A Appendix

A.1 Proofs of Propositions
Proof of Lemma 1

Proof. pl&* = (6tc(6tc—3as—3ar+ys—r)+(ast+ar)(as+ar—ys)(as+ar—2(ys+yr)—to(ad+3ad —

(
dar(ys+yr)+as(dar —6(vs+91)) +2(vs +91)?)))/ (36tc — (2(as +ar) —vs —yr) (s +ar —2(vs +77))),
p3c* = (6to(6tc —3as—3ar—ys+7r)+(as+ar)(as+ar—yr)(as+ar —2(vs+7yr) —to (3 +af+
das(ar —ys —r) —6ar(ys +7) +2(vs +77)%)))/ (36tc — (2(as +ar) —vs —yr)(as +ar —2(vs +77))),
piA" = (36tc—(as—ys—r)(2(as+ar)—ys—r) (ys+y1)— (20F +Hasar+207 —6asys—6arys+75—
dyr(as+ar—ys))— (37 —6to(as—ar—3ys—37r)))/ (36tc — (2(as+ar) —vs—yr) (as+ar—2(vs+77))),
pia* = (36tc — (ar —vs — 1) (2(as + ar) —vs — vr)(vs + 1) — (202 + dasar + 203 — dagys —
darys + 37% — 297 (3as + 3ar — 27s)) — (V4 — 6tc(as — ar + 3ys + 3y7)))/(36tc — (2(as + ar) — vs —
vr)(as + ar — 2(ys +77)))-
Below we show that when to >t = max{tc1,tce, tes, toa} (which is a sufficient condition), 3555* <

0,22" <0, 214" < 0 and 224° > 0.

First, 65;2 = {(36tc—(2 (Oés+OéT)*’YS*’VT)(Oés+OéT*2(75 +91)))((as+ar)(as+ar—vs)—2tc(9+
as +2ar —3vs —3yr) + ((as +ar) = 2(vs +971)) (s +ar —vs)(as +ar —2vs =2y =T)) — ((5(ys +77) —
4(ag+ar))(36t% + (as+ar)(as+ar—s)(as+ar—2vs—2yr) —tc(ad + 303 +dasar +6(3ar+vs —yr)+
6as(3—ys —vr) —dar(ys +91) +2(vs +91)°))}/ (36tc — (2(as +ar) —ys =) (as +ar —2(ys +91)))%

The sign of the above expression is the sign of its numerator, and it will be negative when tc > to
since the numerator is a quadratic, concave function of ¢, where t¢; is the larger root and is given below:

te1 = {[(ad(dar — Tys — Tyr — 72) + 2as(4af — 3ar(ys +9724) + 2(vs + 77)? + 967s + 8497) +
af(vs + 91 — 72) + dag — 207 (2(57s — 42)7r + 75 (575 — 96) + 5vF) + 2(vs +97)((2vs — 33)77 + (vs —
39)ys +17))% + 144(2as + s + 7 — 18)(20% + dasar — 2as(ys + 1) + 207 — 2ar(ys + 1) + 5 (s +
vr))(as +ar —2(ys +71))°]"? + 207 (20% — 3as (24— s — 1) = 5(7s +77)* — 12(8ys + Ty7)) — Tadys —
a2~y — 7203 + a2(8as + vs + 1 — 72) + dasyE + 8asvsyr + 192as7ys + dasys + 168agyr + 4ad +
6v2yT + 273 — 787% + 6v57% — 144ysyr + 295 — 6693]}/(72(18 — 205 — vs — 7).

Second, p2c = {[(36tc — (2(as + ar) —vs — ) (s + ar — 2(vs + 7)) ((as + ar)(Bas + ar —
dys) —2tc(9+ 3as +2ar —2vs — 2yr) — 2(3(as +ar) —vs) = 29F)] + [(4(as + ar) —5(vs + 1)) (36t +
(as +ar)(as +ar—r)(as +ar —2vs — 297) — tc(3a% + af +2a5(9 + 2ar — 295 — 297) +6(ys —77) +
6ar(3 —vs — 1) + 2(vs +71)*)]}/{36tc — (2(as + ar) —vs — y7r)(as +ar — 2(vs + 7))}

The sign of the above expression is the sign of its numerator, and similar to the proof above, it will be

negative when tc > tco, where too is given by
teo = {[((ag(4ar — Tys — Tyr +72) +2as(4af — Bar(vs +r — 24) + 2(vs +71)* — 12(Tys +877)) +
afys +yr 4 72) + 4o — 207 (2(57s + 48)yr + 15 (575 +84) +5vF) + 2(vs + 1) (275 + 39)vr + s (Vs +



33) +17))* — 144(2as + s + 91 +18)(vr (75 — 2(as + ar)) +2(as +ar)(as +ar —ys) +97) (s +ar —
2(vs +77)%"% + Bas(vs + 97 — 24) — 2a0(—2a3 + 5(ys +77) + 8445 + 9677) — Tagys — Tadyr +
7204% + oc?p(&)zg +vs +yr +72) + 4(157% + 8agvsyr — 168asvys + 4a5712~ —192ag5yr + 4a3T + 67§7T +
273 4 6672 + 67572 + 144ysyr + 295 + 7892}/ (72(18 + 25 + vs + 1))-

Third, 6535* = {[36tc — (2(as +ar) —vs —y7)(as +ar —2(ys +77))][6vs — 6tc +4yr +3(vs +77)% —
207 (2475 +71) +das(1+7s +y7)] + (4(as +ar) = 5(vs +77))[-20% (vs +77 +1) + as(—2ar(vs +yr +
2)+3(ys+71)? +67s +4vr) =205+ 2007+ (200 —3(ys+1)) +yr (dar (ys+1) —vs(3vs +4)) +6arys —
Ve =% — 7% +6tc(—as+ar+3(ys +yr +2))]}/{36tc — (2(as +ar) —vs —y7)(as +ar —2(vs +y7))}.

