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Appendix
PROPOSITION 14. Consider a trajectory of size x(t) and balance ~(t) that are continuously dif-

ferentiable. Then it can be uniquely determined that the stock of supply is
s(t) = Biy(t)z(t) (29)

the stock of demand is
d(t) =B (1 —~(t))x(t) (30)

the price paid to the seller is

plt)=ct 95(0), (1) ey
and the price charged to the buyer is
_ oy Y Oz®) + (1 =)' (1) + 551 —7(t)= ()
Pa(6)= 9 (1),2(t) 2

Proof. First, note that (30) and (29) are directly given by the definition of ~(¢). Next, by (6),

s+ B5s
Ds=CH+ o—F—=
Blg(‘S?d)

Since s(t) = B5v(t)z(t) and (), z(t) are both differentiable, by the chain rule we have

s'= B (y' (O)x(t) +~()2'(¢)) (33)

Substituting s” in the expression of p, with (33) gives p,(t). The expression of p;(t) can be obtained
using similar steps by (7) and (30). O

PROPOSITION 15. Suppose there are finite number of jumps in the trajectory of v(t),x(t). Then

for t around such a discontinuous time point ty, the price paid to the seller is

_ ) (o) 5

»a(ty))

Proof. By proposition 14, around time ¢,

s(te) =By (te )z (ty ), s(tg) = By (t )z (ty)
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We have shown in the proof of Proposition 1 that a price shock on the supply side ps(t)

51—50

e d0)5 (T —t) can instantly shift the stock of supply from s, to s; at time 7. As a result, a price
1 9

shock given below will shift the stock of supply from s(t;) to s(tf):

_ Biyt)alts) - Bt )a(ty)
Bia(v(to).alty )
() — () lt)
g0 (o) (ty))

ps(t)

(to—1)

3(to—1)

The price shock for the demand side can be shown using identical analysis.

Proof of Lemma 1

Proof. By the definition of h,

hy) = (04" (D)™ + (1= 6)(1 = )" (BY)™) 7

The smoothness can be checked by taking the derivative of h(y). Moreover, given that m >0, h(7y)

is defined on v =0 and v = 1. Hence, Assumption 1 is confirmed.

For Assumption 4, Denote I(y) = 0y™(5;)™ + (1 —0)(1 —~)™(BE)™. I(y) > 0. Then

« o

W)= 1) ()
W)= (=) 1) A () +

— ) - B iR (2 - ) v+
= St E P 1) (<) R+ S E )
=2ieE{ (1) rar o)

To check the sign of (L —1)1'(v)2+1(7)I"(7),

U'(v) =0(87) " my™ " = (1=0)(B))"m(1 — )"

(7)1 ()

1"(7) = 0(87)"m(m — 1)y =% + (1= 0)(B)"m(m — 1)(1 — )"~

By some algebraic manipulation,

1
m

Then

m

< - 1) V() 1) (v) = (m = 1)mO(1 = 0)(B7)™ (B) "™ * (1 — )"

(1—a)h'(7)* + ah(y)R" () = a*1(7) % ~2(m — 1)(1 — 0)(85)™ (BL) "™ (1 — )™
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Since m <1, (1 —a)h/(7)? + ah(y)h" () < 0. Hence Assumption 4 is confirmed.

For Assumption 3, setting h/(y) =0 gives

_ 1

6
L+ (75 (5

s _1
Since (lfﬁ(%)m) ™1 >0, the solution of 7 is always in the range of (0,1).
For Assumption 2, we have shown in (35) that

Q)2 ((3 —1I'(7)* + l(v)l”(v))

h(v)Zm -

Since () does not contain any term related to «, for m >0, one can show that (& —1)I'(v)* +
[(7)I"(7y) is increasing and continuous in . If a < 1,
(&) () < (-~ DE )P+ () <0
If a > 1, by continuity, there always exists ¢ > 0 that is sufficiently small, such that
: L) () <0

