Predictability and the Cross-Section of Expected Returns:

A Challenge for Asset Pricing Models

Online Appendix

This version: September 14, 2020



Contents

A1Robustness of the empirical results
ALl Small firms . . . . oL
A1.2 Return horizons and formation period . . . . . . . . .. ... ...
A1.3 Alternative regression design . . . . . . . . ..o

Al.4 Rebalancing intervals . . . . . . . . . ..

A2The model of Bansal and Yaron (2004)
A2.1 Model setup and solution . . . . . . . . . . ...
A22Thesignsof X's . . . . . oL
A2.3 Simulation studies . . . . . ...

A2.4 Quantitative analysis . . . . . . ...

A3The model of Drechsler and Yaron (2011)

A4The model of Segal et al. (2015)
A4.1 Model setup and solution . . . . . . . . . . ...

A4.2 Quantitative analysis . . . . . . ... oL L

A5The model of Bekaert and Engstrom (2017)
A5.1 Model setup and solution . . . . . . . . . . .. ...

A5.2 Quantitative analysis . . . . . . ... oL L

A6The model of Croce (2014)

16

21

21

25

29

29

32

35



A1 Robustness of the empirical results

Al1l.1 Small firms

We start our robustness analyses by checking if our results are potentially driven by small firms.
To this end, in each month, we exclude 20% of the stocks with the lowest market capitalization
and repeat our sorting exercise. The results shown in Table A1 are very similar to the results for
the base case presented in Table 1 of the paper. We therefore conclude that our main findings

are not caused by the presence of small stocks in our sample.

A1.2 Return horizons and formation period

We now study whether the choice of the return horizon and the length of the formation period
have an impact on the results. In the benchmark case of regressions (1) and (2), we chose return
horizons of 4 and 12 months, since the variance risk premium is known to predict returns over
shorter horizons of 3-6 months, while the price-dividend ratio is informative over horizons of
one year and more. Given a certain formation period (like the 72 months in our benchmark
case from Section 3 in the paper), however, a longer return horizon means fewer observations.
The choice of the length of the formation period is a trade-off between the need to account for
possibly time-varying loadings of expected stock returns on the different risk factors, favoring a

shorter formation period, and the need to have sufficient data to run the necessary regressions.

We analyze the power of the two predictors over different horizons by looking at the t-
statistics and R?’s of the corresponding regressions. The upper two plots in Figure A1 show the
cross-sectional median t-statistics of predictive regressions using the price-dividend ratio and
the variance risk premium, respectively, together with 95% confidence bands, averaged over all

formation periods. The dotted line represents the t-statistic for the coefficient in the regression



for the market return. The lower two plots show the R?’s.

The cross-sectional median t-statistics as well as the median R?’s increase monotonically
from one to twelve months for the price-dividend ratio (and even for some more horizons
thereafter). For the variance risk premium, the median t-statistic peaks at four months, just
as for the market portfolio. The latter result is well-known, see e.g. Bali and Zhou (2016),
Bekaert and Hoerova (2014), Bollerslev et al. (2009), Bollerslev et al. (2014), Drechsler and
Yaron (2011), or Londono (2015). In addition, the R? exhibits a local maximum at the four

month-horizon.

Table A4 shows that the choice of the return horizon is not material. We show HML
returns and t-statistics for horizons between 3 and 36 months in case of the price-dividend
ratio and between 1 and 12 months for the variance risk premium. Furthermore, we vary the

formation period to be 48 and 96 months, respectively.

The return spread between the extreme b,-portfolios is significantly positive for return
horizons between 6 and 18 months. With longer return horizons, the spread becomes insignifi-
cant, because there are not enough independent return observations to identify the slope coef-

ficient reliably.

The spread between high- and low-b, portfolios is significantly positive for most return
horizons less than six months for formation periods of 72 and 96 months. This is in line with
the intuition from Figure A1, which showed that the variance risk premium predicts returns

over short horizons of up to six months.

A1.3 Alternative regression design

Bansal et al. (2005) run regressions of dividend growth rates on the trailing multi-period moving

average of past consumption growth to capture the low frequency component in consumption



growth and its relation to the variable to be predicted. Inspired by this approach, we run the

regressions
11
i f _ w,i,t
Trrg12 — Trrgie = Quit + bt § Wrij + €70, (A1)
J=0
3
i f o v,i,t
Trrtd — Trrga = Quip + buit E :V7+j + e s (A2)
j=0

and sort stocks into portfolios according to the slope coefficients b, and b, from these regres-
sions.! Returns on b,- and b,-decile portfolios are presented in Table A2. They are very similar

to the results in Table 1. Thus, our findings are robust to variations in the regression design.

Al1.4 Rebalancing intervals

A standard procedure in empirical asset pricing is to sort stocks into portfolios only once a
year and track these stocks over the subsequent 12 months. For example, Fama and French
(1992) form portfolios once a year at the end of June. The reason is that they sort on the
book-to-market ratio of equity which is based on balance sheet information available only once
per year. Since b, and b, coefficients are based on past returns, just like momentum, there is

no obvious reason to rebalance portfolios less frequently than once per month.

Still, instead of sorting every month, we also perform sorts once per quarter, semi-annually,
and annually and hold portfolios until the next sorting date. The results are shown in Table A3.
Here, we use the sample from 1933 until 2018. We find that the positive returns on the HML
portfolios are not specific to the rebalancing interval. This result is not surprising given that

the portfolio composition is very persistent, as discussed in Section 4.1 of the paper.

'We thank an anonymous referee for suggesting this robustness test.
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A2 The model of Bansal and Yaron (2004)

A2.1 Model setup and solution

In general, the long run risks framework combines two key assumptions. First, there is a repre-
sentative agent who entertains recursive preferences as developed by Kreps and Porteus (1978),
Epstein and Zin (1989), and Weil (1989). This implies that the log pricing kernel m; ¢4 is given
by

0
M1 = —00 — EACtH + (0 = 1)ri s (A3)

where 0 = (1—7)/(1—=v7"), Aciry = log(Cyy1) —log(Cy) denotes log consumption growth, and
{11 is the log return on aggregate wealth, i.e., the return on the portfolio that pays aggregate
consumption as dividends. The investor’s preferences are characterized by the time-discount
rate d, the elasticity of intertemporal substitution (EIS) #, and the Arrow-Pratt measure of

relative risk aversion 7.

The second key assumption is that there are persistent components driving the first two
moments of growth rates in aggregate cash-flows. In particular, the changes in log consumption

Acyy1, log aggregate dividends Ad}},, and the state variables are given by

Aciir = e+ 20+ VViet,, (Ada)
AdT | = f + Fom Tt + G V/ViET (A4b)
Tip1 = KaTy + qsx\/Vtng, (A4c)
Vi =V 4wy (Vi= V) +ov VVielan, (A4d)

xT

where ¢, €™, €%, and €V are mutually independent Gaussian innovations. As opposed to the
y



original model of Bansal and Yaron (2004), we use a square-root specification for V', as in
Tauchen (2011). This implies that, in the continuous-time limit, the variance process is non-
negative. Moreover, the model-implied variance risk premium is time-varying and affine in V;

(see below). We furthermore assume that log growth in dividends on stock ¢ evolves as

Adiy =i+ ki + ¢ivVViel,. (A5)

The innovations £ may in general have a non-trivial cross-sectional correlation structure, but

for simplicity, we assume that they are mutually independent.

