Appendix B (Online Appendix).

“Demographic Diversity and Collusion in Teams” by Jonathan Glover and Eunhee Kim

This online appendix consists of 1) the proofs for two extensions, team turnover and continuous

effort, i1) the analysis for ex ante collusion, and iii) the analysis for strong substitutability.

Proof of Proposition 3

We first construct the cooperation and collusion constraints to show that bilateral and
unilateral replacement are equivalent in terms of the constraints imposed. We then show that the
optimal assignment qualitatively remains the same as in Proposition 2.

With bilateral termination, agent i enjoys f(2)wL — c as long as neither agent deviates, and
they continue their play with probability §;8;, thus the payoffis (f(2)wji — ¢) X0 6;'6]" =

f(lz)SL’;_c. Upon deviation in period t, agent i enjoys f(1)w} and obtains f(0)wi or f(DwL — ¢
—6:5;
in the following period t + 1 discounted by §;6;, by (5i5j)2 in period t + 2, and so on. Thus, the

(Cooperation) constraint is written as:

Ke > (w4 2L fO)wi = wl — ¢ = (1- ) (Dwl + 615, Ow,

“f);”’; "2 fOw! + 25 (Fwg — o)

= f(Qwi —c = (1= 6:6;)f(Dw} + 8;5;(f (Dwf — ¢).
With unilateral termination, if a new agent follows the previously agreed play, then analysis
is the same as for our main model presented in the paper. Suppose instead that the new agent
resets the play. As long as the two agents play as agreed, agent i’s payoff from playing joint

f()k

. . Upon deviation, agent i is penalized by the teammate agent as long as
l

work is given as ————

he survives. This periodic payoff is discounted by §;6;; thus, he enjoys a discounted payoff of

5 L 8:8;(F()wi-
FOw, B2y 878" = 2 or (F(Dwf — ) Eiiey 876 —% If a teammate

exits, a new agent joins and resets the play. Upon deviation in period t, the reset play occurs with
probability &;(1 — &) in period ¢ + 1, ...852{8;(1 = &) + (1 - §)&; + (1-6,)"} = 67 -
57 5]2 in period t + 2, ... and §;* — 6;"6;" in period t + n, thus enjoying the payoft of
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. ; 8;(1-6;
(f@wi — ) iza(87 ~ 8767) = (f@wi — ) goasy

Then, the (Cooperation) constraint under unilateral termination is:

1 66

A0SO (F(2yw), — ¢) i)

(1-6))(1-8;5))
= f(z)w;; —c>(1-6;8)f(Dw} + 8;8;(f (Dwf — ).

The same logic is extended to the case where the deviating agent plays work as a punishment.

LEMe » fiyw

Thus, we have the identical (Cooperation) constraints in both bilateral and unilateral termination
cases.
With bilateral termination, the (Pareto) constraint becomes:

f 2wy
1_;{’(‘5'6 > f(Dwl —c¢ +- ] U (B wi)
i0j

= fwh—c=(1- 5i5,-)(f(1)w,g — c) + 8:8;U;(Br; wi),
where U;(Bi; wi) = f(DwE — Bic (or, fF(DwE — (1 — Bi)c). We will shortly derive ;. Thus,

the functional form of the optimal contract remains the same except for §;6; instead of 6;.

With unilateral termination, if the new agent continues the collusive play, then the model is
again equivalent to our main model. If the replacement agent resets the play by playing joint

work,

f(Z)Wk [ 6 SjUi(ﬁk;W]ic) i Si(l—(Sj)
= f(l)wk 1—6i8j + (f(Z)Wk C) (1—5i)(1—5i6j)

= f(Qwi —c = (1= 6;6;)(F(DWE = ¢) + 8:5;U; (B wi),
which is the same constraint as under bilateral termination.

We now derive a feasible set of ;. Consider diverse assignment. With team horizon 659,

fQ)-r()

55 w!. That is, agent h is willing to work up to 1 —
hOl

agent h does not regretif f; < 1 —

f@-r
c6h61

f@)-f()

l
w,. Thus, for an ntract
w50, 4- Thus, for any contrac

wl. Similarly, agent [ is willing to collude if B4 >

w, that ensures cooperation, the set of feasible S is:

f@-Ff@) _f(Z)—f(l)Wh]

B(Wd) - c6h61 a@ c6h61 aj



This set is non-empty if Mwé <1
c6h61

_f@-r) p wh | wh c
cone,  Wa> Of + <

on0e T oney <T@y 1he

. _ f@)-s(). .
= wy, where x = o 8 defined in

h _ c . 1
47 f2)-f1) 1+6p86(x—-1)

cooperative wage is w

Assumption 2. The set B(w,) is non-empty if:

VBx=7-1 _ 5"

2 < 8y + (8p8)* (x — 1) = 8n6) > =5

The above threshold, §*, is the same for homogenous assignments. As in the main setting, it can
be shown that any regret-free collusion S, is self-enforcing for any wj > w’".
From the (Pareto) constraint for the agent who works with (1 — f8,),
(f2) = F)(wh +wh) = 8,5,c.

With team horizon §;8;, even in diverse teams, the principal randomly selects one agent to

receive the cooperative wage. Since wj for cooperation,

> c 1
T f@-f(1) 148p61(x-1)
1 1 1 1
- <Bi<1--- .
6pd; 1+8p61(x—1) Op6; 1+8xp8;(x—1)

The same logic is extended to homogeneous assignment.
To summarize, under both bilateral and unilateral terminations, the (Cooperation) and
(Pareto) constraints qualitatively remain the same. Compared to Section 5, the only change is the

adjustment by §;6; instead of 6;. Therefore, the optimal contracts we identified remain
qualitatively the same except for the adjustment by §;6;.

When cooperation incentives are in place, we have W,; > W; because:

4c(1-8p8) _ 2c(1-62) | 2c(1-6%)
f@-rf - r@-r@  r@-r@

if the stage game equilibrium is (work, shirk) and (shirk, work), or

=0 < (6, — 6%,

4c . 1 > 2C . 1 + 2C . 1
F2-f(1) 1486 (x—1) ~ f(2)-f(1) 1+62(x-1)  f(2)—f(1) 1+86#(x-1)

=>2> 5}16[(3(.' - 1),

if the stage game is (shirk, shirk). The last inequality is because x — 1 < 2 and 6,6; < 1.

