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Derivation of Equilibrium Price Distributions in the Pricing Subgame  

As discussed in the main text, given store search costs, ݏଵ and ݏଶ, we derive the stores’ equilibrium 

price distributions ܨଵሺ݌ሻ and ܨଶሺ݌ሻ from the indifference equations on the stores’ pricing, taking into 

account the optimal consumer behavior. The various possibilities of the costly-searcher reservation prices 

discussed in the main text can be put together with the possibilities of whether a store wants to price above 

the reservation price (which is when its profit is not strictly above what it can obtain from the loyal 

consumers by pricing at their valuation) and the potential mass points (noting that both stores cannot in 

equilibrium have a mass point at the same price due to the competition for the shopper segment), to obtain 

the possible equilibrium cases as listed in Table A1. The four possible types of price distributions are 

illustrated in Figure 1. This table, together with Figure A1, are color coded based on the relative values of 

reservation prices. Below, we first explain these cases and then proceed to fully characterize each case in 

the next section. 

In each of the cases, we use indifference equations to solve for unknown points of price distributions 

,଴݌) ,ݎ  ௥௜, etc.) and we derive costly-searchers’ equilibrium search and purchase behavior. In particular, weܨ

obtain, ߛ଴, the portion of costly-searchers who do not search/purchase, and ߛ௜, the portion of costly-

searchers who start their visit from Store ݅, for ݅ ∈ ሼ1,2ሽ. We should always have 

଴ߛ ൅ ଵߛ ൅ ଶߛ ൌ ߛ ൌ 1 െ ଵߙ െ ଶߙ െ   (1)     .ߚ

In Case 1, search costs are high (see Figure A1) such that reservation prices become higher than ݒ, 

which results in all costly-searchers staying out (see Table A1, first row). When one of the store’s search 

costs becomes smaller, we enter the region of Case 2. In this case, ݎ௜ ൌ ݒ ൏  ௝, and so a positive portion ofݎ

costly-searchers (but not all of them) visit Store ݅. When this search cost decreases even further, we enter 

region of Case 3, in which all costly-searchers visit and purchase from one of the stores. In this case,  ݎ௜ ൏

ݒ ൏ ௜ߛ ௝, and thusݎ ൌ ଴ߛ whereas ,ߛ ൌ ௝ߛ ൌ 0. In Case 4, where both search costs are in the intermediate-

to-high range, we have ݎ௜ ൌ ௝ݎ ൌ ଴ߛ resulting in ,ݒ ൐ 0	, ௝ߛ ൐ 0 and ߛ௜ ൐ 0. In Cases 1-4, the price 

distribution is of Type A. 

In Case 5, 7, 9, and 11, we have ݎ௜ ൌ ௝ݎ ൏  which implies all costly-searchers enter the market and ,ݒ

split between stores, that is, ߛ௜ ൐ 0	, ௝ߛ ൐ 0, and ߛ଴ ൌ 0. The difference between these cases (for which we 

use yellow both in Table A1 and Figure A1) is in the type of price distributions. These cases occur when 

search costs are in the intermediate range and close to each other. Finally, in Cases 6, 8, 10, and 12, marked 

by purple, we have ݎ௜ ൏ ௝ݎ ൏ ௜ߛ ,Therefore, all costly-searchers start their search from Store ݅, that is .ݒ ൌ

,	ߛ ௝ߛ ൌ 0, and ߛ଴ ൌ 0. These four cases happen when one or both search costs are low.  

We note that stores are asymmetric, because we assumed ߙଵ ൐  ଶ. Therefore, which stores take theߙ
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role of Store ݅ (defined as the one with ݎ௜ ൏ ௜ݎ ௝ whenݎ ്  ௝) is important. Thus, a case is further labeledݎ

“ܽ” if ݅ ൌ 1 and ݆ ൌ 2, and is labeled “ܾ” for the reverse situation (݅ ൌ 2 and ݆ ൌ 1). For this reason, we 

see two regions, for example, for Case 2, in Figure A1 (labeled Case 2ܽ and Case 2ܾ). These regions (“ܽ” 

and “ܾ” for the same case number) are not symmetric in Figure A1, because we have asymmetric stores 

ଵߙ) ൐  .(ଶߙ

In each case, given the pattern of the costly-searcher behavior (whether ߛ଴,	ߛ௜,	ߛ௝ are zero or positive), 

and the shape of the price distribution (Type A, B, C, or D), we write indifference equations and use store 

search equations 

௜ݏ ൌ ׬ ሺݎ௜ െ ሻ݌௜ሺܨ݀	ሻ݌
௥೔
௣బ

.      (2) 

Solving these equations together yields (1) ߛ଴,	ߛ௜,	ߛ௝, (2) reservation prices, and (3) the unknown values in 

the price distributions (݌଴, ,ݎ ௥௜, etc.). To shorten equations, we use the notation ݉௫ܨ ൌ 1 െ  ௫ throughoutܨ

the Appendix. 

Type A Price Distributions (Cases 1-4) 

Case 1  

In this case, ݏଵ and ݏଶ are both high. All of the costly-searchers stay out of the market (ߛ଴ ൌ ଵߛ ,ߛ ൌ 0, and 

ଶߛ ൌ 0). Store 1, with a larger loyal segment, has a mass point at ݒ (the other way around does not occur 

because ߙଵ ൐   ,ଶ; thusߙ

ଵߨ ൌ ሺߙଵ ൅ ଴݌ሻߚ ൌ ݌ଵߙ ൅ ൫1݌ߚ െ ሻ൯݌ଶሺܨ ൌ  ,ݒଵߙ

ଶߨ ൌ ሺߙଶ ൅ ଴݌ሻߚ ൌ ݌ଶߙ ൅ ൫1݌ߚ െ ሻ൯݌ଵሺܨ ൌ ݒଶߙ ൅  .ଵ௩݉ݒߚ

Solving them, we get ݌଴ ൌ
ఈభ௩

ఈభାఉ
  and ݉ ଵ௩ ൌ

ఈభିఈమ
ఈభାఉ

.  Moreover, price distributions are	ܨଶሺ݌ሻ ൌ
ሺఈభାఉሻሺ௣ି௣బሻ

ఉ௣
  

and  ܨଵሺ݌ሻ ൌ
ሺఈమାఉሻሺ௣ି௣బሻ

ఉ௣
. The costly-searchers stay out of the market as ݎଵ ൐ ଶݎ and ݒ ൐  ሻ݌ଵሺܨ We plug .ݒ

and ܨଶሺ݌ሻ into the search equation and take the integral to obtain 

௜ݏ ൌ ׬ ሺݎ௜ െ ሻ݌௜ሺܨ݀	ሻ݌
௥೔
௣బ

ൌ ׬ ሺݒ െ ሻ݌௜ሺܨ݀	ሻ݌
௩
௣బ

൅ ሺݎ௜ െ ሻݒ ൌ  

׬ ሺݒ െ ݀	ሻ݌
൫ఈೕାఉ൯ሺ௣ି௣బሻ

ఉ௣

௩
௣బ

൅ ሺݎ௜ െ ሻݒ ൌ
ఈೕାఉ

ఉ
଴݌ ቀ

௩

௣బ
െ ݃݋ܮ

௩

௣బ
െ 1ቁ ൅ ሺݎ௜ െ ሻݒ ⟹  

ଵݎ ൌ ݒ ൅ ଵݏ െ
ఈభ௩

ఉ

ఈమାఉ

ఈభାఉ
ቀఈభାఉ

ఈభ
െ ݃݋ܮ

ఈభାఉ

ఈభ
െ 1ቁ  and ݎଶ ൌ ݒ ൅ ଶݏ െ

ఈభ௩

ఉ
ቀఈభାఉ

ఈభ
െ ݃݋ܮ

ఈభାఉ

ఈభ
െ 1ቁ.   

Thus, the region of this case (ݎଵ ൐ ଶݎ and ݒ ൐  illustrated in Figure A1, is ,(ݒ

ଵݏ ൐ ଵݏ ≡
ఈభ௩

ఉ

ఈమାఉ

ఈభାఉ
ቀఈభାఉ

ఈభ
െ ݃݋ܮ

ఈభାఉ

ఈభ
െ 1ቁ , ݏଶ ൐ ଶݏ ≡

ఈభ௩

ఉ
ቀఈభାఉ

ఈభ
െ ݃݋ܮ

ఈభାఉ

ఈభ
െ 1ቁ. 

In Case 1, store profits are ߨଵ ൌ ଶߨ and ݒଵߙ ൌ
ఈమାఉ

ఈభାఉ
 .ݒଵߙ
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Case 2  

In this case, a fraction of costly-searchers stays out and the remaining visit and purchase from Store ݅ (ߛ଴ ൐

௜ߛ ,0 ൐ 0, and ߛ௝ ൌ 0). In terms of reservation prices, we have ݎ௜ ൌ ݒ ൏  ௝. Indifference equations areݎ

௜ߨ ൌ ሺߙ௜ ൅ ௜ߛ ൅ ଴݌ሻߚ ൌ ሺߙ௜ ൅ ݌௜ሻߛ ൅ ሺ1݌ߚ െ ሻሻ݌௝ሺܨ ൌ ሺߙ௜ ൅   ݒ௜ሻߛ

௝ߨ ൌ ൫ߙ௝ ൅ ଴݌൯ߚ ൌ ൫ߙ௝൯݌ ൅ ൫1݌ߚ െ ሻ൯݌௜ሺܨ ൌ ݒ௝ߙ ൅    .௜௩݉ݒߚ

Using (2), we get ݏ௜ ൌ
௩௣బሺଵି௠೔ೡሻ

௩ି௣బ
ቀ ௩
௣బ
െ ݃݋ܮ

௩

௣బ
െ 1ቁ and ݏ௝ ൐

௩௣బ
௩ି௣బ

ቀ ௩
௣బ
െ ݃݋ܮ

௩

௣బ
െ 1ቁ.  We solve these 

equations to find ݌଴,  ௝ equation, we obtainߨ ௜, and ݉௜௩. Plugging in ݉௜௩ fromߛ

௜ݏ ൌ
ఈೕାఉ

ఉ
଴݌ ቀ

௩

௣బ
െ ݃݋ܮ

௩

௣బ
െ 1ቁ.         (3) 

Equation (3) has a unique solution for ݌଴. Moreover, ݌଴ decreases with ݏ௜: 

డ௦೔
డ௣బ

ൌ
ఈೕାఉ

ఉ

డሺ௩ା௣బ௅௢௚	௣బି௣బ௅௢௚	௩ି௣బሻ

డ௣బ
ൌ ଴݌	݃݋ܮ െ ݒ	݃݋ܮ ൏ 0.   

Also, from indifference equations for Store ݅, we have ߛ௜ ൌ
ఉ௣బ
௩ି௣బ

െ  ଴, and so݌ ௜ increases withߛ ,௜. Henceߙ

it decreases with ݏ௜. We conclude that in his case, 
డగ೔
డ௦೔

൏ 0, whereas 
డగೕ
డ௦ೕ

ൌ 0. 

