Appendices to “Impact of Social Interactions on Duopoly
Competition with Quality Considerations”

The appendices are divided into two parts. We present the proofs for the main model under the
committed pricing scheme (Section 4) in Part A. In Part B, we present the additional findings and
proofs for the results under the dynamic pricing scheme (Section 5.1). Table 1 below summarizes

the notations used in the paper.

Table 1 Summary of Notations

Symbol Description

“M”  the scenario of committed pricing with MEE
“VC”  the scenario of VEE-C under both committed pricing and dynamic pricing strategies
“VP”  the scenario of committed pricing with VEE-P
“DM”  the scenario of dynamic pricing with MEE
“DVP” the scenario of dynamic pricing with VEE-P
“b”  benchmark case without MEE or VEE
r the strength of MEE
t. the strength of VEE-C
t, the strength of VEE-P
p; committed price of firm i under scenario s € {M,VP,VC}

pi,  price of firm i in period n = 1,2, under scenario s € {DM, DV P}
ds demand of firm i in period n = 1,2, under scenario s € {M,VP,VC,DM,DVP}

m

ds total demand of firm 7 in the two periods under scenario s € {M,VP,VC,DM,DVP}

1

e profit of firm i in period n = 1,2, under scenario s € {M,VP,VC,DM,DVP}

m

7T total profit of firm 7 in two periods under scenario s € {M,VP,VC,DM,DVP}

1

q; quality level of firm i under scenario s € {M,VP,VC,DM,DVP}

7R/ o~

over above symbols to denote the corresponding final equilibrium

A. The Committed Pricing Scheme

A.1. Market Expansion Effect (MEE)
Proof of Lemma 1: Given t, =t,=0and 0 <r <1and 0 < g, < gy <1, firm i decides its price, p;,

to maximize its total profit:

max p,-(df\f +dih, (A1)
pi=0

where i = H, L. We will show in Proposition 1 that the market is partially covered and each firm has

positive demand in the equilibrium. Consumers will purchase from firm H if uy, > max{0, ur, }
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and from firm L if u;, > max{0, uy,} in period n = 1,2. Thus, the demand of each firm in each

period can be solved as

M _q4 Po—PL ;m__PE—PL PL
dy; =1 d

qu —q.” Ll_‘iH—qL q’
M _ M M P —PL M _ M My ( PH—PL  PL
dy, = (14 rdyy;, + rd}}) <1 — > , and dy, = (1 + rdyy, + rd})) < — > . (A2)
qag —qL qu —4q. qL

Given the above demands, one can easily verify that firm i’s total profit p;(d} + d2') is concave in
O (pi(dl +a}h)

pi, ie., T) <0, for i = H, L. Thus, solving the two firms’ first-order-conditions together,
M M M M

e, mtim) — o and 2PLULHR) — ) Jeads to the the sub-game equilibrium prices:
opH apL

qr (8qy — 10rqy — g (2 — 1) — X4) + 12rg%

M _
Pr(qn,qu,7) = Gy —a)r and
M _ qu(6rqu +8qu —q.(3r +2) — Xi)
pL (ququ 1’) - 4(3qH _ qL)r 4 (A3)

where X; = /@ (r —2)> — 4quqL. (r* +2r +8) + 44%,(3r2 + 12r + 16). Plugging Equations (A3)
into Equations (A2), the demand of each firm in each period can be written as:

M (@maLT) = gL 8qy —10rqg —qL(2—1r) — X1) + 12rq%{
HIAHAL, 8(3qy —q1) (9 —qL)r ’
qL (4qg (B —1) —qL(2 —7) — X1) + 29 (X1 — 8qn)
8(3qn —qr)(qy —qL)r ,
M (a0 aL7) = (X1 —qr(r+2) +qu(6r+4)) (q. (qu(r —2) — X4 — 10rqy + 8q) + 12rg%;) and
Ha A 32(3qy — q1)*(qu — qL)r ’
(X1 —qL(r +2) +qu(6r+4)) (9L (qL(r —2) —4rqy + 129y — X1) + 295 (X1 — 8qp))

32(3qy — q1)*(qu — qr)r

d]Lv{ (‘7Hr‘7L/”) =

’

dM(qm,qL1) = . (A9)

Moreover, the total demand of firm i is given by d™(qy,q.,7) = d¥(qu,q1,7) + d¥(qu,q1,7), and
firm i’s total profit is 7 (qu,q1,7) = pM(qu, 91, 7)d"(qu, q1,7), fori=H, L.
Note that the sub-game equilibrium prices, demands, and profits are all differentiable. For r € (0, 1]

and 0 <gq; < gy <1, taking derivative with respect to r and after simplification, one can verify that

the followings hold
8;7%(078}:%%) <0, BP%‘(L];&/LJ) <0,
oy (qu,qu,7) 0, adﬁﬂ(qai,qbr) -0,
7t (9,91, 7) 0, and I (g, 9u1) _ o
or or

This completes the proof of Lemma 1. [J

Proof of Proposition 1: We complete the proof in three steps: Step 1. Solve the potential equilib-
rium given that the market is partially covered and each firm has positive demand; Step 2. Show
the existence of the equilibrium derived in Step 1; Step 3. Show the uniqueness of the equilibrium.
Step 1. We first solve the potential equilibrium given that the market is partially covered and each

firm has positive demand. We have solved the firms’ pricing decisions for given quality levels in



the proof of Lemma 1. Given the firms’ pricing decisions in Stage 2, we proceed to solve for firms’

quality decisions in the first stage:

max 7 (qu,q1,7) = pii (41, q1,7)d51 (q11,41,7), and
qu€(qr1] y

max 7" (qu,q1,7) = pY (qu, 9, 1)y (Gu,qu,7),
qLE€09H)

where p™(qu,q1,1) and dM(qu, q.,7) are given by Equations (A3) and (A4), respectively.

First, one can easily verify that 7t (qy,q;,7) increases in gy for any g, € [0,1) and 7 € (0,1], i.e.,

drM(qp.q07)

i > 0. Thus, firm H’s optimal quality is 4 =1 for any g, € [0,1) and r € (0,1]. Given that

gu = 1, next we solve firm L's optimal quality g, . Directly checking firm L’s profit function, we find
PrM(Lgp.r)

g7
anL (1 qL r)

that it is strictly concave in g, i.e., <0, for any r € (0,1] and g, € [0,1). Moreover, one

anL 1qu

can verify that |g.—01 > 0and |g.=09 < 0. Therefore, there exists a unique 4} () €

(0.1,0.9) that can be solved from % =0 and maximizes 7t (1,q.,7).

Hence, given that the market is partially covered and each firm has positive demand, the poten-
tial equilibrium outcome is: gy = 4% =1, q. = ¢ (r), pu = p¥(r) = p¥(1,4Y(r),r), and p. =
pY(r) = pM(1,4M(r), 7). Let oM = (g, 4V (r), p¥(r), pM(r)) denote this potential equilibrium, and
let dM(r) = dM(1,4¥(r),r) and AM(r) = pM(r)dM(r) denote firm i’s total demand and profit at the

potential equilibrium ™.

Step 2. To show the existence of the equilibrium o™, we will show that ¢ is a Sub-game Per-
fect Equilibrium (SPE). We just need to verify that o™ satisfies the no-deviation requirements
of SPE: (1) Given firms’ quality 0 < g; < gy < 1 and firm i’s price p™(qu,q1,7), firm j’s price
decision will not deviate from p}(qu,q1,7) to other prices; and (2) given both firms’ prices
(p¥(qu, qr,7), P2 (qu, qr, 7)) in Stage 2 and firm i’s quality §M(r), firm j’s quality will not deviate
from 4} (r) to other qualities, i.e., A} (r) > maxg g 0" (q;, ) (r),r), fori,j€ {H,L} and i # .

For requirement (1), we just need to show that

o (qmoqer) > max  pdM(pjlam, g p! (qu qur)) forij€ {H Ly and i#j,  (AS5)
pi#p;" (qqL.r)

where the general demand functions are given by:

M =(1- max{u pH}) , dM = (min{1, PH — pL} pL ,
qu - AL, H H—qL QL
d¥h = (1 +rd¥, +ra¥)dY,, and dM = (1+ral; +rdM)aMl.
Firm i’s total demand of two periods is dM = d} + d%. Note that the above demand functions
include all situations that market is partially covered or fully covered and both firms have positive
demands or one of them has zero demand. By straightforward but tedious algebraic analysis, we

can verify that given r € (0,1] and firm i’s price p}(qu,q1,7), firm j’s optimal price is p}(qu, q1,7)
and thus will not deviate, i.e., the inequality (A5) holds. Thus, requirement (1) is satisfied.



For requirement (2), we have already shown in Step 1 that firm H’s optimal quality is g5 = 1 for
any q; € [0,1) and that firm L's optimal quality is g, = 4" () given gy = 1. Thus, requirement (2)

holds. Hence, we have shown that ¢™ is an SPE.

Step 3. We show the uniqueness of the equilibrium ¢™. Note that in Step 1, we have derived a
unique equilibrium ¢ by backward induction under the condition that the market is partially
covered and each firm has positive demand. Thus, we just need to show that there does not exist
any equilibrium if the above condition does not hold, i.e., the market is fully covered or one of the
firms has zero demand. Note that in the case of MEE, dy, + dj, =1+ r(dm + d;1) if and only if
dm +di =1, i.e, the market is fully covered in period 2 if and only if the market is fully covered
in period 1; and dj, = 0 if and only d;; =0, i.e., firm i has zero demand in period 2 if and only if
it has zero demand in period 1. Thus, to show the uniqueness, we need to verify that: (1) Any
strategy that leads to dy; + d;; =1 is not an equilibrium; and (2) any strategy that leads to dy; =0
or d;; = 0 is not an equilibrium.

If dyy + diy =1, it implies that the consumer with 6 = 0 makes the purchase. That is, either p;, =0
or py = 0. It is obvious that any strategy with p; =0 or py = 0 cannot be an equilibrium since one
of the firm’s profit will be zero and always has incentive to deviate to a small enough price to earn
a positive profit. Thus, (1) holds. Similarly, if d;; = 0, then firm i’s profit is zero. It is obvious that
any strategy with d;; = 0 cannot be an equilibrium outcome since firm 7 has incentive to deviate to
a lower price to get a positive demand and earn a positive profit. Thus (2) holds.

Hence, we conclude that in the equilibrium, the market is partially covered and each firm has
positive demand (i.e., dgy >0, dry >0, dyp, >0, dip >0, and dyy + diy < 1). Combined with Steps
1 and 2, it shows that ¢ is the unique equilibrium. In what follows, we prove Parts (a)-(d). Note

that all the final equilibrium outcomes are differentiable.

