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Appendix A: Proofs

Proof of Lemma 1. Fix X1,... Xy. Suppose that if the consumer acts optimally, she purchases ¢ products,
where £ € {0, ..., N}. Given that she purchases ¢ products, it is obvious that her utility-maximizing choice of
¢ products are the £ products with the highest price-adjusted valuations, that is o(1), ..., (). Therefore, the
consumer’s problem can be written as max,—o, . n {Zle (v(z -1+ X, —pd(i))} . Define L:={1,...,¢},

and consider

D! 0
D=1+ Xo) = o] = D [0(i = 1) + Xog) = Poco)]
i=1 i=1
= > [li-D+Xew —po] = D [0i=1)+Xow —Pon] 20,
i€SI\L >0 i€ L\ST 20

implying that her utility is maximized by only purchasing products ¢ that have o(i) < D!. Q.E.D.

Proof of Lemma 2. We prove both bounds by induction on n. When n =0, because R;(0) =0 for each
k, (8) holds trivially noting that p§ =0 by construction. Now suppose that (8) holds for some n and every
k=0,...,N—n—1. We aim to show that (8) holds when there are n + 1 periods remaining (this is the
period when the product with random valuation Xy _,, is observed). Fix any k=0,..., N —n — 2, and define

the following events:
A={Xn_n>pny_n—v(k+1)},
B :={pn_n—vk)<Xn_n<py_n—v(k+1)},
C = {Xan Sprn - U(k)} .

Note that {A, B,C} form a partition of the probability space. To prove the lower bound,
Riyi(n+1) — Ry(n+1)

=14 | Ris2(n) = Re1(n) | +1p | Rig1(n) = Riy1(n) —pv—n | +1c | Res1(n) — Ri(n)
—_—

<0 =0 <0

<0,

where we have applied the induction hypothesis to establish that the first and third terms are bounded from
above by 0. To prove the upper bound,

Pri1t Rip1(n+1) — Re(n+1)

=pPri1t La | Rega(n) = Rya(n) | +1p | Reg1(n) = Ripa1(n) =pnv—n | + 1o | Risa(n) — Ri(n)
——_——

>—pk =0 >—p;,

>0,
where we have applied the induction hypothesis to establish that the first and third terms are bounded from
below by —p; with probability 1. The final inequality follows because we may write p; | =max{py_n,p}},

which implies the result. Q.E.D.

Proof of Lemma 3. The expected revenues of the original and interchanged sequences are the same from
periods 1 through j — 1, and therefore, it suffices to compare the expected residual revenue of each sequence

from periods j through N. For notational convenience, throughout the proof, define n:= N — j — 1. Also,
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denote expected revenue for periods j through N as E [R"(n+2)] and E[R;"*"(n+2)] for the original
and interchanged product sequences.

For notational brevity, for ¢ =j,j + 1, define
a; =P (X; >p;, —v(k)) and a; :=P(X;>p, —v(k+1))

By the assumption that v is decreasing, we have 0 < &; < «; < 1. Note that by construction, we have 5;a; = @,
even if a; =0.
For the original sequence, expanding the expression for the retailer’s expected revenue by considering

cases, we have
E [Rz”g(n + 2)] = a;p; +a; (@ 11p 11 + @ E[Reye(n)] + (1 —a;11)E[Rey1(n)])

+ (1= ;) (@j41pj41 + @1 B[R (n)] + (1 — a;41)E [Ri(n)])

The first term is the retailer’s expected revenue from the j* item; the second term is the expected revenue
from the (j + 1) item onwards conditional on the customer purchasing item j; the third and final term is
the corresponding expected revenue conditional on the customer not purchasing item j.

In the interchanged sequence, we have a similar expression

E R (n+2)] == aj11p541 + 1 (p; + GE[Rey2(n)] + (1 — &) E [Ry41(n)])

+ (1= ajp) (@p; + B [Riga ()] 4 (1 = o )E [Ri (n)])

We note that interchanging j and j+ 1 have no effect on the distributions of Ry (n), Rxt+1(n) or Ryya(n).
Therefore, the difference E [R(n+2)] — E[R;“*"(n+2)] can be obtained by taking the difference and
eliminating common terms, to get
E [Ry™(n+2)] —E[R;""(n+2)]
= ;041 (P41 + E[Rig2(n)] = E[Rit1(n)]) — ;0,11 (p; + E[Rigz(n)] = E [Ryy (n)])
— ;51 (pj+1 — ;)
= ;0118541 (P41 + Brra(n)) — 50,4185 (p; + Argr(n) + 041 (P — pitr)

=041 [(1=85)p; — BjAki1(n) — (1= B511)pj41 + Bi18kq1(n)],

where the second equality is because &; = B;a;,Vi = j,j + 1. Parts (a) and (b) follow directly from the

expression above. Q.E.D.

