Online Appendix for:
Surge Pricing and its Spatial Supply Response

Omar Besbes, Francisco Castro, Ilan Lobel

This appendix is divided into five sub-appendices, Appendix A covers the proofs in Section 4 and Section
5; Appendix B covers the proofs in Section 6; Appendix C covers the proofs in Section 7; Appendix D covers
the proofs in Section 8; Appendix E provides additional numerical results for section 8.3.

A Proofs for Section 4 and Section 5
Proof of Lemma 1. Consider any z,y € C. Then, for essentially any w € B, we have

Vs(y) 2 U(w) = lw =yl = U(w) = |z —wl| + ||z = w[| = Jw = y|| > U(w) = |z —w| = [z = yl|,

where the second inequality follows from the triangular inequality. This implies, by the definition of the
essential supremum, that
Ve(y) + Iz =yl = Vi(2).

Next, we would like to subtract Vi(y) from both sides of the previous inequality. This operation can be
done only if Vz(y) is finite for any y in C, but this is guaranteed by Lemma A-1 (stated and proved right
after this proof). Hence, we obtain Vz(2) — Vi(y) < ||z — y||. Since we can interchange the roles of z and y,
we have proved that |Vg(z) — Va(y)| < ||z — yl|, for all z,y € C. O

Lemma A-1. Consider a measurable set B C C such that I'(B) > 0, let p be a measurable mapping
p:B— Ry, andlet T € F(O). Then, Va(z|p,T) € [-H,a- V] for all z € C, where H = max, yec || —yl|.
Furthermore, V(x| p,T) > 0 for all € supp(I).

Proof. Fix x € C, we show that Va(z|p,T) € [—H, a- W For the lower bound, note that for any y € B, we
have U(y) — ||y — z|| > —H. Since I'(B) > 0, the definition of essential supremum implies that Vz(x|p, T) >
—H. Similarly, for the upper bound, note that for any y € B, a-V > U(y) — ||y — z|| and hence the definition
of essential supremum yields Vs (x| p,T) < a - V.

Finally, we show that V(z|p, T) > 0 for all z € supp(I"). Since = € supp(I") we have that I'(B(x,d)) > 0
for all § > 0, where B(z,d) is an open ball of radius §. For any y € B(x,d) we have U(y) — ||y — x| > =4,
and since I'(B(x,6)) > 0 we deduce that Vg, 5 (2| p,T) > —d for all § > 0. In turn, we have V(x| p,T) >
VB(z,0) (x| p, T) > =0 for all 6 > 0 and, therefore, V(x| p,T) > 0. O

Proof of Proposition 1. We show how to reformulate the platform’s objective as in the statement of the

proposition. The key step is to establish that
U (z,p(z),s" (z)) = V(z|p,T) To—ae xzeC, (A-1)

namely, whenever there is post-relocation supply at a given location in equilibrium, the drivers originating
at such a location can achieve maximum utility by staying at that location. We state and prove this result
in Lemma A-2 (stated and proved following this proof). Note that this result holds 72 — a.e so if we want to
interchange U (z,p(z),s” (z)) with V(| p, T) we have to do it under the measure 73. We next analyze the



main term in the platform’s objective function.
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where (a) holds because whenever s” (y) = 0, the minimum term in the integral becomes zero; (b) follows
from the fact that U(y,p(y),sT(y))l{ST(y)>0} is a measurable function with values in [0, - V] and from
recalling that s7 = d75/dI"; and (c) is a consequence of Eq. (A-1) since we are integrating over the measure
T>. In turn, focusing on the platform’s objective function, this yields
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where (a) holds because V' (y)1;,7 ()0} is measurable with values in [0,a - V] and we recall again that
sT = dT/dI’. This completes the proof. O

Lemma A-2 (Equilibrium Utilities). For any price mapping p and corresponding equilibrium T, let B C C
such that I'(B) > 0, then

Uly.p().s" () = Velp, T)=Vylp,T) Ta—ae yeB.

Furthermore,
U (y.p(y): 57 (y))

IN

Va(y|p, T) I'—ae. yeB.

Proof. We prove that
U(y.p(v),s” (v) = Vslylp,T) Tz—ae yeb.

The proof for V(y| p, T) instead of Vg(y| p, T) follows the same steps and is, thus, omitted. Let A C B be a
set defined by

A2 {yeB:U(y) =Vs(y)} (A-2)

We want to prove T2(A¢) = 0, where the complement is taken with respect to B. Counsider the sets

A= E{yeB:U(y) <Va(y)}, ATE{yeB:U(y) > Vs

A-2



We will establish that 73(A™) = 0 and 7T2(A™) = 0. We begin with A~ and note that
T2(A7) =T(Cx A7)
(a) -
= T{(z,y) eCxA™: U(y) = [ly — zl| = V(2))

2 Ty eCx AU 2 V()

(2 T{(z,y) €Cx A~ : U(y) > Va(y))

T {(wy) €Cx B: Vily) > Uy) > V()
=0,

where (a) follows from the equilibrium definition, and (b) from the fact that V(x) + ||z — y|| > V(y) (see
Lemma 1). In (¢) we have used V(y) > Vg(y), while (d) follows from y € A~ and A~ C B.

To show that T3(A™) = 0, it suffices to show that show I'(AT) = 0 (this will also show the last statement
of the lemma). For any n € N define the set A7 £ {y € B: U(y) > Vi(y)+1}, and note that AT = J, oy 4}

It is enough to show that I'(A;") = 0 for all n € N. We proceed by contradiction. Suppose there exists n € N
such that I"(A;}) > 0. Let € > 0 be such that € < 5=, and consider a finite partition {I{}fi(f) of C, where for

any x,y € If we have ||z — y|| < e. Observe that

K (e) K (e)
0< (A=A |J 1) = 3. 1Afn ),

i=1 i=1
therefore, there exists i € {1,..., K(€)} such that I'(A}; N If) > 0. Take = € If , then for any y € A} N If

1 1
Uly) 2 Valy) + = 2 V(o) — lly —all + > Vis(@) = ly — 2] +2¢ > Vis(2) + 1y — 2]

where the second inequality comes from the Lipschitz property (see Lemma 1). The last two inequalities
hold because of our choice of € and z,y € I{. We conclude that

AT NIE Sy € B: II(x,y) > Vs()}.

This would therefore imply that I'({y € B : II(z,y) > Vg(z)}) > 0. However, this contradicts the definition
of Vi(z). Hence we must have I'(A;}) = 0 for all n € N, and in turn I'(A") = 0. O

Lemma A-3. The congestion function ¥, (-) is a strictly decreasing function I' — a.e. x in C.

Proof of Lemma A-3. Recall that A\(z) > 0 I' —a.e. x in C and that the price achieving the maximum in
the definition of RI°°(s) is plo¢(s) = max{pl(s), pu}. Let s* be equal to A(z)- F.(pY), that is, pt@(s%) = p

) z z
bal

x

(here we are using that ¢ — ¢ - Fy(q) is continuous and unimodular in g). Then, since p
we have that plo¢(s) = pba(s) for all 0 < s < s* and, therefore,

T

(+) is decreasing

Rlc(s . _ s
Ba() _ ppais) = p1(1

. —m), for all 0 < s < s“.

Since F is strictly increasing, the quotient above is strictly decreasing for s € (0,s"]. Moreover, since

F~1(1) = V, the point just made also includes s = 0. Now, for s > s* we have pl°°(s) = p%, thus

Rs(s)  , Alw)-Falp)
s Pz S s

which is strictly decreasing. In any case, we conclude that ), (-) is strictly decreasing I' —a.e. z in C. O
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Proof of Proposition 2. Define the set B = {x € C: V(x) > 1,(s7 (z))}. We want to show that I'(B) =
0. First we argue that B C {ax € C: U(z) # V(z)}, indeed, let x € B then

V(w) > (s (2) > U (w,p(@). s (@)

that is, V(x) > U(z) as desired. By Lemma A-2 we know that To({z € C : U(x) # V(z)}) = 0 and, therefore,
T2(B) = 0. This yields,

0="Ts(B) = /B sT(z) dI (). (A-3)

If I'(B) = 0 then we are done. Suppose I'(B) > 0, from equation (A-3) we can conclude that s7 (z) = 0,
I' —a.e. z € B. The definition of 1, (s” (z)) implies that I" — a.e in B we have that 1, (s’ (z)) equals a - V.
Because « - V is the maximum value that V(-) can attain (see Lemma A-1), we conclude that

a-V2V()>y(sT(x))=a-V  I'—ae z€B.

But since we are assuming that I'(B) > 0, this yields a contradiction. O



B Proofs for Section 6

When z is a sink, we represent the endpoints of its attraction region along a ray a € R, by

Xa(z|p, T) £ sup{z € Aa(z| p, T)},

where A, (z| p,T) is the restriction of A(z|p,7) in the direction of ray a. Note that in the definition of
Xa(z| p,T), as x moves away from z along A,(z| p, T), = increases. In turn, for every ray a the segment
[z, X4(2| p, T)] represents the contribution of A,(z|p,T) to A(z| p, T). The next result formalizes this and
characterizes the shape of attraction regions.

Lemma B-1 (Attraction Region). Let (p, T) be a feasible solution of (P2). For any sink z € C, its attraction
region A(z| p,T) is a closed set containing z, Aq.(z| p,T) = [z, Xa(2| p, T)] and

Azl p, T) = | Aulelp, T

a€ER,

Proof of Lemma B-1. For ease of notation let us use x, to denote X, (z|p, T). We also denote A(z|p, T)
by A(z).

Closure: Let the sequence {z"},en C A(z) be such that 2" — x. We show that € A(z), that is,
V(z) = V(2) — ||z — z|. Indeed, since z,, € A(z) we have that V(z,,) = V(2) — ||zn, — z||. Because V(-) is
Lipschitz (see Lemma 1), it is continuous, and the desired conclusion follows.

Interval: We show that A,(z) = [z, 2,]. The definition of z, immediately implies that A,(z) C [z, 4], so
we only need to prove the reverse inclusion. First, since we can always construct a sequence {z"},eny C A(2),
with 2" — x,, the closure property implies that z, € A(z). Second, we make use of Lemma B-2 (stated
and proved right after this proof). Consider z € [z,z,] then Lemma B-2 implies that z € ZR (x| p, T) or

equivalently, © € Aq(2).
Union: Since for every a € R, we have A,(z) C A(z), the same is true for the union. In the opposite
direction, if we take x € A(z) then there exists a € R, such that = € [z, z,] = Ay (2).
O

Lemma B-2. For any price mapping p and corresponding equilibrium T, if y € IR(z|p,T) then y €
R(z|p,T) for all z € [x Ay, z V y].

Proof. Let y € TR (x| p,T). If x = y there is nothing to prove. Without loss of generality suppose z < y,
where we use the natural order in the segment [x,y]. Fix z € [z,y], we want to prove that y € ZR(z|p, T),
ie, V(z) =V(y) — |z — y|. Note that
(@) (b)
lz=yll =2 V(y) =V(2) =V(y) =V(z) +V(z) = V(2) = |lz =yl + V(z) = V(2)
(e
2 e =yl = [lz — =
(@

where (a) and (¢) come from the Lipschitz property (see Lemma 1), (b) follows from y € ZR(z| p, T ), and
(d) holds because z, z,y are collinear points.
O

Proof of Proposition 3. Consider the segment [z,y] (with the standard order) and define the set

LE{y €C:3t>0suchthaty =z +t-(y—2)},

that is L is the set of point along the ray that starts at = and contains the segment [z, y]. Since y € L and
y € IR(z| p,T) the following quantity is well defined

z&sup{y € L:y € IR(x|p, T)}

B-1



We prove that z is a sink location such that x,y € A(z|p, T). First, we show that z € ZR(x|p, T). Consider
a sequence {z,} C L such that z, € ZR(z|p, T) and z, — z. Then, V(z,) — ||zn — z|| = V(z), we can take
the limit as n 1 0o and use the Lipschitz property (see Lemma 1) to conclude that V(z) — ||z — z|| = V(=).
That is, 2 € ZR(x| p, T) which also shows that A(z) # 0.

Next, to show that z is a sink location we argue that we cannot have z € A(z’) for some 2’ # z. If we did
then 2’ € IR(z|p, T) for some 2’ # z. First suppose that 2z’ € L. If 2’ > z this would contradict the definition
of z as being maximal. If 2/ < z then by the definition of ZR(z| p, T) the function V(-) would be decreasing
n (2/,2), but since z € ZR(z| p, T) we have that V(-) is increasing in (z, z). This is a contradiction.

Second, suppose that 2’ ¢ L. That is the vectors 2z’ —x and z—x are not collinear. Because 2’ € TR (z|p, T)
and z € ZR(z| p, T) we have

V(Z)= |2 =2z =V(2) and V(2) - ||z — z| = V(z).
Combining these expression yields
V()= V() =l = 2l + |z —z| > || — =],

where the strict inequality comes from the fact that z/ — z and z — = are not collinear. But this contradict
the fact that V(-) is Lipschitz (see Lemma 1). We conclude that z is a sink location. Moreover, because
x € A(z) (z € ITR(z| p,T)) and = < y < z (recall these three points are collinear) Lemma B-2 guarantees
that y € A(z). O

Proposition B-1 (Flow Separation). Let (p,T) be a feasible solution of (Ps2), and let z € C be a sink.
Then, there is no flow crossing the endpoints of the attraction region, and there is no flow crossing the sink,
z. Formally, with some abuse of motation, let L(z| p,T) denote ,cr {Xa(2|p,T)} then

(i) T(AGI P, T)* % AG| 9, T)) = 0 and T(Uyen, [z Xa(2l 1, T) x (A2, T)°U LI p, T\ {2)) = 0.

(ii) Let Ri, Ry C R, with Ry N Ry = 0 then T(UaeRl(z,Xa(z| 2T % Uner, (2 Xa(2l p, T)]) —0.

Proof of Proposition B-1. With some abuse of notation let

A°(zlp, T) = | (2 Xal2l p, T).

a€ER,
This result is based on the following properties:
a) For all (z,y) € A(z|p, T)* x A(z|p,T), y € IR (x| p, T).
b) For all (z,y) € (A°(z|p, T) U{z}) x (A(z| p, T)CUL(z|p, T)\ {z}), y ¢ IR(z|p,T).

Before we provide a formal proof of these properties, we use them to show the statement of the proposition.
We will also make use of Lemma B-3 which we prove and state after the present proof.

We begin with the first part of (i), that is, we show that T(A(z| p, T)® x A(z|p,T)) = 0. If this is not
true then by Lemma B-3 we can find (z,y) € A(z| p, T)¢ x A(z|p, T) such that y € ZR(z| p, T). We obtain
a contradiction with property a) above. Therefore it must be the case that T (A(z| p, T)¢ x A(z| p, T)) = 0.

L

Next, we show the second part of (i), namely, T ((A°(z|p, T)U{z}) x (A(z\p, T)°UL(z|p, T)\{z})) =0.
If this is not true then by Lemma B-3 we can find (z,y) € (A4°(z|p, T)U{z}) x (A(Z\pa T)CUL(z|p,T)\ {z})
such that y € ZR(x| p, T) but this contradicts property b) above. Therefore it must be the case that
T((A°(:1 . T) U{=}) x (A1, T U L(:1 . T) \ {2})) = 0.

Now we provide a proof for (i7). Let Ry, Ry C R, with Ry N Ry = () we show that

T( U Xl p T x U (& Xalelp, 7)) =0,

a€Ry a€Ry
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Suppose by contradiction that this is not true then by Lemma B-3 we can find (x,y) € U,cg, (2, Xa(z|p, T)] %
Uaer, (2, Xa(2] p, T)] such that y € ZR(x|p,T). This implies that = € A(y| p,T). Moreover, since z is a
sink location we have z € A(z|p,T) and y € A(z| p, T) thus

Viz)=V(y) = lly—=l, V(z)=V(z)—lz—zl, and V(y)=V(z)—Iz-yl.

In turn, we can use the first to equalities to obtain V (y) = V(2)+|ly—z||— ||z —z||. Plugging this into the last
equality yields ||z — z|| = ||y — || + ||z — y||; however, because R; N Ry = () we have that = € (z, X,, (2| p, T)]
and y € (z, Xq,(2|p, T)] with a1 # as. In other words, x and y belong to different rays around z. In turn, the
latter equality cannot hold and we must have that 'T( Uaer, (2: Xa (2, T)] X Uper, (2, Xa(z| p, ’T)]) =0.

Next we verify properties a) and b). We start with a). We argue by contradiction. Suppose there exists
x € A(z|p, T)¢ and y € A(z| p, T) such that y € ZR(z| p,T). Let a index the ray that contains the vector
(x —z). Recall that by Lemma B-1 we have that A,(z|p, T) = [z, Xa(2|p, T)]. Since x € A(z|p, T)¢ we must
have that © ¢ [z, X, (z|p, T)]. In particular ||z —z| > | X4 (2|p, T)—z|. Hence if we show that z € ZR(z|p, T)
we would contradict the maximality of X, (z|p,T). Indeed,

V()= o=z = V() = V() + V() = lz — 2l D [z =y + V() — |z — 2]
— Nz =yl + V)~ llz — 2 - lly — 2ll + Iy — =l

(®)

Dz~ yll+ Vi) - ly — 2l + |y — ]
(o)

> Vi),

where (a) follows from y € A(z|p,T), (b) from y € TR (z|p, T) and (c) from the triangular inequality. Using
the Lipchitz property of V (see Lemma 1) we conclude that V(z) — ||z — z|| = V(x), that is, z € TR (x| p, T).

Now we show b). Let z € (A°(z|p, T)U{z}) and y € (A(z| p, T)CUL(2| p, T)\ {z}) We look into two
cases: * # z and x = z. In both cases we proceed by contradiction assuming that y € ZR(z| p,T). Let us
start with & # z. Let a index the ray that contains the vector (z — z). Recall that by Lemma B-1 we have
that Au(z|p, T) = [z, Xa(2| p, T)]. Since, z € A°(z| p, T) and = # z we must have that = € (z, X, (2| p, T)),
hence

V(z) =V(y) = lly — =ll and V(Xa(z|p, T)) = V(2) = |lz — Xa(z]p, T)I|,
that is,
Viy) = V(Xa(zlp, T)) = lly — 2l + |z = Xa(z[ p, T)II (B-1)

If y = X4(z| p,T) the previous equality implies z = X,(z| p,T), but since z € (z, X,(z| p,T)) this is
not possible. If y # X,(z| p, T) then since y € (A(z| p,T)UL(z|p,T) \ {z}) we must have that y ¢
(z,Xa(z| p, T)). Also, y cannot be equal to some point x + t(z — x) for some ¢ > 1 because that would
contradict the fact that z is a sink location. Therefore, Eq. (B-1) together with the triangular inequality
deliver V(y) — V(Xo(2|p, T)) > |y — Xa(z| p, T)|, but this contradicts the Lipschitz property of V (+).