The region of Case 2 consists of 0 ൏ ௜ߛ ൏ ݉ ,ߛ ௜௩ ൐ 0, and ݒ ൏ ௜ߛ ௝. We haveݎ ൐ 0 ⇔ ଴݌ ൐
ఈ೔௩

ఈ೔ାఉ
௜ߛ ,  ൏

ߛ ⇔ ଴݌ ൏
ఈ೔ାఊ

ఈ೔ାఊାఉ
and ݉௜௩ ,ݒ ൐ 0 ⇔ ൫ߙ௝ ൅ ଴݌൯ߚ ൐ ݒ௝ߙ ⟺ ଴݌ ൐

ఈೕ௩

ఈೕାఉ
. Therefore, we have 

max ቄ
ఈభ௩

ఈభାఉ
,
ఈమ௩

ఈమାఉ
ቅ ൌ

ఈభ௩

ఈభାఉ
൏ ଴݌ ൏

ఈ೔ାఊ

ఈ೔ାఊାఉ
 ,Thus, plugging in (3), we get the region of Case 2 .ݒ

௜ݏ ൌ
ሺఈ೔ାఊሻሺఈೕାఉሻ

ఉሺఈ೔ାఊାఉሻ
ݒ ቀ

ఈ೔ାఊାఉ

ఈ೔ାఊ
െ ݃݋ܮ

ఈ೔ାఊାఉ

ఈ೔ାఊ
െ 1ቁ ൏ ௜ݏ ൏ ௜ݏ ൌ

ఈభሺఈೕାఉሻ

ఉሺఈభାఉሻ
ݒ ቀ

ఈభାఉ

ఈభ
െ ݃݋ܮ

ఈభାఉ

ఈభ
െ 1ቁ.   

Moreover, ൏ ⇔ ௝ݎ ௝ݏ ൐
௩௣బ
௩ି௣బ

ቀ ௩
௣బ
െ ݃݋ܮ

௩

௣బ
െ 1ቁ, where ݌଴ solves equation (3). By canceling ݌଴, we get 

௜ݏ ൐
൫ఈೕାఉ൯௦ೕିఉ௦೔

ఉ௦ೕ
ݒ ൬

ሺఈೕାఉሻ௦ೕ
൫ఈೕାఉ൯௦ೕିఉ௦೔

െ ݃݋ܮ
ሺఈೕାఉሻ௦ೕ

൫ఈೕାఉ൯௦ೕିఉ௦೔
െ 1൰.  

Note that in Case 2ܽ, 
ఈభ௩

ఈభାఉ
൏ ଴݌ ൏

ఈభାఊ

ఈభାఊାఉ
ݒ →

ఈభ
ఈభାఉ

൏
ఈభାఊ

ఈభାఊାఉ
	which is always correct. In Case 2ܾ, 

ఈభ௩

ఈభାఉ
൏ ଴݌ ൏

ఈమାఊ

ఈమାఊାఉ
ଵߙ which requires ݒ ൏ ଶߙ ൅ ଵߙ If .ߛ ൒ ଶߙ ൅  .then only the region of Case 2ܽ exists ,ߛ

 

Case 3 

In this case, one of the stores has a low search cost and the other has a high search cost, which results in 

଴ߛ ൌ ௜ߛ ,0 ൌ ௝ߛ and ,ߛ ൌ 0. In terms of reservation prices, we have ݎ௜ ൏ ݒ ൏  ௝. Indifference equations areݎ

௜ߨ ൌ ሺߙ௜ ൅ ߛ ൅ ଴݌ሻߚ ൌ ሺߙ௜ ൅ ௝ߨ  ,  ݒሻߛ ൌ ൫ߙ௝ ൅ ଴݌൯ߚ ൌ ݒ௝ߙ ൅   .௜௩݉ݒߚ
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Thus, we obtain ݌଴ ൌ
ሺఈ೔ାఊሻ௩

ఈ೔ାఊାఉ
 and ݉ ௜௩ ൌ

ఈ೔ିఈೕାఊ	

ఈ೔ାఉାఊ
. Store profits are ߨ௜ ൌ ሺߙ௜ ൅ ௝ߨ  and ݒሻߛ ൌ

ሺఈ೔ାఊሻ൫ఈೕାఉ൯௩

ఈ೔ାఊାఉ
.  

The region of Case 3 is obtained from ݎ௜ ൏ ݒ ൏ ௝ݎ ⇔ ௜ݏ ൏ ௝ݏ	&	௜ݏ ൐  ,௝௩, whereݏ

௜ݏ ൌ
ሺఈ೔ାఊሻሺఈೕାఉሻ

ఉሺఈ೔ାఊାఉሻ
ݒ ቀ

ఈ೔ାఊାఉ

ఈ೔ାఊ
െ ݃݋ܮ

ఈ೔ାఊାఉ

ఈ೔ାఊ
െ 1ቁ and ݏ௝௩ ൌ

ሺఈ೔ାఊሻ

ఉ
ݒ ቀ

ఈ೔ାఊାఉ

ఈ೔ାఊ
െ ݃݋ܮ

ఈ೔ାఊାఉ

ఈ೔ାఊ
െ 1ቁ.  

Moreover, ݉௜௩ ൐ 0 requires ߙ௜ െ ௝ߙ ൅ ߛ ൐ 0 which is always true in Case 3ܽ. In Case 3ܾ,  we should 

have ߙଶ െ ଵߙ ൅ ߛ ൐ 0. Otherwise, Store 1 (instead of Store 2) will have a mass point at ݒ. In this case, 

we have, 

ଵߨ ൌ ሺߙଵ ൅ ଴݌ሻߚ ൌ ଶߨ    ,ݒଵߙ ൌ ሺߙଶ ൅ ߛ ൅ ଴݌ሻߚ ൌ ሺߙଶ ൅ ݒሻߛ ൅    .ଵ௩݉ݒߚ

Thus, we obtain ݌଴ ൌ
ఈభ௩

ఈభାఉ
 and ݉ଵ௩ 	ൌ

ఈభିఈమିఊ	

ఈభାఉ
. Store profits are ߨଵ ൌ ଶߨ  and ݒଵߙ ൌ

ఈభሺఈమାఊାఉሻ௩

ఈభାఉ
. 

Case 4  

In this case, search costs are relatively high, and so some of the costly-searchers stay out while the remaining 

are divided between the two stores (ߛ଴ ൐ ௜ߛ ,0 ൐ 0, and ߛ௝ ൐ 0). In terms of reservation prices, we have 

௜ݎ ൌ ௝ݎ ൌ  Indifference equations are .ݒ

௜ߨ ൌ ሺߙ௜ ൅ ௜ߛ ൅ ଴݌ሻߚ ൌ ሺߙ௜ ൅ ௝ߨ  and  ݒ௜ሻߛ ൌ ൫ߙ௝ ൅ ௝ߛ ൅ ଴݌൯ߚ ൌ ൫ߙ௝ ൅ ݒ௝൯ߛ ൅   .௜௩݉ݒߚ

We plug ݎ௜ ൌ ௝ݎ ൌ  into equation (2) to obtain ݒ

௜ݏ ൌ
௩௣బሺଵି௠೔ೡሻ

௩ି௣బ
ቀ ௩
௣బ
െ ݃݋ܮ

௩

௣బ
െ 1ቁ and ݏ௝ ൌ

௩௣బ
௩ି௣బ

ቀ ௩
௣బ
െ ݃݋ܮ

௩

௣బ
െ 1ቁ.  

Using these two search equations, we get 1 െ ݉௜௩ ൌ ௝. Therefore, ݉௜௩ݏ/௜ݏ ൐ 0	and	 ௝݉௩ ൌ 0 if and only if 

௜ݏ ൏  .௝ݏ ଴ uniquely solves Store ݆’s search equation, and it is a decreasing function of݌ ,௝. Moreoverݏ

However, ݌଴ does not change with ݏ௜. Therefore, ߛ௜ and ߨ௜ do not change with ݏ௜. Plugging ݌଴ and ݉௜௩ into 

indifference equations gives us ߛ௜ ൌ
ఉ௣బ
௩ି௣బ

െ ௝ߛ ௜ andߙ ൌ
ఉ௩

௩ି௣బ

௦೔
௦ೕ
െ ௝ߙ െ ଴ߛ ,Moreover .ߚ ൌ ߛ െ ௜ߛ െ ௝ߛ ൌ

1 െ
ఉ

௩ି௣బ
൬݌଴ ൅ ݒ

௦೔
௦ೕ
൰. Both ߨ௝ and ߛ௝ decrease with ݏ௝.  

The region of Case 4 consists of ߛ଴ ൐ ௜ߛ ,0 ൐ ௝ߛ ,0 ൐ 0, and ݉௜௩ ൐ 0. These imply ݏ௜ ൏

൫ఈೕାఉ൯௦ೕିఉ௦೔
ఉ௦ೕ

ݒ ൬
ሺఈೕାఉሻ௦ೕ

൫ఈೕାఉ൯௦ೕିఉ௦೔
െ ݃݋ܮ

ሺఈೕାఉሻ௦ೕ
൫ఈೕାఉ൯௦ೕିఉ௦೔

െ 1൰, 
௦ೕିఉ௦೔
ఉሺ௦೔ା௦ೕሻ

ݒ ൬
ሺଵାఉሻ௦ೕ
௦ೕିఉ௦೔

െ ݃݋ܮ
ሺଵାఉሻ௦ೕ
௦ೕିఉ௦೔

െ 1൰ ൏  ௝, andݏ

௜ݏ ൏  .	௝ݏ

Type B Price Distributions (Cases 5-6) 

Case 5 

In this case, search costs are lower and hence all costly-searchers visit and purchase at one of the stores. 

Hence, ߛ଴ ൌ ௜ߛ ,0 ൐ 0, and ߛ௝ ൐ 0. In terms of reservation prices, we have ݎ௜ ൌ ௝ݎ ൏  Price distributions .ݒ
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are of Type B. Indifference equations are 

௜ߨ ൌ ሺߙ௜ ൅ ௜ߛ ൅ ଴݌ሻߚ ൌ ሺߙ௜ ൅ ௝ߨ   and   ݎ௜ሻߛ ൌ ൫ߙ௝ ൅ ௝ߛ ൅ ଴݌൯ߚ ൌ ൫ߙ௝ ൅ ݎ௝൯ߛ ൅  .௜௥݉ݎߚ

Search equations are ݏ௜ ൌ
ఈೕାఊೕାఉ

ఉ
଴݌ ቀ

௥

௣బ
െ ݃݋ܮ

௥

௣బ
െ 1ቁ , ݏ௝ ൌ

ఈ೔ାఊ೔ାఉ

ఉ
଴݌ ቀ

௥

௣బ
െ ݃݋ܮ

௥

௣బ
െ 1ቁ.  

