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Appendix A Proofs

In the section, we provide proofs for our main results.
To prove Lemma 2] it is sufficient to prove the following more general lemma.

Lemma 5. (i) Aa(K) < <k & holds for all K, and the first inequality is strict for K > 1.

N+A

(ii) Aa(K) < (K+N_])ﬂ+"f\[]_a(,<_l)] holds for all K and is strict for K > 1.

(iii) 0 < Aa(K) < Aa(K — 1). That is, a(K) is increasing concave in K.

(N-D+ L [1-a(K-1)]

(iv) Aa(K) > 5.
{+ny211-a(x)}

Proof of Lemma|5] First, note that from (8)), we can obtain

(N-1)+4 [1 —a(K-1)]+ KA[Aa/(K - 1)]
T [(K+N-1)+ B —a(K =K +N=2)+ 5(1 - a(K - 2

which also corresponds to equation (12)) in the main text. We will use this result in the course of this proof.
We prove the results (i)—(iv) in sequence.

(i) We prove Aa(K) < ﬁ < % by induction. Note that the inequalities are shown to be strict for

K > 1 in our proof.

< £

* When K =1, Aa(1) = a(1) — a(0) = T

N,u+A

* Suppose that Aa(k) < Nuih + % < ’K‘ holds for £ < K — 1, we then prove that the inequality strictly holds
for k = K.

By plugging (K — 1) — (K - 2) < % into (12)), we have

_ _ 1 H H
oK) oK ~1) < (K+N—2)+%(1—a(K—2)) : Nu+A SN

where the second inequality holds because a(k) < I% for any k£ > 0.

(ii) Second, note that the inequality Aa(K) < % guarantees that (K + N — 1) + %[1 —a(K - 1)] increases
in K. Therefore,

a(K)—aK -1)= K - k-1
_(K+N—1)+§(1—a(1<—1)) (K+N=2)+2(1 - a(k -2))
K K-1
< —
(K+N—1)u+§(1—a(1<—1)) (K+N—1)+§(1—a(1(—1))
M

TK+AN-Du+rA(l-aK 1)



for K > 2 where both @(K) and a(K — 1) can be expressed by the recursive equation (8)). Furthermore, it is

obvious that the above inequality also holds for K = 1 since a(0) = 0.

(iii) Next, we prove result (iii) by induction. On the one hand, by (12)) and the fact that @(1) > @(0), a
simple induction proves a(K) > a(K — 1), VK. That is, Aa(K) > 0. On the other hand, it is easy to verify
Aa(2) < Aa(l). Assume that Aa(k) < Aa(k — 1) holds for k < K — 1, we then prove Aa(K) < Aa(K —1).
By (12)), we know that Ae(K) < Aa(K — 1) holds if and only if

(NJHéUﬂﬂKJH<AMK4%“K+N—D+éﬂ—awFlﬂkK+N—%+éﬂ—MK—ﬁﬂ—Ké}
i Ju p p
Note that
kK+N—n+éa—am>1ﬂkK+N—m+§a—mK—mﬂ—Ké
[ u u
=kK+N—$+éa—MK—aﬂa—émm>n—am>3MkK+N—m+§u—uK—m)—Kﬁ
H p u p
Thus, the condition is satisfied if

Aa(K - 1)

(N=1)+2(1-a(K - 1) +Aa(K - 1) {K& = [2= 2K - 1) = (K = 3)] [(K + N =2)+ 4(1 - a(K - 2)]}
>

[(K+N—3)+%(1—a(K—3))][(K+N—2)+%(1—01(1(—2))]
(N—1)+ﬁ(l—a(K—Z))+Aa(K—1){(K—1)/%— [2—%(01(K—1)—a(K—3))] [(K+N—2)+I%(1—a(K—2))”
- [(K+N=3)+ 21— a(K -3)][(K + N -2) + (1 - a(k - 2))]

s

which holds according to (12)) because Aa(K —2) > Aa(K — 1) by the induction assumption and that
[2 - %(a/(K — 1) — a(K - 3))] > 0 by the result (i) in this proposition.
(iv) Lastly, according to the result (i), (K + N)u + A[1 — a(K)] increases in K because Aa(K) < %
Therefore, both @(K) and (K + N)u + A[1 — a(K)] increase in K, and hence equation (I2) yields

(N = 1)+ 2[1 - a(K - 1)]
[(K+N=1)+ %1 - aK = DK +N -2)+ £(1 - a(K -2))]
(N-1)+ %[1 —a(K -1)]
[(K +N) + 2(1 = a(K)I[(K + N) + 2(1 - a(K))]

aK)—a(K-1) >

>

Proof of Proposition [T} From (8), we have

B A a(K) A a(K)
K= a®)+ N =D i T—a®)

Aa(K)



Because K(«) is the smallest number that satisfies @(K) > @, we know «(K(e@) - 1) < @ < a(K(a)).

Therefore,
A a(K(a)) A a(K(a))
K(a) = ; (K(a)) + (N - 1)1 — oz(K(a)) + ;1 — a/(K(a))Aa/(K(a/))

s Do VoD A a(k(@), (20)
7l l-a pl-a

_A a(K(a)-1) A a(K(@)-1)

Ka)-1= P a(K(@)-1) +(N - 1)1 (K@= 1) + L= a(K(@) - 1)Aa(K(a/) -1)

<Dairw- D+ A2 pa(K@)-1). Q1)
U - pul-a

First, it is easy to see
A
K@) > Za+(N-1)—2,
J7i 1-a
since Aa(K) > 0. The inequality is strict if K(a) > 1,i.e., @ > 0.

Second, by substituting Aa(K) < £ mto the right hand side of (21]), we obtain

A a
K@) < —a+N + 1.
u a

1 -

O

Note that equation (12)) also describes a recursive relationship between Ae(K) and Aa(K — 1). A series
of bounds on Aa(K) can be obtained if we expand (12)) for multiple times and bound Aa(K — s) according

to Lemma[5] We introduce the following result as a corollary of Lemma 5]

Corollary 2. Let 7io(K) := 0 and [H(K) := TN= 1)#+A(1 KD for all K > 1. Define fis(K) and £y(K)
iteratively for s = 1,2,--- ,K — 1, where K > 2 as follows.

(N-1)+2 Al - a(K - 1)]+KA;7;_1(1<—1)
{(K+N-1)+2 [1—a(K—1)]}{(K+N 2)+ A0 -a(K -2}
(N - 1) + B[ - a(K = 1] + Kégs_l(K —1)
{(K+N-1)+ 41 -aK-DIHE +N-2)+ &4[1 -a(K -2)]}

Ms (K) =

ZS(K) =

Then, 1j3(K) < Aa(K) < Z(K) for all 0 < s < K — 1. Furthermore, iis(K) > fis_1(K) and Z,(K) < Zs_1(K).

