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Online Appendix

Optimizing Offline Product Design and Online Assortment
Policy: Measuring the Relative Impact of Each Decision

Mengxin Wang, Heng Zhang, Paat Rusmevichientong, Max Shen

Appendix A: Differences Between Our Model and Existing Models on Reusable Products

Our problem formulation involving product returns differs from the existing models on reusable
products because in the reusable product setting, each selected product generates revenue pro-
portional to its usage time. However, in our setting, the selected product generates zero revenue
during the trial period, no matter how long it is being tried by a customer. We only receive the
revenue if the customer decides to purchase it at the end of the trial duration.

Because in our setting outstanding units that are being tried by customers do not generate any
revenue, the system dynamics differ from the traditional reusable product setting. For example,
Gong et al. (2021) show that a myopic policy is %—competitive for the reusable product setting
under adversarial arrivals, if the usage time distribution is independent of customers. However, no
online deterministic algorithm can achieve any meaningful competitive ratio result for our problem
even if the trial duration is deterministic, as shown in the following example.

Suppose the retailer has one product and one unit of inventory. The unit profit of this product
is $1. Every customer tries the product for exactly two periods before deciding whether or not to
buy. There are two types of customers: Type 1 and Type 2. We assume that after the trial duration
of exactly two periods, Type-1 customer will choose to buy the product with probability €, and
Type-2 customer will choose to buy the product with probability 1.

Consider a time horizon T such that T > 2 and fix i € {1,2,...,T'}. Consider two arrival sequences
with T' customers:

e Sequence A: The i*" arrival is a Type-2 customer, and the rest are Type-1 customers.
e Sequence B: The (i+1)'" arrival is a Type-2 customer, and the rest are Type-1 customers.
In order to be competitive at sequence A, the retailer should at least offer the product to the 7"

customer. However, such a policy under sequence B causes the competitive ratio to be at most

T

- = €T, which can be arbitrarily small. This happens because, under sequence B, the Type-1

customer who is the " arrival holds on to the product for two periods and that unit is thus not

available to be shown to the Type-2 customer who arrives in the (i + 1) period.

Appendix B: Supporting Arguments for Section 3
B.1. Proof of Theorem 3.1

Proof: Fix an arbitrary & € X at the beginning of the selling season. Under any policy 7, for each

teT and A€ F,let Z'(S)=1 if we offer assortment S at period t; otherwise, we have Z*(S) =0.
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We let ! =1 if the customer arriving at time period ¢ selects product i from the assortment offered
in period t; otherwise ®! = 0. Note that Z*(A) and ®! are random variables. Also, once a customer
selects product i, its expected revenue is r;(x).

Let z/(S) =E[Z'(S)] =Pr{Z'(S) = 1}. To complete the proof, we will show that (z(S) : S € F)
is a feasible solution to UB(x) and its objective value associated is equal to E [}, RF (z)]. By
definition,

E|N Rr(@)|=E DY r@)d | =D ri(x) Y z'(A)¢i(S] =),

teT teT ieN teT ieN SeF
where second equality follows because E[®}] = >, -Pr{Z'(S) = 1} Pr{®=1|Z'(S) =1} =
Y ser 2 (8)9;(S|x) and conditional on @} = 1, the expected revenue from item i is

Z (1 = via)Pia + Yia(Pia — Cia)) Tia = Z TiqTig = Ti(X).

deD; deD;
We will now establish the feasibility of (z*(A4) : A€ F). Clearly, > 4 »Z'(S) <1 because at
Y oserZ'(S) =1 by definition. For each 7 <t and i € N, let Hold](t) =1 if product i that

was selected in period 7 by a customer still remains with the customer in period ?; otherwise,
Hold (¢) = 0. Note that, by definition in Eq. (2.1), we have that E[Hold] (¢) |®] =1] =a,(t — 7| x).
Consider product ¢ and period t. The, number of units of product ¢ that remains with a cus-
tomer in period ¢ is given >.._, ® Hold](¢). Because of the inventory constraint, we have that

Ci(x) > Zt ®! Hold () almost surely. Taking expectation on both sides, we obtain

ZE [®7 Hold ( ZE [Hold? () | ®7 = 1] Pr{®] =1} = ZZ S)¢T (S| x)oy(t—7 | ),

SeF =1
which completes the proof. |

B.2. Consistency of Random Utility Maximization (RUM) Choice Models

In fact, any RUM-based model satisfies the consistency requirement. Consequently, well-known
choice models under the RUM framework, such as mixture of logit and nested logit, are all consis-
tent. To show this, let us suppose the utility of design d € D; of each product i € N can be expressed
as Uiy = Viq + €;4, Where vy, is the mean utility and €;4 is a random noise. Let the utility of product
i under design « be w;(x) = v;(x) + €;(x), where v;(x) = Zdepi VigTiq and €;(x) = Zdepi €i4%;q. For

a RUM-based choice function ¢, we have
¢i(S|z) =P{vi(x) +€i(x) > v;(x) +-¢;(x), Vj#i,jeS}.
To show that ¢ is consistent, consider a RUM model ¥ on the ground set M where the utility for
ite M is Uig = Vig + €;q. For any SCN, i€ 8, and d € D; such that z,4 =1,
¢i(S|®) = Ploi(x) +ei() > v;(w) +€(x), Vj#i,j €S}
P{via+€a>€jn+vjn, Vi#i,jeS, heD;, z;,=1}

—
S]
=

@P{u1d>ujh,w #it " e A(S }—% A(S,z)),
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where (a) follows from the definition of v;(x) and ¢;(x) for all i € S and (b) follows from the

definition of u; 4 and the definition of A(S,x). Therefore, ¢(-) is consistent.

B.3. Specifying the Structure of Feasible Assortments on the Enlarged Ground Set

In this section, we discussion how to specify G under different F such that (i) the three desired
properties of G are satisfied, and (ii) the static assortment optimization problem (F.3) can be
solved. Since the choice of G depends on F, which varies from applications to applications, our

discussion cannot be exhaustive, but we cover a range of applications that are of practical interests.

Example B.1 (Unconstrained Assortment Problem) Suppose that the assortment opti-
mization is unconstrained so F contains all possible subsets of A/. In this case, we may let G be
all possible subsets of M; the first and second properties are automatically met. Let us fix x € X.

Given any A € G\ G(x), let S={i €N : 3d € D, such that z,4=1 and i € A}. Then
A'={i"ceA:z,y=1} =A(S,z) €G(x),

so the third property is also satisfied. We observe that in the case, the static assortment optimization
problem (F.3) is unconstrained. There exist polynomial-time algorithms to compute the exact
solution for a wide range of choice models, such as the MNL model, the nested logit model and

the MCCM (Davis et al. 2014, Feldman and Topaloglu 2017).

Example B.2 (Capacity Constrained Problem) The capacity constraint on the set of feasi-
ble assortments is also common in the literature. We may assume that for each i € N and d € D;,
there is an associated weight w;q > 0. We also define w;(x) =) dep; WidTia- In this case, F =
{S CcN: Yieswi(T) < 6’}, where C' > 0.2 To constrain G, we may set w;; = w;q for each 1 € N and
deD; and let G = {A CM:> caWia < c } Then because w;q > 0, the downward inclusiveness
is satisfied. Given @, S € F implies

zwz(iﬁ) = Z Z W;dTid @ Z wiq <O,

€S €S deD; ide A(S,x)

where (a) follows from the definition of A(S,x). To verify the third property, we again define
S={ieN :3de D, such that z,,=1 and i’ € A} for a fixed  and A € G\ G(x). Note that

sz‘(iﬁ) = Z Wig < Zwid: Z"Did < 6,

€S idcA:zig=1 ide A ide A

2 Technically, since in this case the set of feasible assortments depends on @, we should write F (x) instead. We note
that even when the set of feasible assortments F depends on @, all of our results in this paper are still valid following
exactly the same arguments. However, to reduce notation overload, and because most of the applications in e-retailing
that we are interested in can be modelled with a fixed F, we focus on the fixed F throughout the entire paper and
here in this example we still keep F.
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so S € F. Then using exactly the same argument as in the previous example, we obtain that
A ={icA:zy=1} €G(x).

Examples of static assortment optimization problem (F.3) with a capacity constraint are abun-
dant in the literature. To name a few, we note that when w;; =1 for all i € N and d € D;, the
capacity constraint reduces to a single cardinality constraint. Then, the static assortment optimiza-
tion problem under the MNL model can be solved exactly in polynomial time (Rusmevichientong
et al. 2010). Under a general capacity constraint, one can obtain an FPTAS for the static problem

under the MNL model (Désir and Goyal 2014).

Example B.3 (Totally Unimodular Constrained Problem) Let us use binary variables
(y,- €e{0,1}":ieN ) to model the assortment decisions. That is, ¢ € S if and only if y; = 1. Then,
we can impose totally unimodular constraints F = {y :By<C } where B € R™*" is a totally
unimodular matrix and C' is an integer. We impose the technical assumption that all components
of B are non-negative. In this case, we may define G by letting B € R™*L be defined such that the

(i,d)th column of B is precisely the ith column of matrix B, and setting
g={y:By=c}.

Here we again use §;y = 1 to indicate if i% is included in an assortment. By assumption, the down-
ward inclusiveness and the requirement G(x) € G are clearly satisfied. Using the same argument as
in Example B.2 for each constraint separately, we can verify the third desired property of G.

The key observation is that B remains totally unimodular. To see this, consider any submatrix
]§1 of B. If no two columns of ]§1 correspond to two different designs dy,d, € D; for some product
1eN, ]§1 is also a submatrix of B. In this case, its determinant must be 0, +1 or —1. If there
exists i € N such that there are d,,d, € D; with their corresponding columns included in ]§1, the
determinant of ]§1 must be 0. This proves the totally unimodularity of ]§, a property that can
helps solving the static assortment optimization problem (F.3). Indeed, we refer to the readers to
Sumida et al. (2021) for exact algorithms and FPTAS for the static assortment optimization under

totally unimodular constraints.

B.4. Proof of Lemma 3.4

Proof: Fix x € X. Consider an arbitrary optimal solution (y*(A): A€ G,t €T) to the linear pro-
gram associated with VB(x). Assume that there exist A; € G, A; ¢ G(x), and y*(A;) > 0 for some .
Then for each d € D;, let us define A} = {i® € A, : x;y = 1}. By the third property of G, it holds
that A} e G(x) CG.
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In the next, we claim that for any i € A;\ A}, it must be that 1, (A;) = 0. Indeed, by definition
of Ay, z;4=0. Then by the feasibility of (y*(A;): A; €G,t€T) to the linear program associated
with VB(x), we have

> 3D v (ANL(ADa(t—7) > (1= Y > ¥ (A)dl(Ar)

T ALG =1 A eG
where the last inequality follows because a4 > 1 — ;4 for all i € N and d € D. Because y'(A;) >0
we obtain that ¢,(A;) =0

We then claim that !,(A}) = T/de(A1) for all i € M. Indeed, we have

1=195(A)+ Zwt ¢0 (Ay) + Z¢ <¢O (A)) Zwt (A)

ite Ay ide Af ide A}
where (a) follows because ¥!,(A;) =0 for all i* € A;\ A}, and (b) follows because by the sub-
stitutability condition it must that ¢f(A;) < §(A}) and 7, (A;) < ¢, (A)) for all i € A} As
a result, it must be that ¥!,(A;) = !, (A}) for all i € A;. If i’ € A\ A], as we have argued,
Vi (A)) =0="1!,(A}). If i* ¢ Ay, then clearly ¢',(A;) = 1!, (A}) = 0. This proves the claim.
Let us define a new solution (7'(A): A € G) such that
y(A) A=Al
7'(A) = <0 if A=A,

y'(A)  if otherwise.
Since 1!, (A}) = ¥!,(Ay) for all i¢ € M, it must be that §'(-) is feasible to the linear program
associated with VB(x) with an objective function value exactly the same with that of y'(-). By
repeating the same procedure for each ¢ and each A ¢ G(x) such that y*(A) > 0, we establish the
desired result. [ |

B.5. Proof of Theorem 3.5

Proof: Fix an arbitrary @ € X'. Consider an arbitrary feasible solution z = {2!(S):t€T,S € F}
to the upper bound UB(z) in Eq. (3.1). Recall that A(S,z)={i?:i€ S, d€D;, z;,4=1}. For each
Acg, let

. 2" (S)  if there exists S € F such that A= A(S,x)
y'(A)= :
0 otherwise.

We note that the mapping A(-, ) from F to G(x) is a bijection. Therefore, it is clear that y*(A) >0
and ) ,.;¥'(A) < 1 for all , so the second sets of constraints of the linear program associated
with VB(z) in Eq. (3.2) are satisfied. Consider an arbitrary ¢ € N and d € D;. To show that the
first sets of constraints are also satisfied, note that for each i € N, d € D, and t € T, we have the
following relationships.

S A (4) @ {OZstz%Swg(sm a1,

s if 2;q=0.
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We will prove the equality (a) as follow. By our construction,
DY (AWL(A) =) (S)Y(A(S, ) .
Acg SeF
If 29 =1, then ¢!,(A(S,x)) = ¢;(S|x) for all S by Assumption 3.2, so >, ;¥ (A)Yl.(A) =
>oser 2 (S)OL(S | ®). If 2;0 =0, then i ¢ A(S,x), so ¢!, (A(S,x)) =0 for all S, giving us the desired
result. This proves equality (a) above and immediately imply that y*(A) satisfy the first sets of
constraints. It also shows that for all 1 € NV,
D YA Pu(Aria = D (S)el(S | =)ri(=)
Acg deD; SeF
so both z and y have the same objective value. Since z is arbitrary, it follows that UB(x) < VB(x).
We will now prove the reverse inequality. Consider an optimal solution {7'(A): A€ G} to the
linear program associated with VB(x) in Eq. (3.2) such that g*(A) =0 for all t € T and A ¢ G(x),
where G(x) = {A(S,xz) : S€ F}. By Lemma 3.4, we know that such solution exists. For each
SeF, let 2(S) =y"(A(S,x)). We will now show that z*(.S) is feasible for UB(x) and has the same
objective value as VB(x). Clearly, z(S) >0 and }°,_»2"(S) <1 for all S € F. For an arbitrary
i €N and t € T, it follows from our construction of z*(S) and Assumption 3.2, there exists an
d € D; such that z,q=1,

S S)lS|z) = S5 Va(AGS) LY gA)LY gAL(A)

SeF SeF AcG(x) Acg

(B.1)
where the equality (c¢) follows because G(x)={A(S,xz): S € F}, and the equality (d) follows
because '(A) =0 for all A ¢ G(z). Then 3 _, Yoser 2 (97 (S|x)aiq(t —7) < Cigwiq for all
by the feasibility of §*(A). Therefore, we have that >._, "o, 27(8)¢7 (S |z)ci(t—7|z) < Ci(z)
for all i € N and t € T, establishing the feasibility of z*(S).