To conclude, consider the case x = z. In this case we would have z € A(y|p, T) but this contradicts the
fact that z is a sink location. O

Lemma B-3. Let L CC x C. If T(L) > 0 then there exists (x,y) € L such that y € TR(x|p, T).
Proof. Suppose T(£) > 0. We first argue that there exists a pair (z,y) € £ such that for all § > 0
T(B(z,8) x B(y,d)) >0, (B-2)

where B(z,d) is an open ball of radius 4. If this is not true then for any (z,y) € £ we can find 6, > 0
such that Eq. (B-2) does not hold when we replace § with §, ,, that is, T(B(z, 0z,y) X B(y,0z,)) = 0 for all
(z,y) € L. The collection Z defined by

T ={B(z,6:y) x By, 6$7y)}(w,y)6£

z,y

B-3



is an open cover of L. Moreover the set L is separable because C x C is separable. This implies that we can
find a countable sub-cover of £ in Z, that is, there exists {B(zy, 0z, y,.) X B(Yn; 0z, 4, ) }nen such that

L£C | B(@n6s,.4,) X BYn:0s,.4,)-
neN

The existence of the sub-cover is guaranteed by the Lindelof property of separable metric spaces, see e.g.,
Sierpinski & Krieger (1952) Theorem 69, p. 116. Since T is a measure we have

7)< T( U B@nsba,) X Blns00,0,)) < D2 T(B (0, 02,) X Blyns 8r,)) = 0,

neN neN

a contradiction. Therefore, for some (z,y) € £, Eq. (B-2) holds for any ¢ > 0.
We next show that y € ZR(z| p, T). First we prove that

Ve > 0,300 > 0 such that V6 <dg e+ Vp 5 (z) > V(). (B-3)
Let € > 0 and let 5y = 5. Consider § < dy, from Eq. (B-2) and the equilibrium definition we have
0 < T(B(x,8) x B(y,5))
=T({(".y') € B(z,0) x B(y.0): 1(z',y/) = V(=) })
A

—~

y' € B(y,0) : 32" € B(x,d) such that II(z,y') = V(IE/)}),

L Rx.y,8

since T < I' this implies that I'(R*¥?) > 0. Now we argue that R*Y? C {y € B(y,6) : I (x,y’) >
V(z) — €}. Indeed, let y' € R then there exists 2’ € B(x,d) for which

Uy)=v)+lly -2
>V(z) = [la" =zl + Iy — 2|
=V(@) = 2" =z + Iy = ' = Iy =zl + Iy’ — |
> V(@)= o —af = 2" =z + [l — =],

where in the first inequality we used the Lipchitz property of V (see Lemma 1), and in the second we
use triangular inequality. Since ||z’ — z|| < dy = § we have that U(y') > V(z) — e+ ||y’ — ||, that is,
R*Y° C {y' € B(y,6) : II(x,y') > V() — €}. Therefore, I'({y/ € B(y,6) : II(x,y') > V(x) — €}) > 0, which
implies that Vg, s (z) > V(z) -
Next we argue that
V(y) = lly — [l + 20 = Vi, (z), V6>0. (B-4)

Indeed, the following holds I — a.e. y' in B(y,d)

V(y) = lly — x|l +26 > U(y’) Ny =yl = lly — x| + 26

UW) =Ny =2l + 1y =2 = Iy —yll = lly — zl| + 26

UW) =Ny =zl +lly ==l =y —yll = Iy =yl = lly — =|| + 26
> U(y)— Iy — =,

the first inequality comes from the definition of V (y), the second from the triangular inequality and the last
inequality follows from ||y" — y|| < §.

Finally, Eq. (B-3) and Eq. (B-4) together yields that for any ¢ > 0 we can find d(e) > 0 such that
for all 6 € (0,d(e)) we have V(y) — [ly — z[| + 20 > V(5 (x) > V(z) — e. We can take § | 0, and then
e } 0 to conclude that V(y) — ||y — || > V(z). But by the Lipschitz property (see Lemma 1) we have
V(y) — ly — z|| < V(z). Therefore, y € ZR(x| p, T). O

B-4



B.1 Local Equilibria and Pasting

The flow separation result in Proposition B-1 will enable us to geographically decompose the platform’s
problem into multiple weakly coupled local problems. To that end, we introduce some additional notation
that will allow us to “localize the analysis”. Formally, for any measurable B C C and measure © € M(B),
we define the set of feasible flows restricted to B to be

Fe(O)={T e MBxB):T1 =6, T3<I|s}

where for any measure ¥ we denote its restriction to a set B by V|z. In addition, we define local equilibria
as follows.

Definition 3 (Local Equilibrium). For any B C C such that I'(B) > 0 and © € M(B), a flow T € F5(6)
is a local equilibrium in B if it satisfies

T({u,y) € Bx B 1T(r,,p(y), s7 (v) = esssup T (.-, p( )57 () }) = 6(B).

That is, a local equilibrium in B is a feasible flow such that no driver wishes to unilaterally change
his destination when restricting attention to the set B. With this definition in hand, we may now state
our next result. Informally, this result states the following “pasting” property. Suppose we start from a
price-equilibrium pair (p,7) and a sink z and its attraction region A(z| p, 7). Then, we can replace the
flow that occurs within A(z|p, T) with any other local equilibrium within that attraction region as long as
certain properties of V(x| p, T) are maintained in A(z|p, T).

Proposition B-2. (Pasting) Let (p,T) be a feasible solution of (P2), and let z € C be a sink. Denote
A= A(z[p,T) and L = U,er AXa(z| p, T)}. Let O € M(A) be the measure representing drivers that
stay within A according to flow T, i.e., O(B) 2 T(B x A) for any measurable set B C A. Suppose there
exists a measurable price mapping p : A — [0,V] and a flow T e fA(é) such that T is a local equilibrium
in A under pricing p. Furthermore, suppose Vu(-| p,T) is lower or equal than V(| p,T) in A, and that

O({z € A: Valz|p, T) = V(x| p,T)}) = O(A). Define the pasted pricing function p : C — [0,V],

ﬂ@é{mm if v €A
p(x) ifz e AS

and the pasted flow T e F(O), where for any measurable B C C x C

T(B) 2 T(BN((A°UL) x A%) + T (BN (Ax A)).

Then, the pasted solution (p,T) is a feasible solution of problem (Ps) such that

7 sT(x) ifz € A;
| sT(x) ifxe A

S

Proof of Proposition B-2. For ease of notation we use X, to denote X,(z|p, 7). We show that T belongs
to Fe(O) and that it is an equilibrium in C. First we argue that 7 € Fe(©). Since T is the sum of two

non-negative measures we have that 7 € M(C x C). In order see why 77 coincides with ©, let B be a




measurable subset of C then

Ti(B)=T(B xC)

=T((BN(A°UL)) x A%+ T((BN A) x A)

D T((BN (AU L)) x A%) + O(BN A)

= T((BN(A°UL)) x A°) + T((BNA) x A)

T((BNA%) x A%) + T((BN L) x A%) + T((BN A) x A)
QD T((BNAY) xC)+ TU(BNA) %C)
=0(B),

where (a) comes from the fact that 7 belongs to F4(0). In (b) we use the fact that A is a closed set.
Equality (¢) comes from Proposition B-1 part (3). That is, 77 coincides with ©. Now, we show that 7o < I
Let B be as before and suppose I'(B) = 0 then

T2(B) =T(Cx B) =T((A°UL) x (BNA°)) +T(Ax (BNA))<T(BNA)+T(BNA) =0,

where the last equality holds because 7> < I' and T < |4. Now we show that T is an equilibrium. We
need to verify that 7(€) equals @(C), where

&2 {(wy) eCxCiMzyily),s" (v) = esscsupﬂ(x, L5007 () }-

T
(

®

In order to verify this we compute first s7 and V(x| p,
(@) = { e
T(x

Let B be a measurable subset of A° then
Ta(B) = T((C x B)N (AU L) x A%) = T((A°U L) x B) L T(C x B) = Ta(B),

if z € A

7). First we show that I'—a.e we have
)
) ifze A

where (a) comes from Proposition B-1 part (7). Therefore, sT(x) equals s7 (z) I' —a.e. x in A°. Similarly,
for B a measurable subset of A we have

T2(B) = T(A x B) = Ta(B),

where the second equality holds because from Proposition B-1 we have T(A¢ x A) = 0, and also because T
is an equilibrium in A.

We next show that for ©,,(B) defined by 7(B x A°) for B C A°U L, V(x| p,T) satisfies
Om({z e A°UL: V(2| p,T) =V(x|p,T)}) = T((A°UL) x A). (B-5)

First, we argue that V(z|p, T) > V(;E|p, T) for all z € A°UL. We proceed by contradiction. Let z € A°UL
and suppose that V(x| p,T) < V(a?| P, T) then we must have that

0<I(yeC:Hzpy)s (y),y) > Vielp,T))
=I(ye A: O(x,j(y), s (y),y) > V(x| p, 7)) + Ty € A : H(z,p(y), s (y),y) > V(z|p,T))

Wy e A:UGy), sT(),) - e -yl > V(x| p,T))

(S) Py e A:UGW),s” ).y) = |z =yl > Valay| 5,7) = |z, — 2[)

© W) y) > Valay| 5, 7) + 2y — yl)

all

=I'ye A:U@DY),s

(%) I(ye A:UB(y),sT (y),y) > Valyl 5, 7))

@y,
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where (a) follows from that the definition of V(x| p, T) implies that the second term in the previous line is
zero. For any y € A we can consider the segment [x,y] that passes through the boundary of A (because
x € A°U L), thus, in (b) we take z, € [x,y] N OA and then apply the Lipschitz property together with the
assumption that Via(z,|p,T) < V(zy|p,T). In (¢) we made use of the collinearity of x,y and z,,, and in (d)
we applied once again the Lipschitz property. The last line (e) follows from Lemma A-2.

Thus to prove Eq. (B-5) we need to show that O,,({z € A°UL : V(x| p,T) < V(z|p,T)}) = 0. If this
is not true then since V(x| p, T) > Viae (2| p, T) we have

0<O,({zeA°UL: Vye(x|p, T) < V(x|p,T)})
=T ((@,y) € (AU L) x At Vaelal p. T) < V(a| p, 7))
= T((2,y) € (A°UL) x A°: Vae (2| p, T) < V(2| p, 7). Ulp(y), 57 ().y) — lle —yl = V(me))
< T((@) € (AU L) x A7 Ulp(y), s (1)) = lle = yll > Vae(al p. 7))
< oy € A%: Jv € (AU L) Up(y). 5™ (1)) — Il =yl > Vae 2| p, 7))

—
S
Nasd

2Ty e AT 30 € (AUL),Vaclyl . T) = = yll > Vac(al p. 7))

where (a) is true because T is supported in a set where U(p(y), s” (y),y) — ||z — y|| = V(| p, T), (b) comes
from Lemma A-2 and (c¢) from the Lipschitz property. This proves Eq. (B-5) .
Lastly, we verify that 7(€) equals ©(C). Define the sets

£12 {(2.0) € (A°UL) x A2 {2y, 5(0).5 () = V(al 5.T))}
& 2 {(z.y) € Ax A H(w,y,5(), 5T (v) = Vil p,T)}

then 7(€) = T(E1) + T(E). We can replace the definition of p and what we have proved about sT in the
expressions above to obtain

7€) = T({(@y) € (A UL) x A 1w,y p(y).s7 (1) = V(| p.T)}).
(&) = T({(@.) € Ax A: T(w,y,5(y),57 (1)) = Vil 5. }).

From Eq. (B-5) we deduce that
7€) = T({(z.9) € (AU L) x A H(w,y.p(), 57 () = V(| p.T) }).

Since V(x| p, T) < V(z|p, T)}) for z € A we deduce that V(=] p, T) < V(z|p,T) for z € A. Hence, because
Oz € A:Valz|p,T)=V(x|p,T)}) = O(A) and V(x| p, T) > V(x| p, T) we must have

O{w € A: Vala| 5. T) = V(al p.T)}) = O(A),
in turn, i
T(&2) = T({(w.9) € Ax A T(w,y,5(0),57 (4) = Valel 5,T)}) = 6(A),

where the second line comes from the fact that 7 is an equilibrium in A. Let £ be defined analogously to &
but with (p, 7A’) replaced by (p, T), then

T(E) = T(EN +6(A) L T(E) + T(Ax A) L T(E N (AU L) x A + TIEN (A x A) 2 T(E)
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where in (a) we use the definition of ©. In (b) and (d) we use the fact that 7 only puts mass in &, and in
(¢) we use Proposition B-1 part (i).
O



C Proofs for Section 7

Proof of Theorem 1. The proof of this theorem consists of several parts. In the first part perform a
disintegration step that will enable us to analyze the problem along rays stemming from z. Then we pose an

optimization problem which is a relaxation of platform’s optimization problem restricted to the attraction
region A(z). Then we introduce some notation. Given this, the relaxation has a similar structure to a
continuous bounded knapsack problem, and we characterize the structure of the optimal solution as stated
in the statement of the theorem. Next we construct a local price-equilibrium pair (p,7) in A(z) that
implements the relaxation’s solution. We conclude by applying the pasting result of Proposition B-2 to
globally extend our price-equilibrium pair (p, ’f) in C as in the statement of the theorem. In summary the
parts of the proof are: Disintegration, Relaxation, Notation, Knapsack, Implementation and Conclusion. We
enumerate all these parts from 0 to 5, and present them in boldface to make the presentation clearer.

Part 0: Disintegration. Recall that we use R, to denote the set of all rays originating from z
(excluding z) and index the elements of R, by a. The advantage of this is that now we can disintegrate
the city measure into a family of measures concentrated along the rays, {I,}, which we can integrate with

respect to another measure I'P in R, to obtain I'. That is, for any measurable set B we have

P(B) = T({(z)1es) + [ L(BMIa). (1)
Any measure I, can be thought of as a conditional probability, and we can use it to measure quantities
such as supply and demand along ray a € R,. See Ambrosio & Pratelli (2003) for a formal statement about
disintegration of measures.

Part 1: Relaxation. We consider the attraction region A(z). In it, the congestion bound must be
satisfied. Moreover, due to our flow separation result in Proposition B-1 part (i) we have T3(A(z)) =
T(A(z) x A(z)). Also, since flow is not transported across rays (see Proposition B-1 part (7)), the total
supply in the ray (z, X,] cannot be larger than its initial supply. Therefore, in A(z) the platform’s problem
is bounded above by

ma [ V)-sto)dr) (Prr(2)
st s(x) < H,(V(z|p,T)), I —ae. z in A(z) (CB)
/ s(x) dl'(z) = T(A(2) x A(z)) (FC)
A(z)
/ s(z) dl,(x) < / sT(x)dl,(x), I®—a.e. a€R,, (FR,)
(2,Xa] (z,Xa]

where H, (V) =171 (V). Observe that s7 (which defines 73) is a feasible solution for (Pgp(2)). The supply

density s” (as in the statement of the present theorem) will be shown to be an optimal solution for this
relaxation.
Part 2: Notation.

1. Next we rename the quantities on the RHS of equations (FC) and (FR,).

Tiotal = T(A(Z) X A(Z))7 Ta = ST(J:) dFa(x)v T. = T(A(Z) X {Z})

(Z1Xa]

2. For any measurable set B C Az we define the measure
$"(B) 2 [ Ha(V(e)) dD(a),
B

SH(.) is the measure with density H,(V (x)) with respect to the I" measure. Moving forward we will
use s (z) to denote its density.
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Part 3: Knapsack. We show that any optimal solution to (Pxp(2)) is as s7 in the statement of the
theorem. There are two cases.

Case 1. First suppose that 0 < Tiota1 < SH({2}) (so that there is an atom at z). Then, we define r, = z
for all a € R,, and let the solution to (Pxp(z)) be

7;otal 1 B
r({zy) =

which is feasible, and optimal because for any feasible s we have

s*(x) =

vw»amwmwsva/ 5(2) dT(z) = V(2) - Trotat,

A(2) A(z)

which is equal to the objective function at s*. So in this case the optimal solution coincides with the
description of sT as in the statement of the theorem.

Case 2. Now let us assume that Tiota1 > S ({z}). We start by showing that in this case we have
s*(z) = sf(z). If z is not a point with positive I'- mass then setting s*(z) in this way is without loss of
generality. If the point z has positive mass then we argue by contradiction that s*(z) must be choose in this
way. Let s* be an optimal solution to (Pxp(z)) such that s*(z) < sf(z). Then,

ool = / Sdl + 5°(2) - T({z}) < / s*dl 457 (2) - T({2)). (C-2)
A(2)\{=} A(2)\{z}
K

Let € € (0,1) be such that (Tiotal — € - K)/I'({2z}) = s (2), this is well defined because we are assuming
Teotal > ST ({z}). Next define a new solution 5 by

oy sH(z) ifx =z,
()_{ s*(z) ifxz # 2.

Note that 3 is feasible: it satisfies (FR,) for all a € R, and (CB), and for (FC) we have

/ 5d0 = e+ K + 5" (2) - T({2}) = Toogar.
A(z)
Furthermore, § yields an strictly larger objective than s*,

V(x)-s™(z) dl'(x) = /( e V(z)-s™(z) dl'(x) + V(2) - s"(2) - [ ({z})

/ V(z) - s*(z)dl(z)+ (1 —¢)- / V(z)-s*(z) dl(x)
A(2)\{z} A(2)\{=}

+V(2)-s"(2) - I'({z})
@ / V(z)-5(@)dl(z) + (1 —¢) - V(2)- K
()\{=z}
+V(2)-s"(2) - I'({z})
— [ Vi) s(@) d@) 4 V() (T~ - K)
A(z)\{z}

®)

A(z)

V(z) - s(x)dl(x),

A(z)

where (a) comes from Eq. (C-2), and (b) holds because (Tiotal — € - K)/I'({2}) = s (2). Hence, whenever
Tiotal > ST ({z}), we can assume that s*(z) = s (2). We assume this for the reminder of the proof.
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Let s*(z) be an optimal solution. We show how to build § with the properties described in the theorem’s
statement. Next we construct r,. First, note that

/ s*(x)dl’ :/ s*(2) 1 gr<suydl :/ / §*(2)1{sr<sydlo(z) dI®(a)
A\ {z} A(2)\{z} R. J(2,Xa]

qa

define r, by

rq 2 inf {T € (z,X,] : / SH(I)]_{S*SSH}dFa(fZ;) > qa}.

(z7]
Observe that for » = X, the integral in the definition of r, is larger or equal than g,. Therefore, r, is well
defined. Let us define (with some abuse of notation)

A(2) & U [2,74], and L.(z)= U {ra.}.

a€R; a€ER,
Let’s define a new solution § by
s*(z) = s"(2) if ¢ = 2
i) 2 35" (@) if 2 € A4,(2) \ (Lo(2) U {2)),
(qa_f(ﬂ,zc) sH(y)l{s*gsH}dra(y)) .
Lr.(ep)>0} T if € L,(2),

and §(z) = 0 otherwise. We show that § weakly revenue dominates s* and that is feasible. Let us do first
the revenue dominance. Note that the objective in {z} of both solutions coincide; thus, we only need to
compare the objective in the set Q £ A(z) \ {z}. Note that A,(2)\ {z} C Q, then

/ V(z)-s*(z)dl(z) = / V(z)-s*(z) dl(x) +/ V(z)-s*(x) dl(x)
Q Ar(2)\{z} Q\(Ar(2)\{2})

= / V(z) - §(x)dl'(z) —l—/ V(z) - (s* = 8)(z) dI'(x)
Ar(2)\{z} Ar(2)\{z}

+/ V(I‘) . S*($)1{S*§5H} dF(:I?),
Q\(Ar(2)\{z}))

I

for the last term above we have
1< | vl / ()1 gae <at) dfa(x)] dI®(a)
- (ra,Xal

= /Rz V(ra) :Qa - /(z’ra] §* (1)L gge<my dFa(x)]dFP(a)

= / Vra) /(ZT )(SH = 8") (@) 1grcony dlo () + (5 — s*l{s*SsH})(ra)Fa(ra)]de(a)
< /R {/(Z’ra) V(x)(sH — 8 ) (@) Lgr<ony dla(w) + V(ra) (5 — S*l{s*gsH})(ra)Fa(TQ)} dI'®(a)

_ / V(2)(E - s*)(@)dl (@),
A\(z}

hence
/ V(z)-s*(z)dl(z) < / Vi(x) - §(x)dl(x).
Q Ar(2)\{z}
Since the right hand side above equals the objective under § in A,(z) we conclude that § is an optimal
solution.



For the feasibility of §, by construction and the definition of r, we have that § satisfies (CB). Further-
more, because s* satisfies (FR,) and since § only redistributes the mass of s* across rays but no between
rays that originate in z, § also satisfies (FR,). In order to verify (FC) note that

/ $(x)dl(z) =8(2) - I'({=z}) + / $(zx) dI'(z)
A(z) Ar(2)\{z}

— s*(2)-T({z}) + /AT(Z)\{Z} i(x) dI ()

=@ TN+ [ [ ez d@) S L Jare@
=) 7D + [ [acarr@

=) () +

[ / (2) Lo <o dl(2)] dIP(a)
R, (2,X4] B

=s"(2) - I'*({z}) + /A( " }s*(x) dl’(x)

= Jtotal-

In conclusion, the solution § constructed is as defined in the statement of the theorem. Next, we use this
solution to define prices and flows. We use S to denote the measure induced by 5. Observe that S has
support in A,.(z).