From the search equations, we have 
௦೔
௦ೕ
ൌ

ఈೕାఊೕାఉ

ఈ೔ାఊ೔ାఉ
. Combining with ߛ௜ ൅ ௝ߛ ൌ ௜ߛ we get ,ߛ ൌ

ሺଵିఈ೔ሻ௦ೕିሺఈ೔ାఉሻ௦೔
௦೔ା௦ೕ

, ௝ߛ	݀݊ܽ ൌ
൫ଵିఈೕ൯௦೔ିሺఈೕାఉሻ௦ೕ

௦೔ା௦ೕ
. Moreover, ݌଴ ൌ

ఉሺ௦೔ା௦ೕሻ

ଵାఉ
൬
ሺଵାఉሻ௦ೕ
௦ೕିఉ௦೔

െ ݃݋ܮ
ሺଵାఉሻ௦ೕ
௦ೕିఉ௦೔

െ 1൰
ିଵ

, 

ݎ ൌ
ఉ௦ೕሺ௦೔ା௦ೕሻ

௦ೕିఉ௦೔
൬
ሺଵାఉሻ௦ೕ
௦ೕିఉ௦೔

െ ݃݋ܮ
ሺଵାఉሻ௦ೕ
௦ೕିఉ௦೔

െ 1൰
ିଵ

, and ݉ ௜௥ ൌ 1 െ
௦೔
௦ೕ

. Therefore, Store ݅ ’s distribution has a mass 

point if and only if ݏ௜ ൏   ௝. Profits becomeݏ

௜ߨ ൌ ௝ݏߚ ൬
ሺଵାఉሻ௦ೕ
௦ೕିఉ௦೔

െ ݃݋ܮ
ሺଵାఉሻ௦ೕ
௦ೕିఉ௦೔

െ 1൰
ିଵ

and ߨ௝ ൌ ௜ݏߚ ൬
ሺଵାఉሻ௦ೕ
௦ೕିఉ௦೔

െ ݃݋ܮ
ሺଵାఉሻ௦ೕ
௦ೕିఉ௦೔

െ 1൰
ିଵ

. 

We have 
డఊ೔
డ௦೔

ൌ െ
ሺଵାఉሻ௦ೕ

൫௦೔ା௦ೕ൯
మ and 

డఊೕ
డ௦ೕ

ൌ െ
ሺଵାఉሻ௦೔

൫௦೔ା௦ೕ൯
మ . Moreover, 

డ௣బ
డ௦೔

ൌ െ
ఉ൫௬మି௬ା௅௢௚ሾଵା௬ሿ൯

ሺଵାఉሻሺ௬ି௅௢௚ሾଵା௬ሿሻమ
൏ 0, where ݕ ≡

ఉሺ௦೔ା௦ೕሻ

௦ೕିఉ௦೔
. Hence, 

డగ೔
డ௦೔

൏ 0 as both ݌଴ and ߛ௜ decrease with ݏ௜. Furthermore, 
డగೕ
డ௦ೕ

ൌ
ሺఉି௬ሻమ௬

ሺଵାఉሻሺଵା௬ሻሺ௬ି௅௢௚ሾଵା௬ሿሻమ
൐

0. Therefore, Store ݆’s profit increases with its own search cost, whereas Store ݅’s profit decreases with its 

own search cost. 

The region of Case 5 consists of ݎ ൏ ௜ߛ ,ݒ ൐ ௝ߛ ,0 ൐ 0, ݉ ௜௩ ൐ ௜ߨ ,0 ൐ ௝ߨ and , ݒ௜ߙ ൐  These imply .ݒ௝ߙ

௝ݏ ൏
௦ೕିఉ௦೔
ఉሺ௦೔ା௦ೕሻ

ݒ ൬
ሺଵାఉሻ௦ೕ
௦ೕିఉ௦೔

െ ݃݋ܮ
ሺଵାఉሻ௦ೕ
௦ೕିఉ௦೔

െ 1൰, 
ఈೕାఉ

ଵିఈೕ
൏

௦೔
௦ೕ
൏

ଵିఈ೔
ఈ೔ାఉ

௜ݏ , ൏ ௝ݏߚ ,	௝ݏ ൬
ሺଵାఉሻ௦ೕ
௦ೕିఉ௦೔

െ ݃݋ܮ
ሺଵାఉሻ௦ೕ
௦ೕିఉ௦೔

െ

1൰
ିଵ

൐ ௜ݏߚ and ,ݒ௜ߙ ൬
ሺଵାఉሻ௦ೕ
௦ೕିఉ௦೔

െ ݃݋ܮ
ሺଵାఉሻ௦ೕ
௦ೕିఉ௦೔

െ 1൰
ିଵ

൐  .ݒ௝ߙ

Case 6 

In this case, all costly-searchers visit and buy from Store ݅ (ߛ଴ ൌ ௜ߛ , 0 ൌ ௝ߛ and ,ߛ ൌ 0). Also, the price 

distributions are of type B (bounded from above by ݎ௝). In terms of reservation pries, we have ݎ௜ ൏ ௝ݎ ൌ

ݎ ൏  Indifference equations are .ݒ

௜ߨ ൌ ሺߙ௜ ൅ ߛ ൅ ଴݌ሻߚ ൌ ሺߙ௜ ൅ ௝ߨ , ௝ݎሻߛ ൌ ൫ߙ௝ ൅ ଴݌൯ߚ ൌ ௝ݎ௝ߙ ൅  .௝݉௜௥ݎߚ

Search equations are ݏ௜ ൌ
௥೔௣బሺଵି௠೔ೝሻ

௥೔ି௣బ
ቀ௥೔
௣బ
െ ݃݋ܮ

௥೔
௣బ
െ 1ቁ , ݏ௝ ൌ

௥ೕ௣బ
௥ೕି௣బ

ቀ
௥ೕ
௣బ
െ ݃݋ܮ

௥ೕ
௣బ
െ 1ቁ. Using the above 

equations, we get ݌଴ ൌ
ఉ௦ೕ

ఈ೔ାఊାఉ
ቀఈ೔ାఊାఉ

ఈ೔ାఊ
െ ݃݋ܮ

ఈ೔ାఊାఉ

ఈ೔ାఊ
െ 1ቁ

ିଵ
, and ݎ௝ ൌ

ఉ௦ೕ
ఈ೔ାఊ

ቀఈ೔ାఊାఉ
ఈ೔ାఊ

െ ݃݋ܮ
ఈ೔ାఊାఉ

ఈ೔ାఊ
െ

1ቁ
ିଵ

, ݉௜௥ ൌ 1 െ ௜௥ܨ ൌ
ఈ೔ିఈೕାఊ

ఈ೔ାఉାఊ
 . Profits become 

௜ߨ ൌ ௝ݏߚ ቀ
ఈ೔ାఊାఉ

ఈ೔ାఊ
െ ݃݋ܮ

ఈ೔ାఊାఉ

ఈ೔ାఊ
െ 1ቁ

ିଵ
 and  ߨ௝ ൌ

ఉ൫ఈೕାఉ൯௦ೕ
ఈ೔ାఊାఉ

ቀఈ೔ାఊାఉ
ఈ೔ାఊ

െ ݃݋ܮ
ఈ೔ାఊାఉ

ఈ೔ାఊ
െ 1ቁ

ିଵ
. 
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Hence, profits do not change with ݏ௜ but linearly increase with ݏ௝.  

The region of Case 6 consists of ݎ௜ ൏ ௝ݎ ൏ ௜௩݉ ,ݒ ൐ ௜ߨ ,0 ൐ ௝ߨ and , ݒ௜ߙ ൐ ௜ݏ It follows that .ݒ௝ߙ ൏

ఈೕାఉ

ఈ೔ାఉାఊ
௝ and maxݏ ൜

ఈ೔ାఊାఉ

ఈೕାఉ

ఈೕ௩

ఉ
,
ఈ೔௩

ఉ
ൠ ൏ ௝ݏ ቀ

ఈ೔ାఊାఉ

ఈ೔ାఊ
െ ݃݋ܮ

ఈ೔ାఊାఉ

ఈ೔ାఊ
െ 1ቁ

ିଵ
൏

ఈ೔ାఊ

ఉ
  .ݒ

Type C Price Distributions (Cases 7-8) 

Case 7  

Search costs are low enough, so that all costly-searchers visit and purchase from one of the stores (ߛ଴ ൌ 0, 

௜ߛ ൐ 0, and ߛ௝ ൐ 0). Hence, we have ݎ௜ ൌ ௝ݎ ൏  .with positive probability ݒ Store ݆ has the top price of .ݒ

Indifference equations are 

௜ߨ ൌ ሺߙ௜ ൅ ௜ߛ ൅ ଴݌ሻߚ ൅ ଴݌௝ߛ ௝݉௩ ൌ ሺߙ௜ ൅ ݎ௜ሻߛ ൅ ൫ߚ ൅ ݎ௝൯ߛ ௝݉௩ 

௝ߨ ൌ ൫ߙ௝ ൅ ௝ߛ ൅ ଴݌൯ߚ ൌ ൫ߙ௝ ൅ ݎ௝൯ߛ ൅ ௜௥݉ݎߚ ൌ  .ݒ௝ߙ

Search equations are ݏ௜ ൌ
௥௣బሺଵି௠೔ೝሻ

௥ି௣బ
ቀ ௥
௣బ
െ ݃݋ܮ

௥

௣బ
െ 1ቁ , ݏ௝ ൌ

௥௣బሺଵି௠ೕೡሻ

௥ି௣బ
ቀ ௥
௣బ
െ ݃݋ܮ

௥

௣బ
െ 1ቁ. 

From ߨ௝ indifference equations, we have ൫ߙ௝ ൅ ௝ߛ ൅ ݎ൯ሺߚ െ ଴ሻ݌ ൌ ሺ1ߚݎ െ ݉௜௥ሻ. Thus, 
௥௣బሺଵି௠೔ೝሻ

௥ି௣బ
ൌ

൫ఈೕାఊೕାఉ൯௣బ
ఉ

ൌ
ఈೕ௩

ఉ
. Plugging into the search equation, we get 

ఉ௦೔
ఈೕ௩

ൌ ݔ െ ሻݔሺ݃݋ܮ െ 1, where ݔ ൌ
௥

௣బ
. This 

equation always has a unique positive root for ݔ. Then, combining the Store ݆ search equation with the 

Store ݆  indifference equation, we get ݏߚ௜ݔሺߙ௜ ൅ ߚ ൅ ଴ଶ݌ሻߛ െ ௝ߙ௝൫ݏݒ௝ߙ െ ௝ߙݔ ൅ ଴݌൯ߚ െ ݔ௝ሺݏଶݒ௝ଶߙ െ 1ሻ ൌ

0, which can be solved for ݌଴.  Because ݔ ൐ 1, this quadratic equation always has one positive root. Having 

ݎ ଴, we have݌ and ݔ ൌ ௜ߛ ,	଴݌ݔ ൌ ௝ߙ ൅ ߚ ൅ ߛ െ
ఈೕ௩

௣బ
, and ߛ௝ ൌ ߛ െ ௜ߛ ൌ

ఈೕ௩

௣బ
െ ௝ߙ െ Finally, ݉௜௥ .ߚ ൌ

ఈೕ௩ି൫ఈೕାఊೕ൯௥

ఉ௥
ൌ 1 െ

ఈೕ௩ሺ௫ିଵሻ

ఉ௫௣బ
 and ௝݉௩ ൌ 1 െ

ሺଵି௠೔ೝሻ௦ೕ
௦೔

ൌ 1 െ
ఈೕ௩ሺ௫ିଵሻ

ఉ௫௣బ

௦ೕ
௦೔

. Profits are ߨ௜ ൌ
௦ೕ
௦೔
௝ߨ and ݒ௝ߙ ൌ

௝ߨ ௜, whereasݏ Thus, Store ݅’s profit decreases with .ݒ௝ߙ ൌ  .does not depend on the search costs ݒ௝ߙ

Case 8  

In this case, all costly-searchers visit and purchase from Store ݅ (ߛ଴ ൌ ௜ߛ , 0 ൌ ௝ߛ and ,ߛ ൌ 0). Hence, ݎ௜ ൏

௝ݎ ൌ ݎ ൏  Moreover, Store ݆ charges the top price with positive probability. Indifference equations are .ݒ

௜ߨ ൌ ሺߙ௜ ൅ ߛ ൅ ଴݌ሻߚ ൌ ሺߙ௜ ൅ ௝ݎሻߛ ൅ ௝ݎߚ ௝݉௩ ,  ߨ௝ ൌ ൫ߙ௝ ൅ ଴݌൯ߚ ൌ ௝ݎ௝ߙ ൅ ௝݉௜௥ݎߚ ൌ  .ݒ௝ߙ

Search equations are ݏ௜ ൌ
௥೔௣బሺଵି௠೔ೝሻ

௥೔ି௣బ
ቀ௥೔
௣బ
െ ݃݋ܮ

௥೔
௣బ
െ 1ቁ , ݏ௝ ൌ

௥ೕ௣బሺଵି௠ೕೡሻ

௥ೕି௣బ
ቀ
௥ೕ
௣బ
െ ݃݋ܮ

௥ೕ
௣బ
െ 1ቁ. 

