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1 Asset buyers’ posterior beliefs

We derive the functional form of wﬁ(@), where M € {1,2}, i.e., expression (6) in the
manuscript. Asset buyers evaluate the posterior probability of s = B as wﬁ(@) given their
beliefs of creditors’ equilibrium strategy and the observation of M bank runs. By Bayes’ rule
Prob (s =B,0<0, M)

Prob (9 <0, M)

_ Prob(s = B) - Prob(6 < 6, M|s = B)
Prob(s = B) - Prob(8 < 8, M|s = B) + Prob(s = G) - Prob(6 < ,M|s = G)

a)f,l(@) = Prob (s = B’Q <0, M) =

We can further express w@(@) as follows:
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For simplicity, we define k = ;- (9 93) as an exogenous parameter, which does not depend on
e

the endogenous threshold 6.

2 Complementary results for the global game analyses

This section derives two parametric restrictions on the precision of signals to ensure cred-
itors’ posterior beliefs are well defined, proves the monotonicity of Li(x;, y™) and L‘i(x;., )
(in Appendix A.2) and calculates the representative creditor’s payoff difference function (in

Appendix B2).

2.1 Restrictions on the precision of signals

Recall that the prior distribution of ¢ is ' ~ U (Qs,é) for each state s and a creditor j
of a bank i observes a private signal x’ = ¢ + €, with €; drawn from U(~e¢, €). For x} such
that xé. —€ > 0, and xz. + € < 6, we have that for every value of @ that the signal assigns a
positive density, the prior distribution also assigns a positive density to it. The uniform prior of
0 becomes uninformative when the creditor j Bayesian updates the posterior. Note that both ¢

1

and x', have the same prior density f(6') = f(x’) = = in a given state s, and the density of x’
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conditional on &' is f (x§.|6") = 5. By Bayes’s rule, we have:
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The posterior belief of 6 conditional on x} is simply 6 e ~U (¥, — €, ', + €) for such a signal.
Recall that we need to analyze the creditors’ posterior beliefs explicitly only if they do not
have dominant strategies, i.e., when xj. € [xE, xY] = [#* — €,6Y + €]. To ensure that the prior
of ¢' is uninformative and the posterior belief of a creditor j when x', € [x*, x"] is given by (1),
we let x" —€> 6, and xV + € < 6. The condition then becomes 2¢e < min{6* — [ 0—0Y).
Similarly, for a signal y' such that y' = > 6, and y' + n < 6, we also have &', ~ U(y' -
n,y' +n). From an ex-ante perspective, fc’j and j' are correlated and the conditional density
7o' |x5.) is given by expression (A.24) in Appendix A.2 of the manuscript. When xj. € [xf, xY],
the lowest and highest possible y* are x* — 7 — € and xV + 1 + €, respectively. Therefore, we let
xt—-n—e-n>6,and xY + n+e+n <6, thatis 27 < min{@" — @, — 2¢,6 — Y — 2€}, to
ensure the prior of #' is uninformative and the conditional density f (yile'/.) is non-zero and given
by expression (A.24) for any x/ € [x", x].
In sum, when creditors’ signals are not too noisy, i.e., € and n are small relative to the

support of banks’ fundamentals, the creditors’ posterior beliefs are well-defined.

2.2 The monotonicity of U(xz., y~) and L‘i(xi., vy

aLi(xi.’ —i) 5Li(xi., —i) BL"'(x’,, —L) —1( i —1)
I <0, 55— <0, —F— <0and — 24— <0.
(9xj [7) Z)xj

We prove

Recall the functional form of L'(x,y™) in Appendix A.2 of the manuscript. We have
f')Li(x;,y”) _ x*(y’i)—x3.+2€ . . . 19Li(x§,,)v’i) _ x;—x*(}*’i)+2€

1 k —1 3k —1
e < 0 when xj € (x"(v7),x"(y™") + 2el, 7, yv) <0
. o o AL (x y™) ) ALI(x,y™)
when x; € [x"(y™) — 2€,x*(v™)], and —5— = 0 otherwise. So we have —%— < 0,
j J

BLi(x;,)f’i) _ x*(y*")—x;+2e

Vx; and y~. Similarly, we have > 0 when x} € (x*(y™), x* (™) + 2el,

g . . o) T 4¢2 o
oL ()Cl.,y_l) xl—x* (y_‘)+25 . " s N . oL} (x‘.,y"’) .
prre el > 0 when x'; € [x*(y™") — 2¢, x*(y™)], and # = 0 otherwise. Pro-
’( ”)
vided that x*(y™) is monotonically decreasing in y™, we have < 0, Vx and y™

Upon observing xj, the conditional distribution function F(y' Ixj) of the signal y' is:
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Fy(/l¥) = Priy* < yad) = ¢ 25 Xote—n<y <xi-e+q
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One can also verify that F(y' |x") first-order stochastically dominates F(y'|x) for any X > xie.,
the conditional distribution of y’ “shifts left” when x'. becomes smaller. Provided that x*(y’) is
non-increasing in y’, the representative creditor j believes that it is more likely for the bank —i’s

creditors to take a higher threshold signal x*(y') when observing a lower x‘] Combined with the
IL™'(xy™)

ox',
J

fact that L™(6~, x*(y')) also monotonically increases in x*(y'), we have < 0. Lastly

from expression (A.25) in the manuscript, one can calculate the following:
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We have a;;’,-y < 0 as the conditional density f(y'|x}) is everywhere non-negative.

2.3 The representative creditor’s payoff difference function

We derive explicitly the representative creditor’s payoff difference E[DW(L', ', P*)|x’, y~']
— given that all other creditors take the equilibrium threshold strategy and that the creditor
observes signals (x;,y‘i) following the standard global game approach (e.g., Liu and Mello
(2011) and Angeletos and Lian (2016)). This corresponds to expression (B.26) of Appendix
B.2 in the manuscript.

Observing a signal y™ about 8/, the representative creditor j knows that all other creditors
in the bank i withdraw if and only if their private signals are below x*(y™). Suppose now the
creditor j also anticipates the bank i to sell assets at a price P* if runs happen. Given all other
creditors’ strategy, the bank i fails if and only if its cash flow ¢ falls below a critical 6*(y™), or
equivalently the fraction L' of creditors who withdraw early in the bank exceeds a critical value
L°(6*(y™), P*). Depending on the realized xj, the functional form of the creditor j’s expected

payoff difference can be characterized by the following 5 cases.



Case (1): When x; > x*(y™) + 2¢, the representative creditor j perceives L(#', x*(y™)) = 0

with probability 1. Consequently, we have the creditor j’s expected payoff difference as:
i i pEv i i D,
E[DW(L', 6/, Pl;.y™] = (1= )=~

Case (2): When x*(y™) < xi. < x*(y™) + 2e, the representative creditor believes L' has a

mixed distribution: with a positive probability mass % 5 o at L' = 0 and being uniformly

.. —x* () )
distributed on (0,1 — - 0 ] with density 1. Notice that 1 — % decreases in xj, with
iy ;i) i I) . . .
1 - % = 1 when xj = x*(y) and 1 — —:y 0 when X, = x(7) + 2€. Since

LG (y™), P*) € (0,1), there exists a x € (x*(y™), x*(y“) + 2€] such that L¢(6*(y™), P*) =

1 - 2200 ). When X, € (X, x*(y™) + 2€l, we have 1 - *0 L < L°(6*(y™), P*) and the expected

payoff difference as

r—x (7l
x - X"y D I-~— D, . D
EIDW@, 0, P,y = L (1 — 2L +f (- gPlar = a1 - g2
2e q 0 q q

w(y—l)

When x € (x*(y™),x], we have 1 — > L(6*(y™), P*) and the payoff difference as

x —X (\_l)

i i pENd i xj—x 07 L&O™PY Dy - i
EIDWIL. 0. POy ] = —— (=4 )_+f (1—61>7dL +f ~ (=Dy)dL
0 LC(Q*(y—l)’P*)

Dy (oo o Dy X = x*(y7Y)
= L@ 0P~ q]+ T
q €

Case (3): When xi. = x*(y™), the representative creditor j believes L' ~ U(0, 1). We have

LE(6* (y~H), P 1
P e i in @ O™.P") ~ & ; B ;
E[DW(L', ', P)lx};,y"'] = (I -q@)—dL" + (=Dy)dL
0 q L0 (y™),P*)

= 2@ P =),

Case (4): When x*(y™)—2e < x. < x*(y™'), the representative creditor j perceives that L' has

. .. . . ... .- *-x . .
a mixed distribution: with a positive probability mass (}— at L' = 1 and being uniformly

* (=1

distributed on [x o )_x; , 1) with density 1. So there exists a x € [x* (y‘i) — 2€, x*(y™")) such

that £ LC(Q*(y") P*). When ¥/ € [x, x'(y""), we have SO0 < L6 (), PY). The

expected payoff difference can be written as

) ] ) ) Lc(g (y—l)’P* Dl 1 x* —i) _ xl]
E[DW(L, ¢, P)lxi, ] = f() (1-q)=rdL+ f . (-DpdL+ ———L(-D))
e q Le(@*(y71).P") 2e
_ D] X (y l) - x
-1 [LC(e 070 P —g] - 5
€
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When x| € [x'(y) - 2¢, x), we have "2~ > L*(6"(y™"), P*) and
i g | i : X067 - xi.
E[DW(L, 6, P)lx;,y"'] = j,:*(yi)_xf/ (=DpdL + T(_Dl) =-Di.

2e

Case (5): When x; < x*(y™)—2e, the creditor j perceives L'(#", x*(y~')) = 1 with probability

1. Therefore, we have
E[DW(L',6', P*)|x',y™] = =Dy, for x}; < x*(y™") = 2e.

To summarize the 5 cases, we obtain expression (B.26) of the manuscript.

3 Robustness checks of the proposed policy

In Section 4 of the manuscript, we consider various extensions to the proposed committed

liquidity support. We now collect the omitted proofs in this section.

3.1 Proof of Proposition 4: banks’ voluntary participation in the arrange-
ment
Proof. The timing of the game is summarized in Figure 1.

Figure 1: Timing of the game with the regulator’s offer and banks’ decision

t=0 t=1 t=2

1. Banks are established, with 1. State s and (8", %) are realized sequentially. 1. Bank assets pay off.

their portfolios and liability 2. Having observed P, and banks’ participa- 2. Remaining obligations
structures as given. tion in the regulator’s program, creditors re- are settled.

2. The regulator offers a con-  ceive noisy signals and simultaneously decide on

tract to buy bank assets at P, whether to run.

in case any bank run happens. 3. When experiencing runs, a bank that par-

3. The banks’ managements ticipates in the regulator’s program sells as-

simultaneously decide whether  sets to the regulator at P4; and a bank that re-

to accept the offer. fused to join the arrangement sells assets to the

secondary-market asset buyers.
4. When called to move, the secondary-market
asset buyers bid for and acquire assets on sale.