The sign of the above expression is the sign of its numerator, and it will be negative when tc > tos,

where t¢3 is given by

tes = {[4ad (=207 + 10ar(vs + 1) + (s +71)° + 6(7s — 7)) — 1608 (ar — 3(ys + 1)) + 4oy +
8as(—4ad(vs +r) + 60 — ar(2(vs +9)vr + (75 — 18)7s +77) — 3(vs +71) 2(vs — Dyr +vs(vs +2) +
V7)) = 8a3((8vs + 15)yr +vs(dys — 15) + 447) — 240 (s + 1) + 360 + dar(vs +y7)(2(57s + 3)vr +
15 (57s — 6) + 572) + 72 ((7s — 108)vs + 36) + 4(vs + 27)7% + 6(7s (s + 18) + 6)72 + dys((vs — 27)ys —
18)r +4]'? = 203 + das(ar — 3(ys + yr)) + 607 — 10ar (s + 1) + 5(7s +7r)* + 675 — 677} /72.

Finally, 855‘? = {(36tc — (2(as + ar) —vs —yr)(as + ar — 2(vs +71)))2(3tc — 2 + 275 + 3yr +
(vs + 1) — ar(2+7s + 1) = [(5(vs + 1) — 4las + ar))(36tc — (ar — s — 1) (2(as + ar) — s —
vr)(vs + 1) — (203 + dasar + 207 — dagys — darys + 375 — 2vr(3as + 3ar — 2vs)) — (v — 6to(as —
ar + 3ys + 3v7)))]}/{36tc — (2(as + ar) —vs — yr)(as + ar — 2(ys + 7)) 2.

The sign of the above expression is the sign of its numerator, and it will be positive when tc > toy,

where t¢y4 is given by
tos = {[(40(—2a% + 10ar(vs + ) + T(ys +77)? + 6(vs — vr)) — 1608 (ar — 3(vs + 7)) + 4ag +
8as(—dazys +r) + 60 — ar(2(ys +9)yr + (vs — 18)vs +77) = 3(vs + 1) (2(vs — V)yr +7s(7s +2) +
V7)) —8a3((87s + 15)yr +vs(dys — 15) + 477) — 240 (s +r) + 360 + dar(vs + 1) (2(57s +3)yr +
vs(5vs — 6) +572) +72((7s — 108)vs + 36) + 4(vs + 27)7% + 6(vs(vs + 18) + 6)92 + 4ys((vs — 27)ys —
18)yr + 7¢]'/? — 203 + das(ar = 3(ys + 1)) + 607 — 1007 (vs +vr) + 5(7s + yr)? + 675 — 677} /72.
O

Proof of Proposition 1

Proof oI7T _ 8T — yr—or 2(ar+as—yr—us)(ar—yr—7s)(as+ar—ys—yr)+tc(as—ar)(2as+ys+yr)
Col 1 2 2(2(as+ar)—vs—r)(as+ar—2(ys—T))—36tC)

+ ((as+ar+2vs)(vs—yr)—6btc (as+5ar—vs5—5vr))

2(lasar)—1s—77) (s tar—20ys—r))-s6tc) ~ 0 1f and only if @™ > ag > ay where

o = Gtc+2tcaT727§~+7T*ﬂc"rT*OLT"/T+’Y%*75(1+tc*0¢T+’YT)+
- 4tc—7s)
V((ap—2v5—Dyg+tc6+2ar—vs—17)+77 — (e +75) ¥ +73)2+8(tc —715) 2vs717 — 75 (er+ad+2vg)tar (l—ar+vg)vr+arvd—tc (6(vs =) —ar (6=v5 —77)))
4(tc—rs) ’

6tc+2tcaT*27§~+7T*tC’YT*aT’YT+’Y%*’Ys(l+tC*QT+’YT) _

A(tc—vs)
\/((HT—2’Y5—1)’Ys+tc(6+20T—'Ys—'YT)+'YT—(~T+'YS)WT+7%)2+8(tc—75)(2"/5’YT—"rs(OT-%—a%+2'Ys>+nT(1—0T+'YS)WT+0T'Y%—tc(G(WS—WT)—QT(G—’YS—'YT)))
4(tc—rs) .

ap =




i SS _ TS _ ys—astte _ (2(as—ys—y7)((@star—ys)(ast+ar—ys—yr)+tc(ys+yr—as—3ar))
Similarly, TI7” —I1;® = 2 2(=2(as+ar)—vs—yr)(as+ar—2(ys—r))+36ic)

36t2,—tc (5 —5vs—y1)— (75— 2 . .

(86tg—tebastar—Sys—yr)—(s—yr)lastart2yr)) > ( if and only if as > ag > o™ where

2(=2(as+ar)—vs—7)(astar—2(ys—r))+36tc)

s —arvs+rE—vrt+eryr+rsvr—to(6—2ap —vs—v7)
2(vs+r7)

+

Qg =

\/(’Ys(l—”T-F’Ys)—(l—(’T—"rs)"/T—tc(G—QﬂT—’Ys—’YT))2+4(75+’YT)(0T’YS(1+’Ys)+(20%~+2"{s—«'XT(H-’Ys))’YT—2(1+0T)’Y%+tc(6(’vs—’YT)—(’T(G—QWT—’Ys—’YT)))

42(vs+rT)

wx _ Vs—apystrE—yrteryrtysyr—te(6=2ar—ys—y1) _

“ 2(ys+y7)

’