Proof of Corollary 2} By iterating equation (I2) multiple times on its right hand side, we are able to
express Aa(K) by Aa(K — s), where the last iteration has terms (N — 1) + [1 —a(K-5)]+(K -5+
l)AAa(K — s) in its numerator. Noting that (K — s)Aa(K —-5) < a(K —-ys) by result (iii) of Lemma we
know £ [1 —a(K-s)]+(K-s+ I)AAa/(K —-s5)< 2 %Aa/(K —5) < % + (K - s). By replacing the term
(K—-s+ l)ﬁAa(K — 5) with O on the right hand 51de of the iteration, we have Aa(K) > 75(K). By replacing

4



the term %[1 —a(K-s)]+(K-s+ 1)%Aa/(K — 5) with % + o(K — s) on the right hand side of the iteration,
we have A (K) < Zi(K).

According to Lemma 3] 77;(K) > 0 = 7jo(K) and

(N = 1)+ 2[1 - a(K - 1)]

G = {(K+N-1)+ %[1 —a(K-=DH(K+N-2)+ ,%[1 - a(K -2)]}
1 ~
SUKAN-D+ Mi-ak -1l ot

for K > 2. By the definition of 7j;(K) and Z(K), we can easily prove 7js(K) > fis—1(K) and Zi(K) < Zs—1(K)
by induction. O

Although 7j(K) and Z;(K) bound Aa(K) in general, they are not useful bounds for Aa(K(e)) because
the value of K(a) is unknown. Thus, we replace the value K in the definitions of 7j,(K) and Zy(K) with its
upper bound U and lower bound L to yield n%(L,U,«) and !(L,U,«), whose expressions do not involve K
and hence are now practical bounds for Aa(K). Recall that the definitions of n%(L,U, @) and £!(L,U, ) are

presented in the main text. Here we prove the following proposition.

Lemma 6. If L < K(a) < U, then#is(K() — t) = n'(L,U,a) and Is(K(a) —t) < {{(L,U,a), forallt > 0
and0 <s<L-1.

Proof of Lemma@ Note that ’(L, U, ) and ¢!(L,U, @) are defined in similar ways as 7j;(K) and Z;(K) in
Corollary 2] with minor differences in the numerators and denominators. While the denominator of 75(K) is
updated according to K, that of (L, U, @) depends only on U and .

By the fact that L < K(@) < U and @(K(a) - 1) < a < a(K(a)), we prove the results by induction for
s=0,1,2,--- ,L—1.

* First, s = 0. We know that 7o (K () — 1) = n{(L,U,@) = 0 and {(K() — 1) < i(L.U,@), Vi > 0 by
result (i) of Lemmal[5]



* Suppose that we have proved the result for indices up to s — 1. Then, by the definition of 7j;, we have

(N = 1)+ 81 - a(K(@) =t = )]+ (K(@) = 1) §7is-1(K(@) =1 = 1)

fis(K(a) —t) =
{(K(a/)+N—t—1)+ [1—a(K(a)-t—m}{(K(a)+N—t—2)+ [1-a(K@) -1 - )]}

(N-1)+ .l_t[ —a(K(@)-t-1)]+ (K(a) - I)Hns_l(K(a/) —-t-1)
>

{(K(a) FN)+ A - a(K(a))]}2
(N— 1)+ A(l —a)+ (L - f)Ans 1(K(a)—t-1)

[(U FN) A - a/)]

(N—1)+§(1—a)+(L z)A (LU, )
> =ny(L,U, ),

[CRNEFE a)]

where the first inequality holds because K + I%[l — a(K)] increases in K (by result (i) of Lemma ,
the second inequality follows from the fact that L < K(e) < U, ¢(K(a) — 1) < @ < o(K(a)), and the
last inequality holds by the induction hypothesis.

On the other hand, by the definition of f o

(N = 1)+ 81 - a(K(@)~ 1= 1)]+ (K(@) = 1) 5 L-1(K (@) =1 = 1)

L(K(@)—1) =
{(K(a/)+N—t—1)+I%[1—a(K(a)—t—l)]}{(K(a)+N—t—2)+%[1—a/(K(a)—t—Z)]}
- (V-1)+ fé‘{l B a(K(a)) " K(a)+N—t—]+£J[:—a(l<(a/)—t—])] } * (K(a) a t)"é‘gs_l(K(a) —t-1)
{(K(a/)+N—t—1)+ [1—a(1<(a)—t—1)]}{(K(a)+N—z—2)+ [1-a(K@) -1 - )]}
(N— 1)+ %{1 —-a+ #—1{—%(1—0)} + (U— )l—lgs_](K((l’)—t— 1)
<
{(L+N—t—1)+§(1—a)}{(L+N—t—2)+é(1—a)}
WD e g W R )

{(L+N—t—1)+§(1—a)} {(L+N—z—2)+§(1—a)}

={(LU.a),

where the second inequality follows from the fact that L < K(a) < U, @(K(a) - 1) < @ < o(K(@))
and the last inequality holds by the induction hypothesis. The first inequality holds because

l-a(K-t-1)=1-a(K)+a(K)—a(K-t-1) <1 —a(K)+(t+ DAax(K — 1)
1

SI—OI(K)+(t+1) K—-t+N-1+2 [l—a(K—l—l)]

from results (ii) and (iii) of Lemma[3]



Proof of Lemma [3] The results follow directly from Corollary [2]and Lemma [6] i
Proof of Proposition 2} The results follow directly from Lemma [3]and inequalities (20) and (ZT). o

Proof of Corollary 1} By applying Proposition [2| to the bounds (Lo, Up) established in Proposition |1} we
have Ly < K(«) < Us.