Part 4: Implementation. We construct a price-equilibrium pair (p, 7’) in A(z) with T e .FA(Z)(é)
and

O(B) 2 T((BNA(2)) x A(z)), B CC measurable.
— [0, V] by

e Prices. Define p: A(z)

pe(3(x)) if x € Ap(2) \ Ly (2);
ﬁ(x): Pa ifx =74, a€ Ry

1% otherwise,

where p, is such that U(rq,pa, 5(ra)) = V(rae| p, T) for a € R,. By the way we constructed §(r,), it is
bounded by H, (V(r,)) and, therefore, the value p, is always well defined (I"-a.e).

e Flows: We define 7 as a transport plan between @ and S. We start by defining the flow that 7 sends to
z and then the flow along rays.
Flow to the center. Next we define the flow that 7 sends to {z}. We define
do A ds
O.(B) = —(y)dI, dsasé/ ——(y)dlL(y).
®2 [ WL ma 5.0 R

BN(z,Xa

Then,

O(B) = T({z} x {z)1{:en +/R O4(B)dI®(a) and S(B) = S({2})1(zen +/R Sa(B)dI™(a).

z

We define the quantities

A & éa((Z,Xa]) = 84((2, Xa]),
note that because of (FR,), Ay > 0, I'® — a.e a in R,. Further define

he 2 2 +inf{6 > 0:604((2,2 4 6]) > A}
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For any set B C A(z) we define the mass going to the center from ray a € R, by the measures
O,(B) £ éa(B N (2, ha)) + 1ih,eBnz,xa0) (Aq — éa(z, ha)),

observe that by the definition h,, the atoms above have non-negative mass, I — a.e ¢ in R, . Let
Q. £ {2} x {z}. For any measurable set R C A(z) x A(z), the measure that sends flow to the origin is
defined by

T(R)£T(RNQ.) +/R O (m (RN A(z) x {z}))dI®(a),

where 7y is the mapping that to each pair (z,y) assigns the first component z. Using Lemma C-1 (which
we state and prove after the present proof) we can verify that 7¢ € M(A(z) x A(z)).

Flow along rays. For any ray a € R, define the flow 7, along that ray to be the solution to the following
optimal transport problem:

win o~ yll dva(,)
(2,Xa]X%(2,Xa]
st v € I( ~fl,5’a),
where
6.(B) £ Ou(BN (ha, Xa]) + Lin,eBn(z,Xa]} (Ba(2,ha] — Au),

where IT (@;, Sa) is the set of transport plans between ég and S,,. Any solution to this problem satisfies:
Ya ({(:my) € (2, Xa] X (2, Xa] ry > x}) =0, IP—ae a€R,. (C-3)

We provide a proof Eq. (C-3) after Part 5.
We will argue that 7 defined by

T(R) = T*(R) + / 5a(R)AI®(a)

R.

yields an equilibrium, that is, for the set

€2 {(2,y) € A2) x A(2) : Uy 5(9),5” () — ly — 2l = Vi (el 5.7},

we have that 7(€) equals ©(A(z)). Note that with this definition of 7 there is not flow being transported
across rays but only within rays. Before verifying the equilibrium condition we check that TeF A(z)(é).
Clearly T is a non-negative measure in A(z) x A(z) because is the sum of non-negative measures. Now
we check that 7; = 6. Consider a measurable set B C A(z) then

T1(B) = T(B x A(z))

=T AR) + [ (B x AR

= T(Q)1eemy + [ OLB)IT@)+ [ O5BN (XD (@

T(QZ)]-{ZGB} +/ [éa(B N (Z’ ha)) + 1{ha€Bﬂ(z,Xa]} : (Aa - @a(zv ha))

z

+0u(BN (ha, Xa)) + 1, cn(=.x.1) - (Bal2, ha] — Aa)} dI'®(a)

T(Q:)1(eny +/R O,.(B)dI™(a)

(B)

I
(o)
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and from the definition of © we also have 7; < I'. For the second marginal of 7 we have

T2(B) = T(A(z) x B)

= T(Q )L + /R O%(A())Lsemdl®(a) + | 8.(B)dI*(a)

R,

= T(Qz)]-{zel?} + 1{268} A [éa((zv ha)) + 1{ha€(z,Xa]} : (Aa - éa(za ha))} drp(a’)

z

+ /R Z S, (B)dI™(a)

:T(Qz)l{zezs}+1{zes}/ Aade(a)+/ S.(B)dI™(a)
R. R.

= T(Q )1 en) + Lises) /R (5 Xu]) — Sul(z, Xa])|AI®(a) + /R $.(B)dI®(a)

16u(A(2)) — Sa(A(2))dIP(a) + / 5.(B)dI™(a)

R

=T(Q:)1zeBy + 1izeny /B

Lz

= T(Q)1em + Lieem [BA() — T(2) = 5(42) + (D) + | SuB)ars(@

= SN ser) + Lisem [B1A() = SAE)] + [ SuBYr(@)

=0

I
o8

(B).

Since S is such that S < I', we conclude that 7 € F A(Z)(@). Also, sT coincides with 3 I" almost
everywhere. Before we move to verify that 7 is an equilibrium, we next compute Vy(.y(x| p,T) and

Uy, b(y),s7 (y)).

Equilibrium utilities: From the definition of § and the value of s7 we have that I — a.e. y in A(z)

V(z[p,T)— |z -yl ifye An(2),

Uy, (), s" (1)) =
(v, 2(y), 5" (v)) {0 if y € A(2) \ Ar(2).

Next we verify that V() (+| p, 7)) satisfies the hypothesis in Proposition B-2, the pasting result. First, for
any x € A(z) we argue that V(z[p,T) =V (z|p,T) — |2 — x| > Va(z)(z| p, T). It is enough to show that

Iy € A(2) : Uy, (y),s” (1) = ly — 2| > V(2| p, T)) = 0.

Suppose this is not true. Lemma A-1 implies that V(y| p, T) is non-negative I' — a.e. Also V(y| p,T)
equals V(z| p,T) — [z — y| for any y € A(z). Hence it must be true that V(y|p,7) is larger or equal than
Uy, p(y), s (y)) I’ — a.e (see the value of this expression above). Thus our current assumption implies

I'ye A(z) :V(ylp, T) = ly — x| > V(z[p,T)) >0,

but this contradicts the Lipschitz property of V(:| p, T). Second, we show that

O({z € A(2) : Vagy (2] 5. T) = V(| p, T)}) = O(A(2)). (C-4)
If this is not true then G(X) > 0 where X = {z € A(2) : Vac)(2|$,7) < V(z|p,T)}. In turn this implies
that 7(X x A(z)) > 0. Then as in the proof of Lemma B-3 (see Eq. (B-2)) we have that there exists
(z,y) € X x A(z) such that T(B(z,d) x B(y,d)) > 0 for all § > 0,where B(z,4) is an open ball of radius

d. Since x € X we have that » € A(z) and V(. (x| p, 7A-) < V(x| p,T). Thus we can find § > 0 such that
Vae (2], T)+26 < V(x| p, T). Moreover since 7 only send flows along rays originating from z we must
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have that 7 (B(z,4) x B(y,0)) = T({(z,7) € B(w,6) x B(y,9) : ||z — x| +25 > ||§ — =[| + [|§ — =[|}) > 0.
This in turn implies that

0 < I'(§ € B(y,6) N Ar(2) : 20+ ||z — al| > |7 — 2 + (|7 — =)
=I'(5 € B(y,0) N Ax(2) : UG p(7), 8T (§) + 26+ |z — 2] > VGl p, T) + 15—l + 115 — =)
= I'(7 € B(y,0) N Ac(2) - U(@.5(), s7 @) — 17 — =] > V(x| p. T) — 26)
<T(5 € B(y.6) N An(2) - UG.5@), 57 @) 17 — 2|l > Vagsy (2l 5. T))
<T(Fe A):UGp@).s" (@) — 17— all > Vae (@] 5, 7))

which contradicts the definition of V4.)(z| p, 7). This shows that Eq. (C-4) holds.

e Equilibrium condition: Consider the equilibrium set
&2 {(z,) € A=) x A2) : Uy, (), 5™ (1)) = lly = 2ll = Vagoy (@l 5,1

we need to verify that 7(&) equals O(A(z)). First, for 7(€) we have,

TE Y T({@w € A=) x A=) 2=yl + ly - all = |2 — =] })

In (a) we use BEq. (C-4), that V(x| p,T) = V(2| p,T) — ||z — z|| and that 73 only puts mass in A,(z).
Consider the sets

Eo2 A=) x {2}, and &4 2 {(,9) € (2, Xa] X (27] - y <}

Then,

TE) =TE) + / 50(Ea)dIP(a) + 2.
R.

For the first term we have 7/(&,) = 73({z}). For the second term we have that for any ray a, 7,(£,) equals
Sa((2,74]). This is true because the plan 4, only sends mass to (z,r,](this is the support of S,) and it
does not send mass in the opposite direction of z, see Eq. (C-3). Therefore,

T(E) = Ta({=}) + /R 8al((,ma])dI®(a) = (Ar(2))

Now, recall that ©(A(z)) = S(A,(z)) and, therefore, T(£) = O(A(z)), as desired.
Part 5: Conclusion. We conclude by applying Proposition B-2. The price-equilibrium pair (p, 7')
satisfies the hypothesis in Proposition B-2, so we can create a global price-equilibrium pair which we still

denote by (p,T) in C. This new solution has the same objective that (p, 7) in A(2)¢, but it dominates the

platform revenue in A(z). Therefore, (p, T) revenue dominates (p, 7).
Proof of Eq. (C-3): We show that

Fa({(2,9) € (5, Xa] X (2, Xa) 1y > a}) =0, I*—ac. a€R..
First we show that both measures é; and S, satisfy:
% ((2,ba]) < Sa((2,¢a]) Vo, ca € (2, Xq], b < oy TP —ace. a€ R, (C-5)

where b, and ¢, lie in the ray indexed by a € R,. To see why this is true let us proceed by contradiction.
Let us denote by @ de set where Eq. (C-5) is not satisfied, we have that I'?(Q) > 0. Note that for any a € Q
we can find b, and ¢, for which the inequality in Eq. (C-5) is not satisfied, so let us thus fix such collection
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of b, and ¢,. Moreover, from the definition of éfl we deduce that for any a € @ we have h, < b, (otherwise
O%((z,b4]) = 0 and, as a consequence, a could not belong to Q). Then,

/Qég((z,ba])drp( a) = /é ((2,ba) 1 (ha Xa) + L{n,e(z,]) * (a2 ha] — Aa)dI™(a)
/(9 ((2,0a) N (hay Xa]) + Lino<boy - (Oal2, ha] — Ag)dI™(a)
/Q(@ ((has ba]) + Oa((2, hal) — Ag)dI™®(a)
_ /Q (Gal(2.ba]) — Aq)dI™®(a)

- / (0((2.ba]) — A)dI®(a)
QN{a:r,<b.}
(%)
+ (60((2,ba]) — Au)dI™(a),
QN{airea>by}

(%)

where (a) follows from O,(z, he] > Aq4. For () we have
(%) :/ (0a((2,ba]) = O((2, Xa)) + Sa((2, Xa]))dI®(a)
Qn

_ / (=6((ba, Xa]) + Sal(2, Xa]))dI™®(a)
QN{a:r,<b.}

IN

/ 8ul(2 X,])dI®(a)
QN{a:ra<bg}

_ / (2 cal)dI™(a),
QN{a:re<bg}

the last inequality holds because
Now we analyze (xx). Denote by Q" the set of rays a € R, such that r, > b, and a € Q. Then

/sz Nar#(a) = 6( [ (z:ba])

acQr
:T( U (2,bq] x U (Z,Xa]> +T( U (2, ba] % {Z}>
acQr aEQ” acQm
2y,
=7( U el x U o) +T((U @b x | X)) + 6
acar acar acQ" acQr
=7( U bl x U o) +6
acqQr acqQr
g’TQ( U (z,ba]) + 4,
agQ"
<5( U b))+t
acQ"

Sa((2,¢a))dI™(a) + £y,

Il
Q\‘
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the first equality comes from the definition of @, and then integrating this disintegration of measures.
The second and fourth equality come from Proposition B-1 part (). The last inequality comes from the
congestion bound. For A, we have

AadI™(a) :é( U (z,xa]) —S( U (z7Xa])

Q" acqQr acqQr

=7(U Exdx U exd)+7(U Exdx =) -5( U e x)
aEQT a€eqQr aeQ" aeQm

>7( U x U X))+ -5( U (Xl
aeQT acQr aeQ"

75( )+/z —s( U (Z,Xa])

aEQT acQ"

>0,

where the last inequality comes from Eq. (FR,). As a consequence we deduce that

*k) = Ou((2,b4]) — Ag)dI™(a) < S, 2,be])dI™®(a
= k) agar@s [ S

Putting together the bounds for (%) and (*x) we deduce that

/@rzb NdI®(a /S (z,¢q))dIP(a),

since I'’(Q)) > 0 the previous inequality yields a contradiction. We conclude that Eq. (C-5) holds.
To finalize the proof of Eq. (C-3). Consider the set where Eq. (C-5) holds (the complement of this set
has I'P measure equal to zero). for any ray a in this suppose that

Fa({(@,9) € (5. Xa] X (2, Xa] 1y > a}) >0

From the proof of Lemma B-3 we deduce that there exists (z,y) € (2, X,] x (2, X,] such that y > = and
Ya((z,2 4+ 6] x (y — 6, X,)) > 0, where § > 0 can be taken small enough such that  + 6 < y — . Then,

Sa((z,2 +0)) > O%((z, 2 + 6))

Fa((z, 2 + 6] X (2, X4])

o((z,2 + 0] X (2,2 + 8]) + Fa (2,2 + 6] X (x + 0, X,])
( ]

Sa(

Vol
N Q:

(2,2 + 8] X (2,2 + 8])
a((z,2 4 6]) = a((z + 6, Xa] X (2,2 +0]),

Thus,
Yo ((z + 8, Xo] X (2,2 + d]) > 0, and we also have ~,((z,z+ 8] x (y — d, X,)) > 0,

but this is not possible because 7, is an optimal transport and, therefore, it is concentrated on a c-cyclically
monotone set where ¢(z,y) = ||z — y|, see Villani (2008). This concludes the proof of Eq. (C-3). O

Lemma C-1. Let v be a non-negative measure in C, and w1 a mapping be such that 71(x,y) = x. Consider
any measurable subset K of C and some z € C then the mappings v(mi (- ND)NK) and v(m1 (- N (K x {z}))),
defined on the Borel sets of C x C, belong to M(C x C).



Proof. For any Borel set £ C C x C define
To(L) 2 v(m(LND)NK) and Tp(L) £ v(m (LN (K x {z}))).

We show that 7,, 7T, € M(C x C). Note that because v € M(C) for i € {a,b} we have that 7;(0) = 0, and
for any Borel set £ C C x C that T;(£) € [0,00). To verify o— additivity consider a countable partition
{L,}nen CC x C, we need to show that

(U £4) = X TilLn).

neN neN

Note that from the definition of D and the fact the set K x {z} has second component equal to 0, both
collections {71 (L, N D)} nen and {71 (L, N (K X {z}))}nen form a partition. Given this we can verify o—
additivity, we do it for both 7, and 7, at the same time

To(U £0) + T (U £0) =v(m(U £a D) N )+ w(m(|J £a0 K % {2})

neN neN neN neN

=v(|J m(LanD)NK) +v(|J m(Ln N K x {z}))

neN neN

= > v(mLaND)NK) + > v(m(Ln N K x {z}))

neN neN

= Z E(ﬁn) + Z ﬁ(ﬁn)a

neN neN

where the third line comes from the o—additivity of the v measure. Thus T € M(C x C). O
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D Proofs for Section 8

Preliminaries. We use m € M(C) denotes the Lebesgue measure in C. We use D to denote the subset of
C x C with equal first and second components, that is, D = {(z,y) € C X C : © = y}. For any measurable set
B C C and a price-equilibrium pair (p, 7) we denote the platform’s revenue in B under (p, 7) by Revg(p, T).
In case that B is C we simply use Rev(p, T). For any measure V we denote its restriction to a set B by V|3,
and for any set & we denote its restriction to a set B by £|s. Let B(x,d) be an open ball of radius ¢ around
x.

Proposition D-1 (Pre-demand Shock Environment). Suppose Ag = 0. Then, the optimal policy and corre-
sponding supply equilibrium and flows can be characterized as follows.

(i) (Prices) The optimal pricing policy is given by p(x) = p1, for all x in C.
(i) (Flow) All supply units stay at their original locations.

Furthermore, the optimal revenue equals v -y - 01 - 2H.
Proof of Proposition D-1. Let (p, T) be any feasible price-equilibrium pair by Lemma D-1 (which state

and prove after this proof) we have V(x| p,T) < ¢y, I' almost everywhere in Cy = C \ {0}. This yields the
following upper bound for the platform’s objective

Vil p,T) - 57 (2) da < - / ST (2) dz < - 61 - m(C).

C; C)\

The maximum revenue the platform can achieve in this case is bounded above by «y -7 - 01 - m(C). Next, we
show that the solution given in the statement of the lemma is feasible and achieves the upper bound.
Flow feasibility. = We show that 7 € F(0). A complete definition of the measure T is T(L£) =
O(m (LND). From the definition of T it is clear that T € M(C). Furthermore, 77 coincides with @ and so
does T3. Since O is the Lebesgue measure times a constant and I is the Lebesgue measure plus an atom,
we have 71, 7> < I'. From this we can deduce that m— a.e in Cy, s7 () equals ;.
Equilibrium utilities. We show that V(x| p, T) equals 1. Note that

Uy, p(y),s” (y)) =1, T —a.e.y in Cy.
Fix = € C, we have that
I'{yeC:Uly,p),s" () =y — x| > ¢1}) = Ljo—jo—a>e.} + T ({y € C\ {0} : =y — x| > 0}) = 0.
Moreover, for any € > 0
I{yeC:Ulyp),s" () —ly—a| > —e}) > T{y €Cr: —ly —a| > ¢}) >0,

where the last inequality comes from the fact that I" corresponds to the Lebesgue measure (plus an atom).
That is, V(x| p, T) equals 9.
Equilibrium condition. Consider the equilibrium set

£2{(e,y) €CxC:U.py)s" () —ly—=| = V(alp.T) }.
Then,
7€) =T({zy) ecx {0} —ly—al =i }) + T({(my) eCx Cr: Iy — 2| =0} ) = O(C).

We have proven that the solution is the statement is feasible, and because of the values of V(-] p,T) and
s7(-) we conclude that this solution achieves the upper bound. O
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Lemma D-1. Let p be any price mapping and T a corresponding equilibrium flow. Then for any measurable
set B C Cy such that 0 ¢ B and T (B x B¢) =0 we have

V(zlp, T) < 41, I' —ae. x in B.
Furthermore, in the pre-shock environment we can replace B with Cy in the inequality above.

Proof. Define the set
LE{zeB:V(alp,T) < W}

We would like to show that I'(£¢) = 0 where the complement is taken with respect to B. Suppose this is
not the case, and note that
01 -m(L)Y=0(L)=T(L xC)=T(L x B)+T(L x B,

since £ C B and T (B x B¢) = 0, the second term in the expression above is zero. This yields,

01 -m(L) =T(L x B)
=T(LEXBNL)+T(LSxBNL)
=T(LEX L) +T(LEx L)
There are two cases. First, if 7(L£¢ x £) > 0 then by Lemma B-3 there exists a pair (z,y) € £° x L such

that y € ZR(z|p, T) thus
Viylp, T) = V(zlp, T) + & — y-

However, since (z,y) € L X L

V(ylp, T) <4y and V(x[p, T) > 1.

Using the previous equation we can deduce that ¥y > 1, which is not possible. The second case is
T (L x L) =0. Note that

To(LY) =T(C x LY > T (LS x L) =61 -m(L).
We also have that

T(ee) = [ ST@dre) < [ o Vil p TN < 60T,

where the first inequality comes from Proposition 2, and the second from the fact that v, (-) is a strictly
decreasing function, the definition of £¢ and I'(£¢) > 0. Note that this inequality holds in both of the cases
in the statement of the lemma. In both cases we have 0 ¢ B so I'(L®) equals m(L®), yielding

01 - m(LS) < To(L) < 0y - T(LE) = 0y - m(LE).