On the other hand, when the (Pareto) constraints bind across all teams, we have W,; < W:

2¢616; c(83+6})
f@-rf@  f@-rf@)

=>0< (6}1 - 61)2.

When the (Pareto) constraints bind under diverse assignment and the team of two agent hs but

not under the team of two agent [s, we have W; < W:

4c6p6; 2¢83 2¢c . 1
fF@-r@) " f@-f(1)  f@)-f1) 1+67(x-1)

1

= 25}161 < 5,% + m




The last inequality is because the (Pareto) constraint does not bind under the team of two agent

ls, thus 5 > &2, and replacing

. 2 . . .
7G-D 5 with §f in the above inequality leads to 0 <

1+687(x—
(8, — 6;,)2. Lastly, when the (Pareto) constraint binds only under the team of two agent hs, we
have W,; < W if:

4c_ 1 285 2c 1 (A1)
f@-f) 14881 (x-1) ~ fF@)-f(1)  f@-f(1) 1+67(x-1)

Observe that when the (Pareto) constraint begins to bind for the team of two agent hs (i.e., at the
threshold 62 = &*), we already showed that W, > W. In the limit, if 5, converges to § (which is
arbitrarily close to 1), we have:

Wy <W,=8 <2+6((x—1)
which is always satisfied. Since the left-hand side of inequality (A1) is decreasing in &, whereas
the right-hand side is increasing in &y,, there exists a unique 87 € [§*, §] such that W, < W for
8y, > 6T and Wy > W, for 5, < 67. m
Proof of Proposition 4

Given wage w}. and teammate’s effort ej, agent [ chooses effort e; to maximize his payoff:

1
2 —_ .
E(ei + ej + Z)ZW;( — €.
It is immediate to see that the incentive wage (in a one-shot game) eliciting effort 1 from each
agent is w) = 10.

Homogeneous Assignment. From each agent’s first-order condition,

_ 1 g2 _ 1 j2
ei—gws —2—€j,€j—£WS —Z—ei.

Note that if w! = w] = w, and assuming symmetric effort for homogenous assignment, then

w? wi e s . i
e =¢ =_ — 1. As long as i 1 > 0, the stage game equilibrium is (es, es) =
w w? w? . e s .
(ﬁ - ,ﬁ - ) If ﬁ — 1 < 0, then (0,0) is the stage game equilibrium. We will shortly see

that for §; = 0.5, (0,0) is the stage game equilibrium. Given the teammate agent’s effort 1, the
best one-shot deviation effort of the agent i is e/ (1) = %Wsiz —3,and ¢/ (1) € [0,1] provided
that 0 < %Wsiz -3<1.1If %Wsiz — 3 < 0, then his best one-shot deviation effort is 0. We again

shortly confirm that for §; = 0.5, 0 is the best one-shot deviation effort. Then, the cooperative

wage is found by solving the following equation as an equality:



1 L . R
%(2 +2)zwi —1=>(1-96;) <§ (3 + e*(l))ZWS‘ - e{*(l)) + 6; <§ (2 + el + es’)ZWS‘ - es>,

-2
. . & 1 ;.2
It is immediate to see that (W;—O —1<0and EWS‘ -

: . " 5
which yields wi* = V30D

3 < 0 for 0.5 < &, < &y, confirming el = e (1) = 0.
Let ¢ denote the agents’ collusive strategy combination. To maximize the total payoffs, ¢ can
be found from the first order condition of their total stage game payoffs:

L2
(W§+w])

2 wi + w/ _
Ex(c+c+2)2(wsl+ws)—c—c:>6— =

i J
For0<c<1,0< % — 1 < 1 is required. To see if collusion c is Pareto-dominant,

observe that by playing collusion c, the total payoffs are:

. i d)
%X(C+C+2)%(Wsi+wsj)—c—c| 2 =M+2,

i J
C=(w§-;-0ws) » 25

whereas by joint working, they get:

2 . i 4 ; i

- X C+22(wi+w!)-2= E(Wsl +w!) -2
Collusion c is Pareto dominant for the agents if:

L jy\2
(w§+ws)

i J ‘ J
- >E(WS‘+WS)—4:>10>WS‘+WS.

To see if this collusion is also self-enforcing, note that given the teammate agent’s effort c,
the best one-shot deviation effort of the agent i is:
. 12
e; (c) =EWS‘ —-2-c.
Each agent’s payoff under collusion ¢ can be expressed as ¢ + 2. Then, (c, ¢) is self-enforcing if:

2 1 2, ; z . (SE)
1-46) E(c+el-*(c)+2)2w5‘—ei*(c) +4 E(e§+esj+2)zwsf—es <c+2.

Since collusion arises for a high discount factor (as we will confirm shortly), the stage game
equilibrium is (esi, esj ) = (0,0) and e/ (c) = 0. Then, the above inequality is always satisfied,
thus ensuring that (c, ¢) is self-enforcing under homogenous assignment. To combat collusion,

the principal ensures that wi** + w/** = 10.
Diverse Assignment. Under diverse assignment, the two agents have different discount

factors. Using each agent’s first order condition:



h2 1 12
e, =—w,; —2—e,eg=—W,; —2—ey.
h 25 d 1 Cl 25 d h

To ensure that there is a stage game equilibrium from each agent’s first order condition, consider
1 h2 1 12 1 h2 . , . .

ept+e +2= Wa <;Wg.e = 0 and e, = =“Wa — 2. Given agent [’s choice, ey, is agent

h’s best response; given agent h’s choice, zero is agent [’s best response. When the teammate

agent’s effort is 1, the best one-shot deviation effort of agent i is ¢; (1) = %Wéz — 3, and
e; (1) € [0,1] is required for feasibility. If w); is small enough that %Wéz < 3, then his best one-

shot deviation effort is 0. Then, the cooperative wage is found as follows:

1 1 1
g(z +2)zwh —1> (1-6p) (g(g + e (12wl - e;;(1)> + 6, <§ (en + €, + 2)2w! —
(% wgz — 2)) for agent h,

1 1
g(z +2)wl —1> (1-6) (g(g +ef(1)?w) — e;(1)> + 6, (§ (e, + e, +

1
Z)Ewé) for agent L.

We can shortly confirm that for §; > 0.5, we have e, = 0 = e;,(1) = ¢;(1). Thus, the optimal

cooperative wages are:

— 5 1 _ 5
" 2 VE (A2 T 2 VE(EV2)3)

wg

forep, =0 =r¢,(1) =e;(1).