(= DI+ () < (—

Therefore, if 1 <a <1-+¢, h”(7y) <0 still holds.
For m =0, h(y) =v*(1 —~)*1=9 which is the Cobb-Douglas function. The proof for Assump-

tion 1 to 4 still hold by taking the limit of m — 0. In particular, for Assumption 2, it can be shown
that h”(y) <0 for any o <min{1/6,1/(1 —0)}, given m =0:

lim <7 (4) = lim (& — 1)I'(7) = a(0y" — (1= 0)(1 —~)~")

m—0 1M m—0"m
: g " _ _po~—1 _ _ A2
lim 20(9) =a{-67"" = (1-0)(1-7)*}

lim I(y)™ % =50 (1 —5)*(=0
m—0

Hence,
lim h'"(7) =9*(1 = 4)*"=") ((0;9 - 04(11_—79))2 - O;f - M) (36)
_ ab wio (@@ —1) a(l—0)(a(l1—0)—1) 20(1—6)a?
e )< FER (1=7)? 1) ) (37)

Since af < 1, a(1 —0) <1, (36) is negative. Hence, h”(y) <0. O

LEMMA 5. For any finite trajectory x(t), the following equation holds:

T T
/ e Prg(y,z)dt = / e "Gy, r)dt — e " x(T) + z(0)
0 0
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Proof. By Definition 4,

G(y,z)=(v=c)g(v,2) — (p+ Biy + B (1 =)z

By the formulation of &,

mg9(y,2) = (v —c)g(v,2) = By + B (1 — 7))z — &

Then

/0 eptﬂg(%x)dt:/o ((v—c)g(%w)—(B87+63(1—7))x)6ptdt—/o de”dt

Integration by parts gives

T T
/ de Pdt = / x(t)pe Ptdt +e "Tx(T) — x(0)
0 0

Therefore,

/0 6Pt7rg(%:r>dt=/0 (v =c)g(y.x) = (p+ Boy + By (L —y))x)e *"dt — e~ x(T) + 2(0)

LEMMA 6. Under Assumption 2 and 4, G(v,z) is strictly concave in . Moreover, if o < 1, then
max., G(v,x) is strictly concave in x and reaches mazximum at x =z*; if a > 1, then max, G(v,z)

is strictly convex in x and reaches global minimum at = x*.

Proof. By the concavity of h(y) (Assumption 2),

9*’G(v, )

97 (v—c)h"(y)z* <0

Then argmax, G(v,r) can be obtained by setting

0G(v,z) . g ) "
T =—(B =Bz + (v—c)h(y)z*=0

Note that A/(y) is bounded by h’(0) and h'(1), due to v € [0, 1]. Thus, the optimal v can be solved
by
s _ QAd\,l-a
7*($):max{min{(h’)1(w),1},0} (38)

vV—C

Then for those z that v*(z) has an interior solution,

dy*(z) _ (B5—B5)(1— )

dz (v—c)h'(y)z>

Since A" (y) <0,
dy* ()

) —sgn((a—1)(55 - ) (39)

sgn(
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By the envelope theorem,

0G(x'(2),) _ 0G(y,7)
ox ox y=v*(x)

=—(p+ B () + B (1 =" (2))) + (v — c)ah(y* (x))z* "
When (38) has an interior solution, plugging in (38)gives

= a5

G (7" (x), x)
(v*(@))

oz — By (x) + B (1 —v*(x)) + p)
Then

G (" (2),2) _ o
Tk -

ah'(y)? —ah(y)h"(v) 1) dy*(z)
() dx

By (39), sgn(%) =segn((a—1)((a« =1 (7)* —ah(y)h"(7y))). When (38) does not have an
interior solution, sgn(%) =sgn(a—1).
Therefore, if a > 1, G(v*(x),z) is strictly convex; if a <1, G(vy*(x),z) is strictly concave under

Assumption 4.