\/(vs(l—aT-%-'vs)—(1—&T—"rs)'vT—tc(6—20T—’Ys—’YT))2+4(“/s+'YT)(aT'vs(1+vs)+(2&%~+2’vs—QT(H—'Ys))'YT—2(1+QT)'Y%+tc<6(vs—WT)—QT(G—%T—’Ys—’YT)))

42(vs+yT)

It can also be easily shown that the signs (which are equal to the numerators) of both profit
differences are quadratic and concave functions of ag. The upper bound on «g in Equation (7) in
Section 3.4, &g, is given by ag = min{[6tc + 2tcar — 27% +91r —teyr — aryr + 792 —ys(1+tc —ar +
vr) +{((ar —2ys = 1)vs +to(6+2ar —vs —vr) + 77 — (ar +v5)vr +77)% +8(tc —7s) (2vs7r — vs(ar +
g+ 27s) + ar(l — ar +7s)yr + arvg —te(6(ys — yr) — ar(6 —vs — )}/ (lte —7s)),  (vr -
vs(vs + 1 +1) —ta(vs + 0 —6))/(vr +2tc —vs), (18 =5 —77)/2}

From Equation (7), it can be derived that a* > ag > 0 > o**. Thus, for the equilibrium analysis, we
only need to investigate the following two regions in terms of ag: (i) a3 > as > 0 and (ii) @z > a3 > 0.

Given the above profit differences, the equilibrium conditions in the first region (a; > ag > 0) are as
follows:

When ag > a1, TT is the unique equilibrium. When ay > ag > az, TS/ST is the unique equilibrium.
When as > ag > 0, SS is the unique equilibrium. This completes the proof of Proposition 1.

Given the above profit differences, the equilibrium conditions in the second region (g > ay > 0) are
as follows:

When ag > as, TT is the unique equilibrium. When as > ag > a1, TT and SS are both equilibria.
When a7 > ag > 0, SS is the unique equilibrium. This completes the proof of Corollary 1.

Also, TI7% —TIT% > 0 if y5 > 4 or v5 < vp and I¥T — 1177 > 0 if yv¢ > v5 > vp where,

ok tapyp—ar—2vp—ag(—ar+typtto+tarto—6to .
2(agFar)

vA =

\/4(as+0‘T)(“rT(ﬂs+aT)(as*zaT+1)+2(f1T+1)'v%+7th(*(¥s+aT+6)*Z(HT*S)tc(as*aT))Jr(WT(as*OLT+2)*(as*l)(ueraT)Jric(as*aTJrG))z

2(agtar)

ol tapyp—ar—2vp—ag(—ar+tyrttc+torto—6to B

B =

2(agtar)
\/4(045+0<T)(7T(0‘:'>‘+<!T)(0a9*ZC"T+1)+2(flTJrl)"r%JrWth(*0<s+01T+5)*2(041"*3)tc(as*wT))Jr(WT(as*0<T+2)*(Ots*1)(015+<1T)+tc(wsfotTJrG))2
2(ag+tar)
_ 2a%—o? tapyr—ar+2yr—ag(—apt+yrttot)tartc —6to n
c = i(l+tag)

V(=202 477 (ag—arp—2)—agaptagtaitapt+tic(ag—ar+6)2+8(ag+l)(vp(agtar)(—ap+typ+D+rrtc(—ag+ap+6)—2(ag—3)tc(ag—ar))

I(1tag)

_ 2a%—aftapyp—apt2yp—ag(—aptypttot)tartc—6tc
7D = i(i+ag)

V(=202 477 (ag—arp—2)—agaptagtaitap+ic(ag—ap+6)2+8(ag+l)(vp(agtar)(—ap+typ+D+yrtc(—ag+ap+6)—2(ag—3)tc(ag—ar))

A(1tag)

Finally, we characterize the equilibrium outcomes in terms of vg. It can be easily shown that the sign

of (7% — I¥9) is a quadratic and convex function of g, whereas the sign of (II77 —TI77) is a quadratic



and concave function of «g. Similar to the assumption on the upper bound on ag, we impose a lower
bound on vs, ¥ & which is given by

Vg = max{(a? + aryr — ar — 2yr — as(—ar +yr +tc + 1) + artc — 6tc — (4(as + ar)(yr(as +
ar)(as —2ar + 1) + 2(ar + )72 + yrto(—as + ar + 6) — 2(ar — 3)tc(as — ar)) + (yr(as —ar +2) —
(as —1)(as + ar) + to(as —ar +6))%)V2)/(2(as + ar)), (203 — a3+ aryr — ar +2yr — as(—ar +
Y1 +to+1) + arte — 6tc — (=203 + yr(as — ar — 2) — asar + ag + a2 + ar + to(as — ar +6))% +
8(as +1)(vr(as +ar)(—ar + 97 +1) +Arto(—as + ar +6) - 2(as - Iic(as — ar))Y2) /(A1 + ag)) }.

Given the assumption vs > vy 5 We only need to investigate the equilibrium outcomes in the following
two regions in terms of vs: (i) ya > vy¢ > 0 and (ii) y¢ > a4 > 0.

Given the above profit differences, the equilibrium conditions in the first region (y4 > y¢ > 0) are as
follows:

When g > v4, SS is the unique equilibrium. When v4 > vs > v¢, TS/ST is the unique equilibrium.
When v¢ > v > 0, TT is the unique equilibrium.

Given the above profit differences, the equilibrium conditions in the second region (yo > v4 > 0) are
as follows:

When vs > v¢, SS is the unique equilibrium. When vo > vg > va, TT and SS are both equilibria.
When v4 > vs > 0, TT is the unique equilibrium. This completes the proof of the discussion following
Corollary 1.

O

Proof of Proposition 2

Proof. II'T* = 7tc+1_§‘T+7T and TI75* = 7tc+1_2as+73. Thus, 175 < TIFT* iff (yg — q7) <
(ag—ar). Recall that when a; > g > ag > 0 or g > 1 > ag > 0, SS is unique equilibrium. As
a result, in this parameter range, SS is a Prisoner’s Dilemma outcome when (ys—~7) < (ag—ar).