D.1 Proofs for Section 8.1

Proof of Proposition 4. The proof of this proposition consists of several steps. In the first step we
establish that the origin is an attraction region, characterize some properties of it and compute the value
of the equilibrium utility function outside the attraction region. After this step, the drivers utility function
will be pinned down in the entire city as a function of its value in the origin, V(0| p, 7). The second step
supplies us with a full characterization, up to V(0| p, T), of the post-relocation supply 73 in the entire city.
Finally, in step three we show how to solve for the optimal value of V(0| p, T) and, therefore, we pin down
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both V(| p, T) and T2. We further show how to find the optimal p(0) and the corresponding optimal flow
T.

Step 1: We show that we can restrict attention to solutions (p, 7) such that X; < 0 < X,., X,. = V(0)—
and X; = —X,.. Furthermore, such solutions have V(x| p,T) = 4 for all x € C\ [X;, X,].

Proof of Step 1: Let (p, T) be a feasible solution. First, we show that at any optimal solution we must
have X; < 0 < X,. By Lemma D-2 (which we state and prove after the proof of the present proposition) we
have that if either of the sets {z € (0,H]:0 € ZR(x|p,T)} or {x € [-H,0) : 0 € ZR(x|p, T)} is empty then
the revenue the platform makes satisfies

l-Rev(p,T)gwl.el.Q.H.
¥

Now we construct a new feasible solution (p, 7)) for which both sets are non-empty and such that

% ‘Rev(p,T) > 1 -0, -2-H, (D-1)
where p equals p; in C \ {0} and p(0) is appropriately chosen. This will imply that any optimal solution
must satisfy {x € (0,H] : 0 € ZR(x|p, T)} # 0 and {x € [-H,0) : 0 € ZR(z|p,T)} # 0 and, therefore,
X; < 0 < X,. This also implies that the optimal revenue in this case is strictly larger than the one in the
pre-shock environment.

Our solution will send flow in [—h, h] to the origin, where h > 0 is to be determined. Inside this interval,
all the flow in the subinterval [—h(h), h(h)] goes to the origin where 0 < h(h) < h. The rest of the flow in
[—h, h] partially stays at its original position and partially goes to the origin. We now show how to determine
h(h) and h. For any given h > 0 we define

h(h) £ (Y1 +h—a-p)7,

note that when 1 equals « - p; we have that h(h) equals h, and we will send all the flow in [~h, h] to the
origin. However, when 17 < « - p1 not all the flow will be sent to the origin. Define

2 A F(p1)
@) e g
then B
m <1, @€ [~hh]\[=h(h), h(h)].

The idea is that for every location x € K(h) £ [~h,h]\ [=h(h), h(h)] we will leave a density 6;(z) of flow
there and send 6; — 01 (x) (note that this difference is non-negative) to the origin. In order to make this
possible, we need to chose h appropriately. Observe that the total supply we will send to the origin is

Sp(h) = 2h(h)0; + 2 /h ;(91 ~ 01(2)) dm(=),

where limy, o S7(h) = 0. Hence, since ¢; < @ -V, we can always find h > 0 such that

_ Sr(h
a-V—hEa-F‘%l—%)—hzzpl. (D-2)

This yields

() 2 5

Now we construct the solution (p, 7). Fix any h satisfying Eq. (D-2) and consider prices defined by

% ifz=0
p1 if x € C\ {0},
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and flows for any measurable set £ C C x C defined by

T(£) = O(mi (LN D) N [~h, h]) + O(m1 (L N [=h(h), h(h)] x {0}))
+ Go(’ﬂ'l(ﬁ n K(h) X {O})) + G1(ﬂ'1(£ n D) N K(h)),

where G, G are measures defined for any measurable set B C K (h) by

Go(B) = /8(91 —01(z)) dm(z), G1(B) = /891(:1:) dm(zx).

We argue that (p,7) is a feasible solution that complies with Eq. (D-1). From Lemma C-1 we have that
T € M(C x C), also note that for any measurable set B C C the first marginal of 7 satisfies

Ti(B) = O(BN [—h, h]¢) + O(BN [—h(h), h(h)]) + Go(BN K () + G1(BN K (h)) = O(B).
The post-relocation supply measure is
T2(B) = O(BN [=h, h]°) + Sr(h) - 1ioepy + G1(B N K (h)),

clearly T, < I'. Therefore, T € F (©). Next, we need to show that T is a supply equilibrium. The
Radon-Nikodym derivative of T3 with respect the city measure is (I"-a.e)

Sr(h) ifz=0

s(@)=4° it & € [~h(h), h(h)] \ {0}
01(x) ifxe K(h)
61 if x € [—h, h]°.

Indeed,

61 dm(x) + / 01(z) dm(z) = T2(L),

LNK (h)

/Es(:z:) dI'(x) = St(h)1{0ery +/

LO[—h,he

that is @() equals s(-) I'a.e. From this we can compute V(:|p, 7). Note that (I-a.e)

> dI’
U1+ h if y=0;
- _ . dT a-py if y € [=h(h), h(h)]\ {0};
Uy) = Uy, 5y), L2 () = _
() (y P), o (y)) o pr- AT ity K(h):
U1 if y € [—h, h]°.

Let a(z) be defined by
s ) +h—la] ifwel=hh]
a(z) =
1/)1 ifx e [—h, h]c

We argue that V(-|p, T) = a(-). Fix x € C, it is not hard to verify that
IyeC:Uly) —ly—z|>a(x)) =0,

and, thus, a(z) > V(x| p, T). Suppose that = € [~h, h] and a(z) > V(x| p,T) then, because I'({0}) > 0, we
have that
wl +h— |.’17| = CL(Q?) > V($|ﬁ,7—) > H(.’L‘,O) :wl +h— |O—LE|,

a contradiction. Thus, for 2 € [~h,h] we have a(z) = V(2|p,T). For any other 2 we can use a similar
argument to conclude that a(zx) = V(x|p, T).
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Now we are ready to verify the equilibrium condition. Observe that

&= {(x,y) €CxC: H(x,y) = V(z|p, ’r))} = ([=h, h] x {0})U([=h, h]¢ x [~h, h*AD)U(K () x K (h)ND),

then
T(€) = O(m(END) N [=h, h]°) + O(m1(E N [=h(h), h(h)] x {0}))
+ G1(m(END) N K(h)) + Go(mi(ENK(h) x {0}))
= O([~h, h]) + O([=h(h), h(h)]) + G1 (K (h)) + Go(K (h))
=0(C).

This proves that 7 is an equilibrium. Next we need to show (p, T) satisfies Eq. (D-1). From Proposition 1
we have

YRev( p, /V dT2 dl’(x)
h
= (1 +h)-Sr(h) + 2/ (Y1 + h —z)01 () dm(z) + b1 - 01 - 2(H — h)
h(h)
h
> h-Sr(h) + 1 <5T(h) + 2/h(h)
h

91(:r)d;v) Sy -0y 2(H — h)

h

= h-Sp(h) + (271(h)91 + 2[ 91(x)dx> by 0y -2(H — h)

h(h)

(01 — 91(x))dx + 2[

R(h)
—h-Sp(h) 41y -6y -2- H.

Since h - Sr(h) > 0, Eq. (D-1) obtains. This proves that X; < 0 < X, in any optimal solution.

The next step of the proof of Step 1 consists on arguing that given V(0), X,, = V(0) — ¢y and X; =
—(V(0) — 41). Consider a feasible solution (p,T) where p(-) equals p; everywhere but at the origin, and
X; <0 < X,. From Proposition B-1 and the fact that ©({X,}) = 0 we have that

T([Xr, H] x [Xr, H]P) < O({X:}) + T((X;, H] x [X;, H]Y) = 0.

Then by Lemma D-1 we have that V(z) < ¢, I' — a.e.  in [X,, H|. This, together with the continuity of
V() imply that V(z) < 4 for all z € [X,, H].
Suppose first that X, < V(0) — 7 then

V(Xr| D, T) = V(O) - X, >,

but this violates the continuity of V' to the right of X,. Thus X, > V(0) —¢;. On the other hand, suppose
X, > V(0) — ¢; then we must have that ¢4 > V(z|p,T) = V(0) — z for all x € (V(0) — ¢1, X,]. Observe
that

O([V(0) = 91, X;]) = Ta([V(0) — ¢, X, ]) = / s7(x) dI'(). (D-3)

[V(0)—41,X ]
Define the set
K2 {ye[V(0) -1, X,]: s (y) <01},

it must be that I'(K) = 0; otherwise, from the definition of V(X,|p, T) we have

V()= X, =V(X,) > U(y,p1,s" () = ly = X;|, I'—ae yinK
>U(y,p1,601) —ly—Xr|, I'—ae yin K
:wlf(ery)a I'—a.e. y in K,
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and I'(K) > 0 implies that V(0)—y > 1; for some y € (V(0)—11, X,]. However, we know that 1 > V(0)—y
for y € (V(0) — 91, X,] and, therefore, we must have I'(K) = 0. Using this in Eq. (D-3) yields

O([V(0) = ¢, X;]) > 01 - T([V(0) = ¢, X;]) = O([V(0) = 91, X, ]),

which is not possible. Hence, X, = V(0) — ¢; and the same arguments applies to X, yielding X; =
—(V(0) = ¢1).

In order to conclude the proof for Step 1 we show that we can restrict attention to solutions (p,T)
such that V(x| p,T) equals 1, for all z € [X;, X,]¢. In turn, this will show that s7 (x) equals 6, I —
a.e.  in [X;, X, ]°. We base the proof of the latter statements in Lemma D-3 (which we state and prove
after the proof of the present result), this lemma enables us to separate the city into two regions [X;, X,.]
and [X;, X, ]¢. For each region we can modify the prices and equilibria, and then paste them together to
obtain a new solution that is an equilibrium for the entire city.

Consider a feasible solution (p,7) such that X; < 0 < X,, X,, = V(0) — ¢; and X; = —X,.. Since
T (X1, X;] x [X;,X,]°) =0 and 0 ¢ [X, X,]°, Lemma D-1 delivers

1
5 ‘Rev(p, T) < - Reviy, x,)(p,T) +2- 01 -1 - (H — X;). (D-4)

=~

We show that we can always modify (p, 7T) so that the previous upper bound is achieve. Let B = [X;, X,],
since T (B x B¢) =0 and T (B¢ x B) = 0, Lemma D-3 ensures that (p, 7 )|s is a price equilibrium pair in B.
Such equilibrium satisfies V(x) = 1, for = € 9B.

Now, we choose prices pB°(x) equal to p; for all z € B¢ and a flow 75 defines by for any measurable
set L1 X Lo C B¢ x B¢

TB(L1 % L2) = O(L1 N La).
Then, it is easy to verify (as we did in the pre-shock environment, see Proposition D-1) that (pB°, 75°) forms
a price-equilibrium pair in B¢. This solution satisfy that Vge(z) = 91 for € B¢, and that s (x) equals
01, ' —a.e. x in B°.

Lemma D-3 enables us to paste the solutions (p, 7)|s and (p®°, 75°), and generate a new solution in the
entire city. Such solution preserve the prices and flows in both B and B¢ and, therefore, the upper bound in
Eq. (D-4) is achieved. In conclusion, we can restrict attention to solutions (p, 7)) such that V(z|p, T) equals
Yy for all z € [X;, X,]¢, and that s7 (z) equals 6, I’ —a.e. = in [X;, X,]°.

Step 2: We characterize s7 (-) (this completely characterizes 73). Let

X)=(V(©0) —a p))" and X=-X7,

and p
A Al ) F(pl) 0 / T

= e =2-0,-X 2 — .

O1(y) = - p1 V) = [y’ St 0, X, + o (01 — 61(z))dx

In this step we show that (I" — a.e)

St ify=0

T 0 ifye XX\ {0}
01(y) if y € [Xi, X,]\ [XP, X7
01 if y € [ X, X,]°.

Proof of Step 2: Note that at the end of the previous step we showed the result for y € [X;, X,]¢. So
first we show
sT(y)=0, I'—ae. x in [X7P, X0\ {0}.



Define the set K1 = {y € [ X, X2\ {0} : s7 (y) > 0}. We argue that I'(K;) = 0. If this is not the case then
I'(K7) > 0 and, therefore,

T2(K1) = / sT(z)dI(z) > 0.

K,
Then Lemma A-2 ensures that

U(z.p,57(@) = VialpT)  To—ae aeky, (D-5)

but for x € Ky C [X?, X?] \ {0} we have V(z| p,T) = V(0) — |z| and V(0) — |#| > « - p1. Then Eq.

(D-5) implies the existence of x € (X, X?) \ {0} such that a - p; < U(:r,pl, sT(x)) < a- p1, ylelding a

contradiction. Next we show that
sT(y)=01(y), I —ae yin [X;,X,]\[XP, X°.
By Lemma A-2 we have that
U(m,pl,sT(x)) =V(@)=V(0)—|z|, '—ae = in [X;,X,]\[X, X7, (D-6)
but for any z € [X;, X,] \ [X?, X?] the definition of X and X? imply that V(0) — |z| < a - p;. Thus Eq.
(D-6) and the definition of U(x, 01, sT(x)) deliver
M-F(p)/sT(x) <1, I'—ae z in[X;,X,]\[X, X0

Using the again Eq. (D-6) and the definition of U(J;, 01, sT(x)> we conclude that

F(Pl)

T( _ - \F)
V(0) = |a|’

I'—ae. x in [ X, X,]\ [X}, X7,

s'(@)y=a-p1-

as needed. Next we compute s7 (0),

STO)- LoD = [ T () dr = Ta({o)
{0}

=T(C x{0})

= T([X1, X,] x {0})

= T([X), X7] x {0}) + T (12X, X, \ [X), X7] x {0}),
M @)

for (1) we have

T(X7, X7] % {0}) = O(1X7, X7) = T([X), X7] x €\ {0})
=201 - X7 — T(IX), X)) < [X7, X721\ {0})
@ o9, . X9,
in (a) we use s” (x) =0, I' —a.e. x in [X?, X?]\ {0}. For (2) we have
T (X0, X\ (XD, X7 > {0}) = O(1X0, X,] \ [X7, X7)) = T([X0, X\ [X7, X7 > [Xo, X0\ {0})
=201 - (X, — X7) = T([X0, X, ]\ [X7, X7 < [X7, X7]\ {0})
- T([XlzXT} \ [Xlovxg] X [leXr] \ [XZO’XS])
=201 - (X = X7) = 0= To([X0, X, \ [X7, X7))

=20, - (X, — X?) - / 6, (x) drl,
(X0, XN\ [XP, X 0]
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from this we conclude that <

sT(0)=2-6,-X°+ 2/ (01 — 01(x)) da.
X
Step 3: Now we can provide a full solution for the optimization problem. Recall that we are only
optimizing over p(0) or, equivalently, over V' (0). By our congestion bound (see Proposition 2), any solution
has to satisfy V(0| p,T) < wo(s7 (0)). Moreover, Step 2 characterizes the supply-demand ratio at every
location as a function of V(0). Thus, the following formulation is a natural relaxation for the platform’s

problem
ma V(0)-Sr+2-11- 61 (H—X?) (Proc—reac)
st X0=WV(0)—a-p)", X,=V(0) -1
S — 2X00, + 2/):‘(91 — 0y ())dr, W1 < V(0) < to(Sr).

We show that the optimal V*(0) in (Pjoc—reac) is the unique solution to

V*(0) = 1o (S (V*(0)))-

loc

The optimal solution to the platform’s problem set price at the origin p*(0) = p°(ST(V*(0))) such that
p*(0) > p1, and flows for any measurable set B C C x C given by

T(B) = ©(m(BND)N[Xy, X,]°) + O(m (BN [X], X;] x {0}))
+Gi(m(BND) N [X, X\ [X], X)) + Go(m (BN X, X0\ [X7, X7 < {03),

where G, G7 are measures defined for any measurable set £ C [X;, X,] \ [X?, X?] by

Go(L) & /£(91 —01(z)) dm(z), G1(L) = /ﬁ@l(x) dm(x).

Proof of Step 3: The proof consists of two parts. First, we show that V*(0) as stated above is an
optimal solution for (Pjoe—reac)- To do this we prove that Sp(V(0)) is increasing for V(0) > q, with
St(1) = 0. This implies that ¢o(S7(V(0))) is decreasing and, therefore, it crosses with V(0) at only one
point. Then, we show the objective function increases with V' (0). These two facts imply the optimality of
V*(0). Second, we show that (p, 7) with p(0) = p*(0) (and equal to p; for x # 0) and and T as stated above,
are a feasible price-equilibrium pair that achieve the same revenue than the optimal solution of (Pjoc—reac)-
Since this problem is a relaxation to our original optimization problem we have optimality.

We begin with the first part. Note that

Y1
1% =26, -(V(0) — 21 - 61 -1 .
Se(V(0) =261 (V(0) =) + 26101108 (=7 (0] “anr) )
From this it follows that St(¢1) = 0. If V(0) > ap; then Sp(V(0)) is clearly increasing. If V(0) € (¢1, ap1)
then the derivative of S(V(0)) with respect to V' (0) equals
V() i 1

291_21/}1.91.?"/(0)2 2291—2¢1'91'W,

which is nonnegative if and only if V(0) > ;. Since this is in our domain, we conclude that Sr() is
increasing in (1, ap1) and, therefore, is increasing for all V' (0) > ;.
Next, we show the objective is increasing in V(0), the objective function is

V(0) - Sr(V(0)) +2- 91 - 61 - (H — (V(0) —ap1)™),
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when V(0) > « - p1, the objective becomes

20 V(0)- (V(0) = 1) + 20161 V(0)Tog (25 ) +2- 1 (H = V(0) + apy).

Its derivative is non-negative if and only if 2% > 2+ log (%), but from V(0) > « - p; and that the
logarithm is a concave function the latter inequality is always true. Similarly, for V(0) € (¢¥1,a - p1) the
objective’s derivative is non-negative if and only if 2% > 2+log (%), which, since V(0) > 11, is always
true. Observe that in both cases the inequalities for the sign of the objective’s derivative is strict except
when V(0) = ¢)1. Thus, the objective is strictly increasing in the domain.

For the second part we need to show that (p,7) with p(0) = p*(0) (and equal to p; for x # 0) and and
T, implement the solution of (Pjoc—reac). To do this we first need to argue that this solution is feasible. It
can be easily seen that this flow yields the exact same flows as in Step 2, only this time we replace V*(0)
in all the quantities that depend on V(0). Given the value of s7 and the fact that under p*(0) we have
U(0,p(0),s7(0)) = V(0| p,T) = V*(0), we can do the same as we did in Step 1(to show that 7 is an
equilibrium) and show that 7 is an equilibrium. Since we have pinned the value of V(0| p,T) (and thus
the value of V(| p,T) in the entire city) and the value of s7 (-), it is easy to see (using Proposition 1) that
% -Rev(p, T) coincides with the optimal value of (Pioc—reac). Therefore, (p, T) is the optimal solution.

To conclude we argue that p*(0) > p;. There are two cases. If 81 < A; - F((p1) then ¢ equals « - py.
Since V*(0) > ¢ and V*(0) = 1o(S7(V*(0))) we have have that

a-pr =11 <V*0) = ¢o(Sr(V*(0)) < a- pg(ST(VF(0) = a- p*(0),

that is, p; < p*(0). The second case is 8; > \; - F'(p1). Here p; equals p* and, since pi’°(St(V*(0))) equals
max{p§™, p*}, we have that p; < p*(0). O

Lemma D-2. Let (p,T) be a feasible price-equilibrium pair for either the myopic price response environment
(Section 8.1) or the global price response environment (Section 8.2). If either {x € (0,H]: 0 € IR(z|p, T)} =
0 or {xr € [-H,0):0€ IR(x|p, T)} =0, then the platform’s objective satisfies

v-Rev(p,T) <1-61-2-H.

