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A. Proofs for Main Results
Proof of Proposition 1. For the second-stage problem (6), we define the Lagrange function

L(zla"' 7ZJ7A7,U/17"' ;MJ) as fOHOWS.
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where A and {y;}7_, are the nonnegative Lagrange multipliers associated with constraints Z‘j]:l z; < 2

and z; > 0. Then, the optimal solutions 2z}, pj and A* should satisfy the following conditions (we

abbreviate A*(x) as A* for notation simplicity):
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w;z; =0, for any j € [J]*;

J
Z z; — 20 <05
j=1
A" >0,u;>0,2; >0, for any j € [J]*.
The first equation represents the first-order conditions for decision variables z; and the second and
third equations represent the complementary slackness conditions. Conditions (A1) indicate that the
optimal allocation quantities among retailers should balance the marginal costs at retailers when the
warehouse’s available inventory zg is limited.
We first consider the case with z; >0 which immediately implies 4 =0 for all j € [J]*. This case
corresponds to the result in (11). In this case, we further consider two subcases.

Subcase 1: \* > 0. By the first and second equations in (A1), the optimal allocation decisions

b+ hy— A* 7 J o1 [(bjFho— A
should satisfy 2 = F}~ <b]+h; a’j) and 5y 2 =35 F; ' <Jb]+h;

z; >0, we need the condition that min; (b; +ho — A*) > 0. Under the assumption that by <by <--- <b,,

b, — b
» +h’ >due

scj> = zp. To ensure

this condition is equivalent to A\* < b; + hy. It directly implies that zy > ijl Fj_1 <

to the monotone property of F; ' (-|z;).
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Subcase 2: A* =0. The first equation implies C
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i \pw wj) for all j € [J]T. Obviously, the warehouse’s inventory should be larger
ALY
) o e J g (bjF+ho
than the summation of retailers’ order quantities, i.e., zg > ijl F:
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We now turn to the case with z; =0 which implies that some retailers may not be allocated with

(27|x;) = 0. Therefore, the optimal allocation deci-

any inventory. There exists some k € {1,2,---,J — 1} such that by + hg < X\* < bry1 + ho. Then, the
KKT conditions in (A1) imply that for retailer j <k, Cj(2}|x;) +A* > C(0]a;) + A* > —b; + b, > 0.

It implies p} > 0 for j <k and thus, the optimal allocation decision for retailer j is 27 = 0. For retailer

bj+ho— A"
<3+0 acj>, where \* satisfies

J >k, we can similarly show that 27 >0 should satisfy z; = F] -t Y
J J

J
1 [ bj+ho—=A"
ZJ: F1<j/

J < k; otherwise, u5 =0 and z; = 0. This case corresponds to the result in (12). [

:cj) =29. When j =k, if \* > b, + hg, the analysis is similar with the case of

Proof of Proposition 2. Define the Lagrange function for problem (14) as follows.
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where we omit the constant term in (14) and A and {y; 3-]:1 are the non-negative Lagrange multipliers
associated with constraints ijl zj < zp and z; > 0. Then, the optimal solutions z;, u; and A* should
satisfy the following conditions.
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A >0,u;>0,2;>0, for any j € [J]".

Then, the subsequent analysis is similar to that of Proposition 1 and thus omitted here. [

Proof of Proposition 3. Applying Taylor expansion to C;(z;|x;), we can obtain
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where Cj and C7 represent the first and second order derivatives of C;(z;|x;) over z; and &; is a

J
acj>, then Cj(s)|z;) = —ho and (A2) becomes
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constant between z; and sé-. As sé» = Fj_l <b —ifh’
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Immediately, the total cost under the Taylor approximation policy z = (Z;, 22, -, 2s) can be bounded

by
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where the inequality holds as u; is an upper bound of f; (Ej|m7) (see Assumption 2).
Similarly, the total cost under the optimal allocation policy z* = (27,25, -+, z%) is bounded below
by
J w _ )2
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where the inequality holds as /; is a lower bound of f;(&;|z;) (see Assumption 2) and z; is the optimal

solution of the optimization problem in the right-hand side of the inequality.
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from the definition that p; <r; <t;. Moreover, the solutions z; and z; in Eq. (A3) and (A4) are given

Define r; £ and o = maxj a;. It follows
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With (A3) and (A4), the performance bound of Taylor approximation can be written as
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where Z; and Z; are given by (A5) and (A6).
. We now prove the result by considering the following three cases: (1) zg €
J o€ J ey, J e J AR J
(Z_j:l(sj _m'rj)vzjzl Sj), (2) 20 € [Z_j:l 5jaZj:1 Sj)a (3) 20 € [Z] 1 5]700)
Case 1: Zj:1(§§ —m-r;) <z < ijl 5. In this case, (A5) and (A6) imply that >, z; =3 % =

2o. By (A7), the performance of the TA heuristic can be bounded by
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where the first inequality holds due to p; <r; <t; and p; = j and the second inequality holds due
J

tj>2~ Z :thﬂ'.
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Case 2: ZJ 185 < 2 < Z 1 5. In this case, Eq. (A7) can be bounded by
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where the first inequality holds according to 2 = ZJ 185 <22 =2 < Z] 1 85, the second

- sj and the

% is decreasing in zo when z, > Z

inequality follows from the fact that —(3°. s} — 20)
third inequality directly follows from the definitions of r;, p;, t; and .

Case 3: 2y > Z;.Izl 5¢. In this case, Eq. (A7) can be bounded by
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The results of (A8), (A9) and (A10) constitute Proposition 3. O

Proof of Theorem 1. The proof of Theorem 1 is mainly divided into the following two parts,
1. We construct a lower bound of OPT policy; 2. We calculate the expected cost difference between
the lower bound and our TA policy and to be specific, as the allocation policy under TA is piece-
wise, we discuss the following cases and calculate the upper bound of expected cost when: 2.1. zy <
ijl('sv; r;); 2.2. zo>z _155 ;2.3 Z] (85 —m- 7’)<2’0<Z] 1 85. Combine the performance
bound in 2.1-2.3 and we get the asymptotic optimality result of the TA policy.

(1) We first construct an auxiliary system in which the decision-maker can observe the future realized
feature in advance before making the replenishment decision. We call it advanced feature system
(denoted by AF). We also define the replenishment decision as z{'¥" and the corresponding allocation

decision as z/'*" in the AF system.



For any given feature x, the objective function of the AF system can be expressed as follows.

z0>0,
2;>0 v;e[JH

J
E z; < zg.
j=1
l

We can use KKT conditions to solve the above problem and the optimal solutions are given by zAF =]

b,
and zg'" =" 5! with s} = F! <b W

is Cap(x) = ho - 25F +Z] L G280 | ) and the corresponding expected cost is Cap = E,, [Car(z)].

J
min hO'ZO+ZCj<Zj’$j)'
j=1

> The inventory cost under AF system given feature x

Since Copr(x) = ho - 25 + Z]’:1 Cj(zj (25, )|x;) where z5 and 2} are the optimal solutions for Eq. (5)
and (6), which is suboptimal for the objective function hg - 2y + ijl C;(z;|x;). Thus we have that for
any features x, the result Cap(x) < Copr(x) holds and consequently we have Car < Copt, which
indicates that this auxiliary system generates a lower bound on the optimal cost Copr. According to

Assumption 1, we have:

J P
7= "B+ B xjp] : (A11)
and
J P
=Y _|Bio+ Y E[Bp- %‘p]] - (A12)

Without loss of generality, we assume that E[z;,] = 0. Otherwise, we can define new variables x’, £
zj, —Elz;,] and B, £ B0+ 25:1 E [z;,]. This transformation does not affect our subsequent analysis
and the new feature variables have a zero mean.

Let o/ denote the domain of features x, <4 = {wegzi‘ Z -m- T])Zz}, oty 2

{meyf ‘ Z —m- TJ)<ZQ<Z] L j}, and o4 = {azEszf ‘ Z 154§zo}. Clearly, o/ = o/, U
s U a5. To construct the performance bound, we calculate the performance difference Cpa — Carp

which is an upper bound of the real performance difference Cta — Copr.

Cra —Copr <Cra —Car= zed{ho Zo_Zo +Z i(Zl25) — C5( }4F|$j)]}

=Epew [ho- (20— 2")] + Ezew {Z (C;(Z|;) — C'j(slj|mj)] }
=Eaew {Z i (Zj];) j(5§'|37 ) } + Eacor {Z i (Zil;) J(Sﬂxﬂ)] } +

wedg {z Cj Zj|m J(Sé|mj)j| } ) (A13)



where the third equation holds due to Eq [ho - (20 — 24'F)] = 0 by the definition of Z; and 2z5'¥' in (A11)
and (A12).

We divide the expected cost difference into three different parts, as our Taylor approximation policy
would have different forms of solutions in the three regions. We next bound each term in (A13).

e The bound on the first term in (A13)

The first term can be bounded as follows.

Eyewm {Z (C;(Z ;) — Cj(sh]a;)] } <Ezew {Z 5(0]z;) j(Sf\mj)]}
g = (A14)
<Baeu, [(0+ho)D-J] = (b+ho)DJ -P(x € o),

J

S ]Ea:edl [Z(bj + hO) : S;

j=1

where the first inequality holds as C;(-|z;) is a decreasing function in [0, s5], the second follows from
Lagrange Mean Value Theorem and the last inequality follows from Assumption 2. It suffices to bound

P (x € o) which can be expressed as follows.

= (ZZBJP%VZ m— hy) - ) (A15)
Zﬁjpxjp ZZ m — hyg) - )
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We next bound ijl(m — hy) - rj. Before proceeding, we first construct the lower bound on sé- as
follows.
28 (e ) = F Ol 2 (7 )
b1 b
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where & € (0, bjiijh;) and 7 € (O,sé). The first equation directly follows from Taylor expansion, the

second from the property of the derivative of the inverse function, and the inequality holds according
to Assumption 2 that wu; is the upper bound of f;(-|x;) for all ;. Thus the term ijl(m— ho) - 7;

has the following lower bound.
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J gt J a; J
Z(m ho) - er min 5> Z -min 22 bj - p; >Zp] min ———
j=1 T j=1 .7 j=1 J
. 1
> o ij -minb; = aQ@J, (A16)

Jj=1



where p £ min; p; is a constant by Assumption 2. Putting (A16) into (A15), we can obtain

P(x € o) <P<ZZ@,@J zzjjm ho) - )

j=1 p=1
_1P’< thJ)-
a=

J P
Z Z BinTjp
According to the Hoeffding’s inequality (see Theorem 2.6.3 by Vershynin 2018), for every § > 0, we
P
DD B

j=1 p=1
5?2 52
P >0 <2 . )<2 v A18
pr Rl B eXp( 2M2||m|5> = eXp( 2JPM232>’ (A18)
where 8= (b1, 612, Bip, Bary -+ Bap), and [|B]|2 = m is the £y norm.