We will now show that the objective value under z*(S) is the same as VB(x). For an arbi-
trary ¢ € N, if x;4 = 1, then because a;, > 1 — v, > 0 for all ¢, it follows from the first set
of constraints of the linear program associated with VB(x) that >, > o9 (A)Y}(A) = 0
for all h # d,h € D;. Therefore, the objective function under VB(x) can be written as
D oeT 2acg yt(A)<zieN > den, Vi (A)r,»dxid). Then, to complete the proof, note that the objec-

tive function of UB(x) is

PIDIEACIDBCACIEIAC)

SN S @) Y AS)e Sz 2N S @) Y gia

teT SeF 1EN teT ieEN SeF teT ieN Acg
= 22> ruma ) ¥ (A)u(4) = VB(x),
teT ieN deD; Aeg

where (e) follows because of (B.1). This shows that VB(x) < UB(x), which is the desired result. B
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Appendix C: Proofs of Theorem 4.1 and Complexity of Two Customer Types

We give the proof of Theorem 4.1 and show that even when there are only two designs and two

customer types, optimizing the upper bound remains NP-hard.

C.1. Proof of Theorem 4.1

We are interested in the special case where there are ample capacities and two designs (D; = {1,2}),
with C;; = Ci =T for all 7, so the capacity constraint can be dropped from the optimization
problem. Finally, we assume that ri; =r;; =1 and 7;; = ;2 = 0 for all ¢. Thus, the optimization

problem that we want to solve is max,ex UB(x), which reduces to

T T t .1 t .2
* toQt _ Zze,/\fle + Vi Ty
Z* = max » max » ¢,(S'|x) = max
zEX L~ SCN weX L 1437, VLT + U]

_ ET: Dien Vi (1 = 9i) +vhy (C.1)
vetonn 2= 1+ ien Vi (1 = i) + vhoyi .

where the second equality follows because we are maximizing the probability of purchase for each
customer, so the optimal assortment is to offer all products.
We will use a reduction from the MAXCUT problem, which is a well known APX-complete

problem. Consider an arbitrary instance of the MAXCUT problem given by:

Input: An undirected graph G = (V,E), where V is the set of vertices and E is the set of edges.
Problem: Find a partition of the vertices resulting in the maximum cut, corresponding to the

following optimization problem:

Y* = Iﬁl?%({z}: L{uv}naze and {uwp}n(V\A)£o}
u,v}€E

For the MAXCUT problem, it is well known that it is NP-hard to obtain an approximation guar-

antee that is strictly better than 12; see, for example, Hastad (2001). Also, it is well known that the

ot
maximum cut-value is at least half of the total number of edges, so Y* > |E|/2; see, for example,
Bollobés and Scott (2002).

Fix an arbitrary 0 < e < z;. We will show that a (1 — ¢)-approximation algorithm for computing
Z* yields an approximation algorlthm for the MAXCUT problem with a performance guarantee
that is strictly better than . This is, of course, impossible unless P = NP, which will give us the
desired result

Choose I' > 0 such that I' > 2 (— — 1) ! , which implies that % < % (E — 1) Given an arbitrary

instance of the MAXCUT problem, we will construct the following instance of our upper bound
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optimization problem. The products will correspond to the vertices of the graph, so N'=V. Asso-
ciated with each edge {u,v} € E, we construct two customer types: ({u,v},1) and ({u,v},2), and

the preference weight parameters for the two customer types are given by: for each i € V,

u,v F .f ) b ) u,v
plluh D itie{u v} and plueh — g
0  otherwise,
r ifsq
Pl _ 0 and P2 ifie {u, v},
0  otherwise,
Therefore, the corresponding upper bound optimization problem is given by:
Z* = max where = .
yeloayMl f(y) f(y) {MZ}EE 1+Tly,+Ty, 1+0(1-y,)+T(1-y,)

Consider an optimal solution A* CV to the MAXCUT problem. Let g; = llj;c 4=y for all 7. Then,

5, + TG, T(1 =) +T(1 -,
7> @) = 3 Jutlyp T —gu)+ T —5)
o 14T, +T'g, 14T(1-9,)+T(1—9,)
(a) 2r 2r
= > uunacro and v}m<V\A*>¢e}1+F + luoicas o wolc\A) T op
{u,v}€E
® 2r 2r (c) Iy
O 2y E|—V* ©
1+T + (] )1+2F 1+2F [+ 1+T

where (a) follows because if g, # ,, so the edge {u, v} is part of a cut, then the two terms associated
with {u,v} in the objective function add up to 2I'/(1+T'). But if g, = 3., then the edge {u,v} is
not part of a cut, the only one term is nonzero and it contributes 2I'/(1+ 2I') toward the objective
function. The equality (b) follows from the definition of Y*, and (c¢) follows from simplification.

Suppose that we have a (1 — ¢)-approximation algorithm for the optimization problem associated
with Z*. Thus, the algorithm generates a vector g € {0,1}Vl such that f(&) > (1 —€)Z*. Let
A= {i €V : 9, =1} denote the subset of vertices associated with y, and let Y denote the cut-value
associated with the set fl; that is,

Y = Z ]l{{u,v}ﬂA;aé@ and {u,v}ﬂ(V\A);ﬁg} .
{u,v}€E

Using exactly the same argument as above, note that

1@ = 2. 14T, + T35,  1+D0(1—g.)+T(1—g
{u,v}€E Yu Yo _yu)+ ( _yv)
or . N\ 2T Y
e (E —Y) -
i+ €] 1+2T 1+2r (' |+ >

Because f(&) > (1 —¢€)Z*, it follows that

oT Iy T ry
E|+ > (1-02" > (1—- E|+
1120 <’ |+ 1+F> > (1=92" > (1-7 55 <‘ I+ +r> :
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which implies that

ry (1-eTY* 5 1+

— > —¢€l|E|l+—F— & Y > —¢€|E|— 1—¢)Y~

1+ — ¢[El+ 1+T z —clE] r + -9
Since |E| <2Y™, it follows that

. 1 2¢ 16
Y > —ef1+=)2Y" 1—)Y" = (1-3e—5 Y —Y*
> e( +F> + (1—¢) < 3e F) > Y

where the last (strict) inequality follows because our choice of T' implies that

! < 5 (1 1 & 2 <3 = & e+ 2 < !
T =2 \5le T 51 ° ‘TS
Thus, if we have an approximation algorithm for optimizing the MNL upper bound whose perfor-

50

mance guarantee is better than <7,

we can use the algorithm to obtain an approximation method for
the MAXCUT problem whose guarantee is better than }—‘;. Therefore, it is NP-hard to approximate
the upper bound with a performance guarantee that is better than 22

51°

C.2. Complexity of the Problem with Two Customer Types

We are interested in the special case with two designs (D; = {1,2}) and just two customers (7' = 2),
with the corresponding choice models ¢;(S|x) and ¢7(S|x). We also assume there are ample
capacities, with C;; = C;o =2 for all i, so the capacity constraint can be dropped from the opti-
mization problem. Finally, r1; =r;; =1 and ;1 = ;2 =0 for all ¢, and selected products cannot be

returned. Thus, the optimization problem maxg,ex UB(x) reduces to

* /gl 2(@Q2
7z = rgeag{;{lgﬁzws |z) + ggﬁZéi(S ) }

iEN = HeEN
1,1 1,.2 2,1 2,2
— max D ien Vn Ty T 0pT; Y ien VAT T 0RT;
= 1.1 1.2 2.1 2,2
weX 1+ Zie/\/ Vi T + U] 1+ Zie/\/ Vi T VT
1 1 2 2
—  max Zie/\/ Vi (1 —vi) + vy n Zie]\/’ Vi (1 —y:) +vihys (C.2)

veo.3n 1+37 o (L—ws) +viye 1+ 20 vAa(L—u) +vhyi
where the second equality follows because we are maximizing the probability of purchase for each

customer, so the optimal assortment is to offer all products. Here is the main result.

Proposition C.1 (Complexity of Two Customers) The decision-theoretic version of the

optimization problem with two designs and two customer types in Eq. (C.2) is NP-complete.

Proof: We will use a reduction from the PARTITION problem, which is a well known NP-complete
problem. Consider an arbitrary instance of the PARTITION problem given by:

Input: A set N'={1,2,...,n} and each item ¢ € N has a weight w; € Z,. Let T=1%",_\ w;.
Question: Is there a subset A CN such that ., w; =17
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Without loss of generality, we can assume that T' € Z, . Given the above instance of the PAR-
TITION problem, we construct the following instance of our upper bound optimization problem.

Define the preference weights for the two customers as follow:

3 i ‘
vl = <4+ 2T> w; and vl = ;UT VieN,
2 Wy 2 3 ' .
Vi =op and Vjp = <4+ 2T> w; VieN .

Define a function F': [0,27] — R, as follows: for each z € [0, 277,

38T —(4+7)z  1+(4+75)z
A48T —(4+ 7). 2+ (4+73)z

F(z)

For all 0 < z < 2T, F(z) is well defined and strictly positive. Define our target value as follow:

24+4T 2+4+4T  4+8T
3+4T 3+4T 3447 °

K = F(T) =

To complete the proof, we will show that there is a subset A C N such that Y icaw; =T if and

L -y ol g, v (=) vy
only if there is a vector = € {0,1}" such that —2en blovtvgy 4 Saenvi(vitvny  pr

1+35en ”2'11(1_yi)+”i129i 1‘*'21‘6/\[”7;21(1_91')"‘”122% -
For any arbitrary « € {0,1}", we have that
Yien Ui (L =) +vhy: Y ien Vi (L =) + vy
1+Zie/\/vz‘11(1 —Yi) Uiy 1"’21‘@\/”2‘21(1 —Yi) T U5y
Zia\/ v + Zie/\/ (”1'12 - Uz'll)yi Zie/\/ v3 + Zie/\/ (Uz‘22 - U%)Z/i

L+ en Vit + 2 ien (Ui12 - Uill)yi L+ ienvin + 2ien (%22 N vgl)yi
@ 3487 —(4+ 1) Viewwiys | 1+E+ ) ey wisi @ (Y w)
4+8T—(4+%) > ien Wil 2“'(4"1'%) D ien Wil ieN .

where (a) follows because v}, — v}; = —(4 + F)w;, v — v} = (4 + F)w;, and Y,y w; =27, so
> ien Vi =3+8T and ).\ v? = 1. The last equality (b) follows from the definition of F'.
Note that ), \ w;y; is a number between 0 and 27". We will show that, on the interval [0, 277,
the function F' achieves the unique maximum at 7. To see this, note that
4+ 7 LA T
(4487 — (44 £)2)> (24 (4+ £)2)?

B 4+ % <4+8T—(4+;)z)2 .,

© (4+8T— (44 £)z)? 24+ 4+ 1)z

B 44 2 4487 — (4+3)z 4487 — (4+73)z

B (4+8T—(4+;)z)2x{ 24+ (4+7)z } { 2+(d+2L)z 1} ’

F'(z) = —

and the first two terms are strictly positive over the interval [0,27], and it is easy to check that
>0 if z€[0,7),

—1=<=0 if 2=T,
<0 if ze(T, 2T,

4487 — (44 %)z
24+ 4+ 1)z
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This means that the function F'(z) is strictly increasing over the interval [0, 7] and strictly decreas-
ing over the interval [T,27], and thus, it has a unique maximum at z =7T. Therefore, there is a
vector y € {0,1}" such that F(},_, wy;) > K = F(T) if and only if there is a vector y € {0,1}"
such that ). . w;y; =T, which is the desired result. [ |
Appendix D: Supporting Arguments for Section 4

In the next section, we describe auxiliary lemmas needed for the proofs. The proofs of Theorems 4.2
and 4.4 are given in Appendices D.2 and D.4, respectively.

D.1. Auxiliary Lemmas

To prove Theorem 4.2, we need the following auxiliary lemmas. We start with some preliminary
definitions. Let P = {B=(Bi,...,B,) : Bi CD;, Vi€ N'}. Let X =[0,1]¢. Note that AP C X. For
each B € P and u € X, define the linear programs Z'(B,u) and Z2(B,u) be defined as follow:

Z'Bu) = max 33 (A3 va(A)r

teT Aeg i€EN deB;

t
st > Y Y (AY(A)aat—7) < Cuug  ViEN, deB;, teT,

=1 AEG
> yi(A) <1 VteT,
Acg
and
Z*(Bu) = max YN y(A)Y D (A
y= teT AEg iEN deD

t
st > Y Y (AY(A)aat—7) < Cuwg  YiEN, deB;, teT,

=1 AEg

t

S Y (Ala(A)aat—7) < 0 VieN,deD;\B;, teT,
=1 AEG

> yiA) <1 VteT.

Acg

The following lemma show that the above two linear programs are equivalent.

Lemma D.1 For each BCP and we X, Z'(B,u) = Z*(B,u).

Proof: Fix arbitrary B € P and uw € X. From the constraints associated with Z2(B,u) and the fact
that 0 < 1—,4 < ayq(t —7) for all i € N and d € D;, it follows that

D Y(AL(A) =0 VieN,deD\B;, teT.

Aeg
Therefore, the objective function for the linear program for Z%(B,u) is equal to

Z Z y'(A) Z Z Via(A)ria

teT A€g i€EN deB;
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which is the same as the objective function for Z'(B,w). Since the optimization problem for
Z*(B,u) have more constraints and we are maximizing, it follows that Z?(B,u) < Z'(B,u).
To establish the reverse inequality, we use strong duality of linear program, which shows that

T T
Z*(B,u) = (}\12)11; . z; A+ Z Z Z Ciquiabiy
>0 4

t=1 ieN deB;

T
st A > )Y li(A) (m - Zaid(T—t)95d> VteT,Acg,
T=t

i€EN deD;

T T
= ()\1:{01)12 . ; Al + z Z z Ciduidefd

t=1 ieN deB;

s.t. > 1}4125{2 Z W (rld — Zald Gfd> VteT,

1EN deD;

and similarly,

T T
ZY(B,u) = (A%)ig . Z; A+ Z Z Z Ciquiabyy
>0

t=1 ieN deB;

T
st A > Y 4li(A) (nd — Zaid(Tt)Hfd> VteT,Acg,
T=t

1€EN dEB;

T T
= o2 ;A‘f + 2003 Cundty

t=1 ieN deB;
T
s.t. > maxz Z wt (md — ZO&M(T — t)9§d> VteT.
‘€N deB; T=t

To prove that Z2(B,u) > Z'(B,u), we will first establish the following claim.

Claim: For each @ >0 and t € T,

maxz Z Yl (A <rm — Zaid(T — t)&fd> > maxz Z Y (A ('rid — ZO&M(T - t)Gfd>

ieN deD; ieN deB;
The above claim shows that the feasible region associated with Z?(B,u) is a subset of the feasible
region for Z'(B,u). Because we are minimizing and the objective function is the same in Z'(B,u)
and Z%(B,u), it follows that Z?(B,u) > Z'(B,u), which is the desired result.
To prove the claim, let Q@ ={i‘ € M:i€ N ,d € B;}. Then, we have

maxz ZW (Tzd - Zazd Qfd> @ Aeg ACQ Z Zﬂ’t (Tzd - Zazd Qfd>

iEN dEB; iEN dEB;

U, LY v (m—z% o0t )

iEN deD

< e ST ) (- Dot

i€EN deD
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where (a) follows because we only consider products in @ in our objective function, so by the
substitutability property of the choice function 1), it is not optimal to include products outside Q.