We first consider the aggregate wealth portfolio that pays aggregate consumption as divi-
dends. For the solution, we rely on linearization techniques, which have recently been criticized
for their lack of accuracy, see Kraft et al. (2015) and Pohl et al. (2018). For our purposes, how-
ever, the log-linearization is sufficient, since we are interested in the time series relation between
different quantities and not in exactly calculating unconditional asset pricing moments. Apply-

ing the log-linearization of Campbell and Shiller (1988) to the return on the wealth portfolio

r¢ gives
Tyio1 = keo + keqwiyy — wi + Aciyr,
where wy is the log wealth-consumption ratio, k.; = J:;I)’(—Si)c)’ and koo = log(1 4 exp(w®)) —

k.iwe. Substitution of this and the pricing kernel (see Equation (A3)) into the Euler Equation

and conjecturing wy = Ao + Aq ¢ + Acy'Vy yields

1 = Efexp(my 1 + ree41)]
= exp (95 (1= Y)pte + Okig + 0(koy — 1) Ac + Okir A/ V
+ (1 =)y + O(kerke — 1) Acpay

1 1
 O(keary = DAarVi+ 5 (1= )2Vi+ S0°K2,(AZ, 6% + A2y 6} Vi)



Solving for A, o, A.,, and A,y gives

Ac,O = <5 + (1 — 1/¢)MC —+ kc,(] -+ kc,1A072(1 — ﬁv)V)
1—kea
’ 1-— kc’llim

A,y is one of the solutions of the quadratic equation

1 1 1
0= S0k ALy oy + Okeary — DAcy + (1 =) + 507k, A2, 05 (A6)

We follow Tauchen (2011) and select the root for which ¢ A.y — 0 when ¢ — 0. We solve
for Aco, Acs, Acv, and k.o conditional on a candidate k.; and search for the k.; that solves

ke1 = (exp(Aeo + Acy‘_/))/(l + exp(Aco + AQV‘_/)).

Substituting the resulting values into Equation (A3) gives the following representation of the
pricing kernel:

c x 174
Myi+1 = E, [mt,t+1] - Ac€t+1 - A15t+1 - AVgtJrla
where

Ac =7 V;
Ax - (1 - H)kc,lAc,xqu\/Vt

AV - (1 - e)kc,lAc,ngV\/Vt-

For a dividend process

Ady g = i+ kize + 0V Vieg g,

we can, as before, assume an affine structure of the corresponding price-dividend ratio, i.e.



wi = Ao + Aizze + AivVy, and use the Campbell and Shiller (1988) approximation to log-
linearize the return on the dividend claim. The corresponding Euler equation gives rise to the

following system of equations:

1
Aio = = (06 + pta = e + (0 = Do + ki + (6 = Do — 1) Aug (ATa)
— Mgl

(0= Dkeadey + kinAiy ) (1= k)7

ki — 1/

Aiy = ATb
.= P (ATb)
0= 2]%211412‘/(25%/ + ((ki,lﬁv —1)+ (0 — 1)(/%1/% 14¢ V¢%/))Ai v (ATc)

1 2
(0= 1) haany — DAy + 572+ 562+ 2 (0 - D82, 4%, + ki As)

1
5(9 - 1) k(zzl ,m¢V‘

We proceed as above in selecting the economically meaningful root. The expected excess return

on asset ¢ is

. . 1 .
E [Tz,tﬂ} - 7{,zwrl = —COUt(mt,tH,?”i,tH) - §Va7’t(7”zle,t+1) =mvVi (A8)

where

Cov(muir,Thgsr) = Mt/ Vi + Nokin Aiwdu\/ Vi + Avkig Ay dv/ Vi

Vart(ri,t-i—l) = @iV, + (k?z‘,lAi,x%)th + (kfi,lAi,Vcbv)QV}

such that ;v in Equation (A8) is

1
my =(1-— Q)kc,lki,lAc,zAi,xébi + (1 - Q)kc,lki,lAc,VAi,VQS%/ 3 (@2 + (k‘i,lAi,x%)Q + (ki,1Ai,V¢v)2>-

Since V; is the only uncertainty related state variable in this model economy, risk premia on

8



all stocks in the economy are multiples of each other and thus move in lockstep. However,
there are differences in the sizes of innovations in expected returns which are quantified by the

coefficients m; y .

The coefficient b,,; in the linear regression

i f _ m w,1,t
Tii412 — Tigr12 = OQwi + boiwy" + €119

equals the unconditional covariance of the excess return on asset ¢ and the price-dividend ratio
of the market portfolio divided by the unconditional variance of the price-dividend ratio. These

terms can be calculated in closed form within the model:

; Cov (Ti,t—HQ - Tic,t+12,wgn> Cov (Et [Ti,t+12 - th,t+12} awln> AQ
wit = Var(w™) N Var(w™) (A9)
Var(Vy) Z .
— K

Var(w™) v

= T, vAm,V
=0

where C'ov and Var denote unconditional moments. The unconditional variance of the price-

vVar(Vy), where Var(x,) = ¢:V and Var(V,) =

2
1—kZ

dividend ratio is Var(w;) = A7, Var(z,) + A?

1y

vV With the definition

K2
1—ky,

-1
Var(V;) =
Ao = | Apy—""—= 4 \%4 Al
( ’VVar(wgn)ZHV (A10)

=0

and using Equation (A9), it is easy to see that

i f _ 7
E [rt,t—i—l - rt,t-&-l} = 7Ti,vV =N\ bw,i~



The variance risk premium is given by
v = ER[Varia (1)) — B [Var (),

where the conditional return variance is

VCL?“t(’I“t+1) (¢2 ( m 1Am,m¢z>2 + (km,lAm,V¢V)2) ‘/t

Vary(r,) is Gaussian because Vi4; is Gaussian. The log pricing kernel is Gaussian as well.

We can thus write

E2[Vari(rf},)]
= log (EZlexp(Vare()))) — gVardVare ()
= log (Ef lexp(myt+1 + Vart+1(7“{ﬁ‘r2))]) — log (Ef [exp(mt7t+1)]) — %Vart(VartH(rf}rQ))
=El [ms1] + EX [Varga (ry)] + %Vart(mt’t+1> + %Vart(VartH(r;’j‘rQ))

1 1
+ Covy(mygr, Varga (rlyy)) — Ef [mesi1] — §Vart(mt’t+1) — §Va7’t(Va7’t+1(rﬁ2)).

It follows that the variance risk premium is

Vi = B vV = Cove(my i1, Varya(ry),)) (A11)

= kc,l(e - 1)AC,V (an + (km,lAm,x¢x)2 + (km,lAm,V¢V)2) ¢%/ ‘/t

Again, the slope coefficient in a predictive regression is given by

Var Vt 3
bwﬂ' - ﬂ—i,VBm,V V&T’ Z Ry, (A12)
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and, using the definition
-1
Var(Vy) i _
M=\ Bnyve——= Y , Al
< v Var(v") TZ:ORV v (AL3)
we find that

i f r/
E [Tt,t+1 - Tt,t+1] =miyV =X by

A2.2 The signs of \’s

Regarding the relation between the agent’s preferences and the signs of A, and \,, we can make

the following statement:
A, < 0if and only if (0 — 1) < 0.

The condition w.r.t. 6 holds if either 1 < v < 1/¢ or 1 > v > 1/1. Assuming that the
investor is sufficiently risk averse (v > 1), the statement implies that A, > 0 if and only if
the investor has a preference for early resolution of uncertainty. To prove this statement we

rearrange Equation (A6):

1
1-— kc,lﬁv

1 1 1
(PR A0 + 50 + S0 A2, 02).

QAC,V = 9

Hence, 0A.y > 0, ie.,, A.y is positive if and only if 6 is positive because k.; and sy are
both between 0 and 1. From Equation (A1l) we can deduce that B,,y has the same sign as

(0 — 1)A.v. Together with Equation (A13), this proves the statement.

A is more difficult to analyze, since A,, does not necessarily have the same sign as the
market price of V-risk. We vary the preference parameters v and 1, while keeping all other
parameters as reported in Table A5 and analyze the coefficient A,, . Figure A3 shows it as a

function of v and 1/¢. The dark area indicates parameter combinations for which A,,y, and,

11



hence, A, is negative. The white cross marks the parameter choice in Bansal and Yaron (2004).
Those parameter combinations that are located above the 45 degree line indicate a preference
for late resolution of uncertainty. The following statement holds irrespective of the choice of

the structural parameters.
If (0 — 1) <0 then A\, > 0.

If the investor is sufficiently risk averse (y > 1), a preference for late resolution of un-
certainty (i.e. 1/¢) > =) implies a positive relation between expected returns E,[r},,,] and

coefficients b,,; in the cross-section. The converse does not hold in general.

To prove this statement we rewrite Equation (A7c) for the case i = m as
0= aA?mV +bA,, v +c,

The coefficients are

T
m, 1RV — ]-) + (0 - 1)<kc,1km,1Ac,V¢%/>

1 1 1 2
¢ = (0= V)keary = DAew + 577+ 565+ 5 (0= D2, AL, + ki A ) 62

L
= g
= (k

l\DI»—t

The first term of b is always negative and the second is negative iff (§—1)@ is negative, according
to the above argument. In this case, the first term of ¢ is positive, just as the remaining terms

which are all quadratic. We can thus conclude that

(0—1)0 <0=>b<0andc>0.

