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1 APPENDIX

1.1 Proof of Lemma 1

Assuming a customer’s tip is non-negative, v(t;6,p) is bounded above by 6 — p, and since K is
positive , it is clear from Equation (2) that if § < p, then u(t;0,p,m) < 0, hence, § ¢ C*. Assume
therefore that # > p, and let t*(0) denote the optimal tip. Noting that wu(¢;60,p, m) is strictly
increasing in t over [0, (6 — p)/2], it must follow that t*(6) > (0 — p)/2. Using the definition of L,
when ¢t > (0 — p)/2 we can rewrite Equation (2) as

u(t;0,p,m)=(1—0)(0@ —p) — (1 —20)m — L(m —t).

A 0-type customer chooses their tip ¢ so as to maximize their utility. By defining d = m —t we get
that the maximum utility is obtained at
t*(0) = arg max wu(t;0,p,
(6) = g _max u(t:0.p.m)

e — 1 L
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= m — min{m — (9 _p)/27d}
= max{(f — p)/2,m — d},

where the second equality follows substitution, the third follows the convexity of L and the definition
of d, and the last follows basic algebra.

We next show that customer utility is increasing in 6. Consider two customers with types 6
and 3 such that 0; < 6. Let 5 be such that t*(6;) = 5(61 — p). Then, under rational tipping, it
must follow that § > 1/2. Note that the social-pressure cost K(m — t) is decreasing in ¢ for every

m. Hence,

u(t*(01);01,p,m) = (1 — o) (01 — p) — (L = 20)t7(01) — K(m —t"(61))
=(1-0-p(1-20)) (6p —p) - K(m—p5-(0h —p))
<(l-0—-p(1-20))(62—p) - K(m—p-(02—p))
= u(B- (02 = p); b2,p,m)
< u(t*(62); 02, p,m).

) -
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Hence, by sharing a fraction S of their surplus, the 82-type customer guarantees a higher utility than
the 61 customer (let alone when tipping optimally). Therefore u(t*(6); 6, p,m) strictly increases in
0, so that 6, € C* implies 02 € C*.

1.2 Proof of Proposition 1

In the proof of Proposition 1, we will make use of the following Lemma 3, which we state and prove
below. This lemma proves stronger properties than needed for the proof of Proposition 1 alone,

however, we use these results in several other subsequent proofs.

Lemma 3. Provided the customary tip, m, assume some 0 € 01,0y exists such that
u(t*(0);0,p,m) = 0.

Then it must follow that C* = [0,0g] and 8 = p + c¢(m), where c(m) is the unique value satisfying

e(m) = (1 —20)m + L(min{m — c(m)/Q,Q})'
1—0
Define o = 2(1 — 0)d + L(d). Then 1 > d, for every m, m — c(m)/2 > d if and only if m > m,

and the following statements hold:

(i) For all m € [0,m), c(m) is strictly convex increasing, with c¢(0) = 0, whereas for m > m,

c(m) = (1 = 20)m + L(d))/(1 = 0);

(ii) For all 0 € [01,05), O(m, 0) is strictly increasing in m, and 0(m,0) > 0 if and only if m > 1,
with equality holding if and only if m = m.

Proof. From Lemma 1, it follows that C* = [0, 0] for some 0 € [01,, 0] such that u(t*(0); 0, p,m) =
0. Since the equilibrium utility for consuming customers is strictly monotone, there can be at most
one such §. To characterize 6, we write ¢(m) = 6 — p, and using Lemma 1 and the definition of L,

we observe that

u(#*(8):8,p.m) = (1 0)(6 — p) — (1 — 20)m — L(m — £(6))
— (1= 0)(0—p) — (1 - 20)m — L(m — max{(8 — p)/2,m — d}
— (1= 0)(8— p) — (1~ 20)m — Limingm — (8 - p)/2,d})
=(1—-o0)c(m) — (1 —20)m — L(min{m — c¢(m)/2,d}),

therefore u(t*(0); 6, p, m) = 0 if and only if

e(m) = (1 —20)m + L(min{m — c(m)/Q,Q}).

l1—0

Recall that L is convex, with d being its minimizer, and L'(0) = —(1 — 20) < 0. To show that

m > d, we note from convexity of L that

L(d) = L(0) + L'(0)(d — 0) = —(1 — 20)d,



thus,
m=2(1—-o0)d+ L(d) =d+ ((1—20)d + L(d)) > d.

We now turn to proving item (i) of the lemma. Following the definition of ¢(m), by taking the

derivative with respect to m, we get

_1-20+ L' (min{m — ¢(m)/2,d}) # min{m — c(m)/Q,d}.

1—0

c(m) (10)

Since L'(d) = 0, it can be seen from above that if m is such that m — ¢(m)/2 > d, then ¢/(m) =

(1-20)/(1—0) € (0,1); otherwise, if m — ¢(m)/2 < d, then

120+ I/ (m— c(m)/2) (1 - ¢(m)/2)

d(m) T

implying that
1—20+ L (m—c(m)/2)

) = T —cm)y2) 2 < " (11)

where the inequality is because 1 — 20 < 1 — o and the fact that —(1 — 20) < L'(d) < 0 for all

d € [0,d]. This shows in addition that both the numerator and the denominator in (11) are positive

and hence ¢(m) is increasing. Moreover, ¢/(m) < 1 implies that the function m — ¢(m)/2 is strictly
increasing, at a rate of (at least) 1/2. Noting also that ¢(0) = 0 < d, we conclude that there exists
some m such that m — ¢(m)/2 = d. For any m > m, m — c¢(m)/2 > d, and using the definition of

c(m) we get
(1—20)m + L(d)
1-o )

c(m) =

(12)
Assume otherwise that m < m, then

(I —=20)m+ L(m —c(m)/2)
c(m) = T— o .

