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Appendix A: Proofs in Section 3

To derive the retailer’s response, we first examine the retailer’s pricing decision after the uncertain baseline
demand has realized during the selling season. Conditional on the contract (w,r), the retailer’s perceived

return risk 5, the realized baseline demand «; € {,a;,} and the retailer’s stocking quantity s, the retailer

sets his retail price p; by maximizing his posterior profit:'¢
e (s ’ w, T, 5) := max p;min{d;,s}+ or [s —min{d;, s}] — ws, (A1)
0<p;i<a;/B
di=o; —Bp;

whose solution, the retailer’s price decision, is denoted as pft = pf (s ’ w, T, 5) for i = h,l. We characterize

the retailer’s optimal pricing decision in the following lemma.

LEMMA A.1. For i=1h, (1) if s<1 (ai —B@r), then the retailer sets the price pf = (a; — s)/8 to
clear the stock; (2) if s> % (ai - 657“), then the retailer sets the price p = (o; + 80r)/(28) and the unsold

inventory at the end of the selling season is s — % (ai — ﬁ§r>. The retailer’s optimal posterior profit is given

by
() I
i (s w, T, 9) - (a‘fm)z ~ > (A.2)
s (w—@r) s, if s>t
Proof of Lemma A.1.  We now rewrite (A.1) as
e (s ’ w, T, é\) = max (pi - @\r) min {o; — fp;, s} — (w - 57“) s,
0<pi <%
where
~ pi—ﬂr S, lf pi§u7
(pi — 97“) min {a; — Bp;, s} = s (A.3)

p; — O (ai_Bpi)7 if piZaiﬁ_s-

We note that (pi — @\7") (a; — Bpy) is a quadratic function of p; that achieves its (unconstrained) maximum
at p; = (a; + 557’)/(2@. Therefore,

(1) if %gé\r <#de, s< 1 (ai - 657“), (A.3) achieves its maximum at pZ = (a; — s)/3;

(2) if, instead, @20 > 22 e, 5> 4 (ai - 651"), (A.3) achieves its maximum at pk = (a; + 86r)/(28).
Substituting the optimal price pf* into (A.3) immediately yields (A.2). O

Given his posterior profit function ITF (s ‘ w, T, (?), the retailer maximizes the following ex ante expected

profit by choosing the inventory stocking quantity at the beginning of the selling season:

rglzagi //\\Hf (s ‘ w,T, 5) —l—//\\CHﬁ (5 ‘ w,T, 5) . (A.4)

16 By “posterior”, we refer to “after the realization of uncertain baseline demand”.
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Proof of Lemma 1. For notational efficiency, we denote in this proof that a := Xah + Xcal. By Lemma

A.1, the objective function in (A.4) reduces to

a—s : @ 7[‘}@\7“
( 3 —w) S, if Sng,
~ \2
3 (ap—s)s en. e (ar—por . a;—Bor ap—Bor
A fenzs)e f(wf)\cﬂr>5+)\ci( — . L < < el (A.5)
~ Te (al—ﬁ§r)2 A(Q;L*B@)Q . ap—pBor
_(w—9r)s+)\ 5 tA if s> onzfor

where (ags - w) s is a quadratic function achieving its unconstrained maximum at s; := 3725 = )\(a”gs)s —
~\2
Teh N —Bor . . . .. . . .
(wf)\cﬁr) s+ )\C% is also a quadratic function achieving its unconstrained maximum at s, :=
~\2 ~\2
R 0r+Ra, —Buw . (7 Se(e=80r)" 5 (an—p0r)
= ; and (w Hr)s—i—)\ ry: + A rY:

o Ifw—0r< 0, obviously, the retailer would stock infinite inventory and earn infinite expected profit. As

is a linear function of s.

such, the manufacturer would never offer such a contract.
o If0<w—0r< XATO‘, then it is straightforward to verify that

QB ) <y < 2P0 (A.6)
2 2
Therefore, s® = s,. By Lemma A.1, (A.6) implies that all inventory is sold out in the case of high baseline
demand «y, realization while there is an excess of inventory s, — al%ﬁ% = % {Aa — % (w — 677")} in the case
of low baseline demand «; realization.
o If w—0r > Xﬁ%, then it is straightforward to verify that
<% —,6’57“ < ah—ﬁé\r.

<SS (A7)

<s

S2
Therefore, s = s;. By Lemma A.1, (A.7) implies that all inventory will be sold out whether the baseline
demand is ap, or «;. O
Appendix B: Proofs in Section 4
LEMMA B.1. Given 0 € {Q,@}, any contract (w,r) such that w—0r <0 is weakly dominated by a contract

(w,r") such that w—0r’ > 0.

Proof of Lemma B.1. If w— 0r <0, because w > 0, there must exists r’ € [0,7] such that w — r’ > 0.

Then, we must have

+
O(w,r), 9) = (w—6r") [A?a —w+ 9(w,r’)r'} + % [—Bw® + aw]

which demonstrates the result. O
Proof of Lemma 2. After simple algebraic manipulation, it is straightforward to verify that the manu-

facturer’s expected profit in (2) can be rewritten as

H(w,r’é\,ﬁ):H(w,w—er,w—@“), (B.1)
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where

H (w,u,u):= AB ()\Aa

ox \ 3

Let (w°,u°) be the solution to the following optimization problem:

!
ﬂ) +5 (—Bw” + aw). (B.2)

max H (w,u,u). (B.3)

w>0,0<u<w

Then, w°() = w° and r°(0) = (w° —u°)/0 solves (3). Our general strategy to identify the solution (w®,u°)
to (B.3) is to first optimize H (w,u,u) over u € [0,w], and then optimize the resulting function that contains
only w.

We first note that function u(MAa/f—u)" is increasing in u € [0, \A«a/(28)], decreasing in u €
[Ma/(28),\MAa/f], and remains a constant zero for u > AAa/f. Therefore, we examine the following two
cases.

1. For any w < AAa/(253), the maximizing v in (B.3) must equal w, suggesting

OrgnuaécwH (w,u,u) = H (w,w,w) = % [—ﬂwQ + )\ahw} ,
which is increasing w < AAa/(25) < o/(25). As such, we only need to restrict to w > AAa/(25).
2. For any w > AA«/(283), we have OI<11§1<XMH (w,u,u) is achieved at u° = AA«a/(20), suggesting

A (AMa—ge)? 1

max H (w,u,u) = + 3 [—Buﬂ —|—ozw] ,

0<u<w 86)\

which is quadratic in w and achieves its maximum II° () = %{;)zﬁ»az at w® = «/(28). Thus, r°(0) =
(w®—wu®)/0=0a;/(280). O

1 o __ o _ o o pVANSY pVAYSY
Since w°® — 0r°(0) = 5 b =gt <252

, which, by (1) of Lemma 1, suggests that the retailer orders

s° = s (w®,r°(0),0,\) = A°Bor°(6) ;—)\Aah—ﬁw :%

and that inventory is sold out if the baseline demand is high, but that unsold inventory of an amount

1 [Aa— 2 (w° —6r°())] = &2 will be requested by the retailer to return. [

LEMMA B.2. In the returns risk signaling game, the unique equilibrium that survives the intuitive criterion
is the most efficient separating equilibrium. In this equilibrium, the riskier manufacturer offers her symmetric

information contract (w°,r°).

Proof of Lemma B.2. We first note that II (w, r

5, 9) is increasing in 5, as direct calculation reveals that
~ A% (1 — >0, i —0r)>
I, (w,r ‘ 9’9> _ ) m(w—=0r)r=0, ?f B(w—0r) 2 \Aa,,
0, it Blw—0r)<AAa.
By the weakened condition of Cho and Sobel (1990) in Engers (1987), it suffices to show that the marginal

rate of substitution (MRS) of one of signals (i.e., w or r) for the belief § is monotonic in 6. Direct calculation

reveals that the MRS of r for @ is

)

>

- (wr|6:9) Asa—pw-6r) @ _
Hagwmaeg Brfugo—] " A= <Ada
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which is monotonically increasing in 6. (For g(w — 57‘) > ANa, 11 (w,r ‘ 5, 9) is independent of r, 8, and 5,
and hence is irrelevant. )

We now show that the riskier manufacturer must offer the symmetric-information contract terms in any
separating equilibrium. By way of contradiction, suppose the manufacturer of type @ offers another contract
(w,r) # (w°,r°) in a separating equilibrium and, hence, earns an expected profit of IT (w,r | 8,0). If man-
ufacturer 6 deviates to (w°,r°), let @Z 6 be the retailer’s perceived manufacturer’s return risk such that

w® — Or° > 0. By the unique optimality of (w°,r°) (Lemma 2), we immediately have

I (w,r|6,0) <m®=1I(w°,1r° \Q,Q)Sﬂ(w",f’ ‘E,Q)

where the last inequality follows from IT; (w",f’ 0, Q) is of the sign w°® — 0r° = AA«/(28) > 0 and Lemma
2). Therefore, the manufacturer @ can be strictly better off by deviating to (w°,r°), which proves that (w,r)
cannot be played in that separating equilibrium. O

Road map of remaining proofs. The rest of this section is to identify the separating contracts for the
less risky manufacturer and establish their properties. As standard in the literature, our general strategy
is to first recognize a separating contract as the solution to a constrained optimization problem that maxi-
mizes the less risky manufacturer’s profit (or equivalently minimize her signaling cost) subject to the riskier
manufacturer’s non-mimicry incentive constraint (the less risky manufacturer’s non-mimicry constraint is
always non-binding). Then, we verify that such separating contract can be supported by the most pessimistic
off-equilibrium belief (i.e., any deviation away from the separating contract would lead the retailer to believe
that the manufacturer is of higher returns risk). More specifically, we first transform the less risky manufac-
turer’s optimization problem in terms of the price decisions to one in terms of the retailer’s induced quantity
decisions through a change of variable that is essentially equivalent to (5) and (6) but re-centers them at zero
stocks (see Lemma B.3). Propositions B.1 and C.1 establish the partial signaling benchmarks formulated
in (9) and (10), respectively. In particular, these two problems involves a single decision variable and the
optimal solutions can be obtained in closed form, so the supporting off-equilibrium belief can be directly ver-
ified. The most efficient separating contract formulated in (4) does not admit closed-form characterization.
Despite this challenge, Lemma B.6 identifies its direction of distortion through Lagrangian, and Lemma B.7
shows that the less risky manufacturer has no incentive to deviate from the most efficient separating contract
under the pessimistic off-equilibrium belief. All these results culminate in the proofs of Propositions 1 and

2.

LemMA B.3 (Change of Variable). For any (w,T) feasible to (4), let w:=w —w® =w — 53 and u:=

W—w®—0(F—7°) =w— 0F — AQA—B“. Then, W = w° +w, ¥ =7° + (W —1u)/0, and it is without loss of generality
to restrict to
-0y Mo - MMa
—>u> - d 1< ——. B.4
w+267u7 Qﬁ’ an u < 25 ( )
Furthermore, the objective function of (4) can be written as
11 (.7 0.0) =7 — o (Vi 4 A7) (B.5)
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the first constraint in (4) is equivalent to

°A A
/\w2+)\°62+)\09<w—ﬂ+§é> (a—g;)zo, (B.6)
and the second constraint in (4) is equivalent to
A A NA
~2 c~2 l

Proof.  The first constraint in (B.4) follows from the fact that @ > 7 > 0 by Lemma B.1. By (B.1), it is
straightforward to verify that

o) e -t if 7 > Ade

I (wr|6,0)=4 2 2" . LU=

(w.7]0.9) {wo—;uwzﬂcw),lfmg%;
o? B2 e~ AAa
n(wr|o,0=1% 2 a2 55
TIPET - g e a2 (a-a ) (- 282 i< 28,

Also, direct calculation yields

IT (w®, r° |Q,§) =H (w°,w® — 0r°,w® — 0r°

~—

A¢ — AA 1
= 25 (w® —6r°) <5a —(w® —97“0)) t3 [—B(w")Q +aw°}

¢ AA 1 A€ AA
= 25 (w® —0r°) (5& — (w® —91"°)> + 3 [—B (w°)? —i—awc’} — 2>\BA9[° (5(1 — (w® — 9TO))
o AABa; Ace

850
We claim that we can restrict the search for the optimal solution of (4) within w < )\ZATQ’ under which the
objective function in (4) is equivalent to (B.5) while the two constraints in (4)reduce to (B.6) and (B.7),

respectively. Indeed, for 7 > 222 the first constraint in (4)automatically holds, while the second one reduces

28
)\CAa(gal 7ro)

to w? < 1570 , reducing (4) to

. 9 . — _ AAa (éal - Qa)
. nin w*, subject to w*< ——
T+ gk >u> A8 4320

As the decision variable u is absent from the objective function as well as the other constraint, it can without

pVAYY

loss of generality be taken as u = TR allowing us to focus on u < AQA—;. ([

PROPOSITION B.1. The solution to (9) is given by

« 1 —
= {\/ (e A8)? + ANy AaBA) — )\CalAf)} > . (B.8)
Contract (w*,7°) can be sustained as a separating equilibrium of the returns risk signaling game if and only
if A/O < (1+VX)Aa/oy. In this equilibrium, the retailer’s order quantity and unsold inventory in case of

low baseline demand are given by

o 1 —
gt :Zh + Y {)\COQAH — \/()\COQAG)Q + 4)\)\CozlAa9A9} < s°, and (B.9)
gt :% + % {)\CalAG - \/()\COZZAQ)Z + 4)\)\CalAa0_A9} < q°, respectively; (B.10)

no unsold inventory results from high baseline demand realization.



6 Wang, Gurnani, Subramanian: The Informational Role of Buyback Contracts

Proof. We solve (9) by first ignoring the second constraint IT (@, 7° ’5,5) > H(w",zo

0, 5) and then
verifying that it will be satisfied by the solution to the relaxed problem. Using the change of variable in

Lemma B.3, we have the solution to the relaxed problem w* = w°® 4+ w*, where w* is the solution to

_ o ANl [ AA
min @2, subject to @ + ~ e (w - a) > 0. (B.11)
_>\2ATOL§ w< AZAL—KOL 250 25
As the quadratic function on the left-hand side of the constraint in (B.11) achieves its minimum at w =
Aoy AO . . . s B e e
— < 0, the optimal solution to (B.11) is thus given by its larger (and positive) root
Aoy A6 1 5
Ot == —— [ (A A0)° + ANy Aaf A > 0 B.12
Y 45 gV Rl Faada ! (B.12)

from which (B.8) follows immediately. In particular, we note that

it < pVANG! AN, AabAG - pVANG]
23 25

486 [AC@ZAQ /(@ 20)* + 4Axca AafAg

S 22 Al < XNayAf + \/ (Aea; A0)2 + AN, AalAS,

which obviously holds.

To verify the ignored constraint II (@, 7° | 0, 9) >11 (w",zo | 0, 5), it suffices to show, by (B.7), that (Ei)2 <

ANAba N A CAs ivi

5% binds the constraint in (B.11), this is equivalent to

2 A A0 [(NAa N Ao AN Aa
(i) = YR (A0 ) N0

236 2 T 4p
which obviously holds by (B.12).

i AA =
uﬁ;347i§¥(1._9/g)7

For contract (w*,7°) to be sustained by some equilibrium belief, we need to show that neither the less risky
nor the riskier manufacturer has an incentive to deviate to any off-equilibrium strategy under that belief.

e TFor the riskier manufacturer, we have shown that her profit of deviating to any (w,7°) with w > w* and
hence being mistaken as a less risky type is dominated by her equilibrium profit, i.e., II (E, r° | 9, Q) < w°. Since
all other (w,r) induces a belief that she is the riskier type, the symmetric-information (w®,r°) maximizes
her profit II (w,r | 0,0) to 7°. Therefore, the riskier manufacturer indeed has no incentive to deviate from
her symmetric-information (w°,r°).

e For the less risky manufacturer whose return price is restricted to 7°, it suffices to show that she has
no incentive to deviate her wholesale price to any w # w* and thus to be mistaken as a riskier type 6,
0,6) <11 (w*,7

support w*, because I1 (@, 7° ‘ 5, 5) is non-decreasing in 0 as pointed out in the proof of Lemma B.2 and hence

ie., II (E, 7° 0, é) for all w. Indeed, if this condition fails, no other deviation belief 9 can

1 (w,7°[9,0) = 11 (@,7 | 6,0) > 11 (@, | 6,0) for all 6> 6. In light of the fact that IT (,7° | 9,0) = °,
it is equivalent to show that
I (w,7° | 0,0) —x° <I (w*,7 | 6,0) —II (w*,7 | 4,8) . (B.13)

Direct calculation reveals

IT (w*, 7°

6.6) 11 (w7

6,0) =— /;/\BMF" <)‘2a w1+9r°>
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Aea, A0 Aea, AG (A, A0 AeagAaAf
=— — | A\A —— — — - B.14
YV Y \/ w3 o (B14)
and
_ PO} Mo toB a)? AAAw)?
II(w,7]6,0) —n° == (W—0r°) | — — or £ _ =
(@7 ]6,6) -7 =53 (@ )( g U > 2 28 88
XB [ Aa) [ Na ale + B N XA(Aa)*
= B.15
2X <w+ 28 )( 28 28 w) 85 (B.15)
Therefore, (B.13) is equivalent to showing
e o e} o4 « ~ + —~
o (o) (45 0) o oo
A(AAQ)2  ACq A0 Ao AO (Aca A9)2 ACa; AaAd ~ o ’
= 452 - 4@l2§ Ao+ =55 \/ 107 0 } , Yw= T2
We note that the piecewise quadratic equation
- —\w?, ifw> ()\Aa— LM)
blw) = { B 20) i G< & (AAa— @80, (B.17)
achieves its maximum
2
Ao A0 A AAa _ oAb : 1+vVA a A9
maXb({Uv) — ( 4/3& ) + 4,@2 ()\AO& ] ) ) lf /\AOA Z 2 0 9 (B.IS)
0, if ANAq < LA B0
at w=— chéﬁa > —55 and w=0>— 257 respectively.

