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Supplementary material

EC.1. Proof of Proposition 1

Consider a two-dimensional pricing setting d = 2, with feature map ¢(x,p) = (0.5z,0.5p) for x €
[—1,1], p€[0,1] and the hypothetical demand model 6* = (0.5, —0.5). The logistic demand model

Colwep) T0F . . (2w —2
Pr(d; = 1|p, x,] = W is used, with ¢ =8, or equivalently Pr[d; = 1|p;,z;] = He;z% It
is easy to verify that, with z; = 1, the optimal price is p; = 1; with x; = —1, the optimal price is

pe ~0.524. Let 7 = max,c(o,1) p: Pr[d, = 1|p;, 2 = 1], 77y = max,ejo,1) pe Pr[d, = 1|p;, v, = —1] be the

maximum expected revenue when priced optimally for z; =1 and x; = —1. Define

Al = —pxPrld=1
= min 2, (el = e =)

as the minimum regret of any fixed price p € [0, 1] under either context z =1 or x = —1. It is easy

to verify that A% >0.001 >0 and therefore A} =Q(1).

For each time ¢, let H;_1 := {x,, Y-, Pr }r<¢ be the complete history prior to time ¢. Because the
policy m must be non-anticipating and satisfies the (g,0)-differential privacy in Definition 1, for

any p € [0,1] and z, 2’ € [-1,1], it holds that
Prlp,=p|H:i 1,2 =2] < e Prlp, =p|Hi 1,2, =2"| + 0 (EC.1)

Let the environment be such that x; = £1 uniformly at random. Then the expected regret of a

policy 7 satisfying Eq. (EC.1) at time ¢ can be lower bounded by

Z / rj —pxPrld=1|p,z, = j]) X Prlp, = p[H1, 2, = j]dp
0

je{1,-1}
—A;i x/ mm Pr[pt p[He—1, 2 = j]dp
je{1,—
. 1 A x maX{O Prp, =p|Hi—1, 20 =1] — 5}dp (EC.2)
2 e
1
> ZA: X / max{0,Prlp, =p|H, 1,2, =1] — 1/4}dp
0
1
> ZA: x (1-1/4) (EC.3)
1 3 3
> TA* > _AF —
> 4A 16A =Q(1),
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where in Eq. (EC.2) we apply Eq. (EC.1), and Eq. (EC.3) holds because fol Prlp =p/Hi 1,2 =
1]dp = 1. Summing over all 7" time periods we obtain the desired 2(T") lower bound on the policy

.

EC.2. Proof of Proposition 2

Proof of Proposition 2. Let D, D’ be a pair of neighboring databases differing only on time t¢.
For every time period 7, suppose p, = f.(x,,a1, -+ ,a,_1) for some deterministic function f,. Let
P-: be a measurable set over p;,1,---,pr. Define A:={ay, -+ ,ar: f-(x; a1, ,a,_1) =p,, V7T >
t}. Because x, =/ for all 7 > ¢, the set A is the same under D and D’. Note that our defini-
tion of anticipating privacy plays a key role here since we only care about the future prices, while
D and D’ only differs at time ¢. Therefore, Prp;.y,--- ,pr € Ps¢|m, D] = Pray,- -+ ,ar € Almw, D]
and Pr[pi 1, - ,pr € Psy|m,D’] = Prlay,--- ,ar € Alw, D’]. Additionally, because (ay,---,ar) are
(e, 0)-differentially private it holds that Pr[a,,---,ar € Alw, D] < e Prlay,--- ,ar € Alm,D’]| + 9.
Subsequently, Prlp;. 1, ,pr € Psi|m, D] < e Prlp;y,- -+ ,pr € Psi|m, D'] 40, which is to be demon-
strated. O

EC.3. Proofs of technical lemmas in Section 6.1

EC.3.1. Proof of Proposition 3.

Because [|¢;]|2 <1 almost surely, Section 3 and Algorithm 1 in (Dwork et al. 2014) shows that each
53(¢) satisfies (¢, 8')-differential privacy. Additionally, Theorem 3.5 in (Chan et al. 2011) shows that
each ¥? involves at most m = [log, 7| differentially private partial sums. By switching the basic
composition argument in Theorem 3.5 of (Chan et al. 2011) to advanced composition (Corollary

1), we have that the entire procedure satisfies (e, §)-differential privacy. O

EC.3.2. Proof of Lemma 1.