Taking the second derivative of ¢(m),

—o+L'(m—c(m)/2)/2—(1—20+ L'(m—c(m)/2))/2
(1 -0+ L'(m—c(m)/2)/2)2
1/2
(1—o+L'(m—c(m)/2)/2

() = (1 = ¢ (m) [2) L (m — c(m)/2)

= (1= (m)/2)L"(m — ¢(m)/2)

>0
2

where the inequality follows from the convexity of L(d) and that ¢/(m) < 1. Therefore c¢(m) is
strictly convex over [0, 7).

To prove the second item, fix 0 € [0r, 0], and define
A(m) = 0(6,m) — 6 = 2(m — d) — c(m),

from which we have
A'(m)=2-(m)>1>0,



so that A(m) is strictly increasing, thus, 6 is strictly increasing in m. By substituting m = 0 with
¢(0) = 0 we get A(0) = —2d < 0, implying that 6(6,0) < @ and by substituting m = rh, based on
(12), we get

1 —20)m + L(d)
1—0

A(m) = 2(m — d) — (
—20)(2(1 — 0)d + L(d)) + L(d)

1—0
2(1—0)(1—20)d+2(1 —o)L(d)
1—0

— 2201 — o)d + L(d) — d) —

)

=2((1 - 20)d + L(d)) - =0

thus é(Q, m) = 6. The second item then follows from monotonicity of A(m). O

In light of Lemma 3, the proof of Proposition 1 becomes straightforward: By Lemma 3, the
consumption set is given by [0, 6] where 8 = p — ¢(m). Consider a type 6 € [0,0g]. If 6 < 0, then

after rearrangement we arrive at
m—d>(0—0+c(m))/2=(0-p)/2,

which, by Lemma 1 implies ¢*(6) = m — d. Similarly, 6 > 6 implies t*(0) = (6 — 0 + ¢(m))/2.

1.3 Proof of Lemma 2

The continuity of §°P* follows from the continuity of ¢(m) and F () together with the Maximum

theorem. To show monotonicity, let m; and maq satisfy m; < ma. Fori = 1,2, denote 8; = §°P* (m;),

and for each 6 let I1;(0) = (6 — ¢(m;))F(0). Let f denote the density of F. Then, for every 6,

410 = 2@ —dca(mm

do
= F(0) — f(0)(€ — c(m1))

< F(0) ~ [(0)(0 ~ c(m2)) = “STIs(6).

@)+ T )

in which the inequality follows because ¢(m) is increasing in m (see Lemma 3). Being the maximum

point of II3(8), the optimal cutoff 6, satisfies, for every 0 € (05, 0],

6 6
0> 1IIx(8) — 2(0,) = dlly > dll; =11, (8) — 111 (6,)
25 [22)

meaning that for every 6 € (0, 0x], 111(8) < I11(85), which implies that 8, ¢ (0, 0], thus §; < 0,.
Furthermore, if §, is an interior solution, i.e., 8, € (01,05), then it must follow by the first-order
condition that p

d
0= @HQ(QQ) > @Hl(g2)7

implying that 6, # 6,. Similarly, if 6, is an interior solution, then d%l‘[g (0,) > 0, and again, 6; # 6,.

Thus, we conclude that if at least one of §; or 6, is in the interior region (0r,0r), then 6, < 0,.



1.4 Proof of Proposition 2

In order to prove the proposition, we first introduce the function #°°"*(m), and then state and

prove Lemma 4 below.

Lemma 4.

(i) For any fized 0 € [01,,0m], the average tip ET(m,0) as a function of m is strictly increasing,
such that for each m >0, if 6(m,0) < Op, then (8/0m)ET(m,0) < 1, otherwise ET(m, ) =

m —d.

(ii) For any fired m > 0, the average tip ET(m,0) as a function of 6 is decreasing, such that for
each 0 € [01,0w], if O(m, ) < O, then (9/00)ET(m,0) < 0, otherwise (8/00)ET(m,0) = 0.

(iii) There exists a unique value m > 0 that satisfies ET (m,01) = m, and for every m < m there

exists a unique 6 € [0r, 0] solving ET(m,0) = m.
(iv) Define a function 9°°"% : [0,m] — [0r,0H] as:
6% (1) = {8 € [0, 6] 5.t ET(m,6) =m).
Then the function 8°°"%(m) is strictly decreasing over [0,m], and onto [01,0].

Proof. We begin with proving item (i). Fix 6, then, for all m, by substituting Equation (4), we can

rewrite Equation (6) as

1 [0
ET(m,0) = 0] / max{(6 — 0+ c(m))/2,m — d}dF(6).

Note, since c¢(m) is strictly increasing (Lemma 3), that the integrand above is strictly increasing in
m (for all 6,0), therefore ET(m,#) is increasing in m.