Indeed, let us assume

A = argmaXZ Zwt (Tzd - Zazd afd>

€N dEB;

We can remove products i¢ from A with i€ AN Q, g — S0, cvia(T — )8!, <0 and i* € A\ Q.
Substitutability implies the choice probability of any i € AN Q with ;4 — Zit aq(T—1)0!,>0
will increase and we obtain a (weakly) better assortments. Note that this argument requires the
downward inclusiveness property of G. Equality (b) follows because A C Q, so ¥!;(A) =0 for all
i’ ¢ Q. This proves the desired claim. |

The next lemma relates the upper bound UB(x) with the linear program Z*(B,u).

Lemma D.2 For each = € {0,1}* and uw € X, UB(x) > Z'(B(x),u), where B(x) =
(By(x),...,B,(x)), where Bi(x) ={d e D, : z¢=1}.

Proof: Fix arbitrary & € X and u € X'. By Theorem 3.5, UB(x) = VB(z) and by definition of VB(zx)

in Lemma 3.2,

VB() = max >S54 3 v(A)ru

teT Aeg i€EN deD;

s.t. Zzy Oézd(t—T) < Cid ViEN,degi(w),teT,

=1 AEg

ZZy A)t—7) < 0 VieN,deD;\Bi(z), teT,

=1 AEG

dyiA) <1 VieT.

Aeg

Note that both VB(x) and Z?(B(x),u) have the same objective function. Moreover, the left-hand
side of each constraint in VB(x) and Z?(B(x),u) are the same, but the constants on the right-hand
side of the constraints in Z?(B(x),u) is bounded above by the corresponding constants in UB(z).
Therefore, the feasible region of Z?(B(x),u) is a subset of the feasible for UB(x). Because we are
maximizing, it follows that UB(x) > Z?(B(x),u) = Z'(B(x),u), where the last equality follows
from Lemma D.1. |

The next lemma establishes a relation between the revenue of each product

and the linear program Z'(B,u). Recall that for each y = (y'(A):teT,A€g),
Revig(y) = rig Zte”r ZAeg yt(A)¢fd(A)
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Lemma D.3 For each B€ P and (Z,q) that is a feasible solution to the linear program Z7,
7'(B,8) > > > Revi(y) .
iEN dEB;
Proof: Fix B € P and a feasible solution (Z,%) to the linear program Z°. By definition of Z'¥,

(Z,y) satisfies the following constraints:

t
YN T (A A)au(t—7) < Czt VieN, deD, teT,
=1 AEG

Y iA) <1 VieT,

Aeg

and it thus follows immediately from the definition that g is also a feasible solution to the linear

program Z'(B,Z). This implies that

Z'B,z) > Y > A D Y wh(A)ra = D> Revia()

teT Aeg iEN dEB; 1EN dEB;

which is the desired result. [ |
D.2. Proof of Theorem 4.2
For each i € N, let B;={d € D; : zf, =1}. Note that B € P. By Lemma D.3,

Zl(BawLP) > Z Z Reviq (yLP) 2 Z Z ngeVid (yLP) O Zgggf Reviq (?JLP)

i€EN deB; 1EN deD; iEN

(o) 1 @ 1 ey 1 1

=D X D_Revia(yf) = 5> D Revu(y¥) = 527 = maxUB(a),
ieN deD; ieN deD;

where (a) follows the definition of B and (b) follows from our construction of xf, where 2} =1
if and only if Rev;q (y'F) > max, .4 Rev;q (y'F). The inequality (c) follows because the maximum is
at least as large as the average. The inequality d follows becuase D is defined as the maximum
value of all D;. The equality (e) is from the fact that (', y'7) is an optimal solution to Z'¥, so

Z%¥ =37 N 2aep, Revia (y'F). The final inequality (f) follows because

Z* = max VB(z) > maxVB(z) = maxUB(z) ,

zeXxLP X zEX

where the last equality follows from Theorem 3.5. Because UB(z') > Z'(B,z'") by Lemma D.2,
it follows that UB(xz) > & max,ex UB(x), which is the desired result.

D.3. Proof of Theorem 4.3

In Appendix F.1, we show that the CDLP has an sale-based formulation when the choice model
is the MNL model and F = 2V. If we further assume that a,4(¢) =1 for all i € N, d € D; and
¢ €T, and that the customers are homogeneous, one can simplify W' (z) and recover essentially
the classical sales-based LP form in Gallego et al. (2015). In this case, since the customers will
never return the purchased items before the ending of the selling season, we might just treat the

problem as a classical dynamic assortment problem. The next result formalizes this observation.
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Lemma D.4 (Sales-based LP for MINL II) If fi4(¢) =0 for all ¢ <T, v, =v;q for some v;q >
0 for allie N, d€D; and t € T, and vi =1 for all t € T, then VB(x) = W (x) for all x € X7,
where
W' (z) = max T~Z Z TiqWid
v 1EN deD;

C; )
st wyy < TZd-xid and w;q < viqgwy VieN,de D,

wo+zzwm <1

1€EN deD;
won, wdeO VZG./\/',dGDI

Constructing an e-Instance: Consider an arbitrary fixed small number € > 0. We assume without

loss of generality that 1/e is an integer. In the next, we show that we can construct an e-instance
such that its integrality gap, defined by

max W (x) / max W (x)

xeX reXxLP

.1+ De
1+e€

designs, i.e., D, =D ={1,2,...,D} for all i € N. We let the number of time periods be T'=1/e+ D.

is at most % . The details are as follows. First, we let all products have the same number of

We assume that N = {1}, so from now on we suppress the index of the product i. We assume that
vh=eforalldeD and t €T, and that v{ =1 for all ¢ € T. Therefore, Lemma D.4 applies. We also

let the capacity Cy = D and revenue r;y =1 for all d € D. Consequently, we have

WP (x) = max (1 +D> ) wa

deD
st wy < De cxg and wy < ew VYdeD,tcT
-L. d = 1+D6 d d = 0 ) )
wo—}—deg 1
deD
wo >0, wg >0 VdeD.

We prove Theorem 4.3 in the following. We consider a fractional design vector & such that

T4=1/D for all i e N and d € D and construct a feasible solution to W' (&) by setting

~ 1 oy €

o 1+ De and w l—l—Dev <

One can verify the feasibility of w and obtain that

1 1 De
WPz >ww@ > (=+D)- = (=-+D]|- ) D.1
W (@) = W@ = (C+D)- ) 0t = +D )y, (-1
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Now consider max,cx W' (x). By symmetry, we can just let #; =1 and £, =0 for all d # 1 and

d € D to construct an optimal design &. Therefore, the problem is equivalent to

Note that the constraints w; < ewy and wy + w; <1 implies (1+1/€)w; < wo+w; < 1, or equiva-

lently w; <e€/(14+¢€). So,
€
1+¢€

1
W () < ( +D> -
€
By exactly setting w; = ¢/(1+¢€) and wo = 1/(1+¢€), we can verify that this upper bound is obtained

and all constraints are met. Therefore,

1 14 De
LP Lp —_.
Tre and Iilea/%{W () max W (x) < D 1ie’

max W (a) = (1 + D> -

X

where the last inequality follows from Eq.(D.1). So the e-instance indeed has the claimed integrality

gap. Also, we notice that
1 1+De 1

lim —- .
e—0 D 1+e€ D
Therefore, the performance guarantee based on rounding the continuous relaxation is tight.

D.4. Proof of Theorem 4.4

For each i € N, let B; ={d € D; : #;4=1}. Note that B € P. Because (Z, §) is feasible to the linear
program Z, it follows from Lemma D.3 and the same argument as in the proof of Theorem 4.2

that

ZY(B,z) > ZZ Rev,q (g) = Z Z riRevq (Y) = Zrdré%x Rev,q (9)
iEN deB; i€N deD; ieN !
> LS S Revu(m) © L-9)2® > 2
=D a\y D

ieN deD;

(1-¢6)maxUB(x) ,

xreX

>

where (a) follows from the theorem’s hypothesis that (&, ¢) is a feasible solution whose objective
value is at least (1—0)Z"", 50 37, D yep, Revia (§) > (1—0)Z'". The final inequality is because
Z'P is an upper bound on the maximum value of the upper bound. The desired result follows

because Because UB(&) > Z'(B,Z) by Theorem D.2.
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Appendix E: Details of Partial Enumeration

In this part, we discuss the partial enumeration algorithm discussed after Theorem 4.3. Let X}—
denote the set of all vectors of the form x,- = (z;y:i=1,....,k — 1,d € D;) and let X}+ be
all vectors xp+ = (g : i =k,...,m,d € D;) for each k =2,...,n. Then, for each fixed x,- €
X—, we use revenue-based rounding to find an approximate solution x;+(x;-) to the problem
mMaXy , ex, . VB((mk_,kar)), by treating the number of designs as one for each product ¢ with
i=1,...,k. Finally, return "% = (/" @) (x;")), where
x,_ = argmax VB ((@)-, x+ (x)-)) ).
Ty — EXk_

The performance guarantee of this algorithm is summarized in the next result. It shows that
if D, < D, we can achieve a significantly improved performance bound. This technique can be
advantageous if Hi:ll D, is of a reasonable scale, because linear programs are usually easy to solve.

We remark on the performance guarantee of this algorithm in the next result.

Corollary E.1 (Partial Enumeration) For each k=2,...,n, we can find an offline design x*

such that Eff g(x™*) > Dik with H];:_ll D, iterations of the revenue-based rounding algorithm.

Proof: For any k=2,...,n, clearly we have in total H’;;ll D, runs of the revenue-based rounding

procedure in the algorithm described above. By the same arguments leading to Theorem 4.2,
1
VB((x)—, xpr (2-))) = — max VB((my-,xp+)),
k Tt €Xp+
for each x;,- € &},—, because the number of designs is bounded by D}, in the revenue-based rounding.

Then, it holds that

1 1
Hky _ 1 _ 1
VB(z"") = A VB( (@), 2y (23-)) ) > Dy o M2, max VB( (2, @+)) D max VB(z),
because X = Xj— x Xj+. Then, by Theorem 3.5, we have UB(z™") > 7-maxger UB(x), which
implies Eff,g(z#"*) > Dik. |

Appendix F: Solving the Continuous Relaxation

In this section, we focus on solving

2% —max NS AT Y A (F.1)

teT Aeg iEN deD;

t
st > Y Y (AYL(A)aa(t—7) < Ciria VieN,deED T

=1 AEg

> y'(4) <1 ViteT,
Acg

Y =1 VieN,
deD;

z.4>0, y'(A)>0, VieN,deD,teT,AcG .
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In Appendix F.1, we show how to utilize the ellipsoid method to solve (F.1), if the corresponding
static assortment admits an exact solution In Appendix F.2, we extend this discussion to more
complex choice models, provided that there is an FPTAS available. In Appendix F.3, we show
that Z'F admits a more compact formulation that facilitates the computation when the underlying
choice model is given by the MNL model, the generalized attraction model (GAM), and the Markov
chain choice model (MCCM).

F.1. Efficient Methods for Solving the Continuous Relaxation

To solve the (F.1), we associate the dual variables 8, A and n with the first, second, and third sets

of constraints of the program, respectively. By strong duality, the dual is given by

Z** = min Zm + Z)\t (F.2)

[
iEN teT
teT
t
Xz 3 St A) (ria = > aialr 007, VteT,Acg,
1€EN deD; =1
0!,>0, AN'>0 VieN,deD;,teT.

The dual has T'L 4T + n decision variables, but exponentially many constraints. It is well-known
that a linear program with exponentially many constraints can still be solved in polynomial time,
provided that there is a “separation oracle” that can determine in polynomial time whether an

arbitrary vector (6,\,n) € RTE+T+n g feasible and, if not, find a violated constraint.

Definition F.1 (Complexity of Static Assortment Optimization) A choice function 1
defined on the ground set M admits an efficient static assortment optimization if for each p € RY,
we can solve exactly the following optimization problem

max 3 (A (F3)

Acg
ide M

in time that is polynomial in L =0(nD) and the input size.

The choice functions that admit an efficient static assortment optimization abound. Indeed, a
fundamental building block of our joint optimization method is how to solve such static assortment
optimization (also see Section 5.2). Our discussion assumes that there are practical algorithms
for such problems, given the substantial literature on this topic. To wit, since the publication of
seminal work of Talluri and van Ryzin (2004) and Gallego et al. (2004), researchers have developed
methods for static assortment optimization under various choice models, such as the nested logit

(Davis et al. 2014, Feldman and Topaloglu 2015), Markov chain choice model (Désir et al. 2020),
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locational choice model (Gaur and Honhon 2006), and mixture of MNL model (Désir and Goyal
2014). Other authors expand on this topic by incorporating practical considerations, including
production cost (Kunnumkal and de Albéniz 2019), operating with omnichannel (Dzyabura and
Jagabathula 2018, Lo and Topaloglu 2021), or customer utility tradeoffs (Sumida et al. 2021).

If the static assortment optimization problem can be solved exactly in polynomial time, we can
also compute Z'P efficiently. The proof of the next result follows from classical results in linear

program on the connection between separation and optimization.

Theorem F.2 (Exact Solution of Continuous Relaxation) Under Assumption 3.2, if the
choice function ¢t admits an efficient static assortment optimization for allt € T, then Z'¥ can be

computed exactly in polynomial time.

Proof: Under the hypothesis, for each (6, A, 1) € RTLTT+7 checking whether (8, X, 1) is a feasible
solution of the dual linear program in Eq. (F.2) can be done in polynomial time. Indeed, checking for
the non-negativity constraint and the first set of constraints (9, > Y=, . Cisbly Vi€ N, Vd e D;) is
easy. To check the second set of constraints, for each ¢t € T, we solve the following static assortment
optimization problem:

IE&%Z Z ¢fd (A) (Tid - i (T — t)ez‘Td>a

1€EN deD;

which can be done in polynomial time by the hypothesis. The second set of constraints is satisfied
if and only if \! is at least as large as the above maximum value for all ¢t € 7. Moreover, clearly, if
(6,\,1n) is not feasible, we can also identify the violated constraint.

Because we can check for feasibility and identify a violated constraint in polynomial time, the
desired result then follows immediately from the classical result in linear program that shows the
connection between separation and linear optimization (Grotschel et al. 1981). |

Lastly, we note that when ¢'(S | z) admits certain choices models such as the MNL model, GAM,
and the MCCM, and F consists of all subsets of A/, we can prove stronger results. In these cases,
the linear program in Eq. (F.1) admits a compact representation with O(nDT') decision variables
and constraints. Then, we can use the compact representation to derive constant approximate
solution (ones that do not depend on the maximum number of designs) for max,cx UB(x) that

holds in specific settings. See relevant discussions in Appendix F.3.