To prove Ly > Ly and Uy < Uy, it is sufficient to show that n’ (Lo, Up, @) > 772_1(L0, Uy, @) and
L (Lo, Ug, @) > ¢! (Lo, Up, ) for s = 0,1,- - -

For the monotonicity result of 5%, we can prove for any pair of positive bounds as argument of n%(L, U, @).
It is obvious that n{(L,U,a) > 0 = n{(L,U,a), Vt. According to the definition of n{(L,U, @), we know
ns(L,U,a) > n._ (L, U,) for all 0 < s
Corollary 2]

< L — 1, which is an analogue to the result 7;(K) > 7js—1(K) in

For the monotonicity result of !, we only prove the case with (Lo, Up) as argument and for certain s’s.
Again, according to the definition of {i(L,U,a), it is sufficient to prove {{(Lo, Uo, @) < ¢j(Lo, Uo,@). We

then examine the condition that can guarantee this inequality. Note that

(N =1)+ 811 —a + =B+ (Uo - 0545 (Lo, Up.@) iy
t u o
Gkt = [(Lo+N-1-1)+ 21 -a)ll(Lo+ N —1-2)+ 2(1 - )] <x TG La

(8P +1)
(Lo+N—-t-1)+5(1-a)

@A(UO—L0)+ <[(L0+N—t—1)+é(l—a)][(Lo+N—t—2)+é(l—a/)—é].
Jz H 7 H

By substituting the values of Ly and Uy into the above inequality, we know that the condition

N B+ 1) A N-1 N-1

= +1+ —== <—+1_ -t -

H a atia 1 M a a
is needed to guarantee 1’ (Lo, Up, ) < §5(L0, Uo,a). Ifr+1< %N— simple algebra shows that the left hand

N-1

side is no greater than %2:_3 2 T A g ]1\] 01 + (6 m)z. When
N > 4, the inequality holds regardless of the value of and a because 2 + Y=L (N 1). Noting that
s + t is constant in the iteration, the condition # + 1 < 6 1 — L requires s + 1 < %% as well. Therefore,
£i(Lo, U, @) < ! (Lo, Up, @) and hence Uy < Uy if s < 6 = 01 and N > 4. O

As one can see, 17 and ¢! are defined using recursive equations that are similar to (12)) for Aa(K - t)’s,

t =0,1,---,K except that the unknown variables in are replaced by their known bounds, e.g, K(«@)
— - ; t

by L or U, a(K) by a, a(K —t) by a or « LN+ A1) etc. On the one hand, the expressions of 75
and ! better resemble the recursive formulation of the actual Aa(K), leading to better approximations, as



more iterations are applied. On the other hand, the replacement of the unknown actual variables with their
bounds introduces additional errors with each iteration, which may lead to a deterioration in the quality of

the generated bounds. In particular, such relaxation errors could be significant for the upper bounds ¢!’s
(t+DA/p

[L+N-1-1+5(1-@) P[L+N-1-2+ 5 (1-a)]’

larger and larger relaxation errors are introduced with each iteration). We observe that the net effect is that

because one of the approximate term, is increasing convex in ¢ (i.e.,
the upper bounds (L, U, @)’s may deteriorate with additional iterations when many iterations have already
been applied and the bound is already very close to the actual Aa(K(w)). This does not happen to the
lower bounds because the unknown variables in their expressions are replaced by the parameters that remain
constant over iterations. Thus, the ng(L, U, @)’s always increase (improve) over iterations. An illustration of

this effect is presented in Figure 3]

T
I —— U I
270 1 : — K(a) !
N |
i - K@) i
268 | L, I
[ |
| I
2664 ! I
| ]
! ]
264 - N /
262 1

0 25 50 75 100 125 150 175 200
s

Figure 3: The lower and upper bounds as a function of the number of iterations (¢ = 0.9, A = 200, u = 1,
and N = 10)

Proof of Proposition 3] According to the definition of L, and Uy, it is sufficient to prove the following

results.
1. For fixed N and any finite 5,7 > 1, Ah—>no1+ %n?(LO, Up,a) = Ali_)n(}+ %{; (Lo, Uy, @) = 0.
2. For fixed N and any finite s,¢ > 0, Alim %né(Lo, Up,a) =1—-a*, and Alim %(f(LO, Up, @) = 1.

3. For fixed A and any finite 5,7 > 1, Al/im %ng(Lo, Up, ) = Alin&+ %g’S’(LO, Up, ) = 0.



4. For fixed A = % and any finite s, > 0,

A, ;%(1 - a) ﬁa/ g
]\}ll)noo ;nS(LO’ Up, @) = m 1-1— , and

a 1 A s
A (l—a) Lo
lim = (Lo, Up, @) = + T ~ .
Wt e (e (o) ey

5. For fixed A > 0, N > 1, and any finite s,¢ > 2, lim A7]§(L(), Uy, )1% = hm g“S(Lo, Uo,a/)l = 0.
Fors =1, hm 7)1(L0,U0,a/)1 ~ =0and hm g’l(Lo,Uo,a/)1 4 = % N

(N-12°
These results can be proven by induction for s = 1,2, - -. Noting that
A N-1 A A N-1
Lo—t:—a/+u—t, Lo+ N-t-1+—(1-a)=— -,
u -« u u l-a
A N A A N
Up—t=—a+ @ +1 -1, and U+ N+—(1-a)=—+ +1,
H - U J7
we know that (1) as A — 0, [{in})Lo =0, /{in})Uo =1;2)as A — oo,
A A A
Ly—t=—a+0(), Lo+ N—-t-1+—(1—-a)=—+0(),
H H H
A A A
Uyp—t=—a+0(), and U+N+—(1-a)=—+0(1);
H jz 2
(3)as N — oo,
N A N
Lo—1=—2 1o, Lo+ N—t-1+2(1-a)= +0(1),
1-a J7i -«
N A N
Up—1=—2 +0(1), and Up+N+—=(1—-a)= +0(1);
1-a u -«
(4)as N > coand A = NA,
A 1 A A 1
Lo—t=N|—+ a+ 0(1), Lo+ N-t—-1+—(1-a)=N|—+ +0(1),
u l-a u u l-a
A 1 A A 1
Uy—-t=N|—+ a + O(1), and U+N+—(1-a)=N|—+ + O(1);
u l1-a u u l-a
and (S)as @ — 1,
N-1 N-1 A N-1
Lo—r=T =D o) = +0(1), Lo+N—-t-1+—(1-a)= +o(1),
-« -« u -«
N N A N
Up—t=—L 10(1) = +0(1), and Up+N+2(1-a)= +0(1).
-« -« u -«

The proofs for regimes 1, 2, 3, and 5 can be completed using induction by applying the above limits to the



definition of n% and £!. Here, we only provide the detailed steps for regime 4, the case that requires most

involved expressions.

e Fors =0, %776(110, Uy,) = 0 and l%g“é(Lo, Uo, @) = 1, which satisfy the induction hypothesis for all ¢.

* Suppose that the results hold for subscript 0,1, - - ,s — 1 for all ¢, then

1 1 /11 1 1 I%(]—a) 1 ﬁa sl
7B R Rl ri 2l wrw vy il e

l-a

4 1y
G+ 1)

41 —a) dg \*
= 1# A 1- 1ﬂ P
+p(1—al) m+/7

1-a

4 1 /1] A 1 ﬁ(l—a) 1% ﬁa/ s—1
-+ G+ e | s Y T o

(I-a) " (I-a) " p
G+ eV
Mo ()
+ .
1 A 1 A A
Ta tal-0) Ty +il-a "

A
lim —n’(Ly, U =
Ngnw#ﬂs( 0, Uo, @)

’

. A
]\}gnoo ;g;(LO’ UO, a’) =

Proof of Proposition 4l We prove the result for all s = 0,...,Ly — 1 where (Ls,U;) is well-defined in
Corollary 1} We only consider the non-trivial case where Ly > 1, i.e., (% + %)a > 1. By comparing the
expressions of (I3), (I4), and (13), it suffices to prove that

1
n;(LO’ UO9 a) < ﬁ < §£+1 (LO’ UO’ (Y) (22)
(- " u

holds for all s > 0 and ¢t > 0. We prove by induction on progressing index s as follows.

