a [b (2− γ) + 2cl] + 2ch [b (2 + (m− 1) γ) + 2cl]S! (n−m)

[b (2 + (m− 1) γ) + 2cl] [b (2 + (n−m− 1) γ) + 2ch]−m (n−m) γ2b2

xl = 1

xh =

0

@ a [b (2− γ) + 2cl]−

b [b (2− γ) (2 + (n− 1) γ) + 2cl (2 + (n−m− 1) γ)]S! (n−m)

1

A

a [b (2− γ) + 2cl] + 2ch [b (2 + (n−m− 1) γ) + 2cl]S! (n−m)

When S ≤ S ≤ S,

ql = qh =
a− τ (S)

b (2 + (n− 1) γ)
=

a ((n−m) cl +mch) + 2clchS
(2 + (n− 1) γ) b ((n−m) cl +mch) + 2nclch

xl =
τ (S)

2clq
∗
l

=
ch [na− b (2 + (n− 1) γ)S]
a ((n−m) cl +mch) + 2clchS

xh =
clxl
ch

=
cl [na− b (2 + (n− 1) γ)S]
a ((n−m) cl +mch) + 2clchS

.

This equilibrium is identical to the equilibrium under Cap-and-Trade (See proof of Theorem 1), and

8S, qtaxi = qcti > 0, x
tax
i = xcti and τ (S) = r (S) , where r(S) is the unique Cap-and-Trade equilibrium

(market-clearing) price at the emissions cap S. This completes the proof of Part (i).

3.2 Proof of Part (ii)

Part (ii) follows directly from Part (i).

3.3 Proof of Part (iii)

Since the Cap-and-Trade and Tax equilibria are identical, the di§erence πcti − π
tax
i is equal to the

di§erence between trading revenues (or expenses) under Cap-and-Trade and the tax paid to the regulator

under Taxes. Thus, πcti − π
tax
i = rti + τqi (1− xi) = τ (ti + qi (1− xi)) = τsi because under Cap-and-

Trade the pollution constraint of each firm is binding 8S 2
(
0, S

)
, which means that qi (1− xi) =

si − ti, 8i. Equivalently, Πct −Πtax =
Pn
i=1 τsi = τS > 0,8S 2

(
0, S

)
. !
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4 Proof of Proposition 1

Proof of Part (i): By Theorem 1, the total output under Cap-and-Trade, Qct (S), is piecewise linear

and continuous in S, by continuity of ql and qh at S. Straightforward algebraic manipulations show that

Qct (S) =

8
<

:

a[nb(2−γ)+2((n−m)cl+mch)]+2ch[b(2−γ)+2cl]S
[b(2+(m−1)γ)+2cl][b(2+(n−m−1)γ)+2ch]−m(n−m)γ2b2

, for 0 < S < S

n a((n−m)cl+mch)+2clchS
(2+(n−1)γ)b((n−m)cl+mch)+2nclch

, for S ≤ S < S

Hence, 8γ, m, n,

@Qct (S)

@S
=

8
<

:

2ch[b(2−γ)+2cl]
[b(2+(m−1)γ)+2cl][b(2+(n−m−1)γ)+2ch]−m(n−m)γ2b2

> 0, for 0 < S < S
2nclch

(2+(n−1)γ)b((n−m)cl+mch)+2nclch
> 0, for S ≤ S < S. !

Proof of Part (ii): We show that @
2Qct(S)
@S@γ < 0. Part (i) of Proposition 1 provides the expressions

for @Q
ct(S)
@S .

For 0 < S < S, @2Qct(S)
@S@γ = −

2bch[(n−1)b2(2−γ)2+4b[(n−1)(2−γ)cl+m(ch−cl)]+4cl((n−m−1)cl+mch)]
[[b(2+(m−1)γ)+2cl][b(2+(n−m−1)γ)+2ch]−m(n−m)γ2b2]

2 < 0.

For S ≤ S < S, @2Qct(S)
@S@γ = − 2(2+(n−1)γ)nmbclch(ch−cl)

[(2+(n−1)γ)b((n−m)cl+mch)+2nclch]2
< 0. !