From the second equation,  ݌଴ ൌ
ఈೕ௩

ఈೕାఉ
. Then,	ݎ௝ ൌ ݔ solves ݔ ଴, where݌ݔ െ ሻݔሺ݃݋ܮ െ 1 ൌ

ఉ൫ఈೕାఉ൯௦೔
ఈೕሺఈ೔ାఊାఉሻ௩

	. 

Profits are ߨ௜ ൌ
ఈ೔ାఊାఉ

ఈೕାఉ
௝ߨ  and ݒ௝ߙ ൌ   .which do not depend on search costs ,ݒ௝ߙ
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Type D Price Distributions (Cases 9-12) 

Case 9 

Costly-searchers are divided between the two stores: ߛ଴ ൌ ௜ߛ ,0 ൐ 0, and ߛ௝ ൐ 0. In terms of reservation 

prices, we have ݎ ൌ ௜ݎ ൌ ௝ݎ ൏ ௜௩ܨ ,Also .ݒ ൌ 1. Indifference equations are 

௜ߨ ൌ ሺߙ௜ ൅ ௜ߛ ൅ ଴݌ሻߚ ൅ ଴݌௝ߛ ௝݉௥ ൌ ሺߙ௜ ൅ ݎ௜ሻߛ ൅ ൫ߚ ൅ ݎ௝൯ߛ ௝݉௥ ൌ ௠݌௜ߙ ൅ ሺߚ ൅ ௠݌ሻߛ ௝݉௥ ൌ ݒ௜ߙ ൅ ሺߚ ൅ ݒሻߛ ௝݉௩  

௝ߨ ൌ ൫ߙ௝ ൅ ௝ߛ ൅ ଴݌൯ߚ ൅ ଴݉௜௥௕݌௜ߛ ൌ ൫ߙ௝ ൅ ݎ௝൯ߛ ൅ ௜௥௔݉ݎߚ ൅ ௜௥௕݉ݎ௜ߛ ൌ ௠݌௝ߙ ൅ ሺߚ ൅ ௠ሺ1݌ሻߛ െ ௜௥௕ሻܨ ൌ  ݒ௝ߙ

Search equations are ݏ௜ ൌ
௥௣బሺଵି௠೔ೝೌሻ

௥ି௣బ
ቀ ௥
௣బ
െ ݃݋ܮ

௥

௣బ
െ 1ቁ , ݏ௝ ൌ

௥௣బሺଵି௠ೕೝሻ

௥ି௣బ
ቀ ௥
௣బ
െ ݃݋ܮ

௥

௣బ
െ 1ቁ. 

These equations are solved for nine unknowns: ൛݌଴, ,ݎ ,௠݌ ,௜ߛ ,௝,݉௜௥௔,݉௜௥௕ߛ ௝݉௥, ௝݉௩ൟ as follows. First, 

we find ݔ ൌ ݔ ଴ from݌/ݎ െ ሻݔሺ݃݋ܮ െ 1 ൌ
ఉ௦೔
ఈೕ௩

. Second, we find ݌௠ by solving the quadratic equation, 

൫1 െ ௜ݏ௝൯ߙ ቀሺ1 െ ߚሺݔ௜ሻሺߙ ൅ ሻߛ െ ߚ2 െ ௝ݏሻߛ െ ൫1 െ ௜ቁݏߚݔ௝൯ߙ ௠ଶ݌ ൅ ݒ௝ݏߚ௝ߙ ቀሺ1 െ ௝ݏ௜ሻߙ ൅ ൫1 െ ௝൯ሺ1ߙ ൅

௜ቁݏሻݔ2 ௠݌ ൅ ௝ߙ
ଶݏ௝

ଶݒଶ൫ߛ െ ߚሺ2ݔ ൅ ሻ൯ߛ ൌ 0. Having ݌௠, we can find all other variables from indifference 

equations. Profits are ߨ௜ ൌ
௦ೕ
௦೔
௝ߨ and ݒ௝ߙ ൌ ௝ߨ ௜, whereasݏ Thus, Store ݅’s profit decreases with .ݒ௝ߙ ൌ  ݒ௝ߙ

does not depend on the search costs. 

Case 10 

In this case, ߛ଴ ൌ ௜ߛ , 0 ൌ ௝ߛ and ,ߛ ൌ ௜ݎ) 0 ൏ ௝ݎ ൌ  costly-searchers strictly prefer Store ݅ to Store ݆ and .(ݎ

hence visit Store ݅. However, (with positive probability) they may make a second visit to Store ݆, but only 

if they find Store ݅’s price too high. Moreover, ܨ௜௩ ൌ 1. Indifference equations are 

௜ߨ ൌ ሺߙ௜ ൅ ߛ ൅ ଴݌ሻߚ ൌ ሺߙ௜ ൅ ௝ݎሻߛ ൅ ௝ݎߚ ௝݉௥ ൌ ௠݌௜ߙ ൅ ሺߚ ൅ ௠݌ሻߛ ௝݉௥ ൌ ݒ௜ߙ ൅ ሺߚ ൅ ݒሻߛ ௝݉௩ 

௝ߨ ൌ ൫ߙ௝ ൅ ଴݌൯ߚ ൅ ଴݉௜௥௕݌ߛ ൌ ௝ݎ௝ߙ ൅ ௝݉௜௥௔ݎߚ ൅ ௝݉௜௥௕ݎߛ ൌ ௠݌௝ߙ ൅ ሺߚ ൅ ௠ሺ1݌ሻߛ െ ௜௥௕ሻܨ ൌ  .ݒ௝ߙ

Search equations are ݏ௜ ൌ
௥೔௣బሺଵି௠೔ೝೌሻ

௥೔ି௣బ
ቀ௥೔
௣బ
െ ݃݋ܮ

௥೔
௣బ
െ 1ቁ , ݏ௝ ൌ

௥ೕ௣బሺଵି௠ೕೝሻ

௥ೕି௣బ
ቀ
௥ೕ
௣బ
െ ݃݋ܮ

௥ೕ
௣బ
െ 1ቁ. 

These equations are solved for eight unknowns: ൛݌଴, ,௜ݎ ,௝ݎ ,௠,݉௜௥௔,݉௜௥௕݌ ௝݉௥, ௝݉௩ൟ. First, we find ݔ ൌ

ݔ ଴ from݌/௝ݎ െ ሻݔሺ݃݋ܮ െ 1 ൌ
ఉయሺఈೕାఉାఊሻ௦ೕ
ఈೕሺఈ೔ାఊାఉሻ௩

௫

ሺఉమାఊమାఉఊሻ௫ିఉఊିఊమ
. Then, ݌଴ ൌ

ఈೕ௩ቀ൫ఉమାఊమାఉఊ൯௫ିఉఊିఊమቁ

ఉమሺఈೕାఊାఉሻ௫
. 

Having solved ݌଴, all other variables are obtained from indifference equations. Profits are ߨ௜ ൌ

ሺߙ௜ ൅ ߛ ൅ ௝ߨ  ଴ and݌ሻߚ ൌ  ௜. Storeݏ ௜ also do not change withߨ ଴ and݌ ,௜ݏ does not vary with ݔ Because .ݒ௝ߙ

݆’s profit ߨ௝ ൌ  .does not depend on the search costs ݒ௝ߙ

Case 11 

In this case, costly-searchers are divided between the two stores; hence, ߛ଴ ൌ ௜ߛ ,0 ൐ 0, and ߛ௝ ൐ 0. In 
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terms of reservation prices, we have ݎ ൌ ௜ݎ ൌ ௝ݎ ൏ ௝௩ܨ Also, we have .ݒ ൌ 1. Indifference equations are 

௜ߨ ൌ ሺߙ௜ ൅ ௜ߛ ൅ ଴݌ሻߚ ൅ ଴݌௝ߛ ௝݉௥ ൌ ሺߙ௜ ൅ ݎ௜ሻߛ ൅ ൫ߚ ൅ ݎ௝൯ߛ ௝݉௥ ൌ ௠݌௜ߙ ൅ ሺߚ ൅ ௠݌ሻߛ ௝݉௥ ൌ  ݒ௜ߙ

௝ߨ ൌ ൫ߙ௝ ൅ ߚ ൅ ௝ߛ ൅ ଴݌௜݉௜௥௕൯ߛ ൌ ൫ߙ௝ ൅ ௝ߛ ൅ ௜௥௔݉ߚ ൅ ݎ௜݉௜௥௕൯ߛ ൌ ൫ߙ௝ ൅ ௜௥௕݉ߚ ൅ ௠݌௜௥௕൯݉ߛ ൌ ൫ߙ௝ ൅ ௜௩݉ߚ ൅  .ݒ௜௩൯݉ߛ

Search equations are ݏ௜ ൌ
௥௣బሺଵି௠೔ೝೌሻ

௥ି௣బ
ቀ ௥
௣బ
െ ݃݋ܮ

௥

௣బ
െ 1ቁ , ݏ௝ ൌ

௥௣బሺଵି௠ೕೝሻ

௥ି௣బ
ቀ ௥
௣బ
െ ݃݋ܮ

௥

௣బ
െ 1ቁ. 

These equations are solved for nine unknowns:	൛݌଴, ,ݎ ,௠݌ ,௜ߛ ,௝,݉௜௥௔,݉௜௥௕,݉௜௩ߛ ௝݉௥ൟ. Profits are ߨ௜ ൌ

௝ߨ  and ݒ௜ߙ ൌ
௦೔
௦ೕ
௜ߨ ௝, whereasݏ Thus, Store ݆’s profit decreases with .ݒ௜ߙ ൌ  is does not depend on the ݒ௜ߙ

search costs. 