Part (a): Since V() is the unique solution of A _  fop q. € [0,1), by the Implicit Function
2 o .
Theorem, we have aq%r( D2 ngqila? )/ nLaél%'“ &l |g=41(»- We have already shown that M <0

92 ”L (1qu

for any g, € [0,1) and r € (0,1]. One can also Ver1fy that > 0 for any g € [0, 0 6) and

€ (0,1]. Moreover, we fmd that GM(r) < 0.6 forany r € (0,1] since om}! <1 qL.7)

and r € (0,1]. Therefore, “L" > 0 for r € (0,1].

< 0forany g, € [0.6,1)

Part (b): Note that pM(r ) = pM(1,4M(r),r), for i = H, L. By the chain rule, lBr 0 _ (ale(alr’qL’r) +
M ) 96M(r .
%aq%{( >)] qr=M . In the proof of Lemma 1, we have shown that M < 0. In Part (a)

aqL 3PH (1 qL.r)

above, we have shown that

gr €0,1) and r € (0,1], and that apLa% < 0 for any g, € (0.55,1) and r € (0,1]. Since 4 (r)
d

) > 0. Moreover, one can also verify that < 0 for any

increases in r, we have §M(r) > §M(0) = 4" =4/7 > 0.55. Thus apyg;’:’” ) <0holds forany r €

‘1L‘7



(0,1]. Combining all the above statements, we deduce that p ——— < 0 for any r € (0,1], as desired.
Therefore, pM(r) decreases in r and pM(r) < pM(0) = p! forr € (0,1] andi=H,L.

Part (c): Note that dM(r) = d¥(1,4M(r),r), for i = H,L. By the chain rule, o (r) _ (adl-Mﬂ,qm) X

ar or
adM(1,q,7) 3 (r) ) ‘
o, or qL=iM

. In the proof of Lemma 1, we have shown that ﬂ > 0. In Part (a)

won) > 0. Thus, 222 > 0

above, we have shown that aqL ) > 0. Moreover, one can verify that ==

fori=H,L.

Part (d): Note that AM(r) = 7™ (1,4M(r),r), for i = H, L. By the chain rule, aﬁ"alvi(r) = (anlngL,r) +

M r) M (r M r T r
7 a(ql;% ) aq%r( ))\qL qu(r)- One can verify that 2 Hglr’%) + 2 H;ql e )aqL )~ 0 for any g, € [0,1) and
r € (0,1]. Thus, anH > 0.In the proof of Lemma 1, we have shown that LL WaLr) 0. In Part (a)
above, we have shown that L0 < Moreover, % | — =0. Thus

Next, we show that A¥(r) — AM(r) increases in r. By the chain rule: w =

(a(”%(l’“’y)a;niw(l’qu + a(nml’q“ra)%nwl’%m ‘”?ff”) IqL _ju(»)- First, the definition of 4} ( ) indicates that
M (1,q07) ‘
o9 qp=aM(r)
AM ()M,
[0,1) and r € (0,1]. Thus, 2200+ ( which implies 7} (r) — 2l > M (r) — 2 >0, for r € (0, 1].
AM(r) _ "%(V)
f[b

”H (1 qL.r)— T (1 qL.")) anH (Lapr) a‘h
or gL

= 0; second, one can verify that ) > 0 for any g, €

Finally, we show that increases in r. By the chain rule,

L 7TH
M) A Mg Mg (LaLr) (Lap)
a(%i% a<NL Aqu' 77H »qu’ ) a(ﬂL Aqur 7HH »qu, ) aAM
L "H _ L H + L "H 9 (r) | M
] qu=4y’ (r)

r or oL or
5 ( M apn)  wMagn > 5 <7 i (L) >
1 ) ) o g

or oqr, or

7 (L)
First, "5, g
for any g, € (0.5,0.6) and r € (0,1]; third, 0.5 < §¥(0) < 41(r) < 4M(1) < 0.6 for any r € (0,1].
~M ~M (.
S AL AR

p; P
Thus, we have ——t——"-~% > 0, which implies that (A}(r) — A?)/ A} > (A} (r) — AY) /A% > 0o

= 0; second, one can verify that

for all r € (0,1]. This completes the proof. [
Proof of Corollary 1: Part (a): Let CS¥(r) denote total consumer surplus of purchasing from firm

i in period 7 in the equilibrium. Thus, CS¥,(r) and CS¥ () are given by:

H

CSth() = [ (6~ pir)do =1~ 2934(r) + ) (1 - ) /2
(

g 4 ROV =PV B ),
- (19M ZpH (1‘) + 1 _ (7\1L\/1(r) )(1 1 _ q}L\/I(r) )/2 d

CSti(r) = [, (0811 (r) = p'(r)d0 = (31'() (@ +0Y') — 29} (r)) B} — B1') /2
ot DU = PR PO PH) = () ()
R T o 1 L s T Ok

The total consumer surplus in each period is then given by CSY(r) = CS¥,(r) + CSM(r) and
CSM(r) = (1 + rdM, (r) 4 rd¥ (r))CSM(r), and total consumer surplus of two periods is CS(r) =
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dCS dCS

CSM(r) + CSY(r). We can show that ““i") > 0 and
dCS

> 0. Thus

> 0. Hence, 4CS70) 0. Therefore, CSM(r),

> (0. Moreover one

can easily verify that % > 0. Thus,
CSM(r), and CSM(r) all increase in r. Let CS” denote the total consumer surplus of two periods in
the benchmark case, i.e., CS" = CSM(0). Thus, CS™(r) > CSM(0) = CS" for r € (0,1].

Part (b): Total social welfare is defined as SWM(r) = CSM(r) + ¥ (r) + M (). We have already
shown that CSM(r) increases in r in (a), and that 71}{(r) and 7t (r) increase in r in Proposition 1.

Hence, SW™(r) increases inr. [J

A.2. Value Enhancement Effect from Current Consumers (VEE-C)
Proof of Lemma 2: Given r =t, =0 and t. >0 and 0 < g, < gy <1, firm 7 decides its price p; to
maximize its total profit:
max p;(di© +d5°),

where i = H, L. In the VEE-C case, each period is identical; thus, each firm’s demand is the same
in each period (i.e., di§ =d}5 and d}f = d}5). If firm i has zero demand in one period, then it has
zero demand in both periods and zero total profit. Thus, it is obvious that in the equilibrium, each
firm must has positive demand in each period, i.e., d;, > 0 for i = H, L and n = 1,2. However, due
to the value enhancement effect in each period, it is not obvious that in the equilibrium whether
the market is fully covered or not. We will focus on the case where the market is partially covered
in the following proof; and we will show in the proof of Proposition 2 that there is no equilibrium
in the case where the market is fully covered and thus the market being partially covered is the
unique equilibrium outcome when t. is small enough.
Given that the market is partially covered, let 6} € (0,1) denote the consumer who is indifferent
in purchasing from firm H and firm L and 6} € (0,0}) denote the consumer who is indifferent
in purchasing from firm L and not purchasing. Then, the two firms” demands in each period are
given by d}f =dyS =1— 0} and d/* =dJs = 6}C — 6/, respectively; and a consumer’s utility of
purchasing from firm His uy, = 0qy — py +t.(1 — G_I‘QC) and the utility of purchasing from firm L
is up, = 0q. — pr + 1. (05 — 6/C) in period n = 1,2. Thus, 6}, and 0/ can be solved from:

BCqn — pr -+ 11— B) =80, — p+ L@~ 80 and

0/ q. — pr+ (01 — /) =0.

Hence, we have:

qve _ _PLqL + (pH —t)(t — qL) and 67€ — tC(pH —t) + PL(qL —qu + tc)‘ (A6)
7+ teqr + qu(te —qu) — £2 g 7+ teqr + qu(te — qu) — £2



Each firm’s demand in each period is then given as below:

4VE = qvS —1_gYC =1 — quL"‘(PH_tC)(tC_qL)Z and

7 +teqr + qulte —qu) — ¢ (A7)
4VC — gV — gyC _gyC — pL(qu —te) +qu(tc — pu)
n =diy = [ =5 5.

qL+tc‘JL+¢7H(tc_‘7L)_tc

Then, firm i’s profit is given by 2 p,d 1. Checking the second-order derivative, we find that firm i’s

a2 pr 11

total profitis concave in p;, i.e., <0,fori = H, L. Solving the two firms’ first-order conditions

a(szdHl — 0 d ZpLdLl

together, i.e., Er

= 0, we get the following prices:

2q%; (g1 — te) — 2qp (teqr — 2 +47) + teqf
4qp (qp — te) — 4teqp + 4t2 — qL
A8
qr (qm (te — qL) + 2teqy —2i2+ﬂlL) (48)
—4qp (qL — te) + 4teqp — 482 + g2

PZ{C(@HJIL/ tC) =

Pl (qm, 9L te) =

pu = piF(qu,q,t.) and pr = pY(qu,q.,t.) satisfy the conditions of this case 0 < /¢ < 0}, <1

if 0 < t. < T"(qu,qr), where TV (qu,q1) = (2qu + 91 — /4% — 4quq. + 997) /4. Plugging Equa-

tions (A8) into Equations (A7), the demand of each firm in each period can be written as:

(g0 —to) (293 (qL — ) —2qu (teqr — 2 +q3) + th%) and
(—4qp (qL — te) + 4teqr — 482 + "L) (a1 (fe = qu) +teqr — 12 4 q7) (A9)
qr (9% (9L — te) — qu (3teqL — 3tz +q7) + te (2teqr — 262 +47))
(—4qm (g — tc) +4teqr — 4% + ‘h) (qu (te —qr) +teqr — 2+ 43)

Ay (qm, oo te) = dgs (qu,qute) =

Ay L (qu,qu te) =dfs (qu,qLte) =

Firm i’s total demand of two periods is given by d/“ (g, g1, t.) = 41 (qu, q1, t.) + 45 (qu, q1, t.), and
its total profit is 77V (qu, g1, t.) = Y (qu, 91, t:)dV(qu, qu, t.), fori € {H,L}.

Given that the market is partially covered and each firm has positive demand (i.e., 0 < 6}¢ <
6/ < 1), taking derivative with respect to ¢, (note that the sub-game equilibrium outcomes are all

differentiable), one can verify that, after simplification:

apYc€ t 9dvC t
pL (qH/qu C) <0 and H (EIHJ]L/ C)
otc ot,

hC (quate) 9dYC(auarte) OmhE (quarte)
ET ’ T ’ FT™

> 0.

o) (qp.qLte)

, and 3

could be >0, =0 or < 0. Thus, p}“(qu,q1,t.)
decreases in t, d};“(qu,q1,t.) increases in t; and py<(qu,qi,t.), dY(qn,qu,te), 75 (qu, q1,t.), and

71/“(qu,qL, t.) may increase or decrease in t.. This completes the proofs of Parts (a)-(c). O

Proof of Proposition 2: Similar to the proof of Proposition 1, we complete the proof in three steps:
Step 1. Solve the potential equilibrium given that the market is partially covered and each firm has
positive demand in each period; Step 2. Show the existence of the equilibrium derived in Step 1
when . is small enough; Step 3. Show the uniqueness of the equilibrium when t, is small enough.
In the end, we will provide the upper bound for t. that guarantees f, is small enough and the

equilibrium uniquely exists.