F.2. Extension to more complex choice models

We note that Theorem F.2 enables us to solve the linear programming relaxation Z* for a broad
class of choice models. However, there are situations in which it is NP-hard to solve the static
assortment optimization problem exactly. Examples include a knapsack constraint on the assort-

ments, such as F ={SCN : >, _.c¢; < B}, under the MNL model, or the mixture of MNLs. For
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instance, under the mixture of MNLs, it is well-kown that if the number of customer types, say K,
is fixed, the static assortment problem admits an FPTAS, even though generally there does not
exist any polynomial-time algorithm to obtain an approximation for mixture of MNLs better than
O(1/K'7%), where ¢ > 0 is arbitrary (Désir and Goyal 2014). For these examples, we only have a
fully polynomial-time approximation scheme (FPTAS) for the static assortment problem; that is,
for each € € (0,1], we can compute an assortment whose objective value is at least (1 —¢€) of the
optimal value and the running time is polynomial in n, D, 1/¢, and the input size (Désir and Goyal
2014). When a choice model admits an FPTAS for the static assortment optimization problem, we
can show that the linear program Z'¥ also admits an FPTAS and construct in polynomial time a
feasible solution (,y) whose objective value is at least (1 —¢€)Z'". It then follows from Theorem 4.4
that we can determine the designs whose revenue is at least %(1 — ¢€) of the maximum upper bound

for these choice models. To flesh out the analysis, we introduce the following definition.

Definition F.3 A choice function 1 defined on the ground set M admits a FPTAS for static
assortment optimization if for each 0 < e <1 and (g, : 1 € N,d € D;) € RY, we can construct an

assortment A(e) € G in time that is polynomial in n, D, 1/¢, and the input size such that

Z Py (A(f))l%‘d > (1—¢) max Z V;a(A)ia-

ideM iteM
In this section, we make the following assumption.

Assumption F.4 The functions ¥, ..., T admit a FPTAS for static assortment optimization.

It is known that often one can approximately solve a linear program with an exponential number
of decision variables using an FPTAS as a separation oracle in the dual space. For example, one can
refer to Karmarkar and Karp (1982) for such an algorithm for the bin-packing problem. However,
the construction details differ, depending on the problems at hand. To be self-contained, we show
in this section that this can be done for our problem as well. The main result of this section is

stated in the following theorem. Recall that D = max;cn D;.

Theorem F.5 Suppose that C;q > D for all i € N and d € D;. Under Assumptions 3.2 and F./,
for each 0 < € < 1/2, there is an algorithm that computes a feasible solution to Z'¥ with an objective
function value at least (1 —2€)Z'P, and the algorithm’s running time is polynomial in n, D, 1/e,

and the input size.

We devote the rest of this section to the proof of Theorem F.5, which makes use of the following

lemmas. The first lemma establishes upper and lower bounds on the optimal objective value. By
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Assumption F.4, for each t € T and 0 < € < 1, we can construct in polynomial time A’(e) € G such
that

Zz¢fd(At(5))T¢d > (1—¢) max qupd Tid-

i€EN deD; ieN deD,

Define

Mezl1 xrgleaTx{ZZW (A'(e rid}.

i€EN deD;

Lemma F.6 For each 0<e<1, (1—e)M, < Z* < T M, and for each 0 >0 and t €T,

Thax Zzwfd(A)<rld Zeldazd ) < 1.

i€EN deD;

Proof: Note that for each 8 >0 and t €T,

max ZZ¢§d(A)(T2d Zezdald > < max ZZW Tld ’

iEN dED; 1EN dED;

where the last inequality follows from the definition of M..

To establish a lower bound on Z'P, suppose that the maximum in the definition of M, occurs at
7€ T. Setting ¢ =1/D; for all i and y" (A" (¢)) = 1 and all other y*(A) = 0. Because Cy;3 > D > D;,
for all 4 and d, this is a feasible solution to Z'* and its objective value is (1 — €)M, giving us the

lower bound. To establish an upper bound on Z". it follows from Eq. (F.1) that

7% < max Zzwt Yria < TM, ,

teT i€EN deD;
where the last inequality follows from the definition of M.. |
We will consider a “scaled” problem where the revenue of every product design is multiplied by
1/M.; that is,

i;j - me%lzi}xzo Z Zy Z Z <wt Tld ) (P-scaled)

teT Aeg iEN dED;

t
st > Y Yy (AWL(A)aat—1) < Cigaf VieN,deD,teT,

=1 AEG

> yi(A) <1 VteT,

Acg

_ : t _ a
= o min Z)\ + Zm (D-Scaled)

teT iEN
st om = > Cubly VieN,deD;,
teT

t
A= TNl (A (rld—Zaid(T—t)GZd> VteT,Aeg.

iEN dED;
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Note that for the D-Scaled optimization problem, it follows from Lemma F.6 that we can add the

following redundant constraints as crude upper bounds:
A'<2 and 6!,<2T and n; <2T VteT,icN,deD, .

This ensures that dual variables are always bounded. Also, by Lemma F.6, these inequalities are
never tight in any optimal solution. The next lemma shows that for the D-Scaled optimization

problem, we can construct a weak separation oracle.

Lemma F.7 (Weak Separation) The D-Scaled optimization problem admits a weak separation
oracle; that is, for each (0,\,n) € RP"HVTH" gnd ¢ >0, we can find in polynomial-time either

(i) a vector (é,j\,ﬁ) that is feasible to the problem in Eq. (D-Scaled) with

T
Zﬁi+ Zj\tﬁ Zm+ Z)\t‘f‘ﬁ,

ieEN t=1 iEN teT

(ii) or a constraint that is violated by (6,A,m).

Proof: Given any (0,\,n), we first check if the constraints
m > Y Cubly VieN,deD; and N < 2,6}, < 2T, m; < 2T VieT,icN, deD;
teT
are violated. If any of the constraints is violated, we are done. If none of the above constraints
are violated, we focus on the remaining constraints. For ease of exposition, define a function over

assortments as follow:

n(A10) = 33 yl(A (”d Zazd «9;1>

i€N deD;
so the second set of constraints in D-Scaled corresponds to \* > max h'(A|6) VteT.
S
Under Assumption F.4, for each ¢t € T, we construct an assortment A* € G such that

t > Bt At > € t ‘
Rax(A18) 2 K(A16) > (1= 57) maxn(410)

If A9 < h?(A?|0) for some ¢, then we have found a violated constraint and we are done.
Otherwise, it must be the case that A > hf(A"|@) for all t. Let A\ = X!/ (1—355)- Then, for all

teT
< X 1 ,
A= _ > h'(A'|0) > maxh'(A|6),
1-:5 715 AcG

where the last inequality follows from the definition of A*. Then we know that (6, A, n) is feasible
to the D-Scaled optimization problem. Furthermore, it also holds that

S-St = S (1 P ) 2 (D)1 = (TX) +

teT teT 3T teT 3T teT
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where the second-to-last inequality follows from the fact that A* <2 for all ¢ and T > 1, and the

final inequality follows because 27 f 5 S € This completes the proof. |

We are now ready to prove Theorem F.5.
Proof of Theorem F.5: With the result of Lemma F.7, it follows from Theorem 4.19 in Korte and
Vygen (2011) that we can use the ellipsoid method to solve the scaled optimization problem in
D-Scaled up to an additive error e, in time that is polynomial in the input size and 1/e. In other

words, the algorithm terminates with (é, A, 1) that is feasible to D-Scaled and satisfies

ZnﬂrZ)\t

ieN t=1
The algorithm makes a polynomial number of calls of the separation oracle and therefore identifies
at most a polynomial number of violated constraints. We denote this set of constraints by II.
Then, we can solve a relaxed problem, in which we replace the second set of constraints in
D-Scaled with a “smaller” number of constraints of the form:

A > ZZw;d(A)(“d Zazd ) V(t,A)eTl

1€EN deD;

That is, we consider the following optimization problem:

= ; Al D-Scaled-Small
SR Zﬁ ZT ( mall)
s.t. o > Zcidefd VieN,deD;
teT
>SN @z);d(A)(r"’ Zald ) YV (t,A) el
1EN deD;

An important observation at this point is that, if one solves both D-Scaled and D-Scaled-Small
problems using the ellipsoid method, it is impossible to distinguish which problem is being solved.?
Therefore, the same solution (é,j\,ﬁ) is returned for D-Scaled-Small, and thus,

(a) ~ (b) ZP

Do+ M—e < W < < i+ M,

iEN teT M. iEN teT

where (a) follows since (0, X,7) also weakly optimizes D-Scaled-Small. The inequality (b) is because
D-Scaled-Small is a relaxation of D-Scaled. The last inequality follows because (é,x,ﬁ) is feasible
for D-Scaled.

This implies that W < 27 < W + e. The dual of D-Scaled-Small is a restricted version of P-
scaled in the sense that we set y'(A) =0 for (¢, A) ¢ II. Also, we note that in any optimal solution to

3 Technically, this requires us to start with the same initial ellipsoid when solving the D-Scaled and the D-Scaled-Small
problems. One can construct this ellipsoid using the redundant box constraints we add to D-Scaled.
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this restricted linear program, the variables corresponding to the constraints A, < 2, 6, < 2T, and
7; < 27 must all be zero because of complementary slackness and the fact that these constraints
are never tight.

Therefore, if we solve the restricted linear program (aka the dual of D-Scaled-Small) opti-
mally, which clearly can be done in a polynomial running time, we obtain a feasible solution
{z{,5'(A) : i€ N,deD;,;t € T,A€G} to P-scaled whose objective function value is equal to W
by the strong duality of linear program.

Next, we notice that we have scaled the coefficients in the objective function by 1/M.. This implies
for the original problem in Eq. (F.1), the objective value of {z¢, §'(A) : i€ N,d € D;,t € T,A€ G}

is equal to

—~ (@ Z'P ® Z'P 1-2 ©
MW > M. (Me> = 7% —eM, > 7' —¢ = CxZ® > (1202,

€

where (a) follows from the fact that W < iz < W + ¢ (b) is from Lemma F.6, and (¢) is from

the fact that 0 < e < 1/2. This completes the proof. |

F.3. Sales-based Formulation of CDLP

In this section, we discuss how to reformulate the CDLP into a compact form under the MNL
model, GAM, and MCCM. In particular, this reformulation helps us to design an alternative
approximation algorithm to compute a heuristic offline decision in Appendix H.1 and facilitates
the computational experiments in Section 6.

Multinomial logit (MNL) model: When ¢'(S|x) is a MNL model with preference weights given

by {vl,:i€N,de€D;}, as in Example 3.3, and F consists of all subsets of A/, we can prove a
stronger result. In this case, the linear program in Eq. (F.1) admits a compact representation with
O(nDT) decision variables and constraints, as shown in the next. For each x € [0,1]*, let W ()

be defined as follows:

W (z = max Z Z Z TidWhy

teT ieN deD;

s.t. Zald t— 1wl < Cigmiq and wl, < viwg VieN,deD;,teT,

wO+ZZw <1 VteT,

i€EN deD;
wy >0, wiy >0, VieN,deD;,teT.

The following result is a generalization of the well-known sales-based LP for the MNL choice
model (Gallego et al. 2015), featuring additional decision variables that control each product’s

design decision. In a similar vein, we can also represent the CDLP as a sales-based LP under the
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generalized attraction model (Gallego et al. 2015) and the Markov chain choice model (Blanchet
et al. 2016, Feldman and Topaloglu 2017, Désir et al. 2020), as will be discussed later. As a result,
off-the-shelf solvers can be used to implement our revenue-based rounding algorithm under these

choice models. We take advantage of this in our numerical experiments in Section 6.

Theorem F.8 (Sales-based LP for MNL) If the customer in period t follows a MNL choice
model with parameters (vfd c1eN,de Di) with vl =1 and there is no constraint on the assortment,

then VB(xz) = W' (x) for all x € [0,1]F.

Proof: Fix an arbitrary x € [0,1]%. We will first show that VB(z) < W'P(x). Let
{y'(A) : teT,ie N,AeG} denote an optimal solution for VB(z). For each t € T, i € N and
de D let wj; = Y 400 (AW, (A), and let wh = > 4 ;7 (A)Yi(A), where under the MNL
model, Y4(A) =1/ (14 Y ,uc 4 ly). Note that by our construction

DDA D u(Aria = D DD il

teT A€ iEN deD; teT ieN deD;
To prove that VB(x) < W' (x), it suffices to show that w is a feasible solution to the linear
program associated with WP (). Clearly, w > 0. Furthermore, the first constraint of W' (z) follow
immediately from the first set of constraints of VB(x) in (3.2). For all i e N',d € D; and t € T, by
the definition of the MNL,

wj, 1 t Vig- ]l{idGA} t Il{idGA} t t —t
=) Y(A) = = Y (A7 < Y (A (A) = wy .
(U Vg Azeg L+ ZjheA vj, Azeg 1+ ZjheA vl %

This proves the second constraint. The last constraint of W'Y follows because wf +
DN 2odep, Wia = Yoacg¥'(A) < 1, by the last constraint for VB(x). Thus, VB(z) < W (x).
To establish the reversed inequality, we will consider the dual linear programs of VB(x) and

W'P(x). By strong duality of linear program,

VB = i, TN+ ST Y Cund

teT teT ieN deD;
t
st A > YN " li(A) <md > T - t)egd> VteT,Aeg.
1€EN deD; =1
LP _ . ¢ ot
W (x) = o min dout + > Z > Cuaziatly
teT teT €N deD;
s.t. ut—Zvadafd >0 ViteT,
1€EN deD;
T
u' ol + Y i = )V = Tia VieN,deD, teT.

T=t
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Let (0_, 5\) denote an optimal solution to the dual linear program associated with VB(x). For each
teT,i€N, and d € D;, define a' =\, 7%, =0, 7!, = { Fig — AN — S0 au(T — )0, +. By our
construction, VB(x) = 3, ., 4" + 3,7 Y icn 2aep, CiatiaViy: To show that VB(z) > WP (z),
it suffices to show that (7,5, u) is a feasible solution for the dual linear program of W'. The last
set of constraints of WP is clearly satisfied by our construction of &!,. Thus, it suffices to check the
first constraint. Let P* = {z'd g — A — th (T — )0, > O}. Then, by definition of (7,6, u)

and collecting terms,

a >ZZvldazd e A > Z Zd(hd—)\ —Zazd T_t%d)

i€EN deD; idept
s (1 + Z vfd> > Z de (Tid - Zaid(T —t)’Vfd>
idept idept =
g S\t 2 Z ¢f (Tzd_zazd 71(1)
ide pt
832 33 (P (rua- Zaid i)
1€EN deD;

where (a) follows from the definition of the MNL choice model and (b) follows because v, (P*) =
0 for all " ¢ P'. Because \' is a feasible solution to the dual of VB(z), it follows that
AN > maxaeg Den > dep, Via(A) (rid — 3 (T — t)@[d> . Since P! € G, which consists of
all sets of products, it follows that (7,5, u) satisfies the first set of constraint of W'F. Therefore,
VB(z) > WP (x). |
Generalized attraction model (GAM): Let us fix t € 7. Under the GAM, for each product i € NV,

the parameters v}, denote the preference weights of design d of product i if these designs are offered
to a customer. Under GAM, we also use &, to denote the “shadow” preference weights of the D;
designs of product ¢ if they are not offered to a customer. The shadow preference weights capture
the possibility that, even if the firm does not offer a particular design of a product in its store,
a customer may search it somewhere else. We require that 0 < ¢!, <!, for all i € N and d € D;.
Then, for each assortment SCAN and i€ S,

t
ZdeDi Vig%id

1+ ZjEN\SZhEDj En + ZjeSZhEDj En(l =) + ZjeSZheDj Vin®in

¢(Slx) =

where in the denominator, the expression > .\ Zhepj &, capture the shadow weights of all
designs of all the products not in S. The second term in the denominator, -, ¢ >" hep, En(1 =)
capture the shadow weight of the designs of the products in .S that are not offered. The final term

> jes ZheD]— v5,z;, reflects the preference weight of all the designs shown to the customer in the
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assortment S. Note that ¢f(S|x)=1—>._c¢:(S|x). Note that here we will allow for hetero-
geneous customers and the customers’ choice behavior is characterized by the set of parameters
{vi,, &, ieN,deD;,teT}.