Case 12 

In this case, ߛ଴ ൌ ௜ߛ , 0 ൌ ௝ߛ and ,ߛ ൌ ௜ݎ) 0 ൏ ௝ݎ ൌ  costly-searchers strictly prefer Store ݅ to Store ݆ and .(ݎ

hence visit Store ݅. However, (with positive probability) they might make a second visit to Store ݆, only if 

they find Store ݅’s price too high. Also, ܨ௝௩ ൌ 1. Indifference equations are  

௜ߨ ൌ ሺߙ௜ ൅ ߛ ൅ ଴݌ሻߚ ൌ ሺߙ௜ ൅ ௝ݎሻߛ ൅ ௝ݎߚ ௝݉௥ ൌ ௠݌௜ߙ ൅ ሺߚ ൅ ௠݌ሻߛ ௝݉௥ ൌ  ݒ௜ߙ

௝ߨ ൌ ൫ߙ௝ ൅ ଴݌൯ߚ ൅ ଴݉௜௥௕݌ߛ ൌ ௝ݎ௝ߙ ൅ ௝݉௜௥௔ݎߚ ൅ ௝݉௜௥௕ݎߛ ൌ ௠݌௝ߙ ൅ ሺߚ ൅ ௠ሺ1݌ሻߛ െ ௜௥௕ሻܨ ൌ ݒ௝ߙ ൅ ሺߚ ൅  .௜௩݉ݒሻߛ

Search equations are ݏ௜ ൌ
௥೔௣బሺଵି௠೔ೝೌሻ

௥೔ି௣బ
ቀ௥೔
௣బ
െ ݃݋ܮ

௥೔
௣బ
െ 1ቁ , ݏ௝ ൌ

௥ೕ௣బሺଵି௠ೕೝሻ

௥ೕି௣బ
ቀ
௥ೕ
௣బ
െ ݃݋ܮ

௥ೕ
௣బ
െ 1ቁ. 

These eight equations are solved for eight unknowns: ൛݌଴, ,௜ݎ ,௝ݎ ,௠,݉௜௥௔,݉௜௥௕,݉௜௩݌ ௝݉௥ൟ.	From 

indifference equations, we get ݌଴ ൌ
ఈ೔௩

ఈ೔ାఊାఉ
. We find ݔ ൌ ݔ ଴ from݌/௝ݎ െ ሻݔሺ݃݋ܮ െ 1 ൌ

ఉ௦ೕ
ఈ೔௩

. Then, ݎ௝ ൌ

ݔ଴݌ ൌ
ఈ೔௩

ఈ೔ାఊାఉ
௜ߨ All other variables are obtained respectively. Profits are .ݔ ൌ ௝ߨ and ݒ௜ߙ ൌ

ఈ೔ఉమ൫ఈೕାఊାఉ൯௥ೕ௩

ሺఈ೔ାఊାఉሻሺఉమାఊమାఉఊሻ௥ೕିఈ೔ఊሺఊାఉሻ௩
. We have 

డ௫

డ௦ೕ
൐ 0. Therefore, 

డ௥ೕ
డ௦ೕ

൐ 0. Thus, 
డగೕ
డ௦ೕ

ൌ
డగೕ
డ௥ೕ

డ௥ೕ
డ௦ೕ

൏ 0. Hence, 

Store ݆’s profit decreases with ݏ௝, whereas ߨ௜ ൌ  .does not depend on the search costs ݒ௜ߙ

Derivation of Store Best-Response Functions 

Denote stores’ best-response functions by ݏଵ
∗ሺݏଶሻ and ݏଶ

∗ሺݏଵሻ. Figure A2 shows these functions. 

Store 1’s Best-Response Function 

When ݏଶ is small, Store 1’s profit is increasing in ݏଵ in the region of Case 6ܾ, and is constant in other 

cases. We assumed facilitation of search has an infinitesimal cost, implying a store prefers a higher ݏ to a 

lower one when both levels generate the same revenue. Therefore, Store 1’s best response is to set ݏଵ
∗ሺݏଶሻ ൌ

ଵߨ ଶ is sufficiently small. Store 1’s profit is thenݏ ଴ whenݏ ൌ
ሺఈభାఉሻሺఈమାఊሻ௩

ఈమାఊାఉ
 (the profit in Case 4ܾ). When 

 ଶ (Case 6ܽ), Store 1’sݏ ଶ also increases. By undercuttingݏ ଶ increases, Store 1’s incentive to undercutݏ
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profit becomes ߨଵ ൌ ଶݏߚ ቀ
ఈభାఊାఉ

ఈభାఊ
െ ݃݋ܮ

ఈభାఊାఉ

ఈభାఊ
െ 1ቁ

ିଵ
. Denote the level of ݏଶ that makes Store 1 

indifferent between undercutting ݏଵ and staying at ݏଵ ൌ   ଶ௙ fromݏ ଶ௙. Then, we calculateݏ ଴ byݏ

ሺఈభାఉሻሺఈమାఊሻ௩

ఈమାఊାఉ
ൌ ଶ௙ݏߚ ቀ

ఈభାఊାఉ

ఈభାఊ
െ ݃݋ܮ

ఈభାఊାఉ

ఈభାఊ
െ 1ቁ

ିଵ
⇒ ଶ௙ݏ ൌ

ሺఈభାఉሻሺఈమାఊሻ௩

ఉሺఈమାఉାఊሻ
ቀ ఉ

ఈభାఊ
െ ݃݋ܮ

ఈభାఊାఉ

ఈభାఊ
ቁ.  

Therefore, for ݏଶ ൐  ଶ௙, Store 1 facilitates and attracts all costly-searchers. The facilitation should beݏ

just enough to attract all of the costly-searchers. This implies the best response is on the boundary of Case 

5ܽ and Case 6ܽ. Recall that in Case 5ܽ, we had 
௦భ
௦మ
ൌ

ఈమାఊమାఉ

ఈభାఊభାఉ
. Plugging in ߛଵ ൌ ଶߛ and	ߛ ൌ 0, we get 

ଵݏ
∗ሺݏଶሻ ൌ

ఈమାఉ

ఈభାఊାఉ
 ଶ increases, the type of price distribution changes and stores extend their upperݏ ଶ. Whenݏ

bound of distributions to ݒ. We equate ݎ௝ ൌ   :in Case 6ܽ to obtain the boundary of Case 6ܽ and Case 4ܽ ݒ

ݒ ൌ
ఉ௦మ್
ఈభାఊ

ቀఈభାఊାఉ
ఈభାఊ

െ ݃݋ܮ
ఈభାఊାఉ

ఈభାఊ
െ 1ቁ

ିଵ
⇒ 	 ଶ௩ݏ ൌ

ሺఈభାఊሻ௩

ఉ
ቀఈభାఊାఉ

ఈభାఊ
െ ݃݋ܮ

ఈభାఊାఉ

ఈభାఊ
െ 1ቁ.   

For ݏଶ ൐ ଵݏ ଶ and stays constant atݏ ଶ௩, Store 1’s best response does not change withݏ
∗ሺݏଶ௩ሻ ൌ ଵݏ ൌ

ఈమାఉ

ఈభାఊାఉ
  ଶ௩. To summarize, Store 1’s best-response function isݏ

ଵݏ
∗ሺݏଶሻ ൌ ൞

ଶݏ																												଴ݏ ൑ ଶ௙ݏ
ఈమାఉ

ఈభାఊାఉ
ଶ௙ݏ							ଶݏ ൏ ଶݏ ൑ ଶ௩ݏ

ଶݏ																											ଵݏ ൐ ଶ௩ݏ

.       (4) 

Store 2’s Best-Response Function 

We denote Store 2’s best-response function by ݏଶ
∗ሺݏଵሻ. When ݏଵ is small enough, Store 2 does not 

facilitate: ݏଶ
∗ሺݏଵሻ ൌ ଶߨ ଴. Store 2’s profit is (in Case 4ܽ)ݏ ൌ 	

ሺఈభାఊሻሺఈమାఉሻ௩

ఈభାఊାఉ
 . When ݏଵ increases, Store 2 

may want to facilitate search—not to steal the costly-searchers from Store 1, but rather to take the portion 

of costly-searchers who stay out of the market (ߛ଴). Therefore, Store 2 sets the search cost at the boundary 

of Case 5ܽ and Case 4ܽ, where ߛ଴ becomes zero. Decreasing ݏଶ further is not beneficial for Store 2, because 

doing so increases the competition and derives the profits down. At the boundary of Case 5ܽ and Case 4ܽ, 

we have ߛ଴ ൌ 0 and ݎଵ ൌ ଶݎ ൌ ݎ Therefore, we plug  .ݒ ൌ  into Case 5ܽ to get the boundary of Case 5ܽ ݒ

and Case 4ܽ:  

ݒ ൌ
ఉ௦మሺ௦భା௦మሻ

௦మିఉ௦భ
ቀఉሺ௦భା௦మሻ
௦మିఉ௦భ

െ ݃݋ܮ
ሺଵାఉሻ௦మ
௦మିఉ௦భ

ቁ
ିଵ

⇒ ଶ௠ݏ
∗ 	ሺݏଵሻ.     (5) 

Store 2’s profit at this boundary is ߨଶ ൌ ଵݏߚ ቀ
ఉሺ௦భା௦మሻ

௦మିఉ௦భ
െ ݃݋ܮ

ሺଵାఉሻ௦మ
௦మିఉ௦భ

ቁ
ିଵ

. Store 2’s profit is increasing 

in Case 5a and decreasing in Case 4a. Hence, the indifference level ݏଵ௙ ൌ   .ଵݏ

When ݏଵ increases further, Store 2’s incentive to undercut ݏଵ and get all costly-searchers increases. 

When ݏଵ ൐  ଵ௠, Store 2 undercuts Store 1’s search cost and receives all costly-searchers. To calculate theݏ
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indifference level ݏଵ௠, we know ݏଵ௠ should be on the boundary of Case 5ܽ and Case 4ܽ. Moreover, Store 

2 should be indifferent between sharing costly-searchers with Store 1 (boundary of Case 5ܽ and Case 4ܽ) 

and getting all the costly-searchers (boundary of Case 5ܾ and Case 6ܾ). These two conditions together yield 

ଵ௠ݏ ൌ
ሺఈభାఉሻሺఈమାఊሻ௩

ఉሺఈమାఊାఉሻ
ቀఈమାఊାఉ

ఈమାఊ
െ ݃݋ܮ

ఈమାఊାఉ

ఈమାఊ
െ 1ቁ ൌ  .ଶݏ

For ݏଵ ൐ ଶݏ :ଵ௠, Store 2’s best response is at the boundary of Case 5ܾ and Case 6ܾݏ
∗ሺݏଵሻ ൌ

ఈభାఉ

ఈమାఊାఉ
 .ଵݏ

Finally, for  ݏଵ ൐ ଶݏ ଵ௩, stores charge the top price. Store 2’s best response is constant atݏ
∗ሺݏଵሻ ൌ ଶݏ ൌ

ఈభାఉ

ఈమାఊାఉ
ଵ௩ݏ ൌ ଵ௩ݏ ,ଵ௠ whereݏ ൌ

ሺఈమାఊሻ௩

ఉ
ቀఈమାఊାఉ

ఈమାఊ
െ ݃݋ܮ

ఈమାఊାఉ

ఈమାఊ
െ 1ቁ. We summarize Store 2’s best 

response as 

ଶݏ
∗ሺݏଵሻ ൌ

ە
ۖ
۔

ۖ
ۓ

ଵݏ																												଴ݏ ൑ ଵ௙ݏ
ଶ௠ݏ
∗ ሺݏଵሻ									ݏଵ௙ ൏ ଵݏ ൑ ଵ௠ݏ
ఈభାఉ

ఈమାఊାఉ
ଵ௠ݏ							ଵݏ ൏ ଵݏ ൑ ଵ௩ݏ

ଵݏ																											ଶݏ ൐ ଵ௩ݏ

.       (6) 