1
Let § = agﬁJ . Equations (A17) and (A18) imply the following result.
P
Z Z BinTjp

> 1phJ>
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(A19)
p*h*J
S Zexp (‘prm) :

Putting (A19) into (A14), we can have the bound on the first term as follows.

(A17)

have

J

J

]P’(we%)ﬁﬂ”(

Eoca {Z i (Zile;) — Cy(s l\x])]}g(l_)—i—ho)DJ-P(wEM)

(A20)
_ _ p*h*J
§2(b+h0)DJeXp R ———— )

202PM?B?
which converges to 0 as J tends to infinity.
e The bound on the third term in (A13)
We now bound the third term in (A13).

Eecos {z (C;(Z ;) — Cj(shlx;) } Ezcaw, {Z Cj(%@j)]}

Jj=1 Jj=1

S ]}{z[]}

j=1
< hothJ -P(x € ),
where # £ max;t; is a constant, the first inequality holds due to the convex property of C;(:|x;) and

the second inequality holds as C}(s%|x;) € (—ho, h; — ho]. Next it suffices to bound P (x € 7).

P(x € )= (zo>z~")— (ii@p%< Zho 7‘]>

j=1 p=1
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p*h*J
S20 | 5 paege | (A22)

where the last inequality is similar to the bound on P (x € &%) in (A17). Putting (A22) into (A21),
we can obtain

ZJ - ! - - p*h’J
Ezedg [Cj(zj|mj) _Cj(5j|$j):| §h0thJIP’(m€$Zf3) §2h0thJeXp —m s (A23)
J=1

which converges to 0 as J grows.
e The bound on the second term in (A13)
The second term can be bounded by

Eeco, {Z (C;(Zla5) — Cj(sh|x)] }

j=1

<EE%{Z{ (st|z;) ho-(zj—sgww—cj(s;!wj)]} (A24)

J
+ hO T el [Z 5; - 50] )

J ~ 12
=1 j=1

B, lz

where the first inequality follows from the upper bound of Taylor approximation (see (A3)). We can

bound the first part in (A24) as follows.

J J _
(3, — sly? () (%)
Em - E :Ew o 27
[S¥=%) ; 2p] S¥=%] ; 2]3]
3 L2 (ZJ S B, )2
o -(stj—zo) 5 j=1 2p=1PipTjp
S]Ewegiz Wi SO{ ]Ewedg T
2) it 2>t (A25)

< 2. Ezcw, [ZZﬁJP JP] _Qt 2%-J Brew ZZBJP%]

- j=1 p=1 j=1 p=1
SPB2 2
2 —
Qt J ZZ%VEM Tjp) < Tor =0(1),
7j=1 p=1 -
1 U,
where t; = ———, a = max; - te min, ¢; is a constant, and B is the uniform bound for 3;,,
(b; + h)L; t;’

according to our Assumption 1. The first inequality holds due to t; < ap; and the last inequality holds

due to the finite variance assumption that Var(z;,) < &2 for all j and p.
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The second part in (A24) can be bounded by

ho - Eaco, [Zs —zo] =hyEpeu, [ZZ% ]p]

j=1 j=1 p=1
J P
- hO rEA Z Z /ij ]p] wedlu;zfg [Z Z ijxjp
j=1 p=1 j=1 p=1 (A26)
J P o
< ho - Baco v [ > Biptip| | <heJPBM - (P(x € o) + P(x € o))
j=1 p=1
_ p2h*J
<4hoJPBM -exp —m ,

where the second inequality holds due to the bounded assumption on feature x;, and the last inequality
from (A19) and (A22).

Putting (A20), (A21), (A25) and (A26) into (A13), we can conclude the following result

BQQQJ ) o®*PB%5?
202PM?B? 2t (A27)

CTA - CAF S 2 [(B—f-ho)D—f—hO{B—i-QhoPBM] J-exp (—

=J-O(exp(—=J))+0(1)=0(1)
which shows that Cpa — Car can be bounded by a constant.

Besides, we can easily verify that for any « in its domain,

Car(z E [1)(q; — ;)" +bi(e; —q;) "]

J
Z/ hi(q; —x)dF (z) + / bj(z—q;)dF, (z) > h-Le],

j=1 @

where ¢ £ min, ¢;, F.. ;(+) is the CDF for random noise ¢; and —€, € are its lower and upper bound in

Assumption 2 for any j € [J]*. The first equality follows the fact that for any given @, the cost under

o . . A - b, .
AF model is just the summation of J newsvendor costs w.r.t. random noise ¢; and q; = Fejl( ) 18
i

the optimal solution. The last inequality follows from Assumption 2 which assumes that dF (-) > ¢;.

Therefore, we have

Cra — Copr < Cra — Car < Cra — Car _ O(J’l)
Copt o Copt o Car .

By definition, we have E,, [ZO — ijl sé} =E, [25:1 ija:jp] =0. For E, [|2; — s}|], we have:
[|ZJ — 5} H Eocouas UZJ — 5 H + Eeeca, [|ZJ — 5, H

. ZS? —go ]
J
p2h*J

> gz Ty I _ %
<4Dexp (‘mm) oo, [2\2—]
J J

<Eoconvas [D] + Eacu, [

"
erj
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2h2
< 202 P M2 B2 EGQ{?[ Zs _20]
] 1 ] j=1
2h2
p( s, Zzﬁjpxm]
Ll =1 p=1

J P
+p_ JEmem O Bipip)?

Jj=1 p=1

pPhJ
P\ o2 parepe

*U

)
i) "5

)

)

2h2
< 202 PM?2B?

pPhJ
( 202PM2B2 ) " p- JZZ‘B“”‘VV&“r Tip)
O(exp(—

7j=1 p=1
o),

L j=1 p=1

+p J @€l (ZZij%‘pP]

+

where the second inequality follows from (A19) and (A22) and that P(x € @4 Uoh) =P(x € o) +
P (x € o73) and the last inequality holds according to the Jensen’s inequality.

(i) We first bound (Cra(z) — Copr(x))T. It directly follows the definition that (Cya(x) —
Copr(x))t < (Cra(x)—Car(x))" <|Cra(x) — Car(x)|. Thus we instead bound the term |Cya () —

Car(x)| which can be bounded as follows.

|Cra(x) — Car(®)| < |ho- Zzlgypxap‘ + | Z i(z5l25) — C5( JAF|$J')] | (A28)

j=1 p=1

Recall that in (A18), we have for every § >0,

62
<Zzﬂm%p >5> <2exp( 2JPM2B2>
P

7j=1 p=1
<31p1

It directly follows that

J
Z Z BipTjp

52
>1-2 . A2
< 6) exp ( 2JPM2B2> (A29)

We now turn to the second term on the right-hand side of (A28). By (A24), we can claim that when
2};1 (5¢—m-r;) <z < Z;’zl s¢, (i.e., x € o), the second term on the right-hand side of (A28) can

77

be bounded as follows.

J J
216Gl = G el 1221 €
Jj=1 Jj=1

l| > M_Cj(sﬂ%)]

x;)—ho-(Z;—s')+
0 9 j 2p]
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j=1 p=1 j=1 p=1
where the first inequality follows from (A7) and the last inequality from (A25). Putting this result
into (A28), we can bound |Cra () — Car(x)| by

J P 5 J P
(6%
|Cra(z) — Car(@)| <2ho- 1> Y Bipuipl + th\ SO Bl (A30)

j=1 p=1 j=1 p=1
We define the event

3

We next bound P(x € %) by the fact that P(x € B) > P(x € B,xc o) =P(xc Blxc o) -
P(x € o%). To this end, we separately bound P(x € Z|x € o») and P(x € o). The probability
P (x € o) can be bounded by

P(xedy)=1-P(xec ) —P(x <)

where the first inequality follows from (A16) and (A22). The probability P(x € Z|x € o) can be
bounded by

J 2 3 J P 2 3
o (6%
P(xcB|xcd)>P <2h0 ZZ%% + 557 ZZﬂjpxjp < 2hod + W52)
j=1 p=1 J=1p=1
g p*hyo° A32
ZLm2ee| S e ) .

where the last inequality follows from (A29). It immediately follows from (A31) and (A32) that

202 PM?2B? 202JPM?2B?
(A33)

p?hiJ p?h26>
PlxcB) >P(xcBloecd) Pla@ed)>1—2exp | ——B0? ) _gexp(——L 00 )
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p*hi
202PM?52’
2exp(—cd2/.]),

Let ¢; £ (A33) implies that for any x € &/, with probability 1 — 2exp(—c¢;J) —

Cra (@) — Car()| < 2hd + ﬁsz

52
5) =1-2exp <_2JPMB)

Follows from the results of (A11), (A12) and (A29):

J J P
IP’(E > <5) :]P’( S B <

j=1 p=1
Notice that when x € o, z; = 5§ — %(Zjﬂ 5¢—Z). Then, the bound on |Z; — 5| is given by
j=173
AL
5-di=|<F S D 9 DEMON LN 35 Sy A
Z]l]jlpl ]1]]1;01 =lj=1p=1

According to the analysis for (A33), we can conclude that for any x € 7, with probability 1 —
2exp(—c1J) —2exp(—c10°/J), |Z; = s4| <to/pJ. O

Proof of Proposition 4. To prove the result, we first show that the following results hold:
Result (a): |5 —s'|=O,(PN~'/?);

Result (b): | £;(34];) = f;(st|@,)| = 0,(PN~1/?);

Result (c): |7 —r;| = 0,(PN~/3).

To derive result (a), we need the following lemma.

LEMMA A1l. Under Assumptions 1,2 and 4, the coefficient estimations Bj in (20) are consistent

with the real coefficient B;, and the rate of convergence |§jp — Bjp| = O,(N~Y/2) holds for any p € [P]
and j e [J]*.

Proof of Lemma A1l. The consistency result directly follows from Chapter 4.1 in Koenker
(2005). The convergence rate follows from Theorem 4.1 in Koenker (2005) which states that
VN <§Jp - ﬂjp) converges to a normal random variable with zero mean and a finite variance. Referring

to Eq. (4.4) in this book, the Bahadur representation of estimators can be written as
. 1 X
VN (B =5:) = Vi = D (& = () +ou(1), (A34)
i=1

where @} = (2%, 2%, -+, 2 p) with 2%, =1 for all ¢ and j, 1, (u) £ 7; — 1(u <0), £i(7;) stands for the

conditional 7;-th quantile of D} given @} with 7; = d — £i(7) can be viewed as the realization

J
b+ h};’
of random noise €}, and V; stands for the covariance matrix for retailer j around the conditional
quantile defined in Koenker’s Condition A2(ii). As components in feature vector ; are independent,

V; is a diagonal matrix and v}, is the p-th diagonal element of the inverse matrix.
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For each component of Bj — B;, we have

\/N<§Jp B”’) = Vi \ﬁzxjp%g ) +o,(1), (A35)

Notice that the random variable wépzbfj (6;) has zero mean as wép and ej- are independent and
E[@ZJT]. (6;)] =0 by its definition, and has finite variance due to its bounded property. Then by applying
the Weak Law of Large Numbers (WLLN) in Theorem 2.2.6 of Durrett (2019), we have that for any

positive 1, > 0,
1 N
e D Tt (6) =0p(1)- (A36)
i=1

Putting (A36) into (A35), we immediately have |§jp — Bjp| = 0,(N=1/2+m) for any p € [P]T and
j €[J]* for any positive n; > 0, which is equivalent to say that ]Ejp — Bjp| = 0,(N~1/2). Compared with
Koenker’s assumptions, we assume a stronger condition in Assumption 4(ii) to replace the Condition
A2(ii) so as to ensure the rate of convergence for §§ g

According to Lemma Al, we can directly conclude |5} — s}| = |Bj0 — Bjo+ Zle(gjp — Bjp) - Tjp| <
1Bjo = Biol + Xy 1Bip — Byl - M = O, (PN~1/2) holds.