We denote a; € {A, NA}, i € {1,2}, as a bank i’s manager’s action, where ‘A’ and ‘NA’ stand
for ‘accept the regulator’s offer’ and ‘refuse the regulator’s offer’ respectively. At the start
of t = 1, the regulator’s offer P4 € (P}, P}) and two bank managers’ strategy profile (a;, a_;)
define a subgame g, , .(P4). We establish a condition under which both banks accepting the

contract for the regulator’s liquidity support is a Nash equilibrium of the = 0 stage game. For
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completeness, we first work with the non-limiting case where € and n are away from zero, then
take the limit after the equilibrium is solved.

Step 1: We derive the manager i’s equilibrium payoffs in subgame g4 4(P4) and gy a(Pa).
In subgame g4 4(P4), the analyses are similar to that in Section 3.3. The equilibrium threshold
signal, and the equilibrium critical cash flows that trigger runs and failures are x*(Py) = 6" (P4)+

(2g — 1), O(P4) = x*(P4) + € and 6*(P,) = respectively.

- qD /P ’

In subgame gyaa(P4), only the bank —i’s manager signs the contract for the regulator’s
liquidity support. Knowing with certainty that the bank’s asset price will be Py, creditors in
the bank —i no longer need to form rational beliefs about the number of runs (i.e., their signal
y' becomes redundant). In the non-limiting case, the equilibrium threshold signal, the critical
cash flows that trigger failures and runs for the bank —i will be x*(P,), 6" (P4) and A(Py).

The bank i’s manager does not sign the contract with the regulator. Upon runs happen, the
bank still raises liquidity from the secondary market where the asset buyers bid competitively
to purchase the bank’s assets on sale. The analyses of the bank run game and the asset bidding
game resemble that in Section 3.2.2, the bank i’s critical cash flows triggers failures and runs
6*(y™) and B(y™), the creditors’ threshold signal x*(y™), and the equilibrium asset price P},

jointly solve the following system of equations.'

P = b @, Pa)- 20 4 0@ py - et
Xy =007 + (2 - De = x*'(v7) . 1if oy 7>y
th M= 2
v — _Dy=Dy  _ (y i) Wi 2 if —i <L ( )
M = 1-4Dy/P); yosy
b, =x0"+e=007
In particular, the asset buyers’ posteriors beliefs about s are characterized by (3).
(—%_QB) - (Pa)
) M- A
Wi Byps Pa) = e — = 1= wy(@y, Pa), 3)
M = M
(E_QB) Wy, ](PA)+(§_QG) M 1(PA)
where
(9({’A)_Q3) . (1 _ a,)
P -0
W{(Py) = Prob(s = BIf™ < 6(Py)) = 7z o = e (P,
—7B . —_— —AG .
( 54, J- -+ =y )
(9 9<PA)) (1 -a)
Wh(PA) = Prob(s = BE™ > 8(Px)) = ————— —— = - (Pa)
(919( A)) (I-a)+ (—919( A)) ‘a
6-6, 6-6,,

'When the regulator intervenes, we use the “prime” on the combination o, x;\’jl, P’A’;) to differentiate it from
the equilibrium combination (6},, x},, P},) in the laissez-faire economy.
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Conditional on whether a run happens to the bank —i, the buyers’ beliefs about s become w}(P,)
or w)(P4). When being called upon to purchase the bank i’s assets, the buyers update beliefs
once more. Their posteriors about s become w;(élz, P4) when runs happen to both banks or
wj (9’1, P,) when a run only happens to the bank i as expressed in (3). We have the following

Result 1.

Result 1. When P, € (P}, P}), the combination (Qﬁ,x;[;, PA’;) is the unique solution to the
system of equations (2) for each M € {1,2}. It holds that P'z* < P;, 9'2* > 65 and x’z* > X, while
P'I* = Py, 9'1* = 0] and x'l* = xj. A bank who signs the contract for the regulator’s liquidity

support exerts only a negative externality on the other bank who does not sign the contract.

Proof. Following exactly the proof of Lemma 3 in the manuscript, we can establish the exis-
tence and uniqueness of the solution (P;‘f[, x;{fl, 9;;), for M € {1,2}.2
We then show P = P}, x| = x}, and 6" = 6. Indeed, YO € [0, 0Y], we have
(1-a)-(0-6;)
(1-a)-(6-65)+a-(0-6.5)

Wi (Py) =

and asset buyers’ posterior w?(6, P,) as

) wf(Pa) -
W@, Py) = - (H_QB) 0@_0 = — ( _32 = wP(0).
(é—_éZ)'wg(PA)+(§—_5j)'w06(PA) (H—QB)+K(9—QG)

This means wf(@, Py) = a)f(@), the expression of which is the private asset buyers’ posterior
when observing M = 1 in the laissez-faire market. So the system of equations when M = 1
is the same as the system of equations (18) in the laissez-faire market. The latter system has a

unique combination of solution (67, x}, P}). Then, we have @, xll*, P'l*) = (67, x1, P}).
wB(@.Py) B

One can similar show Y6, WSOry o

where wf(@) is the private asset buyers’ posterior
when observing M = 2 in the laissez-faire market. Follow Step 2 of the proof of Lemma 3, we

/% * /% * /% *
have 6," > 6, x;” > x5 and P, < P;. O

In Result 2, we characterize the bank —i’s creditors’ equilibrium threshold strategy and the

asset buyers’ equilibrium bids for the bank’s assets on sale.

Result 2. When the bank i does not accept the regulator’s offer Py € (P5, P}), its bank run
game has a unique equilibrium. A representative creditor of the bank withdraws early if and

only if his private signal falls below

The details are omitted to avoid replication and can be provided upon any request.



! x

. X y‘i <X (Pa)+n+e
o Py=4 0 T 4)
X7 y'=2x"(Py)+n+e

*

[uny

The asset buyers offer price P’Z* to purchase the bank i’s assets when observing two bank runs

and offer price P} when observing only one run happening to the bank i.

Proof. We only sketch the proof here as it resembles that of Proposition 2 of the manuscript.

When observing y™ < y*, the representative creditor expects L™'(x’,y™) = 1, independent of
his private signal x’. When observing y~' > yY, the creditor holds a belief that L™(x!,y™) = 0,
independent of x‘J Similar to Section 3.2.2, when observing y~' > yY, the representative creditor
anticipates the asset price to be P,1*- Similarly, upon observing y~ < y%, the representative
creditor anticipates that the bank i will have to sell assets for a price P/z*. The asset price,
creditors’ threshold signal in bank i, and the bank’s critical cash flows solve the system of
equations (2) .

We again have that the creditors’ equilibrium threshold signal x*(y™") must be a step function
with only two possible values x} and x'z*. We again establish a point of discontinuity $~ €
[y*, yY] such that x*(y™) = x; for y™ < 7, and x*(y™) = x} for y™ > §7'. As y™ rises above
the cutoff value $7, the creditor’s expected asset price changes from P'z* to Pj.

One can show that the unique point of discontinuity §~ equals x*(P4) + 17 + €. To see it, we
prove that when y™ € [y, x| — i + €], creditor j rationally expects L™(x!, y™) > 0 independent
of xj. and withdraws with the critical signal x*(y™) = x;. When y™ € [x"(P4) + 1 + €],
creditor j rationally expects L™'(x',y™") = 0 independent of x’; and withdraws with the critical
signal x*(y™) = x]. Second, we show that given all other creditors take the equilibrium strategy
(4), the representative creditor expects L‘i(x;,y‘i) > 0 when he observes an outside signal
Yy € (x] =1+ € x*(Pa) + 17 + €) and a private signal x', < x,; + 2¢. This means when y~' €
(x] — 1+ €,x"(Py) + 1 + €), the creditor optimally withdraws from the bank i if and only if
x’/ < x’z*, ie., x*(y™) = x’z*. The strategy (4) is indeed an equilibrium. Lastly, the uniqueness
can be established by contradiction following exactly Step 4 of the Proof of Proposition 2 in

the manuscript. O

Dy-D,

— and
1-gD; /P,

In the limiting case where 1 and € approach zero, we have x;‘j = 9;‘4 = 9;‘*4 =

x*(PA) = 9(})A) = 6*(PA) = Dr-Di

1-gD /Py "

Step 2: We analyze the bank i’s manager’s optimal choice regarding whether to accept the

regulator’s offer P,.



We move back to # = 0 to consider the optimal response of the bank i’s manager (there-
after the manager i) to the bank —i’s manager’s action a_; = A. The manager i’s objective is

[1 — Pr(failure of the bank 1)] X b, where

Pr(A,A)  ifa; = A,

Pr(failure of the bank ija_; = A) =
Pr(NA,A) if a; = NA.

If Pr(A,A) < Pr(NA, A), the manager i’s best response is a; = A, the strategy profile (a;,a”;) =

(A, A) becomes a Nash equilibrium of the stage game.

We derive explicitly Pr(A,A) and Pr(NA, A) in the limiting case. It can be seen easily

PrA.A)= ) Pr(s): [—9@ W= Q)

s=G,B

0-06,
Consider the manager i’s choice a; = NA. The bank i fails if §' < 9'2* conditional on 67 <

6*(P4), while it fails if 8 < 0'1* conditional on 8~ > 6*(P,). The bank i’s probability of failure

0" -0 (6-6" 0 -0\ (6°(Ps) -6
Pr(NA, A) = Z Pr(s) - ( il _s)‘(Q _9 (PA)]+( 2 _s]{ (_A) _S)]‘
S:G,B 9 - Qs 0 - Qs 0 - Qs 9 - Qs
Define an auxiliary function F(P,) = Pr(A,A)(P4) — Pr(NA, A)(P4). We have

F(P)= Y pr(@.[[@*(f/«)—é’s)_[@_l —QSJ.(G—_H*(PM)_[OE —Qs)‘(e-@—ev”'
s=G,B G_Qs Q_Qs H_QS 0-6 0-0

=S —S

18

We then establish a P§ € (P;, P;) such that F(P{) = 0. When the regulator’s price support

P, = P/f, the manager i is indifferent between actions A and NA, given a_; = A. We have

. PV(S) * * N *
(Jim, F(Pa) = > (O -6) - (0-65) >0,

s=G,B (5 - Qs)z
P ’
lim F(Pa)= Y — ) g - 6)- (6 - lim 65)<0.
PamPy s=G,B G Qs)z ‘ FPamhi

Note that 6, > 6, for Py < P}, so limp,_p: ;" > 65 > 6; must be true. Moreover, we have
limpA_)pz 9'2* = 0; because the secondary market asset buyers’ posteriors about s a);(@, Py —
wé(@, 6;) when P4, — P;. So the equilibrium critical cash flow 0’2* converges to 5 when P4, —
P;. By the continuity of F(P,), there must exist a P{ € (P;, P}) such that F(PS) = 0.