Step 1. We first solve the potential equilibrium given that the market is partially covered and each
firm has positive demand in each period. We have solved the firms’ pricing decisions for given
quality levels in the proof of Lemma 2. Given the firms’ pricing decisions in Stage 2, we proceed
to solve firms” quality decisions in the first stage:

max T (qr, 9 te) = pS (qm,qu t)dy (qu,qute)  and max 71/ (qu,qu.te) = p{ < (qu,qu,te)d] < (qm, qute),
que(qe] q.€[0,91)

where p!/“(qu,qL,t.) and dY°(qy,q1,t.) are given by Equations (A8) and (A9), respectively.
First, one can easily verify that given the market is partially covered and each firm has positive

demand (i.e., 0 < 0/€ < 0yC < 1), 7} (qu, g1, t.) increases in gy for any g, € [0,1) and gy > ¢, ie.,

dnfC(quate)
dqy

i (qu, qu te) < whE(1,q1,t) for any q; < qu < t. and q; € [0,1). Thus, firm H’s global optimal

> 0. Thus for gy > t., the optimal quality is g5 = 1. Moreover, it is easy to verify that

quality is 4y© = 1 for any g; € [0,1). Given that gy = 1, next we solve firm L's optimal quality
q1. Directly checking firm L's profit function, we find that 71/(1,4y,.) first increases and then

23— 3W

decreases in g, if 0 < t, < ~ 0.0948. Therefore, there exists a unique 47 (#.) that can be

anL (Lgrte)

solved from 5
qrL

=0 when t. is small enough.
Hence, when t. is small enough, given that the market is partially covered and each firm

has positive demand in each period, the potential equilibrium outcome is: gy = 41 = 1,

qr = g4 (t), pu = pr-(t) = prC(L 47 (t), ), and pr = py(t:) = p/ (1,47 (), tc). Let ¢VC =
(YC,8YC (), pYE(t.), pYC(t.)) denote this potential equilibrium, and let d¥<(t.) = d/° (1,4} (t.), C)
and AYC(t.) = pYC(t.)dVC(t.) be firm i’s total demand and profit at the potential equilibrium "

Step 2. To show the existence of the equilibrium ¢V¢, we will show that ¢ is a Sub-game Per-
fect Equilibrium (SPE) when ¢, is small enough. We just need to verify that ¢"C satisfies the
no-deviation requirements of SPE: (1) Given firms’ quality 0 < g, < gy < 1 and firm i’s price
p!“(qu,qu tc), firm j’s price decision will not deviate from p;/“(qu,q.,t.) to any other price. (2)
Given both firms’ pricing strategies (py<(qu, qi,tc), pY<(qu,qi,t.)) in Stage 2 and firm i’s quality
47¢(r), firm j’s quality decision will not deviate from §/(t.) to any other quality, i.e., &/ (t.) >
MaX, 4ve i, 7t/<(q;,47(t:),tc), fori,j€ {H,L} and i # j.

To show (1), we just need to show

{C@rqut) > max  pd/(pjlan, L p{ < (qu,qu.te)),forij € {H,L} and i # j, (A10)
pi#p] C(@u.aut)

where the general demand functions in period n = 1,2 are given by:

_ pqit(pa—to)(t qL) pL(qu—tc)+qL(te—pn)
. ﬂﬁthﬁﬂH(t —q)—t qi+Hequrqu(te—qu)— ) 1 (prpL) €C
( quH q;ZI 2tc ’ qp: qlil 2tc) f(PHrPL) e
pPH—tc .
(@YE (gL, pra, p), AV e qn prpr)) = & a0 #(prpr) €Gs
(1,0), f(pr,pL) € Cy
(0,1— 2=, f (pr,pL) €Cs
(0,1), f (pu,pr) € Ce




Note that the above demand functions include all the situations that market is partially or fully

covered and each firm has positive or zero demand. In the above equation, C; (i = 1,2,...,6)

te(pr—te)+pr(gr—qu+te) <
2
32 +teqr+ap (te—qp)—t2

g < 1}, in which the market is partially covered and each firm has positive demand;

is a set of conditions that defines a region for the price pair: C; = {0 <

praL+(py—te)(te—qr)
'ﬁﬂc% +qp(te—q1)—

={0< ” H qu L ;f <1,t % > pL}, in which the market is fully covered and each firm has

positive demand G={0< pH N < <1, Z : 91 — pr < 0}, in which the market is partially covered
and firm L has no demand; C; = {t. > py}, in which the market is fully covered and firm L has
no demand; Cs = {0 < 52 ;C <lqu—pu<q.—pL+t(l— ZLL—:“)}, in which the market is par-
tially covered and firm H has no demand; and C¢ = {t, > p1,qn — pu < g1 — pL + t.}, in which
the market is fully covered and firm H has no demand. Firm i’s total demand of two periods is
given by dY¢ = d© + d’¢, for i € {H,L}. Through straightforward yet tedious algebraic analy-
sis, we can verify that firm L will not deviate from p;“(qu,q1,t.) when . is small enough (i.e.,
0<t <T"(gu,q.) and t, < 2= 3‘ﬁ ~ 0.0948); and firm H will not deviate from p}‘(qu,qc,t.)
when t, < TY“(qy,q.), where T/(gn, q.) is the smallest root of the polynomial —16¢¢ (5q;; +2q;) +
412 (429 q1 + 3293 — 5q7) — 8t¢ (35431, — 3qma7 + 1043 — 6q7) + 12 (184391 + 613,47 — 1629197 + 1647 +9q7) +
121 (—97q%q1 + 1534347 + qrq; — 40q%; —17q1) + teq? (9u — ) * (33qu41L + 329%; — 547 ) + 1617 + 84145 — 244747 +
24q%,qt — 84443 =0. Thus, inequality (A10) holds and requirement (1) is satisfied when ¢, is small
enough.

For requirement (2), we have shown in Step 1 that when ¢, < 0.0948, firm H’s optimal quality is
qu = 1for any g, € [0,1) and firm L's optimal quality is g, = 47 (¢.) given gy = 1. Thus, both firms

will not deviate and requirement (2) holds. Hence, we have shown that ¢V¢ is an SPE when ¢, is

small enough.

Step 3. We will show the uniqueness of the equilibrium ¢"“ when ¢, is small enough. Note that in
Step 1 we have derived the unique equilibrium ¢V¢ by backward induction under the condition
that the market is partially covered and each firm has positive demand in each period. Thus, we
just need to show that there does not exist any equilibrium if the above condition does not hold,
i.e., the market is fully covered or one of the firms has zero demand. Since the two periods are
identical, we just need to verify that: (1) Any strategy that leads to dy; = 0 or d;; = 0 is not an
equilibrium. (2) Any strategy that leads to dy; + d;; = 1 is not an equilibrium.

If d; =0, then d;, = 0 and thus firm i’s profit is zero. It is obvious that any strategy with d;; =0
cannot be an equilibrium outcome since firm i has incentive to deviate to a lower price to get a

positive demand and earn a positive profit. Thus (1) holds.
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If dyy + dpy =1, then the market is fully covered. We will show that there does not exist any SPE
in this case by contradiction. Assume there exists an SPE in this case, then we can solve it by
backward induction. Let 0} € (0,1) denote the consumer who is indifferent in purchasing from
firm H and firm L. Since the market is fully covered by the two firms, then each firm’s demand in
each period is given by d}{ =d}5 =1 — 0}G and d}{ = d[5 = 0}5. Thus, 6},G can be solved from

0V5qn — pu + t.(1 — 015) = 015q. — pr + t.01G. Thus, we get 0}G = q”:q# Note that in this

case, consumer with 6 = 0 will purchase from firm L and has non-negative utility, i.e., u11]¢—o =
—pr + .0} > 0. Each firm’s demand in each period is then given as below:

aif =aig =105 =1 - PR anadf —ays =gy = PR
In Stage 2, given quality levels 0 < g, < gy <1, firm i decides price p; to maximize its total profit
2pdie. Checking the derivative, we find that firm i’s total profit is concave in p;if g5 — qL — 2t >0
and increases in p; if gy — q. — 2t, <0, i.e,, (2177111 <0if gy —qr — 2t >0 and (2’7’ 3Cpidy") S0 if
gu —qL —2t.<0,fori=H,L. Whenqy — q, — 2tc > 0, solving the two firms’ ﬁrst—order condltlons

vC
together (i.e., % =0and % =0), we can get the following prices:

2qn — 2q1 — 3¢ H—4qL—3t
pz%(qH’qutC):% and pK(Fj(qHIqL/tC):%

PH—PL—tc

However, the above prices violate the conditions of 0 < )¢ = P

< 1and I/IL1|9:0 = —PL +
t.04c > 0. When gy — q, — 2t <0, firm i’s profit increases in p; and thus its optimal price is on

the boundary in this case. We find that for any py, there does not exist optimal p;, for firm L that

ch_ pH—PL—tc
gy —qL—2tc

in the case of fully covered market. That is, any strategy that leads to dy; + d; = 1 cannot be an

satisfies 0 < <1and up|p—o = —pr + .05 > 0. Thus, no pricing equilibrium exists
equilibrium. Therefore, (2) holds.

Hence, we conclude that in the equilibrium, the market is partially covered and each firm has
positive demand in each period (i.e., dy; >0, d; >0, and dy; +d;; <1, fori=1,2).

Combining Steps 1-3, we show that ¢ is the unique SPE when ¢, is small enough. Moreover, in
the main body of the paper and the appendix , we define f. = 0.07 and assume 0 < t. < f. to make

sure t, is small enough which guarantees the existence and uniqueness of the equilibrium ¢¥¢

Finally, we proceed to prove parts (a)-(d) below. Note that all the final equilibrium outcomes are

differentiable.
vC
Part (a): Since 4/(t.) is the unique solution to w = 0, by the Implicit Function Theo-
5V C 2 2 7VC
rem, we have: aqLatC(t“) =%z aqié?f fo) o af:%“ o) | gu—iV<(t,)- One can verify that % < 0and

W < 0 for any ¢q; € [0.26,0.6] and 0 < t. < f,. Moreover, we find that 0.26 < 47(t.) < 0.6
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BnL 1 Arte)

holds for 0 < t, < £, since % < Oforany g, €[0.6,1) and > 0 forany g, € [0,0.26].
Therefore, < 0.
Part (b): Note that p/“(t.) = p/“(1,4Y°(t.),t.), for i = H,L. By the chain rule, W)

dte
C(Lapte) IpYC (Lgpte) a‘h te)

apYC(Larte) | apYC(Lapte) 9qYC (ko) oY,

( ote - L £ Latc )"M ne One can Verlfy that -2 FTe 301 > (0 and
vc

= éi;qm) 2t a(;LqL L aqL < <0 fOl‘ any b]L € [0 26,0.6] and 0 < f. < f.. As already shown in Part

(a) above, §/“(t.) € (0.26,0.6) Therefore, 22" > 0 and apL ) < 0.Hence, pYC(t.) > pYC(0) = pt,
and pyC(t.) < pyc(0) =p} for 0 < t. <.
Part (c): Note that d¥°(t.) = d/"(1,4/°(t.),t.), fori = H, L. By the chain rule, i

dvc(l qL, tc)aq (C))‘ (1’1L te) + advc(l qLte) a‘iL
L ot aL=4 otc BQL

[0.26,0.6] and 0 < . < f,. Since L?XC( .) € (0.26,0.6), we have %

L C(Lapte) adZC(LQL/tC) a’h (te)
T8 Fre T8

VC(t) . (ad}/c(l,qbt,:) +
e tc

vC(r,)- One can verify that ) > 0 for any for any q; €

) > 0,1, dVC(t.) increases in f..