12



The converse does not hold. According to the root selection criterion discussed above, the
solution that we consider is

1
— — [ = i 2 _
Am,v = 2 ( b+ 81g11(b) b 4ac> .

If (9—1)0 < 0 then b < 0 and we have to subtract the root. a and ¢ are positive, so v/b? — dac <

—b, and thus A,, y must be positive.

A2.3 Simulation studies

In this section, we describe how we simulate returns from the model described above and the
version of the model of Segal et al. (2015), described in Section A4 of this Online Appendix.
We always start by solving the respective model, i.e., we calculate the coefficients A,, Ay, Ay,
By, Bw, myv, and 7, w. We then simulate time series of the state variables, together with
consumption growth and dividend growth of the market portfolio. To avoid negative realizations
of the variance processes, we simulate these processes on a daily basis. In case a realization of

a variance process is still negative, we set it to a very small positive value.

To generate a cross-section of stock returns, we take T,V (and T, W if necessary) as a
starting point and generate a cross-section of V- (and W-) loadings by drawing 7,000 normally
distributed random numbers (g;);—1,... s per factor. We set m; y = f7rm,V+(%7rmyv)-ei (analogously
for W), where f is a scaling factor. We proceed similarly to generate return volatility coefficients
of all the 7,000 stocks in the cross-section. We then simulate a time-series of excess returns on

asset ¢ via the equation

Tit41 — U1 = Tv Ve + mw Wy + volatility coefficients x shocks.

13



The last term depends on the model specification. We simulate time series with a length of 25
years plus a 10 year burn-in period that is discarded directly after the simulation to make the
time series less dependent on the starting values (which we set to the unconditional means of

the state variables).

We then compare the value weighted market portfolio from our cross-section with the
market portfolio as defined by the dynamics given in the respective model, and use the scaling

factors for fine-tuning.

We run predictive regressions with the price-dividend ratio and the variance risk premium
as predictors and the market return as the dependent variable. We then scale the return volatil-
ity (i.e. we multiply the noise term in the above equation with a constant) until the R? of the
predictive regression with the variance risk premium is the same as in the data over the four
months horizon. We then proceed similarly with the coefficient of x in the price-dividend ratio
until the R? of the predictive regression with the price-dividend ratio is the same as in the
data over the twelve months horizon. We use the same constant to scale the volatility of the
stock returns in the cross-section. It is important to notice that we largely reduce the return
volatility by this step. This leads to very large ¢-statistics in some cases (see, e.g., Panel A in

Table A6 or Table AS).

A2.4 Quantitative analysis

As detailed above, the calibration of Bansal and Yaron (2004), given in the top line of Table A5,
yields A, > 0 and A, < 0. Note that there is a slight difference between our model and the
original one, which is the time varying variance of V. We choose the parameter ¢y in Equation
(Ada) such that ¢?V matches the constant variance of V' in the model of Bansal and Yaron

(2004), so that the additional component in our model has only a small impact on unconditional

14



asset pricing moments. Solving the model yields the well-known result that B, is negative.
This implies that stocks with high b0,’s must on average have lower returns than those with
low b,’s. For the coefficients with respect to the variance risk premium it is the other way
around. With these parameters, the market price of V-risk is negative. For the variance risk
premium this means the following: Since the variance of V' loads positively on V', due to the
square-root specification, the variance risk premium, i.e., the @ — P-difference in the expected

return variance, loads positively on V' (see the discussion in the above Section A2.1).

The positive A, is in line with the data. However, A, is also positive in the data while it
is negative in the model due to the negative A,, ;. We substantiate this analytic finding with
a simulation study, as described in the previous section, and then apply the same algorithm
as the one described in Section 3 of the paper. The results, shown in Panel A of Table A6,
corroborate the earlier assessment. Thus, we can reject the one-factor long-run risks model

with the suggested calibration.

Bansal and Yaron (2004) argue that the sign of A,, v depends on the timing preferences of
the representative agent. We thus also consider an agent with a preference for late resolution of
uncertainty, in particular v = 2 and ¢ = 0.25. This, indeed, yields A,,y > 0 and thus A\, > 0,

but, at the same time A\, < 0 (see Panel B in Table A6).

Our analysis in the above subsection suggests that there are alternative calibrations of
the model which allow both A\, > 0 and A\, > 0. With such parameters, we find positive returns
on high minus low portfolios, no matter if we use slope coefficients from predictive regressions
on the price-dividend ratio or the variance risk premium for sorting. In this case, a high-b,, ;
stock must also be a high ; y-stock. The same is true for high-b,; stocks. As a consequence,
high-b,, ; stocks must always also be high-b, ; stocks. Thus, in independent double sorts on b, ;
and b, ;, all stocks must group in portfolios around the main diagonal. We perform independent

double sorts on our simulated returns and find exactly this pattern (see Panel C of Table A7).
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A3 The model of Drechsler and Yaron (2011)

Drechsler and Yaron (2011) suggest an extension of the long-run risks model which is able to
explain the high and time-varying variance risk premium and its predictive power in the data.
For this reason, the model is a natural candidate for our analysis. We consider a variant of the
original model, in which the variance process V' is heteroskedastic. The authors assume large
non-Gaussian innovations (jumps) in the two state variables z; and V; and a time-varying central
tendency of the consumption variance which we call W; in the following. Both ingredients have
been used by other authors before. Jumps were used in general equilibrium contexts by Barro
(2006), Rietz (1988), Wachter (2013), and, in a setting with recursive preferences, by Benzoni
et al. (2011). A stochastic central tendency has also been considered by Branger and Volkert
(2011) and Jin (2015). The dynamics of consumption, dividends, and the state variables are

given as follows:

Acrsy = fie + ¢+ V/Viel, (Al4a)
AdP L = i + Emy + Sm/Vie™ (A14b)
Tir1 = KeXy + qsm\/Vtng + Jott1 (Al4c)
Vier = Wi+ kv (Ve = W) + dv v/ Viel oy + Ty (Al4d)
Wirr =W + sw(We = W) + ow/Wiel, (Alde)

Note that the dynamics include jumps in the expected growth rate and in the variance com-
ponent V. Jumps in the expected growth rate are normally distributed with zero mean and

variance o . Jumps in V are exponentially distributed with mean A ;. The moment generating

16



functions are given by

l:c,t(u) = Et[equ,t+1] — 60'5‘731“2

lw(u) = Et[€UJV’t+1] = (1 — )\Jvu)_l

By ll(?((]), we denote the j-th derivative of the moment generating function /; ;(u) evaluated at

u = 0. Furthermore, both jump intensities are affine in V, i.e. 1, V; and v,/ V.

In terms of investor preferences, the model makes the same assumptions as the long-run

risks model by Bansal and Yaron (2004).

To solve the model, we follow Drechsler and Yaron (2011). We assume that the wealth

consumption ratio is affine in the state variables
Wtc = Ac,O + Ac,mxt + AC,VW + AC,WWt

with coeflicients

1 _
Ac,o = 1 2 ((5 + kc,O + (1 — w_l),uc + kc,lAc,W(l — ]{Zw)W)
- Pl
A - Lo
’ 1-— ]{Zc’llix

Acv and A, solve the quadratic equations

1 1 1
0= 5(97€c,1¢v)2142y + 0(keaky — 1)Acy + §(ekc,1Ac,x¢x>2 + 5(1 — ’)/)2

+ 1ol (0ke1Acy) — 1) + v (b (01 Acy) — 1)

1
0= §(ekc71¢w)2Az7W + e(lﬂqllﬁlw — 1)AC,W -+ (1 — Hv)9k071Ac7v.

17



The log pricing kernel is

Mg+ = My + My + mV‘/t + mWWt - Ac V ‘/t€§+1 - Ax(bm V ‘/tEtx+1 - A:):Jx,tJrl

- AV¢V\/Vt€X|-1 — Avdvist — Awow VWie

with coeflicients

moy = 05 + (9 — ]-)kc,O + (0 — 1)(]6671 — 1)AC’0
my = (1—0)A..
my = (1 — 9)A07V

mw — (1 — G)AC,W
and the market prices of risk are

A=~

Ay =(1—-0)k.1A,
AV = (]_ — 9)](36711407\/

Aw = (1= 0)kerAcyy.