To derive result (b), we first prove the following lemma.

LEMMA A2. Taking bandwidth in (21) as wy = et N~3 for some constant ¢, >0, the kernel den-
sity estimator ]?J(éij\acj) is consistent with the true conditional density f;(8}|x;), and \fj(?ﬂaz]) —

fi(82;)] = 0p,(N7V2) holds for any x; and j € [J]T (ignoring log factors).

Proof of Lemma A2. It is well-known that the kernel density estimator is a consistent estimator
(see Wasserman 2006). The uniform rate of convergence result directly follows from Theorem 2 in
Jiang (2017) and the reference therein, which state that for Lipschitz continuous probability density
function (i.e., Holder-continuous with the coefficient o = 1), the following result holds. For any x; and

jelJIm,

T s) — £ @,)] = o, (wN+ ;IT]JN> - (A37)

Taking wy = ¢; N~1/3, the convergence rate can be written as o,(N~'/2) in (A37) (ignoring log factors).

0

Combining result (a) and Lemma A2, we can obtain that

\fj(%\wj) — fi(shle;)] < ’fj(gé'mj) — fi(8 @)+ | f; (S lay) — fi(sh|ay)| = 0,(PNTY?), (A38)
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where the equality holds due to the facts that |E(§§|m]) — fi(84]x;)| = 0,(N~'/3) by Lemma A2,
|fi(8a;) — fi(shla;)| < L- |85 — sb| = 0,(PN~'/>tm) by Lemma Al, the assumption that the con-
ditional probability density function f; is Lipschitz continuous, and o,(N~?) + o, (PN /%) =
0,(PN~Y/3).

Now we prove result (c). Note that as f; is always positive, it directly follows from (A38) that

I 1 1

— — -1/3
i) F@ley) Gty G| P

By the property of consistency that if the estimator 0 is consistent with respect to parameter 0,
then for a continuous function f, f(g) is also a consistent estimator of f(6). We can conclude that
Z;(z0,) is consistent with z;(zo,x).

Now we are ready to prove the convergence rate of our data-driven allocation decisions z;. To
facilitate the proof, we assume that m; are non-identical among all retailers j € [J]T; the proof can
easily be extended to the case in which some retailers share the same value of m;. Without loss of
generality, we assume m; <msg <---<my.

We will first show that when NN tends to infinity, the result m, < my < --- < m; holds with probability

LA L
g st
1. Define A; £ m; —m;_, >0 for j € {2,3,---,J}. We have |m; —m,;| = |- — 2| < Ty =
i T TJTJ

1 —|— -|st =8| = 0,(PN~'/3). Thus, when N tends to infinity, |m;_ — m 1| + |m; — ;| < A
and |mJJ —my;| + |mji1 — M| < Ajyp hold with probability 1. Consequently, we can conclude that
my < mg < --+-<my holds with probability 1 when N tends to infinity.

We consider the followmg two cases: zg > z ;55 and Z] (85 —my 1) <z < Zj ot

Case 1: z5 > Z

~ o~

i1 55 When N tends to infinity, zo > Z (85 —meTy) = Zj (85 —my - 7;) with

probability 1, as [8% — 5% = 0,(PN~'/%). In this case, we further consider two subcases: zo > M

and EJ (85 —my - 7“])<ZO<E] 1 55

Subcase 1(a): zy > ijl s5. In this subcase, by results (a) and (c), we immediately have

JIJ

2 (20, ®) = 2 (20, @)| = [3) — 85| + ho - [F; = ;| = 0, (PN"17).

Subcase 1(b): Z (85 =My - T) <2 < Zj 1 85 Define €; > 0 and €; > 0 such that z, =€ +
Zj 1 ]andzo €2+Z] 1§€ ThUS61+€2+Z (Sz-—é\;)‘Fho'Zj:l(Tj—?j):O, and€2§61+62:
0,(JPN~1/3) by results (a) and (c). Consequently, we have the following result.

|2j(207$) —53'(2071‘”
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=[5 —sl|—|—’2 62+Zh0 7)) —ho-r;

]IJ

7
§|§§5§|+“1JA‘€2
j=1Ti

+ho - [ — ;| = 0,(PN7Y3).

Case 2: Z (85 —my ) <z < Z] , 8. Similar to Case 1, one can show that Z o (85 — My -75) <
20 < Z] 1 (85 —my - 75) holds with probablhty 1 when N tends to infinity. Therefore, in this case, we
further consider three subcases: subcase 2(a): zy > Zj 1 55, subcase 2(b): Zj:1(§§ —my -T;) < 2p <
Z;’ 1 85, and subcase 2(c): Z;j (85 =My - 7;) <20 < Zj (85 —my - 7). The analysis of subcase 2(a)
is similar with that of subcase 1(a) and thus omitted here. We next analyze two other subcases.

Subcase 2(b): Z (85 =My - T) <2 < Z 1 8. In this subcase, we have

|3j(20733) —EJ(ZO»ZL'N =

~ J

T - r; -

T O F—2) -+ =— O _F )
Zj:l i =1 Zj:l i =1

~ J J

T + Ty Zj:l gé L Zj:l Sé’

7 7 ~ J :
E] 17y Zj:l Tj Z] 17y Zj:l Ty

We next bound each term in (A39). Result (a) gives the bound on the first term. The second term

)

(A39)

<8 — 5|+ 20

can be bounded by

Ty Ty

T~ J
Zj:l L Zj:l Ty

Ty

< 2 (' ;1\3 T'j + T]
=<0 J ~ = ~ PN
Zj:l Ty Zj:l Tj Zj:l Ty Zj:l Tj

~ J .
7 —r| it i | =Tl
=0 PSRV RN 7
Zj:l Ty Zj:l Ty Zj:l T
— O(7) -0 PN %) = 0, (PN113)

Z0 -

where the second equality holds due to result (c) and the third equality holds according to the property
0,(+) and that our proposed z, in the corresponding region would be bounded by O(J).

For the third term in (A39), we can conduct a similar analysis and obtain the convergence rate of

0,(PN~Y/3). Therefore, we have |Z;(z, ) — Z;(20, )| = 0,(PN~/3).

Subcase 2(c): Z (85 =My - 75) <20 < ZJ L (85 —my 7). We first consider retailer j = 1. Similar
with Subcase 1(b), we define ¢; > 0 and €; > 0 such that 2y = —€; + ijl(fs\j —my -7;) and 2o =

62+Zj:1(§;7— r;). Thus 61+62+Z (85 =55 +my 7 —myr;) =0 and €a < €1+ € =0,(JPN~/3),
With this result, we can immediately obtain the following result.
, J
121 (20, ) — Z1(20, )| = |0 — 5T + Jl ( gj—zo)
Ej:l s =1
, J J
~e 1 e
=|=51+ = (Zsj—eg—Z(sJ—ml r]))‘
j=1Ti =1 j=1
r — T _
< Jl €|+ |my -1 — 57| = Jil'ﬁg = 0,(PN~'/3).
Zj:l T j=1Tj
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The analysis for retailer j € {2,3,---,J} is similar and thus omitted here.
We are now ready to prove the consistent property of z; and the convergence rate. Referring to (17)

and (24), zp and z, are given by

1 N J
=N
=1 j=1

Therefore, we immediately obtain that,

J

P r P
Bjo+ Z @pxj-p] and Zp = Z Bio + Z EBjp- :chp]] :

p=1 Jj=1

J N

ZZ [ Zapmw E[Bjp ;] ‘
=1 j i—1 .
’/870 ﬁjo‘ + |ZZZ /ij /B]p ]p ZZﬂJ [N Zﬂ?;p—E X

j=1 p=1 i=1 j=1 p=1 i=1

JN"Y) 4+ 0,(JPN~V*) +0,(JPN~V?)=0,(JPN~/?),

|20 — 20| < Z ’/BJO _ﬂJO‘ +

' (A40)

IN
S M“

where the last inequality comes from the result in Lemma Al and the convergence rate for WLLN

1 ,
that N Zf\il at —Elx;] = O,(N7'?) (see Theorem 2.2.6 in Durrett 2019). The consistency result

directly follows from the consistency of ﬁjp. O

Proof of Theorem 2. It follows from Proposition 4 that |Z;(20,2) — Z;(20,@)| = 0,(PN~1/3).
Notice that the derivative of function Cj(-|x;) is bounded by |C}(-|x;)| = | —b; —ho+ (b; + 1) F}(+|x;)| <
b; + ho. By the convexity of C;(:|x;), we have the following result.

1C;(Z (20, @)|@;) — Cj(Z5 (20, @) |225)| < (b; + ho) - |25 (20, ®) — Zj (20, )| = 0,(PN /). (A41)

Therefore, the cost difference can be bounded as follows.

J
|Copra (@) — Cra(@)| < ho- |20 — 20| + > 1C5(Z G0, ) |2s) — Ci(Z(Z0, ) |2;)|
Jj=1
<hg- ’ZO—ZOHZ\C zj(z0,@)|z;) — C;(Z5(Z0, @) |;) \+Z|C zj(Z0, @) |;) — Cj(%; (20, @) |;) .
Jj=1 j=1

(A42)
According to Proposition 4, the first term on the right-hand side of (A42) converges to 0 with the
rate O,(JPN~Y/?). Equation (A41) implies that the last term in (A42) converges to 0 with the
rate 0,(JPN~1/3). We now bound the second term. As Z;(zo,x) is a continuous function over z
and its derivative is upper bounded by 1, we can claim that |2;(2,x) — 2;(Z0, )| < |20 — Zo|. As a
result, |C5(2, o, @)le;) — C5(3 Go,@)la,)| < (b + ho) - [5G0, @) — (G0 )| < (b + ho) - [5 — Zol =
O,(JPN~1/2). Combing the above results, we can obtain that

|Cppra(T) — Cra(x)| = O0,(JPN~Y3) + O,(J)PN~Y?) 4 0,(JPN~3) =0, (J?)PN~'/3).  (A43)
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As Eq. (A43) uniformly holds for any x in its domain, we have |Cppra — Cra| = 0,(J2PN~1/3) holds

as well. 0O

Proof of Theorem 3. To prove Theorem 3, we first introduce the definition of Uniform Stability
by Bousquet and Elisseeff (2002).
DEFINITION Al (UNIFORM STABILITY). An algorithm A has uniform stability parameter o with

respect to the loss function £ if the following holds:

WSy € ZV Vi {1,..., N}, |[€(Asy,.) — € Asy,, )| <

where Sy = {zl 2 (' yh),... ,zN} stands for training data set and Syy; = {z%,..., 271, 2", .. 2N}
stands for training data set by removing i-th instance.
Intuitively, an algorithm is uniformly stable if it is robust to changes in the training data set. We

next provide the Uniform Stability parameter of our DDTA policy through the following proposition.