—For AMa > 1%5%99, we have

c 2 c c 2 c c c 2 c 7
A alQG AAAa \Aa oqé@ < A¢(AAa) 3 A alAie Ma + A alée 3 (A alée) n A\ aléaAH
430 4532 9 432 1320 20 492 9
3 \a; AD (A A0)?  AeagAaAd 5 X, Af
- _ < — — — = <)\A
19 \/ 102 g © g SMee

which holds when AAq > 1£Y2 2120,

—For Ma < 1%5%99, we have

A(AAa)® XA

XaAD \/(Am,AW Mea; AaAd

— A — — —
15 150 | g 102 7 =0
2
o (AAa)2—2(>\Aa)(ale_Ae)—H\(ale_Ae) <0,

which holds for (1— V%) (2427) < AAa < 2522180 e if and only if A9/0 < (1+VA)Aa/a.
Finally, we determine the retailer’s order quantity as well as unsold inventory. By Lemma 1, since we have

— 07 =w° +ut — sL=wt+ *A" < XA‘” because wt < AQA[;*, all inventory is sold out in the case of high

baseline demand realization and, in paurtlcular7 (1) implies that the retailer’s stocking quantity is
" AeBOT° + vy, — Bt ABOF° + Aoy, — Bw® LB B ( i)
st = = 'LU —w
2 2)\ 2

Olh

o {ACOQM VO, 0)2 +4)\>\CalAa9A9}

8A\0
obtaining (B.9). By Lemma 1, again, the unsold inventory in the case of low baseline demand realization is

=5 [Bo— /A @ ~0)] = 5 [Aa/2- /3]
from which (B.10) follows by (B.12). O
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PROPOSITION B.2. The solution to (10) is given by
oo 1 _ 2 7O < p°
= 259+45Q§ {QAG V(aAb) +4)\AozoqQAO}<T <re. (B.19)

Contract (w°,7%) can always be sustained as a separating equilibrium of the returns risk signaling game, in

which the retailer’s order quantity and unsold inventory in case of low baseline demand are given by

st _Gh i _ 2 o
8= A0 {ozA@ V(aAb) —|—4)\Ao¢alQA9} < s°, and (B.20)
q :% + 871\9 {QAH — \/(aA9)2 + 4/\AaalQA9} < q°, respectively; (B.21)

no unsold inventory results from high baseline demand realization.

Proof of Proposition B.2. We solve (10) by first ignoring the second constraint II (wo,F ’ 0, 5) >
II (w", r° | 9, 5) and then verifying that it will be satisfied by the solution to the relaxed problem. Using the
change of variable in Lemma B.3, we have the solution to the relaxed problem 7' = 7° —u' /@, where u' is

the solution to

Ab AA
min @2, subject to %%+ — <O” - a) (a O‘) > 0. (B.22)
el 9 n34] 0 \% »
Straightforward algebra reduces the constraint in (B.22) to
5 alAf_ Nao,AG
- >0 B.23
e apg 20 (B.23)
where the quadratic function on the left-hand side is minimized at u = —i—?ﬁ < 0. Therefore, (B.22) is
minimized at its larger (and positive) root
A6 1
it = -2 (aA0)? + 4NAaa§A0 > 0 B.24
u 4ﬁQ+4ﬁQ (aAO)” + ao A0 >0, ( )
from which (B.19) follows. In particular, we notice that
. Ma ANA oA Mo
IR —
20 20

480 [aAH +1/(@0)® + 4rAaay HAH}

& 20A0 < (2040 <)aAd + \/ (@A) + ANAaa,0A0,

which obviously holds; and that
A Aaa§A0 o

< —
456 [aAH +1/(@0)® + 4rAaqy em} 28

—~ (6%
<=L o

2

& 2MAaAd < (2040 <)aAd + \/ (@A0)? + AN A, 0A0,

which again obviously holds.
To verify that IT (w°, 7! | 6,6) >II (w°,r° | 8,6), it suffices to show, by (B.7), that (@h? < Mfﬁli;ﬁo‘. As af
binds (B.23), this is equivalent to
2 Moo A aA0 . Ao Ao
(@)’ = oM<
4520 250 4520
which in fact follows from (B.24).

We claim that contract (w°,7') can be sustained by the retailer’s posterior belief that the manufacturer

ut >0,

offering such a contract is less risky and is otherwise riskier. To that end, we need to show that neither the
less risky nor the riskier manufacturer has incentive to deviate to the off-equilibrium strategies under such

a posterior belief.
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e For the riskier manufacturer, we have shown that her profit of deviating her return price to 7' and hence
being mistaken as a less risky type is dominated by her equilibrium profit, i.e., II (w",FT | 6, Q) <m°. As any
other contract (w,r) induces a belief that she is a riskier type, the symmetric-information (w®°,r°) maximizes
her profit II (w,r|6,60) to w°. Therefore, the riskier manufacturer indeed has no incentive to deviate from
her symmetric-information contract (w®,r°®).

e For the less risky manufacturer whose wholesale price is restricted to w®, it suffices to show that she
has no incentive to deviate her return price to any 7 # #' and thus to be mistaken as a riskier type, i.e.,
I (w",? | 0, é) <II (wO,FT | 9, 5) for all 7, which is, by (B.1), equivalent to

h(7) := (w° — OF) <)\Aﬁa —w° +0r)+ < f(rh) = (w® —6r") Ada
We note that h(7) =0 for # <w°/f and hence (B.25) holds, if w°/0 < (w° — AAa/) /0. Thus, we just need

to show (B.25) holds for the parameter range w°/ > (w° — AAa/B) /0 or equivalently

a; — N« _
— T <h/6. B.2
o+ NAa — o/ (B.26)

(e m} v B2

On the other hand, it is straightforward to see that the quadratic function (w° — 0F) (AATO‘ —w° —|—QF> is

_ (048)a;—AONA

590 and hence h(7) < h(7°). Hence, direct calculation yields

maximized at 7°:

a\2 (@Al —/(aA0)? + 4 AafAf ’ 0+ ) Aa — Aba, ]’
F(7T) = h(F) > f(71) = h(7°) = ()\2AIB ) - ( (480)2 ) - e )()4\15)299 ]
20A0

5 0
= {60 {\/(aAG) + 4 o AafAG — <1 + 29_> aAo} ,

which is positive because (B.26) implies that

, i
(@A0)? + A Aol A — <1 + 2%) (@A0)? = a20A0 { dadhar_ (40+6)A0 }

a? 462
304+0)0 [ —AAa\’ _ 3040 302(0)2(A0)2
=a?0A0 ( ——— — >a?(0)?/0°A0 —= -0y =" """ >0.
o= 102 atrba) (20O TR 102
This concludes the verification of the equilibrium belief.
Finally, we determine the retailer’s order quantity as well as unsold inventory. Since w® — 7" = ut + AQATO‘ <
Aa/f because uf < %, Lemma 1 suggests that all inventory is sold out in the case of high baseline

A 807t +Aa ), —Bw®

demand realization, and in particular, (1) implies that the retailer’s stocking quantity 57 = o ,

which is given by (B.20) and obviously smaller than s° = «;, /4. By Lemma 1, again, the unsold inventory in

the case of low baseline demand realization is
1 _ 1
g = 3 [Aa— B/X (w® —0F1) ] = 3 [Aa/2 - B/Au"],
from which (B.21) follows by (B.24). O

LemMMA B.4. The solution (w*,u*) to (B.5)-(B.7) satisfies w* > —3%5 and —AZA—BO‘ <ur < AZA—;‘.
Proof. Suppose u* = :EAQA—[;’. Then, (0,a") with @' given by (B.24) is a feasible solution to (B.5)-(B.7),

but
Ma

26

contradicting the optimality of (@w*,u*). Therefore, we must have —

A(@*)? +A° (@) > x° ( ) > A\(0)% + X°(ah)?,

Ao <E* < Ao

STh TR Subsequently, we must
~u ~ oy Ao (23] [e}
have w* > u — 25> "% T35 =135 ([l
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LEMMA B.5. There exists (w,u) such that (i) —AQA—B‘* <u<0, (i) u— 3L <w<0, (i) (B.6) holds, and

(iv) Mw? 4+ \°u? < %. Therefore, the optimal solution to (B.5)-(B.6) automatically satisfies (B.7).

Proof of Lemma B.5. For @ =0, the left-hand side of (B.6) reduces to the quadratic function \w? —

c ~ . ~ . . c ~ o, . 2
% (er ;—[’3) in @, which takes a negative value fmﬁifgm at w =0 and a positive value Z% at
w= —;—;3. Hence, there exists a root @’ € (—g—}j, O) of this the quadratic function such that @ = w® and @ =0

satisfies fAQA—ﬁ" <u<0,u— 3L <w<0and (in fact binds) (B.6). Straightforward verification reveals that
MNAONA« <~b o ) MAO A N ABa Ao
— | w — | < — <

230 28 4526 4426
where the first inequality follows from @” < 0 and the second inequality indicates that (B.7) will be satisfied
by the optimal solution to (B.5)-(B.6). O

)\(ib’b)Q + )\cOZ —

LEMMA B.6. The solution (w*,u*) to (B.5)-(B.7) is the solution to the following system of equations

ACAD @ Aa
N2 + N0+ 2= <wa+ l> <a> =0, B.27
0 2B 26 (B.27)
AANA« pYel
2 \o2 ~~ ~_ A
Au” — Aw® 4+ 2 \wu 55 u 2ﬁw 0, (B.28)

such that w* <0, u* >0, 0 < Aw* + A°u* < XUt and w* —u* < —u', where 4’ is given by (B.24).

Proof. By Lemma B.5, solving (B.5)-(B.7) is equivalent to solve the relaxed problem (B.5)-(B.6) by
ignoring (B.7). By Lemma B.4, we can also ignore the bound constrain —/\QA—; <u< Af—;. Furthermore, we
are going to ignore the constraint w + §7§ > u, which will be verified to hold by the optimal (@w*,u*) to the
relaxed problem.

The necessary condition for (w*,u*) to be the optimal solution to the relaxed problem is that there exists

a Lagrangian multiplier £ > 0 associated with (B.6) such that

NG — € (2m* ARl A MAAO‘) —0, (B.29)
9 260
2)¢ A ‘A
AT — € ( A N0 A 90‘) =0. (B.30)
0 0 260

We claim that & > 0. Otherwise, (B.29) and (B.30) immediately imply that w* = @* =0, which can be
easily verified to violate (B.6). Therefore, (B.6) must be binding, yielding (B.27), which immediately implies
that w* + g—é > u* because u* < /\QA—; by Lemma B.4.

Rearranging terms in (B.29), we have

~, EXAl (~ )\Aa)
A1 — &)a* = 22 o220 <o, B.31
(1-g)i = 222 (7 - (B.31)
where the last inequality follows from Lemma B.4; and rearranging terms in (B.30), we have
2 (6 0¢) W = EAD (w* + ;‘;) >0, (B.32)

where the last inequality follows again from Lemma B.4. Therefore, we have w* # 0 and u* # 0.

By eliminating £ from (B.29) and (B.30), we obtain

_ 280 _ 20 (B.33)
cx T 220~y | AN~y L AAOa ~ c ~ ~ o\ '
At T’Uz “V‘ATU} +)\26§ 2/\Cu*+—A§AQ [(w*—U*‘Fﬁ)‘i‘(%_U*)}

Nt 200+ A}AO U — ACAAa INT* + A‘T& (g* — MJ)
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Rearranging terms of (B.33) yields

R e )

immediately implying (B.28) and
N+ Mo ur
L ) (B.34)
)\cu* w*_u*+ﬁ+T;_u*

where the negativity follows by noting that u* < Af—ﬁ‘" and w* + ‘2)‘7‘3 >ur.

We have the following three possibilities:
1. If £€>6/6 > 1, then (B.31) and (B.32) imply that @* > 0 and u* < 0, respectively. However, (B.27)

suggests

A(@*)? + 2 (")

)

_AAf <1ﬂ* . oq) ()\Aa B ﬂ*) A Aoy A A
9 28) \ 28 4326

& AA
>k >—2B“

contradicting Lemma B.5. Hence, this case can be ruled out.

2. If 8/ > ¢ > 1, then (B.31) and (B.32) imply that w* >0 and u* > 0, respectively. However, this
contradicts (B.34), ruling out this case as well.

3. As such, we must have £ <1< g, which implies that w* < 0 and @* > 0 according to (B.31) and (B.32),
respectively. Together with (B.34), i;nplies that 22 ¢ (—1,0) and Aw* 4+ A°@* > 0. Therefore, by (B.33),

A

22" + 220 (i - 202
oy ACA0 Sk Tk <] Ao ~%
2Xeu —l—T[(w —u —i—ﬁ)-l—(w—u )}

which, by multiplying the denominator on both sides of (B.35) and rearranging terms, yields

—-1< <0, (B.35)

2

Finally, we demonstrate w* — u* < —u' and Aw* + A°u* < A°u’. Indeed, both (w*,u*) and (0,u") satisfy

A°AG
200" + 20T + <i5* a*+0”> > 0. (B.36)

the quadric equation (B.27), which can, via the change of variable z = w — u, be rewritten as

0 ., - o Aba . aAf . Aoy Ao
o —(0+0)wz+ 6z + % w— 23 Z— 5
Let z* :=w* —u* and z' := —@'. Then, (w*,2*) and (0,2") satisfy (B.37).

Since w* € (*%,O) and u*,uf € (0, XQA—[;’) as shown above and in the proof of Proposition B.2, we focus

on examining the quadratic curve (B.37) in the region 2 := {(@, Z)i—gz<w<0and 0<w—-2z< AQA—BQ}.
Total differentiation of (B.37) yields

dz 28w - (0+0)7+

(B.37)

a A6

.
c zﬁ

= = , B.38

A (0+8)w — 207 + 27 (B-38)

where we notice that
aAf

(§+Q)ﬁf2gz+% =20(w—2)+ A (’[E+ ;;3) > 0.
Therefore, the quadratic curve in (B.37) is segmented into (at most) two branches in Q by the straight
line 2%@ —(0+0)Z+ ""2—?’ = 0: in the region where 2%@ —(0+0)z+ ag—ﬁe > (<)0, Z is strictly increasing
(decreasing) in w. Since

CEZAG - ? ~ — ~ ~ OZZAG
2 72Fw (0+0) (v* —u*)+ %

2%W—@+®?+
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a crox CAG ~%
=% 20w 4+ 2X°u* + 7 <w —u —|—2B>}>Oby (B.36)

and

20— @+ o)zt + 220

=0+0)u' +

(w*,z*) and (0,2z") are on the increasing branch of the quadratic curve in (B.37). Therefore, w* < 0 imme-

diately suggests that

As (w*,u*) satisfies (B.27), we must have

A {(ﬂ*? + A,e (25 a) (a* - A;‘;)} =-\w")? - AcéAaa* (a* Aﬁ;‘) <0,

AAa

where the inequality follows from w* < 0 and u* < . Namely, u* must lie between the negative and

positive roots of the quadratic equation on the 1eft—hand side of (B.23). Thus, we have u* < u', leading to
A+ N0t = \Nw* —0*) +ut < = a4 ut = Acut,

which completes the proof. [J

LEmMMA B.7. II (w,7| 6,0) <II (w*,7* | 6,6) for allw > 67 > 0.