Proof. WLOG let us just assume that {z € (0,H] : 0 € ZR(z|p, T)} = 0. That is, for all z € (0, H] we
have 0 ¢ ZR(z|p, T). In turn, this implies that 7((0, H] x [-H,0]) = 0 and, therefore, by Lemma D-1 we
conclude that

V(zlp, T) < I' —a.e. in (0,H],

which, from the continuity of V(:|p, T), implies that V(x|p,T) < 4y for all « € [0, H]. Now, we show that
the same bound holds for x € [-H,0). If T([—H,0) x B) =0 for any B C [0, H], we can use Lemma D-1 to
obtain the upper bound. On the other hand, if there exists B C [0, H] such that 7 ([—H,0) x B) > 0 then by
Lemma B-3 we know there exists a pair (x,y) € [—H,0) x B for which y € ZR(z|p, T). Thus, we can define

z = inf{z € [~H.0) : y € TR(z| p. T)},
and by Proposition B-1, y € ZR(z| p, T). Also, by definition of indifference region and Lemma B-2 we have
V(lp, T) =V(zlp,T)+2z—z, Vzelzyl

This implies V(z|p, T) < V(y|p, T) for all z € [z,y], and because y € B C [0, H] we have V(y|p, T) < ¥4,
yielding V(z|p,T) < 1 for all z € [z,y]. Furthermore, from Lemma B-3 and the definition of z we can
conclude that T ([—H,z] x (z, H]) = 0 which together with Lemma D-1 and the continuity of V' imply that
V(zlp, T) < for all x € [—H, z]. Completing the argument for the upper bound.
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In order to bound the revenue, simply note that
1
> Rev(p. ) = / V(2)sT () d0(x) < v / T (@) A () = by - 0 -2 H.
c c
O

Lemma D-3. (Equilibria Separation and Pasting) Consider a set B C C such that both B and B¢ are
intervals or union of intervals with I'(0B) = 0, where OB is the boundary of B.

1. (Separation) Let (p,T) be a price-equilibrium in C, if T(BxB¢) =0 and T (B x B) = 0 then (p|g, T |5xB)
and (p|pe, T|gexpe) are price-equilibrium pairs in B and B¢, respectively. Moreover, V(| p|s, T|5x8)
equals V(- plge, T|gexne) in OB, V(:| plg, T |gxB) coincides with V(-] p, T)|s and the same holds for B°.

2. (Pasting) Suppose we have two price-equilibrium pairs (pB,TB) and (pB°,T5") in B and B¢ such that
T8 € F5(O|p) and TB" € Fpe(O|p:), respectively. If V(:| pB,TB) equals V(-| pB°, TB") in OB then the
flow T defined by for any measurable set L CC x C

TL)=TB(LNBxB)+T5 (LN B x B°),

belongs to F(O) and is an equilibrium in C for a price p equal to p® in B and equal to pB in B¢. Moreover,
V(zlp, T) = V(x| pB, TB) in B and V(z|p, T) = V(x| pB°, T5) in B°.

Proof. Separation. Suppose that 7 (B x B°) = 0 and T(B° x B) = 0. Let 7% = T|sxs and p® = p|s, we
show that (p®, 75) is a price-equilibrium pair. The proof for (p|se, T|sex5<) is analogous and, thus, omitted.
We need to prove that 75 € Fg(OF), where OF coincides with O|z, and that the set

AT
"dl|s

B
ls 2 {(0.0) € B x B (a0 05(0). 57 ) = esssup (o500 52 00) ]

"dI|s
satisfies Tg(€|g) = O|5(B).

First we verify that 75 € Fz(6%). Since TP is the restriction of T to B x B it clearly belongs to
M(B x B). Also, for any £; measurable subset of B we have that 7,°(£;) equals

TB(£1 X B) = T((£1 X B) N (B X B)) = T([,l X B) = T(ﬁl X C) = 7-1(51) = @(ﬁl)

Thus, 7% = O|5. Now we need to prove that 7;° < I'|s. Observe that for any Lo measurable subset of B
we have that 7.2 (L2) equals

Ta(B x L2) = T((Bx L2)N (B x B)) = T(B x L2) =T(C x La) = Ta(L2),

that is, T2 = T2|s. Therefore, since To < I', we have that 7,7 < I'|z. In turn, 75 € Fg.

Now we show T5(€|g) = O|p(B). It suffices to prove that T5(€]g) = 0 where the complement is
taken with respect to B x B, we do this by contradiction. Assume that 75(€|g) > 0, this implies that
0 < TBE|) =T(E]g), and we must have that T5(B) > 0, indeed

0 <T(&lp) <T(CxB)=TaB).

Next, observe that for any Lo measurable subset of B

TE(L) = Tala) = [ T(@) dr(a) = /ﬁ (@) dr (o)

Lo

therefore,
dTB

df'|3(x) = 57 (z), I' —ae. z in B. (D-7)
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This implies that

73 dTs

V (el ) = esssup I, p°0), () = esssup I, ,p(), 2 0)) = Valalp, 7). (D)

Consider the set G = {y € B: %(y) = s7(y)}. Then, by Eq. (D-7) we have

T(El5N (B xG%)) <T(CxG°)="TG°) =0,

where the complement is take with respect to B. Therefore, 0 < T(£|g) = T(E]z N (B x G)) and we can
conclude that

dTs

T({(e.y) € BxB: I(x.y.p(y). 57

AR

W) # Vs, T)} ) > 0.

Define the sets R~ and R by

dTs
dr
dTs
dr

R™ ={(z,y) € BxB: (z,y,p(y), == (v)) > Vi(z|p, T)}

Rt ={(z,y) € Bx B: I(z,y,p(y), == (v)) < Va(z|p, T)},

and note that R = R~ U R™. To obtain a contradiction we argue that 7(R~ U RT) = 0. Consider first the
set R, and note that 7(R™) = T(R* NE). However, any (x,y) € RT N E satisfies

dTs

(1)) < Vis(alp, T) and 1(z,, (py). T2 (0) = Valp, T),

I(z,y, (p(y), -7

but V(z) > Vi(z) implies that RT N & =0 and, therefore, T(RT) =0

Consider R=. Define A £ {y € B : U(y) = Vs(ylp,T)}, then by Lemma A-2 we have T(R™) =
T(R~N(Bx A)). Take any (z,y) € R~ N (B x A) then Vg(y|p7 T)— |y — x| > Vi(z|p, T), which, because of
the Lipchitz property (see Lemma 1), is not possible. Thus, R~ N (B x A)) = () and we have that T (R™) = 0.
This proves that 77 is an equilibrium in B.

Now we show that V (x|pB, TB) = V(z|pB°, T5") for all € 9B. From equation (D-8) we have

V(‘T|p8, TB) = VB(ﬂf‘p, T) and V(‘T|pBCa TBC) = VB“ ($|p, T)a

so we just need to show Vu(z|p,T) equals Vge(z|p, T) for all z € OB. We first show that Va(z|p,T) =
V(zlp,T) forallz € B. Let = € B, since B is an interval or a union of intervals we must have O(B(z, )NB) >
0 for all n € N. In turn, this implies

0 < T(Bx, %) N B x B) = T(B(x, %) NB x (BN A)),

where A = {y € B: V(ylp,T) = Vs(y|lp, T)}, and we have used Lemma A-2. From Lemma B-3 there exists
(2n,yn) € B(w, 2)NBx (BNA) such that y, € TR(z,|p, T), that is, V(yn) — || zn —yn| = V(2s). Since y,, € A
we have Vg(yn) — ||zn — ynll = V(25). From the Lipschitz property we have Vi(yn) — |20 — ynll < Via(2n).
Thus, V(z,) < Vi(z,). Taking limit n 1 co and noting that z, — x we deduce that V(z) < Va(z) (recall
that both V'(-) and V(-) are continuous functions). But we always have that V(x) > V() and, therefore,
V(z) = Va(x). The same argument shows that V(z) = Ve (z) for all 2 € BC.

To conclude we need to prove that Vg(z|p, T) equals Vge(z|p, T) for all x € dB. Consider xz € 9B. Let
{Zp}nen C B be a sequence converging to z. Then the continuity of Vg implies Vg(x,) — Vg(z). At the
same time, since x,, € B we have Vi(z,) = V(z,) and by continuity V(z,) — V(z). Then Va(z) = V(z)
and the same is true for B¢, which implies Va(z|p, T) = Vg (z|p, T) for all x € IB.
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Pasting. First we check that T € F(0). Let £; be any measurable subset of C we have that

Ti(L£1) =T (L1 xC)
— TB((Ly x C) N (B x B)) + T5 (£ x €) N (B° x B°))
= TB((Ly N B) x B) + TE (£, N B) x B°)
= 0O|p(L1 N B) + O|p:(L1 N B°)
=O0(Ly).
Also, if I'(£1) = 0 then I'|g(£1) = I'|pe(£1) = 0. Therefore, T2(£1) = T8 (£1) = 0, which in turn implies

T2 < I'. Hence T € F(O).
Now we show the set

&2 {(s,y) €CxC: 1(w,y,p(y),s (4) = esssup [ (w,-,p(),57 (1)) }.
c
satisfies T(£) = O(C). Note that

ENBxB={(a,y) € BxB: Ma,y.py).s” () =V(p.T)}.

It is enough to prove that T5(£ N B x B) = O(B). As we did in the first part of the proof (see Eq. (D-7))
we can show that
dTE
dl'|s
so if we prove that V (-|p, T)|s = V (:[p®, T?) we will be done (the proof for B¢ is analogous). Fix x € B, as
in Eq. (D-8) we have

() = s (x), I'—a.e. z in B,

dTE

d7;
V{alp®, T) = esssup Iz, p(), 52 ()) = esssup [l p(-), 572
B |B B

SE0) = Vs(alp. 7).

So we just need to verify that V(z|p,T) = Va(z|p,T). We show that V(z|p,T) < Vg(z|p,T), the other
inequality always holds. Let I(x) be the interval in B to which x belongs to. Let y;, = infI(z) and
yu = sup I(z), note that y;, and yy do not necessarily belong to B but they do belong to 9B. By assumption
V(y| pB,T5) = V(y| p®°,T8) for y € {yr,yu}, in turn this implies that Vi(y|p, T) equals Vg-(y|p, T) for
y € {yr,yu}. Consider the sets B¢ = [H,yr] N B¢ and Bf;, = [yy, H] N B then

(a)
Ve(zlp, T) = Ve(yulp, T) — |z — yul
=Vs(yulp, T) — (yu — x)

®
> Uw,s" (w)) — lyv —w| — (yv — ), I'—ae w in By

©
> Ulw,s” (w)) — (w—yv) — (yv —x), I —ae w in BY
Q)
> Uw,s” (w)) —|w—=z|, I'—ae win B,
where (a) follows from the Lipschitz property (see Lemma 1), and (b) from the definition of Vi (yy|p, T) and
I'(B§;) > 0; (¢), (d) hold because for w € Bf; we have z < yy < w. Similarly,
Vi(xlp, T) 2 Va(yLlp, T) — & — yi|
=Va(yLlp, T) — (z —yr)
> Ulw,s” (w)) — |y, —w| — (z—yz), I —ae w in BY
Uw,s” (w)) — (yp —w) — (z —yz), I —ae w in B
=U(w,s" (w)) —|w—=z|, I'—ae w in BS.

Since B§ U Bf, = B° this implies that Va(x|p, T) > V(z|p, T). This concludes the proof. O
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D.2 Proofs for Section 8.2

Proof of Lemma 2. Let (p,T) be a feasible solution. We show that at any optimal solution we must
have X; < 0 < X, in turn this implies that 0 is a sink. By Lemma D-2 we have that if either of the sets
{z € (0,H] : 0 € ZR(z|p,T)} or {z € [-H,0) : 0 € ZR(x|p,T)} is empty then the revenue the platform
makes satisfies % -Rev(p, T) <y - 61 -2 H. However, the solution (p,T) given in Proposition 4 has both
sets non-empty because 0 € ZR(X,|p,T) and 0 € ZR(—X,| p, T) with X, > 0. Furthermore, Rev(p, T)
is strictly large than the revenue of the pre-demand shock environment or, equivalently, strictly larger than
1 - 01 -2 - H. This implies that any optimal solution must satisfy {z € (0, H] : 0 € ZR(x|p, T)} # 0 and
{zr € [-H,0):0 € IR(z|p,T)} # 0 and, therefore, X; < 0 < X,. O

Lemma D-4. (Upper bound) An optimal price-equilibrium pair (p, T) satisfies
V(z) <min{V(X,)+z—X,,¢1}, foralzxe (X, H| (D-9)

Proof of Lemma D-/. If X, = H there is nothing to prove, so let’s assume X, < H. Fix z € [X,, H].
From the Lipschitz property (see Lemma 1) we have that V(x| p,T) < V(X,|p,T) + (x — X,). Moreover,
Proposition B-1 ensures that 7 ([ X, H] x [X,, H]¢) = 0 and, hence, because 0 ¢ [X,, H| we can apply Lemma
D-1 to deduce that

V(zlp, T) < ¢1, I'—a.e. z in [X,, H]. (D-10)

To show that the previous inequality holds everywhere, notice that if V(x| p, T) > 1 the from the Lipschitz
continuity property of V(-| p,T) we could find a subset of of [X,, H] with positive I" measure (in this set
I' coincides with the Lebesgue measure) in which V' (-| p, T) is strictly larger than ;. This is not possible
because it would contradict Eq. (D-10). Putting together both upper bounds yields the desire result. O

Proposition D-2. (Monotonicity in the periphery) Without loss of optimality, we can focus on price-
equilibrium pairs (p,T) such that V() is non-decreasing in (X,, H]. Furthermore, if V(X,) = i1, then
V(x) =1y for all x > X,..

Proof of Proposition D-2. Let (p, T) be optimal for problem (Ps) as in Lemma 2 so we have 0 < X,.
Note that is X,, = H then the result trivially holds, so let’s assume X, < H. Before we begin note that
for any « > X,., by Lemma D-4 and the Lipschitz continuity property of V(| p, T) (see Lemma 1), we must
have V(x) < ;.

We first prove the second statement of the proposition. Suppose V(X,) = 9; and define the set R £
{z € [X,,H] : V(x) = 91 }. We show by contradiction that we cannot have 73(R°) > 0 (the complement is
taken with respect to [ X, H]). If To(R°) > 0, because 11 is an upper bound from Proposition 1 we have the
following

1
—-Revix, m(p,T) = / V(z) dTs(x)
0 (X, H|

:/RV(;B) dTg(ﬂ:)-F/CV(ﬂ?) dTz(x)

< / V(@) dTa(o)+ [ v dTa(a)
R Re

SQ/JI E([erH])

:¢1'91'(H—Xr)7

where the last line comes Proposition B-1. Thus, the quantity Rev|_g x,1(p,T) +v - 9101 - (H — X;),
strictly upper bounds the platform’s objective. So if we are able to construct a solution such that attains the
upper bound, we will contradict the optimality of (p, 7). Observe that Lemma D-3 enables us to separate
the solution (p,7T) in [—H, X,] and (X,, H]. The separated solution (p[~HXrl TI=H.X:]) (see Lemma D-3
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for notation) in [—H, X,] has revenue equal to Rev(_p x, (p,T), and V (X, | pl=H:X-] TI=HX1) coincides
with V(X,.| p, T) which equals ¢;. For (X, H| consider prices p(z) = p; for all € (X,., H]°, and flows
T(£) = O(m (L N D)) for any measurable set £ C (X,, H] x (X,, H]. The pair (p,T) is the same solution
as in Proposition D-1 with the sole difference that we have changed the city to be (X,., H| instead of C.
Therefore, (j,7) is a feasible price-equilibrium in (X,., H] with revenue equal to 7 - ¥y - 6, - (H — X,.), and
such that V(x| p,T) equal to ¢, for all z € (X, H]. Thus we can use Lemma D-3 to paste both solution
and obtain an equilibrium in the entire city. This new equilibrium achieves the upper bound.

Suppose that T2(R¢) = 0 and define the sets
Ly2{z:0,>s"(2)}, Lo2{z:0,=5s"(2)}, L_2{x:06,<s (2)}
Then by Lemma 2 it holds that I'(RN L_) = 0. Moreover, if I'(RN L4) > 0 we have

Y T (R) :/ s7(x) dF(x)+/ s7(z) dI'(z) < 011 (R) < O([X,, H]),
RNL, RNLo

O([Xr, H]) = T2([X, H])
not possible, where (a) comes from Proposition B-1. Thus I"'(RN Ly) = 0. This implies that I'(RN Lg) =
I'(R) and

0.0 ([X,, H)) = O([X,, H]) :/ s7(x)dI'(x) = 6, T'(R),
RN Lo
that is, I'(R) = I'([X,., H]) or I'(R°) = 0. In turn, I — a.e. z € [X,, H] we have that V(z) equals ;. Since,
V(-) is continuous and I'|(x, g has full support in [X,, H] which has non-empty interior we conclude that
V(z) =41 for all z € [X,, H].

For the reminder of the proof we assume V(X,) < 1. We show that if V/(-) is not non-decreasing in
[X -, H] then there is an strict objective improvement. In the proof we define several critical points in the
interval [X,., H] which will help us to create a flow separated region (no flow leaves this region). Then we
show the objective strict improvement in this region. In Figure 11 we provide a graphical representation of
the points just mentioned.

So assume that V'(x) is not non-decreasing in [X,, H], then there exists & > § > X, such that V(Z) <
V(y). Let,

= sup{z € [5,2] : V(2) = V(@)},

y
note that since for z = ¢, V(z) = V(§) thus the set over which we take the supremum above is both bounded
and non-empty. Hence, § is well defined and it corresponds to the last point z in [, ] such that V(2) equals
V(y). Moreover, because V(+) is continuous § < Z, and for all z € (g, Z] we have V(z) < V(9) = V(7). Let

yo = inf{z € [X,,y] : 3z € (y, H] such that z € IR(z)},

if for all z € [X,, 7] and for all € (7, H] we have z ¢ TR(x), we let yo = §. That is, yo is the smallest
z in [X,,g] to which some location in (g, H] is indifferent to travel to. Note that for all z € (yo, ] we
have V(z) < V(yo). Also, the definition of yy and Lemma B-3 imply that 7 ([—H, yo] X (yo, H]) = 0 and
T ((yo, H] x [=H, yo]) = 0. Let
v = inf{z € [2, H] : V(2) > V(yo)},

that is, y; is the first value after & for which V(-) hits V(yo). Note that when well defined y; satisfies
that 7 ([y1, H] x [~H,v:1]) = 0. If this is not the case then since points do not have measure(different
from the origin) we would have T ((y1,H] x [-H,y1)) > 0 and, therefore, by Lemma B-3 we can find

(z,y) € (y1, H] x [-H,y1) such that y € ZR(z). But this would contradict the definition of y;.
There are two cases:

1. y1 is not well defined: In this case we have that for all z € [%, H], V(2) < V(yo). Recall that from our
previous discussion we have that V(z) < V(yo) for all z € (yo,&]. Also, Property 1 (which we prove at
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No flow crossing this point @A V()
No flow crossing this point
towards X,

0 Xy Yo oy Z y H

Figure 11: Graphical representation of g, Z, ¥, yo and y;.

the end of the present proof) establishes that 72((yo,#]) > 0. Using this observations we create a new

solution (p,T) with revenue strictly larger than that of (p, T).

Let B = [—H,yo] and note that we have both 7(B x B¢) = 0 and 7 (B¢ x B) = 0, so we can use the
separation result in Lemma D-3. Hence (p?, T?) (see Lemma D-3 for notation) is a price-equilibrium pair
in B. Its revenue equals the revenue of (p,T) in B, and V (yo| p®, T5) = V (y).

For B¢ we choose flows T2 (L) = O(m1(LND)) for all £L C B¢ x B°. That is all drivers stay at their initial

location. It is not hard to see that s7" (z) equals 0y, I' — a.e. x in B°. We choose prices p5° (x) = py for
all x € B¢, where pq is such that

A1 F(po)

o }=V(o), (D-11)

a - po - min{1,
note that since V(yg) < 11, po is well defined. That is, the solution (pB°, 75°) is the same solution as in
pre-demand shock environment but in smaller city, B¢ and with a larger price across all locations. Using
Proposition 1 it is not hard to see that the revenue associated with this solution is -V (yo) - 01 - (H — yo)-

By Lemma D-3, we can paste the two previous solutions to create a new solution (p,7T) in entire city.
This new solution yields a strict objective improvement. Indeed,

Reviyo (e T) = [ Via) dTa(a)

[yo,H]
- / V() dTaz) + / V(2) dT(x)
(y0,2] (z,H)

V) Tl [ Ve T

< V(yo) - Ta((y0,2]) + V(wo) - T2((2, H])

© v (40) - O((yo, H))

=V(yo)-01-(H —yo)

= Rev[yo,H] (13’ T)v

where (a) comes from T3((yo, Z]) > 0, (b) comes from the fact that under 7 no flow leaves or enters [yo, H],

and the last two lines from the definition of (p, 7) restricted to [yo, H].