Proof of Corollary 1. The proof will proceed by first showing that such a sequence of products satisfies
condition (11) in Lemma 3(b). Fix an arbitrary period j, and assume that for some k < j — 1, the consumer
had purchased k products before that period. We assume WLOG that P (X; >p—ov(k)) > 0,i = 34,5 + 1;
otherwise, there is nothing to prove.

By assumption, we have X; <, X, 1, which, by (10), implies that 5; < ;1. Further,

Api(N=j=1)+p=E[Rp2(N—j—1)]-E[Rea(N—j—1)]+p >0, (22)
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where the equality is by definition (9) and the inequality is by Lemma 2, using the fact that all prices are
equal to p. Thus, considering the LHS of (11),

pi(1=8;) =pi+1 (L= Bj41) + (Bj+1 — B;) Appr (N —j — 1)

:P(Bj+1 - 53’) + (5j+1 - ﬁj)AkJrl(N —-Jj— 1) [pi :P7Vi]
= (Bj41—B;) (Agp1(N—j—1)+p)
>0

where the final inequality is by 8; < 5,41 and (22).

Given that such a sequence of products satisfies condition (11) in Lemma 3(b), we can conclude that
interchanging any two consecutive products leads to a suboptimal sequence. It remains to be shown that
interchanging any two non-consecutive products also leads to a suboptimal sequence. Consider products in
the original sequence j and j' > j+ 1. We will show that by swapping j and j’, condition (11) in Lemma 3(b)
no longer holds for period j (now occupied by product j'), implying that it is a suboptimal sequence.

The LHS of (11) for period j after the swap becomes
p(1=B;) =p(1 = Bjt1) + (Bj+1 — Bi) Apa (N = j — 1)
=p(Bj+1—Bir) + (Bj+1 = By ) Arga (N —j— 1)
= (Bj+1 = By) (Drp1(N —j—1) +p)
<0,

where the inequality follows from 3;1 < ;s (transitive property of hazard rate ordering) and Ay 1 (N —j —
1)+p>0 from (22). Q.E.D.

Proof of Corollary 2. We prove this by induction on N. It suffices to prove the inductive step. For some
N > 1, inductively assume that the statement is true for N — 1. Specifically, we inductively assume that
products 2,3,..., N are ordered such that p, > p3 > ... > py, and this is an optimal order for those sequence
of products, regardless of whether the consumer has purchased one or zero products by period 2. Now, the
upper bound of Lemma 2 implies that

AL(N —2)+py > 0. (23)

Now suppose that p; > po. We aim to show that the current product ordering for all N products is op-

timal. Because X, are identically distributed according to an IFR distribution, we note that Shaked and
. . . P(X1>p1—v(1)) P(X2>pp—v(1)) .

Shanthikumar (2007, Theorem 1.A.30) implies P(X1>§17v(0)) < P(X;z;v(o)). That is, 8, < S3s.

Consider the LHS of (11) for j =1, which, after rearranging, is (p1 —p2)(1 = 1)+ (B2 — B1) (A1 (N —2) +

p2) >0, where the inequality holds as a consequence of (23), £ < 32, and the assumption that p; > ps.
Given that such a sequence of products satisfies condition (11) in Lemma 3(b), we can conclude that
interchanging any two consecutive products leads to a suboptimal sequence. It remains to be shown that
interchanging any two non-consecutive products also leads to a suboptimal sequence. Consider products in
the original sequence j and j' > j+ 1. We will show that by swapping j and j’, condition (11) in Lemma 3(b)

no longer holds for period j (now occupied by product j'), implying that it is a suboptimal sequence.
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The LHS of (11) for period j after the swap becomes
Py (1= Bi) = pir1 (1 = Bjsa) + (Bj1 = B ) A (N —j — 1)

<Pj+1(Bjw1 = Byr) + (Bjr = Bir) Apr (N —j — 1)

= (Bi+1 = Bi) (Apsr (N =j = 1) +pj41)

<0,
where the first inequality is because p;; < p,41 and the final inequality follows from ;.1 < 8, (property of
IFR distribution; Shaked and Shanthikumar (2007, Theorem 1.A.30)) and Ay 1(N —j —1)+p;41 >0 from
the upper bound in Lemma 2. Q.E.D.