Proof of Proposition 1  

To show that ሺݏଵ
∗, ଶݏ

∗ሻ ൌ ሺݏଵ,  ଴ሻ is NE (as shown in Figure A2), we need to prove that stores are at theݏ

best response. Because ݏ଴ was assumed to be high enough, Store 1’s best-response function in (4) shows 

that ݏଵ
∗ሺݏ଴ሻ ൌ  ଵ. To show that Store 2 is at its best response, we show that Store 2 does not want to facilitateݏ

when ݏଵ ൌ ଵ௙ݏ ൌ ,ଵݏଶ൫ߨ ଵ; that is, we should proveݏ ଴൯ݏ ൐ ,ଵݏଶ൫ߨ 0൯. Store 2’s profit when it facilitates 

falls in the Case 8ܾ region, so ߨଶ൫ݏଵ, 0൯ ൌ
ሺఈమାఊାఉሻఈభ௩

ఈభାఉ
.  We have  

ଵߙ ൏ ଶߚ ൅ ߚଶߙ ൅ ଶߙଵߙ ⇔ 0 ൏ ሺ1 െ ߚ െ ଵߙ െ ଶߚଶሻሺߙ ൅ ߚଶߙ ൅ ଶߙଵߙ െ ଵሻߙ ⇔  

ሺଵିఈభሻఈభ
ሺఈభାఉሻ

൏
ሺଵିఈమିఉሻሺఈమାఉሻ

ሺଵିఈమሻ
⇔

ሺఈమାఊାఉሻఈభ௩

ఈభାఉ
൏

ሺఈభାఊሻሺఈమାఉሻ௩

ఈభାఊାఉ
⇔ ,ଵݏଶ൫ߨ 0൯ ൏ ,ଵݏଶ൫ߨ  .଴൯ݏ

Therefore, ݏଶ
∗൫ݏଵ൯ ൌ  ଴. To show the equilibrium is unique, we should prove the other possibleݏ

candidate ሺݏଵ
∗, ଶݏ

∗ሻ ൌ ሺݏ଴, ଶݏ ଶሻ is not a NE. To do so, we prove that Store 1 in fact does facilitate whenݏ ൌ

,ଵ൫0ߨ ,ଶ. In other wordsݏ ଶ൯ݏ ൐ ,଴ݏଵ൫ߨ  :ଶ൯ݏ

,ଵ൫0ߨ ଶ൯ݏ ൐ ,଴ݏଵ൫ߨ ଶ൯ݏ ⇔ ሺߙଵ ൅ ݒሻߛ ൐
ሺߙଶ ൅ ଵߙሻሺߛ ൅ ݒሻߚ

ଶߙ ൅ ߛ ൅ ߚ
⇔ ሺߙଵ െ ߚଶሻߙ ൅ ߛଶߙ ൅ ଶߛ ൐ 0, 

which is always correct because ߙଵ ൐ ଵݏଶ. Therefore, ሺߙ
∗, ଶݏ

∗ሻ ൌ ሺݏ଴,  ଶሻ in not NE. Therefore, the onlyݏ

equilibrium is when Store 1 facilitates search and Store 2 does not. We note that the existence of a sufficient 

mass of non-loyals in the market (ߛ ൅ ߚ ൐ 1 െ  ଶ condition) impliesߚ

ߛ ൅ ߚ ൐ 1 െ ଶߚ 	⇔ ଵߙ ൅ ଶߙ ൏ ଶߚ ⇒ ଵߙ ൅ ଶߙ ൏ ଶߚ ൅ ଶߙ ൅ ߚଶߙ ൅ ଶߙଵߙ ⇔ ଵߙ ൏ ଶߚ ൅ ߚଶߙ ൅  ,ଶߙଵߙ

which is the condition in the proposition.  
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Illustration of the Best-Response Functions for Small shopper Size ࢼ 

Best-response functions for ߚ that do not satisfy the condition in Proposition 1 are illustrated in Figure 

A3. Because the best-response functions do not intersect, no Nash equilibrium in pure strategies for search 

costs exists. To understand the incentives in this case, consider how the best responses react to each other: 

if Store 1 sets its search cost high, Store 2 chooses a lower search cost just sufficient to obtain the demand 

from all costly-searchers, but at a level that Store 1 strictly prefers to undercut to win over all the costly-

searchers. The best response of Store 2 is then to further fight for the costly-searchers and decrease its 

search cost to a lower level. However, Store 1 then wants to give up and increase its search cost to high 

level, and we are back to the high search cost at Store 1 and the cycle continues. The arrows in Figure A3 

illustrate the cycle of best responses. It is easy to see that starting from any pair of search costs, best-

response reactions quickly settle into this cycle.  

Note that when the condition in the statement of Proposition 1 is satisfied, in order to attract all the 

costly-searchers, Store 1 has to set a search cost so low that Store 2 does not want to decrease its search 

cost to successfully attract the costly-searchers, and the cycle stops at the point where Store 2’s search cost 

is high and Store 1’s search cost is low (but just sufficiently to entice all the costly-searchers to its store). 

Proof of Proposition 2 

As proven in Proposition 1, ሺݏଵ
∗, ଶݏ

∗ሻ ൌ ሺݏଵ, ଵߨ ଴ሻ is the unique equilibrium withݏ
∗ ൌ ሺߙଵ ൅ ଶߨ and ݒሻߛ

∗ ൌ

ఈమାఉ

ఈభାఊାఉ
ሺߙଵ ൅ ∗ߨFurther, Δ .ݒሻߛ ≡ ଵߨ

∗ െ ଶߨ
∗ ൌ ቀ1 െ

ఈమାఉ

ఈభାఉାఊ
ቁ ሺߙଵ ൅ ݒሻߛ ൌ

ሺ୼ఈାఊሻሺ୼ఈାଵିఉାఊሻ௩

୼ఈାଵାఉାఊ
, where 

Δߙ ≡ ଵߙ െ   .ଶߙ

Since 
ௗ୼గ∗

ௗ୼ఈ
ൌ

ଵିఉమା୼ఈమାଶఊାଶఉఊାఊమା୼ఈሺଶାଶఉାଶఊሻ

ሺ୼ఈାଵାఉାఊሻమ
ݒ ൐ 0, we have that Δߨ∗ is increasing in Δߙ. Thus, Δߨ∗ ൐

Δߨ∗|୼ఈୀ଴. Therefore, ߨଵ
∗ െ ଶߨ

∗ ൐
ሺଵିఉାఊሻఊ௩

ଵାఉାఊ
. The last inequality of the proposition now follows if one notes 

that 1 െ ߚ ൅ ߛ ൐ ߚ since) ߛ ൏ 1ሻ and 1 ൅ ߚ ൅ ߛ ൏ 2 (since ߚ ൅ ߛ ൏ 1), and the proof of the proposition 

is complete. 

Proof of Proposition 3 

When ߙଵ ൏ ଶߚ ൅ ߚଶߙ ൅ ଵݏଶ, the equilibrium characterized in Proposition 1 occurs with ሺߙଵߙ
∗, ଶݏ

∗ሻ ൌ

൫ݏଵ,  ଴൯, which was at the border of Case 3ܽ and Case 2ܽ in which all costly-searchers visit and buy fromݏ

Store 1 (ߛଵ ൌ ,ߛ ଶߛ ൌ 0), and we have ܨ௜ሺ݌ሻ ൌ
ఈೕାఊೕାఉ

ఉ
ቀ1 െ

௣బ
௣
ቁ with ݌଴ ൌ

ሺఈభାఊሻ௩

ఈభାఊାఉ
. To calculate the 

number of shoppers who buy from Store (ߚଵ), we calculate the probability that Store 1’s price is lower: 

ଵߚ ൌ ߚ Prሺ݌ଵ ൏ ଶሻ݌ ൌ ׬ ሻ݌ଶሺܨሻ݀݌ଵሺܨ
௩
௣బ

	ൌ
ሺఈభାఊାఉሻሺఈమାఉሻ

ఉ
׬ ቀ1 െ

௣బ
௣
ቁ ݀ ቀ1 െ

௣బ
௣
ቁ

௩
௣బ

ൌ
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ሺఈభାఊାఉሻሺఈమାఉሻ

ଶఉ
ቀ1 െ

௣బ
௩
ቁ
ଶ
ൌ

ఉሺఈమାఉሻ

ଶሺఈభାఊାఉሻ
.    

Thus, we have  ߚଶ ൌ ߚ െ ଵߚ ൌ
ఉ

ଶ
ቀ2 െ

ሺఈమାఉሻ

ሺఈభାఊାఉሻ
ቁ ൐  ଵ becauseߚ

ሺఈమାఉሻ

ሺఈభାఊାఉሻ
൏ 1. Store 1’s market share 

is ߙଵ ൅ ଵߚ ൅ ߛ ൌ ଵߙ ൅
ఉሺఈమାఉሻ

ଶሺఈభାఊାఉሻ
൅ ߛ ൌ

ଶఈభ
మାఉమାଶఊమାଶఈభఉାఈమఉାସఈభఊାଶఉఊ

ଶሺఈభାఊାఉሻ
, whereas Store 2’s market share 

is ߙଶ ൅ ଶߚ ൌ ଶߙ ൅
ఉ

ଶ
ቀ
ሺଶఈభିఈమାஒାଶఊሻ

ሺఈభାఊାఉሻ
ቁ ൌ

ଶఈభఈమାଶఈమఊାఈమఉାଶఈభఉାଶఉఊାఉమ

ଶሺఈభାఊାఉሻ
. So, the difference in market shares 

is  

ܯ ଵܵ െܵܯଶ ൌ
ଶఊమାଶఊሺଶఈభିఈమሻାଶఈభሺఈభିఈమሻ

ଶሺఈభାఊାఉሻ
൐ 0. 

The difference in the market share of non-loyals is ሺߚଵ ൅ ሻߛ െ ሺߚଶሻ. We plug in ߚଵ and ߚଶ and simplify to 

obtain ሺߚଵ ൅ ሻߛ െ ଶߚ ൌ
ఈమሺଶఉିఊሻାఉమିఉାఊ

ଵିఈమ
, which is positive if and only if ߙଶሺ2ߚ െ ሻߛ ൅ ଶߚ െ ߚ ൅  ,ߛ

resulting in Store 1’s market share among non-loyals being higher than Store 2’s.  