Moreover, one can verify that

is negative when ¢, is close to 0 and is
positive when ¢, is close to .. Thus, d/°(t,) may decrease or increase in t.

Part (d): Note that #Y°(t.) = 7/(1,4/ (t.),t.). By the chain rule, o o) _ (M +

otc ot¢
4 sV C Ve Ve 14
or; a(qubtc) a’hatf(tc)”% <o) One can verify that ang a(:/’hrfc) + ang B(qquL Ae) a’h (tc) > 0 and oy ;:C/’ibtc) +
orYC(Lqp te) 94Y € (tc) A onrC(te
oL a(quL ) qL < 0forg; € (0.26,0.6) and 0 < t, <. Since §/“(¢t,) € (0.26,0.6), we have H’gtc( ) >

anyCte) . A . . . . , X
0and Lat, ) <0,ie, ALE(t.) increases in t, and 71} (t.) decreases in t.. Therefore, 7/ (t.) — A% >

0>AVE(t)— AL O

Proof of Corollary 2: Part (a): Let CM},“(.) denote consumer monetary surplus of purchasing
from firm i in period 7 in the equilibrium, which is given by:

1 - -
CMS (1) = CMES (t0) = [, (0= PEC(t0))d0 = (1= 2p{C(te) + ) (1~ 81°) /2 and
h H
G_VC

H ~ A N = = ” - -
CM{T (te) = CM[3 (tc) = /G—VC (047 (te) — P (tc))d0 = (4] “(tc) (B" +6Y') — 2p] (1)) (BF" — 61°) /2,
L

. e SVC 5VC (1) (aVC
ve _ LS} o)+ r0)—to) b~} (1) ve — tpy o) te) bpy Uo)@y_lo) 1) gye
where GH T AV ()2 eaVC (o) + b~V C (k) — 2 and9 TGV (k)2 +teq) C (be)+ (te—aY Cte)) 12 9

sumer who is indifferent in purchasing from firm H and firm L; 6} € is the consumer who is indif-

is the con-

ferent in purchasing from firm L and not purchasing. Consumer monetary surplus in period n
is then given by CM)“(t.) = CM[S (t.) + CM[f (t.), and total consumer monetary surplus of two

periods is given by CMVC(t.) = CM{“ (¢ ) + CMVC(t )
dCMHn(t dCM

C<0and M

We can show that <0f0r0<t <t.,and n =1,2. Thus
dCMYC(

o ) 0, and "CM deEM " (L) ), Therefore, CMY“(t.), CMyC(t.), and CM"“(t.) all decrease in t,.

<0,

Let CM" denote the total consumer monetary surplus of two periods in the benchmark case, i.e.,

CM? = CMV¢(0). Thus, CM"C(t.) < CMYS(0) = CM" for 0 < t. < F..
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Part (b): Let CS}'“(t,) denote consumer total surplus of purchasing from firm 7 in period 7 in the

equilibrium, which is given by:
1
Csti(t) [ (6= pEC(t) + b (t))do
GH
= 2 (1= 291 (8) + 20l (1) + O5)(1 - BF)  and

CSpy (te) = 041 (t) — P (te) + ted],; (£))d0

2 oue
e |
= S B +81°) — 201°(1) + 26d(S (1)) (BFC — BLC), forn =1,2.

Consumer total surplus in period n is given by CS/“(t.) = CSf5 () + CS/S(t.), and consumer

total surplus of two periods is given by CS VC( () =CSY7C(t.) + CSyC(t.).

Given 0 < t, < f., we can show that dcs < 0if t, <O. 0128246 and L > 0 otherwise;
and % < 0, for n = 1,2. Moreover, we can also show that =% dCS ) <0 if t. < 0.0603381 and
dcsVe(

th) > 0 otherwise. Therefore, CSVC(#,) first decreases and then increases in f,.

Part (c): The monetary term of social welfare is defined as SM"C(t.) = 7}(t.) + m/“(t.) +

CMVC(t,). We have already shown that CM"“(t.) decreases in f, in part (a), and that nVC(tc)

dsmVE

T <0

increases in t. and 71/ (t.) decreases in t, in Proposition 2(d). We can verify that

indicating SM"(t.) decreases in t.. Thus, SM"“(t,) < SM"¢(0) = SM".

Part (d): The social welfare is defined as SWVC(t,) = 7} (t.) + 7t/ (t.) + CSVC(t.). Given 0 < t, <
f., we can verify that dswi > 0, indicating SW"(t.) increases in t., Thus, SWYC(t.) > SWVC(0) =
SWt. O

A.3. Value Enhancement Effect from Previous Consumers (VEE-P)
Proof of Lemma 3: Givenr =t. =0 and t, >0 and 0 < g, < qy <1, firm 7 decides its price p; to
maximize its total profit:

r:}r\gé( p,-dxp + p,-d}ép, wherei=H, L.
1=

It is obvious that in the equilibrium py > 0 and p; > 0, which indicates that the market is partially
covered by the two firms in period 1 since a consumer with 8 = 0 always receives negative utility
of purchasing from either firm. Moreover, if firm i has zero demand in period 1, then there is no
value enhancement effect for firm i in period 2 and its demand in period 2 is also zero, which leads
to zero total profit. Thus, in the equilibrium, each firm must has positive demand in period 1, i.e.,

0< Z—t < ::Z’%Zf < 1. Thus, the demand of each firm in period 1 can be solved as below:

dgg;:1_u and dglp_u_& (A11)

qu —4qr qu—4q.  qu
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However, due to the value enhancement effect, in period 2, it is not obvious that in the equilibrium
whether the market is fully covered or not and whether each firm has zero demand or not. The

general demand of each firm in period 2 can be solved as below:

—t,dVP)—(pr—t,dVF —td}; tpd —t,dVP
(1 - LA, - 0 =P, it ) <
(1 - H;H;/{;LL Ll s e H}JH £L Ll )/ f (pH/ PL) € C2/
1-— — t,dYY,0), if (pH, Cs;
(@ve,avpy = ( (m;ﬁdgp £1)/0) if (pu,pL) €Cs (A12)
(0,1 — Z =) f(pr,pL) € Cy;
(1,0), f(pu,pL) €GCs;
(0,1), if (py, pr) € Ce.

In the above, C; (i=1,2,---,6) is a set of conditions that defines a region for the price pair: C; =

{0 < PL— tP arf) < (PH—tpd}}) —(pL—tpd[}) < 1}'C2 _{ PL ;PdLl <0< (Pr—tpd}})—(pL—tpd[}) < 1} Cs = {0 <

qH—IL qH—IL
PH—thP<pL t“l}c—{o<PL—fd < min{q,q. — qu + (pu — t,din)} 1 Cs = {pu —
tdyf < min{0,p; — t,d}T}}; and Co = {p1 — t,d[T <min{0,q; — gu + (pu — t,dft)}}. See Figure

Al for an illustration. We will say “under Condition i” if (pu, pL) € Ci. Under Condition 1, the
market is not fully covered and each firm has positive demand in period 2; under Condition 2, the
market is fully covered in period 2 and each firm has positive demand in period 2; under other

conditions, one of the firms has zero demand in period 2.

Figure Al Six Cases for Demand in Period 2 under VEE-P

05f"

04

0.3 PL_ Pu—PL
qa.  qn—4q

pL

PH

Note: in the figure, gy =1 and g1, = 0.5, and C; presents Condition i fori =1,2,...,6.

Next, we solve the firms’ pricing decisions for given quality in the equilibrium in two steps. First,
we find all the possible sub-game equilibrium candidates in each region of C;. Second, we show
when and which candidate could be an equilibrium outcome. We will show that when ¢, is small
enough, the unique equilibrium only exists in the region C; where the market is partially covered

and each firm has positive demand in each period.
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VP
L1

_4 4VP —t.dVPY_(p; —
Under Condition 1: 0 < Y2-27i) o Pn=tedin)=(i=tvliy) 9 Fach firm's profit can be written as:

qL qH—qL

pu=pL pu=pL _ PL

- (pr —tp(1 = Gi=0r)) — (P — tp (= )
" (qH, 9Lty PH,PL) = PH (1*%) +pH (1 = quH—qL i), and

HXP(QHW]L/ tp, pL, PH) =
PHZPL pa—p P pH=P P
. <u - @) B Gl e )l Pl i et Rl e il AL
qH —4qL 4L qH — 4L qL

2VP

One can verify that firm i’s total profit is concave in p;, ie., apl.z < 0, for i = H,L. Sup-

pose that there exists an equilibrium outcome (p}"(qu,91,t,), 1" (91,91, t,)) under Condition 1,

Bn‘L/P |
apr \pu=rLf @ravtp)pL=p}T (@uacty

VP
which satisfies 2 )y = 0. Thus,

E |pH:pZP (quALtp)pL=pYT @mavty

>:0and

(P (qu. 9L, ty), LY (qm, 91, t,)) can be solved as below:

~ @u—a) (411‘;’4 (2q +tp) +2q% <f%; - 8‘1%) +qHqL (‘2‘7Ltp +8q7 — t%) +attp (tp — 2‘1L)>
873 (291 +tp) + 3 (4qLtp — 3647 +783) +2quqr (—4qity + 1297 — £3) +q7 (—4qLtp — 47 +713)’
au (qu — au) (203 (290 +tp) +au (~2quty — 802 +£) — 39,3 + 44}

873 (291 +tp) + 3 (4qrtp — 3647 +73) +2quqr (—4qity + 1247 — 13) +q7 (—4qLtp — 4q7 +£%) :
13

pi (am,q0.tp)

pY P (qm i tp) =

One can verify that py = p}"(qu,q1,t,) and pr = p/"(qu,q.,t,) satisfy Condition 1 iff 0 <
t, < TV (qu,q.), where T""(gy,q1) is the third (or largest) root of the polynomial (q. +q1)* £ +
(=547 + 29097 +a391 +203) 5 + (2qn77 — 49347 +24341) tp — 44397 + 497 — 12quq7 + 12q597 = 0. Thus,

(pi(qu,q0,tp), P (qu,q1,t,)) is a possible equilibrium candidate when 0 < t, < TV"(qy,q.).