Then, for all A C M and i € M

de]l{ideA}
¢Ed (A) = . (F.4)
L2 nerna&in T2 nca Vin

It is easy to check that
PUSTm) = Y Pl ))Zia-

deD;
We will show that under GAM, the upper bound admits a compact sales-based representation.

To facilitate our exposition, let o5 =1+, Zdepj &, and for all i € N, d € Dy, 0y = v}, — &y
Then,

t
1y
1+ 3 et ool = w4 S 0, and i(A) = LA vie N, deD,. (F.5)

ot + P 1
jhem\A jheA jhea ot 2 mealin

For each x € [0,1]F, let W'"(x) be defined as

WLP,GAM (m) = max ZZ Z Tidwfd

teT ieN deD;

s.t. Zaid(t—T)wde < Ciaig and  wl, < viw, VieN,deD,teT,

vow0+zz< : t) <1 VteT,

‘€N deD;

wh >0, wi,; >0, VieN,deD;,teT.
The next result follows from a proof similar to that of Theorem F.8.

Theorem F.9 (Sales-based LP for GAM) If the customer in period t follows the GAM with
parameters {vl,, &, 1 €N, deD;,t €T} and there is no constraint on the assortment, then

VB(z) = WPAM(z) for all x € [0,1]L.

Proof: Fix x € [0,1]. We will first show that VB(z) < WWM(g). Let
{7"(A) : teT,ie N,Ae€ G} denote an optimal solution for VB(x). For each t € T, i € N and

de Dy, let wi; = 3,57 (A)Y,(A) and let

1 1
@t =3 7'(A) R /A7) —
0 Z 1+ ZideM\A Cia+ D idcaVia Z Uy + 2 saca Vi

Acg Aegg
Note that wf # > 4.5 9" (A)Yi(A) here unlike under the MNL model. Further, under GAM, it

follows from (F.5) that

(A)=1 E Pa(A) = L 2 itenna bl _ g
—1— 4 — = _ .
L+ acnnablat 2 idea Via UG+ saca Vig

idcA
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Thus,

S G Y (V) = DS

teT Aeg ieN deD; teT ieN deD;
Thus, to prove that VB(x) < W' (x), it suffices to show that {w}, w!, :t€T,ie N,deD;}
defined above is a feasible solution to the linear program associated with W' (x). The capacity
constraints of W'P(z) follow immediately from the capacity constraints of VB(z) in (3.2). For all
i and t, by the definition of w!, and (F.5),

1 /Ugd]l id A 1 _
Z - Fzyt(A)% = }~t = Zyt(A>~t —— = W

zd AcG id AcG UO + ZthA ,Ujh Acg UO + ZthA Ujh

To establish the last constraint of W (x), it follows from our construction that

5t

¢
id — (@) _ Viq Uid]l{ideA}
viwl + dpt ) = A X { —=2——— + L S S
o+ 5 () @ S oa) {wzheA 2 T S ea s

i€EN deD; i Aeg iEN deD; YVia

_ th(A)xw

y ®)
= Zy (A) < 1,
Aecg

where (a) follows from the definition of w{ and w!, and (F.5). Inequality (b) follows from the last
inequality of VB(z), and thus, VB(x) < WPeAM(g),
To establish the reverse inequality, we will consider the dual linear programs of VB(x) and

WP6AM (). By strong duality,

VB(z) =  min ;/\t + Y 3D Cuamiatl,

teT i€N deD;
st A" > ZZwEd(A)(m—Zam 6;) VieT,Aeg,
i€EN deD;
and
LP _ . t t
W (x) = (77121{)120 Z u + Z Z Z CiaTiaYViq
teT teT ieN deD;
st oput — Z Z viol >0 teT,
i€EN deD;
ot T
U%Zut—kafd—kz%d(v-—t)ﬁd > Tid ieN,deD;teT.
v T=t

Let (9,5\) denote an optimal solution to the dual linear program associated with VB(x). For
each t € T and i € N, define

u = )\t, ’S/fd ét 7,d — ’r‘ld - Zd )\t Z ald T — t)e
d

Ui T=t
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By our construction, VB(z) = >, ;4" + 32,72 icn 2aep, CiaTiaVig- To show that VB(x) >
WP (z), it suffices to show that (7, &, @) is a feasible solution for the dual linear program of W' ().
The last constraint of W' are clearly satisfied by our construction of a},. Thus, it suffices to check
the first constraint. Let P! = {z eEM :riy— )\t ZT (T —1)0!, > O}. Then, by definition

of (¥,0,u) and collecting terms,

oput > Z E (vi,el) = TN > Z Vid (md - —)\t Zald —t) %d)

ieN deD; ide pt

& (66—1— Z ﬁfd) > Z Vid <rid_zaid(7—_t):ﬁd>
idep? idept T=t

(@ 5 -

4 x> ¥ w:dwt)(nd—Zaw—tw:d)
idept =

b —

x> N P (m—zazd L)
deDieN

where (a) follows from the definition of the choice probabilities under GAM given in Equation
(F.5) and (b) follows because ¢',(P") =0 for all i* ¢ P%'. Because A’ is a feasible solution to the
(dual) of VB(x), it follows that

= I}gg Zzw (zd_zazd e;rd) .

€N dED;

Since P' € G, it follows that (7,6, u) satisfies the first constraint of W' (x). Therefore, VB(x) >
WP-GAM() which is the desired result. |

Markov chain choice model (MCCM): We next extend the sales-based LP to the MCCM. Our
discussion on the MCCM closely follows that in Feldman and Topaloglu (2017). Let us fixed
t € T. Under the MCCM, we have parameters {\j; : i € N',d € D;} where >\ >, cp Alg < 1.

Particularly, in period ¢, the customer arrives to purchase version d of product ¢ with probability
AL, In addition, we have a transition matrix (pﬁdjh : j4,i" € M) where Piain denotes the probability
that the t'" customer transition to design h of item j, given that design d of item i is not available.
As shown in Feldman and Topaloglu (2017), for each assortment A C M, the probability ¢!,(A)
that a customer chooses item i € A is given implicitly through the following system of linear

equations:
Via(A) + Eja(A) = Ny + Z B (A)plpig Y iteM,
jhem

and
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where w;d (A) can be interpreted as the expected number of times that a customer visits item ;¢
that is available for purchase and E]t,d(A) is the expected number of times that a customer visits
item j¢ that is not available for purchase.

For each x € [0,1]F, let WPMCM (1) he defined as follows:

/P MM () max_ Z Z Z TidWhy

teT ieN deD;
t
s.t. Zaid(t—T)w?’T § Cidxid VZGN,dGD“tGT,
=1
wiy+ 2, = )\E(H'Z Z 21 O5ia VieN,deD;,teT.

JEN heD;

The main result of this discussion is stated in the following theorem.

Theorem F.10 (Sales-based LP for MCCM) If the customer in period t follows the MCCM

and there is no constraint on the assortment, then VB(x) = W™PMM(g) for all x € [0,1]F.

Proof: Fix z € [0, 1]%. We will first show that WM M(z) <VB(z). Let (w, 2) denote an optimal
solution associated with WPMCM () For each t € T, let H! be defined by:

H' =< (w,z) Rt wiy+ 2, = Aiﬂ'z Zzﬁhpéhid VteT,jeN,deD;

JEN heD;

It follows from Lemma 10 in Feldman and Topaloglu (2017) that H' is a bounded polytope, so

there are extreme points (w'?!, z51), (wh?, 24?), ... (wht 2HEt) of H! such that for each t € T,
Ky Ky Ky
,th _ Z,yt,k,wt,k’ zAt _ Z,_yt,kzt,k and Z,Yuk _ 1, ,yt,lc >0 v t, k.
k=1 k=1 k=1

Define A** = {i€ N,d € D; : w.) >0}. By Lemma 1 in Feldman and Topaloglu (2017), we know
that

VLA™ —wlF and El(AM) = b (F.6)
and therefore for all i € M
K K K¢ Ky
Wl =Y AFwlf ="yl (AYF) and 2, =) ytRalF = yMREL(AY) (F.7)
k=1 k=1 k=1 k=1

For each t € T and A C M, define §*(A) as follows:

7'(A) = Atk i S = ALk
Y o0 otherwise
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We will show that §*(A) is a feasible solution to VB(x). By definition of g, for any i € N and
deD,,

ZZy A)ay(t—T1) = ZZVT'“ T A’”oz]d t—T1 é ;Z wjdoz]d (t—7)

=1 A€g =1 k=1
® ®

= Zdeaid(t_T) < Cjaia ,
where the (a) and (b) follow from (F.6) and (F.7), respectively. The inequality (c) follows because
w is feasible for W' (). This argument establishes the feasibility of §'(S). Finally, note that

WLP Zzzndwld — ZEZWZVMW Atk — zzzridZQt(A)Wd(A)

teT €N deD; teT €N deD; teT €N deD; Acg
which shows that WM () <VB(x).
We will now establish the reverse inequality. Let g denote an optimal solution to VB(x). Without
loss of generality, we can assume that for all t € T, > ,.,7'(A) =1 because we can always put

weights on the empty set. Define (w, Z) as follow: for all t € T and i € M,
Wiy = Z Pia( and  Zj, = Z El.(A)y'(A)
Aegg Aegg

We will now show that (w, ) is a feasible solution to W' (). By definition,

Zald t—T zd = Za]d t—T ZT/}T 77— < C’idxid,

Aecg

where the inequality is from the feasibility of y. Moreover, by the property of the Markov
chain choice model, we have that for all A€ G, t €T, and i* € M, ¢!,(A) + E';(A) = N, +
> ihem R';h (A)p’)q- Multiplying both sides by 3(A), summing over A, and using the fact that
doacg¥'(A) =1, we get

Wig+Zig = Z fbfd(A)gt(A) + Z E;d (A)7'(A) = Ny+ Z Z Pgmd

Acg AcgG A€G jhe M

_ ¢ St t
= gt § ZinPjhid
jhem

which establishes the feasibility of (w, z). Finally, note that
=22 VA D Y Ara=) > > Wi
teT Aeg iEN dED; teT jEN deD;

where the last equality follows from the definition of w!,. This shows that VB(x) < WMM(g)
which completes the proof. |
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Appendix G: Supporting Arguments for Section 5

In this section, we present supporting arguments for results in Section 5.

G.1. Derivation of the Dynamic Programming Formulation

In this part, we justify the dynamic programming formulation (5.1). Suppose that the assortment
S C N is offered at period t. Provided that the customer does not make a purchase, which happens
with probability <1 =Y ien PH(S w)) , clearly the next system state will be W (q, ). If the customer
purchases item i € N, there are several cases to consider. First, the customer may decide to keep
the item for at least one period, which happens with probability (1 — ’yio(w)), the state will be
Wi(q,z) — e, + e;1. Second, the customer may return the item immediately with probability
vio(x). There are several scenarios afterward. With probability h;(x)o(x), the item will become
immediately available, so the next system state is still W (g, ). With probability h;(x)(1— (o(x)),
the item needs to be reprocessed for at least one period. Then the system state changes to W (g, x) —
eio + €; 1. Lastly, with probability 1 — h;(x), the item fails the inspection and the system states

will be W (q,x) — e;p. Summarize all cases together, we have:

rale) = e, (- T esio) e s o)

iEN

+ 3 ¢S a) {Ti(:c) + (1= 0 (@) E[J* (W (g,2) ~ e+ e | )]

€N
+ (@) (@) Co(@)E [ I (W (g,2) | @)
+ vio(x)hi(x )(1— lo(w)) [JtH( (g, x) —ep+ei ‘ m)}

+ 7Yio(x) [Jt“ — ey | a:)H} .

Extracting the term E[Jt“ (W(g, )| a:)} out, we obtain the formulation given by (5.1).

G.2. Derivation of Equation (5.6)

In this part, we justify (5.6). Suppose we are in state ¢ € Q(x) and period ¢ € T. As explained
in Section 5.2, policy w# chooses an assortment G*(q|x) that maximizes the right-hand side of
the dynamic programming equation (5.1), where we replace the optimal value function with our

approximation. Therefore, by definition,

G'(q|x) = arg max { > ¢S |x) [n(w)

q10>1 ieN

+ (1—'yio(a:))(E[th(W(q,a:)—eiovLe“ | m)} —E[jt“ (W(q,) | :c)D
+ Yio(®)hi(x) (1 — Go()) (IE [j”l (W(q,z) — e+ ei,_l‘w)} —-E {jtﬂ (W(q,az)‘az)D
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+ y0(@) (1= hi(@)) (B[] (W (g, @) — e | @) |~ E|J* (W (q,) | x)m }
_argmax{z¢; 1) [ria) + (1 0(a) (357 &) - 97 (0)

aip>1 \ieN

VieS

+%i0(@)hi(2) (1= Go(@)) (BiE1 (=) — B (®)) —vio(@) (1 — () Big ()
_argmax{Zgbt S|x)e (x )} (G.1)

q;0=>1 iEN
VieS

where (a) follows from the linearity of the approximate value function in (5.2). For example,
E[J* (W (q,2) - e+ e | )| B[] (W(g.2) | @) = 8 (2) - B ()

and other terms can be derived similarly. Also, (b) follows from the definition of &(x) in (5.3).
This justifies (5.6), as desired.

G.3. Proof of Lemma 5.1

Let us fix a design  and a policy 7. Under model Y, we let X;; =1 if a unit of item ¢ is selected
by the customer at time ¢ and X;; =0 otherwise. We also let Y;; =1 if the unit of item ¢ purchased
by customer ¢ is returned. When item ¢ is not selected by the customer, Y;; can be arbitrarily
defined. We define Z;; =1 if the unit of item ¢ purchased and returned by customer ¢ passes the
inspection; similar to above, when a unit of item ¢ is not purchased or returned by customer t, Z;;
can be arbitrarily defined. Then, we can write the expected revenue from the dynamic assortment

optimization as

Ey [ZRf(m)} = Ey Z Zth (pz ( () + (1= Zu)pi (x) — Zztc:($))>]

teT teT ieN
@ Z ZET,W [Xit <pz-(a:) —Yie(ci(®) 4+ (1= Ziy)p; () — Zz-tc:(w))ﬂ
teT ieN
23> Ers [ pi(@) = X B a[Yici(@) | Xul
teT ieN

— Xy [YnET,ﬂ (1= Zu)pi () — Zunct () | Xin, Vi)

DS B [ X (1) — @) @) + (1~ (@)l () — ha()es (@) )|

teT ieN

23S B [Ke (@) = (@) (@(@) + (1= hi(@)pi (@) - hi(@)cl ) )|

teT ieN

> ZXitri(:c)]

teT ieN

2 Es .
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where (a) follows by the linearity of expectations, (b) follows by the iterated law of expectation, (c)
follows from the definitions of X, and Y;,, (d) follows by the definition of T, and () follows from lin-
earity of expectations and the definition of r;(x) for all i € N. Clearly, Ex . [3,cr > Xuri(x)] =
Ex | > ier B (x)|. This concludes the proof.