9G(y" (2),x)

Setting pe

=0 gives

1
_ (p + 857 (x) + B3 (1 — 7" (w))> o
T =
(v —c)ah(y*(x))
The solution to the above equation is v*, and the corresponding market size x is x*. To check the
existence of z*, it can be verified that lim, .o G, (v*(x),x)) and lim,_, ;. G, (7*(x), z) have opposite
signs. Since G, (v* (), x) is monotone and continuous, G, (v*(z), ) = 0 must have a unique solution.
Therefore, z* is the global minimum (maximum) for max, G(vy,z) under a >1 (< 1).
Proof of Theorem 1

Proof. By Lemma 5, the infinite-horizon problem (13) can be written as

/000 e P'G(ry,x)dt + x(0) (40)

Since the selection of ~ only affects the term G(v,z), by Lemma 6, it is optimal to set v =
argmax G (v, ). Steps for obtaining v*(x) and its monotonicity can be found in the proof of Lemma
6.

To see the limit of v*, consider 35 < 3¢ and a < 1. lim, ., h’“(%) = h'710) = ~*.
By Assumption 3, min(1,~v*) =~*. For z — 400, lim, h”l(W) =h'"(—o0). if K/(1)
is bounded, then A/(1) > —oo, A'""'(h'(1)) < W ~'(—o0), and min(1,h'"!(—o00)) = 1. If A/(1) is
unbounded, by Assumption 2 and 3, h'(1) — —oo. Then h'~!(—00) just equals to 1. The other three
cases can be checked similarly. 0

Proof of Theorem 2
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Proof. The current value Hamiltonian to infinite-horizon problem (13) is

H(a,m,y,9) =mg(v,x) +9 (=(Byy + B3 (1= 7))z + (v —c—7m)g(v,x))
By the maximum principle, a stationary solution must satisfy
H, :OaH(l‘*?ﬂ-*a’y*?w) >H(13*77T*a%¢),¢)/ :P@ZJ—HI :07$/:0
By H. =0 and g(v,z) = h(y)z®,
(1= ¥)mh(7)" =0
Since x>0, 0 <~y <1, h(y) #0,
Y=1

which satisfies the limiting transversality condition

lim e #T(T) =0

T—o0

To maximize H(x*,7*,v,1), set H, =0 assuming it has a solution on [0, 1]:

(7 —¥m+v— )l ()2 — (B — B5)z =0

Substitute by ¥ =1 and rearrange the terms,

(v—)h'(v) = (B5 — B)z' " (41)

When (41) does not have a solution on [0, 1], the optimal 7 is on the boundary; whether v =1 or

0 depends on its gradient. One can check that the balance that maximizes H is given by

v*(x) = max { min {h’fl(—(ﬁg — 'Bg)xl_a),l},O}

v—oc
By ¢ = pip — H, and =1,
0=p—H,
which gives
p=—(B7"(2) +B5(1 =" (2))) + (v — )ah(y"(x))z*~" (42)
Both x and ¢ are constants, so the last two equations are satisfied. Combining (41) and (42) gives

the stationary solution.

We also need to check whether H is jointly concave in (v, x) for sufficiency.

H(z, 7" (2),9) = {(1 = )7 + (v —c) }h(v" (2))2* — (857" () + By (1 =7 ()
Hy(z,m,5"(2),9) = {(1 = )7 + (v — o) h(y"(2)az " — (857" (2) + 65 (1 — 77 (x)))

Haalinm " (2),0) = (1= 0+ 000 = (W) T 4 ) = 1002 (s - 59

dvy* ()
dx
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When v*(z) is a boundary solution, i.e. v*(z) =1 or 0, H,, can be simplified as

Hoo(z,m,7"(2),%) = (1 —¢)7 + ¥ (v —¢))ah(y" (2)) (0 — 1)

When ~v*(z) is an interior solution, by H, =0,

(L= )m + (v =)' (y)a* " =9 (8 — B7)

Moreover,

dy*(x) »(B — B)(1 —a) W) -a)

dr (1 =) +1p(v—c))h"(y)ze h"(y)x

Hence,

wa($’7r’,y*(x)’¢): (04—1)77[)2(53_50)2 {O&h(’}/)h”(’}/) +1_a}

(I=g)m+9v—c)h"(y)a> | N (v)
By the maximum principle, H, = 0, which implies that 1(t) = 1. Therefore, when ~v*(x) is an

interior solution,

H,p (2,7, " (), 1) = (a= V(55— 5" {ah(y)h”w F1- a}

(v —c)h (y)x™ b (v)?