Before proving Theorem 1, we first state an intermediate result that is used in the proof:

LEMMA 4. Suppose that p; > max{ps,...,pn}. Let R represent the retailer’s revenue under the original
sequence of product prices and valuations (p1,X1), (p2, X2), ..., (pn, Xn) and R the revenue that interchanges

both the prices and realized valuations of products 1 and 2 in the event that X; —p; < Xo —ps. Then, R > R.

Proof of Lemma 4. Define the following events

A11 = {ngpg >’U(O),X1 — D1 >U(1)}, AlO = {ngpg >'U(O),X1 — D1 S’U(l)},
Aor = {X2 —p2 <0(0), X1 —p1 >v(0)}, Ao := {X2 —p2 <v(0), X1 —p1 <v(0)},
B = {Xo—p;>Xi —pi}

Note that A1q, A19, Ao1, Ago form a partition of the probability space. By construction,
R—}?:(R—}?) 1. (24)
Furthermore, by inspection, we have
P (Ao N B) =0, (R - R) 1a,5=0, and (R - R) | (25)

Therefore, from (24) and (25), we have R — R = (R— IA%) Layonm-

Recall that Ry (n) denotes the revenue from the purchases in the last n remaining periods with & products
already purchased. For the interchanged sequence, we have RILAwnB = (p2+ R1(N —2)) 1 4,,np- Define the
events C:={X; —p; >v(0)} and D :={Xs —py > v(1)}. For the original sequence, by considering cases, we

get:

Rl 4,005 = (01 + Ri(N —2)) La,ynsrcnpe + (P1 +p2+ Ro(N —2)) La, nncnp
+ (p2 + R1(N —2)) L4, ynBnce

Therefore, putting these together, we have

R—R = (p1 + Ri(N —2)) La,ynsncnpe + (p1 +p2+ Ra(N —2)) La,snpncnp
- (pg + Rl (N - 2)) ]1A1oﬂBﬂC
= (p1 + R1i(N —2)) La,ynBncnpe + (p1 + Ro(N —2) — Ry(N —2)) La,ynsnenp
- (Pz + R, (N - 2)) ]lAlOmBmCmDC
= (p1 —p2) Laygnncnpe + (P1+ Ra(N —2) — Ri(N —2)) 1a,ynBrcnp
> (),

where the final inequality is by Lemma 2, and the assumption that p; > max{ps,...,py}. Q.E.D.
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Proof of Theorem 1. To prove (a), let X;,..., X, represent the realized valuation shocks from the M

products. With a slight abuse of notation, let o(-) be a permutation of {1,..., M} so that
Xo(1) = Po(1) = Xo2) = Po(2) = - -+ = Xo(ar) = Po(r)-

It follows from an immediate generalization of Lemma 1 that consumers, when presented with a fixed
assortment, will purchase products in the order specified by o. Therefore, part (a) will hold if there exists
a set of successive pairwise interchanges of products (both prices and valuations), starting from the original
sequence of products (under which the retailer earns revenue R), that satisfies two conditions: (i) the set
of successive interchanges terminates with the permutation (o(1),...,0(M)), and (ii) the retailer’s revenue
decreases (with probability 1) on each interchange. If these hold, then at the end of this chain of interchanges,
the retailer’s revenue would coincide with R, and we have shown R > R?.

We will show that such a sequence of interchanges exists by induction on the last m products, for m =
2,..., M. First consider the case that m = 2. Then, the only interchange that is potentially necessary to
satisfy (i) is to swap the two products, in which case, (ii) follows from Lemma 4 (stated immediately preceding
this proof).

Now, inductively assume that for some m — 1, there exists a set of successive interchanges made such that
these last m — 1 products are sorted according to the permutation o, and each interchange decreases the
retailer’s revenue. Assume therefore that this set of interchanges has been performed. Notice, however, that
these interchanges (to the last m — 1 products) do not change the position of the mth product from the end,
which, by assumption, also has the highest price of all the last m products. For brevity, let us call this the
“critical product”. Since the last m — 1 products have already been sorted, it suffices to additionally perform
a finite number (at most m) additional pairwise interchanges to ensure that all m products are sorted by (i).
Each interchange involves this critical product, which has the highest price of the last m products. Hence,
each of these interchanges satisfies the conditions of Lemma 4, which implies that the retailer’s revenue
decreases with each interchange, thus satisfying (ii). Therefore, by induction, the proof of (a) is complete.

To prove part (b), we observe that E[R:] > E[R] > E[R!], where the first inequality is because RS repre-
sents the expected revenue from an optimized sequential assortment with N products, which, by definition,
exceeds the expected revenue from a suboptimal sequential assortment with M < N products. The second

inequality is a consequence of part (a). Q.E.D.