: . 2 2 )
It is straightforward to see that %Wél —2<0and %Wé < 3 given 0.5 < §; < 6.

In diverse assignment, the agents’ willingness to collude differs. Extending the same logic as

2
h l

under homogeneous assignment, consider "

— 2 = ¢y + ¢;. The argument that collusion ¢

Pareto dominates joint working is extended to (cy, ¢;). To see if the above collusion is Pareto-
dominant relative to joint working for both agents:

(whwh)’
2 =

(wg+w51) _ 25
25

1
%x (ch+ca+2)z(wh+wh)—c, — cl|
Ccptc=

+22§(W6’i‘+wfi)—2,

which is true for w/* + w} < 10. Note that there are continuously many combinations of ¢y, ¢;

A
such that M

— 2 = ¢y, + ¢;. For instance, consider the following collusion:
_ 1 h(,h l _ 1 i(,h l
Cp = Ewd(wd + Wd) —-1,¢ = Ewd(wd + Wd) -1,
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which generates a per period payoff of ¢, + 2 for agent h and ¢; + 2 for agent [, and both agents
strictly prefer collusion if 50 > WS(ZO —wh— Wé) for agent h and 50 > Wé(ZO —wh— Wé)
for agent [.
To see if this collusion is also self-enforcing, the best one-shot deviation of each agent is:
en(c) =—wh —2—c,e/(cy) ==wh -2 —c,.
Since collusion arises for sufficiently high discount factors (as we will confirm shortly), we have

ey (c) = e/ (cp) = e, = ¢, = 0. Then, (cy, ¢) is self-enforcing if:

1 1
(1=, (g(z + e+ e (c) )Pwl — e;;(cl)> + 5, (§ (2 + e, + )Wl — eh) <c,+2. (SEp)

1 1
(1-34) <§ (2 + cp + e (cn))2wh — el*(ch)> + 6, (§ (2 + ey + €)W} — e,) <c¢+2 (SE)

i*

It can be shown that when 6, > §; > 0.5, with the cooperative wage w’, the above inequalities
are always satisfied, thus ensuring that (¢, ¢;) is self-enforcing under diverse assignment.

To derive the discount factor thresholds, note that:

2+/3-3

i o 233
2wi <102 6, > s

= 6, ~ 0.73 for homogeneous assignment,

given 8, > 6;, wi' + wl* < 10 = §, > 5.(8,,) for diverse assignment,

2(12-7V3)+(7(v3-V2)-4(3-V8) )8,
4(3-V6)~7(V3-V2)-4(5-2V6)5p

5.(8,) = &; at 8, = 8.

where & (6) = . & (61,) is a decreasing function of 8, and

If 8 < 8, < 8, (i.e., collusion arises across all teams), we have wi™ + W,{** = 10, thus

diverse and homogeneous assignments perform equally. However, if §.(5,) < §; < 87 < 6,

(i.e., collusion arises in the team of two agent hs and diverse teams, but not in the team of two
agent [s), diverse assignment is optimal:

W, > W, = 2wk +10 > 20 = 10 < 2w},
which is true since the (Pareto) constraint does not bind in the team of two agent [s. If §; <
& (6n) < 6; < 8y, (i.e., collusion arises only in the team of two agent hs, diverse assignment is
optimal:

W, > W, = 2wd +10 > 2wl + 2wl = 10 > 2w/,



which is true since the (Pareto) constraint binds in the team of two agent hs. In sum, whenever

6; < 8, < 6y, diverse assignment is strictly optimal. m
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(a) 8; = 0.5. Collusion arises only under the team of (b) 6, = 0.7. Collusion arises in the team of two agent

two agent hs. hs and the two teams under diverse assignment.

Figure 3. Total Wage Comparison with Continuous Effort

Ex Ante Collusion. In this extension, we consider an alternative notion of collusion: instead
of requiring collusion to be Pareto-optimal at any point in the game (including after the agents’
correlated randomization device assigns them to play particular actions), we now require only
that collusion be Pareto-optimal as of the beginning of the game (ex ante). We maintain the
requirement that collusion be self-enforcing, i.e., a subgame perfect equilibrium. To show how
our results are changed (or maintained) under ex ante collusion, we consider both contracting
and team design problems as in Section 5.

To break collusion under the ex-ante notion of Pareto optimality, the contract must satisfy the

following (Pareto’) constraints:
f@wi = ¢ 2 Be(f(Wwy — ¢) + (1 = B f (Dwy, or

fW. —c =B f (W] + (1= BI(f(Dw] — ¢) forany B, € B(wy),

where we normalize both sides of the constraints by multiplying by (1 — ;). Again, we use

(Pareto”)

weak rather than strict inequalities for expositional convenience. The left-hand side of the
(Pareto’) constraint is the payoff from working, and the right-hand side represents the payoff

under the proposed collusion. Observe that neither side of (Pareto’) constraints depends on the



agents’ discount factors. That is, under ex ante collusion, neither of the agents discounts the bribe
at the point it is being considered (at the start of the game), because they do not yet know which
action they will be assigned to play in the first period of the game. However, as in our main
analysis, agent h has a stronger incentive for collusion and, thus, is willing to offer a greater
bribe, and whether or not the (Pareto’) constraints bind depends on team assignment. When the
(Pareto’) constraints bind across all assignments, the total collusion-proof wages are the same
across all teams. Hence, if the collusion problem arises under all assignments (or, collusion does
not arise under any assignment), then the principal is indifferent between diverse and
homogenous assignment. In the remaining cases, the principal strictly prefers diverse
assignment.

Proposition 5. (Ex-ante Collusion) The minimum necessary collusion-proof wages satisfy

wi + W,{** = m Under homogeneous assignment, the (Pareto') constraint binds for §; >
1/(x — 1), whereas under diverse assignment, the (Pareto') constraint binds for 6,6, >
1/(x — 1)2

i) Foré, <6, <6Mordy,>8=21/(x—1), we have Wy = Wy.

ii) For 8™ < 6, <1/8p(x — 1)? and 1/(x — 1) < 8y, we have Wy, > W,,.

iii)  For1/8,(x —1)2 < 8§, <1/(x —1) < 8, we have W, > W,.