-1
* For s = 0, n{(Lo,Up,@) = 0 < [(1_%)2 + /%] < k= n(’)“(Lo, Uy, @), which satisfies the induction

hypothesis.

* Suppose that (22)) holds for subscripts 0,1,-- - ,s — 1 for all #, we then examine whether it holds for
subscript s. We know by definition that

o oy N S(1-a)+ Logn,_,(Lo, U, ) ;
775( 0> 0,0{) - N_ 1+ A)z an
1-a I

(N=1)+8[1—a+

s

-2 _1\A 2
(L()+N—2)+%(1—(l)] + (U() 1);,‘; _I(L()’ UO,CY)

1 —
{s(LO’UO’a’)_ Z]V_—a}_1+é).(IIVT—1_2+A)
M a H

10



-1
By simple algebra, the former is smaller than [# + %] if
A N A A N A
Lo—n' (Lo,Upa) = 1| [ ——=+ =] < (— + —)(—a +2) + 1
ot o o) - 1| [+ 2] < (B ) Bav
-1
the latter is greater than [# + %] if
A, v oA 8lEs e A N1 A oA No1
(Uo—1)=¢2_ (Lo, Up, @) | 2+—] —~ N> (—+ )—a—(—+ )3+—)+2
U (I-a) p & ! Hol-a’p po1- @

Both of these conditions hold because

o LA 77s 1 (Lo, Uo, cx)[ ot A] < Lo (A + N__al ) %af by the induction hypothesis for subscript

i 1
s—1.

o (Up-1)y 272 (Lo, Uo,a)[(1 ot %] > (Up — 1)% = (% + %)%a by the induction hypothesis
for subscrlpt s—1.

o —(% + DB+ +2<-13+ 1)+ 2 <0because (% + M¥=1) > 1 in the non-trivial case.

-1
Therefore, we obtain 7%(Lo, Uy, @) < [# + %] < {N(Ly, Up, @). Since n' (Lo, Uy, @) decreases in

-1
t and ¢! (Lo, Up, @) increases in ¢, we further obtain n%(Lo, Uy, @) < [(1 iy ] < YLy, Ug, @)

for all + > 0. The induction is completed.

Proof of Proposition [5] The proof is trivial according to (I3)). o

Proof of Propositionﬁ By the monotonicity of a(K) and (8], we know that Igim a(K) exists and equals to

1. By (8), we know that
(N-1)+2 a1 —a(K-1)]
1 -alK)= (23)
(K+N—1)+ [l—a(K—l)]

If N > 1, then

K—oo

{(N—1)+§[1—a(1<—1)] K

. K| .
éf‘m{[l_“(K)]Nq}‘ lim N-1 (K+N—1)+A4 [1—a(K—1)]}

11



If N = 1, by (23), we know

AN—1
1 K

1+ for all K 24
1—a(K) 1—a'(K—1) or all X, and 24

A A

1 " Al 1 H A

+ =K(— + , forall K # 2. 25
—o® k-2 ) \Traw D K—%) orall K # 5 (25)

On the one hand, let w(K) := K(A)‘lw(K— 1) be recursively defined with w(1) := #(1) = (%)‘1(1 + '%).
Then, w(K) = (K')( YK+ A) and — == I(K) > w(K) for all K > 1 by comparing (24)) and the definition of
w(K) via induction. Th1s implies that l—a( o = > (K !)(%)‘K 1+ %), and hence

K—o

limsup{[l —a(K)](K!)(é)_K} < IA < 1. (26)
H 1+ m

On the other hand, for any k > /% let o*(K) := K (%)‘I(Dk(l( — 1) be recursively defined for all K > k,

~k i —k AV\-K T ’f* —k i
where @ (k - 1) = m . Then, @ (K) (K')(}_t) W, and @ (K) > = Q(K) + _IA,
for all K > k by comparing @ and the definition of @*(K) via induction. This implies that

A (k= D15y~ *=D S —aK)] (k=5 *Y
nmmf{[l —a(K)](K!)(—)-K} > liminf L 1+ £ = — >0. (27)
K—oo M K— 1 I K - A I
oD % g =T oy

Let k — oo, we obtain

(k= sy limsup i1 = etk = D1k = Drdyn)

k—o0

lill(n—jorlf{[l - a/(K)](Kv)( )" K} > lim sup 2 Aot
k=0 m M lim inf{l + "—}

,E k—o00 k‘%

k—o0

= lim sup {[1 - a(k)](k!)(%)_k} :

which suggests that

lilgn inf {[1 - a(K)](K')( ) K} = lim sup {[1 - a(K)](K!)(%)_K}

K—oco

and I}im {[1 - a/(K)](K!)(I%)‘K} exits. Its value lies in (0, 1) due to (26)) and (27). m|
Proof of Lemma [d, The proofs of properties 1 and 2 are straightforward. Property 1 obviously holds

because the recursive equation (8) depends only on the ratio of A to u. From (@), we can also easily prove,

by induction, that @(K, A, u, N) decreases in N, which immediately yields property 2.

12



If 8) is extended to be appropriately defined for real-valued K, then K(@) can be re-defined as the
continuous inverse of @(K) such that K(a) := {K : a(K) = «}. In this case, (9) holds for real-valued K,
which yields

K@) =2a+rv-1n—2 i A Aa(K(a)).
7 1-a

ul—a

By Lemma[3]and the proof of result 2 of Proposition [3| we obtain
A A A
1-a®= lim —n?(Lo, Up, @) < —Aa(K(e)) < lim —N Lo, Up,a) = 1,
A—oo M A—oco U

which, by letting s — oo as A — oo, proves that Alim {K(a, A\, u,N) — (%a + N1Z)} = 0. This result is

sufficient to guarantee property 4.