PROPOSITION A1 (UNIFORM STABILITY OF THE DDTA Pouicy). With the loss function for a

single new instance (x,d), lppra(Sn;x,d), defined as follows
XDDTA(SN;x,d ho 20+Z hod]—FhJ(/Z\](Eo,w)—dj)+(bj+h;)(d]—/Z\J(Eo,w))JF] y
the DDTA policy has uniform stability parameter ap = O(JPN ‘wy?), where wy is the bandwidth of

kernel density estimator.

Proof of Proposition Al. According to Ban and Rudin (2019)’s proof in their Proposition
EC.1, we have that for any j € [J]+ and x;,

pxjp E , ]p Ljp

_bD(P+1)

SN =O(PN™Y), (A44)

|55 (;) — w]!—

where x;0 =1, ij and 5 Vi stand for the linear quantile regression parameters trained in data set Sy
and Sy\;, respectively, and 8)(z;) and fs\i\z(a:]) are the corresponding estimated base-stock levels.

According to (A44), we have that for z, derived from Sy and Eéi derived from Sy\;,

N J J
~ o |1 1 ;
B2 =5 2D F@) g 2L D (@)
t=1 j=1 t#i j=1
1 J 1 J 1 J
AN\ i
e e D I G e B BN | ER A C
N-—-1 N <4
t#i j=1 t#i j=1 j=1 (A45)
1 J 1 J 1 J
< St SNt S (mt L (et
<~ #Z_;@](w» 5@+ y T me + Z(m)
bDJ(P+1) DJ DJ ((P+1)b+2h)DJ 0PN

=7 mN N N hN
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where the last inequality follows from §'(x;) < D. (As x; has a bounded domain and §}(z;) does not
scale with N and .J, we could set D a very large constant to ensure this.)

We now study the stability of kernel density estimation. Notice that for any x;, j € [J]*, the gap
between f;(é\;\wj) and fj\l(fs\g\l]wj) can be bounded by

1f5 B lzs) — £ GV e < 1 Fi ) — £ BN )| + 1 5B |2y) — £ (B, (A46)

where we define f) ( |z;) as the kernel density estimator trained by the data set Sy\; and the band-
width the same as that in £(|w]), i.e., a given fixed bandwidth as in Ban and Rudin (2019). Note
that for a varying bandwidth case, the following results still hold under a large-sample regime.

For the first term on the right-hand side of (A46),

N N ~\i
le( 5) > Lx (H—d)\_bm(m
Wy — wy RN -w?

. I 1
/58 2;) = £(5) )=~ wy
(A47)

where L is the Lipschitz constant for Gaussian kernel K(-).

For the second term on the right-hand side of (A46), we abbreviate éﬂ\i($j) —d} as uj and have

o\ P\ I\ |1 | K uj 1 1 K uj

|fj(sj |mj)_fj (Sj ’mj)\— NtZ_;wN E —mzwa wa
1 : 1 : #12 ' 2K (A48)

u ut
[ — K| —- K J <
’U]N ; < ) WN N-l; (wN>'+ N’U}N (’IUN)‘_N’U)N’
where K is the uniform upper bound of kernel function K (-). Combine results in (A46)-(A48), we can
obtain
£ l) = £ (55" ,)| = O(PN ™). (A49)
1 _

It directly follows from (A49) that the gap between 7(x;) = = and ?\j\l(azj) £

, (b + 1) £ (85 |;)

(b +h})£\i(3dj\i|mj)

can be expressed as
7i(2;) = 7' ()| = O(PN"wy?). (A50)

Then we conduct a similar analysis as in the proof of Proposition 4 and Theorem 2 to bound

\%(Eo,w) \1(2(}’, x)| for any retailer j € [J]* and feature x, with the s} and r; therein replaced by

’5\; "and 7. r . We omit the details for brevity and conclude that for any j € [J]T and «:

2 G0, 2) — 2" (3 2)| < 12,50, @) — 2" (o, @)+ [2)" (B0, @) = ' (3" )| = O(PN 'wy®). (AB1)
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Now we are ready to calculate the upper bound of the DDTA policy’s stability parameter ap. For

any new instance (x,d),

‘EDDTA(SN§ €, d) - EDDTA(SN\Z‘; Z, d)| <hg- \50 - /Z'\(}Z‘ +

ib 1) ((d, =502 ~ (-5 @' 2)")

where according to (A45), the first term on the right-hand side of (A52) is bounded by O(JPN1).
According to (A51), the second term on the right-hand side of (A52) is bounded by O(JPN~!wy?).
Similarly, we have the third term on the right-hand side of (A52) also bounded by O(JPN ~twy?). As
a result, we can conclude that ap = SUP; (5 a) {lppra(Sn;x,d) —lppra (S &, d)| = O(JPN'wy?).

O

With the uniform stability property of the DDTA policy, we can build its generalization error
according to Corollary 8 in Bousquet et al. (2020). There exists a constant ¢, such that for any

0 < 6 < 1, with probability at least 1 — 4,
IRppra(Sy) — Copra(Sy)| SapIn Nin(1/6) + (b+ hy)JD+/N-11n(1/5)
< ¢ (JPJ\Z—lw;V2 In N1n(1/8) + J/N-1 ln(1/5)> .

Here (b+ hg).JD is the uniform upper bound for Rppra (+). By taking wy scaling as N~'/3, we can

(A53)

obtain the result in Theorem 3. [

Proof of Corollary 1. Under the additional Assumption 6, we have access to the transition
function £%,(-), which can help us reduce the feature uncertainty by modifying the replenishment
decision as Zo(xl) £ 577 i1 Bjo + Zp L Bip - K5, (x5 i t]) (i.c., the replenishment decision under TA™®

policy). As a result, we have for any m > 0:

> (ﬁjo +2@pxt+l> - Z (ﬁjo +Zﬁm ! ﬂ)) ] > m}

P{‘ZéqF(wtﬂ) _go(w[l,t])’ > m} :[P{
Jj=1 j=1
41 m?
>3y 2 p <20 (~ )

7j=1 p=1
with M’ the uniform upper bound for random noise 6;;1 such that ]5;;,’1| < M’ holds almost surely for

(A54)

any j € [J]*, pe[P]T and t € [T]*. As M’ < M by its definition, compared with (A18), knowing the
feature transition function can help us lower the upper bound by ratio M’/M. The convergence rate

can also be derived following Theorem 1 and details are omitted. [J



21

Proof of Proposition 5. The proof logic is similar to that in Proposition 4. We again need to
prove the following results when historical data is censored and Assumption 7 is satisfied.

Result (a): \§§C — Sé‘ =0,(PN~1/?),

Result (b): | [ G0 ;) — (s} |,)| = Op (PN~

1
Result (c): |7$ —r;| = O,(PN~/3), where 7§ £

(0, + 1) F (500 a;)
Result (a) is proved through the proof of Theorem 2 in Powell (1986) which implies

VN (Bjy— By ) =03, Zlﬁjo+2@pxm<y» 2l e (€1) + 0, (1), (A55)
f

where v;pl is defined as the p-th diagonal element of the inverse of covariance matrix around the
conditional quantile defined by Eq. (3.5) in Powell (1986). One can easily verify that Assumptions P.2
and R.2 in Powell (1986) are satisfied by our Assumptions 1 and 7(ii). By applying the weak law of
large numbers, we can obtain the result (a).

Part (b) follows from Theorem 2.1 in Karunamuni and Yang (1991) by taking wy = a; N~/6 for

constant a; > 0:

1FEClay) = fi(Clay)| = O, (N73). (A56)

The remaining analysis just follows that of Proposition 4 and thus is omitted. [
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B. Supplementary Analysis

In Online Appendix B, we provide the supplementary analysis in the paper.

B.1. Discussion on Theorem 1

We consider another simple heuristic policy as follows. First, the warehouse orders z; =
E[ijl st(x;)] + co - g(J) for a constant ¢o >0 and any g(J) > 0. After observing feature vector x;,
the warehouse’s allocation decision 2] for each retailer j is 2} = s)(x;) when z; > ijl sh(x;) and an

arbitrary allocation with 2} = i when 2 < Z;]:l st (x;). The main idea is to order extra inventory
to ensure that each retailer j can be allocated with sé- (x;) inventory with high probability and thus
it is unnecessary to make the complex allocation decision. We refer to the policy as Extra Ordering

(EO) policy. The following corollary provides its optimality gap.

COROLLARY B1 (PERFORMANCE OF THE EO poLICY). Denote by Cgo(x) the total inventory

cost under the EO policy given feature & and Cgo 2 E[Cgo(x)]. Then, the following result holds.
hoco - 9(J) < Cro — Car < hoco - g(J) + 1 - Jexp(—g(J)?/J) (B1)

for a constant ¢; > 0.

Compared with the TA policy which has a constant optimality gap, the optimality gap for the EO
policy is at least g(J) due to the overordering in the warehouse. To be specific, the upper and lower
bound match (up to a constant) when g(.J) =+/JIn.J.

Proof of Corollary B1. The left-hand side of inequality in (B1) is straightforward. The costs
associated with retailers under EO policy are no less than that under AF policy according to its defi-
nition, but it charges an extra inventory holding cost of Eghq(z) — 24'¥') = hoco - g(J) in the warehouse
according to (A13).

For the right-hand side of inequality in (B1), we first bound the total cost of the worst case.
Obviously, it is bounded by O(J) as the maximum inventory cost in each retailer is bounded by a
constant.

Next we determine the upper bound of P (26 < ijl sé(mj)) According to Hoeffding’s inequality,

S By ZCOgu)) <200 (- 05). e

2JPM? B2

P (z{) < Zsi(@)) <P <

Thus the upper bound for the total inventory costs in retailers is O(Jexp(—g(J)?/J)). O
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B.2. Time-Correlated Demand Features

In this subsection, we first discuss the performance of our proposed TA and DDTA policy under
feature correlation. Then we further justify conditions under which DDTA™® policy is consistent and
provide its rate of convergence and generalization bound.

We have that under the stationary feature process in Assumption 5, TA policy can still work well
with the rate of convergence equal to 1/J, though the constant ratio is larger than that for TATC
policy.