Under ex ante collusion, the focus is on the total wages paid to a team—that total must be
large enough in order to deter collusion. The advantage of diverse assignment can be twofold.
First, by pairing with agent [, it eliminates agent h’s incentive for collusion. Second, it lowers the
amount of extra wages that have to be paid to the team as a whole in order to ensure they will not
collude but cooperate. This is because cross-subsidization (of incentives) exists within a diverse
team: by combatting collusion, the saved wage from agent h can be transferred to agent [ to
ensure cooperative incentives. However, there is no such cross-subsidization within the team of
two agent [s as they have identical implicit incentives, thus requiring more expensive
cooperative wages compared to the collusion-proof wages paid to a diverse team. There is no
longer a difference between the cost of the bribe to the briber and the benefit of the bribe to
bribee to exploit, as the principal does under regret-free collusion.

Proof of Proposition 5

For ex-ante collusion, we have:



J
wi,1—

f(2)-f(1)
c kl

B(w,) = [ f(2);f(1)wi]

B(wy,) is non-empty if wi + W,{ < As in regret-free collusion, it can be shown that any

- °c
f)-fQy
Br € B(wy) is also self-enforcing for both agents. Thus, we derive the optimal collusion-proof
contract using the (Pareto”) constraint. Recall the ex-ante Pareto constraints:

fwi —c = U; (B W,i) for any B, € B(wy), (Pareto”)
Consider a homogeneous team first. Recall that agent i1 works with probability s and agent i2

works with probability 1 — ;. As in regret-free collusion, the targeted agent’s payoff obtains the

maximum at B, = wws"z and/or By =1 — wwsil. If B = %Wsﬂ is the

binding collusion, we target agent i1.

fFWE —c = FOW - (F) - F)W2 & (F(2) - FD) (Wit + wi?) > c.

Thus, the minimum necessary collusion-proof wages must satisfy wi + wi? = m If s =

1- WWS“, we target agent i2 and obtain the same result. Since ensuring ( f(2) -

f (1))(W5il + Wsiz) > ¢ prevents collusion, any combination of two wages that ensure
cooperative incentives while satisfying the inequality are collusion-proof, and the optimal

S : 2D-f(1) 2)-f(1)
correlated randomization is characterized as WWSLZ <pf;<1- WWS”.
Because both wi! and wi? must ensure the cooperation incentive, wi* > wi*,n = 1,2 is

required. The (Pareto’) constraint binds for §; > ﬁ, because

(F@) = FD)(wi* +wi) <c = 6> =
That is, given that the cooperative wages are offered, agents find collusion Pareto-dominant and
self-enforcing if §; > ﬁ
Now, consider diverse teams. Because our argument in homogeneous teams does not depend
on the agents’ discount factors, we make the same conclusion as above. Whether agent h is

targeted or not, the minimum necessary collusion-proof wages satisfy wl + w} = m

where w) > wi*,i = h, L. The (Pareto’) constraint binds for &, 6; > ;. Because
d d hoL > G2

(F2) = FA) W +wh) < c & 8,6, > 7

Whenever §,, > L, we have > < - Thus, for §; < — _and—< &y, the (Pareto’)
x—1 x—1 op(x—1 x—1

1
Sp(x-1) )2

10



. o 1 1
<
constraint does not bind since §,6; < D7 For B2

1 1
<5l <—<5h0r—<5l <5h,th€
x—1 x—1

(Pareto’) constraint binds in diverse teams.

Let W, denote the sum of wages under team k € {s, d}. Since the cooperative wages do not
depend on team assignment, if collusion does not arise under any assignment, we have W, = W,.
If collusion arises across all teams, &, > §; = 1/(x — 1), we have W; = W,;. However, if §; <
1/6,(x —1)? and 1/(x — 1) < 8y, collusion arises under the team of agent hs (homogeneous

team) but does not arise under the team of agent [s and diverse teams. In this case:

c 2
Ws = F2)-£(1) (1 + 1+8; (x—1))

c 2 2 1
> Wy = F(2)-f(1) (1+5h (x-1) T 148, (x—l)) © 8y > -1

which is true since the (Pareto’) constraint binds under the team of agent hs for 1/(x — 1) < 6j.
For 1/6,(x —1)? < 6, < 1/(x — 1) < &, collusion arises under the team of agent hs and
diverse teams, but does not arise under the team of agent [s. However, as in our main analysis,

we have the following result.

c 2 2c 1
W= oo (1 T (x—l)) >We=tosm © 0 <"
Strong Substitutability, [@-7© 3+\/§. In this extension, we relax Assumption 2 to examine

f@)-f — 2
5 . . . . .
the case x > # Recall that whenever collusion arises, for diverse assignment, the optimal

contracts are asymmetric, whereas for homogeneous assignment, both symmetric and
asymmetric contracts perform equally. For the ease of presentation, we specify the optimal
asymmetric contracts for both assignments whenever there is no confusion. Our results are
summarized in the following proposition.

Proposition 6. (Strong Substitutability) The optimal contract is characterized as follows.

i) For homogenous assignment,
If3+2\/g < x < 4, the optimal contract is given as S, as long as ﬁ > 6;. Ifﬁ < 6;,
then paying wr™' = ———— to agent il and paying wi*' = G ___° 4
f@-r(0) f@-r@  fO-£00)

agent i2 is optimal in which case agent i1’s working with probability p* € (0,1) (and
shirking with probability 1 — p*) and agent i2’s playing shirking are used as a stage

game equilibrium.

11



iii)

If x >4 and §; < g < 8™, then no collusion arises and w&* = fé%}gé)m is optimal. If
s>, > 2 > the principal pays w wit* wiZ** such that wi™ + w2 = f(z)cfa;(l) and

<=9 <wi™ < — forn =12 If§™ < &, then paying wi**' = m to

f@)-f(1) $ f(2)-f()

= € _ < to agent i2 is optimal
T r@-r@  f-fo) 0% P

agent i1 with p* € (0,1) and paying w.

in which case agent i1’s working with probability p* € (0,1) (and shirking with
probability 1 — p*) and agent i2’s playing shirking are used as a stage game
equilibrium.