G.4. Proof of Theorem 5.2

The proof primarily consists of the following two lemmas. The first lemma establishes a relationship

between the approximate value function Jt and the upper bound.

Lemma G.1 (Approximate Value Function and the Upper Bound) For each =z € X,
jl(ZieNCi(w)eiO CC) > 1UB(x).

Let V'(q|x) denote the expected revenue under the greedy policy w¥ in periods t,t+1,...T,
given that the system state is g in period t. Then, for all g € Q(x), VIt (g|x) = 0. To facilitate
our exposition, we will write G* to denote G*(q|x). For each g € Q(«) and ¢ < T, using the same
argument as in (5.1), we have the following recursion for the function V*(q|x):

Viiale) =BV (Wia.0) | 2)] + 66 o) | (o)
iEN
+ (1= 0(@) (B[V* (W (q,2) — e +eu | 2)| ~E[VH (W(g,2) | 2)])
+ Yiol@)hi(@) (1= o) (E[V (W (g @) — e+ e [@)| B[V (W(g,2)[)])
+ y0(@) (1= ha(@) (E[VH (W (g,2) — e | @)| B[V (W(q.2) |2)] )] } (G.2)

The following lemma then gives a lower bound on V.

Lemma G.2 (Lower Bound on Greedy Policy Performance) For each t € T, x € X, and
qeQx), Vi(g|z) > J'(q|x).

Here we present the proof of Theorem 5.2.
Proof: 1t follows from Lemmas G.1 and G.2 that the expected revenue under the greedy policy
7!l satisfies

V1<ZCi(m)ei0 a:) > fl(ZCi(SC)eio m) > %UB(m),

i€EN ieEN
which is the desired result. [ |

G.5. Proof of Lemma G.1

We first present an auxiliary lemma as follows. We define H;:io =1and B}, =0 for all t >T+1 for

mathematical convenience.

Lemma G.3 For eachxe X,te T, and i €N, it holds that
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(i) Bio(x) > B (z);
(i)

hi(x) Z:io [%‘,Hs(m) ( 2;1) (1 _%‘,Hh(‘n))) (Zp ng(p| x) t+6+p+1)] if £>1
(x) =

?

520 [Ge@) (T (1= Genn(a)) 815 )] o<1

(G.3)
(i7i) and for all >0
1012 =@ [[ (1 - (@) and g.(t]2) = Co@ [[ (- Cul@).  (GA)

The first part shows the monotonicity of 3% (z). The second part gives an expansion of /!,(x)
and 3} _,(x) for all £>1 in terms of the basis 3] ,(x). The last part presents a useful representation
of the pmf in terms of the hazard rates. Equipped with this lemma, we prove Lemma G.1 as follows.

One can equivalently write UB(x) in the dual form of Eq.(3.1) given by

UB(x) = ()J\r’réi)go Z)\t+ZZC

t=1icN

T

st A=) ¢l(S|x) [ri(m) — Zai(T—tlm)QZ} VSeF,teT,
€N T=t

We next verify that (X, 8), defined by A = 3=, Cy() (8l (x) — B4 (z)) and 0! = B (x) — B (z)

for all t € T is a feasible solution to the dual linear program above. Fix an arbitrary S € F. By

definition of 6!,

> 6i(S|a) | rix) — Zai(r—t\x)é;]
1EN L
S ICACIEN Zaz (r—t|e) (85" (x) - ;0+2(;c))]
1EN L
@ Z¢§(s|$) ri(x) — a;(0]x)Bi " ( Zﬂtﬂw aZ (l|x)— Ozi(€+1|a:))]
1EN L

O S (1w |l — B (@) +hule) S B ><Zfi<srw>gi<6—xrw>)] (G.5)

ieN £=0
where the equality (a) follows from the fact that 5!, =0 for all ¢ > T, and one can verify (b) as

follows. We focus on the term inside the bracket for each i € N

— o, (0] ) B5( +Zﬁt+2+’ (ai(f|z) — s (€ +1]|x))
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9~ (1= hi(@) £ 0] 2)g: (0] @) ) 81 (=)
+Zﬁt+2+£ [( h(a:)Zfz(S‘w)igl(Tw))_( ZfZ i 9:( ’m)>]

Q _ <1_hi(w)fi(0’w)gi(0’w)> 0 (x) + hi(z )ZBHHE( )(Zfi(s‘w)gi(€+1_3‘x)>

2 = (1= m@) 0110 012)) 8" (@) + Iul2) Pl (o) (Z Fils | 2)g. (¢ sm>)

s=0
_ t+1( )+h( )Z t+€+1 (Zf QZE—S’ ))
[/
where (c¢) follows from plugging the definition of a;(-|x), (d) follows from algebra and (e) follows
from a change of index, ¢’ = ¢+ 1. This verifies (b) in (G.5).

Next, we claim that

) = ri(x) — B (@) + hi() Y Bl (x (Zfz z)gi({ — | )) (G.6)

Indeed, we note that (5.3) implies &f(x) can be expanded as

ri(@) = (1= hi(@)vio(®)Gio(2)) Big ™ () + (1—i0(2)) B () + vio(@)ha() (1 Coo()) B ().

N~

(%) ()

Applying the definition of /") in (G.3), we can simplify (x) as

(1= Cio(®) B (x) = (1—Ciolw)) Z [Ci,ws(iv) (1- Ci,1+h(33))> foﬂﬁ(f”)]

L (1= Go()) > [ i 14s () (H (1 —Q’h/(m))> ;_so+s+2(m)]
2 (1 Co(@) Y {Ci,y(m)( ] (1<i,h/<a:))) :JS’“@)]

s'=1

= > [Cw(w)( ] (1Ci,h'(w))) 0 Sl“(w)]

() Zgz et ()~ gi(0|0)85 (),

where (f) and (g) follows by setting b’ = h+1 and s’ = s+ 1, respectively, and (h) follows from
part (iii) of Lemma G.3. Similarly, it follows from (G.3) that (*%) can be simplified as

(1—%0( )) H(x) = (1—%0 Z [%HS 1:[ 1_%1+h (Zglm t+a+p+2)]

s=0
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2 (1= yol@)) i) > [%,sf(w)H 1= i (a (Zgzp\ ”””“)]

00 s'—1
=h(x) Z Yis (T) H (1 =i ( <Z gi(p| )it +p+1>]
h/

Dhi@)Y | (Zgz (|28 )] ,

where (i) follows from changing the indexes and (j) follows from Lemma G.3. Therefore, noticing

that v,0 = f;(0] ) and (;o = g;(0|x), it follows that

§(@) = ni(@) = (1= hi(@)fi(0]2)g:(0] 2)) 53" ( )+hi(w)Z[fi <Zgzpas tmﬁl)]
A <§kzm:”%1> ww>m<0

@) = B (@) + hi(a >Z[ (Zgzmw )]

s=0

ri(@) — B (a Zﬁt“*l (Zfz |@)gi(¢ —s|a:>>

where both (k) and (¢) follow from algebra and this verifies (G.6).
Combining (G.5) and (G.6), we have that

3 6i(S|2) [ ri(a) Zam—ﬂw] Y éSle)g@ © 3 @) o)E@)

—
x>
N

—~
~
~

N iEN i€EN
@3 ) (Bo(@) - Bl @) = X, @7
iEN

where (m) follows by the optimality of A*(x) and (n) follows from Eq.(5.5). Next, we notice that
t(x) > Bl (x) for all i € N, t >0 and x from the monotonicity property in Lemma G.3. As a
result, ()\, 9) is feasible to the dual program.
Then, plug the values (S\,é) into the objective function of the dual program, we obtain

UB(z) < Zj\t + ZZCi(w)Gt

t=1 ieN
— ZT:ZCQ(m)( ¢ (x) — Bl ) ZZC ( L1 f;2($)>
t=1ieN t=1 ieN
= Z@(w)i( o) — fo“(:v)) + ZC XT:( L t“(w))
ieN t=1 zeN =1

— S C@a)+ Y Gl £ 3 C@e)+Y G

1EN 1EN 1EN iEN
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where (o) follows from the monotonicity property in Lemma G.3. By the definition of

jl(zieNCi(w)eio‘x>, the right-hand side of this chain of inequalities is bounded by
2! (Zie/\f Ci(z)ein
G.6. Proof of Lemma G.2

sc), and we conclude the proof.

In this part, we finish the proof of Theorem 5.2 by lower bounding the performance of the greedy
policy 7 by jl(ZieN Ci(x)eqn :E) We use induction to show that Vi(g|x) > Ji(q|x) for all
g€ Q(x) and t € T. This clearly holds when ¢ =T+ 1. Then, assume that V'*!(q|xz) > J'*(q| z).
It holds by definition that for all i € N/

E[Ai(x)] =vie(x), and E[D; ()] = gi—Gi(¢]w) V=1,

and

EB;(z)] = hi(®)) _ aqvi(z), and E[Ci(x)] = hi(z)Co(® Zqze%e

Therefore, by the definition of Wj,(q,x), it holds that

E[jt“(W(q,w) ‘ az)} (G.8)
= Z [qu ’%e f};il Z Q'LZ Cz Z )) fzil(m)
ieN L =1 1=—1
+ hi(x)(1— Colx quw (@) + (Qi0+h )Cio( Zqzme + Z quw) i ( )]
=1

:Z [Z%K((l—%é(m)) f,zlrl(m)+h1($)(1—go($))%z(m) t+1( ) ( )QO( )%Z( )ﬁt-H( ))

iEN L =1

a0 @+ Y (G@B (@) + (1= Gal@)B (@)

{=—1

= Z( > auBi(@) + g Hl(-’ff:)) (G.9)

N \ L€Z:i#0

where (a) follows by definition of gf,(x) for all £ € Z and ¢ # 0. Using the induction hypothesis
and noticing that the coefficient of each E[V*( - |:L')] term on the right-hand side of (G.2) is

non-negative, we obtain that

Vi(q|x)
> B[ (Wia.a) | @)] + 3 el6" ) |l

ieN
+ (l—yio(a:))(E[th(W(q,m)—eio—i—eil ‘ m)} —E[jt“(W(q,:c) | :B)D
+ io (@) hi(2) (1 — Cio()) (E[jt“(W(q,a:) —ei0+ei7_1’m)} —E[j”l(W(q,m)’m)])
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+ Yio() (1 — hi(x)) (E [jt“(W(q,:c) — ey | :c)} —E[jt“(W(q,a:) }m)])] }

—~
o
=

2 < S quBi(@) + quBl (@ ) + 3 6lE ) [m )~ yo(@) (1 - h(@)) B ()
iEN

LEL: 1730 1EN

+ (1= 0(@) (B3 (=) = B () + 70 (@) hi() (1 = Coo (@) (B () — B ()

S quBl(@) + qBi x>> + 364G 2) €l ()

LET:i#£0 1EN

—~
o
~

S

—
8
=

AV
ZM Z

> quBl(x) + o t“(fc)) + ) 4 (At N{i: gio = 1}|m> €i(z)

iEN

—~
o
—

Z %Kﬁlz +qL0 Hl(m)) + Z]l{qiozl}@(AtW)ﬁf(fﬂ)

1EN

z

<.

i€ LEZL:i#0

=

v

(S
(3
(&

. 0 t+1 gdio tAt t
aB(@) + g <a:>> + Lo A9e)

;(Atlw)é“f(m)>+ > qmﬁfe(w)]

LEZ: i#0

Z

i€ LEZL: 1#0

233 qubile) = J'ala)

1EN {=—00

z

—~
~

The inequality (b) follows from (G.8) and the linearity of expectation. The inequality (c¢) follows
from the definition of &!(x) for all i € N and ¢ € T. The inequality (d) holds due to the optimality
of G*. Also, notice that ¢! <At N{i: qo>1}] a:) < ¢t(A"|x) by our assumption on the choice
model ¢!(-|x). Also, by the definition of A’, it must be that &!(x) >0 if ¢!(A*|x) > 0. Therefore,
inequality (e) follows. (f) follows because ¢;o < C;(x). The inequality (g) follows by the definition
of B!, (x). This finishes our proof.

G.7. Proof of Lemma G.3

The first part of the Lemma follows from the definition of S},(x) in (5.5). Indeed, for any i € N
such that ¢!(A’(x)|x) > 0, it must be that i € A'(x) and £/ (x) > 0. Otherwise, if {!(x) < 0, we can
remove product ¢ from A’(x) and all other products from A*(x) to obtain an assortment A’ with
strictly larger value of Y.\ ¢!(S|x)& (x). This is a contradiction. Therefore ¢! (A*(x) |x)E! (x) >
0 so the first part follows. We next prove the third part. We first show the recursive equation
Zﬁ:o fi(s|lz)=1- Hizo(l —7is(x)). The base case (¢ =0) is true since both sides of the equation

is zero. Suppose the result is true at £ — 1, then we have

S gl = S fisle) 4 fele) = S fis @) el (1—Zf |w>

= (1=7e(®)) ) _ fils|@) +7vie(®) = (1—ie(x)) (1—1—[(1—%3(93))) + i)

s=0

~

I
=)

S
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=1- H(l —Yis ().

s=0
Then we have
¢ -1
filllm) =" fi(t|z) Zfz (l@) =ie(a) [ J(1 = viale)).
s=0 s=0

We now show the second part. Fix € X and i € V. We will verify (G.3) by induction on ¢. Due
to the definition of ﬁiT)g and the assumption that i, =0 for all t > T + 1, it must be that BZ =0

for all £ < —1. This proves the base case for £ < —1. Assume that these equations are true for ¢+ 1.
Then by (5.5), for £ < —1

(@) = Go(@)BT (@) + (1= G o(@)) Bl ()
= Gol@Bi @) + 3 [ci,wl(m) (H (1= Gmeone (@ >)> B (a >]

s=0 h=0
oo i s'—2
D @B @)+ 3 | Gorrw@) [ [L (-G (@) | 854 ()
s'=1 h=0
o0 i s'—1
Y @8 @) + 3 |Grw(@) [ [ (1 Goanl@)) | 35 @)
s'=1 W =1
- Z Goerw @) | TT (1= G (@) | B () | (G.10)
= h=1

where (a) and (b) follows by setting s’ = s+ 1 and h’ = h+1, respectively. This proves the expression
for (G.3) for t € T and ¢ < —1. Furthermore,

Gio(x) B () + (1= Gio()) B ()

= Gol@)Bi (@) + (1—@@)2 [ci@ﬁ(m) (H (1—<i,1+h<w>>) g ”2@)]
< Go(@)Bi (@) + (1—<io<w>>§jl —ci,s«w) ilj:(l—@,m(w» 5 (@)
9 ¢olm) B () + (1—@-0(:::))21 —Ci,s/(w) ’ﬁ(l—mf(w)) i (@)
_ i oola) }‘11:(1—@,,#@)) () |

where (c) follows from applying (G.3) for 8/} (z), and (d) and (e) follows by setting s’ = s+ 1 and
I = h+ 1, respectively. Therefore, for any ¢ € N/, if we denote by

Ya(@) = hi(@)- Y [ci,s@) (H (1<i,h<w>)> :;S<w>] L hi@)- Y gils| )8l (@),

h=0
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where (f) follows from part (iii) of the Lemma. For t € T and set x!,(x) =0 for all t > T + 1. It
then holds that

@) = ()X (@) + (1= ae(x)) BLLL ().