 

Proof of Proposition 4 

In Case 3ܽ—to which the equilibrium store search costs ݏଵ
∗, ଶݏ

∗ belong—we have ܨ௜ሺ݌ሻ ൌ
ఈೕାఊೕାఉ

ఉ
ቀ1 െ

௣బ
௣
ቁ with ߛଵ ൌ ,ߛ ଶߛ ൌ 0, and ݌଴ ൌ

ሺఈభାఊሻ௩

ఈభାఊାఉ
. Only Store 1 has a mass point at ݒ with size ݉ ଵ௩ ൌ

ఈభିఈమାఊ	

ఈభାఉାఊ
. We have  

డ௠భೡ

డఈభ
ൌ

డ௠భೡ

డఊ
ൌ

ఉାఈమ
ሺఈభାఉାఊሻమ

൐ 0 and 
డ௣బ
డఈభ

ൌ
ఉ௩

ሺఈభାఉାఊሻమ
. The average prices are  

ሻ݌௜ሺܧ ൌ ׬ ሻ݌௜ሺܨ݀݌
௩
௣బ

ൌ
ఈೕାఊೕାఉ

ఉ
׬ ݀݌ ቀ1 െ

௣బ
௣
ቁ

௩ష

௣బ
൅ ௜௩݉ݒ ൌ

ఈೕାఊೕାఉ

ఉ
݃݋ܮ଴݌

௩

௣బ
൅  .௜௩݉ݒ

So, ܧଵሺ݌ሻ ൌ
ሺఈభାఊሻሺఈమାఉሻ௩

ሺఈభାఊାఉሻఉ
݃݋ܮ

ఈభାఊାఉ

ఈభାఊ
൅

ఈభିఈమାఊ	

ఈభାఉାఊ
ሻ݌ଶሺܧ and  ݒ ൌ

ሺఈభାఊሻ௩

ఉ
݃݋ܮ

ఈభାఊାఉ

ఈభାఊ
. Therefore, 

ሻ݌ଵሺܧ െ ሻ݌ଶሺܧ ൌ ቀఈభିఈమାఊ	
ఈభାఉାఊ

ቁ ఈభାఊ
ఉ

		ݒ ቆ
ఉ

ఈభାఊ
െ ݃݋ܮ ቀ1 ൅

ఉ

ఈభାఊ
ቁቇ, which is positive because ݔ ൐ ሺ1݃݋ܮ ൅

  ,ሻ. Finallyݔ

݌|݌ଵሺܧ ൏ ሻݒ ൌ
׬ ௣ௗிభሺ௣ሻ
ೡష

೛బ

ிభሺ௩ሻ
ൌ

ఈమାఉ

ఉሺଵି
ഀభషഀమశം	
ഀభశഁశം

ሻ
݃݋ܮ଴݌

௩

௣బ
ൌ

ఈభାఉାఊ

ఉ
݃݋ܮ଴݌

௩

௣బ
ൌ

ሺఈభାఊሻ௩

ఉ
݃݋ܮ

ఈభାఊାఉ

ఈభାఊ
 , 

݌|݌ଶሺܧ ൏ ሻݒ ൌ
׬ ௣ௗிమሺ௣ሻ
ೡష

೛బ

ிమሺ௩ሻ
ൌ

ఈభାఉାఊ

ఉ
݃݋ܮ଴݌

௩

௣బ
ൌ

ሺఈభାఊሻ௩

ఉ
݃݋ܮ

ఈభାఊାఉ

ఈభାఊ
. 

Thus, we have ܧଵሺ݌|݌ ൏ ሻݒ ൌ ݌|݌ଶሺܧ ൏  .ሻݒ

Proof of Proposition 5 

Store 1’s profit should be higher with facilitation at ݏଶ ൌ ଵߨ ,.ଶ, i.eݏ ቀݏଵ
∗ ቀݏଶቁ , ଶቁݏ ൐ ,଴ݏଵ൫ߨ  ଶ൯. We haveݏ
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ଵߨ ቀݏଵ
∗ ቀݏଶቁ , ଶቁݏ ൌ ଶݏߚ ቀ

ఈభାఉାఊ

ఈభାఊ
െ ݃݋ܮ

ఈభାఉାఊ

ఈభାఊ
െ 1ቁ

ିଵ
െ ܿ ൬ݏ଴ െ ଵݏ

∗ ቀݏଶቁ൰, 

 where ݏଶ ൌ
ሺఈభାఉሻሺఈమାఊሻ௩

ఉሺఈమାఊାఉሻ
ቀఈమାఊାఉ

ఈమାఊ
െ ݃݋ܮ

ఈమାఊାఉ

ఈమାఊ
െ 1ቁ. Moreover, ߨଵ൫ݏ଴, ଶ൯ݏ ൌ

ሺఈమାఊሻሺఈభାఉሻ௩

ఈమାఊାఉ
. Thus, 

ଵߨ ቀݏଵ
∗ ቀݏଶቁ , ଶቁݏ ൐ ,଴ݏଵ൫ߨ ଶ൯ݏ ⇔ 

ሺఈభାఉሻሺఈమାఊሻ௩

ሺఈమାఊାఉሻ
ቀ
ఈమାఊାఉ

ఈమାఊ
െ ݃݋ܮ

ఈమାఊାఉ

ఈమାఊ
െ 1ቁ ቀ

ఈభାఉାఊ

ఈభାఊ
െ ݃݋ܮ

ఈభାఉାఊ

ఈభାఊ
െ 1ቁ

ିଵ
െ ܿ ൬ݏ଴ െ ∗ଵݏ ቀݏଶቁ൰ ൐

ሺఈమାఊሻሺఈభାఉሻ௩

ఈమାఊାఉ
  

 Hence,  ܿ ൏ ܿ∗ ≡
ሺఈభାఉሻሺఈమାఊሻ௩

ሺఈమାఉା	ఊሻ൬௦బି௦భ
∗ቀ௦మቁ൰

ቆቀ
ఉ

ఈమା	ఊ
െ ݃݋ܮ

ఈమାఉା	ఊ

ఈమା	ఊ
ቁ ቀ ఉ

ఈభାఊ
െ ݃݋ܮ

ఈభାఉାఊ

ఈభାఊ
ቁ
ିଵ
െ 1ቇ. 

Proof of Proposition 6 

When ݏெ ൏
ఈభାఉ

ఈమାఊାఉ
 ଶ, we haveݏ

ሺଵାఉሻ௦మ

௦మିఉ௦ಾ
൏

ఈమାఊାఉ

ఈమାఊ
. Because, ݔ െ ሻݔሺ݃݋ܮ െ 1 is increasing, we have 

൬
ሺଵାఉሻ௦మ

௦మିఉ௦ಾ
െ ݃݋ܮ

ሺଵାఉሻ௦మ

௦మିఉ௦ಾ
െ 1൰ ൏ ቀఈమାఊାఉ

ఈమାఊ
െ ݃݋ܮ

ఈమାఊାఉ

ఈమାఊ
െ 1ቁ ⇔		

1 ൏ ቀఈమାఊାఉ
ఈమାఊ

െ ݃݋ܮ
ఈమାఊାఉ

ఈమାఊ
െ 1ቁ ൬

ሺଵାఉሻ௦మ

௦మିఉ௦ಾ
െ ݃݋ܮ

ሺଵାఉሻ௦మ

௦మିఉ௦ಾ
െ 1൰

ିଵ

⇔			

ሺఈభାఉሻሺఈమାఊሻ௩

ሺఈమାఊାఉሻ
൏ ߚ

ሺఈభାఉሻሺఈమାఊሻ௩

ఉሺఈమାఊାఉሻ
ቀఈమାఊାఉ

ఈమାఊ
െ ݃݋ܮ

ఈమାఊାఉ

ఈమାఊ
െ 1ቁ ൬

ሺଵାఉሻ௦మ

௦మିఉ௦ಾ
െ ݃݋ܮ

ሺଵାఉሻ௦మ

௦మିఉ௦ಾ
െ 1൰

ିଵ

		⇔	

,଴ݏଵ൫ߨ ଶ൯ݏ ൌ
ሺఈమାఊሻሺఈభାఉሻ௩

ఈమାఊାఉ
൏ ଶݏߚ ൬

ሺଵାఉሻ௦మ

௦మିఉ௦ಾ
െ ݃݋ܮ

ሺଵାఉሻ௦మ

௦మିఉ௦ಾ
െ 1൰

ିଵ

ൌ ,ெݏଵ൫ߨ    ଶ൯ݏ

Thus, Store 1’s best response to ݏଶ ൌ ଶ௙ݏ ,ଶ is to facilitate. Henceݏ ൏  ,ଶ as illustrated in Figure 7. Thusݏ

ଵݏ
∗ሺݏଶሻ ൌ ଵݏ ଶ, thenݏ ଴ for sufficiently smallݏ

∗ሺݏଶሻ ൌ ଶݏ ெ forݏ ൏  ଶ௙. We note that because Store 1’s profitݏ

does not change with ݏଵ in Case 4ܽ, the Store 1 does not want to facilitate fully and the best response will 

lie on the boundary of Case 4ܽ and Case 5ܽ (ݏଵ
∗ሺݏଶሻ ൐  ଶ is sufficiently high such that Store 2ݏ ெ) untilݏ

does not receive any costly-searcher in which case the best response is again ݏଵ
∗ሺݏଶሻ ൌ  ெ. This will createݏ

the multiplicity of equilibria illustrated in Figure 7. Denote the intersection of ݏெ with the boundary of Case 

4ܽ-Case 5ܽ and the boundary of Case 2ܽ-Case 4ܽ by ݏଶ௖ and  ݏଶௗ, respectively. Thus, when ݏଶ௖ ൏ ଶݏ ൏

ଵݏ ଶௗ, thenݏ
∗ሺݏଶሻ as well as ݏଶ

∗ሺݏଵሻ are on the boundary of Case 4ܽ-Case 5ܽ: 

NE:   ݏଶ
∗ ൌ ݒ ቀ1 െ

௦మ
∗ିఉ௦భ

∗

ఉሺ௦భ
∗ା௦మ

∗ሻ
݃݋ܮ

ሺଵାఉሻ௦మ
∗

௦మ
∗ିఉ௦భ

∗ ቁ   for  ݏଶ௖ ൏ ଶݏ ൏  ,ଶௗݏ

where ݏଶ௖ solves ݏଶ௖ ൌ ݒ ቀ1 െ
௦మ೎ିఉ௦ಾ
ఉሺ௦ಾା௦మ೎ሻ

݃݋ܮ
ሺଵାఉሻ௦మ೎
௦మ೎ିఉ௦ಾ

ቁ and ݏଶௗ solves ݏெ ൌ

ሺఈమାఉሻ௦೏మିఉ௦ಾ
ఉ௦మ೏

ݒ ቀ
ఉ௦ಾ

ሺఈమାఉሻ௦మ೏ିఉ௦ಾ
െ ݃݋ܮ

ሺఈమାఉሻ௦మ೏
ሺఈమାఉሻ௦మ೏ିఉ௦ಾ

ቁ. We have ݏெ ൏ ଵݏ
∗ ൏ ଶݏ

∗ ൏  ଴ because in Case 5ݏ

ଵݏ ൏ ଶݏ ൏ ଶߛ ଴. To show thatݏ
∗ ൏ ଵߛ

∗, we note that in Case  5ܽ we have 
௦భ
௦మ
ൌ

ఈమାఊమାఉ

ఈభାఊభାఉ
. If ߛଵ ൌ ଶߛ ൌ  ,	2/ߛ
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then at the boundary of Case 4ܽ-Case 5ܽ, we have ݏଵ௛ ൌ
ఈమାఉାఊ/ଶ

ఈభାఉାఊ/ଶ

ఈభାఊ/ଶ

ఉ
ݒ ቀ

ఉ

ఈభାఊ/ଶ
െ ݃݋ܮ

ఈభାఉାఊ/ଶ

ఈభାఊ/ଶ
ቁ and 

ଶ௛ݏ ൌ
ఈభାఊ/ଶ

ఉ
ݒ ቀ

ఉ

ఈభାఊ/ଶ
െ ݃݋ܮ

ఈభାఉାఊ/ଶ

ఈభାఊ/ଶ
ቁ, where ݏଵ௛ and ݏଶ௛ indicate levels at which ߛଵ ൌ  ଶ at theߛ

boundary of Case 4ܽ-Case 5ܽ. If ݏଶ௛ ൌ ெݏ ଶௗ, thenݏ ൌ
ሺఈభାఊ/ଶሻሺఈమାఉሻ௩

ఉሺఈభାఉାఊ/ଶሻ
ቀ ఉ

ఈభାఊ/ଶ
െ ݃݋ܮ

ఈభାఉାఊ/ଶ

ఈభାఊ/ଶ
ቁ. Thus, if 

condition ݏெ ൏ ݏ̃ ൌ
ሺఈభାఊ/ଶሻሺఈమାఉሻ௩

ఉሺఈభାఉାఊ/ଶሻ
ቀ ఉ

ఈభାఊ/ଶ
െ ݃݋ܮ

ఈభାఉାఊ/ଶ

ఈభାఊ/ଶ
ቁ holds, then ݏଶ௛ ൐ ଶߛ ଶௗ and thusݏ

∗ ൏ ଵߛ
∗.  