Next, we show that (9/8m)ET(m,0) < 1. Keep 6 fixed, and recall that for any 6 < 6(m, 0),
(0 — 0+ c¢(m))/2 < m —d (and vice versa). Note that under the assumption 6(m,6) < 0g,

~

F(0(m,8)) > 0. Then,

1 0(m.0) On
BT(m.0) = 555 ( /9 (m — d)AF(6) + /9 g0 2T ) /2 dF(H))
1 A O
- 70 (<m ~DEGm0) = F@)+ [ * 0~ 0-+cm)/2 dF(@)) SENGEY



Taking derivative with respect to m and invoking Leibniz integral rule we get

o ETm.0) = (F@(m.8)) = F(8) + (m — ) F(d(m.)

m

e (m)F(O(m, 0))/2 — (6 — 0+ c(m))/2 - d‘;m(m,e») er)
= (F©) = FOm.0) + m)FOm.0)/2) £
< (F®) = F@m.0) + FOm)) 755 =1

~ ~

0(m,0) > 0y, then F(§(m,0)) =0, and by Equation (13), ET(m,0) = m

We now turn to proving item (ii). Fix m, and let © denote a random variable distributed

where the inequality follows from ¢(m) < 1 (see Lemma 3) and F(6(m,0)) > 0. If, instead,

according to F, thus, we can write
ET(m,0) = E (max{(© — 8 +c(m))/2,m —d} | © > 0)

Note that the expression max{(x + ¢(m))/2,m — d} is increasing in z. Furthermore, because F
is IFR, we have (see, e.g., Shaked and Shanthikumar [2007], Theorem 1.A.30), for any two types
0, <8y,
[©—0,10>0,]2:[0—-0,]0>0),

implying that ET'(m,0,) > ET(m,0,).

Assume that é(m, 0,) < 0. For ease of notation, define two random variables D; and Dy on
the same probability space, such that for i = 1,2, D; =4 [© — 0, | © > 6,]. Since F is strictly
increasing over [0r,0p], we can assume, without loss of generality, that Pr(D; > Dy) = 1, thus

(D1 + ¢(m))/2 > (D2 + ¢(m))/2 almost surely. Our assumption 6(m, §,) < 6 implies
Pr((D1 + ¢(m))/2 >m —d) >0,

therefore,
Pr((D1 4 ¢(m))/2 > max{(Ds + c¢(m))/2,m — d}) > 0,

implying that

~

thus, ET is strictly decreasing in . If, on the contrary, 6(m,6;) > 0, then
Pr((Dy + ¢(m))/2 > max{(D2 + c¢(m))/2,m — d}) = 0,

6



implying that ET(m,0,;) = m — d.

We move on to the proof of item (iii). First note, by item (i), that whenever 0(m,0L) < 0,
m — ET(m,0y) is strictly increasing in m, hence, if a solution m — ET'(m, 01,) = 0 exists such that
é(m, 01) < O, it must be unique. Let m*"P be the unique solution to é(msup, 01) = 0p, thus, by

Lemma 3, for every m < mSP, é(m, 01) < 0. To show that a solution m exists, it suffices to show
0— ET(0,0r) <0< m™ — ET(m"P,0p).

The left segment, —ET(0,0) < 0, is directly implied by Equation (6) and the non-negativity of

the tip function t. The right segment follows from item (i), observing that, from é(msup, 0r) =0,
mP — ET(m"P,0p) = m™™P — (m®P —d) =d > 0.

Hence, m exists uniquely.
Consider now a fixed m € [0,m]. This implies that m — ET'(m,0r) <m — ET(m,0r) =0, i.e.,
m < ET(m,0). Recall from Lemma 3 that ¢(m) < m, thus,

ET(m,0) = max{c(m)/2,m —d} <m < ET(m,0r).

Therefore a solution 8 € [0r,0p]| exists such that ET(m,0) = m. Furthermore, if 6 is such that
ET(m,0) = m, then from item (i) it must hold that §(m,0) < 6. Thus, by item (ii) ET(m,0) is
increasing as a function of its second argument around the point @, implying that 8 uniquely solve
ET(m,0) = m.

To prove the last item, fix an arbitrary 6 € [0, 0p]. Because the average tip is non-negative,
when m = 0,

m — ET(m,0) = —ET(0,0) < 0.

From items (ii) and (iii), when m = m,
m — ET(m,0) =m — ET(m,8) > m — ET(m,01) = 0.

By continuity, there must exist some my € [0,m] such that my — ET(my, #) = 0. Furthermore, for
this value my € [0, 7] it must hold that 8(mg, 8) < 8, otherwise we would have mg — ET (mg, ) =
d > 0. Thus, by Lemma 4 item (i), m — ET(m,0) as a function of m must be strictly increasing
around the point my, and hence, there exists no other m # my solving m — ET(m,§) = 0. In
other words, the function §°°"*(m) is a continuous bijection from [0,m] to [0, 0], and therefore

is strictly monotone. Observing that
QCOI’IS.(O) — HH > 0L — QCOHS.(T??/)7

we conclude that 9°°"*(m) is strictly decreasing over [0, m]. O



We now turn to the proof of Proposition 2. We start by deriving several essential properties of
BR(m). The function BR is continuous over the bounded interval [0,m] as a composition of such
functions. We first show that it is increasing, by showing that t(6; m, °P*(m)) is increasing in m.
Recall that from Lemma 3 we have %c(m) < 1-20, and from Lemma 2, %Q"pt' > 0. Thus, using
t*(0) in Lemma 1, for all 8 € [0°P"(m), O]

t(0;m, 0°P"(m)) = % max{ (6 — 8°°"(m) + c(m))/2,m — d}

> min { () = L gore o)) 2.1}

= <djlnc(m) —~ lene"*’t-(m)) /2.