The proof of property 3 is more involved. Note that the recursive equation () depends on the 4;’s only
via A and the y;;’s only via u. Therefore, balanced systems with the same total arrival rate and overall
average rental time have the same performance even though they may have different 4;’s, y;;’s, and rental
time distributions. This implies that it is sufficient to prove that property 3 holds for a symmetric system
where each region has the same demand rate A and each customer has the same exponentially distributed

rental time with mean ll‘ We may also further restrict the routing matrix P as follows:

1, ifj=i+1,
pij =11, ifi=N,j=1,

0, otherwise,

which implies that a vehicle picked up at location i is dropped off at location i + 1 when i < N and vehicles
picked up at location N are dropped off at location 1. A graphic representation of this cyclic network is
shown in Figure ] We use the notation X; and ¥; to denote the number of vehicles at location i’s pick-up
queue and transit queue respectively. In this network, the throughput of all the queues are the same and we
use the notation fy(K) to denote the throughput rate per location when the cyclic network has K vehicles
and N locations. This throughput is a concave function of K for any N (a result we use below) since the total
throughput of a closed Jackson queueing network is nondecreasing concave in the number of items in the
network (Shanthikumar and Yao|(1988])).

2@ _a @ 0@
— MO—o—_TO—o——_JO—o
O Ol O

Figure 4: A cyclic queueing network representation of a one-way vehicle sharing system
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Next, we describe a network aggregation procedure due to [Chandy et al.|(1975)) that we will deploy in
our proof. Consider a closed queuing network with exponential service queues. A subnetwork o is a subset
of queues in the network such that items enter this subset through only one starting point and exit it through
only one endpoint. For example, the transit queue 2 and pick-up queue 2 in Figure | constitute a subnetwork,
while the transit queues 2 and 3 do not. A reduced network with o “shorted” is a modification to the original
network in which the service times of all the servers in the subnetwork o are set to zero. Let T(K) be the
throughput rate passing the endpoint of the shorted subnetwork when there are a total number of K items
in the reduced network. Then, we construct an equivalent network with a composite 0 by replacing all
the queues in the original network, except those in the subnetwork o, by a single composite queue which
has a state dependent service rate T'(k) when there are k items in its queue. That is, the equivalent network

consists of the queues in the original subnetwork o and a single composite queue.

Lemma 7 (Theorems 1 & 2 of Chandy et al.|(1975))). The behavior of o in the equivalent network is identical

to that in the original network, i.e., they have the same queue length and queue time distributions.

For our cyclic network with 2N queues and NK items (see Figure[]), we propose the following aggregation
procedure, consistent with the procedure described above, to construct an equivalent network with N
indentical queues and NK items. Specifically, we sequentially aggregate, starting with location 1, the pickup
and transit queues into a single queue (see Figure [5] for an illustration). The resulting equivalent network
(with the same throughput per location) has N identical queues, with each queue having a queue-length
dependent service rate function f(-). Let Z;,i = 1,2,---, N denote the length of each queue in the equivalent

network. By definition, the total throughput of the equivalent network can be derived as

N
[P(Z1.20, . ZN) Y R(Z0)],
i=1

Zl+Zz+~~~+ZN:NK

which equals the total throughput rate of all pick-up queues in the original network, yielding

N
Nfn(NK) = Z (P(Z1, 25, - ,ZN)Zfl(Zi)]
i=1

Z1+Z2p++ZN=NK

< D [P@uZ ZNNFK))
Zl+Zz+~~~+ZN:NK

=N fi(K),

where the inequality holds by the concavity of fi(-) and Jensen’s inequality. Noting a(NK,NA, u,N) =
w and a(K, A, u, 1) = Jw, we have a(NK,NA, i, N) < a(K, A, u, 1). O
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Figure 5: A graphical illustration of the aggregation procedure

Appendix B Dimensioning Unbalanced Networks

In this section, we derive recursive equations for unbalanced networks that are analogous to (8] for balanced
networks. These equations allow us to efficiently compute the average system performance and determine the
optimal fleet size, though not yielding closed-form expressions. We discuss how in an unbalanced network,
the problem of determining a fleet size that guarantees a specified service level at each location may not have
a feasible solution. That is, even with an infinitely large number of vehicles, it may not be possible to achieve
a target service level (if this target is sufficiently high) at each location; these results are due to (George and

Xial (2011) and we refer the interested reader to their paper for more details.

First, note that the network continues to be a BCMP Network. Therefore, the stationary distribution of
system states can still be obtained via (I))—(3)) and used to compute various performance measures, including
throughput at each transit and pickup queue, total system throughput, and service level at each location. Note
that because A; = ) ; 4;p;; does not hold for all 7, the service level induced in steady state by a given number
of vehicles is no longer the same at different locations. Hence, the dimensioning problem becomes one of

finding the smallest number of vehicles that guarantees that the smallest service level is greater or equal than
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the specified target service level. As in the case of a balanced network, this approach requires significant

computational effort and lacks interpretability.

Mean value analysis can alternatively be used. This requires some modifications from the balanced
system case which we describe next. Let r;; be the proportion of effective rentals that originate in location i
and terminate in location j when there is only a single vehicle in the system (i.e., K = 1) and let r; = .Z rij-
From the point of view of this vehicle, its transitions between locations, regardless of the lengths of s{ae}‘fi are
governed by the transition probabilities p;;. Therefore, the 7;’s are the steady-state probabilities of a discrete
time Markov Chain with transition matrix with elements {p;;} (which can be easily computed by substituting
v; with r; in (3)) and requiring _Z ri = 1), and r;; = r;p;;. Noting that the above argument does not involve the
lengths of stay which dependl f)‘r/l the demand rates and the number of vehicles, it applies to each individual
vehicle even when there are multiple vehicles in the system. Therefore, the proportion of effective rentals
that originate in location i and terminate in location j in a system with K vehicles always equals r;; regardless
of K, ie., i)

know that r; = 3 r;; = 2 rj;. Thatis, r; is the proportion of effective rentals that originate in location i
jev jev
and also the proportion of effective rentals that terminate in location i.

= r;;. From the balance equation of the above-mentioned single-vehicle Markov Chain, we

Noting that equations and (9) also hold for unbalanced networks and that the first equality of (6]

remains valid leads to the following modified version of (6]

B0 = (k) B DL T - i) 28)
and
ZE X:(K)] —V(K)Z{ (1+EX(K—1)])} (29)
Substituting (5) into (29) leads to
KAu
K) = 30
M= A+t A 3 (FEX(K = D) ¢

where A := (.ZV ) and p= ( ZV ;’—1’1)_1 By letting E[X;(0)] = 0, equations (30) and (28] hold for
K > 1, and eZn be used recursivle{; to compute the throughput rate v(K) and to do so efficiently (note
that, as with a balanced network, the computational effort does not depend on the state space). Having
obtained v(K), other performance measures can be derived, including V,'(K ) = riv(K), vij(K) = rijv(K), and
a;(K) = ‘%{Q (a;(K) can also be rewritten as a;(K) = V(K ), where 2t - is independent of K), which implies
that ;(K) > a;(K) if an only if ’—"_ > /rl—’

LetB={ieV: T =% V j € V}denote the set of locations with the largest ratlo =+ (because the system
is unbalanced, not all the ratlos can be equal and the set B is a proper subset of V). Let al(OO) = 1<hl>noo a;(K)

and define similarly v;(c0), E[X;(c0)], and E[Y;;(c0)]. The following proposition describes several useful
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properties of unbalanced systems, including asymptotic results as K becomes large.