Proof of Lemma B.7. We first make the following two observations:
Observation 1. The return-price-only signaling strategy (w°,7') is a feasible solution to (4), implying that
(w7 | 6,0) > TT (w7 | 9,6).
Observation 2. Furthermore, II(w*,7*[60,0) > II (w°, 7 |0,0) = 22f(F") + 3 [-B(w°)? +aw°] > g‘% >
% [~ Bw? + aw] for all w > 0, where the function f(-) is defined in the proof of Proposition B.2 showing that
f (@) >o.

We now demonstrate the lemma. For any w — 87 > Aa/B, (B.1) suggests that II (E,F | 0, 5) =
1 [-Bw® + aw] and hence the lemma follows from Observation 2 above. For any 0 <w — 07 < AAa/f3, (B.1)

suggests that

I (w, 7| 6,0) = = (w— 6r) (Aéaﬂﬂ) ;[—ﬂEQJra@], (B.39)

whose first term, as a quadratic function of 7 € [ (W — \Aa/B)* ,3W } achieves its unconstrained maximum

at r= % (%—7 AQA—;) We thus examine the following two cases:
1. fw> QBAAA;, then we have 0 < 2 (%@— %) < é(ﬁ— AAa/fB) and hence the first term in (B.39) is

decreasing in 7 € [ (w—MNAa/B), & } suggesting

I (w,7|6,6) <II ( 3 @- )\Aa/ﬂ)‘ )—;[-5w2+aw}<n(w*,w|é,é),

where the last inequality follows again from Observation 2 above.
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2. If @ < 755252, then § (W—MAa/B) < (6;906— AQA—B&) < 0 and hence the first term in (B.39) is a

quadratic function in 7 and can straightforwardly be shown to be decreasing in 7 € [O,E/ ﬂ, suggesting that

S _ N AL (Ao _ 1 _ _ B _o Qn_
H(w,r |Q,9) SH(U},O |Q79) =55 ¥ (5 —w) —1—5 [—sz—i—aw] = —ﬁwQ—i— 5 (B.40)
which is maximized at @ = 9_‘7_9 Al if o /oy < 20/A0 and at @ = A, /(23) otherwise. In both cases, we

claim that (w,0) satisfies the first constraint in (4), suggesting that

H(—*7 *

0)>11(@,08,8) >11(w,0|0.6) > 11 (w,7| 6.0) .

where the first inequality follows from the optimality of (w*,7*) in (4) (with the knowledge that the second
constraint in (4) is nonbinding according to Lemma B.5), the second inequality follows from the monotonicity
of I (@, 0 ‘ 9, é) in 0, and the last inequality is because (@,0) maximizes II (w,76,0).

Now we verify the claim that (w,0) satisfies the first constraint in (4), which is, according to Lemma B.3,
equivalent to showing that the transformed quantities w = @ — w® and u = 07° + w = ;‘7’3 + w satisfy (B.6),
o=

which is immediate by noting that w —u+ 3

0 \Aa O A 0+6— Ao
3. If == 9+9 50 SW< SR then we have 1 (T@w_ﬁ) e [

_ ag 0+60_ NAa\ |, ,\ AP (O Aa S )
< — = — — — (= . .
H(w,r|9,9)_ﬂ(w9( 55 w— 2ﬁ>‘99> 8)\99< 3 A9w> +2( Bw +aw) (B.41)

e When \°(Af)? > 4)6, the quadratic function of @ on the right-hand side of (B.41) is convex and

w} and hence

hence reaches the maximum at either w= 5%% or W= =5 Ag”, which correspond to the first two cases,

respectively.
e When A (A0)® < 4A06 or equivalently (A0)* < A (A+6)°, the quadratic function of w on the right-hand
side of (B.41) is concave and achieves its unconstrained maximum at
A (20 — A AAQ)
BIMO+0)2—(A0)2]

w =

(B.42)

Ao

which can be verified to be within (i M‘Ta, —) if and only if 2% 5 + 5 < A< %. Therefore, we consider

the following three scenarios:

—When - < ﬁfe, the quadratic function of @ on the right-hand side of (B.41) is decreasing in w €

0 Ma 0 \a —
[—é v Rl v e ] and hence achieves its maximum at w =

the lemma has been shown in Case 1.

ékAa
8 B 7

with the corresponding 7 =0, for which

—When - > ¢ 9 AAO‘ , the quadratic function of W on the right-hand side of (B.41) is increasing in

0 Ao
A6 B’

w e [—LMJ imf"‘} and hence achieves its maximum at w =

710 B 'hé B making the first term on the right-

hand side of (B.41) zero. Hence, Observation 2 above immediately implies the lemma.

— When £ m <AE< M9+9) , the quadratic function of w on the right-hand side of (B.41) is maximized

at (B.42), yielding the maximum value (after some algebra)

XA(Aa)2+a? A [ [(0+0)AAa—a,A6]° )
w*w{ A0 +0)? — (292 _MM)}' o
| —

0
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Therefore, the lemma is equivalent to showing IT (**, *10, 7) dominates (B.43). By Lemma B.3 and B.5, it
suffices to show that there exists (w,u) feasible to (B.4) and (B.6) such that
20 [ [0+ 0)raa—a,00)°
N ! (A2 B.44
TN = { MO +0)2 — (AG)?2 (Aa)™ (B44)

which can be verified to be greater than zero for A 0+9 <xE<

@:% x\/1+2ﬁy\/1—2ﬁ e /1— 1+f (B.45)

we then can straightforwardly verify that

A(G+9)

. Making the following change of variable

A% 4+ \u? = 2% + 92, (B.46)

and (B.6) is equivalent to

_ A A — A _ A cA A cA A
(9+9+9> 2 AA0 o — VA O‘m+(9+9_9)y2 NA0 @t VA ) Za;)\ oy
VA B+ v VA B a1i-vn) 3

(B.47)
Obviously, the (@, @) defined through (B.45) by letting z =0 and y= — |22 {W Y AQ)Q}

satisfies (B.44) by virtue of (B.46). It is also straightforward to verify that such (w,u) satisfies (B.4).
We now verify that it also satisfies (B.47), which implies that the corresponding (w, %) must satisfy (B.6).
To that end, plugging it to (B.47) renders it to

2
I , (ot vAna)
VNO+0)—n0 |7 A0 l VAO+0)+ A6’
which is equivalent to
2
2(1+v) 0+6 (:+)
s p) SALE_PUE NS | QU WA ) (B.48)
VA +6)— Ab A0 VO +0)+ A0
with z:= o;/Aa € (%, A(i:@). As the right-hand side of (B.48) is a concave quadratic function in z, to

demonstrate that (B.48) holds for all z € (éATQg, %), we just need to show it holds at the ends of the

9+9, (B.48) reduces to
2(1+V) {A(§+6)2_1}_ﬁ(§+9)+A0
VAO+0)— A8 | (AF)? (A)?
which obviously holds. When z = )‘(G'H)) , (B.48) reduces to
2(1+V) { (A9 }\f/\(§+9)+A9
VO +0) - Ab A0+ 0)2 A0 +0)2
which also holds.

Finally, we need to show that (w,u) identified above also satisfies —

interval. Indeed, when z =

>0 & 2(1+V\)>1,

>0 < 2(1+V\)>1,

pVANSY AAa =~ _ o
7§ u < 25 and w —u > T

Under the change of variable in (B.45) with & = 0, this is equivalent to show 32 < =2 (AAa)® and

252

Ay 1 2xe > y < 5%, which are straightforward to hold by y = —\/ZZQ {W - )\(Aa)Q}.
solution to (B.5)-(B.6) that satisfies (B.44), completing the proof. [

Therefore, (w,u) defined by (B.45) with 2 =0 and y = —, [ 15 {W -

)\(Aa)Q} is a feasible
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Proof of Proposition 1. By Lemma B.3, the solution (w*,7*) to (4) is given by w* = w°® + w* and 7 =

7 + (w* —u*) /0, where (w*,u*) is the solution to (B.5)-(B.7). Because w* < 0 and u* > 0 according to

o

3|

Lemma B.6, we thus have w* = w° +@* < w® and 7* =7° + (w0* —u*) /0 <
By (1), the retailer’s order quantity under (w*,7*) is given by

COXBOT + Aay, — BT XBOTC + Aay, — BT B e .
= X = ) ﬁ()\w + Au*) < s°,

ap /4=s°

s* =35t (E*,F*,?)

where the second equality follows from Lemma B.3 and the last inequality follows from the fact that Aw* +

A°u* >0 in Lemma B.6.

ABa we have W* — OF* =0t +

28 1
that all inventory is sold out in the case of high baseline demand. Again by Lemma 1 and the fact that

pVAN=Y AMa __ ap s°

s ~x
Since u* < S5 <=7

, which, according to Lemma 1, suggests

W =w" —0F — Af—ﬂa, we have the unsold inventory in the case of low baseline demand realization to be
1 - 1 —  Aa
cj*:§ [Aa—ﬁ/)\(@*—ﬁf*)] :g[Aa/Q—,@/)\u | < - =9

where we use the fact that 4* >0 (Lemma B.6) to obtain the inequality.

We now verify that (w*,7*) can be sustained as a separating equilibrium by the retailer’s posterior belief
that the manufacturer is less risky upon contract (w*,7*) being offered and is otherwise riskier. To that
end, we need to show that neither the less risky nor the riskier manufacturer has incentive to deviate to the
off-equilibrium strategies under such a posterior belief.

e The riskier manufacturer’s profit of deviating to (w*,7*) and hence being mistaken as a less risky
type is, by definition, dominated by her equilibrium profit as (w*,7*) satisfies the first constraint in (4):
11 (E*,F* | 9, Q) < 7°. Among all (w,r) # (w*,7*), under which the manufacturer is believed to be of the riskier
type, the symmetric-information (w®,r°) maximizes her profit II(w,r|8,0) to ©°. Therefore, the riskier
manufacturer indeed has no incentive to deviate from her symmetric-information contract terms (w®,r°).

e For the less risky manufacturer, we need to show that she has no incentive to deviate to any (w,r) #
(w*, 7). If the deviation takes place, the manufacturer will be mistaken as a riskier type, earning a profit
of II (w,7 | 0,0), which is dominated by her equilibrium profit IT (w*,7* | 6,6) by Lemma B.7. Thus, the
less risky manufacturer has no incentive to deviate from (w*,7*). This concludes the verification of the
equilibrium belief. [

Proof of Proposition 2. First, w* < w® <w* follows from Proposition 1 and (B.8) Proposition B.1.

By Proposition B.2, 7 <7° < r° follows from (B.19). To show 7* < F', we recall that by Lemma B.3, the
solution (w*,7*) to (4) is given by w* = w° +w* and 7 =7° + (w* — u*) /0, where (w*,u*) is the solution to
(B.5)-(B.7). Because w* <0 and w* — u* < —u' according to Lemma B.6, we thus have w* = w°® + w* < w°
and 7 =7° + (0* —u*) /O <7° —ul /0 =7".

The profit rank 7' < 7 < 7° simply follows from the fact that (3) is a relaxed problem of (4), which is in

turn a relaxed problem of (10). To show that 7' > 7*, we recognize from (B.5) that it is equivalent to show

o,ﬁ e ()2 =t < =t ofﬁ ~1)2
T 2)\)\ (u) =T >T =7 2)\(10),
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or equivalently,

Nt < a@rt. (B.49)

By (B.12) and (B.24), (B.49) is equivalent to

Ao, A0+ \/ (A A0)? + 4AXA o AalAD < VAad + /A (aAb)? + 4AAAaa, A0

Xeau + 1/ (F)? + 4\ i Aab/ A8 < VA a+ y/Aca? + IAxRaaB/AG,

which always holds if the following function in z € [0,00) is positive:

T(z) := VAo — Na, + VAa? + A Aaoz — /(Aa;)? + 4 e Aa(l + z) > 0. (B.50)

We note that

B 220 Aaay [(Aay)? + 4AXaAa — Aea?]
VAcaZ + AN Aaqz/(Aear)? + 4 Aa(l + ) [\/)\Coﬂ + AN Az + v/ (Aa,)? + 4 a;Aa(l + ) ’

T'(x)

whose sign is given by that of (\°a;)? +4A\°a; Aa— A°a?. Namely, Y(x) is a monotonic function in x € [0, 00).

Therefore, to show (B.50), it suffices to show

T(0) =V Xa — Xa; —/(Aa;)? +4d eayAa >0,  and (B.51)

lim Y(z) >0. (B.52)

T—r00

Direct calculation reveals that (B.51) hold because

(\/Foz — )\Cal) F (()\Cal)2 + 4)\)\Ca1Aa) =4\ {oﬁ —Veaq, — /\Aaal}
—4)\° (1 - \K) [a? + Moaa, + (1 - W) )\(Aa)ﬂ > 0.

To see (B.52), we note that

A a? — Xa? — 4ha;Ad]
VAcaZ + AN Aaaz + /(Aeay)? + 4 e Aa(l + z)

T(z) =V — Xa, + —VXa— Ao >0 asz— 0.

This completes the proof of (B.49) and hence 7' > 7* holds.
To see that 57 > 5%, we notice that it is equivalent to

50— %/\CW =5 >5t=5"— %m s xal <o,

which holds and follows immediately from (B.49).
To see that s* > 57, we note that

St = ABOT + Aoy, — Bw® _ ABOT° + hay, — Bw® B

_ 7 yeoyt
2\ 2A TR

and hence the result follows from the fact that Aw* + A\°a* < A°a! in Lemma B.6. O
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Appendix C: Proofs in Section 5

LEMMA C.1. In the demand potential signaling game, the unique equilibrium that survives the intuitive
criterion is the most efficient separating equilibrium. In this equilibrium, the low-demand manufacturer offers

her symmetric information contract (w°,r°).

Proof of Lemma C.1. We first note that IT (w, r ‘ X )\) is increasing in X, as we compute

)
)

By the weakened condition of Cho and Sobel (1990) in Engers (1987), the selection of the most efficient

~ 1y-2 _ e . B ~
15 (w,r ‘ A,A) = { %)‘ Blw—r)(w—Ar), ?f Blw Aa,
5Aaw, it Bw— Aa.

<
> Ao

r
r
separating equilibrium hinges on showing that the marginal rate of substitution (MRS) of one of signals

(i.e., w or r) for the belief \ is monotonic in A. Indeed, direct calculation reveals that the MRS of r for A is

given by

I1, (w,r ‘ X, )\) A° (//\\Aa — B(w —7“)) —I—Xﬂw b\ R
— — =— - , for 0<B(w—r) <A,
15 (w,r ‘ A,)\) A1 B(w —r)(w — A°r) w—r

which is monotonically decreasing in . (For B(w —8r) > AAa, II (w, r

5, 9) is independent of 7 and A, and
hence is irrelevant. )

The equilibrium strategy for the low-demand manufacturer follows from similar argument as in the proof
of Lemma B.2 by recognizing that x° = IT (w°,r° |\, A) < 1T (QO,TO X,A) for any x> A, because of the

X,A) mx O

monotonicity of IT (w, r

LeEMMA C.2. Any (w,T) feasible to (15) must satisfy W —7T < MAa/j.

Proof of Lemma C.2. If w—7 > AAa/B on the contrary, then the constraints of (15) imply that

(w7 | A X) <TE@m 7| X 5) = 20+ Ao — §) =1 (.7 | X,2) <2° =TT w77 A,3),
leading to a contradiction because

— 1 1
IT (w®, r° A,)\)—H(@°,r°|g,g):§A)\r° [Aa—B/A(w® —r°)] = —aAaAN>0. O

8f

Road map of remaining proofs. Following the solution strategy similar to that in the returns risk case,

Lemma C.3 transforms price decisions into retailer’s quantity decisions; Propositions C.1 and C.2 establish
the two partial signaling benchmarks formulated in (18) and (19), respectively (including the verification of
supporting off-equilibrium beliefs). To establish the most efficient separating equilibrium formulated in (15),
the proof of Proposition 3 consists of identifying its direction of distortion and verifying that the pessimistic

off-equilibrium belief supports it.