First fix n. Invoking Corollary 2.3.6 from Tao (2012), there exist constants ¢, C' > 0 such that, for
every a > C),
Pr[||[W"|op > 0w sraV/d] < Cec,

Equating the right-hand side of the above inequality with 1/72 and applying union bound over all
T periods, we have with probability 1 — O(T') that

In(CT?

n : )
||W HOP So-e’,é’ mln{C\/;ja C\/& }7 Vn.
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Note that for each n, the difference between ¥? and ¥,, involves at most m = [log, T'] noise matrices

W. Subsequently, for every n,

122 = 2 llop < mmax |[W"|lop < 0.5 InT x O(Vd,In(T)/Vd) < 01 5 x O(VdIn>T)

< 2008 T IO /BIa(LE5/5) % OV T) = OV (1/3)),

g

which is to be demonstrated. O

EC.3.3. Proof of Corollary 2.

A7 ?:1 be the eigenvalues of A,,, A2, respectively, which are all real since ¥,,,¥? are sym-

Let {\
metric. By Lemma 1 and Weyl’s theorem, we have with probability 1 — O(T~!) uniformly over all
n that

X2 = X8| = O(eWdIn**(T/5)), Vj. (EC.4)

On the other hand, because %, =3, ¢:p; is positive semi-definite, NP> p > e~'dv/dIn®(T/5)
for all j and n. Subsequently, there exists a universal constant Cr < oo such that for any T > Cr,

with probability 1 — O(T~!) uniformly over all n and j that
w wmy o 01
A=A < =T

Subsequently, det(A2) < (1 4+ %F)?det(A,,) < e®'det(A,) < 1.11det(A,) and det(AZ) > (1 —
OT'll)ddet(An) > e %tdet(A,) >0.9det(A,,), which are to be demonstrated. [J

EC.4. Proofs of technical lemmas in Section 6.2

EC.4.1. Proof of Proposition 4.

The proof of privacy amounts to verify the several conditions in Theorem 2 of Kifer et al. (2012)

hold true.

First we verify that the objective ), . —Inp(y|¢¢,0) is convex with respect to 0. Recall that
p(yi|Pe,0) = exp{C(y: 0, 0 — m(¢/; 0)) + h(y:,¢)}. Taking the first and the second derivatives, we
have that

—Vy lnp(yt|¢t7 0) = C(m'(q&j@) - yt)¢t = C(f(¢:9) —Yi) Ot
_v3 Inp(y:|¢:,0) = Cf/( ZQ)QZ)@I

Because ( >G~' >0 and f/(-) > K~! >0, we have that —V2Inp(y,|¢:,0) = 0 for all §. This shows

that the objective function is convex with respect to 6.
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We next upper bound the gradients and Hessian matrices. Recall that we assume the realized
demands y; are uniformly bounded by By in all periods and databases. Furthermore, ¢ < G,
f)el0,1], f'(-) < K and ||¢¢]|2 <1 almost surely. Hence, || — VyInp(yi|p:,0)||2 < (By +1)G = By,
| = Valnp(yi|or, 0)]lop < KG = B, for all t and 6. Invoking Theorem 2 of (Kifer et al. 2012) we
complete the proof of Proposition 4. [

EC.4.2. Proof of Lemma 2

To prove Lemma 2, we need to introduce two important technical lemmas as follows. The proofs

of these two technical lemmas will be deferred to the end of this section.

LemMMA EC.1. Fiz n € {1,2,---,T}. For every t <n, define £,(0) =E,p 16,0 [— InD(y| ¢, 0)].
Define F,,(0) = L, (0)+ 50|13 +w "6 where L,(0) =3, €:(0) andw ~ N (0,02 5I). Let 0% be defined
as

¢ = argmin F), (6).

6eRd
If p>5v. 5V5dInT then with probability 1 — O(T—?) it holds that [|6% ||, < 1.5.

LEmMmA EC.2. Fiz n € {1,2,---,T}. For every t < n, define 25(0) = —Inp(y¢|ps,0). Define
F.(0)=L,(6)+ 2110]|34+ w0 where L.(6) = ZKnZt(@) and w~N(0,02,I). Let 8, be defined as

~ ~

0,= in F,(0).

p = argmin £, (6)

If p > max{bv. svV/5dInT, 24 48s*G* KdInT} then with probability 1 — O(T~?) it holds that |]§p||2 <
2.