Proposition 7 (Reproduction of Theorems 1 of |George and Xia| (2011)) with Minor Extension). []

(i).
(ii).
(iii).
(iv).
(v).

a;(K), vi(K), E[X;(K)], and E[Y;;(K)] increase in K, foralli,j € V.
;(00) = 1 and aj(c0) = B4 < 1, foralli € B, j €V \ B.

Ajri

vi(c0) = A; and v;(co) = j—fj/l,- <, foralli€ B, jeV\B.

E[X;(c0)] = o0 and E[Xj(c0)] = 12, < oo, foralli € B, j € V \ B.

E[Y;j(e0)] = “LL oy (co), for all i,j € V.

Proof of Proposition |7} We prove results (i)—(v) in sequence.

().

@ii).

(ii).
@iv).

It is easy to prove by the coupling technique that v(K), E[X;(K)], and E[Y;;(K)] increase in K. Because
vi(K) = r;v(K) and ;(K) = #, they increase in K as well. Since @;(K) is bounded above by 1, the
limit I}im a;(K) exists.

aj(K) _ rj/l[
ai(K) — Ajr;?’

Moreover, by the expression @;(K) = /rl—fiv(K ), we know that Vi,j € V, K > 1, and hence

@;(K) > a;(K) if an only if - > ;_J,

Because v(K) is bounded above by A, we know by (30) that I;im Y (£E[Xi(K — 1)]) = co. There
—®jey
must exist at least one i’ € V such that Igim E[X/(K — 1)] = . Noting that equation (28) can be

written as
E[Xi(K)] = ai(K)(1 + E[X;(K - 1)]), (31)

we must have a;(o0) = 1 since it will lead to a contradiction otherwise. According to result (i), we
know that this i” must be in B. Otherwise, @;(c0) is greater than 1 fori € B. Thus, we have @;(c0) = 1,

4 1,VieB,jeV\B.

rj
/lj ri

and hence aj(c0) =
This result follows directly from result (ii) and the expression v;(K) = «;(K)A;.

We prove by contradiction. Since E[X;(K)] increases in K, it either grows unboundedly or converges
to a finite value as K — oo. If Igim E[X;(K)] = C < oo for some i € B, then by letting K — oo on
both sides of we have C = 1 + C, leading to a contradiction. Thus, Klim E[X;(K)] = oo for any
i €B.

Because Klim @;(K) < 1forj € V\Band E[X;(0)] = 0, it is also straightforward to see from (31)) that
Jlim B[X;(K)] < co. By letting K — oo on both sides of (3T), we have lim E[X;(K)] = % < oo,
VjeV\B.

7The proposition recasts Theorem 1 of George and Xia|(201 1)) using our notation and it extends by including v;(c0) and E[X;(c0)].
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vij(K) _ vi(K)pij _ ai(K)A;pij

(v). By Little’s Law, E[Y;;(K)] = o i

O

Proposition [/| shows while some location(s) can have arbitrarily high service level as the total number
of vehicles increases, the service levels at other locations are bounded by specific thresholds. That is, it is
impossible to achieve service levels above these thresholds even with an infinite number of vehicles. The
average numbers of vehicles at locations in V \ B and in transit are also bounded by finite fixed thresholds
(no matter how large is the total number of vehicles) and so are the associated throughputs. These results
are illustrated for an example with two locations in Figure [6] Figure [6] shows how even modest differences
in the relative popularity of locations (either as origins or destinations) can lead to significant differences in

the achievable service levels at these locations.

Iy
|

| 4=0.60 (o)

0.8

0.67

0.6

0.4

0.2

0.8

0.6

0.4

0.2

| ap(K) capped by 0.67

|
v

an(00)

0.0 0.0
(I) 2‘0 4‘0 6‘0 8‘0 l(I)O léO l;10 OTS 0.‘6 0i7 0j8 0.‘9 ITO
K ¥

(2)y =06 (b) K =0

Figure 6: A two-location unbalanced network with A} = A, = 50, u;; = 1, p11 = p21 =y, and p12 = ppo =
1 —7.

The intuition for the results is as follows. Note that in an unbalanced network, locations may be more
popular as an origin or as a destination. The popularity of a location as a destination relative to it being an
origin is indicated by the ratio ;—"i, which is referred to as the relative utilization of the location by|George and
Xial(2011). In the long run, vehicles accumulate at locations that are most popular as destination (relative to
their popularity as origin), i.e., with the greatest /rTl, These locations are referred to as bottleneck locations of
the closed network. In this case, the supply of vehicles the non-bottleneck locations receive depends on the
bottleneck throughput rates, which are bounded by the demand rates at the bottleneck locations regardless of
the fleet size. Therefore, no matter how large the fleet size is and how many vehicles are initially provisioned
to non-bottleneck locations, a large (majority) number of the vehicles will later accumulate and stay idle at
the bottleneck locations, guaranteeing an arbitrarily high service level there and at the same time making the

service levels at non-bottleneck locations bounded by specific thresholds in the long run.
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Appendix C An Application: Optimizing the Service Level

In this section, we briefly illustrate how the minimal fleet size approximation in (I3) can be embedded in an
optimization problem. In particular, we illustrate how the service level can be endogenized by letting it to
be a decision that the service provider makes. We do not intend this to be a full treatment of the problem,
but simply an illustration of the usefulness of an approximation in supporting operational decision making

and in obtaining additional managerial insightg%]

Let r denote the price the service provider charges for each rental per unit time the vehicle is rented. Let
also ¢ denote the cost of a vehicle per unit of time (this cost may include the amortized purchase cost of the
vehicle as well as its operating cost). Assume ¢ < r (otherwise offering the service would not be profitable)
and assume that the network is balanced. The service provider’s profit maximization problem can be stated

as follows:

1 .
max, (@) = max, {rA—a/ —cK(a, A, N)}
U

rAa A
maxg, 4 —— — ¢
u

+ [0
@ LA -a)

A
2ar(N-1)-2
H 1-

} . 32)

Proposition 8. n(«@) is concave in a. The optimal service level, a*(N,A), is unique and has the following
properties:
rA

1. a*(N,A) > 0ifand only if c < ————;

A _
§+N 1+N”JrA

2. for fixed A, a*(N, A) decreases in N and léim a*(N,A) =0;
3. for fixed N, a*(N, A) increases in A and Alim a*(N,AN) =1; and

4. for % = A, a*(N,A) decreases in N. If 1 < :T”L then a*(N,A) > 0 holds only for N <

Wm; otherwise, a*(N,\) > 0 holds for any N and A}linoo a*(N,A)=1- ‘/(rf’z_)/l.