O

Proof of Proposition 3

Proof. Consumer surplus when both platforms offer traditional ads is C'S(T7T) = 2 fol/ 2(u0 -

toxr — png — yr/2)dx = uy + ap — 5tc/4 — yr/2. By contrast, consumer surplus when both

platforms offer sponsored content ads is C'S(SS) = 2 fol/Q(uo —tox — pfg —vs/2)dx = up + ag —

5tc/4 — s /2. Therefore, the difference in consumer surplus across the two advertising formats is

CS(SS)—CS(TT) = as — ar —vs/2 +~vr/2. This is positive when vs < vr + 2(ag — ar) = 1.
1/2

Advertiser surplus when both platforms offer traditional ads is AS(TT) =2 [,/ (ar/2 —x —

pg{)d:v = ar/2 —5/4 — yp. By contrast, advertiser surplus when both platforms offer sponsored



content ads is AS(SS) =2 f1/2 ag/2—x—py3)dr = ag/2—5/4—~s. Therefore, the difference in

advertisers’ surplus across the two advertising formats is AS(SS) — AS(TT) = % + 7.

(as—ar)

This is positive when ~vg < vp + T) = .

(

Because ag > ap, we find that ’yT—i-Q(as —ar) > yr+ O‘S%O‘T), so that compared to advertiser
surplus, it is more likely for consumer surplus to improve when platforms shift from traditional

ads to sponsored content ads.

Proof of Lemma 2

Proof. When advertisers are multi-homing, consumers pay pfcs »M w, and when

*,

SS*x __

advertisers are single-homing, consumers pay p;7* = t¢ — ag. First, note that pSS is always

o9 (otherwise it would violate the condition that multi-homing advertisers’ demand

higher than p;5
must be less than 1). Second, we also know that consumers experience more advertising under
multi-homing as compared to that under single-homing. As a result, given that consumers’
utility function is UZ% = ug — tC|sz li| — po ygmm, and both po and x are higher under
multi-homing, total consumer surplus is lower under multi-homing compared to that under single-
homing.

Advertisers’ surplus when some of the advertisers are multi-homing is AS(SS)M = 2 f as—ys)/4
(ag/2—x— pfj M)dx = %. Advertisers’ surplus when all the advertisers are single-homing
is AS(SS)S =2 f1/2 ag/2—z—pi3)dr = ag/2—5/4—~s. Note that (AS(SS)M — AS(SS)?) is a
quadratic and convex function of vg. Thus, AS(SS)M > AS(SS)° when vs > ag—8+2v/11 — 2ag
or v < ag — 8 — 2y/11 — 2a,g. When ag > 5.5, both of the above cutoff values of vg are com-
plex numbers, implying that AS(SS)M > AS(SS)® always holds. On the other hand, when

ag < 5.5, both of the above cutoff values of vg are negative numbers again implying that

AS(SS)M > AS(SS)S. Thus, advertisers are better off under multi-homing.
SS*,M StC_a?g+6aS'YS_'7§'

Platforms’ profit when some of the advertisers are multi-homing are IT; 16

HiSS*,S — l+tc—2045+’yg' HZSS*,M

When all the advertisers are single-homing, platforms’ profits are >

555

; when 4 + 375 — 2v/2(1 4+ 75) < as < 4 + 3ys + 2v/2(1 + 75). Given that each platform’s
demand from advertisers in equilibrium is between % and 1 in the case of advertiser multi-homing,
we obtain the following condition: 2 < ag — vg < 4. Based on this condition, it can be easily
shown that the inequalities 4 4 3v5 — 2v/2(1 4+ 75) < ag < 4 + 3ys + 2v/2(1 + v5) always hold.

Thus, platforms are better off under multi-homing.



Proof of Proposition 4

Proof. In the case of multi-homing, consumers are better off in SS compared to that in TT

when v¢ < 3 = 2ag — \/30% + aQT —|—’y% — 4aryr. By contrast, advertisers are better off in
SS compared to that in TT when vg < 74 = 77 + (as — ar). Recall that 7, and -9 are the
corresponding thresholds in the case of single-homing.

v3 <11 =1 +2(as —ar) & (304% + oz2T + ’y% — daryr) > (201 — yr)?, which is always true.

Similarly, it can be easily shown that v4 > v = v + @ is also always true.
O
Proof of Lemma 3
) . : 5t 6
Proof. We first examine the impact of vg and ag on the price for consumers. 8359 = 2% >0,
opZE  —2(146a5—9 7+12 4(14s) - 17
- = ( = 7s) <0WhenTw<a5<%1ffyg<§
SS*
Next, we examine the impact of vg and «ag on the price for advertisers. agl{‘g = % > 0,
8pSS* 1
aaS 5 > 0.
O

Proof of Proposition 5

1- 21045 24’ys+75tc dag+2vs+96asys and

Proof. In the SS equilibrium, platform ¢’s profit is Hfs* = 50

155+ 2+421ag—48vg
thus we have Jag = = .
. oI 9* 12y5—11 OIS S~ 4v5—6
It is easy to see that =5t | _THng = 25 and 5 |as I 7= Therefore,
8 3 8 7+12’ys
when vg < 12, S <0 holds when vg > 3, S O holds; otherwise, there exists —5*° <

(H—Ws)
S < ——5

A.2 TImpact of Content from Sponsored Content Ads

Define the threshold u* = 6t — a% + 3aryr — ar — 27% — v and assume that u* > |ug].