At a higher level, Lemmas EC.1 and EC.2 show that, if the smoothing term £||f]|3 is not too
small, both global minimizers of F,, and ﬁn have bounded norms with high probability. Despite
their apparent similarities, the proof strategies of Lemmas EC.1 and EC.2 are quite different.
Lemma EC.1 is proved by noting that 6 is the global minimizer of L, (), and any 0 with norm
substantially larger than [|#*||; < 1 must incur a large penalty through the £||0||3 term when p is
not too small. On the other hand, Lemma EC.2 is proved by noting that E, is strongly convex and

\ﬁn — F,| is small, and therefore §p cannot deviate too much from 6.

With Lemmas EC.1 and EC.2 in place, we are ready to prove Lemma 2. First, by Lemma EC.2
we know that with probability 1 — O(T~2), [|62||, < 2. The remainder of this proof is conditioned
on the event that H@ZHQ < 2.

Because ||§5||2 < 2, the constraints in the optimization problem

~

6 =arg min L,(6)+ £16113 +w T

ol2<2
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are not active. Therefore, by first-order KK'T conditions we have that

0=VL,(0")+ pb? +w = ZC TG’) yt)gZ)t—l—pé\fL—{—w. (EC.5)

t<n

Recall the definition that & =y, — f(¢; 6*). Re-arranging terms in Eq. (EC.5) we obtain

ST (6708 ~ F(6[ 000 = &0 — L (B2 + ).

t<n t<n

By the mean-value theorem, there exists 6 = 6* + )\(52 — 6*) for some A € [0,1] such that
S cn(F(@702) = F(@07) b =3, /(@] 0) (0% — 0°) T by Subsequently,

D F(@L0)0 -0 dd) = &) — Tl +w).
t<n t<n
Multiplying both sides of the above equality by (515 — 6*) and noting that (~! <G, ||§5||2 <2, we

have

0°) < |3 &/ (08— 07|+ G(2p+ [w]2)]|67 — 6.

t<n

[Zf Iemt](n

t<n

Note that, because ||60*||> <1 and Hég\b <2, we have |||, < 2. Subsequently, f'(¢,0) > K~! for
all t. Invoking also Lemma EC.3 and Eq. (EC.9), we have with probability 1 —O(T~2) that

11((55 0°) TS, (02— 07) < sV T (0% — %) TS0 (Bl — 0°) + G(2p -+ ve V5T |82 — 7.

For notational simplicity define A2 = (é\ﬁ - 9*)TAn(§£ —6*) where A,, =3, + pI. Because [|0*]|» <1,
||§£H2 < 2 we have Hgﬁ — 0*||2 < 3. Subsequently,

A2 < sKV3dInTA, +[G(2p+v. sV/5dInT) + 3p] (|02 — 0* . (EC.6)

Dividing both sides of Eq. (EC.6) by A, and noting that A, > \/ﬁHé\ﬁ — 0*||]> with p > 1, we obtain
with probability 1 —O(T~?) that

A, <sKV3dInT + (2G 4 3)/p+ Gr. sV/5dIn T. (EC.7)

The first inequality in Lemma 2 is thus proved.

We next prove the sharpened inequality with the additional condition that Ay, (2,) > A =

[%%’ +v. sG]?. With this condition, we have A, > /g + |07 — 6%, > [(2;\/%’ +v. 5G] 167 — 6%
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Subsequently, dividing both sides of Eq. (EC.6) by A, we obtain

A, <sKV3dInT +V5dInT <4sKvVdInT,

which is to be demonstrated.

EC.4.2.1. Proof of Lemma EC.1 Because E[y|¢;,0%] = f(¢]0*) and —VInp(y,|¢:,0) =

C(f(8/)0) = y1)¢r, we have that VE,(0) = —=VE[np(y|er, 0)10°] = C(f(¢, 0) — f(¢/ 7). It is easy
to verify that L, =), _, ¢ is convex and VL, (6*) = 0. Hence, 0" is the global minimizer of L,, and

therefore L,,(0") < L,.(0}).