When v*(z) is a boundary solution,

Hrr($> 77?7* (ZL’), 77/}) = (U - C)Oéh(’)/* (l‘))(a - 1)56&_2

If o <1, under Assumption 2 and 4, h'"(vy) <0, %ﬁ;;@ 41— a <0, which implies that H,, <O0.

Therefore, Hamiltonian is jointly concave in (v,z). If a > 1, %w <0,1—a<0, and again by
Assumption 2, h”(y) < 0. Therefore, H,, > 0. This implies that the Hamiltonian H (x,r,v*(x), 1))

attains its minimum at x = x*. Thus, the stationary solution characterizes a saddle point. [

THEOREM 6 (Fast vs. Slow). Consider a set of increasing growth paths from x to T and the

fized endpoint problem .
0
max/ e Prg(y*(x),z)dt
0
st. z(0)=z, z(ty) =2
Then in a decreasing returns to scale market, if 0 < x < x < x*, faster growth dominates slower
growth; and if x* <z < I, slower growth dominates faster growth. Conversely, in an increasing

returns to scale market, if 0 < x < < x*, then slower growth dominates faster growth; if v* < x < 7,

then faster growth dominates slower growth. To summarize,

‘ a>1 ‘ a<l

x> x* | faster is better | slower is better
T < zx* | slower is better| faster is better
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This result shows that the stationary point in Theorem 2 defines a threshold between growth
strategies over an interval — determining when it is optimal to grow fast and when it is optimal to
grow slow. We next apply this result to analyze the optimal growth strategies overall.

Proof. By Lemma 5 in the Appendix,

to to
/ e Prg(y*(x),z)dt = / G(v*(z),z)e P'dt —e "z +x
0 0

Let x(t) be a faster growth path from z to & over [0, %] than x(t). Let the corresponding pricing
policies be 7y (t) and m2(t). Then

to to
/ e 'rig(y (z1), 2, )dt —/ e ' mog(v (22), o) dt
0 0

:/o O(G(V*(fﬂl),xl) — G(y"(22), w2))e " dt (43)

Setting W =0 gives

X

—(p+ B () + B (1 =" (x))) + (v = c)ah(y*(z))z*"" =0

This is the same equation as (42). Therefore, x = z* is the solution to W =0.

By Lemma 6 in the Appendix, when a > 1, G(v*(z),x) is convex in z. x = z* is the global
minimum. G(v*(x),x) is strictly decreasing for = < z* and strictly increasing for x > x*.

If £ <z*, then xo(t) <z () < z*, and

G(v"(z1),21) < G(y"(22), 22)

for all 0 <t <ty. As a result, (43) is negative. This implies that slower growth paths dominate
faster growth paths.

Similarly, if * < z, then * < z5(t) < z;(t), and

G(y"(@1),21) > G(v" (22),22)

for all 0 <t <ty. As a result, (43) is positive. This implies that faster growth paths dominate slower
growth paths.
For a < 1, under Assumption 4, G(vy*(x),z) is concave in z. So the monotonicity flips for x > x*

and x < z*. Using a similar analysis as for & > 1 completes the proof. [J

LEMMA 7. Any increasing growth path from xy to T is weakly dominated by

Zo, tgtl
w(tit) =4 F(t—t),t, <t <t,+ F(z) (44)
z, ti+F 1 (z)<t<T

where 0 <t; <T — F~(z).
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Proof. 1f xo <Z < x*, by Theorem 6, it is optimal to grow the market as slow as possible. In

this case, the slowest growth path is given by
z,(t) =2(t;T - F~'(2)) (45)