a4
dm

To show that the latter expression is non-negative, recall that f denotes the density of F'. Note, by

Assumption 1, because §°P*(m) satisfies the first-order condition for the profit function, we have

0

0= 55 (6~ cm)F(®))

= F(0°"(m)) — f(8°7" (m))(€°*" (m) — c(m)),

0=6°7" (m)

or equivalently,

F(g°*"(m))
FEP(m))’
1(6)

and, by Assumption 2, ) F0) is increasing in . We thus have that

d o d opt. d F(Qopt.(m)) opt.
——c(m) = i (m) — g (Jc(aopt(m))> =0 (m),

c(m) = 0" (m) — (14)

implying that ¢(6;m, #°P*(m)) is indeed increasing in m for all @ > §°P*(m).
Now, consider mg, m1 € [0,7m] such that mg < m1, hence, by Lemma 2, §°P"(mg) < 8°P*(m;).

Note, by Lemma 1, that the tip is increasing with type, therefore

fgeolgt.(mo) t((g; mo, Qopt-(mo))dF(e) < f;‘)]gt‘(ml) t(e; mOaQOpt'<m0))dF(9)

F(6°"" (mo)) N F(0°7" (ma))

Thus,

BR(my) — BR(mg) = ET(m1, 0% (m1)) — ET(mqg, 8°°"(my))
Sy 105, P () (O)  fih ) 1060, 67 (o)) (6)

(
F(0™" (m1)) F(6°" (mo))
_ Sy MO B )AFO)  fyi ) 8030, 87 (m0))AF (0)

F(°7" (ma)) F(0°°" (ma))

1 on opt. opt.
:Fwoptwm/ewm) (8(8; m, 0% (ma)) = 8(05mo, 87" (mo))) dF'(0)

>0

— )



where the last inequality is because ¢(6;m, #°P*(m)) is increasing in m.
We next show that the derivative of BR is bounded. Recall, by Lemma 4, that ET is decreasing
in its second argument, and its derivative with respect to the first argument is positive and bounded

by 1. We therefore obtain
< BR(ml) — BR(m()) B ET(ml,QOpt'(ml)) — ET(mO,QOPt'(mO))

0 —
mip —mo mip —mo
< ET(myq, 0" (mg)) — ET(mo, 8°P*(my)) <1
< S <

implying that BR is increasing at a rate smaller than 1. Assuming a fixed point m* = BR(m*)
exists, it follows that for every initial value my € [0,m], the sequence of fixed-point iterations
my = BR(my_1) converges monotonically, from below, to one such fixed point as k — 4+o00. We
next show that indeed a fixed point exists uniquely.

To this aim, we recall the definition of °°™* in Lemma 4, and we note that a point m € [0, m]

is a fixed point of BR if and only if
Qopt.<m) — Qcons.(m)_

By Lemma 4 item (iv), §°°"*(m) is strictly decreasing over [0,7m] and is onto [0r,0x]. Following
Lemma 2, §°P*(m) is increasing, thus, 8™ (m) — §°P*(m) is strictly decreasing in m. We conclude
therefore that there exists a unique intersection point m € [0,m], satisfying 0" (m) = §°P*(m).
We thus obtain that limg_, ;e mi = m* such that ™ (m*) = °P*(m*), which is further in-
variant to mg. By continuity, we also have that 0* = limy_, o 0°P'(my) and p* = 6* — c(m*)).
Finally, Equation (14) implies 8°P* (m) —c(m) = F(8°°*(m))/f(8°?* (m)) which is decreasing in m,

therefore, with mg < mj <.

. we havepg >p1 > ....

1.5 Proof of Proposition 3

To show our claim, we show first that BR is pointwise increasing in x (see Lemma 9 below), the

proof of which relies on the following auxiliary results:
Lemma 5. d is decreasing in k, with limg_4100d = 0 and lim,—od = o0.

Proof. Recall that / is strictly convex and smooth over [0, 00), therefore ¢ is continuous and strictly
increasing over [0,00), and so is its inverse, £ . Also recall that L(d) = —(1 — 20)d + kl(d) is

strictly convex and smooth, thus, its minimizer, d, satisfies the first-order condition, which after

d=0"" (1_20>. (15)

rearrangement can be expressed as

K

By continuity, we therefore have limy_, oo d = ¢ _1(0) = 0. Moreover, as k — 0, L(d) compactly
approaches —(1 — 20)d, which is a strictly decreasing function, thus, for every M > 0, there exists
some sufficiently small x5 > 0 such that for all K < kjy, the minimum of L over the interval [0, M]
is obtained at M, and therefore d > M. OJ



Lemma 6. c(m) is increasing in k for every m > 0, approaches (1 —20)m/(1 — o) uniformly as

Kk — 400, and approaches 0 compactly as k — 0.