On the other hand, it can be checked that

/

dF(Py) Pr(s)  [d6"(Pa) (= . . déy . .
:§ : (0 -65P g -0))— —=-(6°(Py)—0.)| <O0.
dPy Lo (0—0)2 | dPa (( 2P+ (6 _S)) dP ( (Pa) ‘S) )
We have 21(;2; > 0 because w5 (6, P4) increases in P4. Conditional on a run happening to the bank

—I, the asset buyers’ posterior beliefs about s deteriorate as the regulator’s price P4, becomes

higher. As a consequence, P is also unique.

10



From the above analyses, F(P4) < 0 when P, € (PS, P}), and F(P4) > 0 when P, €
(P;, P$]. To minimize the bank i’s probability of failure, the manager i optimally chooses
a; = A when P, € (P, P}) and af = NA when P, € (P}, PS].

Lastly, under a sufficient condition V4(P$) > 0, the regulator’s optimal price support P’ can

dVa(Py)

s < 0 and

induce both banks’ managers to chooses the action A. To see this, recall that
the optimal P, satisfying the regulator’s break-even condition V4(P}) = 0. Therefore, we have
P > Pg, in which case F(P,) < 0 and Pr(A,A) < Pr(NA, A). Both banks’ managers accepting

the liquidity support offered by the regulator is a Nash equilibrium of the stage game. O

3.2 The bank run equilibrium with the unilateral commitment

We provide a sketch of the proof for the result: When Py € [P}, P}), a wholesale creditor

of the bank i withdraw if and only if his private signal falls below a critical signal x*(y™, Py).

L x(Py) vy <x"(Py)+n+e
X'y, Py) = _ (5)
X vy > Xx"(Py)+n+e,

When observing y~' < y*, the representative creditor expects L™(x, y™) = 1, independent
of his private signal xlj The creditor anticipates that the bank i will liquidate its assets at a
price Py when experiencing runs. Since the secondary market asset buyers will offer a price
P < Py, the bank i optimally sell assets to the regulator. Consequently, the representative
creditor optimally withdraw if and only if x? is below x*(y™) = x*(Py) = 0*(Py) + 2g — 1)e

and the bank i fails if and only if ' is below 6°(y™) = 6*(Py) = ; _l; gf/)})l/.

When observing y™ > yY, the creditor holds a belief that L™(x!, y™) = 0, independent of
x’J He rationally expects the bank i’s liquidation price to be P} upon runs happen to the bank.
Since the regulator’s pre-committed price Py is lower, the bank i optimally sells assets to the
secondary market buyers. Consequently, the representative creditor optimally withdraw if and
only if xj. < x} and the bank i fails if and only if ¢ < 6. Note that x} < x*(Py) and 6} < *(Py).

Again, the creditors’ equilibrium threshold signal x*(y~') must be a step function with only
two possible values x} and x*(Py). We establish a point of discontinuity = € [y*, yV] such that
x*(y™) = x*(Py) for y" < §7" and x*(y™) = x} for y* > 7. As y™ rises above the cutoff value
97/, the creditor’s expected asset price changes from Py to P;.

One can show that the unique point of discontinuity $~' equals x*(Py) + n + €. To see it, we

prove that when y™ € [y, x| — i + €], creditor j rationally expects L™(x’, y™) > 0 independent
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of xj. and withdraws with the critical signal x*(y™) = x*(Py). When y™ € [x*(Py) + n + €,yY],
creditor j rationally expects L™'(x',y™") = 0 independent of x’; and withdraws with the critical
signal x*(y™) = x]. Second, we show that given all other creditors take the equilibrium strategy
(5), the representative creditor expects L‘i(x;, y~) > 0 when he observes a semi-public signal

y' e (x;—n+e€x*(Py)+n+e) and a private signal xz. < x*(Py) + 2¢e. This means when
y € (x; —n+ € x*(Py) + 1+ €), the creditor optimally withdraws from the bank i if and only
if xi. < x*(Pp), i.e., x*(y7") = x*(Py). The strategy (5) is indeed an equilibrium. Again, the

uniqueness can be established by contradiction following Step 4 of the Proof of Proposition 2.

3.3 Proof of Proposition 5: the regulator’s unilateral commitment

Proof. The proof consists of two steps. First, we analyze the optimal design of ex-ante liquidity
support where the regulator unilaterally commits at = 0 to purchasing banks’ assets on sale
for a price Py. We then compare its stability effects with that of our proposed policy.

Step 1: We first characterize the regulator’s program. The regulator has the same objective
under both arrangements, so SYS(Py ) is continuous and decreasing in P;. We then consider
the continuity and the monotonicity of the regulator’s expected payoff function Vy(Py) when

Py > P5. As explained in the manuscript, when Py > P} we have:

2
Vy(Py) = VaPy) = ) [ > Pr(s)- Pro < 0" (P - Pr(o > 9*(PU)|s)2—M] el m- 2Ly,

M=1\s=G.B Py
(6)
Additionally, when Py € [P}, P}), Vy(Py) can be re-arranged into:
D
Vu(Py) = ( Z Pr(s) - Pr(0 < 6" (Py)ls)* -2 - P—l] L (Py). (7
s=G,B u

When Py = Pj, expressions (6) and (7) are equal because IT;(P}) = 0. Consequently, Vy(Py)
is continuous in Py. Note that Vi (P) has the same form as V4(P) for any price P > P7, hence
Vy(Py) decreases in Py when Py > Pj. When Py € [P}, P}), one can also verify that Vi, (Py)
is decreasing in Py provided that «, the probability of s = G, 1s sufficiently large. We assume
this is the case, therefore, Vy(Py) decreases in Py when Py > P;.

We solve the supporting price that minimizes the systemic risk under the arrangement with
the regulator’s unilateral commitment. Consider first V = 0, so the regulator must break even.
Then, it is not optimal for her to pre-commit to a price Py > Pj since her expected payoff,

i.e., given by (6), will be strictly negative. Indeed, we have: I1,(Py) < 0 and I1,(Py) < O for

3k

Py > P]. Instead, by pre-committing to a price Py € [P, P}), the regulator’s expected payoff
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Vy(Py), i.e., given by (7), is smaller than or equal to 0. We have: II,(Py) = 0 when Py = P}
and II,(Py) < 0 when Py > P;. The only price that allows the regulator to break even in
expectation is Pj, = P;. Then, consider V > 0. Both SYS(Py) and V(Py) decrease in Py. To
minimize the systemic risk, the regulator optimally chooses the unique supporting price Pj; to
exhaust her loss-bearing capacity, i.e., Vy(Py)) = —V. Like the case of mutual commitments,
we focus on 0 < V < =Vy(¢gD,), so P; < P}j < gD, and 6°(Py;) > D.

Step 2: We compare the stability effects of the two arrangements. When the regulator
cannot make any expected loss, i.e., V = 0, the ex-ante liquidity support with the mutual
commitments strictly dominates that with the regulator’s unilateral commitment. The regulator
can offer a price P} € (P, P}) under the former arrangement, while she can only offer P; under
the latter arrangement. Therefore, we have SYS(P},) < SYS(P},) = SYS(6)).

The former arrangement also outperforms the latter when the regulator has a moderate
loss-bearing capacity 0 < V< —Va(P}) = =Vy(P}). The feasible choices of P4 and Py are
bounded below Pj. The regulator can offer a P}* € (P}, P}) under the mutual commitments,
while she can only offer a lower P}; € (P, P)") with her unilateral commitment. To show
Py; < Py, observe that for any price P € [P, P}), the regulator’s expected payoffs under the
two arrangements are linked as follows:

Va(P) = Vy(P) + ( Z Pr(s) - Pr( < 6°(P)|s) - Pr@ > 6*(P)ls) - 2 - %] T1(P). ®)
s=G,B

Evaluating expression (8) at P%", we obtain

- . D
-V = Vu(P}) = Vu(Py) +[ Z Pr(s) - Pr(6 < 68" (P;")s) - Pr(6 > 0" (P)|s)- 2 _1} I0(PY). (9)

5k
s=G,B PA

Note that 6*(P}") = DD apnd IT,(P}") > 0. Therefore, we have Vy(P}") < —V from (9). By

1=qD1/Py

the monotonicity of Vy(Py), we must have Pj; < P
When the regulator can make losses V> —Va(P}), both P4 and Py can be set beyond Py.
She would receive the same expected payoff under both arrangements when committing to a

price P > P]. Therefore, the two arrangements are equally effective at the optimum. O

3.4 Proof of Proposition 6: ex-ante asset purchase vs. ex-ante collateral-

ized lending

Proof. The proof consists of two steps. We first analyze the optimal design of ex-ante liquidity

support where an information-constrained regulator commits ex-ante to lending to banks that
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require her liquidity assistance. We then compare its stability effects with that of our proposed
policy, i.e., the regulator commits to purchasing banks’ assets at a price P;. We establish a
sufficient condition for our proposed asset purchasing policy to dominate the lending policy.

In the case of lending, the regulator announces at ¢+ = 0 an interest rate r > 19 and a
collateral requirement up to a S € (0, 1) fraction of a bank’s assets as the terms of lending to
any bank that may suffer from runs at ¢ = 1.’ If surviving from runs at ¢ = 2, a bank repays the
regulator (1 + r) on the amount of liquidity borrowed at ¢t = 1. Instead, if the bank fails, the
regulator can seize up to g fraction of its assets before liquidation happens at r = 2.  can be
seen as the maximum amount of bank assets that can be pledged as collateral.* To conduct a
fair comparison, we assume a bank can dispose of the same maximum amount of assets either
for asset sale or for use as collateral, i.e., 8 = %.

Step 1: We analyze the optimal design of intervention when the regulator commits ex-ante
to a lending rate r before any run happens. Note that the regulator chooses r to minimize SYS(r)
subject to an ex-ante break-even constraint V,(r) > 0, where SYS(r) denotes the systemic risk
under the intervention and V() denotes the regulator’s expected payoft.’

Observing a r > 1%”, creditors’ bank run game can be analyzed following the classic global-
games approach. The equilibrium critical cash flows that trigger failures and runs are 6} (r) =
(Dy — Dy) + gD(1 + 1) and O.(r) = x;(r) + €, and the equilibrium critical signal is x;(r) =
0 (r) + (2q — D)e.* We have SYS(r) = a - (%)2 +(1-a) (%)2 with 5550 5 ¢

The regulator’s payoff V. (r) can be expresged as follows: 7

0 _ A1.(r)—2€ g: (1) )
V=2 Pr(s)-(M]- fe (ﬁa—Dl)dmfé (BQ—M-DI)dQ

5=G.B 0-0, L (1)—2€ 2e

=s

féL(’) X, (r—-0+e¢
+ e —
0

[Di(1+ 1) - Dy] d@] —L o
) 2e

QL r)— Q s
The term in the square bracket is her payoff from lending to a bank at an interest rate r in a given

x;(r)—6+e
2e

state s. Recall L(6, x;(r)) = max {min{ , 1} , 0}, s0 0,(r) — 2€ and 6, (r) are two cutoffs of

6 such that L(A.(r) — 2¢, x;(r)) = 1 and L(@.(r), x;(r)) = 0. In addition, 8; (r) is the equilibrium

*When possessing information on banks’ solvency, the regulator can, again, costlessly limit the systemic risk
to SYS(D,) by directly lending only to solvent banks at an interest rate r < 24 There is also no need for her to
demand collateral since the lending will be risk-free. Once informationally constrained about banks’ solvency, the
regulator has to increase r above % to compensate her losses from lending to insolvent banks.