Applying the same argument that leads to (G.10), we have for all t € T and i € N

i !Cz o4s(x (ﬁ <1 —Cz‘,e+h(cc))> X:(J)rerl( )] .

s=0 h=1

t+s+1( )

Plugging the definition of y we conclude the proof of (G.3).

Appendix H: Extensions

In this section, we present two major extensions to complement our discussion in the main body.
Utilizing the sales-based linear program under the MNL model discussed in Appendix F.3, we can
obtain an alternative approach for maximizing offline effectiveness with a constant performance
guarantee that is independent of the number of designs in Section H.1, provided that the return rate
is moderately small. In Section H.2, we consider the joint assortment and discrete pricing problem
in the online selling stage. In Section H.3, we extend our revenue-based rounding technique to a
setting in which one can simultaneously offer multiple designs. In Section H.4, we discuss how to

extend our model to case with stochastic customer arrivals.

H.1. Constant Performance bound under the MNL Model with Moderate Return Rate

We start by further approximating W' (x) with the following linear program by fixing the value

of wh = % and tightening the capacity constraints:

LP _ ¢
W (z) = max ZZ Z TigW;,

teT ieN deD;
1
s.t. wad < Ciuyzig VieN,deD; and wl, < Evfd VieN,deD;, teT,
teT
1
Zwad <5 VteT and  wi, >0, VieN,deD;,teT.
ieN deD;

When the likelihood of return is moderate or small, we can show in the following Lemma that

WL (2) is a half-approximation to W' (z).

app

Lemma H.1 (Half-Relaxation of Sales-based LP) If v;s < % for all i € N',d € D;, then we
have sW*P(x) < WL () < WP ().

app
Proof: We obtain W () from W' (z) by fixing w§ = § for all t € T and shrinking the feasible

region in the first constraint of W' (x). Therefore, WP (x ) < W ().

app
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Now let w be the optimal solution to W' (x). We claim that (%u?id cieN,de Di) is a feasible
solution to WLP (x). Since ayq >1— ;4> 3 for all i € N, d € D;, it follows that

app
T

Thus, the first constraint of WLP( ) is satisfied. The second constraint of WLP(x) is satisfied

app app

'UNJZ— < ZO&Zd t — T)’ll)z—d S Czdxul

T=1

L\')\)—t

because

which follows because W < W+ ;e > gep, Wia < 1 due to the third constraint in W' (z). The

third constraint of W () is satisfied because Y, Wiy < W5+ Y icn dgep, Wia < 1. Therefore,

WaLpI;< ) >3 ZteT Eie,/\/ ZdeD ridw;‘sd = %WLP<:D)' |

In the next, we show that W, (z) is also submodular with respect to .

Theorem H.2 (Submodularity of Half-Relaxation) W[ (x) is submodular with respect to @.
Equivalently, for any € >y € {0,1}£, i e N, and d € D;, we have
WP (2 + e;0) — W (x) < WP (y + ei) — W (y).

app app app app

Before discussing the proof of this result, we remark on its significance. Note that WaLpF;(m)

is non-decreasing in « and X is described by a matroid constraint. Therefore, there is a 1 — é

approximation algorithm to maxgex Wapp( x) (Calinescu et al. 2011) so we can obtain a 1 (1 — %)

approximate solution to max,cy W' () as long as the assumption in Lemma H.1 is met. In this
case, combining with Theorem 2.1 and our discussion in Section 5.1, we can obtain a i( — é)
approximation to the joint optimization problem. Clearly, this result is independent of the number
of designs we have, which serves as a complement to the %—approximate algorithm that we have
developed in Section 4.1.

Proof of Theorem H.2: Using dual variables = (u;q:i € N,d€D;), o = (ol;:i € N,deD;,t €

T), and @ = (0':t € T) for the first three constraints, the dual of WP (x) can be written as

app

WLP( )

app

:(Mgl},nm{zzadxld“’d—'_zzz —id t Z Mid—FCffd—i-etZ’l“id, ViGN,tET,dEDi}

i€EN deD. 1EN teT deD. teT

— mmz Z CiaTiaflia + {I;itnm {Ht + Z Z viol ol +0" >riy—pa VieN,de DZ} )
ieN deD; (@%,6%)2 ieN deD;
Define L(z;p) =) .. ZdeDi Ciqiqptiq and
G'(p) = min {et +D Y vloly ol 40 =g — g VieN de DZ} .

t.gt)y>0
(@692 i€EN deD;
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Then G*(p) can also be written in its dual form, which is a knapsack problem:

G'(p) = max ZZ Tid — Hid) %

7 {eN deD;

PP IEIE
1€EN deD;

2t <ol Vie N,deD,.

Define F(z, p) = L(x, ) + 3 > ,. G'(p). By definition, W (x) = min, o F(x, p). We show the

app

submodularity of WP () with the following property of F(x, ).

app

Lemma H.3 For any x>y and p >0, t €T, we have the inequality

F(z,p)+F(y,m) > F(z,pAn)+F(y,pVn).

Proof: By the definition of F', it suffices to show the following two inequalities hold:

L(z,p) + L(y,m) > L(z,pAn)+ L(y, pVn), (H.1)
G'(p)+G'(m) = G'(pAn)+G'(nVn). (H.2)
(H.2) follows from Lemma C.1 in Bai et al. (2022). (H.1) follows from the following arguments:

L(z,pn) + L(y,n)

- Z Z Cia (Tiatbia + YiaNid)

i€EN deD;
= Z Z Cia{ia (ia ANia) + Tia (fia — tia AMia) + Yia (Mia NV Mia) + Yia (Mia — tia NV Mia)
i€EN deD;
> Z Z Cia{xia (ia A ia) + Yia (i — pia A Nia) + Yia (Mia NV Mia) + Yia (Mia — pia ¥ Mia) }
i€EN deD;
= L(CC I'L/\n)+Lvan Z Czdyzd ,U’zd_,uzd/\nzd—i_nzd_,uzdvnzd)
€N, AED;
= L(z,pAn)+ Ly, nVn).
This finishes the proof. |

We next establish the proof of Theorem H.2. It is easy to verify from definition that L(x +
€4, ) = L(z, ) + Cigpiq for all x € {0,1}F, u >0, i€ N, and d € D;. Since G does not depend on
x, it follows that for all x € {0,1}* and pu >0,

F(x+eiq,x)=F(x,u)+ Cipiqg, Vie N,d e D; (H.3)

Define p, = argmin,, 5o F'(x, u), p = argmin, .o F (T + €4, p). Define p,, = argmin,,», F(y, 1),
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p,; =argmin,s o F(y + ey, p). It then follows that

WaLpi(w)+WaLplj)(y+eid) = F(w?“m)+F(y+eld7l'L;)
(a)

= F(z, ) + F(y, py) + Cia(py )ia (H.4)
C (@, po A )+ F (Y, oV 1) + Cialb )ia (H.5)
> F(x, po A ) + F(y, eV ) + Cia(pa A ) )ia

© F(x+ €, pha Nay)) + F(y, pia V 1)) (H.6)
S Flo+eund) + Fly. ) (.7
= Wi (@ +eia) + Wi (y).

where (a) and (c¢) follow from (H.3), and (b) and (d) from Lemma H.3. This is the desired result. B

H.2. Dynamic Assortment with Discrete Pricing

In this section, we introduce dynamic pricing into our model. Specifically, while continuous pricing
might require a new framework with new techniques developed, we show that we can fully extend
our approach and incorporate discrete pricing into the joint optimization problem. Our notations
and assumptions largely follow our previous discussion, and we assume that we need to choose one
design for each product as the offline design decision. For each product 7 € NV and design d € D;,
there is a price menu from which we can choose one price to offer to each arriving customer. The
price menus across different products, or across different designs for the same product, can be
different from each other. To simplify the presentation, we assume without loss of generality that
there is a set of K price indexes K ={1,... K} such that p;.q represents the kth price of product
1 with design d. If the number of prices are different across different products or different designs,
we can guarantee this assumption by introducing duplicate prices.
With any design vector « € X', where again we let
X = {we{O,l}L: S =1, Vie/\/},
deD;

committed before the selling season, the retailer needs to decide an assortment on the product-price
pairs offered to each arriving customer in the selling season, or equivalently choosing an assortment
from F={SCN xK: [SNS;|<1Vie N} where S; ={(i,k): ke K} for each i € V. We assume
for each i € N and k € K, different designs may impact different customer valuation and therefore
choice probability, which we capture through ¢!, (S |x), which is heterogeneous across different
customer ¢ € 7. Further, we also assume that the price might impact customer’s willingness of
return and let f;.q4(¢) denote the probability that the customer returns product 7 in acutely ¢ time

periods with design d and price p;rq. We also define the return probability vixa =Y, fira(¢) and
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the hazard rate for return ;.4 < 1 in a similar way to Section 2 and Section 5.1. We assume
that other parameters, such as the probability of passing the inspection before reselling, h;q, the
probability of different reprocessing time, g;4(¢), the return cost c;4, and the salve value p$,, among
others, are homogeneous across different prices to simplify presentation. Our objective is very
similar to the discussion in the main body; we seek a effective joint decision, including the offline
design « and an online policy 7, which (approximately) solves

OPT = maxmax E[ > Ry (x) ] (H.8)

xzxeX well
teT

where II contains policies that map the history to a joint assortment and discrete pricing decision
S € F. We follow the approximation framework discussed in Theorem 2.1 to solve the problem.

Offtine decisions with revenue-based rounding: Defining

Tikd = DPikd — VikdCid T %‘kd(l - hid)pfd - ’Yikdhidcfdv
which is assumed to be positive, and
4 l—s
aipa(l) = 1— hidz fira(s) Zgid(T) > 1—va > 0,
s=0 =0

we can write the CDLP for the dynamic joint assortment and discrete pricing problem as

UB(z) = max SN A9 YD bS] @) ri(w) (H.9)

teT SeF ieEN kek
t
s.t. ZZZ Z¢ (Slz)ay (t—T1|x) < Ci(x) VteT,ieN,
T=1SeF keK
D A(S) <1 VteT,
SeF
2'(8) > 0 VteT,SeF.

Here the notations such as ry(x) and C;(x) are defined in a similar fashion to our previous
discussions. The readers may compare this formulation with the original upper bound (3.1) and we
remark on two facts. First, compared with the setting discussed in the main body, we exclude the
pricing decision from the offline product design decision. Instead, we can adjust the prices for each
arriving customer. Both formulations root from industrial practices and a practitioner can choose
the model that best fits his or her application. Second, from an assortment optimization perspective,
it is helpful to think of each product-price pair as a “product.” However, a naive approach of
introducing binary variables x;,4 requires additional constraints to maintain that the same design
applies all prices of the same product. This causes difficulties in optimization. Instead, in (H.9),

we keep the decision variable z;; and adapt the capacity constraints by summing ¢7, (S| x)a;, over



ec46 e-companion to Optimizing Offline Product Design and Online Assortment Policy

all k € K in the left-hand side for each : € N and ¢ € T. It turns out that we can fully extend our
previous approach under this formulation.

To start, it is easy to verify that this is indeed an upper bound to E[ZteT Rf(m)] for every
x € X and 7 € 11, following the same argument as in Theorem 3.1. Further, similar to the discussion
in Section 3.1, we introduce the extended ground set M = {i¢ :i e N,k € K, d € D;}. On the
ground set M, we are interested in assortments in G ={A C M : ]A N A4 <1, VieN,deD},
WhereAid:{i k € K} for each i € N and d € D;. Let A(S,x) = {i{ : (i,k) €S, ziy=1} and

{A S eF } We assume that the choice models d)l ¢?%,...,¢T are consistent in the
sense that there are choice models ' 42, ... ¥T such that for any £ € X and S C N, ¢ (S|x) =
Y,;a(A(S,x)) for all d € D; with x,4 = 1; ¥" satisfy the substitutability assumption for all ¢t € 7. We
also note that both F and G are downward inclusive. We remark on a key property that will be

useful later.

Lemma H.4 Let us fir x € X.
(1) G(x) CG.
(i1) Assume that A € G\G(x). Define A'={if € A : x;5=1}. Then A’ € G(x).

Proof: We first argue the first part. Consider A(S,x) where S € F. Fix i e N. If |S N S;| =0, then
clearly A(S,x)N A;; =@ for all d € D;. Otherwise, assume that S N S; = (i, k). If ;4 =0, it must
be that A(S,z)NA;; =0 by the definition of A(S,z). If 2,4 =1, clearly A(S,z)N A;q= {i{}. This
proves the first item.

For the second part, we fix any : € N and d € D;. By the definition of G, if A N A;; # @, it must
be there is a unique k(i,d) € A;4 such that ig(i7d) € A. Then clearly

= {iﬁ(i’d) €EA:|ANAyy=1 and z;= 1} =A(S,x),

where S € F is the collection of (¢, k) such that for ¢ € N there is a unique d € D; with |A N A;4| =1,
xiq=1 and k= k(7,d). |

With the definitions so far, we consider an alternative CDLP formulation defined on M as

VB = max Z Z y'(A) ZZ Z ¢fg(A)7”ikd (H.10)

teT Aeg i€EN kEK deD;
t
s.t. Zzy Zw de t—’T) < Cidxid \V/iEN,dEDi,tET7
=1 A€g ke
> yhA) <1 VieT ,
Aeg

which is an analogue to (3.2). We next prove the following.
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Theorem H.5 (Equivalent Representation with Pricing) For each x € X, UB(x) = VB(x).

Proof: We only sketch the proof here because the argument is very similar to that of Theorem 3.5.
Let us fix € X. Consider an arbitrary feasible solution z = {2!(S):t€T,S € F} to the upper
bound UB(x) in (H.9). Then for each A € G, we define

J(A) = { gt (S) gtfl};(;z;;).{ists S € F such that A= A(S,x)
We notice that the mapping A(-, ) from F to G(x) is a bijection so y'(A) > 0and ), ,4'(A) < 1
for all ¢. Also, because of the consistency assumption, it holds that ¥!,(A(S,x)) = ¢}, (S|x) if
Tig=1. If 2,4 =0, ¥, (A(S,x)) =0 by definition of A(S,z). Therefore, kfy the same argument as
in Theorem 3.5, the (I:apacity constraint is satisfied and the objective value of (H.10) with vy is the
same as UB(x). Therefore, UB(x) < VB(x).