Under Conditions 2-6: Similar as the analysis under Condition 1, we can solve the equilibrium can-
didates under each condition and verify whether this equilibrium satisfies the condition require-
ments. Through tedious but straightforward algebraic analysis, we can show that when 0 < ¢, <
TV?(qu,q1), there does not exist any equilibrium under Conditions 2-6. Detailed analysis is avail-
able from authors upon request.

Therefore, for any given 0 < g, < qy < 1 and 0 < t, < T""(qu,q.), the firms’ prices are
(ptf(qu,qu.tp), pI*(qu,q,t,)), under which the market is partially covered and each firm has pos-
itive demand in each period. In the proof of Proposition 3, we will further show that when ¢, is
small enough, the market is partially covered and each firm has positive demand in each period in
the SPE. Plugging Equations (A13) into Equation (A12), the demand of each firm in each period

can be written as:



15

4% (290 + tp) + % (6auty — 1607 +56 ) +89u? (a1 — tp) + a3ty (3tp — 201)

dVP( H/, L/t ): ’
H1\IH L% 8% (21 + tp) + 4% (4q1ty — 362 + 782) + 2qpqr (—4qrty + 1242 — ) + g2 (—4qrty — 42 + 782)
e . 20% (291 + tp) + 33 (200ty — 847 + 1) +2quqr (—quty + 247 + 1) + a3ty (tp — 2401
H/4L, = ’
L1 9H- L% 8% (21 + tp) + 4% (4q1ty — 362 + 782) + 2qpqr (—4qrty + 1242 — ) + g2 (—4qrty — 42 + 782)
. X3 — GrqL (—10q’it,, +3q113 + 843 + 2t§,) +q2t, (—3thp +24 + 2t§)
42 (9r. 1 tp) = (g —qL) X2 ’
2 2 2 3 3 3 2 2
e . Xa+qua} (=8q2ty + 5082 — 4q} +£) + a3ty (quty +207 —363)
2 \gqH, 9L, tp ,

qL (9 —9.) X2
(A14)

where X, = (873, (21 +t5) — a3 (3602 — 763 — 41ty ) +2quar (123 — & — 4quty) — a3 (4quty + 407 —78)), Xa =

49t (2q1 +tp) + 43 (6thp — 2447 + 7t§) + g% (—zzq{t,, — qut + 24q7 + 4t§;),

and Xy =2q}, (3quty + 243 + ) +qf; (1643, — 12 — 1267 + £) + gr (1603t — 79083 + 1247 — 363

Firm i’s total demand of two periods is given by d/”(qu,q1,t,) = A" (qu,qu,ty) + A5 (qu, quty),

and its total profit is 77" (qu, g1, t,) = p/* (g1, qu. tp)dY* (qu, qu.t,), fori e {H, L}.

For 0 <g; <quy <1land 0 <t, < T"?(qy,q.), taking derivative with respect to t, (note that the

sub-game equilibrium outcomes are all differentiable), one can verify that, after simplification:

oy (qu,qr,t oy (qu,qr,t odyr (qu,qi,t
pi (qnquty) o P qnauty) o g 0 (@ auty)
ot, ot, at,
VP VP 43
However, 2L %fp’“’f”), i (gf; At) and YL (gt’;'“’t” ) could be > 0, =0 or < 0. Thus, p%* (g1, 91, ty)

and py"(qu,qu.t,) decrease in t,; d}"(qu,qu,t,) increases in t,; and d/"(qu,q1,t,), T (G, g, tp),

and 71/ (qu, 4., t,) may increase or decrease in t,. This completes the proofs of Parts (a)-(c). O

Proof of Proposition 3: Similar to the proof of Proposition 1, we complete the proof in three steps:
Step 1. Solve the potential equilibrium given that the market is partially covered and each firm
has positive demand in each period; Step 2. Show the existence of the equilibrium derived in
Step 1 when t, is small enough; Step 3. Show the uniqueness of the equilibrium when ¢, is small
enough. In the end, we will provide the upper bound for t, guarantees t, is small enough and the
equilibrium uniquely exists.

Step 1. We first solve the potential equilibrium given that the market is partially covered and each
firm has positive demand in each period. We have solved the firms’ pricing decisions for given
quality levels in the proof of Lemma 3. Given the firms’ pricing decisions in Stage 2, we proceed

to solve firms” quality decisions in the first stage:

max 71" (qu, qu.ty) = pii’ (qu, e, tp)dy (qu,qut,), and
qu€(qr1]

max 7ty " (qu, qu,ty) = pl" (qu,qu.ty)d7 " (qu, quty),
qr€[0,9)
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where p/"(qu,q1,t,) and d{"(qu,q.,t,) are given by Equations (A13) and (A14), respectively.

First, one can easily verify that 71/,"(qu,q.,t,) increases in qy for any g, € [0,1) and t, > 0, i.e.,

dnfP(quai.ty

o ) > 0. Thus, firm H’s optimal quality is 4% = 1 for any g; € [0,1) and t, > 0. Given that
gu = 1, next we solve firm L's optimal quality ;. Directly checking firm L’s profit function, we find

that 71/ (1,q.,t,) first increases and then decreases in g, for 0 < t, < TV"(1,4q,). Therefore, there

aﬂ"L/P(l,qL,tp) — 0
9, ’

Therefore, given that the market is partially covered and each firm has positive demand in

exists a unique 4" (t,) that can be solved from
each period, the potential equilibrium outcome is: gy = 41" =1, q. = 4/"(t,), pu = P (t,) =
pi (Lal"(ty),ty), and pr = pro(t,) = pi" (1,407 (t),ty). Let 0" = (@57, 41" (t,), P’ (£,), L7 ()
denote this potential equilibrium, and let d/”(t,) = d/"(1,4}"(t,),t,) and A/ (t,) = pYF(t,)d/ " (t,)

denote firm i’s total demand and profit at the potential equilibrium o"”.

Step 2. To show the existence of the equilibrium ¢"”, we will show that ¢"" is a Sub-game Per-
fect Equilibrium (SPE) when t, is small enough. We just need to verify that ¢"" satisfies the
no-deviation requirements of SPE: (1) Given firms’ quality 0 < g, < gy <1 and firm i’s price
p/"(qn,q1,t,), firm j’s price decision will not deviate from p}*(qu,q1,t,) to any other price. (2)
Given both firms’ pricing strategies (p}” (qu,q1,t,) and p/*(qu,q1,t,)) in Stage 2 and firm i’s qual-
ity 4/ (t,), firm j’s quality decision will not deviate from 4/ (t,) to any other quality, i.e., /" (t,) >
max 7 ,) mt/"(q;, 47" (ty),tp), fori,j € {H,L} and i #j.

To show (1), we just need to show that

0/ (qu,quty) > max  pd{"(pilau,qu, p/" (Gn.quty)), forije {H,L} andi#j, (A15)
pj?él”]“/P(qH/qutp)

where the general demand functions are given by:

dif = (1 - max{ PP Py gve — (minf1, P2 Py PLys
T oy o
(pH — t]ﬂdHl) - (PL - tdel ), P — tdel })+’ and

dfj, = (1 — max
=l { yo Ly T v
(pr — tpdiy) — (pr — tpd] )} Pl )*.
qu — 4L gL
Firm i’s total demand of two periods is given by d}* = d” + d},*, for i = H,L. Note that the

dyy = (min{1,

above demand functions include all the situations that market is partially covered or fully cov-
ered and both firms have positive demand or zero demand in some period. Through straight-
forward yet tedious algebraic analysis, we can verify that given 0 < t, < T""(qy,q.) and firm i’s
price p/*(qu,q1,t,), firm j’s optimal price is p]‘-/P (91,91, ty) and thus will not deviate. That is, the

inequality (A15) holds. Thus, requirement (1) holds.
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For requirement (2), we have already shown in Step 1 that firm H’s optimal quality is g5 = 1 for
any q; € [0,1) and that firm s optimal quality is g, = 4/”(¢,) given gy = 1. Thus, requirement (2)

holds. Hence, we have shown that ¢"? is an SPE.

Step 3. We will show the uniqueness of the equilibrium ¢"” when ¢, is small enough. Note that
in Step 1 we have derived the unique equilibrium ¢"* by backward induction under the condition
that the market is partially covered and each firm has positive demand in each period. Thus, we
just need to show that there does not exist any equilibrium if the above condition does not hold,
i.e., the market is fully covered or one of the firms has zero demand in period 1 or 2. That is, to
show the uniqueness, we need to verify that: (1) Any strategy that leads to dy; + d; =1is not an
equilibrium; (2) any strategy that leads to d;; = 0 or d;; = 0 is not an equilibrium; (3) any strategy
thatleads to dy, 4 d1, = 1is not an equilibrium; and (4) any strategy thatleads tody, =0o0rd,, =0
is not an equilibrium.

If dyy + diy =1, then that means the consumer with 6 = 0 makes the purchase in period 1. That
is, either p, = 0 or py = 0. It is obvious that any strategy with p; = 0 or py = 0 cannot be an
equilibrium since one of the firm’s profit will be zero and always has incentive to deviate to a small
enough price to earn a positive profit. Thus, (1) holds.

If diy =0, then d;; = 0 since there is no value enhancement effect in period 2 and u;; = u;, for
i = H,L. Thus, firm i’s profit is zero. It is obvious that any strategy with d;; = 0 cannot be an
equilibrium outcome since firm i has incentive to deviate to a lower price to get a positive demand
in period 1 and earn a positive profit. Thus (2) holds.

If dyp +di, =1 o0rdy, =0 or di; =0, then the equilibrium is in the region C; U C; U C4 U Cs U Ce.
In the proof of Lemma 3, we have shown that there does not exist any price equilibrium of Stage 2
in region C; for given quality 0 < q; < gy <1 when ¢, is small enough. Thus, (3) and (4) hold.
Hence, we conclude that in the equilibrium, the market is partially covered and each firm has
positive demand in each period (i.e., dy; >0, d; >0, and dy; +dp; <1, fori=1,2).

Combining Steps 1-3, we show that ¢* is the unique equilibrium when ¢, is small enough. In the
main body of the paper and the appendix, we define that f, = 0.1 and assume 0 < t, < f, to make

sure f, is small enough to guarantee the existence and uniqueness of the equilibrium ¢"”.

Finally, we proceed to prove Parts (a)-(d) below. Note that all the final equilibrium outcomes are

differentiable.
VP
Part (a): Since 4/*(t,) is the unique solution of W =0for 0 <t < T"(1,9.), by the
4V P 2 VP 2 VP
Implicit Function Theorem, we have: W =2 "Laqg’tibtp Ly a%’“’t”) lgu=iVP(1,)- One can verify
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that P " Cavty) <0and Py (Lavty) < 0foranyg; €[0,0.65] and 0 < t, <#, ‘Moreover we find that

g2 aqL9tp
VP
G/ (t,) <0.65 for 0 < t, < f,, since W < 0 for any g, € [0.65,1). Therefore, =L~ W) ),
VP

Part (b): Note that p/*(t,) = p/"(1,4/"(t,),t,), for i = H,L. By the Chain Rule ’at;t”) =

VP VP vp
(ap, ;:L/tl’) + Ip; ;Lﬂ Ap) 947 at; ))’% e One can verify that opyy ;m,tp) + apl; S;L»u Ap) aqLat(tp >0 and

VP
& g'%tp) + i él ALty) aqL tp <0 f0f any q;, € [0,0.65] and 0 < t, < f,. As already shown in Part

p qL

(a) above, lﬂ/P( ) < 0.65. Therefore % > (0and apLaTtp < 0. Hence, ﬁ[\gp( ) > ﬁlxgp( ) pH and
prr(t,) <pyt(0)=pt for0<t, <f,.