ProPOSITION B2 (PERFORMANCE OF TA PorLicy UNDER TIME-CORRELATED FEATURE).

Ct+1 w[l’t} _Ct+1 CC[l’t]
a ( Cz;l (m[ig’)r( ):O(Jfl) holds
PT

Under Assumptions 1, 2, 5 and given feature vectors M,
for any period t € [T]*.

Proof of Proposition B2. As in time-correlated feature setting, for each period t € [T]*, obvi-

1 in advance and replenish according to &™)

ously the AF policy defined before (observe feature a*
still serves as the lower bound of the optimal system cost. Due to the stationary assumption on feature
which ensures the invariance of its mean', we have that E 1,014 20 (i) = Eptt1)g01020(2™1). The

remaining analysis is the same as in Theorem 1, and we can derive the same convergence rate. [J

To derive the data-driven results parallel to Theorems 2 and 3 under correlation, we introduce the
(strictly) stationary ¢-mixing process:

DEFINITION B2 (STATIONARY ¢-MIXING). Let {X;},° _ be a strictly stationary sequence of ran-
dom variables. For any i,j € Z N {—o00,+00}, let ag denote the o-algebra generated by the random
variables X,7 < k < j. Then, for any positive integer k, the ¢-mixing coeflicients of the stochastic

process {X,},° _ are defined as

¢(k)= sup |P(A[B)—P(A)]
A€oy
BEO'T_LOO
and {X,}° _ is said to be stationary ¢-mixing if its ¢-mixing coefficients ¢(k) — 0 as k — oc.
In ¢-mixing process, the dependence between X; and X,,, gradually vanishes as k grows. There
are various examples in practice that follow a ¢-mixing process, including Markov modulated process,
bounded autoregressive moving-average (ARMA) process, etc., see Athreya and Pantula (1986), Qi

et al. (2020) for details. The assumption below is a generalization of Assumption 4 for the stationary

¢-mixing process.

! The weakly stationary assumption is sufficient to guarantee an invariant mean. We assume a strictly stationary process
for the ease of following data-driven analysis.
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ASSUMPTION B1 (SAMPLE FROM MIXING PROCESS). For Sy 2 {(di,x%), (db,x3), -, (dy, x%) Y,
there exist positive definite matrices M]Q and a positive constant M > 0 such that almost surely for
any j € [J]7,

: ; 1 N T i 0.

(i) Jim ST = MY

(ii)  max [}l < M;

)

(ii) feature sequence {x%, N, follows a stationary ¢-mizing process with geometrically bounded
mizing coefficients ¢(k) < op* for given constant ¢y >0 and 0 < p <1 for all p € [P]*;
(iv) the sequence of random noise {€} = d; —~; — g;(x})}X, is i.i.d., where v; 4 g;(-) is the demand

function for retailer j in (1).

Assumption B1 (i),(ii), and (iv) is the same as in Assumption 4; (iii) models the ¢-mixing property
of feature data. Specifically, when p =0 it just degenerates to the i.i.d. setting in Assumption 4.

We study the performance of our proposed DDTA policy in (22)-(24) by verifying its estimation
and generalization error bounds. Note that Sy can be regarded as sampling following time sequence,
thus N and T are used interchangeably. The expected total inventory cost under the DDTA policy
given Sy is defined according to (27):

J
Chbra (2N Sx) 2 Epni1jgnn [ho - Zo(x™) +)  Ci(E (R (M), )|z ) | (B3)

j=1

where we use Sy to emphasis its connection with data set, and that x!™"! are the feature vectors

N+1

in Sy, ® is any possible future feature vectors conditioned on !Vl (or Sy, equivalently).

PROPOSITION B3 (CONVERGENCE RATE FOR ESTIMATION ERROR UNDER MIXING PROCESS).

Under Assumptions 1,2 and B1, |Cphira (20N Sy) — CRA (M) = 0, (J2PN~Y/3).

Proof of Proposition B3. The proof logic is similar to that of Proposition 4. Firstly, We need
to prove that the following results still hold when the sampling process follows Assumption B1.

Result (a): \’s\é - 5§| =0,(PN~1/?);

Result (b): |J;(8}];) = J;(s} ;)| = 0,(PN~1/%);

Result (¢): |75 —r;| =0,(PN~/3).

Note that results (a)-(c) are all with respect to feature @} ™' for all j € [J]*, and we omit the super-
script N +1 as we can observe :cj\' 1 before estimating the base-stock level and the probability density.
To derive result (a), we first need to prove a similar result as Lemma Al. The proof of Theorem
4.1 in Koenker (2005) is also valid for our problem as we can show (i) the Lindeberg-Feller con-

dition is satisfied under Assumption B1; (ii) Var(Zyx(d)) in their proof still converges to 0 since
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Zf\:l Z;V:l Cov(Zani(9), Zan;(0)) < (100%30]\7 for a constant ¢y > 0 which converges to 0 when N tends
—p

to infinity. Thus we can derive the same Bahadur representation as in (A35):

\/N<§Jp B“’) — Vi \ﬁzxmd@ ) +0,(1). (B4)

To apply the weak law of large numbers in Theorem 2.2.6 of Durrett (2019), we first need to calcu-
late the variance of Zl L T n (¢1). Define stationary random variables 0’ = T (¢!) and o3, =

Var(6,). Then, we have

N N— N
ar (Zw;ipwf (d;'-—s;m)) =No?-p+22 ov(0;,,,05,)
=1 =1 t=1
2N—-1 N

< No? +2<b +h,> >N ot —i) (B5)

=1 t=1

Pop b, M\’
<N |o2 +2 /
>~ (U]p+ 17p bj-f-h/; )

where the first inequality follows from the covariance estimation for mixing sequences in 10.1.a of Lin

and Bai (2011) and the property (1.11) in Bradley (2005) that for any 1 <i<j <N,

Cov (i, 3,) < 20120(j — ) < 202 p’ . (B6)

Thus, for any n; > 0, the following result still holds.

N
5 3 Tt (6) =01, (B7)
which directly results in Result (a).

Result (b) can be derived directly as we assume that the random noise eé is i.i.d. for any i €
[N]*, so does result (c). According we have |Z;(z0, ) — Z; (20, )| = 0,(PN~/3) following the proof in
Proposition 4.

For |2y — Z|, we can still follow (A40) and WLLN that %Zfi L2t —Elz;,] = 0,(N~Y/2) by (B6)

and obtain |2y — 29| = 0,(JPN~1/2+m) for any 7; > 0. Then by the analysis in Theorem 2, we conclude
|CYhira (@Y Sy) — CYA (2N = 0, (J2PN-/3). O

The result in Proposition B3 is parallel to Theorem 2. We can see that the convergence rate is the
same as that in Theorem 2 only with a larger constant (see the proof). The result is derived through
the weak law of large numbers (WLLN) and the fact that the variance of the sum of N random
variables with geometrically bounded mixing coefficients is bounded by O(N). For the probability
bound of the DDTA policy on the generalization error, its in-sample cost Rppra (Sx) is the same as

n (25), and we have that:
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PRrROPOSITION B4 (GENERALIZATION BOUND FOR DDTA Poricy UNDER MIXING PROCESS).
Under Assumptions 1,2 and B1, let the bandwidth for kernel density estimation wy =O(N~7) for
0<~vy<1. Then for any N >1 and 0 <9 <1, there exists a constant c; >0 that with probability
1-96,

|RDDTA(SN) - C%ETA(:B“’N]; SN)| <

ch (|[JPN=1+2In PN=1%27| 4 JPN~1+2 4 JN 1)
o In p| V1+2¢0p/(1-p)

NIn(2/8) +|JPN - In PN~ 12| 4 JPN 127 ||

(B8)
where ¢g and p are defined in Assumption B1 (iii).

Proof of Proposition B4. It follows from Proposition Al that the DDTA policy is a uniform
stable algorithm with the stability parameter ap = O(JPN'wy?). Following the discussion in Qi
et al. (2020) and Theorem 11 in Mohri and Rostamizadeh (2010), we can conclude that for any
ke{0,1,---,N} and € >0,

P (|Rppra(Sy) — Cobra (@M Sx)| > €+ (6k + 2)ap + 6(b+ ho) JDp(k))
(

—2e2(1+237", (i) 2
<2exp - =t — _
N((k+2)2ap +2((b+ ho)JD)é(k) + ((b+ ho)JD)/N)?
< ( —2*(1+2¢0p/(1 - p)) )
<2exp = = ; - ;
N((k+2)2ap +2((b+ ho)JD)p(k) + ((b+ ho)JD)/N)?
which implies that for any 0 < < 1, there exists a constant ¢, > 0 such that with probability 1 — 4,

((k+2)ap + Jo(k) + J/N) /Nn(2/8)
V1+2¢0p/(1-p)

(B9)

[Rppra(Sy) — Cohra (@™ Sy)| < ¢ < + (6k +2)ap + J¢(k)> :
(B10)

In—ap/(Jpolnp)
Inp
the bound), we immediately have that for some constant ¢, > 0, with probability 1 — 4,

c) (|[JPN'wy?In PN~ wy?|+ JPN'wy? + JN 1)
[@oIn.p| VI+260p/(1—p)

vV NIn(2/8) +|JPN 'wy?In PN~ wy?| + JPN  wy?

Taking ap = JPN 'wy” and k= ¢} - for some constant ¢} > 0 (which minimizes

|RDDTA(SN) - CgJSTA(iB[l’N]; SN)| <

(B11)
If we further set the bandwidth wy =O(N~7) for 0 < < 1, then (B11) can be simplified as

|RDDTA(SN) - CﬁSTA(w“’N]; SN)| <

c) (|[JPN= 27 In PN~142Y| 4 JPN 127 4 JN 1)
[ 10| VI+260p/(1—p)

VNIn(2/8) +|JPN~ 2/ In PN~1+27| 4 JPN 427 ||

(B12)
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which concludes the proof. [

For the i.i.d. data case with p =0, the result degenerates to that in Bousquet and Elisseeff (2002).
Notably, in Theorem 2, the optimal bandwidth « is 1/3, but in the case of mixing, the literature
suggests the bandwidth ~ be less than 1/4 (see, e.g., Mohri and Rostamizadeh 2010). Proposition B4
suggests a bandwidth v € (0,1/4) to guarantee the convergence of generalization bound when N tends
to infinity.

Next, we discuss how DDTAT® policy performs compared with its full-information counterpart
TA™ policy. We follow the same sampling assumption in Assumption Bl as the allocation decisions
under DDTATC policy are the same as those in the DDTA policy (i.e., the same estimation for fs“;,
7;). The major difference is the analysis of |20 (z!") — ZI'¢(2!1%)|, which involves the property of
estimator Ejp(-). Therefore, we develop the following assumption which bounds the deviation of Ejp(-)

and the generalization property of the algorithm used in deriving %jp(-).