Proof. According to Lemma 3, given m, ¢(m) uniquely solves

. (1 =20)m + L(min{m — ¢/2,d}) (16)

1—0

By the envelope theorem, %L(d} = {(d) > 0, meaning that L(d) is increasing in x, and in addition,
for any fixed d (independent of k), L(d) is also increasing in k. Thus, for fixed m and ¢, the
expression L(min{m — ¢/2,d}) is increasing in x. Hence, the right-hand side of Equation (16) is
increasing in k. We now consider growth rates with respect to ¢ of the expressions at each side of
Equation (16). Clearly, the marginal growth in ¢ of the left-hand side is 1, whereas the on the right
hand side, it is bounded by

—L'(min{m — ¢/2,d}) < 1 1-20 - 1

2(1-o0) -2 1—-0 2
where the first inequality follows since —(1 — 20) < L'(d) < 0 for all d € [0,d]. It therefore follows
that the left-hand side of (16) is increasing in ¢ faster than the right-hand side, thus, it must follow
that the solution to (16), namely ¢(m), is increasing in . Furthermore, as K — 400, d — 0, and
by continuity, we therefore have limy,_,+~ L(d) = 0. By Lemma 3 part (i), we have for any m > 0

that
(1 —20)m + L(d)

1—0

(1 —-20)m
1—0c

<c¢(m) <

)

hence ¢(m) approaches (1 — 20)m/(1 — o) uniformly as k — +oc.

To analyze the case kK — 0, recall d is the minimum point of L, thus, given m,

(1 —20)m + L(min{m — ¢(m)/2,d})

c(m) =

l1—-0
< (1—20)m —g L(m —¢(m)/2)
_ (1 —20)c(m)/2+ kb(m — c(m)/2)
l-0
- (1 =20)c(m)/2 + Kkl(m)

1—-0
hence, after rearranging we get c(m) < 2xf(m). Thus, as K — 0, ¢(m) — 0 for every m. In
addition, over any interval [mg,m1], ¢ is maximized at my, thus 2x¢(m;) uniformly bounds ¢(m)

over the interval [mg, m1], and the convergence is uniform on compact sets. O
Lemma 7. For every m > 0, §°P"(m) is increasing in k.

Proof. By definition of °P*, given m, if § = §°P*(m), then following Assumption 1, § and m satisfy
(see Equation (14))

STl

(@
@)

5

c(m) =

~



Note that this equality depends on x only through the left-hand side, ¢(m), which, according to
Lemma 6, is increasing in x. The right-hand side, by Assumption 2, is increasing in 6, hence,

0°P*(m) is increasing in  for every m. O
Lemma 8. For every m > 0 and 6 > 0°P*(m), t(6;m, 0°°*(m)) is increasing in k.
Proof. From Lemma 1 and Equation (14) we have

t(0;m, 0°P*(m)) = max{ (6 — 90pt~(m) +¢(m))/2,m — d}

From Lemma 5, d is decreasing in k, and from Lemma 7 together with Assumption 2 F(gor- (m))) is

also decreasing in  for any m. Therefore t(0; m, §°P"(m)) is increasing in  for any 6 and m. O

Lemma 9. BR(m) is increasing in k for every m.

Proof. Consider m fixed, and for k1 < ke and i = 1,2, let r() = BR(m) |x=x; and ) =
0°P"(m) |.=x, be the best response and optimal cutoff corresponding with the customary tip m and

social-pressure level ;. By Lemma 7, 01 < 9. For i = 1,2, denote further, for any 6 > i)
t0(6) = t(6;m, 6% () s,
hence, by Lemma 8 we have t(2)(6) > t(1)(). Using this notation we can thus write

_ flt F(0)
r) = 22 .

F(Q“))
Then,

o _ etV OIFE) [y 1O OdFE)

F(0@) F(9<1> )
f9(2) (9 dF(Q) f0(2) t (e)dF( )

FO®)  F(®)

1 O
~FE®) / o (170 = 00)) dF E)
> 0.

where the first inequality follows due to t(!) being monotone increasing in 6. Thus, BR(m) is

increasing in k for all m. O

We now turn to the proof of Proposition 3. By Lemma 9, BR(m) is pointwise increasing in &,
therefore its unique fixed point m* is also increasing in x. Recalling that §°P* is increasing both

as a function of m (for every k, see Lemma 2) and as a function k (for every m, see Lemma 7),

11



we therefore obtain that §* = §°P*(m*) is increasing in k. Based on Assumption 1, we have, as in
Equation (14), that B
* _ o o F(0)

pt=0"—c(m") = m,
thus, from Assumption 2 and the monotonicity of 8%, p* is decreasing in k. Clearly, 8y is a uniform
upper bound (independent of k) on the customer utility, thus, under rational tipping, no customer
tips more than 0z, and the average tip amount never exceeds 0. As 0* is confined to [0, 0] and
m* is confined to [0, 8], we obtain, from monotonicity, that both m* and 8* admit finite limits at
k — 0 as well as at kK — +o00.

Next, we prove the second and third items of Proposition 3, analyzing the case k — 0 first.
From Lemma 5, there exists some sufficiently small kg > 0 such that for all kK < kg, d > 0. As
m™* < 0y, this implies that for all k < kg, m* — d < 0, implying by Lemma 3 that m* < m.