To see why, suppose there is another increasing growth path y(t) from x, to z over [0,T] that is
admissible and not faster than z,(¢) given here. By definition, there exists a time point ¢’ € [0,T]
such that y(t') <z,(t'). if ' <T — F~1(Z), then y(t') < x,(t') = zo. This can’t be true because y(t)
is an increasing growth path, and thus y(¢) > xo. If ' > T — F~1(Z), then y(¢') < F(t' = T+ F~(x)).
Then F~'(y(t')) <t'—T + F~'(z). The shortest time it takes to grow from y(¢') to & follows

P E) — P (y(#) > T —#

Therefore, y(t) cannot reach & before or at t =7T'. Contradiction.
Similarly, if o > z*, again by Theorem 6, it is optimal to grow the market as fast as possible.

The fastest growth path is given by
xs(t) =x(t;0) (46)

The proof is similar to that for the slowest growth path (45).
For zy < x* < Z, again consider an increasing growth path y(¢) from z, to Z over [0,T] that is
admissible but doesn’t satisfy (44). Since the growth rate is bounded, y(t) is continuous, and thus

must cross z*. Denote the time y(t) =z* as t,_,~. We construct a the following growth path:
s p(t) = 2(t;ty=s+) (47)

One can check that this growth path is the slowest from x, to z* over [0,%,_,+] and the fastest
from z* to & over [t,_,«,T] using similar arguments for proving (45). O
Proof of Theorem 3

Proof. By Lemma 5, the infinite-horizon problem (13) can be written as

/000 e ""G(y,z)dt + z(0) (48)

Since the selection of v only affects the term G(,z), by Lemma 6 and Theorem 1, it is optimal to
set v =7*(z(t)). Then (48) is just a function of z(¢). We show that the solution has the property
of a most rapid approach path (see Spence and Starrett (1975)). The next part is also similar to
the steps taken in Spence and Starrett (1975):

(1) Any path from z to Z > x, is feasible. This is true by having f(x) >0 for all z.
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(2) The optimal growth path either (a) stays at z, forever, or (b) goes to z. This can be
shown by contradiction. Suppose (a) and (b) are both not optimal; Then the optimal increasing
growth path must grow to a market size y such that o <y <z. If G(v*(y),y) < G(v*(x0),z0),
by convexity, G(v*(z),z) < G(v*(x0), o) for any z that o < x <y. Then any path from z, to
y is clearly dominated by (a); If G(v*(y),y) > G(v*(x0),x0), by Lemma 6, it must be true that
G(v*(z),z) > G(v*(y),y) for any = that y <z < Z. But this implies that a growth path from z, to
y is strictly dominated by (b). Contradiction.

(3) By Lemma 7, a candidate for an optimal growth path from x, to Z must have the following

property:
Zo, 0<t<t,;
z, ti+F Y (z)<t
We show that the optimal ¢; is either 0 or +00. (48) can be further expanded as
ti+F () 1 — e—rti o—P(ti+F~ (@)
J= / e PG (F(t—t)), F(t—t;))dt +G(y" (), xO)T +G(v*(2), E)T
t

1 — erti e—Pti+F (&)

F~l(z)
=e /" / e "Gy (F (1)), F(t)dt + G(v" (o), xO)T +G(y(2),7) 5
0
The second equality is by the change of variable. Taking derivative of J over t; gives:

Fl(@) .
2;{, =—e {p /0 e PGy (F(t), F(t))dt — G(v*(xo),z0) + e 7 PG(y(2), f)}

Fl()
= _—e Pl /O e PG, (Y(F (1)), F(t)F'(t)dt

The second equality is obtained by integration by parts. Hence, the sign of 3—51_ does not change
in t;. In particular, if [ *) e G, (v* (F (L)), F(t))F(t)dt > 0, 92 <0, the growth path (£;0) is
optimal; otherwise, the growth path z(¢; +00) is optimal.