ST 77 = “ 5(us+6tc— aT+3aT’YT ar—2v2— ’YT) ug(us+u*) and
1 1 2(9tc— 2aT+5aTwT 292 2(9tc —202+5aryr—273.)
5SS — 117 = ug(—ug+6tc—a2+3aryr—ar—2v2—r) _ ug(u*—ug)
1 1 2(9tc—2a2+5aryr—2v7) 2(9tc—2054+5aryr—2v%)

7 — ¥ > 0 when ug > 0 or when ug < 0 and |ug| > u* (which violates the assumption
that u* > |ug|). By contrast, TI{¥ — IIT > 0 when 0 < ug < u*. As a result, SS is the

unique equilibrium when 0 < ug < u*. On the other hand, TT is the unique equilibrium when



97 — T < 0 and I9° — 79 < 0, which translates to the following conditions: ug < 0 and

lus| < u*.

A.3 Total Impact of Sponsored Content Ads

ST — 77T — ex—vr _ Clartas—r—us)(ar—yr—ys)(astar—ys—yr)+tc(as—ar)(2as+ys+yr)
! 1 2 2(2(as+ar)—vs—r)(astar—2(yvs—r))—36tc)
_ (Qus—as—ar—2y5)(2us—vs+yr)+6tc (dus—as—bar+vs+5vr))
2((2as+ar)—ys—1)(@s +ar—2(vs—yr))—36tc) >0 when ag > ag1 or ag < as;, where

as1 = {(6tc + 2tcar — 2v¢ +yr — teyr — aryr + 9% —vs(1 +to — ar + 1) + 2us(ar —vs —yr +
1)+ [((ar — 2ys — 1)ys + te(6 4+ 20 — vs — 1) + 2us(ar —vs — 7 + 1) + v — (ar + vs)vr +73)* +
8(tc — vs)(2vsyr — uys(ar + a3 + 2vs) + ar(l — ar + vs)yr + arvs + 2us(ad + ar(—2vs — 2y +
1)+ (vs +77)% + 375 — 1) — te(6(vs — vr) — ar(6 — vs — 1) — 24us))]V/2}/ (4(tc — vs)),

asy = {(6tc + 2tcar — 29% +yr — teyr — aryr + 98 — vs(L+te — ar +y7) + 2us(or —vs —yr +

1)) — [((ar — 2ys — 1)vs + te(6 + 207 —vs —vr) + 2us(ar —ys —yr + 1) +v0 — (ar +ys)yr +73)* +
8(tc — vs)(2vsyr — udys(ar + a2 + 2vs) + ar(l — ar + vs)yr + arya + 2us(ak + ar(—2vs — 2y +

1)+ (vs + 1) + 3vs — v1) — te(6(vs — 1) — ar(6 — 75 — 1) — 24us))]Y/?}/ (4(tc — 7s))-

s SS 1TSS _ ys—as+tc  (2(as—ys—vyr)(us+ast+ar—ys)(ast+ar—ys—yr)+tc(vs+yr—as—3ar))
Similarly, II7” — I3 ° = 255 2(=(2(as +or)—7s—71) (@s +ar —2(7s —71)) +36EC)
(36t¢ —tc (4us+5as+ar—5ys—yr)+(2us —ys+y7) (2us+as+ar+2yr))

- 2(— (2(as+ar)—vs —7r)(as+ar—2(vs —71))+36tc) > 0if ass > ag > aise, where

ass = {(2us(2ys + 2vr — 1 — ar)vs — arys + v& — yr + aryr + vsyr — te(6 — 2ar — s — 7)) +
{(vs(1 = ar 4+ vs) + 2us(1 + ar — 2vs — 2vy7) — (1 — ar — ys)vr — te(6 — 207 — s — v1))? + 4(2us +
Vs +r)(4uf + arys(1+7s) + (207 +2vs —ar(14+7s))yr — 2(1 +ar)vF — 2us(ar(vs +yr — 1) + (vs +
vr)? = s + 3y7) + te(24us + 6(vs — v1) — ar(6 — 200 — vs — 7)) 2} (2(2us +vs + 7)),

ass = {(2us(2ys + 2yr — 1 — ar)ys — arys + 7% — 77 + aryr + 577 — to(6 — 2ar —vs — 1)) —
{(vs(1 = ar +vs) + 2us(1 + ar — 2ys — 2yr) — (1 — ar — vs)yr — tc(6 — 2ar — 75 — v7))? + 4(2us +
Vs +r)(4uf + arys(l+7s) + (2073 +2vs —ar(1+75s)yr — 2(1 +ar)v§ — 2us(ar(ys +yr — 1) + (vs +

v1)? = s + 377) + te(24us + 6(vs — vr) — ar(6 — 2ar — vs — 1))}/ (2(2us + vs + 1))

O

A.4 Multi-homing Analysis

When advertisers are multi-homing, the equilibrium profit differences are as follows,
TT ST _
I ° - 1IIy" =

(0% +a2+7E+72—12tc —dasys—4aryr)? (Sto+6aryr —a2 —v2)—4((ar—yr1)? —20s7s —6tc )% (St — (s —vs) 2 +4aryr)
16(0%+o¢%+'y§,+'y%—12tc—4as'ys—4aT'yT)2 :

The above expression would be positive under the following sufficient conditions: (8tc +
6aryr — ok —~2) > 0 and (8tc — (g — vs)? + dapyr) < 0. These two inequalities are satisfied

when ag > ag, = Vs + 2vVaryr + 2tc and ar < ap, = 3y + 2\/5\ /'y% + to.



Similarly, 179 — 1179 =

4((ag—v8)?—2apyr—6tc)? (8tc —(ar—yr)? +4agys)— (8tc+6asys—ad —v2) (ad+a2+vE+v2—12tc —dagys —4daryr)?
16(a +aZ+v2+v2—12tc—dagys —4aryr)? )

The above expression would be positive under the following sufficient conditions: (8tc— (ap —
’yT)2 + 4agys) > 0 and (8t + 6agys — a?g — 'yg) < 0. These two inequalities are satisfied when
as > agp = 3vs + 2\@1/'@ +to and a7 < arpy = 1 + 2v/asys + 2tc.