Assume by way of contradiction that [|6%[|y > 1.5. Because [|0*||; <1 and L, (0*) < L,(0;), we

have that

Fo(0;) = Fu(67) 2 510515 = 510713 — |(w, 6 — 67)

p * p * *
> L)0;13 - £ — Jwlla (16" 12+ 16 1)

> 2163013 £ = llewllz = 1wl 162

P px * P
= (50650 ol )61~ (5 + e ). (EC.5)

Recall that w ~ N (0,v251). Hence, |Jw||3/v2; follows x7 distribution. Invoking concentration
inequalities of x? random variables from (Laurent & Massart 2000), we have with probability 1 —u
that ||z||2 < d+2y/dIn(1/u) for z ~ N(0,1,). Subsequently, with probability 1 —O(T~2) it holds
that

w2 <v25(d+4VdInT) <502 ;dInT. (EC.9)

With Eq. (EC.9) and the condition that p > 5v. ;v/5dInT, we have that p > 5||w||y with proba-
bility 1 — O(T~2). Subsequently, with probability 1 —O(T~?), Eq. (EC.8) can be simplified to

which contradicts the definition that 67 is the global minimizer of F,.

EC.4.2.2. Proof of Lemma EC.2 To prove Lemma EC.2 we first establish the following

technical lemma, which will also be useful in later proofs.

LEMMA EC.3. Let & =y, — f(¢; 0%), which are centered sub-Gaussian random variables with

sub-Gaussian parameter s*. Let ¥, =>, é:d] . Then with probability 1 — O(T=2), it holds uni-
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formly over all 1 € RY that

> &l w‘ < sV3AInT x /YT (S, + 1)

t<n

Proof of Lemma EC.3. Abbreviate Kn =X, + 1. Invoking Theorem 1 of (Abbasi-Yadkori et al.
2011), we have with probability 1 —u that

“Z§t¢t“A_l— Z€t¢t (S, +14)” Z&@ ) <25°In (det(An)1/2det(]d)1/2>

u
t<n t<n t<n

(a) nd/2
< 2s%In ( ) < s*dIn(n/u).
u

Here Eq. (a) holds because ||¢;]|s <1 almost surely, and hence || X, ||o, <n —1. Taking u=1/T7 we
have with probability 1 —O(T~2) that

1> €651 < 5v3dInT.

t<n

Subsequently, by Cauchy-Schwarz inequality we have

> &o) w‘ <D -Gl lvlz, <sVBAIMT x /PT (S, + L),

t<n t<n
which is to be demonstrated. [J
We now return to the proof of Lemma EC.2. By Lemma EC.1, with probability 1 — O(T~?) it

holds that [|6% ||, < 1.5, where 0% is the global minimizer of F,,. The rest of the proof is conditioned
on the event that |07l < 1.5.

The Hessian matrices of F,, and ﬁn can be spectrally lower bounded as

1
S, +pl, Y0].<2, (EC.10)

VEE(0) = VEEL(0) = Y CF (0] 0)60] +0T = o

t<n

where ¥, =", #¢, and f'(z) > K~ ! for all |z| < 2. Subsequently, for any 0], <2 it holds that

£.(0) an(e;Hl(e—a*)T <GK2 —|—pI> 6-6)

* * * p *
= Ful0;) + 5o (0 — 60506 — ) + 110 — 631 (EC.11)

where the first inequality holds because 6 is the global minimizer of F,, and therefore VFH(QZ) =0.
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On the other hand, recall the definitions of F;,, ﬁn as follows:

)= Cm(9]6) ~ £(6]60%)676) ~Eo- [n(y, O] + S 10113+ wTe: (EC.12)
)= D Cm(@]6) 6 6) — h(ye, )+ L1613 +wT. (EC.13)

Comparing Eqgs. (EC.12,EC.13) and noting the definition that y, = f(#, 0*) +&;, we have for every
0 € R? that

|[F4(0) — F,(0:)] — [F(0) — Fu(0)]] = | Y & (0—03)].

t<n

Invoking Lemma EC.3 we have with probability 1 —O(T~2) for all # € R? that

|[F(8) — Fo(02)] — [Fa(0) — (9*)]|<sG\/3dlnT\/0 05)T (S, +1)(0— 05). (EC.14)

Define A(0)%:= (0 —6;)" (X, +1)(0 — 6}). Because G, K > 1, we have that (0 —65)"%,(6 —0) >
A(0)* = 510 — 03 ]l3. Subsequently, combining Eqs. (EC.11,EC.14), we have with probability 1 —
O(T~?) for all ||0]|> <2 that

F.(0) - F.(07) > ﬁg;j + 2210033 — sGVBMTA D)
= A() (2%12 — Gm) + 71\9 [E (EC.15)

Now consider any 6 such that || — 60%[|; = 0.5. Because [|0}l> < 1.5, we have [0, < 2. We will
lower bound the right-hand side of Eq. (EC.15) by a case analysis:

1. Case 1: A(f) >2sG?K+/3dInT. In this case, the first term in Eq. (EC.15) is strictly positive
because A(6) > [|0 — 0%||, > 1/2. Therefore, E,(0) — F,(63) > 0;
2. Case 2: A(0) <2sG*K+/3dInT. In this case, because p > 1, Eq. (EC.15) can be simplified to

F.(0) - F.(67) > p2;1||9 —07|2— A(6) x sGV3dInT > %‘1% _65°G2KdInT.