ASSUMPTION B2 (PROPERTIES OF Ej.p(-)). ForVjel[J|t,pe[P|t and te[T]*:
(i) Point-wise error rate: \E;T)(a:“’t]) —E;F(a:[l’ﬂﬂ = O,(N~Y2) for any feasible = ;
1) Uniform stability: the algorithm used in learning Kt () is uniform stable ollowing the definition
Jp

in Definition A1) with stability parameter a« = O(N ).

If some algorithm satisfies Assumption B2 (e.g., the AR(1) process with autoregressive coefficient and
estimated from OLS regression), we could then easily derive the following Corollary on the performance

of DDTA™® policy and the proof is omitted.

COROLLARY B2 (RATE OF CONVERGENCE AND GENERALIZATION BOUND OF DDTA' PoLicy).
Under Assumptions 1, 2, 5 and 6,

(i) If Assumption B2 (i) holds, then |CSEL o (2N Sy ) — Clt i (2!M)| follows the convergence
rate in Proposition B3.

(i) If Assumption B2 (ii) holds, then |Rppratce(Sy) —CEL  ro (@M Sy)| follows the probability

bound in Proposition B4.

B.3. Retailer-Correlated Demand Features
First, we relax the assumption that demand features are independent across retailers by modeling the

correlation according to the following assumption.

AssuMPTION B3 (CORRELATED FEATURE BETWEEN RETAILERS). Feature sequence {x;,}7_, fol-
lows a (not necessarily stationary) ¢-mizing process {X,;,}2_ .. for any p € [P|T. Further, there exist

j=—o0

constants ¢o >0 and 0 < p <1 such that the mizing coefficients ¢(k) < gop* for all k € [J]*.



28

Assumption B3 implies that for any two retailers j;,j2 € [J]T, when the two locations are remote
enough (i.e., |j; — ja| = 00), their features can be approximately viewed as independent ones. With
this weak dependence assumption, we can apply concentration inequality (see Samson 2000) to derive

a similar optimality gap as in Theorem 1.

ProrosITION B5 (PERFORMANCE OF TA PoLicY UNDER RETAILER-CORRELATED FEATURE).

Cra—C
Under Assumptions 1, 2 and B3, we have ——a——9PT _ O(J ™).
Copr

Proof of Proposition B5. Before proving Proposition B5, we first give an intuitive illustration
of how the correlation between retailers would affect the concentration results in Theorem 1. Recall
that in (A25), we have

NCEAP 2
Excor, [Z < 2tJ Eeecw ZZﬁw%p

j=1 2-pj p= 1p - (B13)
o’ . co®
o [ZZBJPVM T S :“U)] O ey
N j=1p=1 i=1 j>i p=1 14
for some constant ¢y > 0. Further, (B13) would take the equality if Z Z]>1COV( i @ ) _

©(J?). That is, the asymptotic optimality property for TA policy would no longer hold unless
’ ljlg N Cov(zip, z;,) =0 for any p € [P]*. One can readily show that the covariance indeed converges
to 0 as J grows under the ¢-mixing assumption in Assumption B3.

We next turn to the proof for Proposition B5. Similar to the proof of Theorem 1, it is crit-
ical to provide a lower bound on P(x € %) which is equivalent to find a lower bound on

P (] 23'121 2521 BipTjp| > (5). We need the following lemma which directly follows from Corollary 4 in
Samson (2000).

LEMMA A3. Under Assumption B3, for any § >0 we have the following probability inequality:

P(iiﬁjpxjpza>gzexp( i )szexp(‘w), (B14)

== 8JPM?B?||T|| 16J PM?B?¢q
where ¢g and p are constants defined in Assumption B3 and the operator norm of the matriz T is
V2
bounded by ||T|| < %o .
=7
With Lemma A3, we can derive a similar lower bound for P(x € %) as in Theorem 1 by replacing

(A18) with (B14).

Another issue different from Theorem 1 is that we need to bound the covariance in (B13) which
is no longer zero under the case of correlated features. By (B6), we immediately have that for any

1<i<j<J,

Cov(zip, 2j,) < 2M*¢(j — i) < 2M*pop’ ", (B15)
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which implies

J—-1 J J—-1 J
ZZZ@pﬁchV(mw,x]p) <2MPB’¢oP> > p T <2M*B?¢o P ——
i=1 j>i p=1 i=1 j>1

As a result, we can rewrite (A25) as follows.

NCELIN P 2
Emedg [ZH > QtJ we% [ZZIBW ]p]

2-p;

J=1 j 1p 1
J-1 J
o
=57 [ZZﬁfpVar T +2ZZZ%%COV Tips T )] (B16)
j=1 p=1 i=1 j>i p=1

b
< —— | F*B*J +4M?B?*¢,JP - =0(1).
< 57 (B + e 12 ) —0l)
With a similar analysis to Theorem 1, we can show that the optimality gap can be bounded by a
constant that is correlated with mixing coefficients and larger than that in Theorem 1 (i.e., independent

between retailers) when p#£0. O

With retailer-correlated features, the estimation and generalization error bounds in Theorems 2 and
3 still hold as the base-stock levels are estimated separately for each retailer and we do not require
the historical data to be independent among retailers in Assumption 4. In fact, the retailer correlation
mainly affects the replenishment decisions and would not affect the allocation decisions directly. We
conduct a numerical study on out-of-sample costs for different data-driven methods following the same
setting as that in deriving Table 3, except that we let the covariance Cov(z;,,z;,) = 16-0.5/"" for any
i,j € [J]" and j > i. Note that here we apply Zz, as the replenishment quantity for all the data-driven
methods. Table B1 provides the performance of different data-driven methods under retailer-correlated
demand features: the DDTA policy performs better than SAA and LL and slightly worse than PTSO;
the computational time of DDTA is significantly less than LI, and PTSO.

Table B1 Out-of-sample costs for different data-driven methods under retailer-correlated demand features. Values

in parentheses denote the computational time (second) for each instance.

SAA LL PTSO DDTA TA  AF
J=4 | 80.21(-)  67.12(0.63)  56.33(0.50)  59.16(0.02) | 54.23 28.84
J=8 | 158.52(-) 124.15(3.02)  88.59(2.72) 91.48(0.02) | 88.78 57.06
J=16 | 33353(-) 272.15(10.24) 159.72(8.85) 163.41(0.04) | 161.20 114.53
J=32 656.07(-) 524.58(44.55) 267.78(30.37) 275.03(0.08) | 254.80 225.52
J=64 [ 1271.57(-) 921.76(208.17) 495.32(122.07) 508.50(0.21) | 484.44 449.14

In summary, our TA/DDTA policies still perform well under weakly correlated demand features

between retailers. However, it remains to be an open question on developing joint replenishment and
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allocation policy when features/random shocks are under general correlation between retailers, e.g.,

the retailers share the same features.

B.4. Fixed-design Demand Features
In the paper, we assume the demand features follow a random-design setting, i.e., the features are
random variables. According to the case study of Hema, the assumption is reasonable as the features
we finally choose in our demand model are indeed random variables. However, the demand for some
products may be significantly influenced by deterministic features like the day of the week, the price
of the product, etc., which are recognized as fixed-design features. We refer to Qi et al. (2022) for a
more detailed discussion on the data-driven inventory problems with the deterministic features. We
next discuss how to incorporate the fixed-design features into our model.

For each retailer j € [J]*, we denote the fixed-design feature vector as :Bj € R™ and the random-

design feature vector as x} € R?2, We model the demand model as follows.

Py Py
D=+ Blal +Bjx) + ey =7+ BlLal,+> B, +e (B17)
p=1

p=1

The local base-stock level can be expressed as s} = 3/, + Zfil v xt, where 3, £, + Efil prmfp +

F%l( bvjf'h, ). The TA policy can be applied directly following the same routine with the replenishment
3T
f

Jp

quantity zo = Z‘j]:l( o+ Z;I:;E[l’;p]) since according to our fixed-design setting, x7 is known to
the decision-maker before the replenishment decision. In other words, we can treat the fixed-design
features as the advanced feature introduced in our paper.

For the implementation of the DDTA policy, it becomes a statistics problem of quantile estimation
and density estimation under the fixed-design setting. We refer to Qi et al. (2022) and Linke et al.
(2022) for the parametric and non-parametric approaches to deal with the quantile estimation under
the fixed-design setting respectively, and Efromovich (2007) for the conditional density estimation

with the fixed-design data. As a result, we can incorporate the fixed-design features into our model

through (B17), and derive some performance guarantees for both the TA and the DDTA policies.

B.5. General Lead Time under Time-Correlated Demand Features
Here we will discuss how the feature correlation may benefit our decision-making when considering
general lead time. To see the point, we model the feature correlation according to Assumption 6.
We further simplify the transition function in (28) by an AR(1) process z’}' =n;at + 65 with
autoregressive coefficient |n;,| <1 for any j € [J]*, p € [P]T for notation simplicity reason and our
analysis can still be generalized to the general transition k! (-) case.

Under previous known feature transition settings, we define inventory policy m = TAS" (Taylor

Approximation under General Lead Time) as follows: for given historical feature a', the replenishment



31

-th

decision at period t is Z5*(x!) & ZJ 00+ Zp L Bip(myp) ottt where 0% denotes the b +h’

t+Lo+0
L=1-¢ 0% Lo+t and the allocation decisions de61s1ons

quantile of random variable €; + Zp L Z[ NS
at period t 4 L after the order placed at period ¢ arrives and the observation of feature x‘*%o follow

(15)-(16) as well, with regard to the predicted feature xt+L°+L = ()~ - xz;fLO We have

COROLLARY B3 (PERFORMANCE OF TA®" PoLicy FOrR GENERAL LEAD TIME). Under
Assumptions 1, 2, 5, 6, with transition functions follow AR(1) process with bounded random

noise, warehouse’s lead time Ly > 1 and retailers’ lead time L >0, and given feature vectors x4,

Ct+1 [1,¢] CtJFl m[l 1]
(%) — Copr( ) =O(J") holds for any period t € [T]*

TAGL
Copr(!"1)

Proof of Corollary B3. We follow a similar logic as in the proof of Theorem 1 and Proposition
B2. The difference is that now our allocation decision at period t is based on the prediction of the
feature at period t + L, which will lead to additional prediction error when L > 0. Thus, we need
to redefine the Advance Feature (AF) model such that the decision-maker can observe future L,
periods’ features in advance at period t (i.e., acquiring feature information Ly period ahead). Then,
the optimization problem can be rewritten as:

J
min  ho- 2o+ Z C;(z; ]:BELHLO]).

z0>0, -
2;>0 v]e[J]+ Jj=1

J
E z; < zg.
j=1

By applying the KKT conditions, we can easily derive the optimal decisions as follows.