Therefore, when avg > max{agq,, asp} and ap < min{ar,, arp}, TT is the unique equilibrium.
When ag < min{ag,, asp} and ar > max{arg, arp}, SS is the unique equilibrium. When
asy < ag < agq and ar, < ar < arp, asymmetric equilibrium TS/ST occurs. Finally, when
ase < ag < agp and app, < ar < ap,, multiple equilibria arise where both SS and TT are
equilibria.

Prices and profits under each subgame are as follows,

rreM  Atc — ar(ar — 397) (1)
iC - 4 ’
TreM (7 +7)
Dia = f? (2)
. 8tc — a2 +6 — 2
H?T M _ C ar + aryT 7T7 (3)
16
ssem _ Ato —ag(as — 3vs) @)
iC - 4 ’
ssem (s +75s)
Pia = f? (5)
. 8tc —a% +6 — 2
HiSS M C — Qg 4;-604575 ’YS? (6)
prser _ (Btc — (as = 75)° + 2aryr) (dtc + 20575 — ar(ar — 7)) )
1 24t — 2(0&% —4dagys + Oé%« —daryr + ’ng + ’7%) ’
pISEM _ (6tc — (ar — y7)* + 2a575) (4o + 20077 — as(as —7s)) 8)
20 tc — 2(a? — dagys + ok —dapyr +95+93)
TS M _ (6tc — (as —vs)* + 2ary7)(ar +77) (9)
14 24tc — 2(0&% —4dagys + Oé% —daryr + ’Y?g + ’Y%)7
TSM _ (6tc — (ar — y7)* + 20.975) (s + 7s) (10)
24 24tc — 2(0(?g —dagys + % — dapyr + ’ygv +~2)
s _ ((as — vs5)* = 2aryr — 6tc)?(8tc — (ar — vr)* + 4asys) (11)
1 - b

4(a? — dagys + ad — daryr + 72 + 74 — 12t¢)

e _ ((ar —r)* = 20575 = 6tc)*(8to = (as = 7s)* + daryr)
2 A(02 — dagys + o2 — daryr + v + 7% — 12t¢)

Due to the analytical complexity, the analysis above uses a set of sufficient conditions to charac-

terize the equilibrium outcomes. We can also fully characterize the equilibrium (with sufficient



and necessary conditions) using the parameter tc. Note that the signs of (II¥7 — II7T) and
(H{S — Hfs ) are both concave functions of tc. Denote the two roots of tc, and tcy, (where
tca > tep) such that H?T — HfT = 0 when t¢ = toq or t¢ = tcp. Similarly, denote the
two roots of to. and tog (where to. > teg) such that HlTS — Hfs = 0 when t¢ = tc. or
tc = tog- As a result, the necessary and sufficient conditions for each equilibrium outcome
is given as follows. When tc > max{tcq,,tce}, or to < min{tcp, tcg}, SS is the unique equi-
librium. When max{tcsy,tcq} < tc < min{tcg,tce}, TT is the unique equilibrium. When
max{tcqa, tcd} < to < toe, or tog < to < min{tce, top}, asymmetric equilibrium TS/ST arises.
Finally, when max{tcy,tcc} < tc < toa, Or top < to < min{tcq,tcq}, both TT and SS are

equilibria.

A.5 Incompletely Covered Advertising Market Analysis

In this section, we analyze the extension in which the consumer market is fully covered but the
advertising market is partially covered. First, we present the optimal strategies for two platforms
when they choose the same advertising strategies.

When both platforms offer sponsored content ads, platform 1’s demand from consumers and

advertisers are given by (those of platform 2’s are symmetrically defined):

w5 P58 = i + to — nsaf +ysag?
1C T 7
3055 — pS9) + 1+ 3ag(2s55 — 2SS

yiq,f = (P74 — P54) - s( 1C 2C )’advertisers located between (1/3, 2/3),

228 = aga$?’ — pP3, advertisers located between (0, 1/3),

ss_ss . s 3D5a —9pPh + 1+ 9agxidS — Bagasy’
Tia = Yia t 214 = 6 .

With the assumption of rational expectations, xfg = mfgs and foS = 1'ij , we obtain the

following prices and demand when both platforms offer sponsored content ads after solving the



platforms’ optimization problems:

pSS* _ (15tc — 2045) — Gas(ag — 3’)/5)

o 15 ’
A 15 ’
1
SSx
Tic = 57
ss« 1+ 3ag —4ys

1—21a2—24v2+(75tc—4 2v5)+96
The platforms’ profits are Hfs* = o525t 1050 o5 +3vs)+90as75

When both platforms offer traditional ads, we obtain the following prices and demand after

solving the platforms’ optimization problems:

TT* (15tc — 2aT) — 604T(04T - 3’)/T)

piC’ = 15 9
77+ 1+ 3ar+ 697
bia = T’
1
TTx*
ric =3

7T+ — 1—-21a2.—24v24+(75tc —4dap+2v7)+96aryT
i - 150 :