Under the condition p > 2 + 48s?G?KdInT, the right-hand side of the above inequality is
strictly positive. Therefore, F,(8) — F, (%) >0.

Combining the above two cases, we have proved that with probability 1 — O(T~?), for every
10— 0%l = 0.5, F,(0) — ﬁn(HZ) > 0. Since F, is convex, this means that the global minimizer of F,
must be contained on the interior of {0: || — 0%, < 0.5} C {0:[|0]|, < 2}. This completes the proof
of Lemma EC.2.
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EC.5. Proof of Theorem 1

Our first lemma shows the necessary and sufficient conditions for the det(A?) > 2det(A”) condition

in Step 7 of Algorithm 1 to be met:

LEMMA EC.4. For every time period n recall the definition that ¥, =3, &) and A, =%, +
pl. Let also AP be the “current” private sample covariance maintained in Algorithm 1, and A be
the non-private version of the sample covariance corresponding to AP. With probability 1 —O(T™')

the following holds for every time period n:

1. If det(A?) > 2det(AP) then det(A,) > 1.5det(A);
2. If det(A,) >2.5det(A) then det(Ar) > 2det(AP).

Proof of Lemma EC.4. Obvious by invoking Corollary 2. More specifically, if det(A2) >
2det(A?) then by Corollary 2, det(A,) > det(A2)/1.11 > 2det(A?)/1.11 > 2 x 0.9det(A)/1.11 >
1.5det(A). Similarly, if det(A,) > 2.5det(A) then by Corollary 2, det(A?) > 0.9det(A,) > 0.9 x
2.5det(A) > 0.9 x 2.5det(A?)/1.1 > 2det(A?). O

With Lemma EC.4 we can upper bound the number of times condition det(A) > 2det(AP) is
active. Because ||¢;||» < 1 almost surely, we have that det(Az_;) < (T — 1+ p)¢. On the other hand,
det(Ay) = p?. Hence, the number of times det(A?) > 2det(A?) is satisfied is upper bounded by
the number of times det(A,) > 1.5det(A), which is further bounded by [log, 5(7%)] = [dlog, s T'],
because p > 1. Comparing this with the definition of D, we conclude that with probability 1 —
O(T~1) each det(A?) > 2det(A?) event leads to a call of sub-routine PRIVATEMLE.

Our next lemma shows that with high probability, the constructed upper confidence bound
F($(p,2)T07) +4+/6(p,2,) T[AP]1(p, z,) is a valid upper bound on f(¢(p,,)T6%).
LEMMA EC.5. For each time period n and price p € [0,1], define r,(p) = pf(d(p,z,)"60%),

Pu(p) =pf(&(p,2,) 07) and 7,,(p) = pmin{1, 7, (p) +71/6(p, 2,) T[A]1(p, x,) }. With probability
1—O(T™1) the following holds for every time period t and price p € [0,1]:

7a(p) STu(p) <7 (p) + 27V 0 (P, 20) TIAP] 16 (p, 2.).

Proof of Lemma EC.5. Because r,(p) € [0,1] and p € [0,1] almost surely, we only need to prove

that |r,(p) —7.(p)| < ’y\/¢(p, z,) T[A?] 1o (p, x,,) for all n and p. Fix ¢ = ¢(p,x,,) for some p € [0, 1].
Decompose |f(¢0%) — f(¢16P)] as

£(670°) = F(¢707)|<K |67 (0" — 07)| < K |6l jar-1 107 — 0| s (EC.16)
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< K(sKV3dInT + (2G +3)y/p+ Grey 5 V5dInT) x /¢ [A?]-1¢  (EC.17)

<YVoT[AP] 7o (EC.18)

Here, the first inequality in Eq. (EC.16) holds because [|6*|]» < 1 and ||#? ||, < 2 with high probability,
and therefore |f(¢'0%) — f(¢T§p)| = |f’(¢T§)¢T(§” —0%)] < K|¢>T(§p — 0*)| by the mean value
theorem. Eq. (EC.17) holds with probability 1 —O(T~!) by invoking Lemma 2. This completes the
proof of Lemma EC.5. [J

To prove the regret upper bound in Theorem 1 we need two additional technical lemmas. Both
lemmas are proved in the seminal work of Abbasi-Yadkori et al. (2011) and we omit their proofs

in this paper.