We assume that the dividend growth dynamics of asset ¢ are also specified as in Equation

(A14b). The coefficients of the price-dividend ratio are

1
Ao = T (mo + kio — e + (kipAiw — Aw) (1 — 7)) W + 11q)
A, = w,
’ 1 — kiR

18



and A;y and A,y solve the quadratic equations

1
0= (kis —Aiv—Av)ky —Aiv + 5(72(7%,1141,1 - Aw)2¢i + (kinAiy — AV>2¢%/ + ¢12)
+ta(la(RinAip — Ag) = 1) + oy (lv(kinAiy — Av) — 1) +my
0= (ki1Aiw — Aw)rw + (k1 Aiw — Av) (1 — my)
1

+ 5((/%,114@',W — Aw)*y — A + mw

The expected excess return on asset i is
i f —
E[Ttﬂ] Tl — iy Ve + miw W,

where the coefficients are given by

1
v = ki,lAi,xA:ECbi + ki,1Ai,vAV¢%/ - _((ki,lAi,x¢x)2 + (ki,lAi,V¢V)2 + Qf)

2
+ by [ki,lAi,zli«l) (0) + lx(—Aw) — l:v<ki,1Ai,w — Ax)]
+ LV[ki,lAi,Vlgfl)(O) + lv(—Av) - lV<ki,lAi,V - Av)],

1
W = ki,lAi,WAW¢%/V - §(kfi,1Ai,W¢W)2~

The conditional return variance of the market portfolio is Vart(r?ft 11) = oy Vi + 0w Wy, with

coefficients

UT,V - (km,lAm,x¢x)2 + (km71Am,V¢V)2 + Cbgn + La:(k‘?n,lA»?n,xlg;Z) (O))
+ LV(k'?n,lA?n,ng/Q)(o))a

Orw = (km,lAm,W¢W)2’
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The variance risk premium is given by v, = B,,, vV, + B, wW, with coeflicients

By = 15 (k1 A7, 215P(0)) = (k7,1 A7, 112 (0))

) s m,xr’T m,z’x

Q
02(k2, A2 IR (0) — e (K2, A2, V1P (0))

+ ((/@V 1) Av+ L%“)(O)) oS — ((RV 1)+ va8>(0)) ooy,

Bm,W - _AWO'nW + (1 - RV)U%V - (1 — K;V)O-T',V'

Here, O'SV denotes the risk-neutral return variance-coefficient in front of V. The diffusive parts
of the variance are of course unaffected by the change of measure. However, the risk-neutral
jump intensity ¢< is higher than the physical jump intensity and the jump size distribution
changes. We denote the moment-generating function under the risk-neutral measure by <. The

change of the probability measure is described in detail by Eraker and Shaliastovich (2008).

Analogous to the model of Bansal and Yaron (2004), the model-implied slope coefficients

in predictive regressions are

ho—1 ho—1
Var(V}) ‘< Var(Wy) '
bwz = T Am - ki + Uy m - KT Alba
VY Var(wy) ; v Wm W Var(wy) ; W ( )
Var(V;) T Var(Wy) T
bui = Tiv B,y - Ky + Tiw Bmw ! Ky (A15b)
Var(v)) = Var(v]) =

Branger et al. (2018) calibrate the model extension reported above. The parameters are
close to those in Drechsler and Yaron (2011) and yield similar coefficients in the expressions
for the price-dividend ratio, the variance risk premium, and the conditional equity premium.
Using these parameters, we solve the model according to the procedure discussed above and
come up with the numbers in Equation (15). Given these parameters, A,y and A,y are both
negative. Economically, an increase in consumption volatility V' and in the central tendency

W of the volatility process are bad news for the risk-averse investor with a preference for
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early resolution of uncertainty. Thus, the market prices of V- and W-risk are negative, i.e.,
the wealth consumption ratio and, in line with that, the price-dividend ratio decrease after a
positive innovation in V' or W. At the same time, there is an increase in risk premia and, thus,
expected excess returns on single stocks. This increase is particularly large for relatively risky
stocks with high unconditional expected excess returns. As a consequence, stocks with more
negative coefficients in predictive regressions on the market price-dividend ratio have higher

unconditional returns with this calibration.

A4 The model of Segal et al. (2015)

A4.1 Model setup and solution

The authors assume that the agent has recursive preferences, similar to those in Bansal and
Yaron (2004, see Section A2 of this Online Appendix). In terms of cash flow dynamics, the
model explicitly distinguishes between positive and negative innovations in consumption and
trend consumption growth. Segal et al. (2015) model good and bad uncertainty as two separate
state variables. In the original version the authors assume homoskedastic processes for the two
variance components. We consider the following variant of the model with square-root processes

for V- and W to obtain a time-varying variance risk premium:

Acrir = fle + a0+ do(elyr — €41) (Al6a)
Adiﬂ = [ + KTy + cbi\/éin + (1 - 5@')Wt52+1 (A16D)
Tep1 = Koy + TyVe — Wi + ¢ (el — 5i’+1) (A16¢)
Vier =V + kv (Vi = V) + dv/Viel (A16d)
Wisr = W+ s (W, — W) + o/ Wielr |, (Al6e)
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where €], ,, €/, and %, are i.i.d. N(0,1). €/,; and €}, are assumed to be independent
centered Gamma distributed, i.e. e/ ; + V; ~ [(V;,1) and b, + W; ~ T'(W;,1). Since the
(centered) Gamma-distribution is right-skewed, V; and W, characterize the time-varying upside

and downside potential in consumption growth.

A further important ingredient of the model is the channel by which V' and W impact the
trend growth rate x. In a thorough empirical analysis, Segal et al. (2015) use the predictable
components of positive and negative realized semivariances of industrial production growth
rates to measure V and W in the data. They show that good (bad) uncertainty positively
(negatively) predicts future growth in consumption, output, investment, R&D, earnings, and
dividends over horizons of 1 to 5 years. These findings strongly suggest positive values for the

parameters 7, and 7, in Equation (A16c).

We basically apply the same solution technique as the one discussed in Section A2 of this
Online Appendix, with the additional feature that the log moment generating function of the

Gamma innovations is

. Viifi=g
log(li(u)) = log(E[e"+1]) = —(log(1 — u) + u) -
Wiiti=10
For i = V and i = W, the shocks ¢’ are Gaussian so log(l;(u)) = 1u? as in the model of

Bansal and Yaron (2004). The log wealth consumption ratio can then be solved using the same

approach as in Appendix A2. It is given by wf = A, o+ Ac z21+Aev Vi+ A w W, with coefficients

1 _ _
AQO = 1 2 (—(5 + (1 — p)MC + kc,O + kc,lAc,V(l — Iiv)V + kc,lAc,W(l - liw)W)
= el
’ 1— k?l?cliw
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and A,y and A,y solve

1

0= §(ekc,1¢v)2A§V + 0(kycky — 1) Ay
+ 9k071AC,$Tg - (10g(1 - ((1 - 'V)ch + ekc,lAC,xgba:)) + ((1 - 7)¢c + ekc,lAc,x¢x)>
1

0= 5(9k071¢w)21437w + 0(]{717C/€W — 1)AC,W

- ekc,lAc,a:Tb - (10g(1 + ((1 - 7)¢c + ekc,lAc,x¢m)) - ((1 - 7)¢c + ‘gkc,lAc,a:QSm)) .