For diverse assignment,

1f3+\/_

81 (x). If 8, < §*(x), then the optimal contract identified in Lemma 3 remains

< x < 2 +/2, then the optimal contract is given as S, provided that &, >

optimal.

If2 + V2 < x and &, < §%(x), then S, remains to be optimal provided that x <

Spt+dy Spt+dy Lix c hsr c §p 1
+1; x> g = wl = (8, -2 =)
5101 x> MWa =rmro T r@-rm\°h T 5 k1

accompanied by agent l’s working with probability q* € (0,1) (and shirking with 1 —
q") and agent h’s shirking as a stage game equilibrium is optimal.

_ c(1-8p) Lex

If2 + 2 < x and &, > 8%(x), the optimal contract is wl* = m

cdy ( 1- Sh)f 51

and6m > 6}1 H6l

f@-r@
= ﬁfor 6; <™. If 6™ < §; < 6y, then S, remains to be optimal provided
5}1 61 Lxx c hx*r Cc 511 1
< Snto . 1 =——— =———(6p
that x < 35 o Lifx> 2 s W T T e roEoll 51 x- =)

accompanied by agent l’s working with probability q* € (0,1) (and shirking with 1 —
q") and agent h’s shirking as a stage game equilibrium is optimal.
When cooperation incentives only exist, both assignments perform equally. When
collusion is a pressing concern, diverse assignment dominates whenever the (Pareto)

constraint binds under the team of two agent hs.

The contracts Sy and S,, and the expressions for p* and q* are presented in the proof.

Proof of Proposition 6.
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Homogenous Assignment: First, consider a homogenous team. Since the agents’ discount
factors are the same within each team, without loss of generality, we consider a team of two
agent hs. We first derive a condition in which the collusion-proof wage upsets the (shirk, shirk)
equilibrium that is used for sustaining the cooperation equilibrium (work, work). Consider

asymmetric contracting in which the bribee agent who receives wg™** =

c (6h(1+6h(x—1))—1

oM o) ) First, the bribee prefers working while the briber is shirking if:

h_ h h ¢
fwh —c > fOwWh = wh > O] (A2)
is required. Plug w;*™ into the above inequality (A2), we have &, > x—\/i = §°5.

For x > 3+2—\/§, the threshold 6% < 1, thus &, > &° is well-defined. For 65 > &*:

Vx > V8x—-7-1 Sx<4
x—1 2(x-1)

is required. Thus, given %ﬁ < x < 4,if §, > &5, then the collusion-proof wage upsets the

(shirk, shirk) stage game equilibrium. Thus, if w*** is paid to the bribee and wy'* is paid to the
briber, then the stage game equilibrium is (work, shirk). Since (shirk, shirk) is no longer the stage
game equilibrium and the bribee agent prefers working with the wage w™** instead of shirking,
the briber agent expects to enjoy f(1)wl after his free-riding. Thus, if he receives w!**, while the
briber is receiving wgt**, the briber deviates by shirking.

To ensure that the collusion-proof wage does not upset (shirk, shirk) as a stage game

equilibrium, it is immediate from (A2) that the bribee’s wage must be bounded above by wy o' =

c . . c . 5

ONTOL Since the total collusion-proof wages are DD &y, the briber’s wage must be at least
he! c _ hoses! — [ _ 1 ) . . . Rossr

ws" =T om oy, H oS (6h ——;) incase the bribee receives w¢**'. For &, >

55, we have w! * > 0. With Wy *' the briber agent still prefers shirking to working,
FOWR > F(Wh —c 5 ==> 5,

which is always satisfied if x < 3. If instead 4 > x > 3 and ﬁ < 6y, then, the briber’s wage

wl* now upsets the (shirk, shirk) stage game equilibrium. i.e., The total collusion-proof wages

are too high that no wages ensure (shirk, shirk) to be a stage game equilibrium if:

cép 2c 2
= —— < &
D T -1 < On

13



That is,if4 > x > 3 and ﬁ < &p, there is no pure strategy stage game equilibrium that is used
as a punishment upon freeriding. In this case, there is a mixed strategy stage game equilibrium

that can be used as a punishment. Consider paying wg™* = ————to agent h1, and

T r)- f(O) f(Z) f(l) B

m to the other agent h2. In this case, agent h2 strictly prefers working when the other

agent h1 shirks with certainty. To find a punishment for the agents upon freeriding, consider

agent h1 plays work with probability p and shirk with 1 — p. Agent h1’s mixed strategy makes
agent h2 want to shirk if:

(pf (D + (1 - p)f(0)) (f(zgf}}(l) - f(1)ff(0)) = (pf@+A-pfD) (f(zi&i(l)

;) _
F()-£(©0)

1 Sp(x-1)-2 .
Splx—1)-1 p_sm Sp(x—1)-1 b

T O—r0) et Observe that p* > 0 since — < 8, and p* < 1 since:

1 Sp(x—1)-2
sm sy (x—-1)-1

=2>1—-pfm<

where we use 6™ =

<128 -—<1,

which is always satisfied. Thus, given agent h1 randomizes his play with p*, shirking is self-

enforcing for agent h2. Since agent h1l receives he is indifferent between shirking and

- c
fW-£0)

working, thus randomizing with p* is also self-enforcing for him. Now, we check the wages,

c cép _ c « . . .
OO and DD T and p* ensure cooperation incentives. For agent h2,
cdp c cdp c
- —c> — —
) (f(z)—f(l) f(l)—f(O)) ¢z (1=38f() (f(z)—f(l) f(l)—f(O)) +

. cép _ cp, _ c
On (p f (f(z)—f(l) f()- f(O)) + (1 =p)f(0) (f(z)—f(l) f(1)—f(0))>

= (2 - 5h)5h(x — 1)2 = X(x — 2)
Note that (2 — &p,) 0y, is strictly increasing for 6, < 1. Thus, if the above inequality is satisfied

for 6, = then it is also satisfied for any &, > —1

(2= 68,0~ DIy > =4(x—2) 2 x(x - 2),

x—1

cp, _ c
f@-r@  f-£00)

which is always satisfied for 4 > x > 3. Therefore, the wage with p*

ensures agent h2’s cooperation incentive. Meanwhile, for agent h1:

14



f@ f(l)if(O) —c=2(1-68)f(D) f(l)if(o) + On (p* (f @ f(l)if(O) - C) +1-

PO )f(l) f(O))

-0 =26, 2=

N

> -fD)—= i (43)

)

P—‘ |

f- f(O) =

which is always satisfied for ﬁ <dpand 4 > x > 3.