[S)

The proposition shows that the problem is concave and, hence, admits a unique solution. Property 1 in
the proposition provides a necessary and sufficient condition for the service provider to realize a positive
profit. Property 2 shows that, all else being equal, there is a tradeoff between location density (number of
locations) and service level. Property 3 shows that, perhaps surprisingly, increased demand does not lead to a
deterioration in the service level but instead to an increase (because of the pooling effect, the service provider
makes additional investments in vehicles resulting in a higher service level). Property 4 shows that there is
a tradeoff between the size of the service region (where an increase in demand requires an increase in the

number of locations) and service level. If the demand density (average demand per location) is sufficiently

8]t is possible to consider other problems, including determining location density (the optimal number of locations for fixed
demand), sizing of the service region (optimal demand level), and service pricing (optimal price to charge).
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large, then the firm is always profitable no matter how large the service region is; otherwise, the firm is

profitable only when the number of locations is sufficiently small. The underlying reason why the limit exists

is that, as N — oo, the correction term By(1 — #) approaches the standard buffer By and the minimal fleet

size reduces to %af + (N = 1)7%,. That is, buffer capacity (N — 1)

@
l-a

is sufficient to protect against both

vehicle roaming and randomness in demand and service times (see also the discussion in Section[6). These

results are illustrated graphically in Figure[7]
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Proof of Proposition (8 Since
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n(a) is concave in @ and the profit maximization problem has a unique solution @*(N, A). Furthermore, the
first order condition

v A A ! CRU
A o 33
() r’u C[u+(N )(l_a*)z+[li*+%(l—a*)]2] "

is satisfied if a*(N, A) is in (0, 1). Next, we prove properties 1-4.

(1). Noting that the concavity of 7(a) and that 7(0) = 0, the solution a*(N, A) is non-zero if and only if

0 =1 e v -
7r(0)—r’u C[,u+(N 1)+NM+A]>0. (34)
(2). Since
92 N+ (5P =a)® + (£)(1 = a)* BN — 1 =2a) + N(3)(1 = @)’ (3N — 1 + 20)
(@) = —c <0,
dadN (1-a?[N +5(1-a)?P

the profit function is submodular in (@, N) and hence the optimal service level a*(N, A) decreases in

N. Moreover, we know by property 1 that ¢*(N,A) = 0 when N is sufficiently large.

(3). Note that

A 1+2a 2 12«
NALZe N2 =l

[+ 21—

0%
0adA\

(@)=r-c-c

By property 1, a*(N,A) > 0 and hence the first order condition (33) holds at a*(N,A) when A is
sufficiently large. In this case, by substituting (33)) into the above expression, we know

($’NGN =2 -4a")(1 = a") + N*(N = D

+(APN1 - ") + 34N> (N - 1)

daon " TAI -y [ + 41— a")P

which implies that a*(N, A) increases in A and Alim a*(N, A) exists by the monotone convergence
theorem. If @ = Alim a@*(N,A) < 1, then (33) fails when A is sufficiently large, which causes a

contradiction. Therefore, @ = lim a*(N,A) = 1.

A—o0

(4). When % = A is held fixed, the first order condition and the partial derivative %(a; N, ) can
be rewritten as

#(1 a )2
_0 (35)
e

NA 1
w@sH ) =l e (N‘”u_a*)”[]_m

21



and

By substituting into %(a; N, 1), we know

2 c %‘(1 +2a) + —(1_10)2
(@";N,A) = —— <
0adN N[L + ﬁ(] —@)2(1 - a)?

1-a

Therefore, a*(N, A) decreases in N when % is held fixed.

Given % = A, the firm earns a positive profit if and only if (by rewriting property 1)

CH
U+’

A A
Nr——-c——-c¢)> -
T

2
. cu
whick holds for N < -0 =D

r-c

Al/im a*(N,A; % = A) exists by the monotone convergence theorem. Let N — oo in equality , we
. . % _ cu
obtain Al/linooa (N,NA)=1- ,/(r_c)/l.

if A < & and for all N > 0 otherwise. In the latter case,
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Appendix D Additional Discussion of the Single Location Case

D.1 A Correction Term

Recall that per Proposition [6] our approximation has a minor shortcoming when N = 1 since it does not
approach infinity as @ — 1. Thus, a question that naturally arises is whether we should add a correction term
(a fourth term) to our approximation (I3) for N = 1 to ensure that the approximation is consistent with the
fact that the minimal fleet size grows to infinity as @ approaches 1. If we do so, this correction term would
be noticeable only when N = 1 and « is nearly 1. Note that such a term cannot be expressed in algebraic
form because it grows slower than m forany 6 > 0 as @« — 1 per Proposition@ In most practical
cases, adding this correction term would not be necessary. Extensive numerical experiments confirm that
the correction would be small for @ < 0.99 no matter how large A is. The largest value for the difference
|K(a, A, i1, 1) = K(a, A, 1, 1)| is 31.97, which is observed to occur when '% = 1826 and @ = 0.99. In this case,
K(a, A, pu, 1) is very large so that the percentage error is rather negligible. If we were to restrict our attention

to @ < 0.95, the largest gap reduces to 6.90.

It is important to note that most of the existing approximations in the literature share a similar limitation.
In particular, neither nor (H.40) increases to infinity as @ — 1 (i.e., even the best approximations in

the literature suffer from this relatively minor drawback).

If a correction term must be included, we propose adding the following term:

N N A

KA N) = In(1 + ) n(1 + @)t (LK)
M —= +

(1-a) H

resulting in a modified expression for K (a, A, u, N) given by:

=|>

a

(I-a)

N A
R, A N) = 2o+ (N- )2 ¢ + k(@A N). (36)
U - Ay

= >

Note that «(a, A, u, N) satisfies the property that it grows at a smaller rate than that of any power series
O((1 = @)™%) for § > 0. It also satisfies the property «(a, A, 4, N) — 0 under the five regimes considered in
Proposition [3|and k(a, A, p1,1) — o0 as @ — 1.

For the same numerical example considered in Section@](i.e., N=1lLu=1A=1ii=1,---,1000,
and @ = 0.03j, j = 1,---,33), we find that our modified approximation (36) (with a mean absolute error of
0.86 and a relative error of 1.02%) is comparable to the best one, (H.40) (with a mean absolute error of 0.64

and a relative error of 1.15%), from the literature.
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D.2 Comparisons with the Approximations of the Inverse Erlang loss formula in Berezner
et al. (1998) and Harel (2010)

In this section, we list notable approximations of the inverse of the Erlang Loss formula derived by Berezner
et al.| (1998)) and Harel| (2010). For ease of reference, we rewrite these approximations using our notation,
and add an initial “B” to equation numbers when we refer to expressions from [Berezner et al.|(1998)) and an
initial “H” when we refer to expressions from [Harel| (2010). Using the same numerical examples used by

Berezner et al.|(1998)) and Harel| (2010), we compare the performance of our approximations against theirs.