The platforms’ profits are

When two platforms offer different types of ads (e.g., platform 1 offers traditional ads and
platform 2 offers sponsored content ads), we obtain the following prices after solving the platforms’
optimization problem:

pls* = [(14tc(90tc — Sas — Tar + 3vs — 3y7) — (=603 — 260%ar — 26aga? — 603 + 42a2ys +
60asarys + 260275 — 36asys — 24arvyi +8a%yr + 36asaryr + 36T +20asysyr — 24arysyr + Tar —
3vs+3yr) + 3tc(99a% + T6agar + 153a2T —498asvs — T6arys + 1027% —102asyr — 348y + 52vsyr +
672)) + 12(3ai (ar — 675 — 1) + a3 (1003 — 15arys + 3672 — 1laryr + 1575y + v%) — ar(3ai(vs +
6yr) + vs(373 + 10vsyr + 37F) — 2a7(57F + 6vs7r + 9F)) + as(3ad — 2vs5(3ys + y1)* — 4aF(5vs +
3vr) + ar(15vE + 56vsyr + 9v%)))]/G,

pld* = (84tc — (1203 + 16asar +4a2 — 42asvs — 22arys + 973 + 18tc (3as — 1Tar — 9ys — 19y7) —
20,577 — 38aryr + 2ysyr 4 2177) — 3((3vs +1)* (s + 3vr) + 6% (4ar + 3vs + 5yr) — 8ag (Vs + 6yr) +
207 (973 — 14ysyr — 2772) + as(8ak — 42arys — 2772 + 10aryr — 667vsyr — 1972))) /G,

piS* = [14tc(90to —Tas —bar —3ys+37yr) — (—6a? — 2603 ar —26asa? — 603+ 3602 vs +36asarys +
8a2vs + 2602y + 60asaryr + 4203y — 24asysyr + 20arysyr — 24asyE — 36aryi + 3to(153a% +
9902 + 672 + 4as(19ar — 87Tvs — 1997) + 5275y + 10292 — 6ar(17vs + 83y7))) + 12(3a% (ar — 65 —

10



1) +20% (507 + 97 + 67571 +57% — 207 (375 + 5r)) +as(3ad — (11 vs + 15y7) — 7 (373 + 107577 +
(973 + 567577 +1577)) +ar(=2yr (s +377)? = 307 (s +677) + ar (73 + 157577 +3677)))]/ G,
piy* = (84tc + (—4a% — 16asar — 1202 + 38as7ys + 2arys — 2192 + 22asyr + 4207y — 2vsyT —
972 + 18tc(17as — 3ar + 19vs + 9yr)) — 3(8aZ(ar — 6vs — 1) + (3vs +v7) (vs + 3771)? + 602 (5vs +
3vr) + 2as(1203 + barys — 27723 — 2laryr — 4ysyr + 99%) — ar(199% + 66ysyr + 27v%))) /G,
where G = 3(420tc — 54a? — bdak + 53arys — 54v3 + 207aryr — 52ysyr — 5495 + as(—52ar +
207ys + 537y7)).
We can obtain platforms’ profits by plugging in these optimal prices. Clearly, SS is the equilibrium when

095 > 1179 and OFT* > I T+, Similarly, TT is the equilibrium when TI77* > TTI7T* and TI75* > 195,

3vg) +ar

B Additional Analyses

B.1 Analysis of Monopoly

When the monopoly platform offers traditional ads, we assume that markets for both consumers and
advertisers are incompletely covered. In this case, the platform’s demand from consumers and advertisers

is given by (superscript e denotes the expected value),

T _ eT
xg _ Uo —Poc —VTx4 c (07 1), (13)
tc
el” _ T
ol = 70‘”2 PA ¢ (0,1). (14)
A

As in the main model, we assume t4 = 1. Given consumers’ disutility from seeing the ads, their
demand decreases in the externality parameter v and their expected number of ads on the platform, z¢ .
By contrast, given advertisers’ utility from reaching consumers, their demand increases in the externality
parameter ar and their expected number of consumers on the platform, xecT. The platform’s profit is then
given by II” = pgxg + phx’i. We assume that both consumers and advertisers have rational expectations:

T eT

TH = x‘éT and x£ = z% . Solving the platform’s optimization problem, we obtain the following prices,

demand and profits when the platform offers traditional ads.

e 2tcug —upar(ar — 1)

— , 15
be dte — (o —y7)? (15)
T uo(ar + 1)
_ , 16
Pa 4tC’ — (OlT — 7T)2 ( )
2u
T 0
To = , 17
7 dtc — (ar —r)? (a7)
T uo (o — 'VT)
= 18
xA 4tc — (OzT — ")/T)27 ( )
T u(2)
I1 (19)

At — (ap —7)?

11



Next, we analyze the optimal strategies for the monopoly platform when it offers sponsored content
ads. Similarly, we assume that markets for consumers and advertisers are incompletely covered. In this
case, consumers’ utility is given by ug + us — tcxg — pp — ysr%’, and advertisers’ utility is given by

agacgs — xi - pi. Therefore, the platform’s demand from consumers and advertisers are given by,

S eS
x‘g _ Uo +Us — pe — VSTH € (0,1), (20)
to
2 = asz@ —pi € (0,1). (21)

The platform’s profit is given by IT¥ = pgxg + pf‘xi. Given our assumptions on rational expectations,

we again have z2 = z&, and 29 = 2%’. Solving the platform’s optimization problem, we obtain the

following prices, demand and profits when the platform offers sponsored content ads.

. 2tc(up +ug) — (up +us)as(as —vs
dtc — (s —s)
e (uo+ug)(as +7vs)
_ , 23
pA 4tc — (OLS — ’}/5)2 ( )
2(up + us)
Sx
To = , 24
¢ dte — (ag —7s)? 29
sx (o +us)(as —s)
3 = , 25
A dtc — (as —vs)? (25)
Sx* __ (U’O + US)Q (26)

CAte — (g —78)?

Comparing the platform’s profits with the two different ad formats, we see that if the externality
parameters in both cases are identical (i.e., ag = ar,vs = vr), then for any ug > 0, offering sponsored
content ads is the strictly dominant equilibrium strategy. Similarly, for any ug < 0, offering traditional
ads is the strictly dominant equilibrium strategy.