5 Proof of Proposition 2

Proof of Part i(a): The firms’ joint profits Π =
Pn
i=1 πi are continuous at S by continuity of qi and

xi at S for all i. We show that the firms’ joint profits under Cap-and-Trade are always decreasing to

the left of S i§ γ > 0 and n ≥ 2. Formally, @Π@S
(
S
)
< 0 i§ γ > 0 and n ≥ 2.

Rearranging the terms in equation (1) of the proof of Theorem 1, and since νi = r, we know that

in equilibrium, for all i, a − bqi − γbQ−i − ciqix2i = bqi + ciqix
2
i + r (1− xi) and that

Pn
i=1 ti = 0.

Furthermore, the pollution constraints are binding for S 2
(
0, S

)
. Hence, the firms joint profits in

equilibrium are

Π = mql (a− bql − γbQ−l)−mcl (qlxl)2 + (n−m) qh (a− bqh − γbQ−h)− (n−m) ch (qhxh)2 + r
nX

i=1

ti

= mql
(
a− bql − γbQ−l − clqlx2l

)
+ (n−m) qh

(
a− bqh − γbQ−h − chqhx2h

)

= mql
(
bql + clqlx

2
l + r (1− xl)

)
+ (n−m) qh

(
bqh + chqhx

2
h + r (1− xh)

)

= mq2l
(
b+ clx

2
l

)
+ (n−m) qh

(
b+ chx

2
h

)
+ r (mql (1− xl) + (n−m) qh (1− xh))

= mq2l
(
b+ clx

2
l

)
+ (n−m) q2h

(
b+ chx

2
h

)
+ rS

On the interval [S, S), ql = qh, and r = 2clqlxl = 2chqhxh. Thus, we can rewrite Π1 (S) = nbq2l +

(n−m)cl+mch
4clch

r2+rS, whereΠ1 is the industry profit on the interval [S, S), i.e., under moderate regulation.

Hence, @Π1(S)@S = 2nbql
@ql
@S +

(n−m)cl+mch
2clch

r @r@S + r +
@r
@SS. Note from the proof of Theorem 1 that ql and
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r are linear in S. Thus, @Π1(S)@S is also linear in S on the interval [S, S). It is straightforward to show

that
@Π1(S)
@S = − 2n(n−1)γaclch

(2+(n−1)γ)[2nclch+(2+(n−1)γ)b((n−m)cl+mch)]
< 0 i§ γ > 0 and n ≥ 2, where

@Π1(S)
@S is the

limit of @Π1(S)@S as S −! S with S < S. Hence, the firms’ joint profits are strictly decreasing to the left

of S under Cap-and-Trade. By continuity, 9Ŝ < S such that Π|S2(Ŝ,S) > Π|S≥S , 8 γ > 0.

Proof of Part i(b): We begin by showing that, on the relevant range, the industry profit under

moderate regulation, Π1, increases as cl increases. Mathematically, 9Sl < S such that @Π1
@cl

∣∣∣
S2(Sl,S)

> 0.

From the proof of Part i(a), we have Π1 (S) = nbq2l +
(n−m)cl+mch

4clch
r2 + rS. Thus, @Π1@cl

= 2nbql
@ql
@cl
−

m
4c2l
r2 + (n−m)cl+mch

2clch
r @r@cl +

@r
@cl
S. From Theorem 1, we have the expressions for ql and r from which we

can calculate @ql@cl
and @r

@cl
, and derive @Π1@cl

. Algebraic calculations are long but straightforward (and were

verified using Mathematica). For brevity, intermediate calculations are omitted. Let C = (n−m) cl +

mch. We get
@Π1
@cl

=
mc2h(na−b(2+(n−1)γ)S)[(2nclch(2+3(n−1)γ)+(2+(n−1)γ)

2bC)bS−na(2nclch+(2−(n−1)γ)bC)]
[2nclch+(2+(n−1)γ)bC]3

It is easy to see that at S = S = na
b(2+(n−1)γ) , the expression na−b (2 + (n− 1) γ)S in the first paren-

thesis of the numerator of @Π1@cl
equals 0, so that @Π1

@cl

∣∣∣
S=S

= 0. Moreover, @Π1@cl
is quadratic in S. Thus,

@
@S

(
@Π1
@cl

)
is linear in S. It is straightforward to show that @

@S

(
@Π1
@cl

)∣∣∣
S=S

= − 2n(n−1)mabγc2h
[2nclch+(2+(n−1)γ)bC]2

< 0

for all n ≥ 2 and m > 0. Hence, @Π1@cl
is strictly positive to the left of S under Cap-and-Trade (and equal

to 0 at S = S). By continuity, 9Sl < S such that @Π1
@cl

∣∣∣
S2(Sl,S)

> 0.