(4) It can be checked that z(t;+o00) generates the same profit (48) as z(t) = xo,Vt. So it is

sufficient to compare z(¢;0) and z(¢; +00). Define

F~ (=)
S@=[ ey (). FOF (e (50)
0
We show that for any zq < x*, there exists an Z such that S(z) > 0 for any z > Z, and S(Z) < 0 for
any T < I:
F~Y(z 1 1
9@ =T D06, (0 (3), )P (77 @) = 06, (2).2)

The derivative is obtained following Leibniz integral rule. Then by Lemma 6, for z > z*(Z < z*),
S’(z) > 0(S"(x) <0). Moreover, S(z) =0. Therefore, if xy < z*, then S(Z) =0 must have a unique
positive root. Denote it as . Then S(z) <0 for <z and S(z) >0 for > z.
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If o > x*, then G,.(v*(F(t)), F(t)) >0 on [x¢,Z]|. Hence, S(z) >0 as well.

Hence, given that xy < z*, for z > &, S(z) > 0, % < 0, the optimal policy is to grow as fast as

possible, and the optimal growth path is x(¢;0); for z < Z, S(Z) <0, g—i > 0, the optimal policy is
to grow as slow as possible, and the optimal growth path is x(t) =z, Vt. Given that zo > z*, it is
optimal to grow as fast as possible, and the optimal growth path is z(¢;0). O
Proof of Theorem 4

Proof. By Theorem 2, in a decreasing returns to scale market, the long-run optimal size is the
saturation size x*. By Theorem 6, faster growth dominates slower growth below x*. Hence, the
optimal growth policy is to grow to the saturation size as fast as possible. [
Proof of Theorem 5

Proof. This is a combination of Theorem 3 and Theorem 4. U
Proof of Proposition 2

Proof. We will construct a feasible policy with unbounded value. Denote the initial market

size as xy. Fix y=0.5 and 7 =0.5(v — ¢). Apply an impulse to instantly increase the market size

B5+88

W)ﬁ Then we can directly obtain the expression of x(t) by

from z(0) to &, where Z > (

integrating the differential equation:
& =—0.5(8 + Bz + 0.5(v — c)h(0.5)z"

which gives

() = 0.5(5 + 55) > )

(0.5@ — ¢)h(0.5) — Coe®> B3t (=1t
Co =0.5(v — ¢)h(0.5) — 0.5(35 + B5)z* . Then for this policy,  goes to infinity as ¢ approaches
m In(0.5(v — ¢)h(0.5)/Cp). Since the integrand becomes unbounded in a finite amount
of time, the discounted objective value is unbounded. [J
Proof of Proposition 3

Proof. For a > 1, by Proposition 2, there exists a feasible growth path that leads to unbounded
profit, while keeping x(t) = x generates finite profit. Thus, an increasing returns to scale market
is viable.

For a <1, if g < x*, then by Lemma 6, G(v*(z),z) > G(v*(x0), xo) for all xy <z < z*. Hence, by
Lemma 5, any increasing growth path from z, to x* generates a higher profit than z(t) =x,. O
Proof of Proposition 4

Proof. Prove by contradiction. Suppose there exists some & < z. such that £ >0 and 7 > 0.

When the market size is & and & > 0, by (12),

—(Bsy + 8L —=7)Z + (v —c—T)h(y)E* >0
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Since h(y) >0,
By +B5(1 =)
h(y)zet

T<v—c—

Maximize the right-hand side over v on [0, 1]:

By +B5(1=)\ _ =(B5 = B + (Biv+ B3 (1 =))W ()
(e i) - ROy oy
Setting the numerator of (51) to 0 gives
W (V) s d _ ps d
() (Bov+ B (L =) =85 — By (52)

When (17) has a solution on [0, 1], it is the expression for .. Moreover, (51) is positive for v < ~.
and negative for v > ~.. To see why, the numerator in (51) is decreasing in . This can be seen by

checking its first-order derivative:

—(B5 = BN () + (B85 = BON () + (Boy + B (L= )R (v) = (Biy + B5 (1 —7))h" () <0

The last step is by Assumption 2. Therefore, v =, is the global maximizer. When (17) does
not have a solution on [0, 1], it means that the maximizer is a boundary solution. Extending the

definition of v, to include the boundary solutions gives by

R'(0) _ B§—BE
0, W0 < Rl
sh/(1 s ' (0
=1 %, 6()%1)) <B5— B3 <88 h((O))
h/(l) Bs_Bd
L O
This means
oo BB =) _ o Bl 46—
h(y)ze-t  — h(yh)ze—

Since a>1 and T < x,

B+ 851 =) . B+ A=A

v—cC <v-—
hGDwt hGeet
By (16), the right-hand side equals to 0. Then
s d 1— s T d 1— + s~ T d 1— t
H<v—c 5w+ﬁo~( : ) oo Bone +€0~( Ye) o Bive +Tﬁo( V)
h(v)z*~ h(vye)ze! h(vé)zc>!

Therefore, such an & does not exist. [
Proof of Proposition 5
Proof. By the proof of proposition 4, for any x < x., £ > 0 implies that 7 <0. 0O

Proof of Proposition 6
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Proof. By Lemma 5, for the infinite horizon problem, the objective function is equivalent to

/0 e Gy, 2)dt +2(0)

By Theorem 1,v(t) = ~*(x(t)). By the convexity of G(v*(x),z) by Lemma 6, argmax,_; G(v*(x), x)
is either zo or . If G(7v*(Z),Z) > G(v*(x0), xo), then a jump from z, to Z is optimal; if not, x(t) =z,
is optimal.

By Lemma 6, G(y*(x), ) is continuous. lim, o G(v*(z),z) — 0. lim, . G(v*(x),x) — co. Then
for g < z*, & defined in Proposition 6 must always exist. Moreover, if z >z, G(v*(Z),Z) >
G(v* (o), mo); if xo <Z <Z, G(V*(Z),Z) < G(y*(x0),x0). O
Proof of Lemma 2

Proof.  We first show that G(v*(z.),z.) < 0. By Theorem 1, v*(x.) ="., and
_(/8870 + /B(C)l(l - 7c)>w0 + (U - C)h(’)/c)x? =0

Therefore, by Lemma 5,
G(’Y* (xC)v $C) =—pr.<0

Since o > 1,
lim G(v*(x),z) =0
z—0
By Lemma 6, v*(z) is continuous. By Assumption 1, h(y) is continuous. Hence, G(v*(x),x) is

continuous too. Then there always exists an xy > 0 sufficiently small such that
Gy (xe),me) <GV (w0), 20) = G(T)

Then for such an xg, it must be true that z. < Z), since for any = > &, G(y*(z),z)) is increasing in
x by the definition of Z.
Proof of Proposition 7

Proof. This is a direct result of Theorem 4. [
Proof of Proposition 8, 9, 10, 11

Proof. Proposition 8 and 10 are direct results of Theorem 3; Proposition 9 and 11 are direct
results of Theorem 4.
Proof of Lemma 3

Proof. Integrating by parts and (18) gives

F (@)
(A G, (7 (F(8)), F (1) F' (1)t
F_l(f?) 1,~
:pA Gy (F(1)), F(1)) — G (wo)w0) + 7 DGy (3), 7)

F~ ()
:A pe? (Gy (F(£)), F(£) — G(v* (o), 20)) dt
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Since G(v*(xq),x0) = G(v*(Z), ), by convexity of G, G(v*(x),x) < v*(x0), o) for all x € [z, Z].

Hence,
Fl(@)
| erer ). FoF <o
0
Then it is implied that

F~ Y &) e—prl(i')
[ et m o). R+ 6 ).8) < 60 ().