“Note that the regulator will optimally demand the maximum amount §3 to reduce the lending rate r. Intuitively,
the equilibrium critical cash flow that triggers bank failures increases in r, but does not directly depend on S3.

From the analysis in Section 3.3, the regulator’s constraint of saving no insolvent bank never binds when she
has to break even. So we omit this constraint for simplicity.

The solution of the global game when creditors observe an interest rate r can be provided upon any request.
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critical cash flow that triggers failures, i.e., L(6;(r), x;(r)) = q. When 6 € [Qs,éL(r) — 2¢],
the total withdrawal is L = 1 and the bank needs to borrow D; from the regulator. When

0 € (0.(r) — 2e, g;(r)), the bank needs to borrow LD; = D; -

xL(r) —0+€
2e

. In those cases, the bank
fails at r = 2 even with the regulator’s liquidity injection since 6 < &;(r). Thus, the regulator

will seize the collateral 86 at t = 2. When 6 € [6;(r), @L(r)) the bank survives from runs with

xL(r) -0+

the regulator’s liquidity assistance. It then repays D (1 + r) - ° to the regulator at ¢ = 2.

We presume that dVL(’) > 0.

For both SYS(r) and V,(r) increase in r, the regulator optimally chooses r* such that
V. (r*) = 0 to minimize the systemic risk. One can derive the equilibrium as follows: there
exists a unique r* > —Z such that the regulator breaks even ex-ante; a wholesale creditor j of a
bank i withdraws if and only if his private signal falls below x;. The unique (+*, x;, 67) jointly

solve the system Vi (r*) = 0, x; = x;(r") and 8; = 6;(r"). The equilibrium systemic risk under
*_ 2 *_ 2
ex-ante lending is SYS(6;) = (g_—fc) +(1-a)- (%) .
2G =B

The optimal design of the ex-ante asset purchase policy in the non-limiting case resembles

the analysis of the limiting case in Section 3.3 of the manuscript. Observing a P4 € [P, gD»),

Dy—D,
1-gD1/Pa

@(r) = x*(P4) + €, and the equilibrium critical signal is x*(P4) = 0*(PA) + (2g — 1)e. The

%) +(l-a)- (%) . Note that the regulator’s
6, 9,

and

the equilibrium critical cash flows that trigger failures and runs are 6*(P,) =

regulator’s objective is SYS(P,) = (
expected payoff when pre-commiting a price P, in the non-limiting case is as follows:

P — O(Pa)-2€
Va(P4) =2 Z Pr(s)[L) [fg (G—PA)-%dH

s=G.,B Q_Qs

s

+f§(PA) 6Py (x*(PA)—0+eD1)d0} 1 (an
d(Pa)-2€ A 2e Py A(Py) — Qs'

Similar to the lending case, the term in the square bracket is the regulator’s payoff from pur-
chasing a bank’s assets at a price P4 in a given state s. O(P,) — 2¢ and O(P,) are two threshold

cash flows solving L(B(P4) — 2¢, x'(P4)) = 1 and L(O(P4), x*(Py)) = SEIENE — () \hen

Oeld, O(P,) — 2€], the total withdrawal is L = 1, so the bank needs to sell % fraction of assets
to meet its liquidity demand D;. When 6 € (O(P,) — 2€,0(Py)), the total withdrawal becomes
L € (0,1), therefore it only needs to sell L - & fraction of assets. In the expression, 6 — P4

denotes the regulator’s unit payoff from purchasing assets. One can verify that dVA(P 4 <)

"Note that when € — 0, we have 8(P4) — 6*(P,), x*(P4) — 0*(P4) and V4(P4) — 2s=.B Pr(s) - Pr(@ <
6 (Pa)ls) - (2 D n(PAls)) which is, after some manipulation, expression (22) in the manuscript.
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For both SYS(P,) and V4(P,) decrease in P,, the regulator optimally chooses P} such that
Va(P},) = 0 to minimize the systemic risk. One can again derive the equilibrium as follows:
there exists a unique P}, € [P, gD,) such that the regulator breakS even ex-ante; a wholesale
creditor j of a bank i withdraws if and only if xj. falls below x7;. The unique (P}, x}, 8}) jointly

solve the system V,(P}) = 0, x;, = x"(P}) and 6, = 6"(P}). The equilibrium systemic risk

. 2
9,9 )

. 0 \2
under ex-ante asset purchase is SYS(}) = a - (91‘—96) +(1-a)- (W
Ip

-85

Step 2: We compare the stability effects of two policies and derive a sufficient condition
under which the ex-ante asset purchase dominates the ex-ante collateralized lending.

To proceed, we focus on a lending rate 7 such that 6;(7) = 63, i.e., the regulator achieves
the equilibrium critical cash flow §; when she pre-commits to lending at 7. We have:

D, — Dy D,-Dy

l+47=———0#H=Dr,-—D)+gD1(1 +#) = ————— =6%.
r P;—C]Dl L(r) (D> 1) + gD ( 7) l_qDl/PZ A

Note that 7 is unique. The equilibrium critical signal associated with the critical cash flow is
x;(7) = 6;(7) + (2g — 1)e = x},. We then calculate the regulator’s expected payoft V(7).
To start with, we insert the optimal allocation (PZ, Xy 9:) into (11) and obtain:

o -0 0y +2qe—2€ D
0=2 Z Pr(s)[_A ‘] f (0—P2)-P—jd6’
SZG,B 9 - Qs Q.v A

O +2qe xy—0+€ D
+ o-py-[A— lggl ———
j; =Py ( 2e P;;) ] 0% +2qe — 0,

= VA(PY).
 +2qe—2€

The term in the square bracket can be further expressed as:*

D 0, +2qe—2€ D 0 +2q€ X —0+¢€ 0, +2qe—2€ 0 +2q€ X —0+¢€
! 0do + — 0- A — —qg- f Dld0+f D - A — a9
[ %)

o

D *
PA 9, PA 0y +2qe—2¢ 2e 4, " +2qe—2e 2e

(*) (%)
(12)

We then insert (?, x; (7)), 92(?)) = (?, Xy, 9;“) into (10) and express the regulator’s payoft from

\+2qe—2e N x: —0+¢€
(B@—Dl)d9+f (,BH—Z—-DI)dO
o, 0 +2qe—2¢ €

A

fgf*”"f xz —Ove D,-(1+7)—-D{]do !
+ = (1+7) - —
0 2e D1 - ( 2 il 61*4+2qe—Qs

lending at the interest rate 7 as:

g —0
Vi) =2 Z Pr(s)( 4 9‘]

s=G,B - Y

*
A

Again, the term in the square bracket of V() is:

N D 0 +2q€ . x:; —O+¢€ 03 +2qe—2€ 0, +2q€ x:z —O+¢€
g | edo+ = 0, A ——ao- Dyd6 + Dy - A ——as| (13)
0 PA N 2e 0, 0% +2qe—2¢ 2e

A

¥For simplicity, we drop the density m as it will not affect our comparison.
A =5
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Dz Dy, _ D1, _Dy-D; _&9*

In this expression, we have: D(1 +7) = D - =D = By TaDi /P, = P

As V4(P},) = 0, we can further express VL(r) as Vi (7) — V4(P7) and obtain:

7,
Vi) =2 Z Pr(s)(g :] {( )f 6d6
=8 A [

s=G,B .
@
D[ % X, —0+e€ Oy +2qe xy—0+e !
+p£[fe;+sz'(1‘/‘T)d9+fe; 0 ) e
@

from (12) and (13). With the same equilibrium critical cash flow &, the regulator injects the
same amount of liquidity to banks, no matter it purchases assets at P, or lends to banks at 7
(i.e., (**) in (12) and (13)). The quality of assets being acquired (i.e., (*) of (12) and (***) of
(13)) determines her expected payoffs under the two forms of intervention.

Note that D + @ = (***) -(*) and we have: sgn (V.(7)) = sgn (D + Q). First, observe that
@ = 0 because 8 =

113,*1' Second, with the equilibrium condition x}, = 8, + (29 — 1)e, we can
calculate explicitly @ as follow:

Dy

— " —2¢)- (1 =V +€-(1 - fl.e. 2t
Q=) -2¢)-(1-q) +e€-(1 2q)+3] € P:;’

When g — 1, we have: @ — —3€ - % < 0; when ¢ — 1, we have: @ — (9:;26 §)6 g;{ >0
provided with € to be small. By continuity, @ < 0 when ¢ is sufficiently close to 1. To simplify
the discussion, we further assume that @ decreases in g.” Therefore, there exists a unique cutoff
g € (%, 1) such that @ < 0 when ¢¢ < g < 1. As sgn (V. (7)) = sgn(D + @) = sgn (@), we
have: there exists a unique cutoff ¢° € (%, 1) such that V() < O when ¢° < ¢ < 1."

Recall that in Step 1, the optimal interest rate r* that minimizes the systemic risk is such
that V. (r*) = 0. When ¢° < g < 1, we have V, (r*) = 0 > V(7). Therefore, r* > 7 because

L0 > (. This, in turn, means 6} = (D,—D1)+gDi(1+r*) > (D,—D1)+gD (1 +7) = 0;(#) = 6;.

?Actually, one can check that £ [(9* 26)- (1= ) +e€-(1-29) + §| = =2(1 - q)(6; - 2€) - 2€ < 0.
'°To better understand the result, consider again term @. Note that the expression % j:’i 2ge_2e 0-(1 - ) de
A A
is positive and reflects the benefits of the committed lending to the regulator: a bank with a cash flow 9 € [92

2qe - 2¢, 6 ] still fails despite the interventions. The regulator would seize a 86 = %‘6’ amount of the bank’s assets
A

6+E

o . . ‘-6
at t = 2 due to the collateralization of her lending. Instead, she would only acquire a %9 = u%@ amount
A A

2e

of the bank’s assets at t = 1 when committing to purchasing the bank’s assets. On the other hand, the expression

0 +2 -6
D Dy [fa* qe(&* 0) - +fdéi is negative and reflects the benefits of the committed asset purchase: a bank with a

cash ﬂow 0 € [0}, 6, + 2qe] survives runs because of the interventions. The regulator’s return on the borrowed
XA O+e D1 9*
2e

liquidity is bounded by the pre spemﬁed interest rate payment LD (1 + 7) = By contrast, she can

6
access the higher upside gam Dig = % 2:5 D19 when purchasing the bank’s assets. When q increases to 1, the
A A

length of interval [#} + 2ge — 2¢, 6, ] diminishes to 0 while the length of interval [6}, 6} + 2qg€] expands to 2e.
Therefore, the regulator’s payoff difference V(%) — V4(P}) = V.(#) < 0 when g is sufﬁciently large.
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To conclude, when ¢¢ < g < 1, the regulator achieves a lower systemic risk when committing
ex-ante to purchasing banks’ assets at P}, i.e., SYS(0}) < SYS(6;).