Proof of Theorem 2. For part (a), suppose that v(k) =v,k=0,...,N — 1. We first show that if the
retailer chooses the fixed assortment, it is optimal to also make all N products available. Suppose WLOG
that the retailer chooses the first M < N products to be sold in the fixed assortment. By (4), the retailer’s
revenue from including these M products is R (M) := Zﬁv;pa(i)l{wxam—p”(i)zo} = vail Dil vt x,—p;>0}-
From this expression, we observe that the retailer’s incremental revenue from including product M + 1 would
be pM+1]l{'U+X1w+1_p]\/I+1ZO} >0, and thus it would do so optimally do so, until all N products are included.
For the sequential assortment, let & be an arbitrary permutation of {1,..., N} representing the retailer’s

product sequence. By (6) and Remark 1, and using v(k) = v,

N N
R = Zpa(i)]l{“JrXa(i)—P&(i)ZO} = Zpi]l{”'i'xrpizo} = Rf(N)'
i=1 i=1
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For part (b), suppose that X; =« with probability 1 and p; =p foralli=1,..., N. As before, we first show
that if the retailer chooses the fixed assortment, it is optimal to also make all N products available. Suppose
WLOG that the retailer chooses the first M < N products to be sold in the fixed assortment. By (4), the
retailer’s revenue from including these M products can be expressed as Rf = Z?i1p1{u(i_1)+¢—pzo}' From
this expression, it is clear that the retailer gains nonnegative revenue from including product M + 1 and
so on until all N products are included. Next, recall the definition of D/ from Lemma 1. By construction,
v(@i—1)+x—p>0 for all : < D/ and v(Df) + 2z — p < 0. Recall the definition of {W,;,i=0,...,N} via
(6). We claim that W; = min {i, Df}. This holds by definition for 4 = 0. Suppose it holds for some i — 1,

then, for i < Df, we have W, =W,_; + IL{ 1—1+ ]]‘{v(i—l)+w—p20} =i; for i > D7, we have

U(Wif1)+w—p20} =
Wi=W,_1+ ]l{v<Wi71)+z_p20} =D/ + ]l{v(Dsz_sz} = D/, establishing the claim for all i. To conclude the

proof, we note that in this case, (6) implies that we have R* =pWy =pmin{N, D/} =pD/ =R/. Q.E.D.

Proof of Theorem 3. For this proof, denote v(c0) :=lim,_, ., v(k), and note that v(c0) is finite because v is
assumed to be decreasing and bounded from below. Furthermore, note that although we do not denote this
explicitly, R" for each t € {f, s} all depend on N. In addition, under the assumption of equal prices and a
common valuation distribution of every product, it is easy to see that (i) it is optimal in the fixed assortment
to make all products available, and (ii) any product sequence is optimal in the sequential assortment.

First, we prove part (a) for ¢t = s. Construct the random variable By as By := Zi\;l ]l{v(oo)+er20}’
where we have used the assumption that p; = p for all 7. Furthermore, recalling the definition of the pro-
cess {Wi}f\fzo from the construction (6), for an arbitrary K, construct the random variable BY as BE :=
SN ]l{v(min{W,;_l,K})+X71—p20}' Since v(min {W;, K}) > v(W;) > v(00), we have By < Wy < B, which, by
(6), under the assumption that p; = p, implies that

pBy < R* <pBjy. (26)

Define the (integer-valued) random variable LY as LY :=sup{i€{l,...,N+1}: W, ; < K}, so that we

can decompose BE as

Lﬁ N
K __
By = Z l{v(wi71)+xifp20} + Z ]l{v<1<)+xrp20}'
i=1 i=LE+1

Since we have assumed that X; = X, by the Strong Law of Large Numbers, we have By /N “3'§. From the
lower bound of (26), we necessarily have lim;_, ., W; = co with probability 1, which implies that limy_,., L%

is bounded almost surely. Hence,

LK

. BEK 1 &
Nlﬂﬂoﬁ = Nlﬂnooﬁzl{ (Wi ) +X;— p>0}+Nh_I£o* Z 1{v(K)+xi—p20}
i=LR+1
Ly
= lim — Lgo i)t x—p>0 limy o LE is a.s. bounded]
N~>00N1LK+1{() 11)—}
<

Nhinoo N Z l{v(K)erm -p>0}
P (v (K)+X p>0)
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where the final equality is again by the assumption that X; have a common distribution and by the Strong

Law of Large Numbers. Therefore, we have shown that with probability 1,
pd < A}im R°/N <pP(v(k)+X —p>0).
We complete the proof by sending K to +oo on the RHS.