Bounds from|Berezner et al.|(|1998):

A 1

Kla, A1) < —a + , (B.5)
U l-«a
A

K(a,A, 1, 1) > —a, (B.6)
u
A 1 3 A 2 A

K@ Auwl)> 2o+ (—— 1) - —H _4ue + 2al, and (B.21)
u l-a A - a)3 l-a u

K(a, A, 1, 1) > max{(B.6), (B.21)}. (B.621)

Bounds from|Harel (2010):

A 1 A A
K(a, A, 1) < | — + (=21 -a)l+4—1-a)|a, K=2,A>0, (H.35)
2 2(1-a)\ u H
A A 2
A1 3A 4+ g -a)-1]
K(a,A,u,1)>—————(1—a)+\/ R , K>1LA>0, (H.36)
u 2 2u 2
A 2+%(1—a/)
K(a, A\, p, 1) = —a—, and (H.39)
41+ A1-a)
u
A A A A
Ka, A1)~ — =2—(1—a) =1+, [(—)?(1 -a)?+2— +1. (H.40)
TR p u

We first compare our approximations (13]) and (36) against those inBerezner et al. (1998) using the same
numerical example considered in their Table 1. Since Berezner et al.| (1998)) prove that their bounds are
strict, they use a strict ceiling of and a strict floor of (B.3)) as the lower and upper bounds for K (),
respectively. The results in Table [2] show that our approximations and (36) consistently perform better
than and (B.5).

Next, we provide comparisons against those in/Harel/(2010)) using the same numerical example considered
in their Tables 2, 3, and 4. Noting that Harel (2010) treats K as a real value K, we follow their setting and

keep decimal parts in our approximations. One can see that all the approximations (ours and theirs) perform
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: 2 EE) ke B K1 GO

1000 991 1029 1089 999 1011
10000 9901 9970 9999 9950 9954
0.99 100000 99070 99092 99099 99090 99091

1000000 990097 990099 990099 990099 990099
10000000 9900099 9900099 9900099 9900099 9900099

1000 1000 1072 1998 1000 1034

10000 9991 10170 10989 10000 10030

0.999 100000 99901 100293 100899 99991 100010
1000000 999001 999697 999999 999500 999507

10000000 9990700 9990925 9990999 9990909 9990910

Table 2: Comparisons with the approximations in Table 1 of |Berezner et al.|(1998)

well when « is not too close to 1. When « is small, all the approximations produce exact values. Significant
gaps are observed for the approximations when a@ = 0.99 and for some when @ = 0.9. We further look
into the case of @ = 0.99 for different values of % First, (H.35) significantly overestimates the exact value
for @ = 0.99. When % =10 and @ = 0.99, (H.39) performs the best. When I% = 100 and @ = 0.99, our
approximation (36) performs the best. When % = 1000 and @ = 0.99, performs the best.

A

¢ ([HI) Bact ({HAD) (EH3)  (H3) k@
0.99 36.65 17.44 13.38 18.90 12.54 10.00 21.40

0.90 14.56 12.53 11.69 13.50 11.16 9.82 13.51
0.80 10.93 10.27 10.00 10.67 9.70 9.14 10.91
0.70 8.85 8.58 8.48 8.75 8.32 8.11 9.06
0.60 7.24 7.12 7.08 7.20 7.00 6.92 7.47
0.50 5.85 5.80 5.78 5.83 5.74 5.71 6.04
0.40 4.58 4.56 4.55 4.57 4.53 4.52 4.72
0.30 3.38 3.37 3.37 3.38 3.36 3.36 3.47
0.20 2.22 2.22 2.22 2.22 2.22 2.22 2.28
0.10 1.10 1.10 1.10 1.10 1.10 1.10 1.13
0.01 0.11 0.11 0.11 0.11 0.11 0.11 0.11

Table 3: Comparisons with the results in Table 2 of [Harel| (2010) for [AI =10

Hence, none of the approximations consistently outperforms the others when @ = 0.99. In general,
(H.40) and (36) provide the best performance. While (H.40) and (I5) appear to underestimate the exact

values, (36) overestimates by a very small amount except for the case of @ = 0.99. In summary, all the
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A

a  (H3D) Exact  (H40)  (H3%)  (H36) K (E16)

0.99 160.19 116.88 111.21 148.50 108.00 99.98 114.64
0.90 98.24 96.25 96.35 98.18 95.47 94.50 96.55
0.80 83.82 83.42 83.52 83.81 83.29 83.20 83.81
0.70 72.26 72.14 72.18 72.26 72.11 72.10 72.36
0.60 61.46 61.42 61.44 61.46 61.41 61.41 61.54
0.50 50.98 50.96 50.97 50.98 50.96 50.96 51.03
0.40 40.66 40.65 40.65 40.66 40.65 40.65 40.69
0.30 30.42 30.42 30.42 30.42 30.42 30.42 30.44
0.20 20.25 20.25 20.25 20.25 20.25 20.25 20.26
0.10 10.11 10.11 10.11 10.11 10.11 10.11 10.12
0.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01

Table 4: Comparisons with the results in Table 3 of Harel (2010)) for ’% =100

N

o @\ Bac @A) (EI)  (H3) K 9)
0.99 1080.69 1028.85 1024.84 1080.00 1016.44 999.00 1010.40
0.90 908.91 908.32 908.55 908.91 908.24 908.18 908.60
0.80 803.98 803.91 803.94 803.98 803.90 803.90 804.00
0.70 702.33 702.31 702.32 702.33 702.31 702.31 702.35

0.60 601.50 601.49 601.49 601.50 601.49 601.49 601.51
0.50 501.00 501.00 501.00 501.00 501.00 501.00 501.01
0.40 400.67 400.66 400.67 400.67 400.66 400.66 400.67
0.30 300.43 300.43 300.43 300.43 300.43 300.43 300.43
0.20 200.25 200.25 200.25 200.25 200.25 200.25 200.25
0.10 100.11 100.11 100.11 100.11 100.11 100.11 100.11
0.01 10.01 10.01 10.01 10.01 10.01 10.01 10.01

Table 5: Comparisons with the results in Table 4 of Harel (2010)) for /% = 1000

approximations in [Harel| (2010) and our approximations (I5)) and (36) perform well as long as « is not too

close to 1.
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