When the externality parameters are different and ug = 0, then offering sponsored content ads would

be a strictly dominant strategy as long as (vs — yr) < (as — ar).

B.2 Free Content for Consumers

We already know that consumers’ equilibrium price from sponsored content advertising is pfcs F=to—ag.

When ag > to, the media content is free for the consumers. We assume that o is also greater than t¢, so
that regardless of the ad format, the media content is always free for the consumers. As a result, platforms’
revenues now only depend on the revenues from the advertisers’ side: II; = py¥xy} .

When both platforms offer sponsored content ads, we obtain the following prices, demands and profit

12



functions after solving the platforms’ optimization problems.

SS
Pic Y= 07

pisT =1
1

ss
Tt = )
1

H?S* 5

asys
to

).

(27)
(28)
(29)

(30)

The prices, demand and profit functions from the case of TT are symmetric and given as follows,

T'T

pic*=0,p

The prices, demand and profit functions from the case of TS/ST are as follows,

TS
pic

TS
Pac

TS
Tic

TS
Lo

TS+ __

T1a

TS
Loa

TS+ __
Hl

TS% __
H2

i =LA T 9

175« _ tc(6—as+ar)+ (as +ar)(2vs + 1)

15« tc(6+as —ar)+ (as +ar)(ys + 297)
07 p2A - 6tc’

12t% + (s + ar)(vs — vr)(vs +77) + 2tc((3 4 205 + ar)ys — (3 — 2as — ap)yr)

TTx __ arTyT TT* TTx __ 1 TT+ __ 1 aryr
=140 . and I = 5(1 + *72%)

)

)

6tc(4tc + (s +ar)(vs + 1))
12t2 — (as + ar)(vs — 1) (vs + 1) + 2tc((3 + as + 2ar)yr — (3 — as — 2a7)7s)

6tc(4tc + (as + ar)(vs +71))

tc(6 —ag +ar) + (as + ar)(2vs + 1)

3(4tc + (as + ar)(vs + 1))

tc(6+ as —ar) + (as + ar)(yvs + 2vr)

3(4tc + (as + ar)(vs + 1))

(to(6 — as + ar) + (as + ar)(2ys +97))°

18tc(4tc + (as + ar)(vs + 1))

(to(6 + as — ar) + (as + ar)(ys + 2797))?

18tc(4tc + (Oés + OzT)(’yS + ’)’T))

3

)

(31)
(32)
(33)
(34)
(35)
(36)
(37)

(38)

We see that the biggest change of results comes in terms of the effect of an increase in ag on platforms’

profits with sponsored content advertising. Now, as «g increases, so do the profits (from sponsored content

ads) of the platforms. Since the consumers do not pay any price, an increase in ag does not reduce

consumers’ price. As a result, the only effect of an increase in ag is an increase in advertisers’ price which

in turn increases platforms’ profits (recall that when the content is not free for the consumers, ag does not

affect advertisers’ price). Furthermore, as long as agys > arvyr (which always holds under the assumption

as > ap and s > yr), advertisers pay a higher price and platforms earn greater profits under sponsored

content ads compared to that under traditional ads. The equilibrium conditions can be easily obtained by

comparing the profit differences across different subgames.

13



B.3 The Case with No Ads

In the main text, we assumed that each platform displays either the traditional ads or the sponsored
content ads. In this extension, we analyze the situation where the platforms do not offer either type of
ads. In particular, the two competing platforms trade off between choosing the sponsored content ads and
the no ads strategy (denoted by N).

When neither platform offers any ad, they compete only in the consumer market. Their profits are

given by TNV = pf\éN xf\g\' . The optimal prices and profits are given as follows:
NN __ NN*_t HNN*_HNN*_tE
bic =Pc =lo, 1 =1l =

5

When both platforms offer the sponsored content ads, they compete in both sides of the market. Their

profit functions are given by II$° = pfg mfg +pYa?F. The optimal prices and profits are given as follows:

SSx _ SSx __ SSx __ , SSx __ SS* _ 17SS* __
PICT =pho” =tc —as, pTy =piy =1+7s, 777 =157 =

l+tc —as+7s
5 .

When one platform (e.g., platform 1) offers the sponsored content ads and the other platform (e.g.,
platform 2) offers no ads, they compete in the consumer market. At the same time, the platform offering

the sponsored content ads acts as a monopoly in the advertising market. The two platforms’ profits are
given by II7N = pfgxfg +pf1{xv:rfjlv and TI5N = pggxgg The optimal prices and profits are given below:

sn«  (Bto + asys)(4to + asys — oF)
e 12tc +dagys —ad —~%
sn«  (6tc — (s —75)?)(2tc + as7s)
0 12tc + dagys — af — 72
pSN — (as +75)Btc + as7s)
12tc + dagys — Oé% — ’y%’

SN — (8tc — (as — 75)2)(3t§ + a2S’YS)2
(12tc + dagys — ag — ’ys)z
(2tc + as7s)(6tc — (as —7s5)°)?

(12tc + dagys —ak —92)?

)

)

SNx __
H2 _—

Clearly, when II75* > TIV* and TI{V* > IIVV* | both platforms prefer to offer the sponsored content
ads, and SS is the dominant outcome. Similarly, we can analyze the competing platforms’ trade-off between
offering the traditional ads and no ads. When the following conditions are satisfied, NN (neither platform
offering any ad) is never going to be the equilibrium:

(1+te = ap +70) (12tc +davye — ap = 72)? = 2(2tc + awye) (6te — (@ —7)*)? > 0,

2(8te — (ay — 70)3) (Bte + avyn)? — te(12tc + 4oy, — a?)? >0, v € {S,T}.

In other words, NN is dominated by SS or TT when these conditions are satisfied.
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