The proof for @Π1@ch
follows the exact same logic. We get

@Π1
@ch

=
(n−m)c2l (na−b(2+(n−1)γ)S)[(2nclch(2+3(n−1)γ)+(2+(n−1)γ)

2bC)bS−na(2nclch+(2−(n−1)γ)bC)]
[2nclch+(2+(n−1)γ)bC]3

, @Π1@ch

∣∣∣
S=S

=

0 and @
@S

(
@Π1
@ch

)∣∣∣
S=S

= − 2n(n−1)(n−m)abγc2l
[2nclch+(2+(n−1)γ)bC]2

< 0 for all n ≥ 2 and m < n. By continuity, 9Sh < S

such that @Π1
@ch

∣∣∣
S2(Sh,S)

> 0.

The proof for @Π1@m follows the exact same structure again, except that we need to show that @Π1@m < 0

on the relevant range. We get
@Π1
@m =

clch(ch−cl)(na−b(2+(n−1)γ)S)[na(2nclch+(2−(n−1)γ)bC)−(2nclch(2+3(n−1)γ)+(2+(n−1)γ)2bC)bS]
[2nclch+(2+(n−1)γ)bC]3

, @Π1@m

∣∣∣
S=S

=

0 and @
@S

(
@Π1
@m

)∣∣∣
S=S

= 2n(n−1)abγclch(ch−cl)
[2nclch+(2+(n−1)γ)bC]2

> 0 for all n ≥ 2. By continuity, 9Sm < S such that

@Π1
@m

∣∣∣
S2(Sm,S)

> 0.

Proof of Part (ii): Let Π0 (S) denote the firms’ joint profits under Cap-and-Trade when γ = 0.

We show that Π0 (S) is strictly increasing on
(
0, S

)
.

On (0, S) , Π0 (S) = − bchS
2−(n−m)achS

(n−m)(b+ch)
+ a2[nb+(n−m)cl+mch]

4(b+cl)(b+ch)
, which has a unique maximum at

(n−m)a
2b > S. Thus, Π0 (S) is strictly increasing on (0, S) .

On [S, S), Π0 (S) =
−4bclchS2+4naclchS+na2[(n−m)cl+mch]

4[b[(n−m)cl+mch]+nclch]
, which has a unique maximum at S = na

2b .

Thus, Π0 (S) is strictly increasing on [S, S). !
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6 Proof of Proposition 3

Proof of Part (i): The augmented consumer surplus is continuous at S by continuity of qi and

xi at S for all i. We show that the augmented consumer surplus under Cap-and-Trade is always

decreasing to the left of S i§ d > Dγ . The Consumer Surplus is CS =
Pn
i=1

R qi
0 [di (q)− pi (qi)] dq, where

di (q) = a−γbQ−i−bq is the demand curve for product i, and pi (qi) = a−γbQ−i−bqi, the price charged

for product i. Thus, CS =
Pn
i=1

R qi
0 b (qi − q) dq =

b
2

Pn
i=1 q

2
i . Hence, the augmented consumer surplus

is ACS = CS−D = b
2

(
mq2l + (n−m) q

2
h

)
−dS2, because the pollution constraints are binding. On the

interval
[
S, S

]
, ql = qh, which implies that ACS = n b2q

2
l − dS

2. Hence ACS0 (S) = nbqlq0l − 2dS. Note

from the proof of Theorem 1 that ql is linear in S. Thus, ACS0 is also linear in S. It is straightforward

to show that ACS0
(
S
)
= 2na

b(2+(n−1)γ)

h
bclch

2nclch+(2+(n−1)γ)b((n−m)cl+mch)
− d

i
= 2na

b(2+(n−1)γ) [Dγ − d] < 0 i§

d > Dγ . By continuity, 9Ŝ < S such that ACS|S2(Ŝ,S) > ACS|S≥S , 8 γ and d > Dγ .