Provided that ﬁ > §,, > 6%, the wage w! s greater than wg'* for a high discount factor:

() > Vi s
f@)-f() (5’1 x—1) > F(2)=f(1) 1+8p(x—1) = On > x-1 0°.
S 1 1 Py _ [ « _ c _ L
Thus, for 6, > 6°, the principal offers w** = O and wg ORTeY (5h x—1)'
In sum, for x < 4 andﬁ > 6y,
( he — € 1 _ . m
he — ¢ . 1 1 m *
S = | W = @@ e 10 =0 <O
1~ h* _ c . 1 hss c _ 1 . . s
Y T o waen'S T @@ (5’1 1+5h(x_1)) if67 <6y <0
hx _ ; — 1 hxsx __ Cc . > S
\ AN TORTEY (5’1 x—l) W= i Oon = 0

Note that under S;, the total collusion-proof wages are thus any wage combinations

(o
F@-f)
C
~ f-f0)
cép c
F@-f)  f(D-£(0)
1

to agent h2 (which ensures a mixed strategy stage game equilibrium, agent h1’s p* = -

ensuring the total wages to be are collusion-proof as long as wy"* < w**

- <c
f2)-f(1)

Forx <4 and < &y, the wages wg™* to agent h1l and wy, =

- ¢
f()-£(0)

Sp(x—-1)-2

5. D1 and agent h2’s shirking) is optimal. For 8, > 85, strong substitutability makes the
L (—1)—

briber agent better off because his cooperation constraint is not binding.

If instead §° < §* (which arises for x > 4), we claim that the collusion arises when §;, <

* __ C(l_ah)
T f@-fQ)

6™ =5

= x—_i, i.e., when the cooperative wage is w; B(wy) is not empty if §,, > 2 and

2. . . :
318 less than 6™ for x > 4. In this case, the agents use (work, shirk) or (shirk, work) stage game
equilibrium to enforce collusion. Moreover, we can show that as in the main analysis, any

collusion in B(wy) is self-enforcing. Thus, 1f < 8, < 8™, the principal pays wi**, wi?** such

C6h C(l_gh) < hnx*x

hlsx h2xx _ < —
that WS + WS f(Z)—f(l) an f(Z)—f(l) - WS - f(Z)_f(l)

for n = 1,2 to combat

15



collusion. Any wage combination does not upset the (work, shirk) or (shirk, work) stage game

equilibrium. If §;, > 8™, the stage game equilibrium is now (shirk, shirk), while collusion is a

cdp 2¢ 2 ) m X=2 2
=>— . e
DD ToF@ = w1 < On- Since 6 =" > —— forx > 4,

still concern. Observe that

2 .
whenever §, > §™, we have — < &y, Thus, as shown before, there does not exist a wage

combination to combat collusion while ensuring (shirk, shirk) as a stage game equilibrium. In

cép c

(o
F(-£(0) F@-f@)  F-f(0)

and the first agent’s playing p* and the second agent’s playing shirking ensures cooperation. This

this case, the principal pays the first agent and the second agent

is because the second agent’s cooperation incentive is not affected by x > 4 and the first agent’s

N

x—

incentive captured in (A3) is always satisfied since §, > 6™ =

=
H.

To summarize the optimal contract for homogenous assignment:

a) If 3+2\/§ < x < 4, the optimal contract is given as S; for ﬁ > 6p. If ﬁ < &p, then paying
Roxr c . her _ cép . c . . .
Ws F—ro agent h1 and paying wq oSO ONO) agent h2 is optimal in

which case the first agent’s playing p* € (0,1) and the second agent’s playing shirking is used as

a stage game equilibrium.

b)If x > 4 and 6, < g < 6™, then no collusion arises and wy** = ;((21);_(;,3) is optimal. If §™ >

2 . . * % *% * % * % céd C(1_6 )
8p > 3, the principal pays wl** wh2** such that wi* + wh2* = - (2)_'} D and on f}(ll) <

hn*x*

wq forn =1,2. If §™ < &y, then since §™ = 25 2 andom< ép, we have
x—1 x-1

_°c
—f)-f()
cép > 2c
fQ)-r(1) = f@-r0)

Wh*’ — C6h _ C
$ f@-f1)  f-£(0)

h*xr __ 4

thus paying ws™' = —=—

to agent h1 with p* € (0,1) and paying

to agent h2 is optimal in which case the first agent’s playing p* €

(0,1) and the second agent’s playing shirking is used as a stage game equilibrium.

L*%

Diverse Assignment: The similar argument can be extended to a diverse team. If w; ™ =

cdy _ 1 egeq . . . L
O ( Sn(ivon (x—1))> upsets the stage game equilibrium (shirk, shirk), then the principal
Lxx! _ c «! _ Cc _ % . 1 - .
offers w;~ = OOl and w;™ = DD (5h 3 _x—l)’ where w™** is derived from the

binding (Pareto) constraint for agent [ (i.e., the inequality (3)). We derive the discount factor

. . . . cé . 1 c
threshold above which this case arises: O (1 Sn(ivon (x—1))> > OO
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L. Sh(1+é‘h(x—1))
=0 > Sp(1+8p(x—1))-1

= §5(65p).

. L . . . .
In this case, the wage w** is greater than wl*, thus ensuring agent h’s cooperation incentive:

¢ _ % 1 c . 1 S
f@2)-f0) (6" 81 x—1) > f@)-f(1) 1+8p(x-1) = 8> 67(8p)-

Note that given x > %g, the threshold §5(68,) < 1 if &y, is sufficiently large:

1 Sp(1+68p(x-1))

(;)ﬁi_;
x=1) "x-2 x-1 _ o1
x-1 8p(1+8p(x-1))-1 <1=96,> =46 (x).