LEMMA C.3 (Change of Variable). For any (w,T) feasible to (15), let w:=wW —w° =W — ‘)‘";’;\fa and
U=W—T—(W° —r°) =W—T— 222, Then, =52 + 0, F=w — U+ 55, and
o~ Ma __Ma
—>u>—— d < —. .1
w—+—26_u_ 55 and u< 25 (C.1)
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Furthermore,
(w7 |3 3) =7~ L (4 x7) (C.2)

Il (w,7 | X A) <7° is equivalent to

<o e oy Mo\ _ AAN[(A)? 4+ 2a,Aa]
— _ = > )
AW 4+ Xu +A)\(w u+25)(25 u)_ 15 , (C.3)
and 11 (ﬁ,? | A, X) >11 (w",r" ’A, X) s equivalent to
< < AN [(Aa)? A
A 4 e < 20A(B0) +avda] (C.4)

432
Proof of Lemma C.3. By Lemma C.2, we can restrict to @w —7 < AAa/. Thus, direct substitution of w
and @ in (12) immediately yields (C.2) and
— o I Ma
T — % [)\w2—|—)\cu2+A)\ (w—u+§é> (2;5 —u)} .

Using the symmetric-information expressions in Lemma 3, we thus immediately obtain (C.3) and (C.4). O

I (w, 7| A, A)

PRrROPOSITION C.1. The solution to (18) is given by

a 1 _
wh = TR {\/(alm)2+4mmhm—alm} <w® <. (C.5)
Contract (w*,7°) can be sustained as a separating equilibrium of the demand potential signaling game if and
only if AN/A[14+ X/ (4))] <4 Aa/ai. In this equilibrium, the retailer’s order quantity and unsold inventory

in case of low baseline demand are given by

« 1 -

st :Zh+875\ {\/(alA/\)2+4)\A)\ahAaalA/\} > s°, and (C.6)
A 1 -

i :Ta + = {\/(OQA/\)2 +ANA N, A — ozlA)\} > q°, respectively; (C.7)

no unsold inventory results from high baseline demand realization.

Proof. We first solve the relaxed problem of (18) by ignoring the second constraint and will then show
that the solution to the relaxed problem automatically satisfies the ignored constraint. Using the change of
a;+AA«

28

variable specified in Lemma C.3, the solution to the relaxed problem w* = w° + w* = +w*, where w*

is the solution to the following problem

min i (C.8)

. o AN (AAa MM [(Aa)? + 20, A
3 —_— = > . .
subject to  w % ( 25 w | > 15 (C.9)
Straightforward algebra reduces (C.9) to
A AN [(Aa)? A
2w A AAN[(Aa)® + oy a]>0 (C.10)

w 9
2 4p2 B
whose left-hand side is a quadratic function of two roots. As this quadratic function is minimized at w =

a A
4p

> 0, it immediately follows that the smaller (and negative) root

AN AN\’ AAN[(AR)? + o Ad] Mo
ot = v \/< 15 ) + 152 €<%,0> (C.11)
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AAa
2B
(C.5) by substituting the expression of w* into w* = w° + w*.

minimizes (C.8). In particular, the verification of w* > — is straightforward. Subsequently, we obtain

To see that W* < w°, we note that

1 - 1
w° — (AN +ANAN[(A0)? + a;Aa] — 3 (2AMAa + a;AN)

T 4B
PVAP.VA
__ R it >0.

3 (\/ (AN +40AN [(Aa)? + aAa] + 2ANAa + a,A)\)

We now verify that the ignored constraint is satisfied. By Lemma C.3, it is equivalent to show that
_n2 _ AMA[(Aa)? + o Ad]
which is equivalent to (by using the fact that w* is the root of the right-hand side of (C.10))
(@”)2 _ alA)\{Eu N AN [(Aa)? 4 a;Ad] < M [(Aa)? + a;Ad)
20 462 B 4p?

and hence obviously holds.

w' <0,

For contract (w?,r°) to be sustained by some equilibrium belief, we need to show that neither high- nor
low-demand manufacturer has an incentive to deviate to any off-equilibrium strategy under that belief.

e For the low-demand manufacturer, we have shown that her profit of deviating to (w*,r°) and hence
AA) <7

As any other contract (w,r) induces a belief that she is of low demand potential, the symmetric-information

being mistaken as of high demand potential is dominated by her equilibrium profit, i.e., IT (E”, r°

(w®,r°) maximizes her profit II (w,r | A,A) to 7°. Therefore, the low-demand manufacturer indeed has no
incentive to deviate away from her symmetric-information contract (w®,r°).

e For the high-demand manufacturer whose return price is restricted to r°, it suffices to show that she
has no incentive to deviate her wholesale price to any w # w* and thus to be mistaken as of low demand

potential A, i.e., II (@, 7° | A, 5\) <II (ﬁ”,ro | A, 5\) for all w. Indeed, if this condition fails, no other deviation

belief \ can support w*, because 11 (E, r° X, ;\> is non-decreasing in X as pointed out in the proof of Lemma
C.1 and hence IT (@, 7° X, 5\) >1I (E, oA, 5\) >1I (ﬁ”m“ | 5\,5\) for all A > A
—For any w <r° 4+ A a/B=0a;/(28) + AMAa/B, (12) implies that

N R )

B 1 Aa o A\ Ao (Mo o
i TG () e (555 b

which reaches its (unconstrained) maximum (calculated below) at w = 3 {% + % (1 + AC;;C )} <ay/(28)+
AMa/f:

II (67 r°

B A [Aa o A+ e 2 Xoa; (AMa o

2{4[ﬂ+6<1+ )] _A%(ﬂ+26>}

_ 1 3 (AN)?

—SB{A(AQ)2+(/\+A)alAa+{1+ D ]af}. (C.13)

On the other hand, (C.2) suggests that

oY T e B a2
H(w’j,r )\,)\):ﬂ' —ﬁ(w“)
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A(Aa)?+20pAa) +a? B ozlA)\ AN [(Aa)? + a;Ad]

83 oA | 28 432

1 < AN _
:@{A(Aa)2+(A+A)a1Aa+a?}— ;5\ @,

where the second equality follows from (14) and the fact that w* is the root of the right-hand side of (C.10).

(C.14)

Therefore, to show that IT (w,r® | A, A) <II (w?,r° | A\, A) for all w < a;/(28) + AAa/ 3, we need, by (C.13)
and (C.14),
1 < AN)? 1 AN _
Sﬁ{ (Aa)® + ()\+)\)a1Aa+[l+( 4; ]a?}<8ﬁ{)\(Aa) + A+ NaAa+ai} — l)\ ,

or equivalently,

P AN \/(alA)\>2 N AN [(Aa)? 4+ a;Aa] < Aoy AN

48 4p 452 2
which holds if and only if AX/A[1+A/(4))] <4[(Aa)? + oAa] /a}, the assumption in the proposition.
—For w>1r°+ Ma/B=0a;/(28) + MAa/B, (12) implies that
3 6 o+ A A
“IAA) = oW 3 —w),
whose unconstrained maximum is achieved at w = ‘”“AO‘ < ay/(2B) + Ma/B. Therefore, the maximum

of I (w,r° | A\, A) over W > oy /(2) + AAa/B is achleved at W= a;/(26) + M/, leading us back to the

I (w,

previous case.
Finally, we determine the retailer’s order quantity as well as unsold inventory. Since w* — r° =w° + w* —

% =w' + AA“ < AA" because w¥ < AQAB‘ﬂ all inventory is sold out in the case of high baseline demand

realization and, in partlcular, (1) implies that the retailer’s order quantity is
XeBre 4+ Aoy, — Bt NBro 4+ Aoy, — fw°

o — R (75t .0 ) — _ _ =
st=s (w ,T ,1,)\) 3 > 3 s°,

which yields (C.6) by substituting the expression of w* given in (C.5). By Lemma 1, again, the unsold

inventory in the case of low baseline demand realization is
1 - 1 <
qt = 3 [Aa—B/X (W —1°)] = 3 [Aa/2— B/ 0",
from which (C.7) follows by (C.11). O

PROPOSITION C.2. The solution to (19) is given by

b (67} 1

55" Iox {\/ (AXG)” + 4A°AAN, Aoy — Am} € (r°,w°). (C.15)

Contract (w° Fb) can always be sustained as a separating equilibrium of the demand potential signaling game,

in which the retailer’s order quantity and unsold inventory in case of low baseline demand are given by

e =

3 :% + I {\/(A/\a)2 + 44X NN, Aa— A)\a} >s°, and (C.16)
A 1 -

7 = 4a + 3G {\/(A)\Q)Q +ANANA N, A — A)\a} > q°, respectively; (C.17)

no unsold inventory results from high baseline demand realization.
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Proof. We first solve the relaxed problem of (19) by ignoring the second constraint and will then show

that the solution to the relaxed problem automatically satisfies the ignored constraint. Using the change of

QL

variable specified in Lemma C.3, the solution to the relaxed problem 7 = u°, where @° is the solution

28
to the following problem
~ min > (C.18)
Ton 2\ /A - MM [(Aa)? + 20, A
subject to  A°u® + A\ (;‘é - u> (2;[ - u) > [ Ojl)ﬁj ciAal] . (C.19)
Straightforward algebra reduces (C.19) to
, AXa_ MM [(A)? A
e = AAay A [(Aaf +aida] (C.20)

25 43? =5

whose left-hand side is a quadratic function of two roots. As this quadratic function is minimized at w =

Ada
4pAc

> 0, it immediately follows that the smaller (and negative) root

A \/(Am>2 A [(Aa)? +aulda] _ (C.21)

T CRR TRV T 4B2)°

@y

minimizes (C.18). Subsequently, we obtain (C.15) by substituting the expression of @’ into 7 = gL —@". In

particular, we note that 7 =r° — 2’ > r° and that ¥ < w° is equivalent to u’ > —XQA—B‘*, which indeed holds
because
Ma Axa  Ma\®  /Axa\? AN(AQ)? + o Ad] R
~b l c c
— S AA> AN
Y <45AC MY ) (4&6) 1B2x° Az

We now verify that the ignored constraint is satisfied. Since @ is a root of the right-hand side of (C.20),

we have
AXa__, N AN [(Aa)? + a;Ad) - AN [(Aa)? + a;Ad]
28 " 182 462 ’

which shows that the ignored constraint holds by Lemma C.3.

X (@) < xe (@) = (C.22)

We claim that contract (@",?b) can be sustained as a separating equilibrium by the retailer’s posterior
belief that the manufacturer is of high demand potential upon such a contract being offered and is otherwise
of low demand potential. To that end, we need to show that neither high- nor low-demand manufacturer has
incentive to deviate to any off-equilibrium strategy under such a posterior belief.

e For the low-demand manufacturer, we have shown that her profit of deviating to (ﬁoib) and hence
being mistaken as of high demand potential is dominated by her equilibrium profit, i.e., II (@",?b | A, A) <mz°.
As any other contract (w,r) induces a belief that she is of low demand potential, the symmetric-information
(w®,r°) maximizes her profit II (w,r | A,A) to m°. Therefore, the low-demand manufacturer indeed has no
incentive to deviate away from her symmetric-information contract (w®,r°).

e For the high-demand manufacturer whose wholesale price is restricted to w°, it suffices to show that
she has no incentive to deviate her return price to any 7 # 7 and thus to be mistaken as of low demand

potential, i.e., IT (w°, 7 | AN <II(w°, 7 | A A) for all 7.
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—TFor any 7 such that w° — 7 > AAa/8, we have, by (C.2)
o 1Y S e N . BX 2 B a; + Ma 2 A)Ma (oq + S\Aa)
H(w7rb|)\,)\)—H(w,r|A,)\):7r ~ X (ub) -3 53 - oRE
O [R(0a) A AAaP tarda] e
Tox | a2 282x “
c Y 2
ﬂ)\ AMA[(Aa)* + aiAa] (ﬂb)z >0,

0 4B2)°

where the last inequality follows from (C.22)
—7< /\Aa/ﬁ, direct calculation from (12) yields

F()r any 7 Such 'ha‘ 0 <
A A

I (w", 7|, ) 86 45 2
7 — “é?o‘) - AZA;‘O‘ X = (/3T — 1) (Ma/f T +7).

Here, the quadratic equation (A°/A°W° —7) (AAa/B —w° +f) in 7 achieves its unconstrained maximum
hich surely satisfies W° —7 < AMA«a/f and is smaller than w° if and

ACHNC —, pYANEY
_ A4 o Ada o

—0 PVANEY _ A
(QA;; —|-7) at 7= 5552 25
only if Aa/a@ > AN/(2A°)). Thus, we consider the following two cases
* When Aa/& < AN/(2A°)), the quadratic equation (A°/A“W° — F) (AAa/3 — W° + F) reaches it max-

imum ﬁj%mﬁ at ¥ =w°, leading to
e iy e AA(A)? _ A)Aaa BACAN @ MAa _ 5\ X(Aa)
IT (w° <7 — AR A Gl
(@.r|AA) <7 83 43 A A28 B " 83
Therefore, IT (w°, 7 | A, A) <II(w°,7 | A,A) =7° — 5;; (~") holds if
_ 5 _
\2 Ao ~b>_)\Aa
() ( 25 ) T E T
which is, by (C.21), equivalent to
a A a\? MMAa(MAa+a -
AXE | Ma [(ATNT A a(X coz—i—oz) o AN AAMN
4B 2p 48\ 432N

The last inequality above obviously holds

(AA a /\Aa)2

* When Aa/a > AN/(2X°)), we have
. . AMAa)? ANAaa B
I (w° <7o — A a
(@7 | 22) <7 88 13 oy \2x28 " 28
Therefore, IT (w°, 7 ’ AN <II (w°, 7 | A A) BZXX (Nb) holds if
(@)’ SN(Ba) AANAa@ A (Ad @ AAa\T_AAMAa)?  AAMAaa A (Axa®
= 4B 2/32\e A\2X28 0 28 ) 4p2 4/32\e 48\
By noticing that u’ binds (C.20), the above inequality can be rewritten as
A)@ﬂb MM [(Aa)? + a;Aq) < AMA(AQ)?  MANAaw B 5 AXa )\’
28)\° 432 )\° - 4p2 452 )\e 46X ¢ )
which is, by (C.21), equivalent to
AXaAxa  Axa [(Axa@\® | AAN[(Aa)?+aAa] _AAN? (AP AAN*Ada X (AXa 2
2BA°4BA° 28A° | \4B8A° 4B%X° TApAX 432X\ 48N
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Letting z := 2Aa/a > AX/(A°)), we can reduce the above inequality to

242 (i) AR (2 4 2/3%) _2\/1+ XA (o 2/4ex) <0
The left-hand side of the above inequality is a decreasing function in z, and hence we just need to show it
holds for z :=2Aa/a = A)\/(A°)), which returns to the previous case.

Finally, we determine the retailer’s order quantity as well as unsold inventory. Since w° — 7 = 1’ + *A“ <
AA«/B because U’ < AQA—B", Lemma 1 suggests that all inventory is sold out in the case of high baseline demand
realization, and in particular, (1) implies that the retailer’s order quantity is

NGB + Aoy, — Bw°  N°Bre + Ay, — fT°

= _ R (=0 =b ) __ .o
$=s (w,r,l,/\)— o > o =s°,

which yields (C.16) by substituting the expression of # given in (C.15). Again, by Lemma 1, the unsold

inventory in the case of low baseline demand realization is
1 < 1 -
P = [da—B/3 (@ — 7)) = 3 [a/2- /A7),

from which (C.17) follows by (C.21). O
Proof of Proposition 3. We first claim that we can ignore the second constraint in (15). Indeed, as the
contract (@", fb) identified in Proposition C.2 satisfies the first constraint in (15), the optimal objective value

from the relaxed problem must dominate IT (@O, 70 | A, 5\) >1I (7"

, 7), i.e., the ignored constraint must
be satisfied by the optimal solution to the relaxed problem.