The log pricing kernel is given in Equation (A3). Substituting the log-linearized return on the

wealth portfolio and using the affine guess for the wealth-consumption ratio yields

with coeflicients

mo = —00 — ype + (0 — ko + (0 — 1)(keq — 1) Aco
+ (0 = Dk Acy (1 — ky)V + (0 — Dkt Aew (1 — k)W
my ==+ (0 — 1) (kerbz — 1)Ace = —p
my = (0 = 1) ((kearv — D)Acy + ke1AeaTy)
mw = (0 — 1) ((keakw — D)Acw — ke AcaTs)
Ae =7¢c + (1 = O)kciAcadn
Av = (1= OkerAcvévy/Vi

Aw = (1 = 0)ke1Acwow / W

The dynamics of dividends of asset ¢ are given in Equation (A16b). The coefficients of the
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price-dividend ratio can be solved as explained in Appendix A2 and are given by

1 _ _
Ao = . (mo +kii(1—ry)AivV +Ekin(1— kw)AwW + pa + ki,o)
— 1/¢
Aix
7 1 - kz,l'%z

while A, and A; w solve

1 A
0= —(ki,1¢V)2A?,V + <ki,1"0V —1- ki,1¢v—v Ai,V + my + ki,lAi,ng

)
1AZ 1

+ 57 + = gzﬁ 0 — (log(1 — ki1 Ai 00 + Ap) + (kinAizde — Ay))
t

1 Aw
0= §(ki,l¢W)2A?7W + (ki,lfiw —-1- ki,1¢w\/—Wt> Aiw +mw — ki1 A a7y

1AZ,
+ = W, + = ¢2(1 —0;) — (log(1 + ki Aip0r — Ny) — (kinAinde — Ay))
t

The expected excess return on the market portfolio is
By ["{n,tﬂ] - Tw{,tJrl =y Vi + Tw Wi,

where

Tm,V = (kjm,lﬁ\/ - 1)Am,V +my + km71Am,a:Tg
1
— (lOg(l + Ax) — Am> + 5((1 - Q)kc,lAc,ngﬁv)Q
Tm,W = (km,lﬁW - 1)Am,W +mw — km,lAm,be

~ (log(1~ A) + A2) + (1~ Okr Aesow)”
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The conditional return variance is Vart(rfft 1) = oy Vi + 0w Wy, where

Ory = aném + (km,lAm,x¢x)2 + (kmylAva¢V)2

Orw = (b%@(l - 5m) + (km,lAm,x¢x)2 + (km,lAm,W¢W)2-

The variance risk premium can be calculated similarly to the procedure outlined in Section A2

of this Online Appendix. It is given by v, = B,,, vV; + B, wW;, where

Bm,V - kc,lar,V(e - 1)AC,V¢%/

Bm,W = kqla-r,W(@ - 1)AC7W¢%/V

Finally, the slope coefficients from predictive regressions can be calculated using Equations (A15).

A4.2 Quantitative analysis

As a benchmark case for the calibration, we set 7, = 7, = 0, i.e., the trend growth rate is not
affected by either variance component. The full set of parameters is given in Table A5. Similarly
to Equations (15) in the paper for the model of Drechsler and Yaron (2011), we find that the

relation between b, ; and expected returns is negative:

bwﬂ' :—0.377'(1'7\/ - 0-637Tz‘,W

bl,ﬂ' = 0.427’(’1"\/ + 0587T1’W

The intuition is similar to the Drechsler and Yaron (2011) model. The wealth-consumption ratio
decreases in V' and W with these parameters, so that the term “good uncertainty” for V' does
not really appear justified. Accordingly, the coefficients A,, v and A, w for the price-dividend

ratio are negative as well. At the same time, the corresponding coeflicients B, v and B,, y for
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the variance risk premium are both positive. Simulating returns given these parameters and
sorting stocks with respect to b, and b, implies that returns are decreasing in b, as can be

seen in the upper panel of Table AS.

As suggested by Segal et al. (2015), we now assume that 7, and 7, are both positive. This
choice mitigates (amplifies) the negative effect of increases in V' (W) on the wealth-consumption
ratio and also on the price-dividend ratio. We choose 7, large enough to make both valuation
ratios appreciate upon increases in V. We furthermore increase the persistence of V', while
decreasing that of W. This makes V more and W less important for variations in the price-
dividend ratio. At the same time, we increase the volatility of W and decrease that of V', which
makes W the dominant driver of the variance risk premium. In this way, the predictive power
of the price-dividend ratio is driven by the common variation of the price-dividend ratio and
expected excess returns through V' and, at the same time, the predictive power of the variance

risk premium is driven by the variation in W .2

Calculating the slope coefficients given these parameters yields

bwi: 0.8371',‘7\/ - 0.1777'@'7{/[/ (A17a)

)

by = —04Tmy + 0.53m . (A17b)

i

As a consequence, stocks with high expected returns have on average high b,,; and also high
b, ;. The simulation results in the lower panel of Table A8 confirm that average returns are

increasing in both b, and b,, just as observed in the data.

2The properties of the state variables V and W are similar to the estimates of Zhou and Zhu (2014), who
find two volatility components, one of which is persistent and stable, while the other one is transitory and
volatile. They are also in line with the stylized empirical fact that the price-dividend ratio (which is assumed
to be driven by the more persistent V' in this model) predicts returns over longer horizons of several years,
while the variance risk premium is mainly a short-term predictor for horizons up to four months. Variation in
the price-dividend ratio must therefore be driven by the variation in a persistent state variable, while the state
variable that causes the major part of the variation in the variance risk premium must be rather transitory.
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Figure A4 shows b, ,, as a function of 7,, 7,, and the parameters of the two variance
processes. We set 7, = 7, = 7 and vary this parameter between 0 and 1.25 x 10~*. The variance
shifting parameter is defined such that the values of 0 and 1 correspond to “Case 1”7 and “Case
2” for the parameters kv, ¢y, kw, and ¢y in Table A5, respectively. For values of the variance

shifting parameter different from 0 or 1, we linearly inter- and extrapolate between the cases.

A positive b, ,, indicates that the model is able to produce a positive cross-sectional rela-
tion between b, and expected returns. The system of equations (A17) is helpful in illustrating
the rationale. Here, high-b, ; stocks feature, on average, high m;y and low ;. In order to
match the positive relation between b,,; and unconditional expected returns, the effect of 7,y
on b, ; must dominate. Under the assumption that the 7’s are uncorrelated in the cross-section

and fluctuate around the 7’s of the market portfolio, this is the case if b, ,, is positive.

We also find that the parameter b,,, is positive for all parameter scenarios considered,
which implies that the positive relation between b, and expected returns holds consistently.
Moreover, since the coefficients of m;y always have opposite signs in the equations for b, ;
and b,;, and the same is true for m; -, the negative relation between b, and b, holds for all
the parameter values considered here. Thus, the area of positive values for b, ,, in Figure A4
indeed represents the scenarios in which the model can reproduce the pairwise cross-sectional

; i f
correlations between b ;, b,;, and E[r{,, —r/,].

We also perform independent double sorts based on simulated data to study the cross-
sectional relation between b, and b,. The relative number of stocks in the 25 portfolios is
reported in Table A9. Similar to the data, we find that the majority of stocks cluster around
the counterdiagonal for both parametrizations. For Case 1 where 7, = 7, = 0, the intuition is
similar to the long-run risks model. High b, -stocks have low expected return coefficients 7y,
and/or 7y, because Ay and Ay are negative. Those are exactly the stocks which have low b, ’s.

For Case 2, the situation is slightly different: Stocks with high b,,; either have a high 7 or a
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low 7; . In any case, a stock with high 7,y or a low m; w will have a low b;,, since By, <0

and B, w > 0.

In Section 3.3 we also found clusters near the main diagonal and we also observed a
positive rank correlation between b, and b, in some months. We observe a similar pattern
in Table A9. Furthermore, the rank correlation between b, and b, is positive in 15% of the
months. The reason is that our rolling window approach estimates covariances on rather short
samples. Despite the fact that innovations in V' and W are theoretically uncorrelated, they can
appear correlated in small samples. Imagine a perfect correlation, e.g., V; = W, for all t in a
particular 72-month window. The variance risk premium in ¢ would be (B,, v + B, w )W, with
a negative B,,  and a positive B,, v, which is greater than B,,  in absolute terms. A similar
argument holds for the price-dividend ratio, where the positive A,, 1 is greater in magnitude
than the negative A,, . In that estimation window, a high b.-stock would also be a high
b,-stock. In periods with accidentally high correlation between the state variables, we cannot
identify exposures to the two state variables separately, because the price-dividend ratio and
the variance risk premium move in lockstep and, thus, do not represent independent sources of

information.