. 11 is well defined: In this case there exists z € [, H| such that V(z) > V(y). Also, we must have y; > &,
and we already argued that 7 ([y1, H] x [—H,y1]) = 0. There are two more cases.

a) Yy € (yo,v1], Vo > y1, * € ZR(y): This together with Lemma B-3 imply that T ([yo,v1] x ([—H, o] U
[y1, H])) = 0, and we also have T (([—H, yo] U [y1, H]) X [y0,¥1]) = 0. From this we can construct a new
feasible solution (p,7) with revenue strictly larger than that of (p, 7).
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Let B = [-H,yo) U (y1, H] and note that we have both 7(B x B¢) = 0 and T (B¢ x B) = 0, so we
can use the separation result in Lemma D-3. Thus (p®, T?) (see Lemma D-3 for notation) is a price-
equilibrium pair in B. Its revenue equals the revenue of (p,7) in B, and V (yo| p®, T?) = V(yo) and
Vil 95, TF) = V(o).

For B¢ we choose flows 758" (£) = O(m (L N D)) for all £ C B® x B°. We choose prices pB (z) = po for
all x € B¢, where pg is as in Eq. (D-11). As we argued before this solution forms an price-equilibrium
pair with revenue equal to V(yo) - 61 - (y1 — yo)-

We can then paste both solutions (see Lemma D-3) to obtain a solution (5,7) in the entire city. As
before, it yields a strict revenue improvement.

Jy € (yo,y1], 3x > y1 such that x € ZTR(y): Then the following points are well defined
7, = sup{z € [y1, H] : 3y € [yo,y1] such that x € TR (y)},
Y, £ inf{y € [yo,v1] : 32 € [y1, H] such that z € TR(y)}.

That is, 7, is largest point after y; for which some location in [yg,y1] has drivers indifferent to travel
to it. As for Yy, it corresponds to the smallest point in [yg,y1] that has drivers willing to travel to some
location in [y;, H]|. Note that from the definition of §; and Lemma B-3 we can deduce that there is no
flow crossing 7, in any direction, that is, 7([—H, 7] x [g1, H]) = 0. Also, from Property 2 (which we
prove at the end of the present proof) for any z € [gl,ﬂl], Y, € ITR(z). That is, for any z € [gl,@l],
V(zlp, T)=V (@) — g1 — 2|

The idea is to again construct an strict objective improvement. First, define ¢y to be such that V (yo) +
(y¢ —yo) = V(7g,), that is, y* = V(7;) — V(yo) + yo. Next we argue that y. € (yo,7;). In fact, by the
definition of §; we must have V(7;) > V(yo) thus y. > yo. Also, if y. > 7; then

V(yo) + (¥ —yo) = V(yo) + (@1 — o) < V(@) > V(vo) + (T — %),

and since V(7;) = V(y1) + (T; — y1) we would have

V(y) + @ —v1) > V(vo) + (T —yo) & V(y1) — V(yo) > y1 — vo,

which, since y1 > yo, implies that V' (y1) > V(yo), contradicting the definition of y;. From this we can
also infer that y* —yo =7; — v1-
Second, let h £ 7, — y° and for any set £ C C x C define the set

Ly 2{(x+hy+h)eCxC:(z,y) €L}

We now construct a new solution (p, 7). Let B = [—H,yo) U (3, H], so that B = [yo,7;]. Following
our previous scheme of proof we construct two price-equilibrium pairs one in B and another in B¢, and

then we paste them to create (p, 7). As we did before we can use the separation result (see Lemma
D-3) to obtain a solution (p®, T%) in B such that V (yo| p?, T2) = V(yo) and V (y,| p?, T8) = V(7,).
For B¢ define the flow 75 for any £ C B¢ x B¢ by

T (L) = T (£ (o y7) % 0. 7:))n ) + O (£ (157, 71] x [y, 7)) N1 D)), (D-12)

We next show that this flow belongs to Fge(©|g) and that it is an equilibrium for some prices pB° yet
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to be defined. Indeed, for any measurable subset K of B¢ we have
TE () = T (((K % B 1 [y, ] ¢ o, 7)) ) + O (K x BY) ([, 7] % [0, 72]) N D))
=7 ((( N [yo, 1) % o, Tl ) + OCK N [y, 7))
= T((CK + 1) Oy + by + B])  [yo + 51 + ] ) + O(K N [y, 7))
= T(((K + 1) 0y, 7)) % [91,71 + A1) + O(K N [y, 7))
T (6 + ) Ny i) <€) + O(K N [y, 7))

O((K +h) N[y, 7)) + O(K N [y, 71])
= O((K N[yo,y°]) + h) + O(K N[y, 7])

Y (K N [yo, yel) + OK N [y, 7))
- O(K),

where (a) holds because by construction in [y1,7;] the flow there can be transported only inside the
same set and, therefore, T ([y1,7;] X [y1,7; + h]°) equals zero. Equality (b) comes from the fact that ©
is invariant under translation (it is a multiple of the Lebesgue measure). Therefore, 7,2 coincides with
O|pe. Also, it is clear from the definition of 75" that 7,8° < I'. Hence, 75 belongs to Fp-(O)|s:).
Furthermore, Property 3 (which we prove at the end of the present proof) ensures that

AT dTs dTE*

or (z) < ﬁ( x+h) I'—ae z in [yo,y°], and i (x)=0; I' —a.e. x in [y°,7,]. (D-13)

We choose the prices pB° as follows. In [y¢,7,] we set constant prices equal to p; such that

2 Fipn) .F(pl)} =V(y,),

-py - min{1,
a - p1 - min{ o

this price is well defined because V (7;) < 1. For locations in [yo, y°] consider the set

-
K2 o ey ddTQF (2) < ‘CZE( inh (D-14)

note from Eq. D-13 we have I'(K°) = 0. We set prices for € K to be such that

U(m 5 (), le—Jlj (:U)) = U(x + h,p(z +h),sT (z + h)), (D-15)

such prices are well defined because the new Radon-Nikodym is smaller than the old one (shifted by h)
in K. For x € K¢ we set the prices equal to zero. Now we need to verify that this selection of prices
and flows yields an equilibrium. That is, we need show that the set

_ c c . B¢ d7—2BC _ TBL .
EBC_{(:E7y)EB x B U(:&y,p (y)7 dr (y))_eSSBSCupH< ) 710 ()a dr ())}7

has 72 measure equal to @(B°). First, from Property 3 we have

¢ e c B 1% - if x € [yo,y¢
V(a| pB, T5) = esssupH(x,.,pB ), dTy (.)) _ { (gl) + (z — o) if 7[yo v (D-16)
Be dr’ V() if [y, 7.
For the first term in Eq. (D-12) observe that T ((Ege N [yo,¥°] X [Y0,7;1])n) equals
dT5*

T({@y) € 7l x o 7l @~ hoy = hp™ (= h). S0 = h) = Vo) + (@~ ) )
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using that I'(K€) = 0 and Eq. (D-24) one can verify that this expression equals

T({(@y € b7 x 7)) : L, y.p(0),7 (1) = Vil p.T) ).

In turn, from the definition of y ) and 7, and the fact that 7 is an equilibrium flow this last expression
equals O([y1,7;]). For the second term in Eq. (D-12) we have

dT5

g ( ar

Ese N[y, 7] % 0,52 N D = { (2.9) € [, 1] % [y, 7] : 1T (2, ,9" (v),
Thus the second term in Eq. (D-12) equals

AT
dr

O({z e ly".7) : Uw.p™ (2), Z5@) = VG | ) = 61", 71]) = Olyos 1)),

where the first equality comes from Eq. (D-13) and the discussion that it follows it. The second equality
comes from @ being invariant under translation and y¢ —yo = ; —y1. Putting all these together yields

T (€s) = O([g1, 1)) + O[yo, y1]) = O([yo. 71]) = O(B°).

In order to create the new solution (p,7) we just use Lemma D-3 to paste the two solutions we
constructed in B and B°. Note that the pasting is allowed because V (yo| p%°,75") = V(yo) and
V@l ™, T%) = V(7).

We now finally show the objective improvement. It is sufficient to prove that Reviy, 5(5,7) >
Reviyy, 7,10, T),

Revy, )0 T) = [ Vie)an(@) < [ Vi) dTa(o)
[y0,9,] [y0,91]
Of v i @)

< /[ Vel o7 T) a7 (@)
= Revyy, 7,1, T),
where in (a) use Property 1. In (b) we use that under 7 no flow leaves or enters B¢ and, thus,
TE(B%) = T8 (B x B¢) = O(B°) = T(B x C) = T(B® x B°) = T(C x B®) = T5(B°).
In (¢) we simply use Eq. (D-16).

In what follows we provide a complete proof of the three properties that we use to obtain the result.

Property 1. 72((yo, Z]) > 0.

Proof of Property 1. First we show that 3 h € (0,2 — yo) such that 7 ((yo,yo + ) X [Z,y1]) = O.
Suppose this is not true then for all n € N large enough we have that 7 ((yo, yo + %) X [Z,91]) > 0, which
thanks to Lemma B-3 implies that for all n € N large enough there exists (z,,yn) € (yo,yo + %) X [&,y1]
such that y,, € TR(x,), that is, V(x,) = V(yn) — |yn — @n|. Since y, € [#,y1] we must have V(y,) < V(yo)
for all n € N large (when y; is not well defined we replaced by H and the argument still goes through).
Furthermore, x,, converges to yo so the continuity of V() yields

Viyo) = lim V(zn) = lim V(yn) = [yn — zn| < V(yo)
n—oo

n—oo

(Yn — xn) < V(yo),

— lim

n—oo
not possible. We conclude that 3k € (0, % — yo) such that T ((yo,yo + k) X [&,y1]) = 0. Note that the same
must be true for some h € (0, ( — yo) A W) We fix & in this interval with the property we just proved.

D-18



Next, note we also have that T ((yo,yo+h) X (y1, H]) = 0; otherwise, by Lemma B-3 we can find (z,y) €
(Yo, Yo + h) x (y1, H] such that y € ZR(x), which implies that y € ZR(y1), that is, V(y1) = V(y) — |y — v1]
and V(z) = V(y) — |y — x|. Since V(y1) = V(yo) we have (y1 —z) = V(yo) — V(x), but our choice of h
implies that y; — 2 > h thus

h<(y1—x)=V(yo) = V(z) <|yo—z[ < h,

again a contradiction. The last inequality comes from the Lipschitz property (see Lemma 1). In summary,
we have that there exists h € (0, ( — yo) A M) such that T ((yo,yo + h) x [Z, H]) = 0. To conclude the
proof note the following

0 O((yo,u0 + 1))
=T ((yo,y0 + h) x C)

()

= T((yOa Yo + h) X [y()v HD

=T ((yo,yo + h) X [y0,2)) + T ((yo, yo + h) x [, H])

=T ((y0,y0 + h) X [yo, %))

< Ta((yo, 21),

where (a) comes from the fact that the measure © has full support in C. The equality (b) holds because by
construction no flow leaves [yo, H], and (c) is true because T2 < I' and I" does not have atoms in [yo, Z].

This concludes the proof of Property 1.
Property 2. Both y; and y, are achieved in the set where they are defined. Furthermore, for any

S [ylayl}v ?1 € IR(Z)
Proof of Property 2. First we show both

Jyq € [yo,y1] such that J; € TR(y,) and Jaxg € [y1, H] such that z, € IR(y,). (D-17)
Let us begin with the first statement. Let 2™ be a sequence in A converging to 7, where
A={z €[y, H]:3y € [yo,y1] such that z € TR(y)}.

Then there exists a sequence {y"} C [yo,¥1] such that "™ € ZR(y"). Note that since {y"} C [yo,y1] and
a™ € [y1, H], Lemma B-2 implies that 2™ € ZR(y1). Hence, V(™) — ||z™ — y1|| = V (1), taking limit yields
V(@) = 91 — yill = V(y1), that is, J; € TR(y1).

Now we prove that y € A where

A={y € [yo,y1] : Ix € [y1, H] such that z € TR(y)}.

By the definition of y , we can always construct a sequence {y"} C A converging to y,- From the definition of
A there exists another sequence {"} C [y1, H] such that 2™ € ZR(y™) for all n. We can extract a subsequence
{z"*} from {z"} that converges to some point =, € [y1, H]. Then we have V(z™) — ||x"™ — y"*| = V (y™*).
Taking limits and using the continuity of V'(-) yields V(zq) — |lzg —y, | = V(y,), that is, 24 € TR(y,). This
concludes the proof for Eq. (D-17).

Next, we show that for all z € [gl,gl], Y, € ITR(z). First, from our previos argument we know there
exists y, and z, as in Eq. (D-17). Then Lemma B-2 implies §; € ZR(z) for all z € [y,,7;]. Observe that
this yields J; € TR(z4) because x4 € [yq,¥;]. Take z € [y, y,] then since x4 € IR(y,) from Lemma B-2 we
conclude that =, € ZR(z). Hence, we have

V(z) = Vizg) = (xg = 2) =V(H1) = (01 — 2¢) = (24 = 2) = V(1) = (11 — 2)-
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which implies that §; € ZR(z). This concludes the proof of Property 2.
Property 3. Both Eq. (D-13) and Eq. (D-16) hold.
Proof of Property 3. Let us star with Eq. (D-13). In order to prove the first part in Eq. (D-13)

consider the following set

a7 T
K = {x € [vo,y] : d} (r) < d—;(mh)}.

We want to show that I'(K¢) = 0 (the complement is taken with respect to [yo, y¢]). If this is not true then
I'(K°) > 0 and we have

.
) = [ T @ar@) > [ R are) = e+, (D-18)

However,

T (K%)= T ((lyo, y°] x K“)h) +O(m(([y* 7] x K)ND))

(
(
(o + by + 1] x (K + 1))
< (c x (K + h))

(

This together with Eq. D-18 yield a contradiction. To prove the second part of Eq. (D-13) consider any
R C [y°,7;], and observe that

TE(R) =T ([n.) x (R + ) + O(R) =O(R) = [ budI(a),
R
where the second equality comes from R +h C [y,,7; + k] and T([y1,7,] X [y1,7, + h]) = 0.
Finally, we provide a proof for Eq. (D-16). Let Z(x) = min{V (yo) + (x — v0), V(%) }. We verify that for
all z € B¢ -
c d
Z(x) > U(w,pB (w), Tz (w)) —|w—=|, I'—ae w in B, (D-19)
ar

and that Z(x) is the smallest with such property. First, fix = € [y°,7,] so Z(z) = V(7,). Note that from

our choice of prices in [y¢,7;]| we have

dTB° . . —
(w), i (w)) —|w—z|, I'—ae win [y°7]

c

Z(@) = V(@) 2 V@)~ v —al = U(w,p"

So we only need to show the same inequality but this time for [yo,%]. From the definition of y , and ¥, and
Lemma B-2 we have that V(7;) — [7; — v1| equals V(y1| p, T) and, therefore,

V(@) 2 Uw,p(w),s" (w) = |w =y + [y = w1l [ —ae w in [y1,7]

>
> Ulw,p(w),s” (w), I —ae w in [y,7,].

We can use this together with the fact that [yo, y°] + h = [y1,7;] to obtain

(a)
Z(x)=V(ygy) > U(w—|—h,p(w—|—h),57—(w—|—h)>7 I' —a.e. w in [yo,y"]

> U(w—i—h,p(w—i—h),sT(w—&—h)) —|lw—=z|, I-—ae w in [yo,y"]

. B
D7 (. ), 77

Ta (w)) —|w—=z|, I'—a.e. w in [yo,y],
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Inequality (a) comes from the fact that I" in the interval under consideration is invariant under a shift; (b)
comes from Eq. (D-24). That is, for « € [y°,7;] Eq. (D-19) is satisfied. It is left to verify that Z(x) is the
smallest value satisfying Eq. (D-19). For any € > 0, since z € [y°, 7] we have

0 < I'(B(z,€) N[y, 7,])
= (el ml V@) - lw—2| > V) -

= (e ) U (a0 ), ) — 2l > Vi) o),

hence V(7,) is the smallest value satisfying Eq. (D-19).

Now we show Eq. (D-19) for = € [yo,y]. Fix € [yo,y°] so Z(x) = V(yo) + (x — yo). Note that V(yo)
equals V' (y1), and from the definition of 7; and the envelope result we have that V(y1) equals V(7 ) — (7, —y1)-
Therefore,

Z(x) =V (Y1) — (7 —y1) + (= — yo)

(a) . _
>V(y,)—(w—2z), I'—ae win [y°7]

b c dTBC 1 cuy
20 (w0 ), i) ~fw—al, I —ae win [y 7],

where (a) follows from w > y. and y° — yo = J; — y1. Line (b) holds from our choice of prices in [y°, 7]
Hence, Z(x) upper bounds (almost surely) the desire quantity in [y°,7;], so we just need to prove the same
bound for [yo,y¢]. Note that from the definition of y and 7, we have that

V(z+h)=V(y)+(@+h—y)=V(y)+ (x—y) = Z(z),
and thus

Z(x)=V(z+h|p,T)

IVE

U(w,p(w),sT(w)) —|w—=(zx+h)], I'—ae w in [y1,7,]

—~
=
=

Uw + h,p(w+h),sT (w+h)) = |w+h—(z+h), I—ae win [yo,y°]

c . dTE
= U(w,p® (w), d;

—
N

(w)) = lw =), I'—ae w in [yo,y°],

where (a) comes from the definition of V(z + k| p, T), (b) from the invariance under translation of I". Line
(c) follows from Eq. (D-24). Therefore, Z(z) satisfies Eq. (D-19). To see why Z(z) is the smallest value
satisfying this equation observe that

0<I'(B(ye€) Ny, 7))

r(we e ml:VE) - w=—1) > V@) - @ - )+ @— ) —)

= F(w € [y 7] : U(w,ch(w), d;fc (w)) —|w—2z| > Z(z) - e),

where in (a) we use that y¢ —yo = 7, —y1. This implies that Z(x) is the smallest value satisfying Eq. (D-19),
completing the proof. O

Proposition D-3. (Tight upper bound) Without loss of optimality, we can focus on price-equilibrium pairs
(p, T) such that the upper bound in Eq. (7) is tight.

Proof of Proposition D-3. If X, = H there is nothing to prove, so assume X, < H. Let (p,T) be
a feasible solution such that V'(:|p,T) is non-decreasing. Due to Proposition D-2 we can always restrict
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attention to this type of solution. We proceed by contradiction. Assume that there exists & € (X,., H] such
that
V(@) < min{V(X,) + (& — X,). 1} 2 Z(2). (D-20)

First, we construct an interval I such that 75(1) > 0 and V(z) < Z(x) for all z € I. Then, we show that
Z(x) can be achieved in a feasible manner by appropriately creating a price-equilibrium pair (5,7) that
mimics the flow generated by 7 in (X,., H|. The final step of the proof is to use the interval I and the flow
T to show an strict objective improvement.

Interval construction. From Eq. (D-20) and the continuity of V(-) we can deduce the existence of
an interval [@,b] C (X, H] such V(z) < Z(z) for all z € [a,b]. Furthermore, the Lipchitz property (see
Lemma 1) and Lemma D-4 imply that V(z) < Z(z) for all € [a,¢] where ¢ is the minimum between
H and the value ¢ such that V(@) + (¢ — a) = ;. Also, Proposition D-2 and Lemma B-3 imply that
T([a,¢] x C) = T([a,é] x [a,¢]). Putting all of this together we conclude that there exists an interval
I = (a,¢) such that 73(1) > 0 and V() < Z(z) for all z € I.

Flow mimicking. Define the collection of intervals

I&2{Ic (X, H]:I=]|ab],a<b,beIR(a),ais minimal and b is maximal}.

There are two cases: Z = () and Z # (). We only do the latter because its treatment contains the former.

Suppose Z # (), then there exists X, < a < b such that b € ZR(a), where a and b are minimal and
maximal with this property, respectively. We first look at some properties of the equilibrium in each element
of Z and then we look at its complement.

Note that from the minimality of a we have that for any x < a, a ¢ ZTR(x). Similarly, for any = > b
we have © ¢ ZR(b). This, together with Proposition D-2 and Lemma B-3 imply that [a,b] is a flow-
separated region, that is, there is no flow coming in nor flow going out of [a,b], T ([a,b] X [a,b]¢) = 0 and
T ([a,b]¢ x [a,b]) = 0. Observe that our flow separation result in Lemma D-3 implies that in each interval
I € T we have an equilibrium. Furthermore, from the definition of ZR we must have

V(z)=V(a)+ (x —a), Vz € la,b].