Therefore, (w**,7*) can be identified by ignoring the second constraint in (15). Using the change of

* al+:\Aa

variable specified in Lemma C.3, we have w** = w° + w* +w** and T = ;’7’3 + w** — u**, where

28
(w**,u**) is the solution to the following problem
min A@? + X%, subject to (C.3). (C.23)
ﬁ+;‘77~7 AZAﬂcv a< ZAﬁa

We claim that f& <utt < XA“ and hence the bound constraint on u can be ignored. Suppose u** =

+ AQAB“ Then consider a feasible solutlon (0,7°) to the relaxed problem identified in the proof of Proposition

C.2. We then have

S P L= IS TUE A

Ao < a’b < AAa

25 TR This immediately contradicts the

where the strict inequality follows from the fact that —

**

/\Aa ko Ao

We now solve (C.23) by ignoring the constraint w + 2‘17@ > u, which will be verified to be satisfied by the

optimality of (w**,u**), proving that —

ko

optimal solution. The necessary condition for the optimality of (w**,u**) is that there exists a Lagarangian

multiplier £ > 0 associated with (C.3) such that

. . AA
NG — & {2@** + AN (Awo‘ —a**)] =0, (C.24)
< AA
2)\‘:&** _ 5 |:2AC~** + A)\ (26** _ ,l’b'** _ al_gga>:| :0 (025)
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We first note that £ > 0. Otherwise, (C.24) and (C.25) suggest that w** =u** =0, violating (C.3). Hence,
(C.3) must be binding, from which we have
"V** ~dok ay S\AO[ ~kok 75\A)\ [(AQ)Q +2QZA0[} N (okx)2 Ne (orxk\2

AN [(Aa)? +2008a] <y 1o
> 20l 0252 - a]—[AOQ—H\C(ub)Q}

(g (5

**

where the inequality follows from the optimality of (w**,u**), the last equality follows from the fact that
(0,") also binds (C.3), and the last inequality follows from the fact that u> < 0. Subsequently, the ignored
constraint w** + 7L > u** is satisfied.

On the one hand, rearranging terms of (C.24) yields

~ AA ~
21— N = AN [ 222 _ g ) >0, (C.26)
28
where the inequality follows from the fact that u** < AQA;, and rearranging terms of (C.25) yields
- _ _ AA
2N — EX)T™ = —EAN ( oy A z . O‘) 0, (C.27)
where the last inequality follows from the fact that w** 4 7L >u** > — AAB“ Therefore, we must have w** #0
and u** # 0.
On the other hand, eliminating & from (C.24) and (C.25) yields
- * % Aa Kk
)\’V** 2)\11} ‘f’A)\(A —U )
= - . (C.28)
)\ u 2)\01’1** + A)\ (2&** _ 1’[)** _ O‘L‘;’[\}AC’)
or equivalently,
5\@** Aa u
— = —————— € (-1,0), (C.29)

where the bound follows from the fact that u** < ’\A"‘ and w** + 3L >u**

Suggested by (C.26) and (C.27), we consider the following three possibilities:

1. If € > 1> \°/)°, then (C.26) and (C.27) suggest that @w** <0 and u** > 0, respectively. However, this
would imply, by the binding constraint (C.3), that

5\ ( ~**) + )\c (’V**)? :S‘A)\ [(AO&)Q + 2OZZAOZ} A)\ ("V** _ a** + O[l) (W — a**)
26

42 20
- AMA[(Aa)® +20,A0] M A AAN[(Aa)® + o Aa]
42 462 42 ’

contradicting the optimality of (@**,u**), because another feasible solution (0,%*) identified in the proof of

Proposition C.2 yields an even lower value:
e o2 A AAN[(AQ)?+ oAl AAN[(AQ)? + oy Ad]

<
A%+ A (u) ¥ 152 < 15 ,

where the first inequality follows from (C.22). As such, this case can be ruled out.
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2. If 1> € > )°/)°, then (C.26) and (C.27) suggest that w** >0 and @** > 0, respectively. This, however,
contradicts (C.29) and hence can be ruled out.

3. As such, we must have 1 > A\°/A° > ¢, which implies that @w** > 0 and u** < 0 according to (C.26)
and (C.27), respectively. Therefore, it follows immediately that w** > w° and 7™* = «;/(28) + w** — a** >
a;/(2B) =r°. Tt also follows from (C.29) that

AT+ AU < 0 (C.30)

and, together with (C.28), that
(AN X) @ + (A +X°) @ — 0”2? <0, (C.31)
By Lemma 1 and the fact that u** =w** — 7* — XQA—BO‘, we have the unsold inventory in the case of low

baseline demand realization to be
T = 5 [Ba— B/~ 7)) = £ [Aaf2 - B/Xi] > 20 =,
where the inequality follows from the fact that u** < 0.

Finally, we verify that the equilibrium can be sustained by the retailer’s posterior equilibrium belief that
the manufacturer is of high demand potential upon contract (w**,7**) being offered and is otherwise of
low demand potential. To that end, we need to show that neither high- nor low-demand manufacturer has
incentive to deviate to the off-equilibrium strategies under the specified belief.

e The low-demand-potential manufacturer’s profit of deviating to (w**,7**) and hence being mistaken as
of high demand potential is, by definition, dominated by her equilibrium profit according to the constraints
of (15): IT (w**,7* | A\,A) < x°. Among all (w,r) # (w**,7**), under which the manufacturer is believed to
be of low demand potential, the symmetric-information (w®,r°) maximizes her profit II (w,r | A\, A) to =°.
Therefore, the low-demand manufacturer indeed has no incentive to deviate from her symmetric-information
contract terms (w°,7°).

e For high-demand manufacturer, we need to show that she has no incentive to deviate to any (w,7) #

*k kK

(w**,7*) and hence to be mistaken as of low demand potential, namely
IL(w,7 | A, \) <II(w*, 7 | A, M) (C.32)

For the rest of the proof, we are to establish (C.32) and hence concludes the verification of the equilibrium
belief.
1. For w—7 > Ma/S, (12) yields

(o + AAa)?

I (w,7 | A, 35

)= %E(az +AAa — pw) <

On the other hand, the optimality of (w**,7**) suggests

(al + XAa) 2
83

(7 [ 3,3) > T (@, | 5,3) > 50 (o + 3~ 51°) =

(C.33)

from which and the previous inequality (C.32) then follows.
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2. For 0 <w —7 <\ Aa/B < AAa/B, (12) implies

- 1 < AA
IT(w,7 | A, \) = 2w(al+gAa—ﬁw)+% (AW — A°T) (r—w—i— B“) (C.34)
in which the second term, as a quadratic function of 7, achieves its unconstrained maximum at 7 = ’_\;‘;CXEf

AA" >w — Ma/S. Thus, we consider the following two cases.

(a) If ’\chw AA& >, or equivalently, w > AﬁAAAAa,

(C.34) is increasing in 7 € [w — AA«/S,w] and thus

the quadratic function of 7 in the second term of

- o1 ANA 1 - +2Aa)?
IL(w,7 | AN < (w,w | A A) = iw(al + Ma — fw) + 5 Y= §W(a1+)\Aa—ﬁﬁ) < W'
Thus, (C.32) again follows from (C.33).
(b) If w—AAa/B8 < A;;fc — AA“ <w, or equivalently, 0 <w < BAAA;“7 we then have
- ANHA A -
1 (w,7 | A\, \) <TI (w 2;; T— *2; )\,)\)
B [(A+X2—4x_, X A+ AeAa)’

= 7A . C.35
2A\¢ 4 we B T a 28 ( )
Therefore, if (A+ X)2 > 4), the quadratic function (C.35) is convex and achieves its maximum at w = X;}TAA“,

which falls back to the previous case and hence is proved.

If (A+ )2 <4), the quadratic function (C.35) is concave and achieves its unconstrained maximum at

2AA° A+ A
w= - ——Aa | >0, C.36
ST AMm =N (O" T O‘) (€30
which will be smaller than X;AAA;\Q if and only if
a AFA A —(A+N)? a2 AA+X)
—L < Lo (A2 .
Ao 2 7 2Ax B v S G (C:37)

Therefore, if (C.37) does not hold, the quadratic function (C.35) achieves its maximum at @ = X;AAAAQ, which

again falls back to the previous case and hence is proved.

In the remaining proof, we will work under (C.37), which implies the maximum of the quadratic function

(C.35) to be
AN 1 A2\ (Aw)?
— - - A .
25 {M—mw (o0t 55700) 15
y (C.2), to obtain (C.32), it suffices to show
o BT e L ve een2] L AX 1 A2\ (Aa)?
_ = c * ok > - - aT A \=4)
i 2)\[/\(11) )+ A (u )}_26 Do) o+ 5 Aa | + 1

N (k)2 NC (orxk)2 5\ ey 2 [(2A75\(5\+A)) AO{*AAO[Z]2
S A(wT) T+ A (U <452{>\ A(Aa)” — DALV }7

(C.38)

where the right-hand side of (C.38) is positive and, in fact, greater than

o [2A-X0HN]T L MAw)? A1 AA+N)
(ao) {“_ D= (At A2 }_452 [ - Q07 { 2 +(A_2>]>0’

A
182

where the inequalities follow from (C.37).
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By (C.23), to show (C.38), we just need to show that there exists (w,u) satisfying (C.1) and (C.3) such
that

NG 4 A2 = {Xﬁ(Aaf

(BAa — Ady)?
=1 } , (C.39)

A

where we adopt the abbreviation A :=4) — (A +\)? and B : =2\ — A(A+ ) for notational convenience.

To that end, we make the following change of variable

_ 1 1422 1-Az _ /1 1)z 1423
= — — == = '4
w 3 x\/ 5 y\/ 5 ) , U el b 5 Y 5 , (C.40)

we then can straightforwardly verify that

5}

M0 + XU =2 + 17, (C.41)
and (C.3) can then be written as
e )4 _ e e Ye ) 2
(XC—F)\C—A?) s AAN q )\2%a - <>\C+AC+A1)\> yz—)\ AN al—&—)\z%a y> A /\A)\[(AQQZ —|—alez].
: B 200408 A2 B 20— xh) A
(C.42)
Obviously, the (w,u) defined through (C.40) by letting x =0 and y = —%\/5\05\ (Aa)? — M

satisfies (C.39) by virtue of (C.41). It is also straightforward to verify that such (w,u) satisfies (C.1).
We now verify that it also satisfies (C.42), which implies that the corresponding (w, %) must satisfy (C.3).
To that end, plugging it to (C.42) renders it to

T1(2) V3(2)

(C.43)

where z:=a;/Aa < B/AX according to (C.37).
When B <Az AN (ie., 4A% < A(A+))?), we immediately have the first term on the left-hand side of (C.43)

U, (z) >0, and hence (C.43) holds.
When B> A2 AN (i.e., 4A% > A(A + A)?2), we recognize that

which suggest that it suffices to show
Uy (z) +¥s3(z) >0, for z€ [0, B/AN]. (C.44)

Direct calculation reveals that

Wy (2) + Wy(2) = XA M ; W ((m)% . BA)




28 Wang, Gurnani, Subramanian: The Informational Role of Buyback Contracts
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A B AB
If the coefficient of 2? is nonnegative, then ¥, (z) + ¥3(z) is increasing in z and hence (C.44) follows from
A

A -1 -
1(0) + Ws(0) > Wy (0) = = [(1 n Aa) B+ QAAC} > 0. (C.45)
If the coefficient of 22 is negative, then ¥, (2)+ ¥3(z) is concave in z, and hence (C.44) follows from (C.45)
and

U, (B/AX) + Uy (B/AN) = XA l 2 (1+X%) (B/AHQX%) - (B/AA—Xé)] > 0.

This completes the proof. [

Proof of Proposition 4. First, w** >w° > w° > w* follows from Proposition 3 and (C.5) in Proposition
C.1.

By Proposition C.2, 7 > r° follows from (C.15). To show that 7** = o, /(28) + @** —u** > 7 = o, /(28) — ",
we now demonstrate that

o — T > 7ﬂb, (046)

where @ is identified in the proof of Proposition C.2. Since both (0,%°) and (@**,u**) bind the constraint

(C.3), (0,2" =—@’) and (w**,z** = w** — u**) lie on the same quadratic curve in the (@,Z)-space given by
g e~ - Ma
A2 4 X (W —2)° + AN (z + ;2) (2; +zZ— w) = constant,

or equivalently,

OélA)\ ~ (Oél + S\AQ)A)\,\,
= . .4
25 W+ 25 Z = constant (C.A47)

Since w** > 0 and U™, u’ € (fj\Aoz/(Qﬂ),O), we just need to focus on the region Q :=
{(w,2):w>0and Z€ [w,w+ AAa/(28)] }.
Total differentiation of (C.47) yields

W2+ A2 — (N + AWz —

oA (C.48)
A (Re+ )Y — 2)°F — (2R 0aar ! .

where we note that the denominator (A°+ A\°)w — 2A°Z — M# =2)\(w—2) — A\ (15+ ‘”JFXAQ) <0.

28
Therefore, the region (2 is divided by the straight line 2w — (A\° + \°)Z — ‘”ﬁA =0 into two segments: in the
segment where 2w — (A\° + \)Z — ‘112%* < (>)0, Z is strictly increasing (decreasing) in w.
Since
- AV, W - AN
25 — (X + A%)F — L;B = (A+2) T + (A X) @ = 25 <0 by (C31),
and
- a; AN - . agAX
2 — (X4 )\ > = (A + \° b
*0—(A°+A%)Z 25 (A4 X%u % <0,

as shown in the proof of Proposition C.2, both (O,?”) and (@w**,z**) lie on the increasing branch of the

quadratic curve in (C.47). Therefore, w** > 0 suggests w** — u** = 2** >z’ = —u’, namely (C.46).



Wang, Gurnani, Subramanian: The Informational Role of Buyback Contracts 29

The profit rank 7 < 7* < 7° simply follows from the fact that (3) is a relaxed problem of (15), which

is in turn a relaxed problem of (19). To show that 7 >7*, we recognize from (C.2) that it is equivalent to

show
T — %XC (@) =7 >7 =7 — % (@),
or equivalently, because both @* < 0 and @° < 0,
W' < VAT (C.49)

By (C.11) and (C.21), (C.49) is equivalent to

A)\Q)Q N AAAN[(Aa)® + aAa]  Ada

V(@AN? + 10N [(Aa)? +aiAa] - AN >VAe \/ ( X 1 +

& \/ (AXNT)? + AN AAN[(Aa)? 4+ oy Aa] + Ada >\/ X (rAN)? + ANAAN [(Aa)? + s Aa] + VA AN,

which obviously holds because @ > oy > VA¢a; and \° > A°. Therefore, we have shown (C.49) and hence
™ > 7,
To see that 5% > 5°, we notice that it is equivalent to

57— ﬁﬁn =5 >5 =5"— ﬁj\cﬂb & W<\,
2\ 2\
which holds and follows immediately from (C.49).
To show s° < §** < §”, we first claim that @** > 4. Since both (0,%”) and (w**,u**) bind the constraint

(C.3), we have

A (@) + AN (al ~b> ()\Aa _ﬂb> _AAN[(Aa)® +20,A0]

25 " 23 4537
) . _
AN 2080 e gy (2]

N [oxk\2 a; ~xx XAOZ ~kx
e a (55 (555

where the inequality follows from the fact that w** > 0 > u**. That is, the quadratic function

a \ [(AMa  \  AN[(Aa)?+204Ad]

1) (1) -

has %’ < 0 as its smaller root while takes negative value at u** < 0, immediately suggesting that u** > u’.
We thus have

AU 4+ AN (

AT + AU = X (@ —T) + U > M+ = A\, (C.50)

where we also used (C.46) to obtain the inequality.
pYANe

To evaluate the retailer’s stocking quantity as well as unsold inventory, we first note that uw** < T and
hence W** — 7% = 4** 4 28a  Aa which, according to Lemma 1, suggests that all inventory is sold out in

2B B
the case of high baseline demand. In particular, (1) suggests that the retailer orders

ABF + Ay, — fw®  ABre 4+ Aoy, — fw® B

b R (750 b 15\ — — _Tj\c"'b
o=t (@7 1) Y o o
_ )\c Fx* )\ _ Rap*x* Ac o )\ __ [Ra7° - -
5 =™ (@, 7 1) = Bree 4 Aoy, = fw™™ _ A°Bre + Ay — fw° B (T 4 3
2 27 2

s©

Therefore, 5** > s° follows from (C.30) and 5** < 8 from (C.50). O
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Appendix D: Proofs in Section 6

The retailer’s prior belief is that the manufacturer is of a low-risk high-demand type (§7 5\) with probability
v € (0,1) and is of a high-risk low-demand type (8, \) with probability v° € (0,1). Under a separating equi-
librium, the retailer forms belief 0 =0(w,r) :=P [(6,)) = (6, A) | (w,r)] € {0,1} upon being offered contract
(w,r). Accordingly, we denote

-~

0=0(w,r)=E[0]| (w,r)]=00+7°0, and A=A w,r)=E[\|(w,r)]=0X+0°A

Consequently, the retailer’s ordering strategy is characterized by Lemma 1 and the manufacturer’s reduced-

form profit function is given by
A 1 ~ 1/~ ~ ~ 1+
H(w,r|v,(9,)\)):§w (ozl—l—/\Aa—ﬁw) +§ ()ﬁu—)ﬁ%) {Aa—ﬁ/)\(w—W) . (D.1)

Similar to Lemmas 2 and 3, we can specialize (D.3) U € {0,1} (and hence A=Xand 6, =0, = ) to obtain

the symmetric-information contract

o+ Ao
26

and  7°(0,)\) = 2%9, (D.2)

w®(6,\) =
yielding (21) and (22).
Consequently, the retailer’s ordering strategy is characterized by Lemma 1 and the manufacturer’s reduced-

form profit function is given by
_ 1 < 1/~ <o
I (w,r|v,(0,) = P (al—f—)\Aa—ﬁw) +§ ()\Cw—)\CGT) {Aa—ﬁ/)\(w—ﬂr) . (D.3)

As will be verified later (by identifying the supporting equilibrium belief), manufacturer of type (8,))
offers the symmetric-information contract (w°,r°) and hence earns 7°, establishing the first statement of
Proposition 5. Thus, manufacturer of type (9_, 5\) needs to distinguish herself from type (8, ), and, in the

most efficient separating equilibrium, offers the buyback contract according to

max I (@,ﬂ 1,(0, 5\))
w>6r>0 o o (D.4)
subject to II(w,7|1,(0,A)) <zx° and I (@,ﬂ 1, (9,)\)) >1I (QO,EO 0, (9,)\)) ,

where the two IC constraints are the non-mimicry condition for type (6, ) and (6, \), respectively.