While the model perfectly explains the pairwise cross-sectional correlations between b, ;,
byi, and Elry,, — r{ +n), it implies that the slope coeflicient b, ., of the market portfolio is
positive, since 7, v is positive and larger than 7, . Moreover, it is reasonable to assume that
this is also true for the majority of stocks in the cross-section, since the value-weighted sum of
the m;v’s must equal 7, . This pattern is at odds with the finding from Section 4.1 that the
majority of slope coefficients and especially the slope coefficient of the market itself is negative
in the large majority of periods. As a summary we can state that the model can explain the
main empirical facts in a natural way but fails when it comes to explaining the details. Another

state variable could be added to the model to also match the signs of the slope coefficients.
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A5 The model of Bekaert and Engstrom (2017)

A5.1 Model setup and solution

Following Campbell and Cochrane (1999), the agent maximizes the intertemporal utility func-

tion

S - (Corj — Hepy)' ™7 1

(A18)

The preference parameters 0 and v control the agent’s pure time preference rate and her risk
attitude. More specifically, Campbell and Cochrane (1999) show that the Arrow-Pratt measure
of relative risk aversion is time-varying and equal to v exp(—s;), with s; being defined below.
H,; denotes the time-varying habit or subsistence level, such that C; > H;. Time variation in H

is modeled indirectly via the time variation in the log surplus consumption ratio

St = log(C't — Ht) — log(C't), (Alg)

which is assumed to follow

St11 = 5+ Ks(St — 8) + A(Acir — fie)- (A20)

¢ is always positive such that the surplus consumption ratio increases in consumption growth.

In particular,

V1=2(s;—5)—1 (A21)

A = mazx | 0,
\/(¢§g‘/§s + W) 55
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which is a natural generalization of the specification in Campbell and Cochrane (1999), in the
sense that the preference parameter b can be different from zero which allows the risk-free

interest rate to depend directly on s; (see Bekaert and Engstrom 2017, for details).

With these preferences, the log pricing kernel is given by

M1 = -0 — ’}/Act+1 — 7(375—1—1 — St). (A22)

Consumption growth is not i.i.d. as in Campbell and Cochrane (1999), but driven by good

and bad shocks. The dynamics are given by

Aciy1 = fle + Pegely) — ¢cb5€+1 (A23a)
Vi =V 4+ kv (Vi = V) + dvely, (A23b)
Wigr =W+ s (W, = W) + ¢web 4 (A23c)
Adyyy = i+ Gigelir — Pivelyas (A23d)

where ¢/, ; and €}, are independent centered Gamma distributed as described in Section A4
for the case of the Segal et al. (2015) model. In contrast to the latter model, however, there
are no separate shocks in the dynamics of V, W, and d’ in Equations (A23a) to (A23d), i.e., &9
and ° are the only shocks in the model. We assume that the dynamics of firm i’s dividends are
structurally equal to the market claim in Bekaert and Engstrom (2017). The authors discuss in
great detail how these dynamics lead to plausible time variation in the volatility, skewness, and
kurtosis of consumption growth, while keeping the mean growth rate of consumption constant

at L.

Bekaert and Engstrom (2017) estimate the parameters in Equations (A23a) to (A23c)

based exclusively on consumption data. The exposures ¢,,, and ¢,,;, of the market claim (the
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case i = m) in Equation (A23d) are then set to match dividend growth volatility and the
correlation between consumption and dividend growth. There are two pairs of parameters which
achieve this goal. Bekaert and Engstrom (2017) choose Omg = —0.0055 and ¢, = 0.0217,
which imply that the aggregate dividend claim hedges consumption shocks through 9. The
alternative pair of parameters with ¢,,, = 0.0081 and ¢,,;;, = —0.0138 is discussed below.
Moreover, Bekaert and Engstrom (2017) consider a parsimonious special case of the model
with Ky = ¢y = 0, implying that V}; is constant. For the positive relation between b, ; and
expected returns, however, a time-varying V' turns out to be crucial, so we consider the general

model.

We choose model parameters that are equal to those in Bekaert and Engstrom (2017)
with a few exceptions which are discussed now. Since we assume that V' is not constant, we
have to choose the persistence ky of V' and the multiplier ¢y of the shock e,. We choose
these parameters such that V' has properties that are similar to W. More precisely, we choose

rky = kyw = 0.91 and ¢y such that the variance of V' is equal to the variance of W.

To solve the model, we first calculate the price-dividend ratio of asset ¢ on a grid for the
state variables. To define reasonable edges of the grid, we simulate a sample of 100,000 periods
and use the most extreme values. We use a grid with 36 grid points per dimension. We start
with a (constant) guess of the price-dividend ratio for each grid point and iterate backward

using the Euler Equation in the form

exp(w;) = E; [GXP (mt+1 + log(exp(wi, ) + 1) + Adf‘:+1)] :

We calculate transition probabilities between grid points and calculate the expectation numeri-
cally. Once we have the price-dividend ratio on the grid, we use quadrature methods to calculate

expectations under P and Q on the grid. Here, we interpolate between grid points and use a

31



subgrid to avoid running out of the grid for the price-dividend ratio. In this way we calculate

conditional expected excess returns and the variance risk premium.

Ab5.2 Quantitative analysis

Before we start the analysis of the implications for the cross-section of expected returns, we
want to shed light on a few special aspects of the Bekaert and Engstrom (2017) model. First,
both high-V states and high-W states are bad states of the world, i.e., the wealth-consumption
ratio decreases in both V' and W. This seems surprising in the case of V', since it represents
the time-varying upside potential in consumption growth and could thus be labeled “good
uncertainty”. However, this intuition is misleading. The variance of the £9-shocks is equal to V;
and thus obviously increasing in V. Although the distribution of consumption growth is more
right-skewed at high levels of V, the negative influence of increased volatility prevails.® This is

in line with our first calibration of the Segal et al. (2015) model, where 7, = 7, = 0.

Second, e9-shocks have ambivalent consequences for the investor. She appreciates the
associated increase in consumption and surplus, but she does not appreciate the increase in
V' (the wealth-consumption ratio goes down). With habit preferences, the wealth-consumption
ratio does not impact the pricing kernel (as it would with Epstein and Zin (1989) preferences),
and so the market price of £9-risk is undoubtedly positive. This leads to the rather uncommon
feature that a positive shock to a source of randomness with a positive market price of risk
leads to a decline in the wealth-consumption ratio. In simple words, the investor likes going to

the high-V state, but she does not like being in the high V-state.

Third, the properties of the dividend claim are similar to those of the consumption claim,

3For this feature, the habit preferences are crucial. With time-additive preferences, the wealth-consumption
ratio increases in V and W. As discussed by, e.g., Bansal and Yaron (2004), it is important to distinguish between
risk aversion and the (inverse of the) elasticity of intertemporal substitution when it comes to a model’s ability
to explain asset prices and their dynamics.
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if both ¢,y and ¢y, are positive. In this case, the price-dividend ratio decreases and risk
premia increase in V' and W, similar to the model of Drechsler and Yaron (2011). By setting
Gmg (O Gmp) to a negative value, dividends hedge consumption-shocks through €9 (%), which is
particularly valuable in high-V states (high-W states). Thus, the price-dividend ratio increases
and risk premia decrease in V' (W), exactly if ¢,y (¢mp) is negative. In the original calibration
by Bekaert and Engstrom (2017), ¢y, is negative and ¢, is positive. The alternative calibration
where ¢,,,4 is positive and ¢,,; is negative has very similar implications, with V" and W switching

roles in all of the following arguments.

Figure A5 shows conditional expected returns on the market and four alternative dividend
claims, the market price-dividend ratio, and the variance risk premium, all as functions of the
state variables V', W, and s. When we show the impact of one state variable, the other two are

set to their steady states values.

We start with an analysis of the impact of V. The aggregate price-dividend ratio is
increasing in V', which is due to the fact that ¢,,, is negative. This in turn implies that dividends
are a hedge against consumption shocks through €9, and this hedge is particularly valuable when
V' is high. The conditional expected return on the market portfolio is decreasing in V. All else
equal, this pattern leads to a negative relation between the price-dividend ratio and expected
returns. This negative relation is also found for the other two state variables. The price-dividend
ratio is decreasing (increasing) and expected returns are increasing (largely decreasing) in W

(s). As a consequence, the slope coefficient b, ,, is unambiguously negative.