Part (c): Note that d'*(t,) = d/"(1,4/"(t,),t,), for i = H,L. By the chain rule, o) ;t”) =

(ad,vp(lr‘ibfp) + adYP(Lqp.tp) 97T (tp) )|
ot L oty a=qy

VP
- One can verify that ° él ALtp) 4 2 é;L'“ ) a'“ t” > 0 for

any for any g, € [0,0.65 and0<t St Smce G1P(t,) < 0.65, we have ° (t” >0, ie, dA"P
y y q p q p

(1 qr.tp) + advp(l qr.tp) aqL (tp)
oty L oty

increases in t,. Moreover, one can verify that 2 is negatlve when t,, is

close to 0 and is positive when ¢, is close to f,. Thus, dVP(t ») may decrease or increase in f,.
any P (Laptp)

Part (d): Note that ﬁVP(t,,) = n/"(1,4/"(t,),t,). By the chain rule, ’7@) - (’T T

fp

anlP (Lap.tp) aaY " (tp) amfP (L ty) | P (Laptp) 941" an " (1qL.ty)

o P Latpr’ )’ﬂ v One can verify that Hat,, - 0L =L !> 0and L?p""
it ) < 0 fo 1 € 0,0.65]and 0.< 1, <,.ince 417() < 065, we have 2 % 0 and
arpP(ty)

5, <0 e, 7Y (t,) increases in t, and 71" (t,) decreases in t,. Therefore, 7}; (tp) -7 >0>

AYP(t) — AL O
Proof of Corollary 3: Part (a): Let CM;"(t,) denote consumer monetary surplus of purchasing

from firm i in period 7 in the equilibrium, which is given by:

CMIE () = [, (0~ i 1,))d0

H1 — -
N Y A,
P (tp) — PL"(ty) 1_ PH (tp) — PL ()

S B T ey O ey
M) = [ (061" (1)) = pL" (1,))do
O e~ P )~ p170) P
a2 e s U
CMIE(y) = [ (0= i 4)do
= (A 2p} (1) + 81— 040)/2, and

M) = [ (03" >— pL" (1,))do
— Q0B+ 810 — 20070, B — B 2

where 0} = (P )ty dyg(ﬁ ?{,jé;) )ty (1) g 0y = W. The consumer monetary sur-

plus in period 7 is given by CM,*(t,) = CM}}.(t,) + CM/;(t,) for n = 1,2, and total consumer
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monetary surplus of two periods is given by CM""(t,) = CM{"(t,) + CMY"(t,).
tp)
<0,

<0 and

dCMHl( dCMLl( dCMyb (ty) acmy? (tp)

'r) <0, 7<Oand7p<0for0<t <t,. Thus
dCM “) < 0. Therefore, CMY”(t,), CMY"(t,), and CM""(t,) all

We can show that

dcMyP(tp
at,

) < 0, ch2

decrease in t,. Let C M? denote the total consumer monetary surplus of two periods in the bench-

mark case, i.e., CM? = CM""(0). Thus, CM""(t,) < CM"?(0) = CM" for 0 < t, <f,.

Part (b): Let CS}/"(t,) denote consumer total surplus of purchasing from firm i in period 7 in the

equilibrium, which is given by:
CSv(ty) = CME(ty),  CS[Y(t,) = CMT (),
1
CSYE(t,) = /G_V,,(e pIE(ty) + tydlh (1,))do

H2

1 X _ _
= 51 =201 (8,) + 24, (1,) + 0:2) (1 - 78)  and
CSIE () = [ (601" () — PL"(t,) + )Y () do
= E(qu( )<0VP + 9 ) zﬁgp(tp) + thde(tp))(églg - 9_vap)/ forn=1,2.

Consumer total surplus in period # is given by CS/*(t,) = CS}/%(t,) + CS}/F(t,), and consumer
total surplus of two periods is given by CS"P(t,) =CSY"(t,) + CSyP(t,).

Given 0 < t, < t,, we can show that % t” < 0ift, <0.0382251 and dCS

t” > ( otherwise. Thus,

CS"P(t,) first decreases and then increases in t,,.

Part (c): The monetary term of social welfare is defined as SM""(t,) = m}/"(t,) + /" (t,) +

CM""(t,). We have shown that CM"?(t,) decreases in t, in (a), and that n‘é” (t,) increases in t,

“’SM ( ) could be >0 or < 0.

and 71)*(t,) decreases in t, in Proposition 3(d). We can verify that
Thus SM""(t,) may increase or decrease in f,,.

Part (d): The social welfare is defined as SW"?(t,) = /" (t,) + /P (t,) + CSV"(t,). Given 0 <

dSW

t, <t, we can verify that t" > 0, indicating SW"”(t,) increases in t,, Thus, SW""(t,) >

SWYP(0) =SWt. O

B. The Dynamic Pricing Scheme

In this section, we analyze the model with dynamic pricing scheme, and show the equilibrium
results parallel to those in our main model. Since each period is independent and identical in the
case of VEE-C, the model and results are exactly the same under different pricing schemes. Hence,
in the sequel, we only focus on MEE in Section B.1 and VEE-P in Section B.2. Note that the following

results are proved along with Propositions 4 and 5.
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B.1. Market Expansion Effect (MEE)

We show the results and proofs of the MEE case under dynamic pricing in this section. Similar
to the analysis under committed pricing scheme, we solve the equilibrium of MEE by backward
induction. First, for given firms” quality levels 0 < q; < gy < 1, we solve the two firms’ pricing

decisions and summarize the results in Lemma B1, which is directly comparable to Lemma 1.

Lemma B1. Suppose that firms adopt dynamic pricing strategy. In the MEE case (i.e., t. = t, = 0 and
0<r<1), forany given 0 < g, < qu < 1, the firms’ sub-game equilibrium prices in period n are uniquely

given by (piy (qu,qu,7), oy (G, qu,7)), for n =1,2.

Next, we proceed to solve the quality decisions in Stage 1, and summarize the final equilibrium

and the corresponding result in Proposition B1, a counterpart of Proposition 1.

ProrositionN B1. Suppose that firms adopt dynamic pricing strategy. In the MEE case (i.e., t. =t, =0
and 0 < r < 1), there exists a unique equilibrium, in which firm H's quality is §o™ = 1 and firm L's quality
0 < 4PM(r) < 1. In the equilibrium, the market is not fully covered and each firm has positive demand.
Moreover, the following statements hold.

(a) GPM(r) increases in r.

(b) poM(r) decreases in r and paM(r) < poM(r) < pY, fori=H,Land n=1,2.

(c) dBM(r) and dPM(r) increase in .

(d) ABM(r) and APM(r) increase in r. Moreover, AEM (r) — Y, > APM(r) — AL > 0 while 0 <
(ARM(r) = AR) / 7ty < (AP (r) — A7)/ 7
Proof of Lemma B1 and Proposition B1: We remark that the proof of Lemma B1 and Proposition
B1 is very similar to that of Lemma 1 and Proposition 1, and therefore we suppress some steps for
succinct exhibition. We solve the equilibrium of the MEE case under dynamic pricing by backward
induction in three steps: Step 1. Given the quality levels and demands in period 1, we solve the
price decisions in period 2 of Stage 2. Step 2. Given the quality levels, we solve the price decisions

in period 1 of Stage 2. Step 3. We solve the quality decisions in Stage 1.

Step 1: Price Decisions in Period 2. When f. =, =0and r € (0,1], given that 0 < g, < gy <1 and

each firm’s demand in period 1, d5M and dPM, firm i decides p;, to maximize its profit of period 2:

max oM = ppdp™, fori=H,L.
2=

In the equilibrium, py, > 0 and p;, > 0 hold, and thus the market will not be fully covered by the

two firms in period 2. Moreover, in the equilibrium, each firm’s demand is positive in period 2,
4

ie,0<f2 < P12 <1, Therefore, two firms’ demands in period 2 are given by

dOM — (14 rdBM 4 rgPM) (1 - L:”“) and  dPM = (14 rdBM 4 rdPM) (7”"” —PLa @) :
qH —qL dH — 4L qL
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DM order-

. . a2
One can verify that 73" is concave in py, ie.,

conditions together leads to the prices in period 2 as f:)elow

_ 2qu(9m —4q1)

P (qr, ) = and  pPM (gsqp) = L0~ AL), (B1)

491 — 4L 4qm —qL
The corresponding demand and profit of each firm in period 2 are given as below:
) 291
dqp —q1’

) qH

4‘75{ —q’
(1+rdOM + rd?lM)?HL;q)L), and

—qr

14 rd M 4 pgDM) THILH —4L)

( ) (490 — 1)

AP (g, qr,7,dOM,dPMY = (1 4 rdEM + raPl

dLZ (qHILIL,T’ dLl ,dDM) (1+rdDM+Vd

(B2)

7TH2 (QH/‘?LrV dHl /dDM)

nLZ (QH/QLxr dLl 'd )

Step 2: Price Decisions in Period 1. Given the firms’ prices in period 2, firm i decides price in
period 1, i.e., p;1, to maximize its total proﬁt of two periods:

max 7r = p,ld + 7r12 Mgy, q1,7, d:l ,dDM), (B3)
pin >0

where i,j = H,L and i # j, and the demands in period 1 are given by

(1 Pk, Befi — ), if (pun, pa) € Cus
e = f (pr1,p11) € Co;
(dDM, gDM) _ (1-52,0), if (p1,pr1) € Cs;
(01— E), f (pu1,pi1) € Cys
(1,0), f (pa1,p11) €Cs;
(0,1), if (pm1,p11) € Ce.