Similar to Lemmas B.3 and C.3, we obtain the following (proof omitted)

LEMMA D.1 (Change of Variable). Let §:= (0A° —0X°) /0, w:=w — 55 and U=7w — o — Xf—;‘ (that

is, W=w" +w and ¥ =7 + (0 —u) /8). Then,

A .o Ma . Ma
> > > — — — << — .
w>0r>0 & w>u 53 and 23 <u< 27 (D.5)
(7| 1,0,0) =7° — 2 (A + A7), (D.6)
_ T2 | Yo~ o Ma ) _ AAN[(Aa)? +2a;,Aa]
1 1 < 2 e _a+ ) (222 ) > D.
@F|LN)<r° & A +/\u+6(w ) (1) 2 e . (D7)
S i "
(w10 N) 21w |0,6,3) o ity xie g DB TRnd_Blada
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As before, Lemma D.1 implies that the solution to (D.4) is given by w*** = w° + w*** and 7** =7° +

(@w*** —a***) /0, where (w***,7***) is the solution to

min M@+ XU?, subject to (D.7), (D.9)
52134 3pp vy

provided that (w***,u***) satisfies (D.8), i.e., the optimal objective value of (D.9) is bounded below by the
left-hand side of (D.8). We note that if (w***,u***) does not satisfy (D.8), then (D.4) is infeasible and hence
the most efficient separating equilibrium does not exist.

Straightforward verification yields the following

LEMMA D.2. Parameter § := (9)\c — éj\c) /0 satisfies the following properties: 2) (5 + A= )0/0 >0, i)
§ = AN — X°AG/0, iii) 60/0 = AN — XA/, v) § >0 < AG/O < AN/N°, >1e A0/0<1 -
[A /(1= A) ] (< AN/XY) or A0/G>1— [/\C/ (1+VA) } (> AN/X°).
D.1. Case of §<0 (i.e., OA° < OX°)

U) 0 4/\)\‘

LEMMA D.3. For ¢ <0, there exists a feasible solution (w,u) to (D.9) such that
AN [(Aa)? +205A0] 65\0z1Aa

4p° 4p2
and hence the optimal solution to (D.9), (w***,u***), must satisfy (D.8).

M0? + Au? <

(D.10)

Proof.  Since the objective of (D.9) is to minimize the left-hand side of (D.8), we can ignore constraint
(D.8) once the feasibility of (D.9) is established. Below, we identify such a feasible solution satisfying (D.10),
stronger than (D.8).

o If AX[(A)? + 20 Ad] — b, Aa < A (Aa)?, then

-~ - 1 5 < PVANS!
w=u= %\/)\A)\ [(ACY)Z + ZOAlAO[] — 5)\OQAOZ € <0, 2ﬁ:|
binds (D.10) and also satisfies (D.7):
Mo
c2 ~
MO + \U +5<w u+25>(25 u)
3 2 3 3 3 2
:)\A)\[(Aa) + 20, Aq] sllamoar ™ Mo - A Aa > AN [(Aa) +2alAa].
432 26 26 462 42
R <igo
e Otherwise, u = AQA—B" and
~ 1 Yey 2 ~ S\AOC
w= %\/A)\ [(Aa)? + 204 Aa] — by A — XX (Aa)” >u = =5
bind (D.10) and also satisfy (D.7):
Ma
P\ T +)\°u2+5(w u+ )( ﬂ)
26 26
AN [(Aa)? 420, Ad] o Ma Ao Aa AN [(Aa)? + 20 Ad]
_ —a ) (222 ) - > :
e +6||(w u+2/8 53 u 3|2 E O
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LEMMA D.4. For § <0, (D.7) must be binding at the optimal solution to (D.9).

Proof. Suppose (w***,u***) satisfy (D.7) with strict inequality. Since @w*** = u*** = 0 does not satisfy
(D.7), we thus consider the following scenarios:
o If w*** >0, there must exist € > 0 such that u*** — e > 0 and, by continuity of the left-hand side of (D.7)

in u,

Ma @) > MM [(Aa)? 420 A .
28 432

thus (w***,u*** —¢) is a feasible solution to

5\("’***) _|_>\c (’V*** _ 6)2 +6 ({D* Ly ded ﬂ) (

AS a*** —€e< ,Z’Z*** S ;\QATQ and ,{E*** Z ",LZ*** _ ﬂ > ,Z’I*** —€— 2ﬁ7
(D.9) but contradicts the optimality of (@***,7***) because A (W***)* + X (@*** — €)* < A (@***) + A ().

o If w*** <0 and w*** > u*** — then there exists € > 0 such that *** +e <0, W*** > u*** +¢€— ﬁ and,

25 )
by continuity of the left-hand side of (D.7) in @

st (a2 (22 g )5 A8 2]
That is, (w***,u*** +¢€) is a feasible solution to (D.9) but contradicts the optimality of (w***,u***) because
5\( ***) +>\c( ***+€) </\( ***) +>\c( ***)2.

o If w** <0 and w*** =u*** — ;—é < 0, then there exists € > 0 such that v*** +¢ <0, w*** + e <0 and, by

continuity of the left-hand side of (D.7) in (w,u),

s Ma ., M [(Aa)? 420, A
—u —|— —u"—€| 2 .
25 28 462
That is, (W*** + €, u*** + €) is a feasible solution to (D.9) but contradicts the optimality of (w***,u***) because
5\(&]/***4—6) +Ac( ***+€) <A( ***) _|_)\c( ***)2.

;\(’[E*** +€) +>\c( Kk +€) _|_5 ({E***

Sk ok ko Iyt 33

o If w** <0, using arguments similar to the case of u*** > 0, one can show that there exists € > 0 such

that (w*** +¢€,u***) is a feasible solution to (D.9) but contradicts the optimality of (w***,u***).

o If w** >0 and w*** > u*** using arguments similar to the case of u*** <0 and w*** > u**

— 35
***) is a feasible solution to (D.9) but contradicts

~ 35
one can show that there exists € > 0 such that (w*

**—6,17

***)

the optimality of (w***, u

o If w*** >0 and w*** =u*** — 2L, which implies that w*** > 0, then using arguments similar to the case of

25"
u** <0 and w** =u*** — gf, one can show that there exists € >0 such that (w*** — €, —€) is a feasible
solution to (D.9) but contradicts the optimality of (w***,u***). O
LEMMA D.5. For § <0, the optimal solution to (D.9) must satisfy u*** = XQA—B“ or Wt =ut — 35 <0if
and only if
A°min {a?, A (Aa)Q}
AN > . D.11
- Aa(ag + ap) ( )
Proof.  We first claim that (w***,u***) satisfies u*** = % or w* =u* — gL if and only if
< - AN [(Aa)? 420, A
)\( ***) +)\c( ***)2: [( ) l ] (D12)

432
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The necessity of (D.12) follows from the fact that (w***,@***) must bind (D.7) by Lemma D.4 and that
(@*** —ur + ;—é) (m—“ —u* ) = 0. To see the sufficiency of (D.12), we note, by (D.7), that

2B
< _ AN [(Aa)? + 20, Ad] ~ _ a (Ma
A KKK A[‘ * Kk Kk 2 > _ 6 * Kk Kk _ KKK v _ * KKk
(w ) + A (@) > 152 w uT + 23 725 Uu
< MM [(AQ)? 420 Ad]
- 4/82 )
which immediately implies that u*** = Af—ﬁa or W =ur — ‘;7;
It is straightforward to verify that w*** exists such that u*** = XQA—BO‘, Wt >t — ;‘—é = AAaﬁ 2L and (D.12)
hold, if and only if
AAAa)? 4+ [ Ao — o) T2 < AN [(Aa)2 + 2041Ao¢] =AMa(a; + ap). (D.13)

There exists (w***,u***) such that u*** € [ Af;ff—;‘}, w** =u** — g4 and (D.12) hold, if and only if

Y [e3 2 [e3 [e3
there exists u € {f*f—;, AQA—;} such that g(u) = % where
2 3 2
~ < [ ~ (0%} Y e~2 ~ )\Oll ¢
=Au—— Xu=u—— A\ D.14
o (“ 26) o (“ 2ﬂ> g (P14
5N p [e3 2 [e3 [e3
It is straightforward to verify that g (—%) > W.
e If Aa < oy, then g¢(@) is monotonically decreasing in @ € AQA; , A;\‘—B‘”} Thus, there exists u €
;N 3 [e3 2 [e3 [e3 [e3 2 [e3 [e3
[—AQA—;, AQA—BO‘} such that g(u) = % if and only if g (AA"‘) < W, which is equiva-
lent to
MAa)? =22 aAa+ of < AN [(Aa)® +20;Aq] (D.15)

Since A(Aa)? — 2 A Aa +a? > XA(Aa)? = XA (Aa)? + [(AAa — o) T]?, (D.15) also implies (D.13), which is
equivalent to (D.11).

Ao Aoy )\Aa Ao
28 7 2B 28 7 28

o If Ao > oy, then g(u) reaches its minimum at )“” € [—— St —} Thus, there exists

Y 5N @ 2 @ @ N [e3 2 [e3 [e3
u € [f%,%} such that g(u) = W if and only if ¢ (2—) < W, which is
equivalent to
o <AN[(Aa)® +200A0] = ANAa(a + o). (D.16)

It is straightforward to verify that

—if Aa > a; > VAAq, then A°a2 > XAA(Aa)? = A°A(Aa)? + [(AMa — o) ]2 and hence (D.16) also
implies (D.13), which is equivalent to (D.ll);

—if VAAa > oy > AAaq, then A°a? < A°A(Aa)? = AA(Aa)? + [(AMAa — o) ]2 and hence (D.13) implies
(D.16), which is equivalent to (D.11);

—if a; < Ma, then A°a? < A(Aa)? — 2 q;Aa + a2 = AA(Aa)? + [(AMAa — a;)T]? and hence (D.13)
again implies (D.16), which is equivalent to (D.11). O

LEMMA D.6. For§ <0, if (D.11) does not hold, the optimal solution to (D.9) must satisfy 0 <u*** < AQA—B"

and T — 55 <@ <0,
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Proof. If (D.11) does not hold, Lemma D.5 implies that u*** € [—X?—B‘l, XQA—B(’) and w*** > u*** — 7. Hence,

the necessary condition for the optimality of (@w***,u***) is for there to exist a Lagrangian multiplier £ >0
associated with (D.7) such that
< AA
AT — & {2)\”** ) ( . BO‘ a)] =0, (D.17)
e o ~ - AA ~ )\A
2Xur = ¢ [2)\%*** +0 (2u*** - — W)] >0, with “=" if u™** > 2/60[ (D.18)

We first note that &€ > 0 and hence (D.7) must be binding. Otherwise, (D 17) and (D.18) suggest that

w** =0 and w*** >0 with “=” if v*** > — k;‘ﬁo‘ Thus, we must have w*** = u*** = 0, which then violates

(D.7).
Using the properties in Lemma D.2 and rearranging terms of (D.17) and (D.18) yields
- . AA ~
ON(1 — )i+ =£6 | 2ot — ) <0, (D.19)
28
5 _ . AA
2(0)\6 50)\6)/0,“*** > ¢ ( ey C)q+26a> 0, (D.20)
where the strict inequality follows from the fact that w*** + ;—é >utt e [fxf—ﬁa, XQA—BD‘). Therefore, we must

have w*** # 0 and u*** # 0. Together with the fact that § < 0 or equivalently #A° > #)\°, we consider the
following three possibilities:

1. If € > 6A¢/(6X°) > 1, then (D.19) and (D.20) suggest that w*** >0 and u*** < 0, respectively. However,
as (D.7) is binding, this would imply that

3 2
X(N***) + )\c (’V***)Q :AA)\ [(AO{) + QQZAQ] _ 5 <~*** _ a*** + /8> <>\AO{ a***)

4p° 26
>5\A)\[(Aa)2 + 20, Adl] _55\a1A0¢
42 432

**

contradicting the optimality of (w**,u**) by Lemma D.3. Hence, this case can be ruled out.
2. If O/ (0)1°) > € > 1, (D.19) and (D.20) suggest that @*** >0 and u*** > 0, respectively. However, this
leads to contradiction, because eliminating ¢ and ¢ from (D.17) and (D.18) would yield a contradiction

A AA
AC Tkkk A a "*** < A w 2&*** _ ,&;*** _ al + A « .
2% Y 26

>0 <0

Hence, this case again can be ruled out.
3. As such, we must have OA¢/(6\°) > 1> &, which implies that w*** < 0 and @*** > 0 according to (D.19)
and (D.20), respectively, establishing the lemma. O
LEMMA D.7. For § <0, if (D.11) does not hold, then
A2 (Aa)?
42
Proof. 1If (D.11) does not hold, it is straight forward to verify that the quadratic function in u

2 46 (al u) ()\;Aﬁa 17) _ A [(Ac;);;L 20y Aa]

5\("'***) + )\c (~***)2 < (D21)
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has a root @’ € (O7 AZAB") That is, (0,%°) binds (D.7). Thus, the optimality of (w***,4***) must imply that

(a2 4 e (e ? < K02 4 e (012 o AN (Ba)
A@)? 27 (@) <07+ X (@) 4(752),
establishing (D.21). O

Proof of Proposition 5.1 and Corollary 1.1. For 6 < 0, Lemma D.3 implies that the optimal solution
(w*,u***) to (D.9) must satisfy (D.8). Thus, the most efficient equilibrium, if exists, must be given by
W =w° +w* and 7 =7° + (0 — u***) /0. By Lemma D.5 and D.6, if u*** = AQA;, then manufacturer
(9, 5\) induces the retailer’s unsold inventory to be

! a3 - = L _B/A(w%%a)] N

otherwise, w*** < 0 and —% < w*** —u** <0, which implies that w™** =w° + w*** < w° and #** =7 4

(w*** —u**) /8 € [0,7°). We now show that if

I (w,7| 0,(6, 1)) <TI (@, 7 1,(@@)):?_% K@)+ 3 @2, (D.22)

then (w**,w**) can be sustained as a separating equilibrium by the retailer’s posterior belief that the

*** ***)

manufacturer is of type (9 )\) upon contract (W being offered and is otherwise of type (8, ).