To prove (a) for t = f, we note that By can be equivalently written as By =) ) and

s Lf (o) +x 5y -p20
we therefore have pBy < Rf < R®, where the upper bound follows from Theorem 1. Hence, the result follows
from the case of t = s by a sandwich argument.

To prove (b), consider ¢ that is constructed as 6(k) := max {v(k),v(Ng — 1)} for all k, and for each ¢ € {f, s}
let R! represent the corresponding revenue when ¢ is used instead of v. Since © > v, we necessarily have
R* < R', and in particular, 1 (@ SpNO}R’f =1 (i< NO}Rt. Therefore, noting that R* < pNy almost surely, we
may write

R =min {Rt,pNo} . (27)
Notice that by construction of @, we necessarily have limy,.P(X>p—0(N-1)) =
limy 0 P(X >p—v(Ng—1)) >0, where the final inequality is by construction of Ny. This implies that we
can apply part (a) for R*, which in turn implies that with probability 1, limy_,.. B = +00. Therefore, using
this with (27) implies that with probability 1, limy_,., R =pNy. Q.E.D.

Proof of Proposition 1. Throughout this proof, we will use the more compact notation s*:=s,(k). We

first prove a recursive expression for s*. Note that we can rewrite the Bellman equation (12) as

where (z), :=max{z,0}, and the final equality is a result of the 1dent1ty E[(X ] [ F(u)du. Now
consider
= Ui(k) = Ui(k+1) = Uiy1(k) + Uip1 (K +1) [By (14)]
= / F(u / F(u)du By (28)]
s
/ k+1 ‘
Therefore,
e
o skt / F(u)du. (29)
sk

We prove part (a) by backward induction on 4. For i = N, we have sk = sy(k) = p — v(k), which is

increasing in k. Inductively suppose that for some 4, s¥ is increasing in k for every k. Then, from (29), we

have L+ e
st — s = (st —sh) +/ F(u)du—/ F(u)du [By (29)]
Sk+1 Sk
k2 ' G+l ¢
:/ F(u)du—l—/ (1—F(u))du
k+1 &k
k42 181_c+1
= / F(u)du—|—/ F(u)du
k1 o
>0 [Induction hypothesis]
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Part (b) follows from (a) and expression (29).

For part (c), consider some valuation distribution G' such that G > F; that is, G is stochastically larger
than F. Denote s¥(G) and s¥(F) as the thresholds under valuation distributions G and F, respectively. Our
goal is to show that for every i, k,

s7(G) = 57 (F). (30)
We prove (30) by induction on i. For i = N, s*(G) = s*(F) =p —v(k), and (30) holds trivially. Inductively

assume that this holds for some i and for every k. We have
s;_1(G) =57 (F)

skl @) skTL(F)
=s"G) - s (F) Jr/ G (u)du — / F(u)du [By (29)]
sf(G) S:C(F)
sETL(F) sETL(F)
> sP(G)—si(F) +/ G (u)du — / F(u)du [Induction Hypothesis, s¥*1(G) > s*T1(F)]
si(G) sk(F)
sf(@) s (R B
=s"(G) —s"(F) - / G(u)du+/ [G(u) — F(u)] du
si.c(F) sk(F)
sk(G@) o
> s;(G) — 87 (F) */ G(u)du [By part (a) and G > F)
SE(F)
si(@)
= G(u)du
sk(F)
>0 [Induction hypothesis, s¥(G) > s*(F)]

Finally, we prove (d) by induction on ¢. This holds trivially when ¢ = N. Suppose that it holds for some 1.

Then we have

sktl
si_1 =8+ F(u)du [By (29)]
sk
< st (s —s) F(sh) [By part (a), F' decreasing]

siF(s) + s, F(sy)

< (p—v(k+N—i)F(s)+(p—v(k+1+N—1i)F(s) [Induction hypothesis]
< (p—v(k+N—i+1)F(sf)+(p—vk+N—i+1))F(s}) [v(-) decreasing]

=p—v(k+N—-(i—1)).
Q.E.D.