2

5 . .
It can be shown that at x = %, we have §*(x) = 1, and §*(x) decreases in x. i.e., we have

§M(x) < 1forx > %ﬁ Thus, 6°(6;,) < 1 as long as &, > §*(x), which is feasible for x >

5 o 5, . : . 5
3+2\/—. Observe that if either x < # (as in our main analysis) or x > % and 6, < §(x), then

S > Lxx — cdy < _ 1
we have §°(8;,) = 1. In these cases, w DD TR CTTAEE=Y)

) never upsets the (shirk,

shirk) stage game equilibrium, thus the optimal contract in Lemma 3 remains to be optimal.
Provided that §°(8,) < 1 (i.e., when x > %ﬁ and &, > 81(x)), we check if §5(8,) is

1+4(x—1)H-1 82(x—1)+8p

greater than §(6p,) = ey , where H = 2D+ on-1 > 1:
1 Sp(1+68p(x-1)) 1+4(x—1)H-1 _ _ 200
1 Sn(1+0nG—D)1 > ey X 2= (x—3)05(x—1) + 6p).

If x < 3, the above inequality is always satisfied for any &, confirming §5(8) = §(685).

V(x=3)2+4(x-3)(x—=1) (x~2)=(x=3) _
2(x-3)(x—1) -

However, if x > 3, the above inequality is satisfied for §,, <

52%(x). Note that §2(x) < 1ifx > 2 + 2. If x < 2 4+ V2, then §2(x) > 1. Since §, < § < 1,
the above inequality is always satisfied for x < 2 + /2. Together, if x < 2 + V2, we have
55(8,) = 8(8y). Or, if x > 2 + /2, we have §5(8,) = §(8,) only if 8, < §%(x). Otherwise, if
8, > 8%(x), we have §5(8,) < 8(8p,). Therefore, if x <2 ++v2orx > 2 ++/2and §, <
52%(x), the bribee’s collusion-proof wage, wh™, upsets the (shirk, shirk) stage game equilibrium

for 8, > 65(5),). In this case, the principal pays wy™ and w/** for §(8,) < 6, < 65(8) and

* c _%n
and wi” = 7o (n =5

not upset the (shirk, shirk) stage game equilibrium:

Lk’ _ 4

Wa T 050

: i) for 8, > 65(6y). To ensure that w}* does

17



Wh* Cc x<6h+6l
d = f()-£(0) = Snéy

+1

and Wd*, = ;(Sh -

611 ey
< p—
Thus, the condition x L+ 1 is required for wj oM

c
5}151 f(l)—f(())

% . ﬁ) to be optimal for §; > §5(5,).
L x—

6h+6l ; _% L
F2)-r(1) (6 5 x— ) upsets the (shirk,

shirk) stage game equilibrium. As in homogeneous assignment, we derive a mixed strategy stage

hs'

Ifx>—— + 1, briber agent h’s wage, wy;~ =

and Wd*, = ;(5,1 — o, L) and

Lex!
game equilibrium. Consider paying w oM 5 71

- ¢
f-£(0)
agent [’s randomization with q. Agent [’s mixed strategy makes agent h want to shirk if:

on 1

(af W+ A -af (0))f(2) -f(D (‘S T8 _)

x—1
> (4@ + 1 - Df D) 7557573 (8- % ) -e

Sh((x 1)81 1) 51 _
=q= 8m8h((x 1)6;— 1)

where we use §™ = ;C%z Observe that when §;,, = §;, we have q* = p*. Observe also that g* > 0

since x > 22+ 5 % 4 1 and q" < 1 can be written as §; (1 — —) < —, which is always satisfied
hol

because the left-hand side is nonpositive for §;, < 1, whereas the right-hand side is strictly

positive. Thus, given agent [’s randomization with q*, shirking is self-enforcing for agent h.

Agent [ is indifferent between working and shirking given wage thus randomizing g~ is

_°c
f-r©y
also self-enforcing. To see the randomization q* also ensures cooperation, first consider agent h:

1

Sn 1
f2 )f(Z) —F@) (6’1 _5_'97) —c2(1-8fVs550 f(1) (5 -3 _)

x—-1
Sp
o <q F 75575 (00 =

=)+ A= O 7575 (0 - 5 ﬁ)>

= 2(@ =88k =2 (x = 1) + (x = DG + 6 = 56 — (x = 2)) = (x = )(x — 1.
Notice that the left-hand side is increasing in 5h < 1, and we have &, = §;. Thus, if the above
inequality is satisfied for §, = §; given x > 2t 5.0 + 1 (or, §; > —) then it is satisfied for any

5h = 512

1)
5—2‘((2 — 88, (x — 2)(x = 1) + (x — 1) (8 + 8, — 8,6) — (x — 2)) 5,25, = (x — 2)(x — 1)
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= 2-6)5(x—1)?2=>(x—2)x,

1) .

. . . 2 c
which is always satisfied for §; > oy Therefore, the wage OTD (6h — 5 1

q“ensures agent h’s cooperation incentive. Meanwhile, for agent [:

f@ =2 1= 8)f (D5

+8; ( (f(l) f(1)- f(O) N C) + (1 —q)f(0) f(- f(O))

:(;+5,)21.

1 ) 6h(1+6h(x 1))
x—1 Sp(1+8p(x-1))-1"

f- f(O)

Recall that §; > §5(8,,) = . Plug this into the left-hand side, we have:

1 ( 6h(1+6h(x—1)) >> 1 1 3 (A4)

E 6h(1+6h(x—1))—1 - 6h(1+6h(x—1))—1 =X =

If x < 3, then inequality (A4) is always satisfied because the left-hand side is positive, whereas
the right-hand side is nonpositive. For x > 3, we know that §5(8,) > §(6y), and this can be
written as x — 2 = (x — 3)(67(x — 1) + &,,) as we derived before. This inequality, x — 2 >

(x —3)(87(x — 1) + 6y), can be expressed as:
1

X2 _ 2(y — _ __t _
= — 1>685(x—1)+ 6, 1=>8’21(x_1)+6h_12x 3.

Therefore, (A4) is always satisfied, which confirms that the wage with g ensures agent

-
fW-£(0)
[’s cooperation incentive.