We now consider the case kK — +00. Recall that under Assumption 2, % is increasing in 6.
We next define a quantity, independent of x, that will be shown to constitute an upper bound on

the limiting cutoff type. Define

6™ = min {9 € [0r,0m) s-t. 20 — 1;((3)) > GH} (17)

The expression 20 — % is continuous and strictly increasing in 6, and at 6 = 0y it is strictly

larger than 0y (and equals 20z), thus, ™ exists (and satisfies /™% < ). Furthermore, for
all 6 € (6™, 0], because of the strict monotonicty, we have 260 — % > 0. We will show that
limy, 400 0% < ™3,

Denote 8’ = %Gmaj—k% lim,_, 4o 6%, and for the sake of contradiction, assume lim,_, o, 6% > 6™,
so that ' > #™®. Then for any sufficiently large s with its corresponding equilibrium pair, 8* and

m*, we have 8* > 0’ > ™ therefore

POy FO)

ey T2 e

> 0y.

Let € = 20’ — % — 0. From Lemma 5, lim,_, 1o d = 0 and from Lemma 6, limy_4 o c(m) =

(1 =20)m/(1 — o), uniformly over m, hence,

lim 2(d—m+c¢(m)) =—

m < 0,
K—r+00 1— 20

uniformly for all m. Thus, we can choose k large enough so that both 8* > 6" and 2(d—m+c(m)) < ¢
for all m. In particular, such a choice of k implies 2(d — m* 4+ ¢(m*) < e < 20" — % — 0. By
Proposition 2, §* = 0°P"(m*), therefore §* and m* satisfy (see Equation (14)) c¢(m*) = §* —

F(8*)/f(6%). In equilibrium, some customers tip their appreciation tip, i.e., it must follow that

12



0(m*,0") < 0 (see Proposition 1). Therefore, from the choice of €,

0n > 0(m*,0%)
=2(m* —d) + 0" — c¢(m™)
=2¢(m”) —2(d — m* + ¢(m*)) + 6% — c¢(m™)

G FE) L FE)
> 20 2f " +f(Q*)
F(

(@
] o) _
c )

>9H7

which is a contradiction. Therefore, lim,_, o 0* < ™8 implying that lim,_, 1o F(6*) > F(6™8)) >
0.

We next show that lim,_, o0 é(m*,Q*) = 0y. Suppose, for the sake of contradiction, that
limy— 400 é(m*,Q*) < 0y, and choose some € such that

lim A(m*,0%) <6 < 6y.

K—-+00

Assume & is sufficiently large, so that the equilibrium pair (m*, 6*) satisfies 0(m*,0*) < ¢, and d

satisfies
I
d<2/ 0 — 0)dF ().

Since (m*,0") is consistent (as in Definition 3), we have (see Equation 13):

m* = ET(m"*,0%)
1 b

O
st =t [0+ )2 - (0 — ) d(0)

/

:nf—d+/%w—éwmm»wwm

which is a contradiction. It must follow then that lim, o é(m*, 6%) = 0. The latter, together
with the fact that lim, 400 0" < 0p, implies that there exists a k1 such that if k > k1 then
é(m*,Q*) > 0* and therefore, by Lemma 3, m* > 1.

Lastly, we assume that ¢’ is concave, and show that 7 is decreasing in k. Note from the

definition of m in Lemma 3 that
h=2(1-o0)d+ L(d) = d + rxl(d).
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To show that 7 is decreasing in s, with Lemma 5 it suffices to show that xf(d) is decreasing.
Denote g(d) = ¢~(d), thus, g is convex increasing with g(0) = 0, and therefore g(d) < dg'(d) for
all d. Following Equation (15), d = ¢g(1/x), which further implies

d , -1

Zd=d(1/k) - —.

La=ga/m-

Note that the fact that ¢ is strictly convex with £(0) = 0 implies ¢(d) < d¢'(d) for all d > 0. Then,

using the convexity of ¢ and g,

2 (wt(d)) = (d) + 5 (@) (1)) - 5

dk
= Ug(1/5)) ~ —50'(1/)

<2 (s0/0) - 10/ <o.

Thus, m is (strictly) decreasing. Because m™* is increasing in k, there exists some & such that

m* < m if and only if k < &, that is, &k = kg = k1.

1.6 Proof of Proposition 4

Fix m > 0. We first analyse the limit as k — 0. Using Assumption 1, we can apply the first-order

condition on (5) and solve for §°P*(m), obtaining

F(0°"" (m))

6°P"(m) = c(m) + m

= c(m) + 0 — 0°P*(m),

hence,
- Oy + c(m)

0% (m) =

(18)

Based on Lemma 6, we get, as £ — 0 that §°P"(m) — 97;1' By continuity, this implies, for every
m >0

On
: opt. _ — i opt. —
ilmOQ (m) — ¢(m) ilmo 0°P*(m) 5

and

lim BR(m) = liH(l] ET(m,0p/2)
K—>

k—0
71 | " 0 0 dF(0
= — im t(0;m, 2
F(05/2) 50 Jo,, /2 ( 1/2)dF(6)

2 1

On GH
-~ .2 60— 0y/2)do = 1
R I

where the first and second transitions follow by definition, and the third follows Equation (4)

together with Lemma 5.
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To derive the limit as K — 400, note that under uniformly-distributed types, §°P%(m) =