Proof of Theorem 4 Let Df(D?) represent the number of products the retailer sells when it follows the
fixed (sequential) assortment strategy. Note that R/ =pD! and R® = pD*. Note that E[Df] =P (D >1) +
P(D/ > 2), and similarly for D*. We have

P (D' >1) = P(max{X;, X2} >p—v(0)) =1—F*(p—v(0)) =1— F*(a)

2 -2

P (D’ >2) = P(min{X;, X2} >p—v(1))=F (p—v(1))=F (c).
For D*, we first note that b=a+ [ F(u)du=p—v(0) — U2(1) + U2(0); we have
P(D*>1) = P(X; >b)+P (X, <b Xs>a) = F(b) + F(b)F(a)

P(D*>2) = P(X;, > b, Xy >c) = F(b)F(c).
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Hence, E[D*] > E[D’] and therefore E [ﬁi} > E[R{] if and only if

F(b)+ F(b)F(a) + FO)F(c) > 1 — F2(a) + F(c)

(€)(F(b) = F(c)) = F(b)(1 = F(a)) - F*(a)

Q.E.D.
Proof of Theorem 5. Throughout this proof, for notational brevity, we write s* := s;(k). Again, let Df(D?)
represent the number of products the retailer sells when it follows the fixed (sequential) assortment strategy.
Let Dy (n) represent the number of products purchased under the sequential assortment strategy by the
forward-looking consumer in the last n assortments of the season, if she has already purchased k products.
Note that D® := Dy(N). By an identical argument to the proof of Lemma 2, one can show that in this setting
of forward-looking consumers, we have Dj1(n) < Dy(n) <1+ Dy y1(n) with probability one for n=0,...,N
and k=0,..., N —n —1. Finally, note that if the consumer has n assortments left to view, then in the dynamic
programming formulation (12), she is in period N —n + 1.

To prove (a), we begin with a definition and a preliminary result. For n=0,...,N and k=0,...,N—n—1,

define
8% =14+ E[Dpy1(n)] —E[Di(n)]. (31)

Note that Lemma 2 implies that 6 > 0 for each n, k.
We can rearrange the definition of 6, and by conditioning on whether a purchase was made or not in

period N —n, we get

E[Dy(n+1)] =E[Dy(n)]+ F(sk_, )0k, (32)
We claim that
Onir = F(si)00 " (33)
To see this, consider
6k 1 = 1+E[Dyg1(n+1)] —E[Dy(n+1)] [By (31)]

1+ E[Dsr ()] + F(sy) 0, —E[Di(n)] = F(sy_,)d, [By (32)]

= 6, + F(sN2,)00 " = Fsy_,)o, [By (31)]
= F(sy',)0, " + F(sk_.)0,
> F(sht ot [0 >0 by Lemma 2]

thus establishing (33).
Recalling that D* = Dy(N), we apply (32) for the case k=0, n=N — 1 to get

E[Do(N)] =E[Do(N = 1)] + F(s7)0x ;-
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Next, we claim that under the assumption that X; > p—v(N —2) a.s., we necessarily have Do(N —1)=N —1
with probability 1. This is because we can equivalently interpret Do(N — 1) as the demand from a consumer

who only views N — 1 assortments. Hence, we can use representation (15) for Do(N — 1), which yields
N-1
DO(N_ 1) = Z ]]-{Xizsi(wi—l)}7
i=1

where Wj <j for each j=0,...,N — 1. Consider

si(Wi_1) < p—v(W,_1 + N — 1 —1i) [Proposition 1(d) for N — 1]

<p—uv(N-2) [W,_1 <i—1, v(-) decreasing]

Therefore, Do(N — 1) = N — 1 with probability 1.
For the fixed assortment, apply (4) and the condition that X; > p — v(IN — 2) with probability 1 to get

E[Df} =E

Zﬂ{xmzp_m_ﬁ}] — (N =D+ P (X 2 p—v(N = 1)) = (N = 1)+ F* (p— o(N ~ 1)).

Comparing the expressions for E[D?] and E[D7], and noting that from Proposition 1(d), we have s;(0) <
p—v(N —1), and since F is decreasing, F(p — v(N — 1)) < F(s;(0)). Therefore, to complete the proof, it

suffices to show that

1

0% = F"  (p—v(N -1)). (34)

We will do this by proving that for every n=0,...,N —1 and k=N —1 —n, we have
58> (p—v(N—1)), (35)

of which (34) is a special case.
We prove (35) by induction on n. The case of n =0 holds trivially. Suppose that (35) holds for some n,
and we aim to show it for n+ 1. Then,
0n1 = F(sk_,)0; [By (33)]
> F(s%_ )F'(p—v(N—-1)) [Induction hypothesis]

> F(p—v(k+n))F (p—v(N —1)) [Proposition 1(d) and F decreasing]

= Fnﬂ(p —v(N -1)) [k =N —1—n by assumption]
Therefore, (34) holds, and hence, E[D*] > E[D’] and E [Ei} >E[R{].