Lastly, consider the limiting case where ¢ — 0. It can be seen easily that term @ in
expression (14) approaches zero. Therefore, 7# = r* and the two interventions achieve the same

allocation 6}, = 6;. O

3.5 Ex-ante interventions v.s. Ex-post interventions

3.5.1 Ex-ante v.s. ex-post asset purchase

We compare our proposed policy where an information-constrained regulator commits ex-
ante to purchasing banks’ assets with ex-post intervention where she purchases assets upon
runs happen, in the non-limiting case where € is away from 0.

Consider an arrangement where the regulator offers a supporting price P4y to purchase
banks’ assets on sale after observing M bank runs at r = 1. The intervention is ex-post, in the
sense that each P4y 1s set conditional on the observation of M € {1, 2} actual bank runs. The
regulator is also assumed to make no loss in each contingency of M runs.

Upon observing M runs, the regulator knows that creditors withdraw from a bank if and
only if their private signals are below x, ,, and that a bank run happens if and only if the bank’s
cash flow is below 84 . The regulator’s ex-post payoff Vj 4(Pa) from purchasing banks’
assets when observing M bank runs can be expressed as:

R éA.M—2E Dl
Vamu(Pam) =M wL(eA,m-[ f (0~ Pay) - 5——do
s=G.,B 9, AM

O.m xi,—0+€ p 1
AM 1
+ (G_PA,M)‘( . . )d@]- _ )
sfé‘AYM—ZE 26 PA,M QA’M - QS

Here ij(éA,M) (functional form as expression (6) of the manuscript) denotes the regulator’s
posterior beliefs about s upon observing M runs. The term in the square bracket represents

her payoff from purchasing a bank’s assets at a price P4y in a given state s. We also have:

dVam(Payu)

Py < 0, VM € {1, 2}. The regulator faces an ex-post break-even constraint V4 3, (P y) >

0 in each contingency of M runs.
Anticipating higher price supports, banks’ creditors have less incentive to withdraw, which

reduces the critical cash flows that trigger failures and runs. Therefore, the best price support
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Py v that the regulator can offer satisfies Vam(Py, ) =0, YM € {1,2}." One can derive the
unique equilibrium of the game as follows: a wholesale creditor j of a bank i withdraws if and
only if x!, falls below x*(y™), with x*(y™) = x , when y™ < x} , + 7+ €and x*(y™') = x| when

y' = xj, + 1+ € the regulator can break even ex-post at each contingency M € {1,2} with

the unique price P} ,,. The unique (P} ,/, X} 4, 65 ,,) jointly solves the system Va y (P} ,,) = 0,
D,—D;

Xy =0yt 2g-Deand 0, ,, = TabiP, for each M € {1,2}."” The equilibrium systemic

2 2
. . 0,0 0,0
risk with the ex-post asset purchase becomes: SYS(6;,) = a - (*;‘2—9(;) +(1-a)- (%) .
” —Ye —Up
We then turn to ex-ante liquidity intervention where the regulator commits before any run
happens to purchasing banks’ assets at P,. Recall that the regulator optimally chooses P such

that V4(P,) = 0. The equilibrium systemic risk with the ex-ante asset purchase is SYS(6;) =
2

N2 .
(%t _ o (%

o (9_%)+(1 @) (9_93).

The following Result 3 compares the ex-ante asset purchase with the ex-post asset purchase

in reducing systemic risks.

Result 3. When the regulator has no information on banks’ solvency and injects liquidity in
the form of purchasing banks’ assets, committing ex-ante at a price P} achieves a lower risk
of systemic bank failures than offering supporting price P} ,, ex-post based on the number of

runs M. In particular, we have SYS(0}) < SYS(G ,).

Proof. We can express the regulator’s ex-post payoff for a given price P € [P, gD,) as:

R d(P)-2¢ D,
Vam(P)=M- > wy, 0Py - [ f (0~ P)- —-do
0

s=G,B Zs
+f@(P) 0-P) (x*(P)—9+e Dl)d@] 1
A(P)-2¢ 2e P o) -6,

where 6*(P) = 1{’;;)’13;,3, x*(P) = 6*(P) + (2g — 1)e and O(P) = 6*(P) + 2ge. We suppose

dVau(P)

—%5p— < 0. The equilibrium ex-post supporting price satisfies Vs (P} ,,) = 0, VM € {1,2}.

We can re-arrange the regulator’s ex-ante payoff V4 (P) for a given price P as follows:

2
VaP) = ' ( > Pr(s)- Pr(g < 8P)IsM - Pr(6 > BP)s) ™M } - CY Vo u(P).
M=1\s=G,B

D,
Pum

"When € — 0, we have x, ,, — €% .. Oap — 0, and Vay(Pay) = M- Y 03, (05 ) 7(Pamls) -
M -1y (Pay) - P?—‘M. It can be seen that the equilibrium market price P}, also solves V4 3(P),) = 0. Provided with
the monotonicity of V4 u(-), we obtain the unique solution P} ,, = P},. Therefore, the efficiency of the ex-post
asset purchase policy is bounded by the market allocation in the limiting case.

Recall that @A,M = X, , + € and one can, again, show P} | > P} ,, X, | < x},, and 6} | < &}, following the

|1 A2’
Proof of Lemma 3 in the manuscript.
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When intervening ex-ante at a price P}, the regulator does not require V, »(P}) = 0 but instead
Va(P},) = 0. In fact, the regulator expects to make losses in the contingency of M = 2 and
to profit in the contingency of M = 1. Note that Vai(Py,) > 0= Vy (P, ) and Vao(Py ) <
0= VA,Z(P;J) by the equilibrium condition VA,M(PZ, ) = 0, the monotonicity of Vjy »(P) and
Py > Py, Consequently, V4(P) > 0 for P = P, and V4(P) < O for P = P . Since V4 (P)
is also monotonic and continuous in P, the unique ex-ante break-even price Py € (P ,, P} ).

Since P} > P, we have 6, = *(P}) < 0*(PZ’2) = 9;’2 and SYS(6) < SYS(G/*M). O

3.5.2 Ex-ante v.s. ex-post collateralized lending

We compare ex-ante intervention where the regulator commits to lending to banks at a
pre-specified interest rate with ex-post intervention when she sets interest rates upon runs.

Lending ex-post, the regulator sets an interest rate ry, to banks that demand liquidity as-
sistance at t = 1. The arrangement is ex-post, in the sense that each r), is offered after the
observation of M € {1, 2} actual bank runs. We also assume the same (8 to be the maximum
fraction of a bank’s assets that can be used as eligible collateral in this comparison. The regu-
lator must make no loss in each contingency M as before.

Upon observing M runs, the regulator knows that creditors withdraw from a bank if and
only if their private signals are below x; ,, and that a bank run happens if the bank’s cash flow
is below 8, ;. Her ex-post payoff V, y(r)) from lending to banks after observing M bank runs
can be expressed as:

A OLu~2e oL X; o, —0+€
Viwu(rm) =M ) ij(eL’M)-[f (B@—Dl)d9+fm (Bg_W—,Dl)dQ
[%

5=G,B 6, OLym—2e 2e

- 2€

LM ” —S

v x5, —0+€ 1
+f L’M—-[D1(1+rM)—D1]d0}~A—.
%) HLM_QS

dVim(ru)

One can also check that i
m

> (0. The regulator’s ex-post break-even constraint then writes
as Vo m(ry) 2 0,YM € {1,2}.

Like the ex-post asset purchase case, the best interest rate that the regulator would offer is
ry, satisfying Vi (ry,) = 0, VM € {1,2}. The unique equilibrium of the game is: a wholesale
creditor j of a bank i withdraws if and only if x| falls below x*(y™), with x*(y™) = x; , when
yoi< X;,+n+e€and x*(y™) = x; ; When yoi> X; , + 1 + €; the regulator can break even ex-
post at each contingency M € {1,2} with the unique interest rate r},. The unique combination

(”/*w’X*L,M’Qz,M) jointly solve the system V; y(r},) = 0, Xom = Ot (2g — 1)e and Oy =
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(Dy = Dy) + gDi(1 + ry,) for each M € {1,2}. The equilibrium systemic risk with the ex-post
. 2 . 2
N P ]
lending is: SYS(6; )= ( s ) +(1-a) ( s ) .

We then turn to liquidity intervention where the regulator commits ex-ante before any run
happens to lend to banks a a pre-specified interest rate. To minimize the systemic crisis, the
regulator optimally chooses r* such that V,(r*) = 0. The equilibrium systemic risk with the

9*

2
ex-ante lending is SYS(6;) = (g_;jc) +(I-a)- (9 s ) .
=G

The following Result 4 compares the ex-ante lending and the ex-post lending policies.

Result 4. When the regulator has no information on banks’ solvency and injects liquidity in the
form of collateralized lending, committing ex-ante at an interest rate r* achieves a lower risk of
systemic bank failures than offering interest rates r, ex-post based on the number of runs M.

In particular, we have SYS(67) < SYS(6; 12)-

Proof. Again, we can express the regulator’s ex-post payoff for a given interest rate r as:

. 0.(r)—2€ g; (r) (1) — 0
Vin(r)=M- > wfw(GL(r))-[fg (ﬂe—Dl)d9+fé (ﬂ@—u-Dl)dQ

s=G,B L(r)—2€ 2e
0 x:(r)— 6+ € 1
+f L-[D1(1+r) Dl]da] —
6;(r) 2e oL -6,
We suppose —— dVLM(r) > 0. Then, the equilibrium interest rate satisfies V; y(ry,) = 0, VM € {1,2}.

The regulator’s payoff from committing ex-ante to lending to banks at an interest rate r can be

re-arranged as:

2
ZGEDY [ D Pr(s)- Pr(0 < BuIs)™ - Pr(0 > Du(r)lsy ™ ] CY V().

M=1\s=G,B

Again, there exists a unique ex-ante interest rate r* € (r},r3). Since r* > r;, we obtain 6] =

0;(r") < 6;(r}) = 6; , and SYS(6;) < SYS(6] ,). O

To complete the horse-racing between the popular forms of liquidity interventions in the

non-limiting case, we present the following Result 5.