ZAF(w-gl t+L0}) Sl7 (w[l t+L0])

J
J
AF i} t+L0 [1 t+Lo
20 §

I

where (2, DR 0 + Zp L Bin(ngp)® - ZZLO and ¢ denotes the bj‘:h/
variable €; + Zp:l Zgzl(njp)L—e . 5;;L0+£'

J
It is obvious the total cost under the AF policy defined above is the lower bound of that under the

-th quantile of random

optimal policy (with no access to advanced features) as the proof in Theorem 1. Thus C'! TAGL (1) —
Copr(x) < Cllop (2) — CYfg (2"1). Similar to the proof of Theorem 1, the major issue is
providing an upper bound on the probability P (|z¢'* (e!*+0)) — Z(z!"*)| > m) for any m > 0. We

can immediately have the following result holds following previous analysis for some constant ¢y > 0:
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J P
P {|z5" (2 ro)) — Z (2! )| = m} =P { S Bip ((mjp)" - 270 = (myp) ot - f)

.

7j=1 p=1
J P Lo—1
=P { DD Bimip) - (D (mip) - 655707 = m} (B18)
j=1 p=1 =0

m2
<2 ===
=2\ % Pz Bt )
where 7] < 1 stands for the uniform upper bound of 7;,, M L, stands for the uniform upper bound of
random variable 5:007 "(n;,)" 5§;§L07[ such that |Z[L:°g Y0y 5;;%4] < M, holds almost surely for
all je[J]T,pe[P]T and te[T]t. O

Through the proof of Corollary B3 and under the i.i.d. assumption on ¢! , we can derive intuition

Jp’
on how lead time affects the performance of TA®" policy: as 72 is decreasing in retailers’ lead time
L; My, is increasing in warehouse’s lead time Ly, according to (B18) we can conclude that: under
AR(1) feature transition process, a longer warehouse’s lead time L, or a shorter retailers’ lead time L

would lead to a better performance of our TA®" policy (i.e., a smaller constant ratio). Following the

analysis, we can derive DDTAS" policy as well. We omit the detailed analysis.

B.6. Details for Numerical Study

Value of Feature Information. We assume that each retailer j’s demand D, follows a normal
distribution with mean pup, = 25:1(49 +p) - Bjp and variance of, = 25:1 2,05, + ot We fix the
dimension of feature vector P = 3, holding cost h}; =2 and varies lost-sales cost b; = 3,8,18,38 (i.e.,
with corresponding critical ratio 0.6,0.8,0.9,0.95) for all retailer j € [J]*. For the variances, we test

different combinations of Uijp € {1,2,4,8,16} and ij € {1,2,4,8}. Finally, we set J € {8,16,32}.

Following Tables B2-B5 summarize the numerical results.

Asymptotic Optimality of the TA Policy.We fix P =3, agjp =16 for all j € [J]* and p € [P]*.
The variance of noise afj =4, h); =2 and b; = 18 for all retailers j € [J]*. Figure B1 provides additional
numerical results which verify Theorem 1. Figure Bl(a) calculates the percentage of loss for J €
{8,16,32,64,128,256,512} and P € {3,5,10}. It can be seen that the percentage of loss would be
smaller if the dimension of feature P is small, which is consistent with our bound in (A27). Figure
B1(b) examines the result in Theorem 1(ii) by illustrating the pdf of the performance loss ¢} with
P =3. As the number of retailers increases, the TA policy performs better and is also more robust.
Specifically, when J = 8, the percentage loss is almost uniformly distributed between 0 and 0.2. Besides,
the extreme event may occur and cause a relatively large error rate when J is small. However, when

J =128, the percentage loss rate is very close to 0.
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Table B2 Value of feature information for h; =2 and b; =3

Ta |0z, =1 07 =2 o} =4 o =8 o =16

0'62], =1|30.36% 51.15% 79.43% 112.55% 145.78%

J—g U?j =2 16.88% 30.36% 51.15% 79.43% 112.55%
U?j = 8.97% 16.88% 30.36% 51.15%  79.43%

0’62], = 4.63% 8.97% 16.88% 30.36% 51.15%

O’?j =1|3259%% 56.41% 91.12% 136.48% 188.57%

T16 0‘62], =2|17.75% 32.59% 56.41% 91.12% 136.48%
O'Sj = 9.23% 17.75% 32.59% 56.41% 91.12%

U?j = 4.65% 9.23% 17.75% 32.59%  56.41%

0'62], =1|3737% 64.77% 105.57% 160.93% 228.52%

739 U?j =212045% 37.37% 64.77% 105.57% 160.93%
U?j =4110.74% 20.45% 37.37% 64.77% 105.57%

0’62], =8| 549% 10.74% 20.45% 37.37% 64.77%

Table B3~ Value of feature information for A, =2 and b; =8

Moolo2 =1 02 =2 02 =4 o2 =8 o2 =16
Jp Jp Jp Jp Jp

U?j =11]2829% 48.33% 75.31% 104.86% 129.51%

ol = 15.48% 28.29% 48.33% 75.31% 104.86%

o2 =4| 8.09% 15.48% 28.29% 48.33%  75.31%
o2 =8| 4.13% 8.09% 15.48% 28.29%  48.33%
o2 =1130.66% 53.45% 87.17% 130.98% 178.51%
0?2 =2116.69% 30.66% 53.45% 87.17% 130.98%

=10 afj_ = 8.74% 16.69% 30.66% 53.45% 87.17%
afj = 4.47%  8.74% 16.69% 30.66%  53.45%
ofj =1]35.10% 61.61% 101.57% 156.20% 221.96%
J—39 Ufj =2|18.95% 35.10% 61.61% 101.57% 156.20%
crfj = 9.81% 18.95% 35.10% 61.61% 101.57%
o’ = 4.96%  9.81% 18.95% 35.10% 61.61%

Convergence of the DDTA policy. We fix P =3, aijp =16 for all j and p and the variance of
noise afj =4, h; =2 and b; = 18 for all retailers j € [J]*. The training feature and demand data are
generated according to (32).

Figures B2(a) and (b) respectively illustrate the consistency of the warehouse’s replenishment deci-
sion Zz, and the allocation decision Zj(zp, ) which aim to verify the result of Proposition 4. We

measure the absolute error |z, — zp| for replenishment decisions and percentage error |z;(2o,x) —
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Table B4  Value of feature information for h; =2 and b; =18

ta |05 =103 =2 07 =4 oo =8 o; =16

O'Sj =1|2727% 46.19% 70.72% 94.44% 107.18%

J—g Ufj =2|15.15% 27.27% 46.19% 70.72%  94.44%
U?j = 819% 15.15% 27.27% 46.19%  70.72%

0‘62], = 4.34%  8.19% 15.15% 27.27%  46.19%

U?j =11 28.88% 50.71% 82.88% 123.62% 163.73%

J16 0‘62], =2|15.68% 28.88% 50.71% 82.88% 123.62%
0'3]_ = 8.28% 13.55% 28.88% 50.71%  82.88%

U?j = 4.29%  7.65% 13.55% 28.88%  50.71%

O’fj =1|34.27% 60.09% 99.01% 151.75% 212.91%

739 Ufj =2 18.59% 34.27% 60.09% 99.01% 151.75%
U?j = 9.72% 18.59% 34.27% 60.09%  99.01%

0‘62], = 4.94%  9.72% 18.59% 34.27%  60.09%

Table B5 Value of feature information for h; =2 and b; = 38

ta |02, =1 0l =2 o) =4 o7 =8 o =16
U?j =1126.06% 44.09% 65.93% 82.75% 82.62%
0‘62], =2 14.01% 26.05% 44.09% 65.93% 82.75%
O'er =4 7.08% 14.01% 26.05% 44.09% 65.93%
o2 =8| 3.44% 7.08% 14.01% 26.05%  44.09%
o2 =112640% 47.67% 78.74% 116.26% 148.03%
716 062]_ =2|13.60% 26.40% 47.67% 78.74% 116.26%
ol = 6.62% 13.60% 26.40% 47.67% 78.74%
o2 =8| 3.09% 6.62% 13.60% 26.40% 47.67%
o2 =1|3391% 59.39% 97.58% 148.27% 203.64%
739 0‘62], =2 18.43% 33.91% 59.39% 97.58% 148.27%
o2 =4] 9.70% 18.43% 33.91% 59.39%  97.58%
o2 =8| 5.02% 9.70% 18.43% 33.91%  59.39%

z;(Z0,2)|/Z; (20, ) for allocation decisions under the same 2, with J = 4.2 We calculate the average
distance in 20 different out-of-sample data sets with the size of 100 each. We observe that as the size
of training data set becomes larger, both |z, — Z| and |z;(Zo, ) — Z; (20, )|/Z; (%0, ) converge to 0.

Moreover, the convergence rate decreases in the number of retailers.

2 We use absolute error for replenishment decisions in order to see the effect of J in the convergence result. For allocation
decisions, J does not affect the rate of convergence and we show J =4 case in the figure for simplicity.
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consider the following three policies generated

e Sample Average Approximation (SAA): The SAA method ignores the demand feature

information and equally weights the samples in the training set to approximate the objective function.

Let 254(z) be the optimal allocation decision for a given z,, where

1
2% (2)) = argmin N E

N

7520 i=1

J
s.t. ZZ]‘ < 20
j=1

J J
ho- (20— Y 2)+ > [Wy- (2 —di) T +b; - (d) — 2)7]
j=1 j=1

(B19)

We use a grid search to find the best 2z, that minimizes the total cost in an independently sampled

cross-validation data set of size 100 and use this zy as given to test the out-of-sample performance.

e Local Learning (LL) Method: Bertsimas and Kallus (2020) use this method to generate data-

driven solutions. The LL method uses non-parametric approaches, such as kNN, Kernel Regression,
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CART to estimate the weight function from in-sample training data. Then, for a given V™! (i.e., the
new feature observation), the method solves the best replenishment and allocation decision. Note that
the computational time is extensive during training to find the best non-parametric model parameters,
as the approach needs to solve an allocation problem for each in-sample observation. We test all these
approaches and find that they have a close performance in our problem. Thus, we use KNN to present
the numerical results. The kNN determines the weights w(z¥*!, z?) = % if NV*1 belongs to the k
nearest neighbors of sample ¢ and 0 otherwise. The corresponding optimization problem can be written
as follows.

J J
2 (20, 2V = argmin Z (N1 %) {ho (20— sz) + Z (B (25— di) T+ by - (d — ;)] }
j=1 j=1

2520 i=1

E Zj S 20,
=1

where the hyper-parameter k is chosen according to the cross-validation technique.?

e Predict Then Smart Optimize (PTSO): The PTSO method adopts a two-step process by
first predicting the demand and then optimizing the allocation decision for a given z, and feature
N1, First, we train a linear regression model c@ =7+ 25:1 Ejpxjp using OLS and calculate the
corresponding residuals € £ df — 7, — 25:1 gjpm;p for each i € [N]* for each retailer j € [J]"

In the second step, for new feature observation V!, we predict its mean demand as 7, +

Z]};l ijx%“, and its residual sampled from {AL Y, with equal probability 1/N. We then optimize

the allocation decisions 27759 (z,, 2¥+1) by solving the following problem.
J LA
ZPTSO(ZO,mN+1): argmin hO(ZO_ZZ])+NZZ [h/ ,70 Z/ijzN-‘rl "%)
2§20 j=1 i—1 j=1
P o~
+b; (Yo + Z ijxj\;—‘_l +€ - ZJ)+]
p=1
J
s.t. Z Zj S Z0
j=1

For the LL policy and the PTSO policy, we use the same z, as that of the z, calculated through
the DDTA policy since the computational effort to conduct a grid search for the best in-sample zj is
significantly larger than that for the SAA policy and hard to implement. Note that the PTSO approach
is also recognized as “Data-driven SAA with Covariate” according to Kannan et al. (2022), in which
they derive its convergence property. In fact, we can regard it as a semi-nonparametric approach,
which first utilizes a parametric model to train the demand estimator and then conducts optimization

based on a nonparametric approach (i.e., SAA).