To prove (b), we first note that in this setting,
E[D'] =1-F"(p—v(0)).

Furthermore, for any i > 1,k > 1 we have s¥ > sk =p —v(k) > p — v(1), where the first inequality is by
Proposition 1(b), and the second because v(-) is decreasing, which implies that F(s*) < F(p—wv(1)). Because
we have assumed that X; <p—v(1) a.s., this implies that for k > 1, we necessarily have F(s*) =0 for any

1 > 1. In particular, using (32), this implies that for £ > 1, and any n=0,..., N — 1, we have

E[Dy(n+1)] =E[Dy(n)] =...=E[Dy(0)] =0.
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Now we use the definition of §* from (31) to expand (32) for the case of k=0 to get
E[Do(n+1)] =F(sx_,) + F(sy_,)E[Do(n)].

Defining Q,, :=1—E[Dy(n)], the above may be written as Q,+1 = F(s%_,,)Qn, for n=0,..., N — 1. Since

Qo :=1, we have

N—
N:H SNn Z1_[ FN( (O))a
n=0 n=0
where the inequality is by Proposition 1(b) and because F' is increasing. Therefore, we conclude that

E[D*]=E[Do(N)|=1-Qnx <1—F"(p—v(0))=E [D'],

and therefore E [ﬁj} <E[R!]. Q.E.D.



Ferreira & Goh: Assortment Rotation and the Value of Concealment
46 Article submitted to Management Science; manuscript no. (Please, provide the mansucript number!)

Appendix B: Supplementary Material
B.1. MILP formulation of SAA for optimal assortment composition

Let Ng represent the total number of i.i.d. SAA samples drawn, and let (Xl("),Xém,...,X,(\,")) represent
the realized values of demand shocks on the nth random draw, n=1,..., Ng. We use 0, (-) to denote an
ordering of X™ such that X(S:)(l) — Don(1) = X(S:)(Q) —Don(2) = 2 Xé?(N) — Do, (n)- For each i=1,...,N,
k=0,...,N—1,and n=1,...,Ng, we define U, , := X((,:)(i) — Do, iy +v(k) and further define B, , as a
binary indicator that Ui ,, is positive, i.e., B; ., =11if U, 1, >0, and B, . ,, = 0 otherwise. We note that for
a given draw of SAA samples, both U, ,, and B, . are deterministic functions of the sample and can be
pre-computed before the MILP is constructed and solved.

The MILP formulation uses two key decision variables: z; =1 is interpreted to mean that product i is
excluded from the assortment and y; ; , is an assignment variable that means that product i is assigned to
position k for the random draw n. The key idea in the MILP is that for a given choice of z1,..., zy, there
is a unique value of y; s, that satisfies the constraints, and this value corresponds to choosing products in
decreasing order of Xl-(") — p; if they are included in the assortment, which matches the utility-maximizing
decisions of the consumer in our model when she is faced with a fixed assortment. In the MILP below, for

brevity of presentation, when the ranges of indices are omitted, they are to be interpreted as being over their

full range, i.e, Vi means Vi=1,..., N, Vk means k=0,...,N —1, and Vn means n=1,..., Ng.

Ns N—-1 N

max NLS Z Z Z YikemDi (36a)

Y,z,w
n=1 k=0 i=1

s.t. Yirkn < Bikn Vi; Vk;Vn (36D)
N-1
Z Yikn <1 —2; Vi;Vn (36¢)
k=0
N
> yikm <1 Vk;Vn (36d)
i=1
N
Wi o =1 — Zyon(j),k,n Vi; Vk; Vn (36€)
Jj=t
Wig—1n < Wi kn Vi;Vk=1,...,N—1;Vn (36f)
N k1 N
S Wikn kY Zoy+ N (1 —thk,n) Vk;Vn (36g)
i=1 j=1 i=1
Yikons 2 € 10,1} Vi; Vh; Vn (36h)

The objective (36a) aims to maximize the retailer’s average revenue (taken over the SAA samples). Con-
straints (36b), (36¢), and (36d) represent assignment constraints: (36b) states that only assignments with
nonnegative utility for the consumer can be chosen; (36¢) states that at most one product can be assigned
to the kth position if that product is included in the assortment; (36d) states that each position can be
filled by at most one product. Constraints (36f) and (36g) enforce the purchase of products in descending
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Figure 5 Value of concealment as a percentage of expected revenue from the fixed assortment strategy:

p=1and X ~ Normal(p=0.5,0"= )

order of Xi(") — p; in order to match the decisions of a utility-maximizing consumer. Namely, (36f) states
that the product in position & — 1 has to have a higher value of Xf") — p; compared to the product in
position k. Finally,(36g) is a “big-M” style constraint that ensures that if we have two products ¢ and ¢,
such that Xi(n) —p; > XZ.(,") —pir, and 7’ is assigned to a position, then product 7 can only be “skipped” from
being assigned if, and only if, product ¢ is permanently excluded from the assortment (i.e., from every SAA

sample).