Result 5. When g > g € (%, 1) and € > 0, committing ex-ante to purchasing banks’ assets
on sale at a price P, achieves a strictly lower risk of systemic bank failures than committing
ex-ante to lending to banks at an interest rate r*, which, in turn, outperforms ex-post lending at

an interest rate ry, upon M runs happen. In particular, we have SYS(0,) < SYS(6;) < SYS(6; 2)

Proof. Immediately follows from Proposition 6 in the manuscript and Result 4 . O
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4 Robustness checks of the information structure

4.1 Alternative information structure: y being observable to all creditors

We consider an alternative information structure of the model and solve the laissez-faire
market equilibrium. Now, a representative creditor j € [0, 1] of a bank i € {1, 2} is assumed
to still observe a private signal xi. =60+ ej. about his own bank’s fundamental. In addition, all
creditors of the bank i also observe semi-public signals y' and y~ about their own bank’s and
the other bank’s fundamentals, with y' = ¢ + ', y = 7 + 7" We assume independent
noises, with both 7', 7" ~ U(-n,1) and & ~ U(~¢, €). Buyers in the secondary asset market
can observe the number of runs M € {1, 2} when called upon to move but still observe neither
the aggregate state s nor any signal about the banks’ fundamentals.

We further make the following assumption:
€ diminishes to O for a fixed n. (15)

The creditor j’s private signal xj. about #' is much more precise than the semi-public signal y’
received by all creditors.
Before solving the equilibrium, we first establish a preliminary result regarding the creditor

J’s posterior of ¢ when receiving x’ € [x*, x"] and y'.
Result 6. When € diminishes to 0 for a fixed n, we have: é"l(x; =0 i ~U (X — €, X + €).

Proof. We derive the representative creditor’s posterior beliefs about # upon observing both
the private signal x; and the semi-public signal y'."* By Bayes’ law, we have:

f0'16)
fOIx)

FEY) = fE1X) (16)

as )?j.lgf and j'|y are independent. Recall that, for any xj. e [xL XY, 6 ~ U (xj. — €, x} + €) and
J

7|+ has the following density function
J

yi—(x;—n—f) i i ;

__J = - —_n = < xl =

Tie Xi—m-e<y <xi-n+e
1 i i i

o 5= X.—n+e<y <x.+n-—e€

2

f(yllxlj) = ()’Zi.+r]+e)—yi J , j (17)
T x’j+77—e<y’£x’j+r]+e
0 otherwise.

PNote that the signal y' is now observable to the two groups of creditors, whereas it is observable only to the
bank —i’s creditors in the manuscript. The creditor j’s information set now becomes ((x’j, ¥),y™") with (x’j, y') to

be the signals about his own bank’s fundamentals and y™ to be the signal about the other bank’s fundamentals.
“Note that y~ = 6~/ + n~/ provides no information about .
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Furthermore, when e diminishes to O for a fixed 7, one can compute:

o ey —Gien-o .
Prob(y' < x’j -n+ elx’j) = — . dy'=— >0,

xi—-e 4ne 2n

o e anteo-y
Prob(y’2x3-+n—6|x’j):f ——dy'=— >0

xi4-e 4ne 2n

So, we obtain: . . o
Ol = gy =] 2 O TS =

0  otherwise.

Therefore, we have J{g:f)) — land f (Qilxi/., y) = f(@ Ixj.) = o when xj. € [x%, xY]. O
J X

4.1.1 Players’ strategies

In the r = 1’s bank run game, we again focus on the symmetric threshold strategy: after
receiving the information ((xi., y)),y™), a representative creditor j from a bank i withdraws from
his bank if and only if x; is below a threshold x(y™):

withdraw . < x(y™)

()3, ™) > (18)

wait x> x(y™)

We presume that the creditor i s° withdrawal decision and the critical signal do not directly
depend on y' for two reasons. First, given a critical signal, x; provides sufficient information
about the bank i’s cash flow and the bank’s other creditors’ private signals as shown in Result 6.
Second, y™ alone provides information about the bank —i’s cash flow and its creditors’ private
signals. However, y' may affect the functional form of x(-) as the creditor no longer needs to
infer the critical signal x(y') adopted by the bank —i’s creditors based on x’] In particular, the
creditor’s expectations on the total withdrawal in the bank —i becomes:

Y+

Ly ) = E[L‘i(e"',x*(yi))|yi’y_i]: f ;

. Lo, x" (") - %}de—".

Different from expression (A.25) of L"'(xi., y~") in the manuscript, the creditor j’s expectations
about the aggregate withdrawals in the bank —i now depends directly on the semi-public signals
y' and y='."”

The secondary market asset buyers’ strategy is still a price schedule (P, P,) with

Mv+— Py, M € {1,2}. (19)

'SAs will be shown, the observability of y* complicates the analysis of the representative creditor j’s best
response but brings no qualitative change to our main results.
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We again solve the PBE of the model, starting with the asset buyers’ competitive bidding.

The competitive asset price can be expressed explicitly like before:

0, +0 L 0.+0 Es(0|M)+8
Py = wy(@) - o + wi®) - = = (’2) :

(20)

where 8 is, again, the threshold of cash flow that triggers runs. The equilibrium asset price P,
must belong to interval [P, gD,), where P = Q“JrTDz.

When information is complete, for a given price P, a bank i with a fundamental @' fails
at t = 2 if and only if the aggregate withdrawals L’ in the bank exceeds a critical value
L@, P) = %. The creditor j’s payoff difference between ‘wait’ and ‘withdraw’ is again
DW(L,6',P) = (1 - q)% if L' € [0, L5(#", P)] and DW(L', &', P) = —D, if L' € (L°(¢', P), 1].

When information is incomplete, the creditor has to form beliefs about ¢, L', and P, based
on his information ((xf/,yi),y‘i) and the other players’ equilibrium strategies. To solve the

incomplete information game, we again start with the lower and upper dominance regions of

fundamentals [6, D) and (ﬁ, 6]. Tt is dominant for the creditor J to withdraw early (wait)

F

o7F + 6 independent of his beliefs about L'

when observing x; < x* = Dy — € (x" > x =
and for any asset price P € [P,gD,). We then analyze the creditor j’s best response to other

players’ equilibrium strategies for x'. € [x*, x"] to derive the equilibrium.

4.1.2 Equilibrium without the aggregate uncertainty

We analyze the case where 6, = 6, = 6. The asset buyers’ single equilibrium break-even

0+6

price is again P* = =-. For the bank run game, recall that the model now features no cross-bank

coordination. The critical signal in a bank i is a single value x*. We have:

Result 7. When € diminishes to 0 for a fixed n, the game without the aggregate uncertainty has
a unique symmetric equilibrium. A wholesale creditor of a bank i withdraws if and only if his
private signal falls below x*, a unique threshold independent of the semi-public signals y' and
y~'. The asset buyers offer a price P* to buy banks’ assets, independent of the number of runs.

P*, x*, and 6" are the same as the ones established in Proposition 1 of the manuscript.

Proof. As argued, the asset price and critical signal are both single values, i.e., P* and x*,
which do not depend on y~. The only thing that needs to be verified is that the creditor j’s
expectations about L' based on his private signal xi. € [xf, xY] and the semi-public signal y’
about @' has the same functional form as before. This is indeed true by Result 6. The rest of the

proof then follows exactly the proof of Proposition 1 in the manuscript. O
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4.1.3 [Equilibrium with the aggregate uncertainty

With aggregate uncertainty, the creditor j needs to form rational beliefs about the aggregate
withdrawals in both banks to forecast the secondary market asset price. When y~ < yt =
xt—np—eand y7 > yY = xV + 5 + €, the creditor j expects L7(y',y™) = 1 and L7(y,y™) = 0
and rationally anticipates the asset price to be P; and P7, respectively, if his own bank is forced
into liquidation. As éi|(xf,.,yi) - & |x§ , y' does not affect creditor j’s expected payoff difference
functions in these two cases. The asset price, the threshold signal, and the critical cash flows

have the same functional form as the ones in the manuscript and solve the system:

Py = B @y) - 22 4 0 (D)) - L
X, = 0+ (2q - De = ¥ (v 1 ify >y

Y [Ey_D 1 _ g with M = Y ‘ Y 21)
O = Tapr, =0°07) 2 ifyT <yt

Oy = x () +e=007")

The system has a unique solution (P}, x},,6),) for each M € {1,2}, and P} > P}, x] < x5, and
0; < 6;. The threshold signal x*(y™) = x} when y™ < y" and x*(y™") = x} when y™* > yY. We
then analyze the bank run game for y™ € [y, yV] and determine the functional form of x*(y™).

We prove the following Result 8.

Result 8. When € diminishes to 0 for a fixed n, the game with aggregate uncertainty has a
unique symmetric equilibrium: a wholesale creditor of a bank i withdraws if and only if his

private signal falls below x*(y™), with

*

. X <X +n+e o; <O+
X = 2 y » T . 2 y >t 1 (22)

b yizxi+n+e 0] y'> 65+

The asset buyers offer price P), when observing M bank runs, M = 1,2.

Proof. Existence. Given that all other creditors follow strategy (22), we show that the creditor
J’s best response is to follow the same strategy. We have already proved that x*(y™) = x} when
y' < ykand x*(y™) = x; when y~' > yU. To fully characterize the equilibrium, we now analyze
the case when y~ € [y, yV]. Like before, there must exist a switching point § € [y, yY] of y~
such that x*(y™) = x; when y™ < § and x*(y™) = x} when y™ > §. We show in three steps that
y can still be x5 + 1 + €.

Step 1: We prove that upon observing a y™ € [x; + 7 + €,y"], the creditor j rationally

expects L™'(y',y™") = 0 and optimally withdraws if and only if x/ < x{, Vy'.
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When observing a y™ > x} + 17 + €, the creditor knows that all private signals received by
the bank —i’s creditors are above x3. So he expects all creditors in the bank —i to wait in their
bank. The creditor j rationally expects L™'(y,y™) = 0, ¥y", and the asset price to be P; if the
bank i is forced into liquidation. Since &' |(x; ¥y = 9i|xi/_ , the creditor’s payoff difference is not a
function of y' given the asset price. The representative creditor optimally withdraws if and only
if ', < xj. So x*(y™) = x} fory™ € [x; + 17+ €,yY] and Vy'.

Step 2: We prove that upon observing a y™ € [y*, x| +n+¢), the creditor j rationally expects
L™'(y',y™) > 0 and optimally withdraws if and only if x/ < x5, ¥y'.

When observing ay™ € [y, x}+n+¢€), the creditor j believes that the lowest possible private
signals received by the bank —i’s creditors are below x;. So he rationally expects L™'(y',y™) >
0, Vy',' and the asset price to be P; if a run also occurs in the bank i. By the same token,
the representative creditor optimally withdraws if and only if x; < x5. So x*(y™) = x; for
y eyl xi +n+ e and Yy

Step 3: We prove that upon observing a y™ € [x} + 1 + €, x; + 1 + €), the creditor j expects
L7(,y") > 0fory < x;+n+eand L7(y',y™) = 0 for y’ > xj + n+ . However, he still
optimally withdraws if and only if x’; < x3, Vy'.