* Kk Kk ***)

e The manufacturer (6,)\)’s profit of deviating to (w***,T and hence being mistaken as of type
(9, 5\) is, by definition, dominated by her equilibrium profit according to the constraints of (D.4):
I (w7 |1,(0,))) < 7°. Among all (w,r) # (@**,7**), under which the manufacturer is believed to
be of type (6,)), the symmetric-information contract (w°,r°) maximizes her profit: II(w,r|0,(8,A)) <
IT (w®,7°0, (6, A)). Therefore, the manufacturer (6, \) indeed has no incentive to deviate from her symmetric-
information contract terms (w°,r°).

e For manufacturer (6, ), we need to show that she has no incentive to deviate to any (w,) # (W***,7**)
and hence to be mistaken as of type (6, ), namely the condition (D.22).

Since condition A#/0 > AN/A° > \° {a? AN (Aa)z} /[A°Aa(oy + )] implies § < 0 and (D.11), Lemma D.5
implies (D.12) and hence
17(97>\)) =7~ = {)\( ***) + (@ ***>2} —o

On the other hand, (D.3) implies that (after some simple algebra)

AN[(Aa)? + 204 Aq
8p

B

——kkk  okkk
H(w ,T

I (w,7 | 0, (6, 1) =I1(@,7 | 0, (6, 1)) + 597‘ [Aa—B/Mw —0r)]" <T(w,70,(6, 1) <z°,
where we used the fact that 6 < 0. Therefore, (D.22) holds.
The rest of the proof is to establish (D.22) when A#/6 > 1 — [5\0/ (1+ @)2} but (D.11) does not hold,

and hence concludes the verification of the equilibrium belief.
1. For w— 07 > AMa/S, (D.3) yields

(V)
(V)

IA
‘\Q
A\
‘Q\

oo
=
[0.¢]
®

I (w,7 | 0,(6,\) = %E a+ AMa —fpw
N—_——

On the other hand, Lemma D.7 implies that

B

e 2, =2 Ye)\2 2
H(ﬁ***,f*” | 17(§7 5\)) :ﬁo _ ﬁ |:5\(~***) _’_)\z, (N***)2:| > )\ )\(Aa) + o _ ﬁ )\ )\ (AOZ) _

@
83 2N 432 83’

thus establishing (D.22).
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2. For 0 <w— 07 < MAa/8, (D.3) implies

IT (w, 7] 0,(0,\) = = (v + Ao — fW) + % (AW — 6A°T) (ar —W+ ma) , (D.23)

B

N |

in which the second term, as a quadratic function of 7 & [1/@ (W —AAa/B)", 1/Q@}, achieves its uncon-
strained maximum at

ON + O)° Mo 1) M«
F=1 T2 22 | (14— w22 < 10w
’ /‘9[ 20 " 2ﬁ] /GK +2Ae)“’ 2ﬂ}< /e

Thus, we consider the following three cases.
(a) For w > 7% > Ma/p > (1+267)71A2A—ﬁ°‘ (by Lemma D.2), we have 0 <

1/6 [(1+%)@f%—ﬁa] < 1/0(w—AAa/B) and hence the second term of (D.23) is decreasing in

Fe[l/0(w— AAa/B),1/0w], implying
I (w,7 | 0, (8, 1)) < T (w, 1/6 (@ — AAa/B) | 0, (4, %)) :%w o + Mo — B7].

We thus fall back to Case 1, establishing (D.22).
(b) For < (1+3%) " 222 < A\Aq/B, we have 1/0 (W~ AMAa/B) < 1/6 [(
hence the second term of (D.23) is decreasing in 7 € [0,1/60w], implying

I (w, 7] 0,(6,\) <II (w,0]0,(4,\) = LR 2dh (2‘;’30 ‘ 0, (6, X)) . (D.24)

o If Aoy < (A+AX) Aq, then (w,7) = A‘1—’170) is a feasible solution to (D.4), because @ = 22 —

_Acal";?/\Ao‘ and T = Azigh _ S\ZATQ :’LTI—F % — Aaz*Z%AAa c [_S\QATQ’ 5?7&} satisfy (D?)
3 730041 + AN\ L Ao — AXNA« 2
28 28
1 < AN° o2 MM [(Aa)? 420, Ad]

-1 M2 +2AN%] af + (AXAQ) +2 (AN = A°)) AdyAa p > T e ,
| —
where the last inequality follows from the fact that (D.11) does not hold. Thus, the optimality of (w***,7***)

implies

IT (w***, 7 | 1,(6, X)) > 11 <’\;g,o ‘ 1, (6,A)> . (D.25)

Therefore, (D.22) follows from (D.24) and (D.25) by noting that

Ay, _ A, S B AN dan)?
(201 00) -1 (2 0f0.0.0) -2 (£ -2 (22) 0

e If Aoy > (A+ AX) Aay, to establish (D.22) it suffices to show

- A 2 M [(Aa)? + 204 A ACa?
)\(~***) +>\c(~***) <;\|: o )\O[h:|:>\ )\[( O[) + 204 04] )\Aal

Y 432 462
which holds by (D.21):

_ X2 (Aa)? ded2 2 yye,2
A(N***) +)\c (~***)2< A“A ( Oé) A“A <AO{1) S )\A Qg

432 = 482 \ '\ 482
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(c) For —2282 > 75 > (1+52 )JM—“ we have 1/Q[(1+ g )E—AA—O‘} >1/0 (@ —AAa/B)"

Bo 2xe 28 ° 2xe 28
hence
. 1) AA .
IT (w, 7 0, (,\)) <II <w 1/0 [(1+ 25\c> w — 2;] ‘ 0, (9,>\)>

1 BOXT & Mal®

,* VAN = 7 =

=5 @ (@ +Ada = fw) + 554 [2)\Cw+ 28 }

1 9 52 006 X\ (Aa)®

= —— | Aa|lW+ ————— . D.2

2{ T ]w +{al+<x\—|—92) a]w+ 150 (D.26)
By Lemma D.2, A§/0 > 1— [)\C (1 + f) ] implies that both § < 0 and 2 g 4AiL > 1. Hence, the quadratic func-
tion of @ in (D.35) is convex and hence reaches its maximum at either w= — A g?a or w= (1 + 2XC) ! AQA—B“,

corresponding to the above two cases respectively, for which (D.22) has been established. [

D.2. Case of §>0 (i.e., 0A° > 0)°)
LEMMA D.8. For 6 > 0, the optimal solution to (D.9) that satisfies (D.8) must satisfy w*** >0 and
u* < 0.

AAa and W > U — Otherw1se Wt = AAa or W = — &

Proof. First, we claim that u*** < 55 28 287

so (D.7) and (D.8) imply
MA[(A@)? 420 Ad]
432

leading to a contradiction. Thus, the necessary condition for the optimality of (w***,u

AMA[(Aa)® +20,A0] Ao, Aa

<A@ 4+ X (@) < i VTR

***)

is for there to

exist a Lagrangian multiplier £ > 0 associated with (D.7) such that

~ ~ Ma
NI — & |28 + 6 [ 2o — e ) | =0, (D.27)
28
Sem Sen er ~ AA ~ AA
AT — € |23 46 (20— — AR S0 Gith f= if > — 2o (D.28)
2 28
We first note that £ > 0 and hence (D.7) must be binding. Otherwise, (D.27) and (D.28) suggest that w*** =0
and u*** >0 with “=" if u*** > — AQAB“ Thus, we must have w*** =u*** =0, which then violates (D.7).
Using the properties in Lemma D.2 and rearranging terms of (D.27) and (D.28) yields
~ Ma
N1 — )T ga( 2;‘ ) >0, (D.29)
- AA AA
2BN — £0X°) /6T > — €6 <~ + W) € (—00,0), with “=" if 7*** > 72—;, (D.30)
where the strict inequality follows from the fact that w*** + g—é > Ut e {f%, Xﬁ—;)
o If ur = AAQ <0, then the binding (D.7) implies
— — 2 —
< Ao MM [(Aa)? +20,A0] <, (AAa) 2 aAa
A (w* d—uw* =A== —X° -4 . D.31
(@) + 3 15 e 17 (D.31)

We claim that A > 0. Otherwise, it is straightforward to verify that the following quadratic equation

2 46 (al u) ()\;Aﬁa 17) _ A [(Ac;);;L 20y Aa]
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has a unique root u* € (—XQA—B", 0), and hence (0,%%) binds (D.7). However, this immediately contradicts the

optimality of (w***,u***) because
T~ ~ VN . Te f~
@) 4 A (@) > xe (a) >A(0)2+ X (u”)2.

Therefore, (D.31) immediately implies that w*** = <5Aa> +A/X— 5Aﬁa > 0. On the other hand, (D.29)

Tk okok

implies that w*** £ 0. Hence, we must have w*** > 0, establishing the lemma.

o If > — AQABD‘, then (D.28) and (D.30) are binding. Together with the fact that § > 0 or equivalently
OX° < O)\°, we consider the following three possibilities:
1. If € >1>0X¢/(8)°), then (D.29) and binding (D.30) suggest that w*** < 0 and u*** > 0, respectively.

However, as (D.7) is binding, this would imply that

b 2
X ( ~***) _|_ )\c (N***)2 :)\AA [(Aa) + QOQAOL] _ 6 <{E*** _ N*** + > <)\Aa ﬁ***)

452 26) \ 26
>5\A)\[(Aa)2 +20;Aq) _55\alAa - MM [(Aa)? + 20, Ad] —5Q_ Ao Aa
45 42 452 0 4p% "’

violating (D.8). Hence, this case can be ruled out.
2. If 1>¢>0X°/(0)°), (D.29) and binding (D.30) suggest that w*** > 0 and @*** > 0, respectively. How-
ever, this leads to contradiction, because eliminating £ and ¢ from (D.27) and binding (D.28) would yield a

AC Tkk ok AAa a*** — X@*** 2&*** _ ,&7*** _ al + AAO{ .
2% 7 26

>0 <0

contradiction

Hence, this case again can be ruled out.
3. As such, we must have 1 > 0\°/(9)\°) > &, which implies that @w*** >0 and @*** < 0 according to (D.19)
and binding (D.20), respectively, establishing the lemma. O

LEMMA D.9. For § >0, the optimal solution to (D.9) must satisfy (D.8) if A/0 <2Aa/qy.

Proof.  Since the objective of (D.9) is to minimize the left-hand side of (D.8), we thus just need to identify
a feasible solution to (D.9) that satisfies (D.8).
e For AG/0 < Aa/ay, it is straightforward to verify that 7 = —A2? 2L and

)
=L Ar (A2 1+ 2080] - 6 anaa 3 (B,
w—2ﬁ 0} apAd Qal (0] Q [67%]
1/ A0\ A0, (Ao Af
satisfy u € { *;‘BO‘,O} —u+gk > ;\“%0‘7’3’ + 7%0‘7’3 + 55 = g%, and bind (D.8). Subsequently, (w,u) also
satisfies (D.7):
m2+x6a2+5({5_a+§‘/’3 (AQA;‘—TL)
:S\A)\[(Aa)2+2alAa] B Q_S\alAa sl Mo _a) > S\A)\[(Aa)z—i—QalAa}.
432 0 4532 28 23 432
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e For Aa/a; <A0/0 <2Aa/qy, it is straightforward to verify that @ = —XZA—;‘ and

b
y

AM(Aa)? + 20y Aa] — 5%041Aa — ¢ (Aa)?

A
< Af _ 2
AN[(Aa)? + o Aa] + )\57041Aa — A (Aa)

2
1
(by Lemma D.2) =33

2%\/A)\ [(Aa)? + oy Aa] + (S\CAoz)Q > Ada >0>u— ﬁ,
bind (D.8). Subsequently, (w, ) also satisfies (D.7):
<o te~n SRRSO Ma
AW 4+ AU 40 (wu+2,6’) <25u>
:XA)\[(Aa)2+2alAa] s [ AalAa—i—é({E—iZ—i—al) ()\Aoz_ﬂ>
462 0 4p? 20 26
v Y
<1y 2ae e
AN [(Aa)? + 20, Ad] i |:2)\AOZ [Aa+a] (1 N 2Aa> /\oquz}
= 13 45° o ) ap
:S\A)\ [(Aa)? + 204 Ac] +65\a1Aa N MM [(Aa)? 4204 Ad] 0
432 432 432 '

LEMMA D.10. Suppose 6 > 0. There exists u® € [—XQAT",O} such that (0,u°) binds (D.7) if and only if
A/ < (A°A—=X°AN) Aa/ (2X°a). (D.32)

Furthermore, (D.32) implies that AG/0 < 2A«/«; and hence that the optimal solution to (D.9) must satisfy
(D.8).

Proof of Lemma D.10. Substituting w =0 into the left-hand side of (D.9) results in a quadratic convex

XC'@%&(%—&) (AzA;—ﬂ)

5N py «@ 2 «@ «@ ~
which takes value of §2%ge < AaN[(Aa)?+ 20 Al (the right-hand side of (D.9)) at @ =0 and value of
ZS\Aa(al—O—S\Aa) ~

157 157
A A2E§§‘)2 +4 152 at u = —XQA—;. Therefore, there exists u° € [—XQA—B“, O} such that (0,%°) binds (D.9)

function in ,

if and only if
3¢ A2(Aa)? N 20Aa (o + AA«) - AN [(A)? + 20 Ad]
432 432 - 432
which reduces to (D.32) through straightforward verification. Finally, by direct verification, (D.32) implies
that Af/0 < 2Aa/(2Aa + ay), which is equivalent to Af/8 < 2Aa/a,;, and hence the last statement in the

(the right-hand side of (D.9)),

lemma follows from Lemma D.9. O

Proof of Proposition 5.2 and Corollary 1.2. For § >0, Lemma D.8 implies that the most efficient sepa-
rating equilibrium, if exists, must be given by w*** = w° + @w*** > w° and 7** = 7° + (W —u***) /0 > 7°,
where (w***,u***) is the optimal solution to (D.9) that satisfies (D.8). We now show that if

I (w,7 ] 0,(0, ) <II(w*,7** | 1,(0,\) =7° — % [Z\ (@) + X (@)? (D.33)

then (w**,w***) can be sustained as a separating equilibrium by the retailer’s posterior belief that the

manufacturer is of type (5, 5\) upon contract (wW***,w***) being offered and is otherwise of type (6, ).
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e The manufacturer (6,))’s profit of deviating to (w***,7**) and hence being mistaken as of type
(é, 5\) is, by definition, dominated by her equilibrium profit according to the constraints of (D.4):
II (w***, 7 | 1,(0,A)) < m°. Among all (w,r) # (w***,7**), under which the manufacturer is believed to
be of type (6,A), the symmetric-information contract (w°,r°) maximizes her profit: II (w,r]0,(6,A)) <
IT (w®,r° 0, (0, A)). Therefore, the manufacturer (6, \) indeed has no incentive to deviate from her symmetric-
information contract terms (w®,r°).

e For manufacturer (6, ), we need to show that she has no incentive to deviate to any (w,7) # (W***,7***)
and hence to be mistaken as of type (6,), namely the condition (D.33). The rest of the proof is to establish
(D.33) under condition Af/f < min { (A°A = A°AN) Aa/ (2X°@) , 1 — P\C/ (1- @)2} } and hence concludes
the verification of the equilibrium belief.

1. For w— 0F > AMa/S, (D.3) yields
_ p— 1_ o o
H(w,r’&(@,)\)):fw o+ Aa—pw | <=
2 ———

o

oo
™

Thus, to show (D.33), it suffices to show that

N (Tkokk C (roHhxk\2 25\ —o o S\A)\ [(AQ)Q +2OélAa]
A(w )+/\( ) SF(W —r°)= 432 )
which indeed holds as (w***,u***) must satisfy (D.8) (with 6 > 0).
2. For 0 <w— 07 < A\Aa/f, (D.3) implies
. 1 - AA
I (w, 7] 0,(0,A) = 2@(&;+AA0¢7[3@)+% (AW — OX°T) (0rw+5a>, (D.34)

in which the second term, as a quadratic function of 7 € [1 /0 (@ —\Aa/B)T )1 /Qﬁ], achieves its uncon-
strained maximum at
OX° +0)° Ma 0 AMa
r=1/0 ———— W — — =1/0 1|1 — | W — —— 1/0 (w — AA .
/[ 20 28 ] /K +2Ac>“’ 29 } » /e =A8a/s)
Thus, we consider the following three cases.