From the previous discussion we infer that the elements in the collection Z are disjoint intervals and, since
V' is non-decreasing, the collection is at most countable.
For any a,b such that [a,b] € Z we define

tla) 2 V(a) —V(X,)+ X,, and t(b)=V(b)—V(X,)+ X,

Note that since V' is non-decreasing we have V(a) > V (X, ) and, therefore, ¢(b) > t(a) > X,. Also, for any

0y, t('a) t(b) a b 1
Figure 12: Graphical representation of t(a) and t(b).

such b we have t(b) < Y,.. The points ¢(a), t(b) are the corresponding points to a,b in the interval [X,,Y;]
(see Figure 12). Furthermore, ¢(-) is a non-decreasing mapping.

We denote by Z¢ the collection of intervals whose elements are the intervals that do not belong to Z.
Observe that the elements in Z and Z¢ alternate in a consecutive manner. That is, if we have an interval
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(¢, d) € Z¢ then it can only be followed by and interval [a,b] € T with a = d. In the case that I = (¢,d) € Z°¢
is not followed by an interval in Z then I equals (¢, H|. Define the sets

ICéLJIaLndICcé UI.

IeT IeZe

Note that (X,, H] = KUK up to a set of I' measure zero. Also, for each interval I € Z¢ we must have
that for all measurable sets A C I, T(A x A) = O(A) = T2(A); otherwise, by Lemma B-3 we would get a
contradiction with the definition of Z. In turn, this implies that %(ag) =61, ' —a.e z in K

We denote by Z; the collection of intervals {[t(a),t(b)]}(a,pjez, and Zf is defined in analogous manner.
Also, K and Kf are defined similarly to K and K¢ replacing Z with Z; and Z¢ with Z7, respectively.

The idea now is to construct a solution (p,7) in (X,, H] and then paste it with the old solution (p, T)
restricted to [—-H, X,.). To construct (p, T) we will make use of the collections Z; and Z¢. For each element in
these collections we will create a price-equilibrium. For intervals [t(a), t(b)] € Z; the idea is that the solution
(p, T) has the same equilibrium than (p,7) in [a,b]. For the interval in Z¢ we choose prices such that no
drivers will have an incentive to move. Finally, using Lemma D-3 we will paste the equilibria generated in
all the intervals.

First, we show how to construct prices and an equilibrium in some [t(a),t(b)]. Fix [a,b] = I € Z and
denote the mimicking set [t(a),t(b)] by I;. Choose prices p’t(x) equal to p(z + (a — t(a))) for all x € I;. For

the flows, we define 7' for any £ C I; x I; by
THL) = T(£+ (a - ta),a —ta))),

that is, 7't mimics 7 in I x I. It can be shown that (see Property 1 at the end of this proof) (p’t, T7'*) forms
a price-equilibrium pair in I; such that 7% € Fy,(0|1,). Also, V(z|plt, TT) equals V(z + a — t(a)| p, T) for
all z € I;, and

a7y dT; .

dli (z) = d—;(x+a—t(a)), I'—ae. z in I, (D-21)

Furthermore, because I € Z we have

V(z|p, T*) =V(z+a—ta)|p,T)=V(a) + (x —t(a)) = V(X,) + (z — X,.) = Z(z), Yz eI,

that is, for all intervals I; the associated solution (p’t, 7*) achieves the upper bound Z(z).

Second, we show how to set the prices and construct an equilibrium everywhere else. Consider any two
consecutive sets in Z, I} = [a1,b1] and Iy = [ag, be]. The corresponding mimicking sets are [t(aq),¢(b1)] and
[t(az2),t(ba)]. We need to set prices and define the flow in the interval J; = (¢(b1),¢(az)). We choose the
prices p’t to be such that

U(xath(x)ael) - Z(-’E), Vx € Jt-

Since Z(z) < v these prices are guaranteed to exist. We define the measure 77 for any measurable set
L Q Jt X Jt by
T7(L) = O(m (LN D)).

This measure has dTQJt/dI’ =61, I' — a.e in J;. It can be shown that (see Property 2 at the end of this
proof) (p’t,T7¢) forms a price-equilibrium pair in J; such that 77t € F;,(6|;,) and V(x| p”t, T”*) equals
Z(x) for all x € J;.

Third, the solutions {(p’*, T'*)}r,ez, and {(p”, T7*)}j,ezs cover the whole interval (X, H]. Moreover
they are defined in disjoint interval, and are such that the respective V'(-) functions coincide at the boundaries
of the interval (these functions coincide with Z(-)). Thus, we can apply Lemma D-3 to paste all these solutions

and obtain a new solution (p, 7) in (X, H]. As mentioned before we can use the same lemma to paste this
solution with the old solution restricted to [—H, X,]. This would yield a solution in the entire city.
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Objective improvement. Consider the revenue under (p,7) in (X, H], it easy to observe that

Rev x..m(p. T) = /X Vel T) 87 (@) dr @)

/V zlp, T (m)df($)+/ V(zlp, T)-s7 () dl'(z)
’CC

= (z|p, x)dl(x) + V(zlp, T)-sT () dl'(z) .

IEEI/ (xlp,T) - s7 (x) ) KC(IP) () dI'(x)

=(a) =®

Let us develop the integral of the term (a). Let I be equal to [a,b] and I; equal to [t(a), t(b)] then
/ V(x|p, T)-s" (x)dl(x) = / V(z+a—ta)pT) s (x+a—tla))dl(z)
[a,b] [t(a),t(b)]
N / V(alp, T7) - 7" (2) dI(2),
[t(a),t(b)]

where in the first line we use the invariance under translation of I', and in the second line we use that
V(z| plt, T*) equals V(x +a —t(a)| p, T) for all z € I; and Eq. (D-21). Thus,

Revx, m(n T Z/I (alp™, T") - 57" (@) dT'(2) + (b)

I,€Z
_ /’C Z(@) - 5T (x) AT (x) + (b).

Thus, to conclude the proof we only need to show that

0= [ Valp T T @dr@ < [ 2()57 @) dl @) (D-22)

t

Define the following functions
\% , if x € K¢,
V() = (zlp, T) ifx
V(alp, T) if z € [a,b], some [a,b] € T,
(z) if x € K¢,

Zo(x
(=) = {Z(t(a)) if x € [t(a),t(b)], some [t(a),t(d)] € T;.

We verify that V. (z) < Z.(x) for all x € (X,, H], and the we use this inequality to prove the objective
improvement. Let x € K¢ then there exists an interval (¢, d) € Z¢ with x € (¢,d). If © € Kf then the upper
bound is trivial. If x ¢ K¢ then z € [t(a), ¢(b)] for some [¢(a), t(b)] € Z,. We must have that a > d; otherwise,
since (¢,d) € Z, it must be the case that b < ¢. In turn, this implies that [t(a),t(b)] N (¢,d) = @ which
contradiction our current assumption. Therefore,

Ve(z) =V(zlp, T) < V(dlp,T) < V(alp,T) = Z(t(a)) = Ze().

Let x € [a,b] for some [a,b] € Z. If x € K¢, t(b) < x otherwise we would have that t(a) < a < a < t(b), that
is, x € [t(a),t(b)] € Z;. Under our current assumption this is not possible. Then,

Ve(x) =V(alp, T) <V(blp, T) = Z(t(b)) < Z(x) = Ze(x), (D-23)

that is, when z € K N K¢ we have V. (z) < Zo(z). If z € [t(a), t(b)] for some [t(a),t(b)] € Z;. Using similar
arguments as before we can show that & > a and, therefore,

Ve(x) = Vl(alp, T) = Z(t(a)) < Z(t(a)) = Z.(x).
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Now, recall that in the Interval construction part of the proof we defined an interval I= [@, ¢] in which
the function V' (-|p, T) is uniformly strictly bounded by Z(-). Now we relate this interval to K by showing
that there exists € > 0 such that (¢ — €,¢) C I¢ with I¢ € Z¢. The idea is to use that (¢ —¢,&) C I and
(¢ —€,¢) C K¢ together with Eq. (D-23) to show an strict objective improvement.
Note that if ¢ = H then
)

sup  t(b) < £(0)
[t(a),t(b)]EL:

where (1) comes from the fact that #(-) is non-decreasing and ¢ = H, line (2) follows from the V(a) < Z(a)
and V(X,) = Z(X,). Inequality, (3) holds because both V and Z are 1-—Lipschitz functions. In the
case that ¢ < H we have V(a) + (¢ — a) = ¢1. Also, we always have that t(b) < Y, where Y, is such that
V(Xr)+(Y,—X,) = ¢1. From this we deduce that Y, < ¢ and, therefore, we have that supy ) 4 ())ez, t(b) < €
Either way we can always find € € (0,¢ — a) such that the interval (¢ — €,¢) does not intersect with any
interval in Z;. Hence, since Z7 are all the intervals that do not belong to Z; we must have that (¢ — e, ¢) C If
for some I € I¢.

Because (¢ — ¢, ¢) is a subset of both K¢ and (a, ¢), for z € (¢ —¢,¢) N K° we have V. (x) < Z.(x). Also,
for z € (¢ — ¢,¢) N K from equation Eq. (D-23) we have V.(x) < Z.(z). That is, Ve(z) < Zc(z) for all
x € (¢ — €,¢) and, therefore,

Lvern T@are= [ vennnire - Y [ v )

(X, H] [a,b]€T

</(XMH] Ze(x) - Ordl(z) = > /[a’b] Valp, T) - 61dI" ()

la,bleT

= ‘/(XNH] Ze(x) - 01dI(x) — Z V(alp, T)O([a, b))

la,b)eT

:/(XT,H]ZE(x).GldF(x)_ > Z(ta)O([ta), t(D)])

[t(a),t(b)]€L:
- / Z(x) - 6rdl (),
K
which proves Eq. (D-22). To conclude, we provide a proof for both Property 1 and Property 2.
Property 1. (p’t, T't) forms a price-equilibrium pair in I; such that 71t € Fr,(6)|;,). Also, V (z|plt, TTt)
equals V(z 4+ a —t(a)| p, T) for all z € I;, and

ar, . dTs

= = — I'—a.e. in I;.
i (x) dF(JH—a t(a)), a.e. x in I

Proof of Property 1. We first show that 7%t € F,(0|,). It is clear that T € M(I; x I,), and that
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Tl < I'. To see why T;'* coincides with 67, consider a set K C I, then 7" (K) equals

TH(K x I;) = T(K + a—t(a)) x (I + a — t(a))) = T((K + a — t(a)) x [a,b])

(K +a—t(a)) xC)
(K +a—t(a))
(),

T
e
&)

where the fourth line holds because the set K + a — ¢(a) is contained in [a,b], and we know there is no
flow leaving this interval. Next, using a similar argument we show the property for d7'2]t /dI’; let K be a
measurable subset of I; then

I:
| @ dr =T < k)
=T ([a,b] x (K + a —t(a)))

dT;
= — (z) dI'(z)
/<K+a t(a)) AL

(Z:Q (x +a—t(a)) dl(z).
Using this last property and the prices definition is easy to see that
V(o p, T") = inf{u € R: Iy € I, : Uly,p" (y), CZ;Y )~ Iy — | > u) = 0}
= inffu € R I(y € o Uly,ply +a— (@), T2y 0 ta)) ~ |y~ 2| > ) = 0}
= inffu € R: I(y € 12 Uly,ply), T2 ) ~ Iy — (& +a—1(@)] > ) = 0}

=Vi(x+a—ta)|p,T)

but from out flow separation result (see Lemma D-3) we have that Vi (z+a—t(a)|p, T) = V(z+a—t(a)|p, T).
Using this same approach, the definition of 7/t and the fact that 7 is an equilibrium in [a, b] it is easy to
verify the equilibrium condition.

Property 2. The pair (p’t,77t) forms a price-equilibrium pair in J; such that 77t € F,,(6|,,) and
V(x| p’t, T7t) equals Z(x) for all x € J;.

Proof of Property 2. From the definition of 77 it is clear that 77t € F,(6);,). Also, dT;7 /dI" = 61,
I' —a.e in J;. To see why V(x| p”t, T7t) equals Z(x) for all 2 € J;, note that for fixed = € J;

Jt

a7,
I'(y € Jy: Uy, p’(y), d}

W) —ly—=[>Z@)=IyeJi: Z(y) — |z —y| > Z(x)) =0,

where in the first equality we use the definition of p’®*) together with d’TZJ”/dF =01, I' —a.e in J;. In the
second equality we use the Lipschitz property of the function Z(-). That is, Z(z) > V(x| p”*, T”*). This
upper bound (I'—a.e) is tight. Let € > 0 then
0 < I'(B(z,e/2) N Jy)
<I(y e Bz, e/2)NJy) s e> [z —y|+ (Z(x) — Z(y)))
=I(ye Bz, e/2)N 1) : Z(y) =y — x| > Z(z) —€)
gy AT
=TIy € Bz, ¢/2)NJe) : Uly, 0™ (), — =) — ly — 2l > Z(2) — ),

thus Z(z) is the smallest upper bound (I'—a.e) and we have Z(x) = V(x| p’*, T7t). It is not hard to verify
that the equilibrium condition reduces to

T ((w,y) € Ju x Jo: Z(y) — |y — x| = Z(x)) = O(Jy),
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and by the definition of 7”¢ this is immediately satisfied. O

Proof of Theorem 2. The result follows directly from Proposition D-3, and the fact that [X;, X,] is an
attraction region where V(-) is pinned down. O

Proof of Theorem 3. We separate the proof in several steps. First, we argue that there are at most three

attraction regions in the any optimal solution. Then we show that any optimal solution does not have
drivers moving to the interval [W,, X,] and [X;, Wj]; otherwise, the platform can incentivize the movement
of a positive fraction of drivers outside of the center and make strictly larger revenue. After this we put
into practice Theorem 1 which prescribes what are the optimal prices and post-relocation supply in each
attraction region. In the final main step of the proof we argue that the optimal solution has to be symmetric.
We present the proof of two properties that we will use during the main arguments, Property 1 and Property
2, after the main proof.

Attraction regions identification: Lemma 2 establishes that at an optimal solution the attraction
region of the origin is well defined with X; < 0 < X,.. So Our first attraction region is the interval [X;, X,].

The second and third attraction regions correspond to the intervals [V;, X;] and [X,,Y;] with ¥; and Y,
being sinks. WLOG consider only the right interval, if Y, = X, we do not identify any attraction region to
the right of X,. Assume that X, <Y, we will show that A(Y,) = [X,,Y;] and Y, ¢ A(z) for any z # Y.
In order to show this we first show that Y, € ZR(X,|p,T). From Theorem 2 we know that V(z) equals
V(X;)+ (z— X,) for all z € [X,.,Y,]. In particular, V(X,) + (Y;; — X;). In other words, Y, € ZR(X..|p, T).
Now, Y, cannot belong to any other attraction region; otherwise, the value function would not be as in
Theorem 2. Therefore, Y, is a sink and [X,.,Y;] C A(Y,.). If there existed z € A(Y,) but = ¢ [X,.,Y,], the
value function would not be as in Theorem 2. In conclusion, A(Y;.) = [X,.,Y;] and Y,. ¢ A(z) for any z # Y,..

No supply in [W,, X,]: Next we argue that at an optimal solution (p, 7) we must have that To([W,., X,]) =
0, the same is true for the left side. Suppose by contradiction that 72([W,., X,]) > 0 and denote this amount
of supply by ¢,, we construct a new solution (p, 7~’) that yields an strict objective improvement. Observe
that,

0<gqr= T(C X [WraXTD = T([WraXr] X [WMXT]) < 9([WT‘7X’F]) =0 - (X?” - WT)

That is, from the total amount of initial supply in [W,., X,] we have that ¢, units stay within [IW,, X, ] and a
total of 0; - (X, — W,.) — ¢,- units travel to [0, W,.]. Note that for this g, units of mass their V' is bounded by
and, therefore, what the platform can make from them is strictly bounded by v - ¢, (times a scaling factor).
Let X, € [W,,X,) be such that ¢, = 61 - (X, — — X,). In the new solution, we will modify the attraction
region [X;, X,] to be [X;, X;]. We will maintain the same prices and post-relocation supply in the origin’s
attraction region. However, to the right side of X, we will set new prices that will be consistent with a new
value function and flows that upper bound those of the old solution, see Figure 13.

We begin our construction of (j,7) with the interval I! = [X,, Y;], where Y, is such that ¢; = V(X,) +
(Y, — X,). Let h 22 (X, — X,.), we define flows for any £ C I' x I by

TIHL) = T(E + (h,h)).

Consider the set K £ {z € I : dTQ () < dTQ( + h)}. We set prices to be such that
U(xp (z) dTQ (xz )):U(ac+hp(a:+h) sT(ac+h)) Vre K (D-24)
) dF 9 9 9 )

and zero otherwise. We prove, in Property 1 (see end of present proof), that (pli , 'Tli) is a price-equilibrium
pair in I! such that V(z|p'r, 7)) = V(X,) + (z — X,) and I'(K¢) = 0.

In the interval 12 = (YT, H] we can achieve the optimal solution when there is no demand shock. As in
the optimal solution in the pre-demand shock environment (see Proposition D-1) we set prices equal to p;
and the flows are such that d77+ /dI" equals 6, I — a.e in I2.
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— Viz[p,7)
V(z|p,7)
. WT Xr XTY/r Y; H
NW—/
ﬂ([XHXT]) =4

Figure 13: No supply in [W;, X,]. The new solution moves the right end of the attraction region
from X, to X,, so now a mass ¢, of drivers can travel towards the periphery. From this mass the
platform now makes 9 instead of V' (z) with V(z) < 9.

The interval 19 = [X;, X,] is more involved. Observe that all the initial low to the right of the origin
that we have to allocate in [0, XT] equals 07 - X,. — g,. This is exactly the same amount of drivers in [0, X,]
that travels to [0, W,.] according to 7. Our new solution will generate the same post-relocation supply than
T in [0, W,] but this time only using drivers from [0, X,].

We use the same prices, that is pIg () = p(x) for all z € [X], )~(,] For the flows we define them through
two measures: the flow that goes from [X}, 0] to [X;, 0] and the flow that goes from [0, X, to [0, X,]. For the
first flow we use 7¢ = Tlix,,0), for the second measure 7" we will use a monotone coupling as in the proof
of Theorem 1 (see e.g, Santambrogio (2015) for details). Define the initial supply to the right measure O
to be equal to @|[07)~M’ and the final supply S” to be

S™(B) £ T([0,X,] x B), for any measurable set B C [0, X,].
Note that S”([0,W,]) equals ©" ([0, X,]). Given this we define 7" by
T (L) £ (F([_)_Tl},}7‘5[;1]);‘;&771(£)7 for any measurable set £ C [0, X,] x [0, X,],

where # correspond to the push-forward operator. For any measure v defined in [O,f(r] we define its
cumulative function and pseudo-inverse by

F(y) 2 v(0,y), Yy=0 and F7U(1)£inf{y>0:F(y) >t}, Vte[0,07(0, X))

Effectively, 7" transports the initial mass in [Qf(r] to the final supply distribution (considering only
drivers that come from the right) in [0, W;] as prescribed by 7. The final flow measure ED correspond
to T + TT|[0 %,;- In Property 2 below we show that (pIS,TI(TJ ) is a price-equilibrium pair such that

0

ReV[Xl W] (PIT ) TIS )~: Rev[xl W) (p, T).