When observing a y™* € [x} + n + € x5 + n + €), the creditor j believes that the lowest
possible private signal received by the bank —i’s creditors is below x; but above xj. Therefore,
he anticipates L™(y',y™) > O when y' < x5 + 7+ €, and L7(y',y™) = O when y' > xj +n + €.
As his belief about L™ switches from L™ > 0 to L™ = 0 when y’ switches from y' < x5 +n+ €
toy' > x} + n + €, the creditor j’s expectation about the would-be asset price for his own bank
also switches. The creditor’s expected payoff difference differs from the one studied in the
manuscript when banks’ creditors hold no common knowledge on y’ and y'.

Recall that, under strategy (22), all other creditors in the bank i take x*(y™) = x} as a critical
signal as y™ € [x} + 7 + €, x; + 17 + €). We analyze the creditor j’s best response in detail.

Case (1): When x" < ¥, < xj — 2¢, the creditor j expects Hil(xj_,y,) A o < X - €
and x}(l(x;’y,») - XUX; < x5, Yk € [0,1]/{i}. Therefore, he rationally expects L’(x’j, y) = 1.
Additionally, the creditor knows that the bank —i’s creditors also follow x*(y') = x; because

max y"lx;q;_zf < (x; —2€) +n+ € =x;+n—€from (17). Together with y™ < x; +  + €, the

'Even if the creditors from the bank —i follow the critical signal x*(y') = x}, the creditor j expects L™'(y', y™) =

R . . * w_gi , x iy .
E [L”(G”,x’f)y”] > f;'j; 4 i *e. %} -do = % > 0 when observing a y™' < x] + 17 + €. Note that
E [L’i(e’i, xt) y”] decreases in y™ and L™/(67/, x}) is x“_i Cifyi-p <6 <xi+eand 0if x}+e < 67 <y 47,

conditional on y™' slightly lower than x} + 17+ € (i.e., y™' € (x] + 7 — €, X} + 7+ €)).
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creditors j rationally expects

= >0

L—i i, —i :E L—i H_i, *
0y [ © %) 2e 2n 8ne

y_i] . fx?rf xX—07+e 1 ey (5 +n+e—y )
yi-n

and the asset price to be P;." Consequently, his expected payoff difference is
E[DW(L'(x',y™), 63, P3)] = =D1 <0.

65 is the critical cash flow associated with x; and P;. The creditor j optimally withdraws.

w_ i w02
X=X _ (x5 xj)

2e 8¢e?

Case (2): When x;—2€ < x < x, the creditor j perceives L'(x’,y™) = 1+ >0

from Appendix A.2 in the manuscript. On the other hand, the creditor j expects

(x5 +n+e—yi)?

Loy ™ > >0

8ne
because the bank —i’s creditors still follow x*(y') = x; as the critical signal. Indeed, we have:

max y’ |x§<x; < xj + 1 + €. Again, the creditor rationally expects the asset price to be P;. When

xi. € (x; — 2€, x], we have:

i

1 xh =Xt
E[DW(L(x},y™), 05, Py)] = \ﬁ;%(—Dl)dU 5 L. (=Dy) = -D; <0.

2e

Instead, when xi,. € (x, x3), we have:

o LE(65.P3) D, .. (! X=X
E[DW(L(x,,y™), 63, P})] = f (1-g)—dL' + f (=DpdL’ + -(=Dy)
S ] q Le(63,P5) 2€
D, D, X~ x; D, %~ x;
— . Lce*’P* _ - . = - <0.
_q [L( h 2) ql 4 e p e

Given the asset price to be P; and the critical cash flow to be 63, the bank i survives if and
Xy—X _ (% *
= = L6, P)).

only if L' < L(63, P3). Recall that x is defined as the value of x;. such that -

Moreover, L°(6;, P;) = g must hold by the equilibrium condition. The creditor j still optimally
withdraws in the bank i.

Case (3): When x’/ = x}, the representative creditor believes L' ~ U(0, 1), so Li(xj., yh=3
by the Laplacian property. Again, he expects

(X5 +n+e—y )

Loy ™ > >0

8ne
because y’ < x} +1+ € with probability 1 (i.e., max y' |xi_:x; = x;+n+e€). The creditor j rationally
J

expects the asset price to be P;. We have:

X;—67+e

""Again, recall that E [L‘i(e‘i,x;) e if
y'-n<6'<x;+eand0if x; + € < 6 <y’ +n, conditional on y~* slightly lower than x; + 7 + € (i.e.,
yie (G +n—€x;+n+e6).

y‘i] decreases in y~' and the functional form of L™(67, x3) is
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o LE(03.P3) Dy . ! . Dy
E[DW(L’(x’j,y_’), 05, P3)] = f - q)7dL‘ + f (-Dy)dL' = 7[LC(0§,P;) -gq]l=0.
0 L<(63.P)

The creditor is indifferent between waiting and withdrawing when observing xi. = x5

Case (4): When x;; < x; < x;+2¢, the observability of y' brings in intricacies. The creditor j
(x;—x;+26)2

o > (. Additionally, y' can be either higher or lower than xJ + 1+,

expects Li(x;, y) =

Vx, < xj < x)+ 2€ (e, maxy’|x§>x; > x5 +n + € and miny’lxggzﬂe

<(X;+2)-n-—€=
x5 —n+ € < x5 +n+ €). We consider these two cases depending on the value of y'.

Case (4.1): When y' < X, +1 + €, the creditors in the bank —i, again, take x* Oh = x; as the
critical signal. So the creditor j still expects

(x5 +n+e—yi)?

L7,y > > 0.

8ne
and the asset price to be P;. When xj. € (x, x; + 2¢€], we have

. Xi.*X*
XL —x

o . x D 1--5= D . D
EIDW(L(6,7, 63, Pl = = (1 =)+ f (-l ===t >0.
0

And when xi. € (x;,x], we have:
S X = x5 D LE(63.P3) Dy . -4 .
E[DW(L'(x},y™), 05, Py)] = L2 (1-g= +f (1-g)=dL + f (=DydL'
2¢ q 0 q Le(85.P3)

*

Dy . D, X;=X, p; XX
= — - [L°(6;, P3) — gl + — - =— > 0.
4 [ (2 2) ql p e 7 e

o L°(8;, P;). The creditor j now optimally

x is defined as the value of x;. such that 1 — 5

waits in the bank i when expecting P; to be the asset price as in the manuscript.
Case (4.2): When y' > x; + 1+ €, the creditors in the bank —i take x*(y') = x] as the critical

signal. Now the lowest private signal is above x7 as y™ > x} + 17+ €. The creditor j expects

LGy = E[L707,x))

v =0

and the asset price to be P]. As xi. — 63, the creditor knows that the critical aggregate with-
drawals above which the bank i fails becomes L°(6;, P}). Note that L(6;, P) > L°(6;, P5) as
P} > P;. We then assume, w.l.o.g., L°(6;, P{) > 1, so that the bank i with a cash flow 5 will

s

survive when the asset price is P]. As 1 - % < 1 < L%(#;, P)), the creditor j’s expected

payoff difference becomes:

[ _ %
xl—x

. D D
C-pZar = -g9=so.
q q

o = D, 1=
EIDW(L, 705,71 = 5= =2+ |
0
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The creditor j still optimally waits in the bank i."
Case (5): When xV > xi. > X + 2¢, the creditor believes L"(xi., y™) = 0 because, again,

Hil(x;_’yi) — Qilx;_ > x; + € and X;.(|(x;_’yi) — xj{lx; > x;, Yk € [0, 1]/{i}. The (solvent) bank i always

survives when L' = 0. His expected payofT difference is
E[DW] =(1 - q)& > 0.
q

The representative creditor j optimally waits in the bank i.

To summarize, when y™' € [x} + n + €, X} + 11 + €), the representative creditor j optimally
withdraws if and only if x’l < x; given that all other creditors follow the equilibrium strategy
(22). Combined the results from Step 1 to Step 3, we proved the existence.

Step 4: We establish the uniqueness by showing that any other threshold strategy

*

. =1 X y_i<5>
X =47 7T (23)
X y =9,

with a § # x5 + 17 + € cannot be an equilibrium.

Again, $ must belong to [x] + 7 + €, x5 + 7+ €). Suppose that all other creditors follow
strategy (23), we show that it is not the representative creditor j’s best response to follow the
same strategy.

Suppose that the creditor j observes a y™ € [§,x; + n + €). He is certain that all other
creditors in the bank i take x] as the critical signal. Suppose that the creditor also observes
a private signal x; = x{. From (17), y' must belong to interval [x] — 7 — €, x] + 17 + €). The
creditor j then knows that the creditors in the bank —i take xJ as the critical signal (i.e., Step 2).
Consequently, he rationally expects both L' > 0 and L™ > 0 and the asset price to be P;.

Consider the creditor’s payoff difference when observing x'; = x] — 7. He knows L'(x’, y™)

% and the bank i’s cash flow is 6]. However, the critical aggregate withdrawals above which the

bank i fails becomes L(67, P;). Note that 0 < L6}, P;) < L(6], P}) = g as P] > P;. We have:

L L4(}.P}) D, . [
E[DW(Li(x,y™), 6}, P5)] = f (1=~ dL'+ f
0 L

)
(-DpdL = =L . ;. P5) - q] < 0.
<(07.P) q

The creditor j will ‘withdraw’ instead of being indifferent between ‘withdraw’ and ‘wait” when
observing x;. = xj, contradicting the definition of the threshold equilibrium. As § is arbitrary in

[x] + 17+ €, x5 + n + €), the only switching point is xJ + 1 + €. This establishes the uniqueness.

"¥When LG5, P5) < L(;,P)) < 1, the same qualitative result can be established. We can show that
E[DW(L'(x,y™), 65, P))] > E[DW(L'(x', y™), 65, Py)] > 0, Vx|, € (x5, x5 + 2e].
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Lastly, we take the limit to obtain lim._,o x; = 65, lim._,y x] = 6], and the switching point

y~" of the critical signal lim._,o x; + 7 + € = 6; + 1. =

In Figure 2, We plot the representative creditor’s expected payoff difference as a function of
xi. when y™ € [x} + 17+ €, x; + 17+ €). Comparison to Figure 1 in the manuscript shows that the
representative creditor still optimally responds to ‘wait’ in the bank i after observing xi. > X5
because his expected payoff difference between ‘wait’ and ‘withdraw’ is always larger than 0

in this situation.