Q}I%C(m), and recall by Lemma 6 that

1-2
lim ¢(m) = 7
K—4-00 l1-0

m,

uniformly for all m. Similarly to the case k — 0, using continuity and the fact that lim,_, o d — 0,

we get

lim BR(m) = lim ET(m, (g + ¢(m))/2)

Kk—0 rk—0
1 O

— lim
F((0u +¢(m))/2) 50 J (9, 4c(m))/2

O
2 / masc{m, (0 — (051 — ¢(m))/2)/2}d0,
(

O —c(m) Jigy4e(m)))2

t(0;m, (0n + c(m))/2)dF(0)

hence, for m < 31:—2(‘;,6&1, we have

2 Foratgm 1 [ou 0y 1-20
lim BR(m) = ————5,— / md9+/ 00— —+57—=m]|db
#—0 Og — =—2m \ Jom 120 2 )l 3-20 ., 2 2(1-o0)

1—0o 2 T 2(1—0) 2 ' 2(1-0)
3—20 2
<0H T 1-¢ m)

8 (08 — 222m)’

:m—|—

l1—0o
and for m > EGH’

H

2 [4
lim BR(m) = ———— mdf =m.
O — Tgm Jon

k—0 1-2
+3a=ay™

1.7 Illustration of comparative statics with respect to o

Figure 6 depicts m*/p* as a function of x (which is increasing, see Proposition 3) with 8y =1 for
o =0,1/10,2/10, 3/10 and 4/10. We observe that m*/p* is generally non-monotone in o. For the
displayed values of o, when & is large (high social pressure) increased o decreases the tip-to-price
ratio, but over an in intermediary range of x (low-to-moderate social pressure), increased o weakly
increases the tip-to-price ratio. Interestingly, when & is sufficiently small, m*/p* is independent of

o, as discussed in Section 2.3.

1.8 Proof of Proposition 5

Assume that types are uniformly distributed over [0,0y] and let K(d) = (k/2)({d}T)%. We
further assume 07 < 0y /2, thus, Assumption 1 is satisfied. In Lemma 10 below, we characterize
the equilibrium tip-to-price ratio in explicit form. Based on standard arguments we then show its

derivative with respect to 0y is strictly positive.
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Figure 6: Illustration of the tip-to-price ratio as a function of the social pressure for different values of
o € {0/10,1/10,2/10,3/10,4/10}.
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Lemma 10. Let y = xfp, and define i) = 40 — 200 +9. If y < 4, the equilibrium tip-to-price

N o)

ratio 1s

p* 4
whereas if y > g,

. (d=o)y+ 3‘1;; {(40 +202 — ?) —4(1-0) \/y(3201)§((7125)2}
) - (20)

b y— (23”__2},)2 {(20 +1)— 2\/9(3_2”1)255,1_2”)2 }

Proof. The proof of Lemma 10 is rather technical, and for brevity we omit several lengthy yet

straightforward algebraic manipulations. Those can be readily verified using standard computer-
algebra tools.
First note that L(d) = —(1 — 20)d + (x/2)(d")? implies d = (1 — 20)/k, and recall from

Proposition 1 that ¢(m) is the unique solution to

(1 =0)e(m) = (1 —20)m + L(min{m — ¢(m)/2,d}). (21)
For convenience, denote L = L(d) = — (1310)2, and recall from Lemma 3 the definition of m which
in the setting of Proposition 5 satisfies
1(1-20)(3-2
=20 —o)d+ L— L (E=20)B8=29) (22)

2 K
According to Lemma 3, if m > m then m — ¢(m)/2 > d and therefore
(1-20)m+ L
1-o '

Otherwise, if m < m then m —¢(m)/2 < d, and substituting L(m — c¢(m)/2) in Equation (21) gives

c¢(m) =

(1 —20)m — (1 —20)(m —c¢(m)/2) + §(m — c(m)/2)?

e(m) = 1-0
k(m — c(m)/2)? — c(m
_ )+ (2m = clm) 2 com)2

or equivalently,
k(c(m)/2 —m)? —c(m) =0

Following Proposition 1, this solution must satisfy ¢(m) < m for all m, hence yielding

C(m):2./ﬁ;m+1—\/2mn+l. (23)

K
With types uniformly distributed, similarly to Equation (18), we have §°°"(m) = (6 +c(m))/2

for all m. Note, since the price is given by §°P*(m) — c¢(m), that the latter implies the tip-to-price

ratio can be expressed as m/(6y — °°%(m)). Equipped with an expression for ¢(m), we solve for
m* = ET(6°°"(m*), m*) by separating into two cases: m* < 1 or m* > 7. We identify each case

based on the value of y.

17



Case I: Assume m* < . Then, using Equation (23),

m*k +1 —V2m*k + 1>

K

1 1
6" = 5 On — clm")) = 3 (aH+2

Equation (6) and some basic algebraic manipulations then yield:

m* = ET(0",m")
99*1-1 %(0 A 2m*ﬁ+17’§\/2m*,‘i+1)d0

0
Q*H do
n rm*+1—2m*k +1

KR

)

1
T
4(H 0%)
or

1 2
2m*k 4+ 1= <4/€ O —0") + 1> . (25)

Rewriting Equation (24) and substituting (25) gives:

0=y—20"k+2(m*k+1—V2m*x+1)
=y—20"k+142m*k+1—2vV2m*k + 1

1 2 1
= —y+200y — )+ 1+ (4%;(01{—6’*)—1—1) —2<4n(9H—0*)+1).