Hence, z < 2.
Proof of Proposition 12 and Proposition 13
Proof. First, Proposition 1 still holds because it only requires no constraint on p,, py. Lemma

6 holds too because it only requires g to be integrable. Hence,

(v =) Amin{B;7, B1(L =)} = (o+ By + By (1 =)
(v =) AB; = (8 = By = (p+ B, V< iz
(—(v = C)ABE = (B = B+ (0= ABI = (p+ Bz, 7 > 5L

G(v, )

There are three cases:

(i) By — B> (v—c)AB;. For a given = > 0, G(v,x) is decreasing in v. G(v,z) < G(0,z) =
—(p+ B¢)z. The optimal balance is then v*(x) =0, and the optimal policy is to keep x(t) = xo.
The market is not viable.

(i) Bs — B < —(v—c)ABL For a given x > 0, G(v,x) is increasing in v. G(v,z) < G(1,z) =
—(p+ 55)z. The optimal balance is then v*(x) = 1, and the optimal policy is again to keep z(t) = xy.
The market is not viable.

(i) —(v — ¢)AB¢ < B — B < (v — ¢)AB; For a given z > 0, G(v,r)is increasing in 7 in

d d
the first piece and decreasing in « in the second piece. Hence, v*(x) = i G( A x) =

IR B85
(=) ABIBL =BT (BN =L HB8) 1.y (m* () = WDABTBT =65 (0+66) BT (p+5§)
s d Zz. (/7 (:E)) - s d .
B5+5 B+

If (28) holds, h(vy*(x)) > 0, G*(v*(x),x) is increasing in z. Hence, faster growth is better than

slower growth. Otherwise, h(v*(x)) <0, G*(y*(z),z) is decreasing in z. Hence, it is optimal to keep
x(t) = xo. The market is not viable [
Proof of Lemma 4

Proof. Since p >0, (28) implies that (v —c)AB; B¢ > B3 B¢ + BiB;. Then
(v —)AB; BT > B3 B + B 87 > max{ 55 81, B3 87 } > max{(65 — B5) 51, (B3 — B5) B3}

Dividing each term by 3;3¢ and rearranging the terms give (25).
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Figure 7 Evolution of balance of surplus in the change of optimal market size trajectory (increasing returns)
T T T T T T T

At market potential

High subsidy m =1
0.6

balance of surplus

0.5

time, t(year)

Note. The market size trajectory z(t) is the optimal policy under high subsidy m =1

An illustrative example of supply and demand surpluses In the analytical model, we look
at optimal balance as a measure for the market value of the supply relative to the total market
value. Here we take a similar approach and calculate the ratio of the supply side surplus relative
to the total surplus, which we call the balance of surplus. The formula is given by
(ps —)g(s,d) _ A(vyz)/ At + B3y
(ps = c)g(s,d) + (v —pa)g(s,d) ~ Ax/At+ Biyz + Bi(1 - )z

The above expression can be obtained by Proposition 14. Hence, if the trajectory of x(¢) is fixed,

v is also fixed at v*(z(t)). The trajectory of the balance of surplus can then be computed as a
function of z(t). Here we provide two examples.

For the increasing returns to scale market, we use the optimal market size trajectory under the
high-subsidy policy m =1 (shown in Figure 1). The trajectory of the balance of surplus is shown
in Figure 7. The balance of surplus is increasing before the market reaches its potential at t =4.5
years. Compared with Figure 3, it shows that the balance of surplus is increasing as the market
grows, similar to the optimal balance.

For the decreasing returns to scale market, we use the optimal market size trajectory under the
high-subsidy policy m =1 (shown in Figure 2). The balance of surplus is decreasing before the
market reaches the saturation size at t = 2.2 years. It also shows a similar trend as as the optimal
balance in Figure 4.

Hence, although it is intractable to analytically show the connection between the optimal balance
and the balance of surplus, numerical examples suggest that a larger market balance implies that
the total surplus of supply and demand is more concentrated on the supply side, and a smaller
market balance implies that the total surplus of supply and demand is more concentrated on the

demand side.
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Figure 8 Evolution of balance of surplus in the change of optimal market size trajectory (decreasing returns)
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