Proof of Proposition 7 

When ܭ is sufficiently small, in equilibrium stores invest to split the costly-searchers. Thus, we have  

஼మ
∗

஼మ
∗ା௄

൅
஼భ
∗

஼భ
∗ା௄

ൌ 1		 ଶܥ	⟹
∗ ൌ

௄మ

஼భ
∗ ൌ

௄మ

ି௄ାඥ௄ఊ௩
.  

Moreover, Store 1 gets most of the costly-searchers and it does not have incentive to invest more. We have 

ଵߨ ൌ ሺߙଵ ൅ ݒଵሻߛ െ ଵܥ ൌ ቀߙଵ ൅
஼భ

஼భା௄
ቁߛ ݒ െ  ,ଵ. Thusܥ

ௗగభ
ௗ஼భ

ൌ 0	
௄ఊ௩

ሺ஼భା௄ሻమ
െ 1 ൌ 0	 ଵܥ	⟹

∗ ൌ െܭ ൅ ඥݒߛܭ. 

From these two equations we get ߛଵ
∗ ൌ ൬1 െ

௄

ඥ௄ఊ௩
൰ ଶߛ and ߛ

∗ ൌ
௄

ඥ௄ఊ௩
ܭ We see that as .ߛ → ଵߛ ,0

∗ →  .ߛ

Moreover, ߛଵ
∗ ൐ ଶߛ

∗ 	⇔ ܭ ൏
ఊ௩

ସ
.  

Moreover, we have ܭ ൏
ሺఈభିఈమሻమ௩

ఊ
⟺

௄ఊ

ඥ௄ఊ௩
൏ ଵߙ െ ଶߙ ଶߙ	⟺	 ൅ ߛ ൏ ଵߙ ൅

ି௄ାඥ௄ఊ௩

ඥ௄ఊ௩
ߛ ଶߙ	⟺ ൅ ߛ ൏

ଵߙ ൅
஼భ
∗

஼భ
∗൅ܭ

ܭ Thus, the sufficient condition .ߛ ൏
ሺఈభିఈమሻమ௩

ఊ
 guarantees that, given Store 1’s optimal 

investment 1ܥ
∗ , Store 2 cannot become the store with loyalty advantage even if it invests infinitely 

to reach to all costly-searchers.  

Proof of Proposition 8 

We have ߙு ൌ
ఈ௧ಹ

ଵା௧ಹା௧ಽ
 and ߙ௅ ൌ

ఈ௧ಽ
ଵା௧ಹା௧ಽ

. The condition ߙଶ ൅ ߚሺߙ ൅ ሻߛ ൏  ଶ (a part of “high enoughߚ

 assumption) guarantees the pure-strategy NE in search-cost decisions (second stage of the game) exist ”ߚ

for any investment level ݐ௅ and ݐு. Then, the H-type and L-type store profits are (see Proposition 1 and 2)  

,ுݐுሺߨ ௅ሻݐ ൌ ሺߙு ൅ ݒሻߛ െ ுݐ ൌ ቀ ఈ௧ಹ
௧ಹା௧ಽା௖

൅ ቁߛ ݒ െ   ுݐ

,ுݐ௅ሺߨ ௅ሻݐ ൌ
ఈಽାఉ

ఈಹାఉାఊ
ሺߙு ൅ ݒሻߛ െ ௅ݐ ൌ

ሺఈାఉሻ௧ಽାఉ௧ಹାఉ

ሺఉାఊሻ௧ಽା௧ಹାሺఉାఊሻ
ቀ ఈ௧ಹ
௧ಹା௧ಽାଵ

൅ ቁߛ ݒ െ   .௅ݐ

We take the first derivatives of  ߨுሺݐு,  ,௅ሻݐ
డగಹ
డ௧ಹ

ൌ
ఈ௩ሺ௧ಽାଵሻ

ሺ௧ಹା௧ಽାଵሻమ
െ 1. The first FOC yields ݐு ൌ

ඥݒߙሺݐ௅ ൅ 1ሻ െ ௅ݐ െ 1. We show that ሺݐ௅
∗, ுݐ

∗ ሻ ൌ ሺ0, ݒߙ√ െ 1ሻ is NE. We need to assume ݒߙ ൐ 1 (“high 

enough ݒ”) so that ݐு
∗ ൌ ݒߙ√ െ 1 ൐ 0. Given equilibrium investment, we get ሺߙ௅

∗, ுߙ
∗ ሻ ൌ ቀ0, ߙ െ √ఈ௩௖

௩
ቁ.  

These investment strategies result in equilibrium profits of  
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௅ߨ
∗ ൌ ݒߚ ቀ1 െ

ఉ௩

ሺఈାఉାఊሻ௩ି√ఈ௩
ቁ , ߨு

∗ ൌ ሺߙ ൅ ݒሻߛ ൅ 1 െ  .ݒߙ√2

From FOC, we know the H-Type store is at its best response. The L-type store should not have an 

incentive to invest more than H-type in order to get the costly-searchers. Thus, the L type’s equilibrium 

profit ߨ௅
∗ should be higher than the profit it would obtain if it deviated to investment level ݐௗ௘௩ ൌ

ඥݒߙሺݐு
∗ ൅ 1ሻ െ ுݐ

∗ െ 1 ൌ ඥݒߙ√ݒߙ െ ௅ߨ  Therefore, we need to have .ݒߙ√
∗ ൌ ݒߚ ቀ1 െ

ఉ௩

ሺఈାఉାఊሻ௩ି√ఈ௩
ቁ ൐

,ௗ௘௩ݐுሺߨ ுݐ
∗ ሻ ൌ ቀ ఈ௧೏೐ೡ

௧೏೐ೡା௧ಹ
∗ ା௖

൅ ቁߛ ݒ െ ௗ௘௩ݐ ൌ ሺߙ ൅ ݒሻߛ െ 2ඥݒߙ√ݒߙ ൅ ݒߙ√ ⟹ ߚ ൐

ቀሺఈାఊሻ௩ି√ఈ௩ቁ൬ሺఈାఊሻ௩ା√ఈ௩ିଶඥఈ௩√ఈ௩൰

ଶ௩ቀඥఈ௩√ఈ௩ି√ఈ௩ቁ
.  Thus, we obtain the claimed Nash equilibrium when ߚ is high enough.   
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Appendix Figures and Tables 

 

Table A1. Reservation Prices and Costly-Searchers Behavior in Pricing Cases 

Case Reservation Prices Costly-Searcher First Search  Price Distribution 

Case 1 ࢜ ൏ ,࢏࢘ ࢜ ൏ ଴ߛ ࢐࢘ ൌ ௜ߛ        ߛ ൌ ௝ߛ        0 ൌ 0 Type A 

Case 2 ࢘࢏ ൌ ࢜ ൏ ଴ߛ ࢐࢘ ൐ ௜ߛ        0 ൐ ௝ߛ        0 ൌ 0 Type A 

Case 3 ࢘࢏ ൏ ࢜ ൏ ଴ߛ ࢐࢘ ൌ ௜ߛ        0 ൌ ௝ߛ        ߛ ൌ 0 Type A 

Case 4 ࢘࢏ ൌ 	 ࢘࢐ ൌ ଴ߛ ࢜ ൐ ௜ߛ        0 ൐ ௝ߛ        0 ൐ 0 Type A 

Case 5 ࢘࢏ ൌ 	 ࢘࢐ ൏ ଴ߛ ࢜ ൌ ௜ߛ        0 ൐ ௝ߛ        0 ൐ 0 Type B 

Case 7 ࢘࢏ ൌ 	 ࢘࢐ ൏ ଴ߛ ࢜ ൌ ௜ߛ        0 ൐ ௝ߛ        0 ൐ 0 Type C 

Case 9 ࢘࢏ ൌ 	 ࢘࢐ ൏ ଴ߛ ࢜ ൌ ௜ߛ        0 ൐ ௝ߛ        0 ൐ 0 Type D with ݉௜௩ ൌ 0 

Case 11 ࢘࢏ ൌ 	 ࢘࢐ ൏ ଴ߛ ࢜ ൌ ௜ߛ        0 ൐ ௝ߛ        0 ൐ 0 Type D with ௝݉௩ ൌ 0 

Case 6 ࢘࢏ ൏ ࢘࢐ ൏ ଴ߛ ࢜ ൌ ௜ߛ        0 ൌ ௝ߛ        ߛ ൌ 0 Type B 

Case 8 ࢘࢏ ൏ ࢘࢐ ൏ ଴ߛ ࢜ ൌ ௜ߛ        0 ൌ ௝ߛ        ߛ ൌ 0 Type C 

Case 10 ࢘࢏ ൏ 	 ࢘࢐ ൏ ଴ߛ ࢜ ൌ ௜ߛ        0 ൌ ௝ߛ        ߛ ൌ 0 Type D with ݉௜௩ ൌ 0 

Case 12 ࢘࢏ ൏ ࢘࢐ ൏ ଴ߛ ࢜ ൌ ௜ߛ        0 ൌ ௝ߛ        ߛ ൌ 0 Type D with ௝݉௩ ൌ 0 
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 3ܾܥ

 12ܽܥ
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 8ܾܥ
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 10ܾܥ
 11ܽܥ

 6ܾܥ

Figure A1. Regions of Pricing Cases For ߙଵ ൌ 0.2, ଶߙ ൌ 0.1, ߚ ൌ 0.5, ߛ	 ൌ 0.2 

 4ܽܥ

 4ܾܥ

Case 1ܽ 
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Notes:  

I. The numbers followed by ܽ or ܾ are Case numbers. 

II. The two of 0,൅ or െ signs separated by comma are the signs of 
1ߨ߲

1ݏ߲
 and 

2ߨ߲

2ݏ߲
 in each region. 

III. The thick-single-line plot in blue is the best response function of Store 1. The thick-double-line plot in red 
is the best response function of Store 2.  

 

 

  

Figure A2. Regions of Pricing Cases and Best Response Functions  
For ߙଵ ൌ 0.2, ଶߙ ൌ 0.1, ߚ ൌ 0.5, ߛ ൌ 0.2 
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	଴ݏ

ଶ௙ݏ ൌ 2.3	

ଶ௩ݏ ଴ݏ ൌ 3.5 

ଵ௩ݏ ൌ 4.1 

 ଵ௠ݏ

NE 

ଶݏ ൌ 5.0 

 ଵ=4.3ݏ

ଵݏ ൌ 2.3 

ଶݏ ൌ 3.6 

ଶ௙ݏ ൌ 2.3 

ଵ௙ݏ ൌ 2.3 

ଵ௠ݏ ൌ 3.6 
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Figure A3. Store 1 (Blue/Single-Line) and Store 2 (Red/Double-Line) Best Response Functions  
For ߙଵ ൌ 0.2, ଶߙ ൌ 0.1, ߚ ൌ 0.3, ߛ	 ൌ 0.4 
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