B.2. Numerical Results for forward-looking consumers when N =2,
X;~Normal(p=0.5,02 = )

1
12

Here we present numerical results when X; ~ Normal(u = 0.5,02 = -%); note that the mean and variance
of this distribution are identical to the mean and variance of the Uniform(0,1) distribution used in Figure
1. Figure 5 shows a heat map of the value of concealment, expressed as a percentage of the retailer’s
expected revenue from following the fixed assortment strategy, for forward-looking consumers when p =
1,X ~ Normal(u = 0.5,0% = &), and for different values of v(0) € [0,1],v(1) € [0,0(0)]. These numerical
results are averages of 10,000 simulation runs per set of parameters.

As in Figure 1, the right-most region of the heat map in Figure 5 represents values of v(0) and wv(1)
where the value of concealment is positive, and the bottom-most region of the heat map represents values
of v(0) and v(1) where the value of concealment is negative. The line v(0) + v(1) =1 separates the two
regions as it did in Figure 1. Comparing Figures 1 and 5 suggests that our intuition extends beyond the case
where X; ~ Uniform(a, ) to the case where X; ~ Normal(u,o?), and we conjecture that these insights are

broadly applicable to many sets of parameters over the forward-looking consumer’s valuations.

B.3. Value of concealment for forward-looking consumers, special case of N =3

Consider the special case where X; ~ Uniform(0,1). The following proposition establishes necessary and
sufficient conditions on the parameters (z,y,z) := (p —v(0),p —v(1),p — v(2)) to establish E {ﬁj} > E[R/]

and vice versa.
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PROPOSITION 2. Let N =3 and X; ~ Uniform(0,1). For a given trivariate, 7th degree, polynomial,

g(x,y,2), the value of concealment is positive if and only if g(x,y,z) > 0.

Proof of Proposition 2. As in the proof of Theorem 4, let Df(D?) represent the number of products
the retailer sells when it follows the fixed (sequential) assortment strategy. We calculate E[D?] similarly to
Theorem 4, by using E[D/]=3""_ P(Df > k) and evaluating each term of the sum directly. For E[D?], we
first calculate the thresholds by applying (29) repeatedly, and subsequently calculate E[D?] by recursively
evaluating the expected number of items purchased in each period, starting from the last period. We then
evaluate g as E [f{j} —E[R!]| =p(E[D?*] —E[D’]) = Kg(z,y,2), where K is a scaling constant. This gives us
the following expression for g:
g(z,y,2) = 27— xby + 2% — 325y + 625y + 223 + 2y — 102ty? + xty2? — 20tyz 4+ 8xty — 2123
+ 32422 —datz + 22t 4 223y — 122393 + 22392 2% — 4aBy? 2 + 1623y% — 2324
+ 42325 — 8a32% + 8032 — 162 — 222yt 2 + 122%y* — 429> 2% + 1222932 — 362%9°
+ 222223 — 4a?y?2 4+ 202%y? + 2Pyt — 82xPy2® 4 2002y 2? — 242y + 8xPy — 22t +
+ 42?23 — 82227 4+ 8x% 2 4 duy® — 22yt 2? + dwytz — 162y* + 4wy 2% — 8xyP 2 + 162y + xy?2?
—dxy? 23 + 8xy?2? — 8xy’z — 2wyt 4 8xyz® — 162y2? + 162y2z — 4y°2 + 16y° + 2y 2% — 169 22
+ 32yt 2 — A8y* + 2982 — 49223 + 12327 — 16932 + 641> — 3y 2° + 18y22* — 52223 + 84y 2>
—80y?z — 24y? — y28 + 6y2° — 20yz? + 40y2> — 56y2? +48yz + 27 — 725 + 2425
—502% + 5623 — 2422,
which can be seen to be a 7th degree polynomial in the three variables (z,y,z). Q.E.D.
Figure 6 illustrates the boundary constructed from g where the expected demand under the fixed and
sequential assortment strategies are equivalent. Our analysis suggests that it is unlikely that there are simple

necessary and sufficient conditions to characterize the sign of the value of concealment.
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Figure 6 3D plot of boundary on which the value of concealment is zero: N =3 and X; ~ Uniform(0,1)