(a) For w > 2 XAD‘, we have 1/6 [(1—1— 2w - AA“} > 1/0w and hence the second term of (D.34) is

increasing in 7 € [1/@ (W —AAa/B) 7T, 1/Q@} , implying
A SN 7 11 0 ?a
IL(®@,7] 0, (6, %) <IL(@,1/6 | 0,(0, ) =37 |eu+ ( A+ 50 | Aa— | < 5 Jau+ A+ 50 ) Ao <.
On the other hand, condition Af/ < min { (A°A=X°AN) Aa/ (2X°a), 1 — [5\ / (1=+/2A) 2} } implies § >0
(by Lemma D.2) and condition (D.32). Thus, Lemma D.10 implies that, by (D.6),
I (E***,T*** | 1’ (0_’ X)) =7 _ % l:;\(’V***) _’_)\c(’V***) ] Zﬁ _

immediately implying that (D.33) holds.
(b) For 0<w < (1+

5) 1)\Aa<

35 , we have 1/6 [(1 + 2)\C)w— *27} < 0 and hence the second

3°AAa
Bé
term of (D.34) is decreasing in 7 € [0, 1/60w], implying
B o an_ _dai @
2 hw<
o’ T2vE

where the last inequality follows from the same argument in part (a

IT (w, 7] 0,(4,A) <II(w,0|0,(F,\)) ==
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(¢) For (14 3% )71 AQA—B“ < w2222 we have 1/6 [(1—&— 2 )w— AQA—B"} <1/0w and hence

IT (w,7 | 0, (6, X)) <II (w’l/a[(lJF;)\c)w—)\QA;] ’07(97)\))
ﬂéXC{ 5 AAa}z

1_ __
=gl Ada =)+ 5 5 5% 55
1 6 o2 ., 00 XA (Aa)?

Again by Lemma D.2, condition Af/6 < min { (A°A=A°AX) Aa/ (2X°a),1 — [;\C/ (1- @)2} } implies that
9.8 >1. Hence, the quadratic function of @ in (D.35) is convex and hence reaches its maximum at either

4Ae =
A°AA« — 5 \—1 A«
B85 orw—(l—i—ﬂc) 28

been established. [

corresponding to the above two cases respectively, for which (D.33) has

D.3. Case of §=0 (i.e., 0A°=0)°)
LEMMA D.11. There exist at least two solutions to
AN [(Aa)? 420, Ad]

432 ’
both satisfying (D.5), one of which satisfies W <0 and W —u <0 and the other of which satisfies w >0 and

A+ X =

(D.36)

w—u>0.

Proof. It is straightforward to see that function g(u) := {/_\ (1 + )2 + 5\6} 42 is monotonically decreasing

Ao
ine [—AQ—;,O] with

and ¢(0)=0

M) N (Aa)? + 2020, Aa + o2 - AN [(Aa)? + 20, Ad] - M [(Aa)? + 20, Ad]
i(—%5 )= v 17 7 i .

Thus, the Intermediate Value Theorem implies that there is a unique u € (—%—;,0) such that g(u) =

. Let w= (1+ %) @ <. Then, (w, @) specified as such is a solution to (D.36) with w <0

XAA[(Aa)?+20;Ad]
432
and w—u < 0.

To show the existence of the other solution to (D.36), we simply let w = %\/A)\ [(Aa)? 4+ 20y Ac] and

u =0, which automatically satisfy w >0 and w—u>0. 0O

Proof of Proposition 5.3 and Corollary 1.3. When § =0, it is straightforward to see that the optimal
solution (w***,u***) to (D.9) is the solution to (D.36) that satisfies (D.5). By Lemma D.11, at least two of such
solutions exist, one with w*** <0 and w*** — u*** < 0 and the other one with w*** >0 and w*** — u*** > 0.
Correspondingly, there exist two solutions to (D.4), w*** = w° +w*** and 7*** = 7° + (w*** — u***) /#, which
satisfies the property described in Proposition 5.1. We now show that (w**,w***) can be sustained as a
separating equilibrium by the retailer’s posterior belief that the manufacturer is of type (é, 5\) upon contract
(w***,w***) being offered and is otherwise of type (6, ).

e The manufacturer (6,A)’s profit of deviating to (w***,7**) and hence being mistaken as of type
(5, 5\) is, by definition, dominated by her equilibrium profit according to the constraints of (D.4):
I (w***, 7 | 1,(0,)) < x°. Among all (w,r) # (w***,7**), under which the manufacturer is believed to
be of type (6,A), the symmetric-information contract (w°,r°) maximizes her profit: II (w,r]0,(6,A)) <
I (w®,r° 0, (0, A)). Therefore, the manufacturer (6, \) indeed has no incentive to deviate from her symmetric-

information contract terms (w®,r°).
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e For manufacturer (6, ), we need to show that she has no incentive to deviate to any (w,7) # (W***,7

* kK 7***)
’

and hence to be mistaken as of type (6,)\), namely

I (1,7 0,0, 1) <T@, 7** [ 1,(0,3) =" — 2= [A @) + X @)

AXN[(Aa)? + 204 Ad]
8p

=7° — °

=7,

which holds, because & = (9A° — 6A°) /6 =0 and (D.3) imply that
1,70, (6,3)) =g (0 + Mo — Bu) + 3 (Xw — X6r) [da — /Mw — 0r)]*
— o+ Ao~ Bw) + 5 (Xw— X6r) (A~ /2w — )]
11w, 7| (6,1),0)<x°. O
Appendix E: Positive Marginal Production Cost

In this appendix, we explore the situation with a positive manufacturer’s marginal production cost, denoted
as ¢ > 0. We find that a positive marginal cost does not qualitatively impact our insights established in
the paper. That is, under asymmetric information about either returns risk or demand potential, signaling
requires the separating type (i.e., the less risky or high-demand manufacturer) to suitably distort her returns
cost away from the symmetric-information level (via the induced retailer’s regular and safety stocks). A
positive marginal production only acts to reduce the induced symmetric-information regular and safety
stocks, but it does not affect the direction of distortions relative to the symmetric-information benchmark (as
it does not enter the retailer’s quantity decision). As the only nuance, under asymmetric information about
returns risk, if the marginal cost is sufficiently high (i.e., AAa < e < «), then it is no longer profitable for
either less risky or riskier manufacturer to induce returns, i.e., to induce the retailer to carry a safety stock
and return unsold inventory. As a result, the manufacturer’s returns risk is not relevant to the retailer and

there is no need for the manufacturer to signal her returns risk.

E.1. Returns Risk.

Given a marginal production cost ¢ > 0, the manufacturer’s expected profit function (2) in the paper needs

to be modified as

I (w,r ‘ @\,9) =(w—rc)s" (w,r,é\, /\) - %/\097“ [Aa—,@/)\ (w —é\r)yL

:%(w—c)(a—ﬁw)—i—%(w—t%—c) [Aa—ﬁ/)\ (w—é\r)]+.

It is straightforward to verify that the symmetric-information contract is given by

atfe—rAo i < Be <
wo(a)z Oé"‘ﬁc and 7”0(0) € |:07 230 :| 5 if )\AOZiﬁcioz7
26 ==L, it Be<Ma,

where we recall @ = a; + M« is the average baseline demand. Under the symmetric-information contract,

the retailer’s induced regular and safety stock are

— Be)F A°
80 = % and s?= ”y (Aa—Be/N)T,  respectively;
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and the manufacturer’s expected profit is given by

o — cjL2 ¢ a— C+2
-l oL g o)

In words, a positive marginal production cost acts to shift the symmetric-information wholesale price upward

and the induced regular and safety stocks downward, relative to the case of zero marginal production cost
in the paper (see Lemma 2). More specifically, regardless of the manufacturer’s type 6,

e for 0 < fc < AMa < a, the retailer still orders both positive regular and safety stocks (and incurs unsold
inventory of amount s°/A° in case of low baseline demand realization) and the manufacturer earns positive
profit;

e for Ma < e < a, the retailer only orders positive regular stock but no safety stock (and hence no
returns regardless of baseline demand realization) and the manufacturer earns positive profit (from selling
regular stock);

e for Sc > «, the retailer orders no regular nor safety stocks (and hence no returns regardless of baseline
demand realization) and the manufacturer earns no profit (i.e., exits the market). Thus, it is meaningful to
only focus on the parameter range 8¢ € [0, a.

When returns risk # becomes the manufacturer’s private information, the riskier manufacturer still offers
her symmetric-information contract and earns her symmetric-information profit 7° and the less risky manu-
facturer distinguishes herself by offering a contract, say (w,7), which may need to be distorted away from her
symmetric-information counterpart. Using the same variable transformation as in the paper, we can work

with the retailer’s induced quantity decision:
1
regular stock s,.(W) := 5 (o — fw), and
A¢ -
safety stock s,(w,7):= ) [Aa—B/X(w—67)] .

Notably, the retailer’s quantity decision above is independent of the marginal production cost c.

Consequently, the less risky manufacturer’s profit from offering contract (w,7) can be expressed as

11 (w,7 | 8,8) =n° — — {)\C [s° — 5, (W)]> + A [s° — SS(E,F)]Q}, (E.1)

less risky manufacturer’s signaling cost

and the riskier manufacturer’s gain from mimicry can be expressed as

IT (w, 7| 6,8) — 7° =A°Af - ﬂ(fc)%@ F;O” — A8, (W) + A5, (w, r)] 5,(w,F)
returns cost
2 2 o — — —\12
g (Xl - s @) Al - s (£.2)

signaling cost
We note that (E.1) and (E.2) are exactly the same as (7) and (8) in the paper, respectively. The only
difference is that both s2 and s° are lower than their counterparts in (7) and (8). We also note that any (w, 7)
such that §,(w,7) =0 can always make the riskier manufacturer’s gain from mimicry in (E.2) non-positive.

Thus, separation is always feasible.
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e If s =0 (i.e., MAa < fc < ), cheap separation is achievable (i.e., the symmetric-information contract
is automatically separating and the less risky manufacturer’s signaling cost is zero), because s, (w) = s2 and
5,(w,7) = s2 =0 makes (E.2) equal to zero.

e Otherwise (i.e., fc < M« and s > 0), as in the returns risk case in the paper (see Section 4), the
efficient separation must entail upward distortion of the regular stock s,.(w) and downward distortion of the

safety stock 5,(w,7), which translate to downward distortion of both the wholesale and returns prices.
E.2. Demand Potential.

Given a marginal production cost ¢ > 0, the manufacturer’s expected profit function (12) in the paper needs

to be modified as

o~

* N 1 ¢ —~ +
II (w,r ‘ )\,)\) =(w—c)s <w7r,1,)\) — 5)\ r [Aa—ﬁ/)\(w—r)}
! a 1 e c -~ +
=5w=c)(@—puw)+3 {)‘ (w—c)=A r] [Aa—ﬁ/)\(w—r)] ,
2 2
where @ := o, + AAav.
Accordingly, the asymmetric-information contract is given by
oy Fpe—AAa : >
w0 =25 ana ()4 € [0, 2 } , if Be>NAa,
2 = % if Be<AAa,

=5,
where « := a; + AAa. The corresponding retailer’s regular and safety stocks under symmetric information

are given by
_ Be)t c
s2(N) = % and s2(\)= ”y (Aa—Be/N)T,  respectively;

and the manufacturer’s profit is given by
2

(a—50)+2 A (Ao — Be) T
o Lo ] xlose] s

Again, the effect of a positive marginal production cost is only to shift the symmetric-information wholesale

{X s + A sz -

price upward and the induced regular and safety stocks downward, relative to the case of zero marginal
production cost in the paper (see Lemma 3). In particular, when ¢ > AAaq, the retailer’s safety stock becomes
zero (and hence no returns regardless of baseline demand realization).

For subsequent notational convenience, we denote

s =50, ®=s2(1), 7 =I"(); and
§7ci :5:<A)7 s? :SO(A)a EO =1I° (A>

When demand potential A becomes the manufacturer’s private information, the low-demand manufacturer
still offers her symmetric-information contract and earns her symmetric-information profit 7° and the high-
demand manufacturer distinguishes herself by offering a contract, say (w, ), which may need to be distorted
away from her symmetric-information counterpart. Using the same change of variables as in the paper, we

will work with the retailer’s induced quantity decision:

regular stock 5. (w):= = (a@—pw), and
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safety stock 3,(w,T):= % [Aa —B/A (@_?)] )

Again, we note that the retailer’s quantity decision above is independent of the marginal production cost c.

Subsequently, the high-demand manufacturer’s profit from offering contract (w,7) can be expressed as

I (@, 7 | X\, X) =7° — 525\6 {Z\c 35 — 5, (W)]* + \[5° — 5.(, ?)]2} : (E.3)

high-demand manufacturer’s signaling cost

and the low-demand manufacturer’s gain from mimicry can be similarly expressed as

IT (Ea? | X,A) 7ﬂo =7 *EO - % {S\C [52 7§r(w)]2 +)\[§Z 7§S(E7?)}2}

signaling cost
2 [Xar e (W) + A5, (w,7) | 5,(W,F) (E.4)
/B(XC)2 2 T S ) S ) * .

returns cost under contract (w,T)

— AN

We note that (E.3) and (E.4) are exactly the same as (16) and (17) in the paper, respectively. The only
difference is that both s° and s° are lower than their counterparts in (16) and (17). We claim that the
low-demand manufacturer’s gain from mimicry must be non-positive for some 3, (w) € [0,5°] and 5,(w,T) €
[32, %Aa]. Namely, separation is always feasible. Indeed, substituting s, (w) =0 and §,(w,7) = %Aa into

(E.4) yields

_C 2 _C
I (w,7 | X\, A) —1° =7° — 1° — 525\6 {Z\C (32)° 4+ A [5; - ;Aa} + ZAAAM}
2 < A - 5, A
=—7°— —< 50— —Aa| —A[E]"+=ANaa ;<
T B {/\ {83 5 a} A7+ 1 A aa}_O,
where we note that (i) if 52 =0, then [52 — %Aaf —[52]? >0, and (ii) if 5° > 0, then
Te 2 . 2 . 2
{sg - ;Aa} —[5°)P = D (Ao + Bc/)\)} - D (Ao — ﬁc/)\):| > 0.

Therefore, as in the demand potential case in the paper (see Section 5), the efficient separation must entail
downward distortion of the regular stock §,.(w) and upward distortion of the safety stock §,(w,7), which
translate to upward distortion of both the wholesale and returns prices. In particular, as verified below,
cheap separation is not achievable.

e If 5°>0 and s° >0 (i.e., Bc < Ma < MAa), substituting 5,.(w) = 5° and 5,(w,7) = 5° into (E.4) yields

positive mimicry gain for the low-demand manufacturer:

— A
H(E,F’/\,A)—f’:ég—; (Aa)Q— % —i—alAa—i—Toq > 0.

e If 3°>0,5°=0 and s° >0 (i.e., Ma < fc < min{a, MAa}), substituting 5,.(w) = 52 and 5,(wW,7) = &°

(Bc)® pe

into (E.4) yields positive mimicry gain for the low-demand manufacturer:

I (@,7 | X, A) - x° :5 (6= 80)? + (A7 /) (Maa — Be)? — (@ — Be)? — (AN V(A — B)]
1

:@ [(1//_\)(5\Ao¢ —Be)? — (Mo — Be)* 4 (2 — AN/ Ny (Mo — Be)

+2aq,;(Bc — AAa)] > 0.
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e If5°>0,5°=0and s° =0 (i.e.,, Ma < a < B¢ < Ma and hence a; < ANAq), substituting 3, (w) = 5°

o
E]

and 5,(w,7) = 5° into (E.4) yields positive mimicry gain for the low-demand manufacturer:

1
=35 [(

:$ [a7 + (1/X)(AMa = Be)* + (2 — AN/ N, (A — Be)] > 0.

e If =0, s°=0 and 5% > s° >0 (i.e,, Ma < Ma < Bc < o and hence «; > ANAa), substituting

I (w,7| A, A) —7° & —Be)® + (X /A)(AAa — Be)® — (AN N (AAa — Be)]

5.(w) =52 and 3,(w,7) = 5° into (E.4) yields positive mimicry gain for the low-demand manufacturer:
- 1
IT (w,7| A\, A) —7° :@ [(@—Bc)® = (a—pe)?] > 0.
e If52>0,5 =0, 5°=0and s° =0 (i.e., Ma < max{\Aa,a} < fc < a), substituting 5, (W) = 5° and
3,(w,7) = 3° into (E.4) yields positive mimicry gain for the low-demand manufacturer:

II(w,7 | \,\) —7° :%(@ — Be)* > 0.
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