In the above, C; (i =1,2,...,6) is a set of conditions that defines a region for the price pair in period

1. More specifically, C; = {0 < [t < PIIL <1} G = (A0 <0 < BI <1} G = {0 < B <

qH—IL

Iy C={0<pu<qg-1+ le}; Cs = {pm < min{0,p11}}; and Cs = {p1s <min{0,q. — g1 +
pm . We refer to (pu1, pr1) € C: simply as “under Condition i”. Under Condition 1, the market is
not fully covered and each firm has positive demand in period 1; under Condition 2, the market
is fully covered and each firm has positive demand in period 1; under other conditions, one of the

firms has zero demand in period 1.
We can apply similar approach as in the proof of Lemma 1 to show that the market is partially
covered and each firm’s demand is positive in period 1, i.e., 0 < Pq# < % < 1. Therefore, we just
focus on Condition 1. Under Condition 1, one can easily verify that firm i’s total profit is concave
in p;1; and thus the firms’ first-period prices can be solved from the first-order conditions and are
given by:
9r (91— q1) (329 + (r+2)q1 — (r+16)qmq1)

(491 —qr)3 (B4)
q (qu — qu) (20 — 4)quqr — 2(r — 8)q3; + 7)

(491 —q1)° '
Therefore, the corresponding demand of each firm in period 1 is
qn (32q%; + (r +2)q7 — (r +16)qmqr) and

4qy —q1)3
ot 20+ 8 ) (57 +8)quar) (B5)

(495 —q1)°

le (fiHrQL/ )=

PLl (liHqu/ )=

dDM(

qH,qL,7 )

dPM(qy,q1,7) =
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Plugging Equations (B5) into Equations (B2) yields the second-period demands as functions of
(Gr,q1,7):

M (—4(r +6 +2(r+24)g3 + (2r +3)g3) . 2
A5 (qu,qur) =1+ 9 (—4(r +6)gnqL +2( )95 + ( )qL)) 9 .4
(40 +6) (4%12( liL)24) f ) 490 — qL (B6)
r r+ +2(r+ 4
dPM gy, q1,7) = (1+ 2 HAL 9k L)y an

(491 —q)? 4qm —qr
Moreover, firm i’s total demand of two periods d”M(qy, q1,7) = dS™(qu, q1,7) + d3"(qu, g1, 7) and

its total profit 77°™(qu,q1,7) = PR (qu, 91, 7)dR™ (G, L, 7) + P (9,90, 7)A0Y (G, L, 7).

Step 3. Quality Decisions. Given the firms” dynamic pricing decisions in Stage 2, we proceed to
solve firms’ quality decisions in Stage 1:

max 715" (qu,q,7r) and max 7t7M(qu, qL,7).
quE(qr.] qr€[091)

First, one can easily verify that 75 (qy, g1, 7) increases in gy for any g, € [0,1) and r € (0,1], i.e.,

dnBM(qp,q0.7)

a0 > 0. Thus, firm H’s optimal quality is 45 = 1 for any g; € [0,1). Given that gy =1,

next we solve firm L's optimal quality q;. Directly checking firm L's profit function, we find that

2 DM

“LTW <0, for any g, € [0,1) and r € (0,1]. Therefore, firm
L

dnPM(1,q;r)

= 0.

nPM(1,q.,7) is concave in g, i.e.,
L's optimal quality 47" (r) is solved from
Thus, the equilibrium outcome is: gz = §iM =1, g = GPM (), pn = pAM(r) = pAM(1,42M(r), 1),
and pn = pOM(r) = pQM(1,4PM(r)), for i = H, L. Let dPM(r) = d°M(1,4PM(r),r) and APM(r) =
pPM(r)dPM(r) denote firm i’s demand and profit in period 7 for i = H, L and n = 1,2. Firm i’s total
demand and total profit are given by d°M(r) = d2M(r) 4 d5M(r) and APM(r) = ADM(r) + ADM(r).
Note that we can apply similar approach as in the proof of Proposition 1 to show the existence
and uniqueness of the above equilibrium in which the market is partially covered and each firm’s
demand is positive in each period. The detailed proof is omitted and is available from authors

upon request. The proof of Proposition Bl(a)-(d) are provided in the proof of Proposition 4. [

Proof of Proposition 4: Note that all the final equilibrium outcomes are differentiable.

Part (a): Since 4P (r) is the unique solution of % =0, by the Implicit Function Theorem,
sDM 2 DM 2 DM
we have: aqLar 0 2z aqL(;;qL’r) s aq(ZLLqL’T) |4—qpm(»)- We have already shown that ° aq(%l’q”) <0
2 DM
Besides, we can verify that an%q# > 0 for any g, € (0,0.6). Moreover, since W < 0 for

any g € [0.6,1), we deduce that 47" (r) < 0.6. Therefore, % >0, i.e. §PM(r) increases in r and
GPM(r) > g for r € (0,1].
ADM

DM
Next, we show that 4V (r) > 4~ P (LaLr) 9 (Laur)

M. .
> 0 for any g; € (0,0.4]. Since §¥(r) is the

for

(r) for any r € (0,1]. One can verify that

s ( ALt) BnL 1qL

any ¢, € [0.4,1]; moreover, >0 and

anL (Lgrr)
My,

we have qAL (r) >qALDM( )>”IL-

=0and §PM(r) to M = 0 (concavity of the profit functions),

unique solution to 5
qL
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) ADM(,\ _ ,,DM(1 ADM P . oppM(r) _ coppM(LaLr)
Part (b): Note that p7™(r) = pi™(1,47™(r),r), fori = H, L. By the chain rule, b = (1= +
DM r ~DM r
2y _Qawn) 32000 1—ipM()- One can verify thatL ( > 0. Moreover,

< 0. We already have 2.

aqy,
one can verify that % < 0 for any q;, € (0,1], and that M < 0 for any ¢q; € (0.56,1).
Since 4™ (r) increases in r, we have 4P (r) > (jDM( )=4"=4/7> 0 56. Thus, W =M <
apz] ~DM

0. Based on all these facts, we show that ) <o0. Therefore, paM(r) decreases in r and paM(r) <

pEM(0) =pt forre (0,1] and i = H, L.
Similarly, note that phM(r) = phM(1 (jLDM( )) for i = H,L. By the chain rule, w30)

or
(r > 0. Moreover, we ver1fy that w

DM ~DM
(ap,-z (Lqr) 947 < 0 for

o)y
oL or L= q
any q;, € (0,1], and that pLZ (1 1) < 0 for any q; € (0.56,1). Thus, p'z ) < 0. Therefore, poM(r)

)- We already have *

decreases in r and poM(r) < pAM(0) = p? for r € (0,1].

Next, we will show that piM(r) < pM(r) < pEM(r) for any r € (0,1]. Due to concavity,
GPM(r) is the unique solution of W = 0 for g € [0,1); that is §PM(r) is the first
(or smallest) root of the polynomial g3 (11r + 14) + g7 (8> — 116r —232) + 43 (28r> 4 492r + 1472) +
7 (—96r% —1232r — 4352) + g (761> + 18567 + 5632) — 1612 — 768r — 2048 = 0. Similarly, §M(r) can be solved
as the first (or smallest) root of the polynomial 243 (r> — 92 4 20r — 28) + g} (—9r> +72r% — 76r + 480) +
2q3 (12r3 — 87r* — 232r — 884) + g3 (—11r> 4 396r> + 15967 + 2992) — 4q;, (15r° + 168r% + 520r 4 640) + 361> +288r +
768r + 768 = 0. Substituting the equilibrium quality to pi™(1,4PM(r),r) (Equation (B4)),
pEM(1,4PM(r)) (Equation (B1)), and pM(1,4¥(r),r) (Equation (A3)), and after some straightfor-

ward simplifications, we can verify that pAM (r) < pM(r) < poM(r) < p?, fori=H, L.

fDM DM (1 ADM ; dPM (r) 9dPM (1,41,7)
Part (c): Note thatdP?"(r) =dPM (1,47 (r),r), fori = H, L. By the chain rule, 'ar = (=== +

DM ~DM
& af,lL'M aqLa,< >)’qL q . We already have aqLair > 0, and can verify that & > 0 and
W > 0. Thus, ° >O i.e., d°M(r) increases in r for i = H, L.

Similar to Part (c) above, substituting 4°M () into dPM(1,4°M(r),r) and §Y(r) into dM(1,4M(r),7),
we can verify that d°(r) > dM(r) > d? for r € (0,1] and i = H, L.

~DM
Part (d): Note that APM(r) = =nPM(1,4PM(r),r), for i = H,L. By the chain rule, aniar 0 =
(2P ) P ) P
ar ks or =4y
BnH r)

. One can verify that ompM(LaLr) | oM (Lavr) aqL (r)
ar a‘IL

9L

> 0 for

any g, € (0,1]. Thus, > 0. One can also verify that %

qL=4PM(r) =
0, we conclude that 2L > 0. Therefore, both #0M(r) and APM(r) increase in r.

Substituting 4P (r) into 7P"(1,4PM(r),r) and §Y(r) into 7M(1,4Y(r),r), we can verify that
APM(r) > AM(r) > A for any r € (0,1] and i = H, L.

This completes the proof of Proposition 4 and Proposition Bl parts(a)-(d). U
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B.2. Value Enhancement Effect from Previous Consumers (VEE-P)

We show the results and proofs of the VEE-P case under dynamic pricing in this section. Similar
to the analysis under committed pricing scheme, we solve the equilibrium of VEE-P by backward
induction. First, for given firms” quality levels, we solve the pricing decisions and summarize the
results in Lemma B2, which is comparable to Lemma 3. Then we solve the quality decisions in
Stage 1 and show results of final equilibrium in Proposition B2, which is comparable to Proposition

3.

Lemma B2. Suppose that firms adopt dynamic pricing strateqy. In the VEE-P case, for any
given 0 < qp < quy < 1, the firms" equilibrium prices in period n are uniquely given by

(pin"(qu qu,ty), P2 " (qu,quty)), for n =1,2.

ProrositioN B2. Suppose that firms adopt dynamic pricing strategy. In the VEE-P case, there exists a
unique equilibrium, in which firm H's quality is §5¥" =1 and firm L's quality 0 < §PV<(t,) < 1. In the
equilibrium, the market is not fully covered and each firm has positive demand. Moreover, the following
statements hold.

(a) qPV"(t,) decreases in t,,.

ADVP

(b) pEY(t,) first decreases in t, and then increases in t,; ppy* (t,) decreases in t,; py¥(t,) < pb and

prvR(t,) < P paT(t,) and pYP(t,) increase in t,; POy (t,) > pby and pEYT(t,) > po.
(c) dBVP(t,) increases in t,; dPVF (t,) first decreases and then increases in t,.

(d) ARVE(t,) increases in t, and APVP(t,) decreases in t,; AR F(t,) — Al > 0> APVP(t,) — AL.

Proof of Lemma B2 and Proposition B2: We remark that the proof of Lemma B2 and Proposition
B2 is very similar to that of Lemma 3 and Proposition 3, and therefore we suppress some steps
for succinct exhibition. We solve the equilibrium of the VEE-P case under dynamic pricing by
backward induction in three steps: Step 1. Given the quality levels and the demands in period 1,
we solve the price decisions in period 2 of Stage 2. Step 2. Given the quality levels, we solve the
price decisions in period 1 of Stage 2. Step 3. We solve the firms” quality decisions in Stage 1.
Step 1: Price Decisions in Period 2. When r = t. = 0 and ¢, > 0 and is small enough, given that
0 < g1 <gu <1and each firm’s demand in period 1, 45" and d7’”, firm i decides price in period
2 to maximize its second-period profit: max,,>o 775" = ppd3"", for i=H, L.