If x > 2 ++/2 and &, > §%(x), then 6°(8),) < §(8y). In this case, as in homogeneous

teams, collusion arises for §; < 6™, i.e., under the wage Wé* = %. In this case, B(w,) is
1- 51

]

16 . . .
not empty if 16—’1 < 1, which can be written as §; > T Again, using the bribee [’s

6_

(Pareto) constraint given in (3), the optimal contract is w;" = G D L

C f@-r@)
7 (Z)Cf; D ( - 1;:'1), and the (Pareto) constraint binds if §; > S’Si—h—l' Since 6; < &y, we have
Sn Lewr €Oy ( _ 1—5h)
35,1 < &y, which implies that §j, > . To see whether wy = "o ® 5, ) canever

upset the (work, shirk) stage game equilibrium:

661 ( _1 Sh) c
f(2)-f(1) Sn f(2)-r@y

which is always satisfied. Therefore, given x > 2 + /2 and 8, > §2(x), the optimal contract is
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h*x __ c(1-6y) Lskr — ()] 1-8p
d = Fo-ray Va f(Z)—f(l)( A )f5l

If 5, <

6_1 and 6™ > &, > %

C(l—é})

ONTO) If 6;, > 6, > 8™, the stage game equilibrium is (shirk, shirk), while collusion is a still

¢ hxr __

concern. As in homogenous assignment, the optimal contract is Wl** = O w]
; —_ % ) < h 6h+ 1
DD (6h 5, 1o provided that x 50, %41 1f x > 2t v

= ;( _%n, L)
7 W oM oy, 5 71 and agent [’s randomization g* and agent h’s shirking

+ 1, then paying w™* =

are used as a stage game equilibrium.

To summarize the optimal contract for diverse assignment:

)If3+«/_

< x < 2 + /2, then the optimal contract is given as S, provided that §, > & S(x). If

8, < §1(x), then the optimal contract identified in Lemma 3 remains optimal.

6h+5l

b) If 2 + V2 < x and &, < §%(x), then S, remains to be optimal provided that x < s T 1;1f
hOl
5h+6l L% __ 4 hxr _ ¢ — % _1 1 >
x> — 5.0, + 1, then w;™ = 7w Wd DD (5 5, x—1) accompanied by agent [’s

randomization ¢* € (0,1) and agent h’s shirking as a stage game equilibrium is optimal.

C(l_ah) L*x —

¢)If 2 + V2 < x and 8, > §2(x), the optimal contract is w/** = TON

8y (1_1 6h)f 5 >

“tand 6™ > 8. In this case, &, >

6h_1 implies 8, > g If 6, <

f@)-f()
_c(1-6y) m s _ m
3 5h , the optimal contract is Wd = f—(z) ) for; <™, i=hLIf6™ <6 < by, then S,
op+d c
< 2hToL Spt h l Lex _ hxr _
remains to be optimal provided that x 50, I 1;ifx > —— 50, +1,wy OO

- °c _Sn 1 . ) . . ,
oM (6h 5, x—l) accompanied by agent [’s randomization g* € (0,1) and agent h’s

shirking as a stage game equilibrium is optimal, where
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( AR ——— I m
Wq FO-r) (1 61), lfgl < 6}1 <é

i* _ c . 1 el
Wg = FO—F1)  148;(0—1) le < 6[ < 5}1 < §(6h) or 6[ < Q(&h) < 5}1

] hx __ c 1 Ixx __ cd ( _ 1 ) .
Wa' = o@D’ Ye T ra—rm \- P CETNEE) if 6(6p) < 6; < B,
and &, < §%(6y,)
he _ ¢ — % . L Lxx — c . S
Ya = @@ (5h 5 x—l)'wd 7@ 0> 8°(8n)-

As in homogenous assignment, strong substitutability makes the briber agent h better off.

\

Optimality: We now claim that with this change, which assignment dominates the other in
our main setting remains qualitatively the same. First, observe that cooperative wages are not
qualitatively affected by the magnitude of x, thus when the (Pareto) constraints do not bind
across all teams, our result that the two assignments perform equally remains the same. Thus, our

proof is to check whether diverse assignment is optimal whenever collusion is a pressing

. . . cb;
concern. First, for homogenous assignment, the total collusion-proof wages are f(Z)_f(l) for each

team. For diverse assignment, the total collusion-proof wages are

( 2c 61 1 3+\/§ s
@) F@-f(1) (5’ + (1 sh) 1+6h(x—1)) for=—=<x=<2+ V2 and §; < 65(6y),

or2+\/—<xsm+1and6hng(x);or

Sné

b) 25— (8, — (2 1)) for B < x <2+ VZand §, > 65(5),

) f@-f 8 x-1
8h+6l
orx >—— 50, + 1.
) (1= 8 (1-2L) +6;) for2 + V2 < ,6%(x) < 6, < 5™ and &, > =
f(2) f(1) h sp/ '= n L7 38,-1
If none of these total collusion-proof wages are greater than %, then diverse assignment is

optimal. To show this, note that if a) is the total wages, we already show in the main setting that

it is always less than %. If'b) is the total wages:
2c on L c(8p+6)) L
Wa <Ws =270 (5 (51 )x—l) <to-rm o<

The above inequality is always satisfied given E > 0y, since §; < 8. Lastly, if ¢) is the total

wages:
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2¢ 51 c(n+d) _, 2
Wa<W =150 <( - (1-5) +6> <o =7 <O

: 2. 8 :
which we already show that §,, > - is satisfied whenever ———-— @ ) f D <(1 Sn) ( é‘h) + 6l> is

the optimal total collusion-proof wages. Therefore, whenever the (Pareto) constraints bind across
all teams, then diverse assignment is optimal. As in the main analysis, there are cases where the
(Pareto) constraints bind 1) only under the team of two agent hs or 2) under the team of two
agent hs and two teams of diverse assignment, but not under the team of two agent [s. In these
cases, diverse assignment continues to be optimal. To see this, for case 1), adding more
expensive collusion-proof wages for the team of two agent hs makes W, higher than W,. For
case 2), given W, > W,; when (Pareto) constraints bind across all teams, paying more expensive
cooperative wages for two agent [s ensures the inequality W, > W.

To summarize, strong substitutability requires the principal adjust the contract for a high
discount factor to ensure the collusion-proof wage does not upset the stage game equilibrium
(shirk, shirk). If substitutability is too strong, then there can be a collusion problem when the
stage game equilibria are (work, shirk) and (shirk, work), or there is no pure strategy stage game
equilibrium that can be used as a punishment, in which case one agent’s randomization (p* under
homogenous assignment and q* under diverse assignment) is used as a stage game equilibrium.

Nonetheless, diverse teams are still optimal whenever collusion is a pressing concern. m
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