To generate a cross-section of dividend claims, we vary the parameters ¢;, and ¢;. For the
market portfolio we set ¢,,,, = —0.0055 and ¢,,, = 0.0217. To specifically consider the effect of
V' on the relation between slope coefficients and expected returns, we first consider two stocks
¢ and j with ¢;, = —0.0075 and ¢;, = —0.0035 and set ¢;;, and ¢;;, equal to the exposure ¢,,;, of

the market. With these parameters, stock 7 is an even better hedge for £9-risk than the market.
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Because of that, the unconditional expected return on that stock is lower than that on the
market portfolio. Moreover, its conditional expected return is more sensitive to innovations in
V', i.e., an increase in V lets the expected return on that asset go down by even more than that
on the market portfolio. In contrast to that, the expected return on stock j is less sensitive to
changes in V. Thus, the slope coefficient b, ; will be less negative than b, ,,. In line with the

data, stock 7 will also have a relatively high unconditional expected return.

The variance risk premium of the market is decreasing in V' and increasing in W, which
implies a positive b, ,, and a negative cross-sectional correlation between b, and b,, just as
documented for our sample in Section 3 of the paper. However, we find b,; > b, ;, which is at
odds with the positive cross-sectional relation between b, and expected returns that we observe
in the data. Borrowing the intuition from Section 5.2, m; 1 is smaller than 7y, while 7; yr and
7w are the same. As argued in Section 5.2, we have to consider the exposures to a second
state variable (i.e., allow cross-sectional variation in 7y ) to explain the cross-sectional relations

between b, b,, and expected returns.

To study the effect of W, we consider two stocks k£ and ¢ with ¢g, = 0.0117 and ¢p =
0.0317, while setting ¢ry = ¢rg = Pmg- In this scenario, the impact of V' on expected returns
is very similar for the two stocks and the market portfolio (the respective curves differ only in

level, with stock ¢ having higher expected returns, but not in slope).

When we look at the impact of W, on the other hand, we see that the expected return on
stock ¢ increases more strongly than that on stock k. Since the aggregate price-dividend ratio
decreases and the variance risk premium increases in W, b, is larger than b, ,, while b, is
smaller than b, 4. Since the exposure of £ to W is stronger than that of k, the former has a higher
unconditional expected excess return. Thus, when stocks in the cross-section differ only with
respect to ¢, the model can only explain the positive relation between b, and expected returns,

but fails to provide a rationale for the positive relation between b,, and expected returns.
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As argued in Section 5.2, it is crucial to combine the two channels, i.e., allow cross-sectional
variation in exposures to good and bad shocks. The negative correlation between b, and b, is
implied by innovations in V' and W alike and, thus, always holds. Whether the model produces
positive correlations between b, and expected returns (driven by V') and, at the same time,
between b, and expected returns (driven by W), depends on the cross-sectional distribution of

the parameters ¢;, and ¢, and the exact properties of the state variables.

Importantly, the key feature that allows the model to explain the empirical patterns
in expected returns and slope coefficients is the negative coefficient ¢,,, (or, alternatively, a
negative value for ¢,,;). It implies that there are shocks in the economy which lead to increases
in aggregate consumption and decreases in aggregate dividends and vice versa. There is no
obvious micro foundation for this channel. As a result, our empirical findings remain difficult to
reproduce in an endowment economy, unless one is willing to rely on somewhat counterintuitive
assumptions about the cash-flow dynamics. A production economy may be necessary to provide

a stronger economic intuition.

A6 The model of Croce (2014)

The agent is assumed to have recursive preferences, similar to those used in the model of Bansal
and Yaron (2004, see Section A2 of this Online Appendix). The difference is that time-¢ utility
is not only a function of consumption but also of leisure, aggregated using a standard CES

utility function. More precisely,

1/(1=1/9)
1/9} , where (A24a)

U= (1= e )C 4 e (B [U17])

]1/(1—1/77)

= [o Ol 4 (1= 0)(Ayl,) 1/ (A24b)
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Here, A denotes aggregate productivity, [ denotes leisure, n is the elasticity of substitution
between consumption and leisure, and o is a weighting parameter. The other parameters can

be interpreted as in Appendix A2.

The aggregate capital stock is given by K;. Output Y; is produced from capital using a

constant returns-to-scale production function of the form

Y, = Kta [Atnt]l_a )

where n; denotes hours worked. Apart from hours worked, the way how capital is utilized to
produce output depends on aggregate productivity A, which is subject to stochastic shocks

which are specified exogenously. The log growth rate of aggregate productivity follows

log(Ap1/Ar) = o+ 4 + e el (A25a)
Tiy1 = KeTy + Que’iel (A25D)
Vi1 = kvVi + dveli (A25c¢)

Croce allows £7,, and €}, to be correlated while the correlation of the two shocks with &, is

assumed to be equal to zero.

In this setup, the agent optimizes the intertemporal utility function in Equation (A24a)
by choosing optimal leisure [, labor input n, consumption C' and investment I subject to the

constraints

Y, > G+ 1, (A26a)
1 Z ny + lta (A26b>
Kipyn < (1= 0g) K + I — G K. (A26¢)
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The parameter i in (A26¢) denotes the depreciation rate and Gy denotes capital adjustment

costs which are specified as in Jermann (1998):

o ( I, )1—1/5 Cu
0

I
1—% K

Gy =L —
t K,

|

Here, the parameter £ controls how costly it is to adjust capital, and oy and «; are chosen to
make the capital adjustment cost and its first derivative equal to zero in the steady state.
The model is calibrated using parameters that are standard in the long-run risks literature,
in particular, a risk aversion coefficient of 10 and an EIS of 2. The full set of parameters can be
found in Table 3 in Croce (2014). The model is solved in dynare++ and the code is provided on

Max Croce’s website at https://sites.google.com/view/mmcroce/chronological-order.
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Table A4: HML returns using different prediction horizons and formation periods

Panel A: HML,, (sample 1933-2018)
Form. period 3 6 9 12 15 18 21 24 27 30 33 36

48 0.25 0.29 044 039 043 036 032 032 024 018 023 0.24
[1.88] [2.19] [3.07] [2.61] [2.80] [2.29]  [1.94] [1.91]  [1.47] [1.06]  [1.31]  [1.42]
72 0.23 026 040 031 0.20 032 0.25 029 031 026 0.16 0.18
[1.72] [2.02] [2.86] [2.31] [1.54] [2.41]  [1.84] [2.10]  [2.23] [1.82]  [L.19]  [L.35]
96 0.20 0.27 039 037 024 030 0.21 0.12 0.00 0.03 -0.00 -0.04
[1.56] [2.09] [2.97] [2.79] [1.90] [2.30]  [1.62] [0.91]  [0.04] [0.29] [-0.03]  [-0.37]

Panel B: HML, (sample 1933-2018)
Form. period 1 2 3 4 5 6 7 8 9 10 11 12

48 0.07 0.17 0.27 0.20 0.20 0.06 -0.05 0.04 0.03 0.05 0.11 -0.03
[0.50] [1.14] [1.90] [1.38] [1.40] [0.45] [-0.35] [0.26]  [0.23] [0.32]  [0.74]  [-0.19]
72 0.13 0.25 0.28 030 0.35 0.16 -0.05 0.10 0.10 0.09 0.13 0.06
[0.93) [1.68] [2.05] [2.13] [2.52] [1.17] [-0.35] [0.69]  [0.78] [0.70]  [0.97]  [0.43]
96 0.17 0.28 0.30 036 035 0.21 0.03 0.10 -0.01 0.056 0.06 -0.01
[1.36] [1.98] [2.22] [2.64] [2.57] [1.64] [0.20] [0.76] [-0.07] [0.36]  [0.48]  [-0.05]

The table shows the average returns on HML, and HML, portfolios using formation periods of 48,
72, and 96 months, and return horizons between 3 and 36 months (1 and 12 months) in Panel A
(Panel B). HML returns are average monthly returns on portfolios long in the highest and short in the
lowest decile portfolio. t-statistics are adjusted following Newey and West (1987). The sample period
is 1933/01 - 2018/06. The sorts on b, in Panel B rely on on the backwards extrapolation of the time
series for the variance risk premium as described in Section 3.2 of the paper.
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Table A6: Returns on sorted portfolios based on simulated data from the Bansal
and Yaron (2004) model

low high HML

Panel A: y=10, v = 1.5

Sorted on b, 8.27 7.03 -1.23
[25.99] [19.24] [-3.86]

Sorted on b, 5.23 9.85 4.62
[18.84] [29.10] [34.87]