Similar to the analysis under committed pricing, we only focus on the case that the market is

partially covered, which is true when ¢, is sufficiently small. Thus, the demands of period 2 are:

gDVP _q _ (pH2 — tpd DY P) — (pra — tpd2V'P) 4 4DovP_ (P2 = tdBY") = (pra — tpdPV'")  pra — tpdy"
H2 = an 2 =

qH —qL qH —qL qL
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. . . . . 2nRVP . . .
One can easily verify that 73" is concave in py, i.e., a;l;% < 0. Solving the two firms’ first-order-
2

conditions together leads to the prices in period 2 as below:

203 + (2tpqy — tpqr)dBV? — tyquadPV? —2
H 4L B7
DVP pvp pvpyy _ THIL + (2tpqm — thL)dl?lV?) —tpqudpy” —at ®7)
pr2 - mqu tpdpy dy ")) = :
491 —qL
The corresponding demand and profit of each firm in period 2 are as below:
dPYP (a41, 1,y dOVP dDVP) — 295 + (2tpqm — tpqr)dpy” — tpqudD)’" — 2quq;
P 2 4#{137/1?%% i DVP | 2 2
00 gty aBY P ) — ot = oY~ pgaand i+ o — g
qL(49% — 59uq1 + q7) (BS)

DVP pve ovey (oL = 2tpae)dpy " + tpqud?” + 2quqL — 2q3)*
Thy " (qH L tp di Ay ) = @an — 20200 —a1)

qu((2tpqu — tpqr)dPY" — tpqrdDYY + quqrL — 9% )?
(495 —q1)*(9m —91)9L

, and

DvVP DVP ,DVPy _
m (qu 9Lty dp A ) =

Step 2: Price Decisions in Period 1. Given the firms’ prices in period 2, firm i decides price in

period 1, i.e., p;1, to maximize its total profit of two periods:

DVP DVP DVP DVP JDVP . L
E;ni)o( o =pady 7 (qu, oty dpy,dpy "), fori,j=H,Land i # j.
i1=

Again, following the same logic as in the proof of Proposition 3, we can show that the market is
partially covered and each firm’s demand is positive in each period in the equilibrium for suf-
ficiently small #,. Thus, each firm’s demand in period 1 can be written as: djjy” =1 - Fi=l* and

- . . . 2 _ 2, 3 .
dPVP — pm—pu _ P For sufficiently small ¢, (i.e., 0 < t, < TPVP(qy,q; ) = 2AL9u—5119. 00 ) 71DVP jg concave
L1 P P qH.9

qH—qr  q 243, —quqL+a; i ovp
. . . . " . d
in pj1, and thus firms’ prices in period 1 can be solved from the first-order-conditions, i.e., ;;fj{ - =
dnPVP L . ,

and “L— = 0. Hence, the prices in period 1 are given as below:

= (X5 + Xe) X

2qp (X5 + X¢ L X5
Pg}/p(‘JHIQLftP) = QT and P%VP(‘?H/’]L/tp) = %f (B9)

where Xs = —qiuq} (~240283 + 4qu8} + 159} +4t3) + a2 (87t — 98433 + 12918 + 87} + 16t} ) -

ar (4007t — 16833 + 4qu65 + 2450} + 2088 ) + 3208, (—quty +207 — £) + 8q3 (543t + 119,63 — 3007 +383) +

aqh (6q?it,, — 3722+ qu 3+ 87q% + 6t‘;> — 2482+ 48, Xo =ty (—quqr, +24% +47) (quar (—3q%t,, +10q.£ — 10q7 +263 ) +
8% (291 + tp) —24% (11quty +2007 + 383 )+, (1742t — 109083 + 33¢] — 683 ) — 2433 +47),and X7 = 64q%; (407 — ) —
1643, (48q§ 70083 ) + 240}, (10633 + 3601 + ) + g, (2384713 — 20q,£5 — 46407 ) + 4% (711811‘}}%, + 1643t +129¢¢ ) -

291 (—133 13 + 203t} + 947 ) — 24813 + 5.
Given the firms’ prices in period 1, the corresponding demands in period 1 are as below:

dgyP(QH qLtp) =1— pg‘l/P(qH/qutp) — pElVP(qH'qL'tp) and
DVP ; sy ; DVP / (B10)
_ Pai @Hqutp) —po @0 ty)  pr (GH.qLtp)

dpVP (ar, . tp) = p— 0 -

The corresponding price, demand, and profit of each firm in period 2 are obtained by substituting

Equations (B10) into Equations (B7) and (BS8):
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PHz Pqr,qutp) = pRs " e ety Ay (e qu.tp), 40 (Gr, e tp)), (Blla)
Y Grqity) = p0 (e qu ty, A0y T e g ), a2 (Gr,qc. ), (B11b)
Y (Gu,quty) = dD‘z/P(QH/‘h/tprdH (91,91, tp), A1) P(QH/‘JL/fp))/ (Bllc)
dp (QH/‘?thp):d (‘7H:‘7L/tpzdu (QHIQL/fp) dpy (QH/‘?L,fp)), (B11d)
iy (e ty) = 7y @ity Ay G atp), 40y ' (G, qu.tp)), and (Blle)
Y P (qm,qu.tp) = P(QHJIL,fpfdﬂvp(lm,lh,tp)/dﬁVP(QHIQL/tp))/ (B11f)

Moreover, firm i’s total demand is d°V"(qu, q1,t,) =d5""(qu, 9, ty) + 45" (qu,q1,t,) and its total

DVP

qu,qu.ty) = Pit

DVP(

profit is 7t (90,90, t)d8 " (qu,qu,ty) + P2 " (qu,qu,tp)d5 " (qu, g ty)-

Step 3: Quality Decisions. Given the firms’ pricing decision in Stage 2, we proceed to solve firms’

quality decisions in Stage 1:

max ngVP(qH,qL,tp) and max wPVP(

,q1,tp).
que(q] 7.€[0,9m) THqLEp)

DVP(

First, one can easily verify that 773""(qu,q1,t,) increases in g, given that the market is partially

covered and each firm has positive demand for sufficiently small ¢,. Thus, firm H’s optimal quality

ADVP

is 4y

respect to q;, one can verify that 7PV (1,q,,t,) is concave in g, given that the market is partially

= 1. Given that g5 = 1, next we solve firm L's optimal quality g,. Taking derivative with

covered and each firm has positive demand for sufficiently small t,. Therefore, firm L's optimal
quality 4

Thus, the equilibrium outcome is: gy = 45" =1, q. = 40"%(t,), and pi = pLYVI(t,) =
pPM(1,4PVP(t,),t,), fori = H,L and n = 1,2. Let dDV7(t,) = dPVP(1,4PV7(t,),t,) and ALV (t,) =

ADVP (¢ dnp P (Lauty) _

p) is solved from y
qL

pPVP(t,)dPVP (t,) denote firm i’s demand and profit in period 7. Firm i’s total demand and total

profit are given by dPV(t,) =dBVP(t,) + d3VP(t,) and APVP(t,) = ARVP(t,) + ABVE(t,).

Note that we can apply similar approach as in the proof of Proposition 3 to show the existence
and uniqueness of the above equilibrium in which the market is partially covered and each firm’s
demand is positive in each period. The detailed proof is omitted and available from authors upon

request. The proof of Proposition B2 parts(a)-(d) are provided in proof of Proposition 5. [

Proof of Proposition 5: Note that all the final equilibrium outcomes are differentiable.

Part (a): 47" (t,) is the unique solution of # 0. By the Implicit Function Theorem, we
2 -DVP
have a‘“gtp (t”> - ¥ EaV;L(;t’fL’t” )y Erp vg;}m,t,,) — ) We have already shown MTW < 0, and can
2 _DVP ’ r _ L
verify that M%TW <O0foranyq, € (0.2,0.77) and t, € (0,,]. Moreover, we find that 477" (¢t,) €

(0.2,0.77) for any t, € (0,,]. Therefore, M <0, ie. 4PV (t,) decreases in t, and 4PV"(t,) < 4t.

AVP

Next, we compare 47"F(t,) with g} % = 0 and 2L 0ALt)

oL
can check that 4} > 4PV (t,) > 4/*(t,) when t, < Fand 4PV?(t,) < g/ (t,) < 4? when F < t, <1,

where f ~ 0.0829548.

(ty). D1rect1y solving =0, we
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Part (b): Note that p5V"(t,) = pL""(1,47V"(t,),t,), for i = H,L and n = 1,2. By the chain rule,

o (ty) _ (8p

o,

DVP(

Lap.tp) + apPVP (1,q.tp) 2aPVP (1, ))|
ot

%, 3 | PREVC TS )- Similar to the previous analysis, one can

verify that: 1) ppy*(t,) first decreases and then increases in t,; 2) p\'"(t,) decreases in t,; and 3)
post(t,) and pry"(t,) increase in t,. Comparing with the benchmark prices, we can further show
that pRV*(t,) < p? and pR¥7(t,) > p?, fori=H, L.

Next, substitute 47V (t,) into p7""(1,47V"(t,),t,) ( Equations (B9)) and p3""(1,47V"(t,),t,)
(Equations (Blla) and (B11b)); and substitute 4/"(t,) into p/"(1,4/"(t,),t,) (from Equations

(A13)). After some tedious but straightforward simplifications, one can verify that ppy”"(t,) <

Pl < PA" (k) < pi”(t,) and PR77 () < pi(E,) <P < P (L)

5 54DVP

Part (c): Note that dPV"(t,) = dPV"(1,4PV"(t,),t,), for i = H,L. By the chain rule, latp<t”> =
DVP DVP sDVP

( a(tt%tp ) 4 % af;quL ) 30 at,,(p ))qu v, Taking similar approach, we can check that: 1)

dpVP (t,) increases in t,; and 2) dPV7(t,) fII‘St decreases and then increases in t,,.

Next, substitute 47V"(t,) into dPV"(1, 477" (t,),t,) and §/"(t,) into d/"(1,4/"(t,),t,). After some
straightforward yet tedious simplifications, one can verify that d5"”(t,) < dyf (t,) and dPV7(t,) >
di’" ().

ADvVP
Part (d): Note that APV’ (t,) = nPV"(1,47""(t,),t,), for i = H,L. By the chain rule, ‘atp(t”> =
DVP DVP 4
(& aii'%tp L aglL'qL't” ) %at,,( >)|% qove(,)- Again, via similar approach, we can verify that
ARV (t,) increases in t, and APY"(t,) decreases in t,,.

Substitute 47V (t,) into wPV" (1,477 (t,),t,) and 47" (t,) into 7r/”(1,4/"(t,), t,). After tedious but
straightforward simplifications, one can verify that: 1) 7 > APV?(t,) > /" (t,) forany t, € (0,F,];
and 2) Al (t,) > ALVE(t,) > A% when t, < tand AR'F(t,) > ~AYF(t,) > AL whenf < t, <f,, where
F ~0.058082.

This completes the proof of Proposition 5 and Proposition B2 parts(a)-(d). [