LEmMA EC.6 (Lemma 12, (Abbasi-Yadkori et al. 2011)). Let A,B be positive semi-

¢ (A+B)o < det(A+B)
pTAp — detA

definite matrices. Then sup,_

LEmMA EC.7 (Lemma 11, (Abbasi-Yadkori et al. 2011)). For p>1 and ||¢,||2 <1 for all
n, it holds that 2:21 d) AT, <21n W) < 9dInT, where A, = Y oien G0 +plI.

det(pI)

We are now ready to prove Theorem 1.
Proof of Theorem 1. With Lemma EC.5 and the definition of offered price p,, in Algorithm 1,
we have with probability 1 — O(7~') that

> D f (@ 2a) 0%) = pu(f(S(Pry20) 07)) =D (L) = T(pn)
< Z?n(p:z) —Tn(Pn) +Tn(Pn) = Tn(pn) (EC.19)
< Z?n(pn) - Tn(pn)v (EC'20>

where Eq. (EC.19) holds because 7,(-) <7,(-) with high probability, and Eq. (EC.20) holds because
pn is the maximizer of 7,,(-). Invoking Lemma EC.5 we have with probability 1 — O(T~') that

Fn(pn) - rn(pn) <2y le [Ap]flﬁbm n, (EC.Ql)

where ¢, = ¢(Tn, pn)-
Recall that A? is the differentially private sample covariance copy kept by Algorithm 1, which

may or may not be updated at time n. A, =3%", é:®; + pI, on the other hand, is the true sample
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covariance at time n. The algorithm pseudo-code and Lemma EC.4 shows that, with probability

1—0O(T'), one must have det(A?) > 0.5det(A?) > 0.45det(A,,). Subsequently, by Lemma EC.6,

1
Su A b < e b [An] 00 <236, 4,76, (EC.22)

Combining Eqs. (EC.20,EC.21,EC.22) and invoking Lemma EC.7, we obtain

T T
D ) = ralpn) < 27/2.30 A1, < 29V/2.3T x
n=1

T
D I
n=1 = n=1
<29v4.6dT'InT.

Plugging in the scalings of v and p we complete the proof of Theorem 1. [J

EC.6. Proof of Theorem 2

The proof of Theorem 2 is largely the same with the proof of Theorem 1, except for the application
of the second upper bound in Lemma 2. The following lemma establishes (with high probability) a
lower bound on the smallest eigenvalue of X711 =3, <1y @@, , which is a condition for the second

upper bound in Lemma 2.

LEmMmA EC.8. Suppose Assumption 1 holds and Ty is set as instructed in Theorem 2. Then for

any T > e“52, with probability 1 — O(T~1) it holds that Ain(E1y+1) > [(2;\/%’ + v sG]?.

Proof of Lemma EC.8. Because {p,} are chosen uniformly at random from [0, 1], it holds that
E[X141) = 2 i<q, El¢id/ | = £, Tol4. On the other hand, because ||¢, || <1 almost surely, by matrix
Hoeffding’s inequality (see, e.g., Theorem 1.3 of (Tropp 2012)) we have that with probability
1-0(T),

HETO+1 - ]E[ZTO+1] Hop S v 8T0 ln(dT)

With T, > 32k % In(dT'), it holds with probability 1—O(T~") that ||Eq 41 —E[X7,11][op < 5275 and
subsequently A, (X741) > %275 Furthermore, with Ty > 2&;1[w + v, sGJ?, it further holds

V5dInT
that =2T; > [(2;\/%’ + v, sG]?, satisfying the condition in Lemma 2.
The above analysis imposes the lower bound T > max{32x_%In(dT), 2/@;1[% + 1. sG]?} on
Tp. Tt is easy to verify that, with T > e, the condition Tj > 32[% + 1. sG] In*(dT) implies
Ty > max{32x,2In(dT), 2&;1[% + v, sG]*}. This completes the proof of Lemma EC.8. O

With Lemma EC.8, Lemma 2 shows that Lemma KEC.5 holds by replacing ~+ with v =
4sK?v/dInT. The rest of the proof of Theorem 1 remains unchanged for the proof of Theorem 2.