Panel B: v =2, ¢ =0.25

Sorted on b, 4.52 4.62 0.09
[3.90] 3.98] [10.14]

Sorted on b, 4.65 4.49 -0.16
[4.00] 3.88] [-11.97]

Panel C: v =10, v = 0.25

Sorted on b, 4.45 5.10 0.65
[4.00] [4.58] 9.94]

Sorted on b, 4.23 5.34 1.11
[3.85] [4.74] [12.13]

The table shows value-weighted returns on portfolios that are sorted w.r.t. b, and b,. All returns
are annualized and expressed in percentage points. Column 3 shows returns on the portfolios that
are long the high b portfolio and short the low b portfolio. Newey and West (1987) ¢-statistics are in
parentheses. The return data, the price-dividend ratio, and the variance risk premium are simulated
as explained in Appendix A2.3 after solving the model as detailed in Section A2.1 with the parameters
listed in Table A5. In Panel A, we set v = 10 and ¢ = 1.5, in Panel B, we set v = 2 and ¢ = 0.25,
and in Panel C, we set v = 10 and 3 = 0.25.
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Table A7: Number of stocks in independently double-sorted portfolios based on
simulated data from the Bansal and Yaron (2004) model

Panel A: v =10, ¢ = 1.5

low b, 2 3 4 high b,
low b, 2.96 2.31 2.45 3.90 8.39
2 2.25 3.27 4.56 5.99 3.94
3 2.45 4.58 5.00 4.51 2.46
4 3.94 5.89 4.54 3.29 2.34
high b, 8.41 3.95 2.45 2.30 2.87
Panel B: v =2, ¢ =0.25
low b, 2 3 4 high b,
low b, 0.43 0.93 1.96 4.74 11.94
2 0.96 2.45 4.83 7.02 4.73
3 2.01 4.76 6.42 4.84 1.96
4 4.73 7.07 4.78 247 0.94
high b, 11.86 4.78 1.99 0.94 0.42
Panel C: v =10, ¥ = 0.25
low b, 2 3 4 high b,
low b, 11.95 4.74 1.96 0.93 0.43
2 4.73 7.02 4.83 2.45 0.96
3 1.96 4.83 6.43 4.76 2.01
4 0.94 247 4.78 7.07 4.73
high b, 0.42 0.94 1.99 4.78 11.87

The table shows the average relative numbers of stocks in portfolios that are independently double-
sorted w.r.t. b, and b,, expressed in percentage points. The holding period is one month. The return
data, the price-dividend ratio, and the variance risk premium are simulated as explained in Section A2.3
after solving the model as detailed in Section A2.1 with the parameters listed in Table A5. In Panel
A, we set v = 10 and ¢ = 1.5, in Panel B, we set v = 2 and ¢ = 0.25, and in Panel C, we set v = 10
and 1 = 0.25.

46



Table A8: Returns on sorted portfolios based on simulated data from the Segal et al.
(2015) model

low high HML
Panel A: Case 1
Sorted on b, 16.84 10.77 -6.07
[126.67] [72.19] [-31.13]
Sorted on b, 8.88 17.97 9.09
81.02] [191.51] 83.11]
Panel B: Case 2
Sorted on b, 7.36 9.79 2.43
[21.12] (38.14] [4.05]
Sorted on b, 7.95 9.57 1.62
[70.73] (60.79] 6.29]

The table shows value-weighted returns on portfolios that are sorted w.r.t. b, and b,. All returns
are annualized and expressed in percentage points. Column 3 shows returns on the portfolios that
are long the high b portfolio and short the low b portfolio. Newey and West (1987) t-statistics are in
parentheses. The return data, the price-dividend ratio, and the variance risk premium are simulated
as explained in Section A2.3 after solving the model as detailed in Section A4.1 with the parameters
listed in Table A5. For the returns in Panel A, we use the parameters denoted Case 1 in Table A5
and for the returns in Panel B, we use the parameters denoted Case 2 in Table Ab5.
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Table A9: Number of stocks in independently double-sorted portfolios based on
simulated data from the Segal et al. (2015) model

Panel A: Case 1

low b, 2 3 4 high b,
low b, 0.48 1.38 2.74 5.05 10.35
2 1.36 3.11 4.64 5.76 5.13
3 2.76 4.63 5.22 4.69 2.71
4 5.13 5.74 4.67 3.12 1.33
high b, 10.27 5.14 2.73 1.39 0.47
Panel B: Case 2
low b, 2 3 4 high b,
low b, 1.66 1.32 1.41 2.52 13.09
2 1.28 1.80 3.08 11.26 2.58
3 1.38 3.05 11.13 3.08 1.35
4 2.56 11.31 3.02 1.85 1.30
high b, 13.15 2.52 1.37 1.28 1.69

The table shows the average relative numbers of stocks in portfolios that are independently double-
sorted w.r.t. b, and b,, expressed in percentage points. The holding period is one month. The return
data, the price-dividend ratio, and the variance risk premium are simulated as explained in Section A2.3
after solving the model as detailed in Section A4.1 with the parameters listed in Table A5. For the
returns in Panel A, we use the parameters denoted Case I in Table A5 and for the returns in Panel
B, we use the parameters denoted Case 2 in Table A5.
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Figure Al: Predictive power for different returns horizons
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The figure shows t-statistics (upper row of graphs) and R?’s (lower row of graphs) of predictive
regressions of excess returns on the price-dividend ratio (left column of graphs) and the variance risk
premium (right column of graphs) as a function of the return horizon in months. Asterisks denote
the time-series averages of the cross-sectional medians of the distribution of t-statistics and R?’s. The
grey areas indicate time-series averages of 95% confidence bands. The dotted lines indicate the time
series average of the respective quantity for predictive regressions of excess return on the aggregate
stock market.
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Figure A2: Industry composition of sorted portfolios
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The figure shows the time series averages of the proportions of stocks from different industries in the
ten portfolios sorted on b, (upper graph) and sorted on b, (lower graph). We categorize stocks w.r.t.
their month ¢ SIC code as reported in CRSP. The dark blue areas at the bottom of the graphs display
stocks with SIC codes between 0 and 999, the dark red area on top (which is barely visible due to the
small relative number of stocks in that category) displays stocks with SIC codes between 9000 and
9999. We exclude stocks with SIC codes between 6000 and 6999 (financials) and between 4900 and
4999 (utilities).
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Figure A3: The coefficient A,, in the model of Bansal and Yaron (2004)
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The figure shows the coefficient B,y for different choices of the preference parameters v and P~ All
other model parameters are chosen as reported in Table A5. The dark blue area indicates the region
of the parameter space in which the coefficient B,y is negative.
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Figure A4: Relation between b, and expected returns in the model of Segal et al.
(2015)
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Variance shifting parameter

The figure shows the coefficient b,, ,,, for different choices of the model parameters. We set 7y =7, = 7
and vary this parameter between 0 and 1.25 x 10~% (vertical axis). The variance shifting parameter
(horizontal axis) is defined such that values of 0 and 1 correspond to “Case 1”7 and “Case 2” for the
parameters Ky, ¢y, kw, and ¢y in Table A5, respectively. For values of the variance shifting parameter
different from 0 or 1, we linearly inter- and extrapolate between the two cases. The resulting values for
by,m are indicated by the colors shown on the scale to the right of the plot. All other model parameters
are set as in Table Ab.
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Figure A5: Conditional expected excess returns, market price-dividend ratios and
variance risk premia in the model of Bekaert and Engstrom (2017)
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The figure shows conditional expected excess returns on different assets (upper row of graphs) as well
as the price-dividend ratio and the variance risk premium of the market portfolio (middle and lower
row of graphs, respectively), each as implied by the model of Bekaert and Engstrom (2017). In the
graphs for expected excess returns, the solid black line denotes the aggregate market portfolio. The
black dashed, black dotted, grey dashed, and grey dotted lines represents stocks i, j, k, and ¢ as
described in Section A5.2. In the left, middle, and right column of graphs, the quantities are shown as
functions of the state variables V', W, and s, respectively. When one state variable is varied, the other
two are held fixed at their respective steady state values. Excess returns are expressed in percentage
points per month. The price-dividend ratio is annualized, i.e., monthly dividends are multiplied by 12.
The variance risk premium is expressed in basis points per month.
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