Figure 2: Payoff differences when y™ € [x]+n+ex+n+¢€)

A
E[DWI,,y,y]
(1-g)Di/qg : '
i > xi.
0 5 :
-D;

The creditor j now observes both xj. and y'. For any x; € (x}, x; + 2€], y' can be either higher or lower
than xJ +7+e€. Observing ay' > x; +77+¢€, the creditor expects the asset price to be P} and his expected
payoff difference to be in the “thick red” line. Observing a y* < xJ + 1 + ¢, the creditor anticipates the
asset price to be P; and his expected payoff difference to be in the “dash blue” line. When x; increases,
the creditor’s payoff difference may even decrease because y' may switch from a value higher than
X, +n + € to a value lower than xJ + 17 + €. However, the creditor optimally ‘waits’ in the bank i for
x;. > x5 as his expected payoff difference between ‘wait’ and ‘withdraw’ is always larger than 0.

4.2 The equilibrium when n < €

We solve the equilibrium with the information structure of the manuscript but with < €.

Since the secondary market asset buyers only observe the number of runs M, their equilib-
rium price schedule (P’{, P;) will have the same expression as before, with P;, given by (7).

We then consider a bank i’s representative creditor j’s rational expectations on the total
withdrawals L' and L~'—given that all other creditors take the equilibrium threshold strategy
and that the creditor observes signals (x;, y™). Knowing that all other creditors withdraw if and
only if their private signals are below x*(y™), the creditor’s expectation L'(x’, y™) is the same

as expression (12) of the manuscript. L"'(xz., y~") also has the same functional form as (A.25).
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However, when 1 < ¢, the density function f(y’ |xj.) is different from the original (A.24) of the
manuscript. In particular, when n < €, we have:

V=0
4ne
1
PO =1 oy
7 Gtnte—y

4ne

x;—n—e<yi3x;+n—e
xi.+77—e<yi§xi.—n+6
! ! (24)
x’j—n+6<y’Sx’j+n+e

0 otherwise.

One can also verify that the monotonicity of Li(x;, y~) and L‘i(xi., y~") is the same as before.
Follow the same approaches in Section 3.2.2, the representative creditor j rationally expects
L7(x',y™) = 0 when y~ > y¥ and L7(x},y™) = 1 when y~ < y*. Consequently, when
observing y~' > yY, a creditor in a bank i withdraws if and only if his private signal falls below
xt and expects his bank to sell assets for a price P} in runs. Similarly, when observing y™ < y*,
the creditor withdraws if and only if his private signal falls below xJ and expects his bank to sell
assets for a price P} in runs. The combination (P;"W, Xy 9;4) still solves the system of equations
(18) of the manuscript. We again prove that there exists a unique perfect Bayesian equilibrium
of our dynamic game: a representative creditor of a bank i withdraws if and only if his private

signal falls below x*(y™), with

*

X, y'<xytnte

X7 = (25)

xXp y'2x3+n+e

The asset buyers offer P;, when observing M bank runs, M = 1, 2. The proof consists 4 steps.
Step 1: We prove that upon observing y™ € [y, x; —n+€] and y™ € [x; +n+¢€,yY], the rep-
resentative creditor expects L™'(x",y™) > 0 and L™(x}, y™) = 0 respectively, both independent
of his private signal x'.
We can derive the representative creditor j’s expectation of L‘i(xi., y~') when he observes
y~' = x} —n+ € and has a posterior 0"'|y7,. ~ U(x; —2n + €, x; + €). The creditors in the bank —i
can follow either xJ or xj as the critical signal depending on their outside signal y'. If creditors

in the bank —i withdraw according to the critical signal x}, we can compute:

. Nt Xt -0'+e 1. p
E[L7@7, x)|x} -0+ €] :f a _—ai=Lso.
X} -2n+e 277

2€ 2€

x] -0 +e
2e

Since 7 < €, we have x} — € < x} — 2n + €. Therefore, L™(67, x}) = when xt —2n + € <

07" < x% + €. Instead, if they withdraw according to xj, one can verify that L/(§, x}) = 1 and

E[L7(07, x)|x; —n+ €] f e do =1
L)X —n+ el = — =1.
2 xX]—2n+e 277
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Again, the representative creditor expects L"'(xj., y™) > 0, because f(y' |x;.) is everywhere non-
negative and strictly positive when y' € [x,~7—e, x’+1+€]. By the monotonicity of L™/(x’,y™)
with respect to y™, we establish that L™'(x’,y™) > 0 when y™ € [y*, x] — 1 + €l.

Consider the representative creditor j’s expectation of L™(x",y™) when observing y™ >
x; + 1+ €. He knows with certainty that the lowest possible private signal received by the bank
—i’s creditors is still higher than xj. The representative creditor then expects L‘i(x;, y ™) = 0.
We can obtain x*(y™) = x; when y™ € [y*, x; —n+e€] and x*(y™) = x} when y™ € (x;+n+€,yY].

Step 2: Given that all other creditors follow the strategy (25), we prove that the representa-
tive creditor j of a bank i expects L™/(x, y™) > 0 when observing y™ € (x] =1 + €,x; + 1 + €)
and x’; < x; + 2. Again, we prove this result by first establishing that it holds for x = x} + 2e.
Then by the monotonicity of L‘i(xj, y™), we have L‘i(xi., y >0, Vx; < x5+ 2e

Upon observing x; = x5 + 2¢, the representative creditor forms beliefs about the outside
signal y’ received by the other bank’s creditors. He can calculate, by (24), that y* has a positive

conditional density f(y' |x5 + 2€) on the interval [x] — 7 + €, x5 + n + 3€].

yi_(x;_T]+E) * i *
B Ta— Xo—nNte<y Sx,+n+e
. 1 * i w
FOIXS +26) =] 2 | X, +n+e<y <x;-n+3e
(x5 +1+3€)—y' i *
T —n+3e<y <x;+n+3e
0 otherwise.

Under strategy (25), the bank —i’s creditors will follow the critical signal x*(y') = x; when
observing y' < x5 + n + € and x*(y') = x} when observing y' > x} + 7 + €. So the creditor j
expects that the creditors in the bank —i will follow the critical signal x5 with a probability

. . nHrey — (x5 -n+e€) . p
( 2 J 2 ) )C;—?]-I-E 4776 26

Conditional on that creditors from the bank —i actually follow the critical signal x5, the
representative creditor can calculate the expected aggregate withdrawals in the bank —i as
E[L7(@7, x5yl = £y N Rllal X;) - £ -do since 07|, ~ UGy~ — n,y™ + ). When the

representative creditor observes an out51de signal y™ < x} + 17 + €, he knows that the expected

aggregate withdrawal has a lower bound

e dp

E|L7@O7,
[ ( 2n 8ne

> 0. (26)

] f’%“xz 0 +e 1 L G Hnte—y?

y"] decreases in y~ and the functional

The first inequality in (26) is true because E [L‘i(e‘i , X

form of L7(67, x3) is x;_,f_ “ify i -n< 6 <xi+eand0if x +e < 67 <y~ +1, conditional

on y~* slightly lower than x; + 7 + € (i.e., y € (X3 + 17— €, X3 + 17 + €)).
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When the fundamentals (6", %) are realized, 6~ |y~ and |, are independent. A represen-
J

tative creditor, who observes xi. = x; + 2€ and y© € (x] —n + €x; + 1+ €), will calculate

X5 ++e

L5+ 2€,y7) = f E[L707,x)

Xy—n+e

. . . X5 +11+3€ o
V- FOG + 26) - dy + f E[L7(@7,x})

Xy +n+e

Y- OIS + 2€) - dy'

GHIYE (x5 + 1+ €e—yT)? 4 4
>f TV pyig +20) - dy
X.

B Snte 8776
X +n+e—yh? . )
=( 2 TISne o Prob (x*(yl) = X0 = X5 + 26)
(G Ante-yTy o (x5 +n+e—y)? -0
8ne 2e 16€2 '

The inequality in the second line follows (26), E [L‘i(G‘i, xt)

y"] being non-negative and the
density of y' being non-negative everywhere.

Step 3: We establish the existence of the equilibrium strategy (25) by analyzing the repre-
sentative creditor’s best response.

We have already proved that x*(y™) = xj} for y™' < x{ —np+ e and x*(y*) = x} for y™ >
x5 + n + €. Moreover, for y™ € (x{ —n + €, x; + 1+ €), given that all other creditors follow the
strategy (25), the representative creditor expects L'(x%, y™) > 0 when x/; < x}+2¢, i.e., a positive
mass of withdrawals in his own bank. Therefore, for y™ € (x]—n+e€,x;+n+e€) and x; < x;+2€,
the creditor expects the number of runs to be M = 2 and the asset price to be P;. Instead, when
observing x;. > x5+2€, he expects Li(xi., y~) = 0, i.e., no run in his own bank. We can follow the
same procedure in the proof of Proposition 1 and of Lemma 3, to show that the representative
creditor optimally withdraws if and only if x; < R(y™), where £(y™) = x;—2€[L(6*(y™), P3)—q]
for Vy™ € [y, x5 + 1 + €). A symmetric equilibrium, if exists, features L°(6*(y™), P;) = q. The
bank’s critical cash flow, the bank i’s creditors’ threshold signal, and the asset price, jointly
solve the system of equations (18) of the manuscript for M = 2, with the unique solution being
(9;, X5, P;) by Lemma 3. To summarize, when all other creditors in the bank i and —i take the
strategy (25), the representative creditor’s best response is to follow the same strategy.

Step 4: We prove the uniqueness by contradiction. Suppose that all other creditors follow
a threshold strategy with a discontinuity point § < x + n + €, so that x*(y™) = x} when
y'ie@ x;+n+e).

Suppose that the representative creditor j observes a private signal xj. = xj. Following the

same procedure in Step 2, the probability that creditors in the bank —i following the critical

) . e B N B W o R o e G i A A fx’f—’“fi i_ 2
signal x} is positive: Prob (x 0 = xlx; = xl) = fx e AE dy' + e 5cdy' = 5= >

0. Conditional on that creditors from the bank —i follow the threshold signal x; and that the
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representative creditor observes y~' € (9, x5 + 1+ €), the aggregate withdrawals again satisfy the
inequality (26). The representative creditor j rationally expects L™ (x},y™) > 0.

(X5 +n+e—y")? 2e-
8ne 2e

L‘i(x’{,y_i) > T o0.

By monotonicity, the representative creditor expects M = 2 and the secondary market asset
price to be P; when observing x; < x;andy™ € (§, x; + 1+ ¢€). Consequently, the representative
creditor expects his own bank (i.e., the bank i) to sell its assets for the price P} in case runs
happen. The expected price P;, however, contradicts the threshold signal x] as dictated by the
alternative threshold strategy. Therefore, we establish the uniqueness by contradiction.

Lastly, one can follow, again, the same steps to analyze the case i = €, and prove that there
exists a unique perfect Bayesian equilibrium of our dynamic game: a representative creditor of

a bank i withdraws if and only if his private signal falls below x*(y™), with

‘ x5 oyvi< x4+ 2e
yo=]2 ) SR 27)

* —i *
xp Y= x+ 2e

The asset buyers offer price P}, when observing M bank runs, M = 1, 2.
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