The latter is a quadratic equation in k(6y — 0*) admitting exactly one positive root expressed as
44/y + 16 — 16, therefore implying

vV 16 — 4
0 =0y — 4L,
K
and by plugging the root in (25) and isolating m™* we further have
1 4— 4/ 16
m* = 59}1 + 37?44-' (26)
K

After substituting * and m* in the tip-to-price ratio expression (m* /(0 —6)) we get the expression
in (19).
Furthermore, from Equations (22) and (26) together, we obtain that m* < if and only if

1 4 — 4/ 16
59[{4—3 yt
K

< 1(1—20)(3—20),
-2 K

or, equivalently, if

(y+16) —16+6- (4 — /y + 16) — (1 — 20)(3 — 207) < 0.

The latter is a quadratic inequality in y/y + 16 which is satisfied if and only if /y + 16 € [1+20,5—
20]. Because 0 < 1/2 and y > 0, we have 1 + 20 < /y + 16, hence, we conclude that m* < if
and only if \/y + 16 < 5 — 20, or, equivalently, if and only if y < g.

18



Case II: Assume now m* > m (equivalently, y > ¢), therefore ¢(m*) takes the form in Equation
(23). As before, 0* = (6 + c¢(m*))/2, and similarly to Case I we find m* by solving m* =
ET(8*,m*). Recall from Proposition 1 that 6(8,m) = 6 — ¢(m) + 2(m — d), which, by Lemma 3,

satisfies é(Q, m) > 0 whenever m > m. Then

6(0* ;m* " 0 * "
) &) (m —d)df + [y 30— 0"+ c(m))do

BT, m") el

After basic integration and algebraic manipulations the equation m* = ET(0*,m*), which is

quadratic in m*, yields two roots, m + (1 — o) ((0g — %) — 24/d (0 — 6%) - {—1,1}). Imposing
the condition {y = y < m* = m}, we are then left with a unique solution:

m* =m+(1-0)(0g —8")—2yd(0n —0")).

To fully characterize m* it suffices therefore to find a solution for 8*. After plugging m* in the
equation 6% = (0g + c¢(m*))/2 (where c¢(m*) is given in Equation (23)) we obtain an equation for
0%

(1 20) (@ 4 (1—0)2kd+(1—0) (/@(GH —9*) — 2+/rdn (Or — Q*))) + kL

l1—0

y=2k(0g —0") +
Substituting d and L and rearranging we get
(3—20) k(0 — 0°) — 2(1 — 20)*2\/k(0 — 0%) + (1 — 20)> —y = 0, (27)

Equation (27) is quadratic in /k(0 — 0) with a positive quadratic coefficient, a negative linear
coefficient. Furthermore, the constant term in the equation (i.e., (1—20)% —y) is negative, because,

by assumption, y > ¢, and this implies
y>40? —2004+9=(5-20)2—16= (1 —20)> +8(1 — 20) > (1 — 20)%

It follows that Equation (27) admits only one positive root, that is

~  2(1-20)32+ /41 —20)3 —4(3 —20)((1 — 20)2 — )
Vlr =87 = 2(3 — 20) ’

from which we can easily isolate §*, and, as before, substitute it in the tip-to-price ratio expression
m* /(0 — 6%) to establish, after basic algebra, the expression in Equation (20).
O

We now turn to proving Proposition 5, namely, that the equilibrium tip-to-price ratio increases
in 0. It can be seen from Lemma 10, that the tip-to-price ratio depends on 85 and k only through

their product, which we denote by y. Recall from Proposition 3 that the tip-to-price ratio increases

d (m* d (m* dy d (m*
< — S 2 0.
O_dm<p*> dy<p*> dk dy<p*> A
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Hence (d/dy)(m*/p*) > 0. It follows that

d (m* d (m* dy d (m*
T dy dy \p* ) dfg dfp \ p*

and therefore m* /p* is increasing in 0.

1.9 Appendix for Section 3.2

Under weak social norm (k — 0), the marginal return to effort is

(60— 6) dF (0 _
2 T (mb.q) - 1" i ) _b6n—0
9q 2 o dF(0) 4

effort (4 — qo) = 7(¢ — qo), and by equating the latter with the

The marginal cost is given by (d/dq)c
marginal return and rearranging we obtain that the optimal quality for the worker is qo + (0 —
0)/(4v). Under weak social norm, the cost of tipping for the cutoff customer is 0, and the firm
sets  so as to maximize ¢fF(§), which for uniformly distributed types (and any ¢) is maximized
at 0 /2. Plugging this into the worker’s optimal quality gives qo + 0/(87), namely, the worker’s
optimal additional effort is 0z /(8).

When the firm bares the effort cost, by taking derivative of the profit function with respect to
q we get

5o (a8 (g~ q0)) F(©) = @~ (0 - ) FO),

implying, by the first order condition, that the optimal quality ¢* and cutoff type 8" satisfy ¢* =
qo + 0% /~. Similarly,

a effort n _ q effort (q QO)

implying, by the first order condition, that

1 effort [«
2 q* 2
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