Proof of Part (ii): We perform a similar analysis for welfare to the left of S. Recall that

W = Π+ACS. The social welfare is continuous at S by continuity of Π and ACS at S. Using the proof

of Proposition 2 and Part (i) above, on the interval
[
S, S

]
, we have W 0 (S

)
= Π0

(
S
)
+ ACS0

(
S
)
<

0 () d > bclch(1−(n−1)γ)
2nclch+(2+(n−1)γ)b((n−m)cl+mch)

= dγ . By continuity, 9Ŝ < S such that W |S2(Ŝ,S) > W |S≥S ,

8 γ and d > dγ .

This completes the proof of Proposition 3. !

7 Proof of Corollary 1

Proof of Part (i): If γ ≥ 1
n−1 , or equivalently n ≥ 1 + 1

γ , then dγ ≤ 0. Hence, by Part (ii) of

Proposition 3, welfare improves for all d > 0 when γ ≥ 1
n−1 .

Proof of Part (ii): Recall that Dγ = bclch
2nclch+(2+(n−1)γ)b((n−m)cl+mch)

and dγ =
bclch(1−(n−1)γ)

2nclch+(2+(n−1)γ)b((n−m)cl+mch)
, and note that Dγ and dγ are strictly decreasing in γ for

γ 2 [0, 1]. Furthermore, at γ = 0, Dγ = dγ =
bclch

2[nclch+b((n−m)cl+mch)]
≡ d0. Hence, 8 d > d0, d > Dγ

and d > dγ , and the result follows directly from Proposition 3. !

8 Proof of Proposition 4

Proof of Part (i): We show that @2Q
@m@S < 0, which means that increasing the number of low-abatement

cost firms mitigates the rate of output reduction in response to regulation. By Proposition 1, we have

@Qct (S)

@S
=

8
<

:

2ch[b(2−γ)+2cl]
[b(2+(m−1)γ)+2cl][b(2+(n−m−1)γ)+2ch]−m(n−m)γ2b2

> 0, for 0 < S < S
2nclch

(2+(n−1)γ)b((n−m)cl+mch)+2nclch
> 0, for S ≤ S < S
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Thus,

@2Qct (S)

@m@S
=

8
<

:
− 4γbch(ch−cl)(b(2−γ)+2cl)
[[b(2+(m−1)γ)+2cl][b(2+(n−m−1)γ)+2ch]−m(n−m)γ2b2]

2 < 0, for 0 < S < S

− 2nbclch(ch−cl)(2+(n−1)γ)
[(2+(n−1)γ)b((n−m)cl+mch)+2nclch]2

< 0, for S ≤ S < S.

Proof of Part (ii): We show that Dγ and d0 are decreasing in m for any γ, and that dγ is

decreasing in m for γ < 1
n−1 . We know by Part (i) of Corollary 1 that when γ ≥

1
n−1 , dγ ≤ 0 and

Region R2 in which moderate regulation improves welfare cannot expand.

From Proposition 3, recall that

Dγ =
bclch

2nclch + (2 + (n− 1) γ) b ((n−m) cl +mch)

dγ =
bclch (1− (n− 1) γ)

2nclch + (2 + (n− 1) γ) b ((n−m) cl +mch)

d0 =
bclch

2 [nclch + b ((n−m) cl +mch)]

Thus,

@Dγ
@m

= −
b2clch (ch − cl) (2 + (n− 1) γ)

[2nclch + (2 + (n− 1) γ) b ((n−m) cl +mch)]2
< 0

@d0
@m

= −
b2clch (ch − cl)

2 [nclch + b ((n−m) cl +mch)]2
< 0

Furthermore,

@dγ
@m

= −
b2clch (ch − cl) (2 + (n− 1) γ) (1− (n− 1) γ)
[2nclch + (2 + (n− 1) γ) b ((n−m) cl +mch)]2

< 0 for γ <
1

n− 1
.

Proof of Part (iii): Recall that S = (n−m)a(ch−cl)
ch[b(2+(n−1)γ)+2cl]

, which is clearly decreasing in m and goes

to 0 as m! n. !
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