The solution (B, T) is constructed by pasting (see Lemma D-3) the old solution is [—H, X;) with the new
solution in 1% I! and I?. The pasting is possible because the equilibrium utility function coincide in the
boundaries of these intervals. This new solution preserves the platform’s revenue in [—H, W,.] U [Y;., H] but
it strictly improves it in [W,.,Y;]. Indeed, note that

¢ = / sT(z) da — / 57;(;3) dx = / (sT(z+h) — s%(:r)) dx + / s7 (x) du,
(X7, Y] (X, Y] (X, Y] (X0, X+ (X — X )]

>0 I'—a.e
(D-25)
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thus

% . ReV[WT,YT] (ﬁv 7—) = / V(ZL’|]§, 7-) : 871(1,) dx + / V(ZC|]5, 7-) : S%(Z) dx
W,

(X7, Y]

V(zlp, T) - s7 (x)de

Vizlp, T)-sT (z)dz+ 1 -2 qr

[Wr,Xr]

J
J
/[ V(alp, T) - 57 (2) do + vn - g + / Vi) - sT(2) da
/

V(x|p,T)-s" (x+h)dx+ / V(z)-sT (x)dx
(We, X (X7 = X))

() 1
= / V(z)-s" (z)de =~ Reviw, v,1(p, T),
(W, Y] v

where (a) follows because T~ does not put mass in [W,, X,], (b) because Y, — Y, equals 2 - (X, — X,.). Using
the fact that 75([W,, X,]) = ¢ we obtain (c), while (d) follows from Eq. (D-25) and (e) from V(x| 5, 7)
being equal to V (z + h) for all z € [X,, Y,].

In conclusion, any optimal solution must satisfy both T5([W,, X,]) = 0 and T2([X;, W;]) = 0.

Using Theorem 1: All the conditions in Theorem 1 are met. So, for any of the three attraction regions
if (p, T) is not already as in the statement of the theorem we can find at least a weak improvement. That
is, we can restrict to solution as in Theorem 1. Therefore, the prices are as stated in the present theorem,

and there exists 8. € [W;,0], 8% € [0, W,], Bll, € [V, Xi] and B, € [X,,Y;] such that

s%):{o if @ € (B2, 5p) U (Bp, Bc),
7 (V (2| p,T)) otherwise,
with )
e VGl p. T) Al @) = b1 (X, - X))
and . ) l
B;T v V(x| p, T)) dl(z) = 01 - (Y, — X)), jp O V(| p, T)) dl(z) = 6y - (X, — Y)).

Note that the fact that 8L € [W;,0] and 87 € [0, W,], does not come directly from Theorem 1 but rather is
a consequence of that any optimal solution must satisfy both 73([W,., X,]) = 0 and T2([X;, Wi]) = 0. Also,
observe that Theorem 1 only gives us a solution in each attraction but above we have stated the solution
for the entire city. The only missing interval are [—H,Y}] and [Y,, H]. In this intervals, as in the pre-shock
environment, the solution set prices equal to p; and the supply at every location is 67, in turn, the V' equals
11 in this region. This gives a complete solution to the platform’s problem up to three values: V(0), X;, X,

Symmetry: In the last main step of the proof we argue that the solution is symmetric. After proving
this, the solution will take the exact form in the statement of the present theorem.

Note that given a value for V(0) and an central attraction region characterize by X; and X, we can
characterize the optimal solution as we did in Using Theorem 1. So fix these three values and the optimal
solution associated to them. We now proceed to construct a new solution that yields a strict objective
improvement when the solution is not symmetric. WLOG assume that | X;| > X, and let § = (| X;| — X,)/2.

Consider the solution (p, T) associated to the values

V(0)=V(0), X=X +06 X,.=X,+0.
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Note that with this values we have |X'l|, W,>W,andY; =Y; +2-6 fori e {l,r}. We next show that this
new solution yields a weak objective improvement in the center, and a strict objective improvement in the
periphery.

Note that given V(0), X; and X, Theorem 2 characterizes V (-|p, T). It has the same shape than V (-|p, T)
except that now the dip in [Y;, W] is smaller, while the dip in [W,., Y;] is larger. See Figure 14 for a graphical
representation. Consider first the solution in the center, [Xl, X’T} This interval contains the same amount

V)T

P

Figure 14: Symmetry argument.

of drivers that the old attraction region. The difference is that it lost a mass of 0, - & drivers to the left
and gain the same mass to the right. As in the discussion that follows Theorem 1 the optimal solution in
[f(l, )~(T] can be obtained using a knapsack argument. This new attraction region is symmetric, |)~(l\ = X,,
with equal mass of drivers at both sides of the origin. Therefore the knapsack solution must be symmetric,
with B, € [0, W,] such that

s (@) = ¢, (V2| 5, T) = (V2| p, T)), Va € [Be Bel,
and equals zero otherwise, and
BC

7NV (x| p, T)dl(x) = 01 - (X, — X)) = 01 - (X, — X)).

Note that 3. € [0,W,] is a consequence of the having 8. € [W;,0] and 87 € [0, W,] in the old solution.
Theorem 1 prescribes how to formally implement this solution through prices and flows. We omit the details
of how to construct the flows, but we note that the optimal prices are given p(x) = p'2¢(s7 (z)). In the
case that 3 = 0 then 57;(0) =0, - (X, — X)) and p(0) is such that U(0, p(0), .972(())) = V(0). The platform’s
revenue in the new center is then

*Revig o (07 = [ VElBT) T @ de = [ V)0 (Vi) da,

X —Be

This expression is an upper bound for the platform’s revenue under (p, T) in [X;, X,]. In fact, WLOG assume
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7 > |BL| which implies that 3. € [|8L], 87] and we must have

r

L Revpo x0T = [ Viw) v (Vi) do
v Bl
8L By
:/Bl V(x)~w;1(V(x))dx+/BllV(x)'l/’;l(v(f))dl‘
1 s Be ) B .
= Revig g 5.7 2 [ V@0 Vet [V V) da
~ Be -
= Revig, (. 7) - V@ V@) e [V e V)
- _ Be .
< L Revig, )0+ VE) - ([ wrt V@) det [0 (Vi) )
v |6L] Be
1 .
= Revig 5 (7).

That is, the new solution in the center is a weakly improvement over the old solution.

Now let us consider the periphery. Since |X;| = X, both right and left periphery are symmetric. Thus
the optimal solution as given by Theorem 1 is the symmetric at both sides. The post-relocation supply is
characterize by Bp € [X,,Y,] such that

ST(w) = w;l(V(xlﬁ, 7~—)> = ’(/J;I(V(XT) + (aj - Xr) -2 6>7 Vr € [BP:Y/T]’

and equals zero otherwise, and
v, ~ ~ ~
/ O (Vx| p, T)dl () =6, - (Y, — X)) =01 - (Y, — X)) + 60y - 6.
Bp

The optimal prices are p(x) = plm"c(sf(a:)). As before we omit the characterization of the equilibrium flow
as their existence is guaranteed by Theorem 1. The platforms revenue in the periphery is

1 ~ - )77. B ~ B 5 - -
S Rev_y zyux,m®T)=2" [ V(z|p, T) - (V(z|p,T))de +2-1 -0, - (H—Y,),

p

where we have dropped the subindex z from 1,1 to stress the fact that in this part of the city this subindex
does not change the congestion function. We need to compare this revenue with the revenue of the old
solution in the periphery. Not that since |X;| > X, we must have

Y, =By <Y =B, < B, - Y0
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Thus,
Y,

1 -1 —1
S Rev(_ (1 T) = / V() (V(z)) do + / V(@) ¢ V() da

Y r

Y P

By

+¢1-6,-(H-Y,.+Y, +H)

B Y,
- / V@) g (V@) de+2- | V() o V() da

Vi (Yo —B1) By
+ap1 -0 (H=Y,. +Y, +H)

B Y, . -
- / V() o (V(2)) de+2- / Vel 5, 7)o (V(a] 5.7)) de
Yi+(Yr—8) Br+2-6
+2-1p -0y - (H-Y,)
B Bp+2-6 - ~
- / V() ¢ (V(x)) de—2- / Vel 5,7) - o~ (V(e| 5. 7)) do
Yi+(Yr-—85) B

(a)
1 o
+ 5 Rev_py 5 0%,.m®:T),

So if we show that the term (a) is strictly negative we will be done. Not that

Bfg Yl"r({/r—fép)
() = / V() o (V) dr—2- / V() o V(@) de
Yi+(Yr—85) Yi+(Yr—B8p)
Bl Yi+ (Ve —Bp)
- / V@ o (V) de— / V() ¢ V() da
Yit(Vr—Byp) Yit+(Yo—B5)
L 8l Yi+(Yr—By)
<V @ -g)- ([ e [ Y V(@) dr)
Y+ (Yr-—Bp) Yi+(Yr-—8p)
=0.

In conclusion, we have constructed a new symmetric solution that yields an strict revenue improvement over
the old solution. Therefore, any optimal solution ought to be symmetric.

Property 1. (plv}ﬂ'[i) forms a price-equilibrium pair in I} such that V(x| pIi,TIi) equals V(X,) +
(z — X,) and I'(K®¢) = 0.

Proof of Property 1. We first show that 77 € F11(O|1). Tt is clear that T € M(I! x I}), and
that TQIi < I'. To see why 7'11: coincides with 671 consider a set I C I! then 7'1[’% (K) equals

T < I = T+ h) x (I + 1)) = T(I +h) % [X, + hY,]) = T((I + h) x C) = O] + h) = ©(I),

where the fourth line holds because the set I + h is contain in [X, + h, Y], and we know there is no flow
1

leaving this interval. Next, using a similar argument we show the property for dTQIT /dI", let I be a measurable

subset of I! then

d7—2[} I} 71
[ @) @) = TR < 1) = TS, + 1) x (14 )

< (X, Y] x (L + 1))

= @x X
=/, ar@are



that is, I'(K¢) = 0. As for the equilibrium utility function let x € [X,.,Y,) we have

L ATk
V(x|pl7',7'l7') =inf{lueR:I'(ye I,% : U(y,plr (v), d; (y)) = ly — z| > u) =0}
. d7T>
=inf{u€R: Iy € I} : Uly.ply+h), 2 (y+h) = |y = | > u) = 0}
. ~ dT
=influ e R: I'(y € [Xr+h,Yr]:U(y,p(y),df;(y))—ly—(ﬁh)l >u) =0}
<V(z+h|pT).

Actually this upper bound is tight. Indeed, Fix any € > 0 and consider § > 0 small enough such that
(x +h) ¢ B(Y,,d). We have To({y € B(y,0) N [X; + h, Y] : U(y) = V(y)}) > 0 which implies that
I'{ye B(Y,,0)N[X,+h,Y,]:U(y) =V(y)}) >0 and, therefore,

0<I'{ye BY,.0)N[X, +h,Y,]: U(y) =V(y),e+y— (x+h)>|y— (x+h)[})
=I'({y € B(Y,,0) N [X, + h,Y;] : U(y) ), U(y) = |y — (x+h)| > V(z+h)—e})
<ST({ye[Xe+hY]:Uly) —ly— (x+h)|>V(e+h)—e})
Il

r

= Iy e I} Ul ), T2 (0) — by —al > Vi + 1) — ),

V
v

therefore V (z|p!*, T'*) equals V (z + h) for all = € [X,.,Y;), and by continuity for all z € I!. Since V (x + h)
equals V(X,) + (z — X,.) we obtain the desired result.
Now we need to verify that this selection of prices and flows yields an equilibrium. That is, we need

show that the set

T
ar

1 1 1
&n = {(fmy) €I x Iy - H(w,y,p™ (y), () = V(:prIT,T’V*)}
has 77+ measure equal to @(I}). Observe that T (€ 1) equals

I,
T({(w) € Ko+ Y] x (40 ¥] 01— oy = hop (= ), T2y — ) = Vi) ),

using that I'(K€) = 0 and the way we chose the prices one can verify that this expression equals
T({@) € (% + 1Y) x (% + b Vo) (@, ,p(0), 5 (9) = Vil p.T) }).

There is no T flow of drivers leaving [f(r + h,Y;] so the fact that 7 is an equilibrium flow implies that this
last expression equals O([X, + h, Y]), which equals ©(I}).
Property 2. (pIB, 7'12) is a price-equilibrium pair such that Revx, w,] (pIS,TIE) = Revix,w, (0, T)-
Proof of Property 2. First a couple of observations, note that for any y € [0, X,] and the set [0, y]
then

77 (10 9]) = T7([0,] x [0, X,]) = m(t € [0,67([0, X)) : F&."(t) € [0,])
= m(t € [0,67([0,X,])]:0<t < F@r(y))
= F@T(y)7

and the same argument holds for 77 and S”, this characterizes the first and second marginals of 7.
Furthermore, it’s not difficult to see that for yi,y2 € [0, X,.] we have

T7(0,1]  [0,92)) = m(t € [0,07(0, X)) + £ < For(41), < Fs (1)) = For (1) A For(y). (D-26)
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Next, we show that 71+ € Fro(O|10) is an equilibrium in I7. In order to do so we first show that 7 €

Fr0(O]10). Second, we compute the supply density of ’TQI’? and corroborate they coincide with s7. Third,
we compute Vo (| plv, 7'12) and verify is coincides with V(:| p, 7) in I?. Finally, we check the equilibrium
condition.

Clearly T is a non-negative measure in I? x I? because is the sum of non-negative measures. Now we

0
check that Tfr = O|0. Consider a measurable set B C I? then

N [X5,0]) x [X;,0]) + T"((BN [0, X,]) x [0, X,])
N[X;,0]) x C) + 0" (BNI0, X,])

0
and thus we also have 'EIT < I'. For the second marginal of 777 we have

T3 (B) = T([X0,0] x (BN [X4,00) + 77 ([0, X,] x (B [0,X,]))
= T([X;,0] x (BN [X,,0])) + 5"(BN[0,X,])
= T([X:,0] x (BN[X,00)) + T([0, X,] x (BN [0, X,]))
= T2(BN[X;,0) + T2(BN (0, X,]) + T2(BN {0})
= Tal1o(B),

0
and thus 7'21T < I'. We conclude that 7% € F. 10(O|10). From this we can also conclude that

T

i (£)=5"(z), I'—ae x in I°.

Next we compute the equilibrium utilities. We show that V(x| p’, T%') equals V(x| p,T) for all z € I°.

Observe that I' —a.e. y in I? we have U(y,pIE (y), sTIg (v)) = U(y,p(v),s” (y)), and, therefore, V (z|p, T) >
V(x| p'*, TT"). Using the same argument that we used for the proof of Property 1 we can argue that this
upper bound is tight, that is, V(x| p, T) = V(z]| pl(r), ’TIS).

Now the equilibrium condition. Consider the equilibrium set

Erg 2 {(2y) € 10 x 12 Uy, p (), 57" (1) — ly — o] = Vil o7, T},

we need to verify that 7 (€10) equals O(I). First, for T'(£0) we have

0
where we have used our choice of prices, the relation between d’T;T /dI" and s7, and the fact that 7 is an
equilibrium flow that does not setnd flow out of [X;,0]. For 77| % ;, note that its second marginal is S”
and, therefore, Lemma A-2 implies that

Tl €)= T ({(z9) € 0.%] < [0.X): Vi p, T) — Iy 2| = V(al p. T} )
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and because V (z| p, T) equals V(0) — z for any z € [0, X,.] we have

0.50E0) =T ({(2) € 0, %) % [0,%,]: —y — [y — | = —x })
- TT({(x,y) €0, X,] x[0,X,]: x> y})
_ @r([o’j(r]) I {(x,y) € [O,)N(r] X [O,X,-} rr < y}),

TT({(z,y) €0, X,] x[0,X,] 2 < y}) < Z T7(0, 9] x (¢, X,])

qEﬁ[O,X,,«]
= > TN0,q x[0,X]) = T"(0,q] x [0,q])
4€QN[0,X,]
= > 0 (0,g)AS([0, X))~ 67([0,4]) A S([0,4])
qeQN[0,X,]
= Y O07(0,a) AST(0,X,]) — ©7((0,q]) A S([0,4]) =0,
¢€QN[0,X,]
where in the last line we used that ©7([0,q]) < S"([0,¢]). Adding up T'(£50) with T, %,1(Ero), vields
that 7% (E10) equals O(I2), and the equilibrium condition is satisfied. Finally, the revenue condition in the

0
statement of the Property is immediately satisfied as dTQIT /dI" coincide with s7 in 1}, and the same is true
for the equilibrium utilities. O
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E Additional Numerical Results for Section 8.3

Policy structure. Figure 15 depicts the core spatial thresholds characterizing the optimal pricing policy
and the myopic price response as the supply conditions #; change (on the y-axis). In particular, we track
the changes in X, 8, B and Y,. for the optimal solution (cf. Theorem 3) and the changes in X, and X? for
the local price response (cf. Proposition 4).
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: L price response
Y e
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TIIIIIIIIIII I I I I s v s v s s s s s s s s s s s s s
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Figure 15: Policy structure. Spatial thresholds characterizing the optimal pricing policy and the
local price response as the the supply conditions change. The shaded regions have no supply in
equilibrium. The figure assumes \g = 9 and \; = 4.

The first thing to note is that the structure of supply in the attraction region of 0 differs significantly
between the local price response and the optimal policy. In the local price response, there are no drivers who
stay put around the origin; and post-relocation, drivers are either at the origin or in [X??lr, X77]. In contrast
for the the optimal policy, there are no drivers in a region separated from the origin [ﬁC,X?Pt] but there
are drivers in [0, 8.]. This contrast can be better understood through the reformulation of the objective in
Proposition 1, in conjunction with the shape of the equilibrium utility function in the attraction region of 0 .
Given the objective, the platform would ideally like to have supply as close to the origin as possible (subject
to the congestion bound constraint) as it maximizes the integral of V(x)-s7 (x). With a local price response,
as a result of the lack of flexibility in setting prices throughout the city, the platform is unable to “optimize”
the supply in the attraction region and ends up with drivers at locations with low V in [X2!", X77] while
locations with higher V’s have no drivers in (0, X;’]. Meanwhile, the optimal policy is able to set prices so
as to induces the best possible distribution of supply in the attraction region.

In the periphery of the optimal solution, which is outside the origin’s attraction region under the optimal
pricing policy, the local price response behaves exactly as in the pre-demand shock environment. In stark
contrast, the optimal solution incentivizes movement of drivers from the periphery away from the demand
shock. In particular, the region [X,,Y}], which has a non-trivial size, is artificially damaged. This region is
needed for the optimal solution to steer more drivers towards the origin.

Welfare Implications. The revenue improvement of the optimal solutions relies on creating a special
region in which drivers’ utilities are below of what they could earn if the platform responded only locally
to the demand shock. This raises the question of whether revenue-optimal pricing leads to lower or higher
surpluses for drivers and consumers compared to the benchmark solution.
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The social welfare (STW) equals the sum of the platform’s revenue, and the driver (DS) and consumer
surpluses (CS), as given by

DS = /C V(@) dO), CS= /C E[(v — p(z))|v > p(z)] - min {ST(x), Ao -F(p(x))} dr(z).

diff

Driver surplus corresponds to nothing more than the integral of driver equilibrium utilities across all locations
in Cgig. Similarly, consumer surplus corresponds to the gains enjoyed across Cqig by all those consumers who
are willing to pay and are matched to some driver.

In Table 3 we display the percentage differences of driver and consumer surpluses, as well as social welfare
between the optimal and benchmark solutions. We note that there are instances where the optimal solution
is a Pareto improvement over the myopic price response, in the sense that it is better for the platform, drivers
and consumers. There are also instances where the platform’s revenue gain is at the expense of both drivers

and consumers.

01 1 1.5 2 2.5 3 3.5 4 4.5 )
A =3 | -0.67 3.09 11.3 13.64 14.6 1244 10.00 7.53 4.92
DS X = -4.15  -399 -162 -2.01 -0.82 0.74 3.00 535 7.80
Ao = -6.22 -735 -748 -945 -9.72 -9.02 -814 -6.36 -4.32
Ao = -1096 -14.1 -1848 -7.24 -3.15 -044 1.01 1.57 1.58
CS XM=6] -12.03 -10.58 -17.15 -6.32 1.18 4.18 424 285 0.69
Ao = -14.33 -11.94 -22.43 -12.58 -1.39 5.77 9.73 10.98 10.44
A =3]| -1.04 0.81 4.26 828 970 883 T7.44 5.8 3.96
SW X=61] -360 -356 -349 -1.05 150 3.16 4.43 529 5.87
AMN=9] -524 -595 -816 -6.84 -440 -2.32 -0.86 0.51 1.58

Table 3: Driver surplus, consumer surplus and social welfare difference (in %) of optimal solution
over myopic price response in Cgig.

For a given level of supply, the driver surplus degrades with respect to the benchmark as the demand
shock becomes more intense. We also find that, independently of the size of the demand shock, the optimal
solution performs better than the benchmark in terms of consumer surplus when the supply level is high.
More drivers in the city imply more matches and lower prices and, thus, higher consumer surplus.
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