3 When the sample size N and the number of retailer J is relatively large, we use the conventional choice of k= |v/N].
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For Table 3, we fix the training set size N = 400, the dimension of feature P = 3, the variance of

feature Uijp =16 for all j and p, the variance of noise Jf]_ =4, h; =2 and b; = 18 for all retailer j € [J]*.

In addition, Table B6 also provides the inventory costs and computation time with the size of training

data N € {50,100,200,400,800}. We can see that the performance of each policy becomes better as

the training data size increases and are quite robust to the data size.

Table B6  Out-of-sample costs for different Data-driven policies over training set size N

Cost N=50 N=100 N=200 N=400 N=800
J=4 | 6857(-) 67.01(-) 68.72(-) 67.31(-) 67.14(-)
J=8 |  150.64(-) 151.92(-) 156.22(-) 147.52(-) 149.79(-)
SAA |J=16| 337.15(-) 340.45(-) 326.23(-) 321.67(-) 326.90(-)
J=32| 681.34(-) 658.66(-) 650.10(-) 647.67(-) 643.36(-)
J=64| 1305.27(-) 1279.63(-) 1269.54(-) 1252.98(-) 1249.16(-)
J=4 | 58.06(0.09)  53.16(0.13)  53.09(0.28) 47.21(0.53) 47.09(1.02)
J=8 | 138.96(0.33)  127.73(0.54)  123.69(1.03)  114.35(2.42)  109.36(4.16)
LL |J=16| 312.29(1.31)  305.81(2.35)  279.08(4.31)  264.14(9.44)  261.02(16.84)
J=32| 664.47(5.59) 625.92(11.01) 594.13(18.15)  571.20(39.53)  545.90(74.42)
J=64 | 1334.09(22.57) 1303.36(53.72) 1221.86(92.78) 1184.76(198.68) 1129.06(354.50)
J=4 | 3753(0.10)  36.87(0.16)  37.55(0.40) 36.78(0.48) 36.67(1.01)
J=8 | 73.99(0.33)  73.48(0.62)  70.87(1.66) 68.32(2.12) 68.86(4.25)
PTSO | J=16| 143.06(1.48) 137.58(2.39)  133.50(4.09)  132.87(7.85)  132.09(15.45)
J=32| 261.89(5.70)  253.72(8.95) 247.42(15.91) 246.07(28.37)  245.33(55.30)
J=64 | 498.73(22.57) 493.94(42.63) 476.07(74.46) A471.14(119.79) 469.47(221.78)
J=4 | 40.46(0.01)  38.47(0.01)  37.31(0.01) 37.01(0.02) 36.51(0.01)
J=8 | 77.08(0.02)  72.70(0.02)  69.94(0.03) 68.90(0.03) 68.26(0.03)
DDTA | J=16| 150.70(0.04)  141.81(0.05)  135.76(0.05)  133.40(0.05)  131.66(0.05)
J=32| 279.53(0.08)  260.28(0.09)  251.47(0.10)  246.73(0.09)  243.53(0.09)
J=64| 532.54(0.16)  496.61(0.18)  479.72(0.18)  471.07(0.21)  466.84(0.21)

While the performance of the PTSO policy is slightly better than the DDTA policy according

to the numerical results, the computational time is more relevant for Hema because its goal is to

leverage the most recent feature information to achieve same-day delivery for more than 400 SKUs

of fresh goods. We discuss this point from theoretical and implementation perspectives below.

e From the theoretical perspective, (for a given replenishment decision z;) the computational com-

plexity of the DDTA policy is O(JN).* For the PTSO policy, its objective function can be rewritten

as a linear program with 2JN + J variables and 4JN + 1 constraints. To the best of our knowledge,

the computational complexity of the current fastest algorithm is O((JN)“log(JN/§)) according to

4 The true complexity is O(P 4 JN), and by the assumption that P < JN we can simplify it to O(JN).
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Cohen et al. (2020), where w > 2 is the matrix multiplication exponent and ¢ > 0 is the relative accu-
racy level.® Different from the DDTA policy which only involves estimation, the PTSO policy has
to conduct iterations to find the solutions within the relative accuracy level: for each iteration, the
computational complexity is O((JN)*) and it has O(log(JN/0)) iterations in total.

Consider the rate of convergence for the DDTA policy: if the decision-maker has some prior knowl-
edge of the distribution family of the random noise, i.e., a normal distribution, then she can use the
Maximum Likelihood Estimation (MLE) to estimate corresponding distribution parameters and the
corresponding probability density instead of KDE, with a rate of convergence N~'/2, which is the
same as that of the PTSO policy.

e From the implementation perspective, although it seems tolerable to spend several seconds (7.85s)
for a moderate number of retailers (J = 16) and sample size (N = 400), the computational time of
DDTA policy is much less than that of the PTSO policy, which is within 0.05 seconds. Note that this
is the computational time for a single SKU. Fresh Hema has more than 20,000 SKUs in total, which
includes more than 400 “Daily Fresh” products. Thus, fast computation is an important criterion
for Hema to achieve same-day delivery. Specifically, the computational time for the PTSO policy to
generate the solutions for, say, 450 SKUs requires about one hour (= 450 SKUs x 8 seconds/SKU =
one hour). This will make Hema’s same-day delivery hard to implement as the time window between
receiving fresh goods at the warehouse and shelving them at the retail store is less than 6 hours.

Besides, the DDTA policy is a general policy that can be applied to any one-warehouse-multi-retailer
system which may contain more fresh SKUs than Hema. In other words, fast computation is always
an attractive feature for data-driven solutions.

Meanwhile, the DDTA policy has a closed-form solution, which is more transparent and thus
enhances interpretability. For example, the decision-maker can learn how the system parameters affect
the inventory allocation (see (15)-(16), (22)-(23)); she can also learn the maximum allocation quantity
(i-e., 55) level for each retailer j, the marginal inventory cost for each retailer j when the inventory
is insufficient (i.e, %), etc., which are all of the operational importance and interests for the
decision-maker. In contrast, the PTSO is more like a black-box optimization system that only returns
a set of solutions without further explanations.

To summarize, although the proposed PTSO policy has some advantages over the DDTA policy, i.e.,
its consistency property to the optimal allocation decisions, it is really hard to implement in Hema’s
same-day delivery according to our previous analysis. In contrast, the DDTA policy is more practical

with still relatively good performance, which makes it more attractive to the decision-maker in Hema.
% So far, the best matrix multiplication exponent w (i.e., the smallest real number for which any two n x n matrices can

be multiplied together using n®*+°M operations) is proven to be 2.37188 by Duan et al. (2022). We hide (JN)"(l) and
log®™M(1/6) terms in the computational complexity.
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B.7. Feature Selection for Case Study
In the original data set, Hema has listed more than 50 demand features, divided into four categories:

e Item-specific features, e.g., past sales, selling price, page views.

e Environment-related features, e.g., weather conditions, temperature.

e Date-related features, e.g., day of the week, holiday.

e Location-specific features, e.g., number of members, the ratio of genders.

Data sparsity (i.e., high-dimensional features) is also a problem studied in data-driven operation
management (see Feng and Shanthikumar 2022). To deal with the issue, we first remove features
that have incomplete data or share strong collinearity with the other features. With that, we have 21
candidate features left.

We then select the demand features for our model by using step-wise regression, which is a popular
data-mining tool that selects the explanatory variables used in the multiple-regression model by sta-
tistical significance criterion. We randomly select 85% instances from the original data set and treat
the selected data set as the training set and the remaining instances as the test set. We repeatedly
conduct step-wise regression by the forward-selection rule in the 16 retailers 40 times and record the
order when a specific attribute is selected to enter the regression model. Figure B3 shows the average
rank of features among all retailers and the features with smaller rank is more important in predicting

the demand. The final step is to choose the number of features that we shall include in the demand

Figure B3 Importance rank for demand features
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model. We increase the number of features from 1 to 10 according to the importance rank of demand



40

features in Figure B3 and calculate the average rooted mean square error (RMSE) of corresponding

linear models in both training and test sets.

Figure B4 RMSE under different number of features

Label
® Test RMSE
A Training RMSE

5 ; ; fo
Number_of_features

From Figure B4, we choose P =4 features for the linear demand model as it has the best bias-
variance trade-off. In addition, we use variance inflation factor (VIF) to detect multicollinearity in the
regression model, and all these four features: historical sales; the number of Hema members; item page
views; the number of items in the shopping cart, have VIFs less than 10, indicating that no strong
multicollinearity exists in the model for each retailer.

After feature selection, we model the correlation of features between time periods by fitting them
with the best ARIMA(p,d,q) model (with respect to model parameters p,d,q) according to Bayesian
Information Criterion (BIC) and test the significance of estimated parameters, as well as the inde-
pendent property of residuals through QQ-plot and Ljung-Box test. The results show that nearly all
the features in each retailer can be approximated well by the ARIMA (p,d,q) model and the following
table provides corresponding model parameters p, d,q for each feature. (F1 for historical sales; F2 for

number of Hema members; F3 for item page views; F4 for number of items in shopping cart)
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Table B7
F1

Best Fitted ARIMA Paramaters

F2

F3

F4

Retailerl
Retailer2
Retailer3
Retailer4
Retailerd
Retailer6
Retailer7
Retailer8
Retailer9
Retailer10
Retailer11
Retailer12
Retailer13
Retailer14
Retailer1b
Retailer16

References

ARIMA
ARIMA
ARIMA
ARIMA
ARIMA
ARIMA
ARIMA
ARIMA
ARIMA
ARIMA
ARIMA
ARIMA
ARIMA
ARIMA
ARIMA
ARIMA

4,2,2)
5,1,2)
5,1,2)
5,1,5)
3,1,3)
2,1,4)
2,2,4)
5,1,5)
2,1,5)
5,1,4)
2,1,3)
5,1,5)
5,1,5)
5,1,2)
1,0,1)
5,1,2)

A~~~ A~ I~ I~ I~ N N N /N /N

ARIMA(2,0,2)
ARIMA(2,0,1)
ARIMA(2,0,1)
ARIMA(5,0,3)
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