To prove the reversed equation UB(z) > VB(x), the key is to observe that it still holds that
there always exists an optimal solution y to VB(x) such that y'(A) =0 if A ¢ G(x). Indeed, if
7'(A;) >0 and A, ¢ G(x), we can define A} ={i¢ € A, : z;,,=1}. By Lemma H.4, A} € G(x). For
any if € A;\ A}, we argue that it must be that wfg (A;) =0. Indeed, feasibility implies

0> > > 7 (A vh(Aaut—7) = 7(A)Y (A1~ ira)

=1 A€g ke

SO 1/de (A;) =0. Therefore, we can apply the same iterative procedure as in Lemma 3.4 to construct
a sohkltion y with exactly the same objective value such that g(A) >0 only when A € G(x). Then,
we let {g'(A): A € G} be optimal to the linear program associated with VB(x) such that *(A) =0
for all t € T and A ¢ G(x). For each S € F, let z/(S) =gy'(A(S,x)). Using the same argument
leading to Theorem 3.5, we can show z'(.S) is feasible to UB(x) with the objective value equal to
VB(x). For instance, we can verify the capacity constraint as follows. Fix any i € N and t € T,

there exists an d € D, such that x;; =1 with

D) Y du(Sle) Y AS.2) Y v(AS) E Y §A)Y v(A)

SeF kex SeF keKk AcG(x) ke
93P A v(A)
Acg kel

where (a) follows form the construction of z and the consistency assumption of the choice mod-
els, (b) follows because the mapping is a bijection, (c) follows because y'(A) =0 if A ¢ G(x) by
construction. This shows that the capacity constraints are satisfied. In summary, it must be that

UB(x) > VB(x), so the desired result holds. [ |
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Therefore, we solve a linear programming relaxation problem Z" = max,c,1r VB(x), where

XLP:{:BG[OI > wa=1, 34 >0 VZENdED}.

deD;

We allow each z;4 to be any fractional value in [0,1] and round the fractional solution to obtain

an integer solution. For each y = (yt(A) tAegite T), let

Reviq(y) = Z Z y'(A) Z Vla(A)T ik,

teT Acg keKx
which is the revenue contribution of design d of product ¢ in the optimal solution of the linear
relaxation. With this definition, the execution of the revenue-based rounding is exactly the same
as the discussion in Section 4.1.
Recall that as defined in Section 2.3, Eff,g(x) = UB(x)/UB" for any x, where UB" =
maxgzey UB(x). Then the next result follows. We only provide a sketch of the proof, because it

follows the same line of analysis leading to Theorem 4.2.

Theorem H.6 (Offline Effectiveness with Pricing) Effog(z") > J .
Proof: We start with some preliminary definitions. Let P ={B=(By,...,B,) : B, CD;,Vie N'}.
Let X =0, 1]*. Note that X** C X. For each B € P and u € X, define the linear programs Z*(B,u)

and Z?(B,u) be defined as follow:

Z'(B,u) = max ZZ;,%A)ZZZ%(A)W

teT Aeg ieN deB; kek
t

s.t. Zzy Zw Qikd t—T) S Ciduid ViGN,dEBZ‘,tGT,
=1 AEG ke
> yiA) <1 ViteT,
Acg

and

ZBou) = max D> y(A)Y, > > V(A

y= teT Aeg 1EN deD keK
t

s.t. Zzy Zw Qjikd t—T) < Ciduid ViGN,dGBi,t€T7
=1 AEG ke
t
DD VA v Aaia(t-1) < 0 VieN,deD;\B;, teT,
=1 Acg ke
> yi(A) <1 VteT.
Acg

With these definitions, we can establish the following identities.
(i) For each BCP and ue€ X, Z'(B,u) = Z*(B,u).



e-companion to Optimizing Offline Product Design and Online Assortment Policy ec49

(ii) For each ® € {0,1}* and w € X, UB(z) > Z'(B(x),u), where B(x) = (Bi(x),...,B.(x)),
where B;(z) ={d €D, : z¢=1}.
(17i) For each B € P and (&,y) that is a feasible solution to the linear program Z¥,
Z'(B,E) > > ) Reviy(y) .
ieN deB;

Let us verify the item (i), which involves a slightly different dual formulation, compared with the
proof of Lemma D.1. Fix arbitrary B € P and u € X. Consider any feasible solution to Z2(B,u).
From the constraints associated with Z?(B,u) and the fact that 0 < 1 —y;zq < aura(t — 7) for all
i €N and d € D;, it follows that

Therefore, the objective function for the linear program for Z2(B,u) is equal to

Z Z y'(A) Z Z waz(A)ﬁkd )

teT Aeg ieN deB; kek
which is the same as the objective function for Z'(B,w). Since the optimization problem for
Z*(B,u) have more constraints and we are maximizing, it follows that Z?(B,u) < Z*(B,u).
To establish the reverse inequality, we use strong duality of linear program, which shows that

Z*(B,u) = (Afg)igo Z)\t + Zzzciduidafd

teT teT ieN deB;

T
st AP > Z Z wag(A) (Tz'kd — Zaikd(T _t)9§d> VteT,Aeg,
T=t

iEN deD; keK

- i, TN DS Cun,

teT teT €N deB;
T
st AP > rggé(z Z waz(A) (rikd — Zaikd(T —t)Hfd> VteT,
ieN deD; kek T=t
and similarly,

2B = i, SN+ XS Cunt

teT teT ieN deB;

T
s.t. )\t Z Z Z Z¢:Z (A) (Tikd — Zaikd(T — t)@fd> Vte T, A S g,
T=t

1€EN deB; kek

- i, SN S Cund

teT teT ieN deB;

T
st AP > Igl?é{z Z Z?/):z(A) (rikd - gaikd(T—t)Gfd> ViteT.

1eEN deB; kek
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To prove that Z2(B,u) > Z'(B,u), we will first establish the following claim.

Claim: For each @ >0 and t € T,

maxz Z Zwt (rikd — Zaikd(T — t)Qfd> > maxz Z Zwt <rikd — Zaikd(T

1€EN deD; kek iEN deB; kek

The above claim shows that the feasible region associated with Z?(B,u) is a subset of the feasible

region for Z'(B,u). Because we are minimizing and the objective function is the same in Z'(B,u)
and Z%(B,u), it follows that Z?(B,u) > Z'(B,u), which is the desired result.
To prove the claim, let Q = {i € M : (i,k) e N x K,d € B;}. Then, we have

1}41252 Z Z%g (A) <Tz'kd - Zaikd(T - t)@d)

€N deB; kek

2 D033 w4 ( - Zam 95d>

1EN dEB; keK

T
Aeglafi{cQ ZZZW (r”“d - Zaikd( _t)‘%l)

iEN deD kek

S ) ) T CHES W R

©

1EN deD kek

where (a) follows because we only consider products in @ in our objective function, so by the

substitutability property of the choice function 1?, it is not optimal to include products outside Q.

Indeed, let us assume

A = arg max Z Z Z@/}f <Tikd - Z Qika (T — 75)%1) :

zeNdGB keK T=t

We can remove products if from A with i € AN Q, Tigg — Sor_, Qira(T — )0, <0 and if € A\ Q.
Substitutability implies the choice probability of any i¢ € An Q with r;pg — Zf: , Qia(T =)0, >0
will increase and we obtain a (weakly) better assortments. Equality (b) follows because A C Q, so
¥ (A) =0 for all if ¢ Q. The proves the desired claim.

kVVe note that items (i7) and (7iz) can be established with exactly the same argument of Lemma
D.2 and Lemma D.3. With these items established, we can verify the proof of Theorem 4.2 line by
line to prove Theorem H.6. |

Solving the continuous relaxation: Along the same line of discussions as in the Appendix F, to

solve Z" = max,41r VB(x), we can derive its dual as

Z% = Inln an Z)\t (H.11)

n
8. iEN teT
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st.om > > Cll, VieN,deD;,
teT

t
Xz SN (A (raa— Y aualr—0)0L)  ViET,A€g,
T=1

1EN deD; kek

0:,>0, \X'>0 VieN,deD,teT.

The dual has exponentially many constraints, but we can approach the problem with the ellipsoid
method. In particular, this requires us to solve the assortment optimization problem

max 3 ve(A)pu (H.12)

Acg oy

for each p € RY. Let us recall that G={ACM:|ANA, <1, VieN,deD,;}, where A;y =
{i¢ : k€ K}. Then (H.12) is referred to as the static assortment and discrete pricing problem in
the literature. Under the MNL model, (Sumida et al. 2021) show that this problem can be solved
exactly and efficiently as a parameter linear programming problem although no polynomial running
time guarantee is not provided. Following this approach and using the same analysis leading to
Theorem F.2, we can solve Z" = max,,1r VB(z) exactly by solving a polynomial number of
parametric linear programs. Furthermore, Sumida et al. (2021) also provide an FPTAS for the
problem under the MNL model If we use this approach as our separation oracle, we can obtain an
FPTAS for Z'F following the analysis of Theorem F.5. Then using the counterpart of Theorem 4.4,
we can obtain a (1 —4) approximation to the offline design problem.

Dynamic joint assortment and discrete pricing problem: Next, we consider optimizing the online

allocation policy following the value function approximation discussed in Section 5.1. Let us fix an
offline design . We also assume without loss of generality that ci;, = p$, = ¢f; = 0 and therefore
Tikd = Dixa; See Lemma 5.1. We need to define our state space differently to accommodate the
pricing decision. In particular, we define the state vector ¢ = (w,w), such that for each i € N, w;
corresponds to the on-hand inventory available for selling, w;, captures the number of units that
are being reprocessed for exactly £ periods for every £ > 1, w;, is the number of units sold with
price p;rq that are with a customer for exactly ¢ periods, where d € D; is such that x;; = 1. The set

of feasible states are given by

Q(w)z{ Zwlwzzmkmc \m'e/\/}.

ke (=1

We further define

Aiké(w) = Ber(%ke(aﬁ))7 B,; = Bin (ZZ kéAvki z(w)),

Ci(z) = Bin(B;(z), ¢io(x)) and Dy(x) = Bin(wi, ielx)).
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We let W(q,z) = (U(g,z),U(q,x)) describe the system dynamics when we do not offer any
products. Particularly, for each i € N/,

wio+ Ci(z) + > 0o Dis(x) if £=0
Ui(q,z) = { Bi(x) — C;(x) if (=-1,
w; -1 —D; (0 —1|x) if £>2
and for each i € N and k € K,

_ Wi (1= Ajpor(m))  if £>2
Uire(q,x) =
0 if /=1

Using 0 to denote a vector of zeros of appropriate dimensions. We can describe the dynamic

programming formulation as

J(q|z) :E[Jt+1(W(q,w) ‘ w)} + max {ZZqﬁ (S|x) [rzk( )

SeF w1 V(ik)es | Lt
+ (1—yiko(m))<E[Jt+1(W(q,:c)+(—ei0,eik1 | m)} —E{Jt“(W(q,a:) | m)D
+ Yino(@)hi(@) (1= Gol@)) (B[4 (W (q,) + (—ew + €0, 0) @) | — E[ I+ (W (q,2) ) )

+ ’yiko(az)(l — hz(az)) (IE [Jt“(W(q,w) — (€i0,0) ’ sc)} —E[JHl(W(Q,.’B) ‘ :B)D] }7
(H.13)

which is analogous to (5.1). Computing the value function J* < Yien Ci(T)eq

a:) exactly is again
intractable and we propose a greedy assortment policy ¥ based the following linear value function

approximation: for each state g € Q(x), define

Ji(qlx) = Z(ZW M+ZZ@M mz) : (H.14)

ieN (=1 kek

where the coefficient [!,(x) denotes the marginal value of product i’s on-hand inventory, f!,(x)
represents the marginal value of each unit of product i that is being reprocessed for ¢ periods, for
each ¢ > 1, and Bfkf(a:) captures the the marginal value of each unit of product ¢ that was sold
with price p;rq, where d is such that x;; =1 and is being tried by a customer for ¢ periods, for each
(>1.

We define these coefficients recursively as follows. We initialize by setting 8™ (x) = 0 for all
ieN and £>0 and X (x) =0 for all (i,k) e N x K and £ > 1. We also recursively define for
t=T7,T-1,...,1

(@) = ra(@) + (1= quo(@)) (B3 (@) = Bl (@) +viro(@)hi(@) (1 = Go(@)) (B (=) — i ()
—ino(2) (1 = hi(@)) B () (H.15)



e-companion to Optimizing Offline Product Design and Online Assortment Policy ecH3

for all ¢+ € N'. Furthermore,

Al(z) = arg max ZZ(b (S|x)&, (). (H.16)

iEN ke

We also define for each i € N and t € T,

0 (®) + o L OH(AN@) [2) () i =0
() = . (H.17)

Ce(@)Blg () + (1= Cu(®))BLE () if £>1

and

Bire (€) = Yine(®) hi(®) Gio(®) Bl () + Yare (@) hi () (1= Gio(@)) B () + (1= vine(®)) B4
(H.18)

for all £ > 1. These coefficients admit similar intuitive explanations of those defined in Section 5.1,
but are adapted to fit the current model. For example, in (H.17), the marginal value of a unit of
on-hand inventory of product i, f},(x), takes into account of the possibilities of all possible price
allocations. With these definitions, define 7w’ as the policy that offers the following assortment to

customer t € 7.

G'(q|z) = arg max {ZZW Slx)e! )} (H.19)

10>1 ieEN keK
v (i,k)eS

We state the key result regarding the bound on the conditional online effectiveness of policy .

Theorem H.7 (Offline Effectiveness of Pricing) For each x € X and w',

Effon (| 2) = [ZR” } > o

teT

Note that this result assumes that we can solve (H.16) and (H.19) optimally, both of which takes
the form of a static joint assortment and discrete pricing problem. As remarked, this can be done
using parametric linear programming (Sumida et al. 2021). Otherwise, FPTAS for the two programs
also possible, and in this case, we can obtain a policy with online effectiveness at least (1 vy with
total running time polynomial in n, 1/€ and T, following the discussion in Rusmevichientong et al.
(2020). We next give the sketch of the proof of Theorem H.7.

Proof of Theorem H.7: We first remark on the following critical properties that hold for all
xeX,teT and i € N. They follow from the same argument that leading to Lemma G.3. We skip

the details of these arguments.

(i) Bio(x) = Big ' ();
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(7i) For each £>1,

o)=Y {cz-,m(w) (ﬁ (1- <i,e+h<a:>>) f;”l(a:)} (11.20)

s=0 h=0

and for all ke

e ( (@)Y [%k ots(T (H (1- %k,Hh(az))) (Z J(p|x)B t+5+”+1> ] (H.21)

s=0 h=0

(7i7) For all >0 and all ke K

fin(l| ) = Yire(x H —virs(x)) and  g;(¢|x) = () H (1= Gis(x)). (H.22)

Let V'(q|x) denote the expected revenue under the greedy policy 7w’ in periods t,t+1,...T, given
that the system state is q in period t. With the three properties listed above, we can prove the
following two critical results.

(iv) For each x € X, jl(zieN Ci(x)eq :13) > JUB(x).

(v) Foreachte T,z € X, and g€ Q(x), Vi(q|x) > J'(q|x).

One can verify these two results step by step following the analysis of Lemmas G.2 and G.2.

Particularly, one can equivalently write UB(x) in the dual form of Eq.(H.9) given by

UB(z) = (i,%i)go Z)\t—l—ZZC

t=1ieN

T
s.t. )\t>zz¢ (S|x) [rlk(a:) - Zaik(T—ﬂw)GZ] VSeF,teT,
T=t

ieN ke

We will verify that (X,8), defined by X' = 3", Cs()(BL(z) — Blg (%)) and 0! = Bif ! (x) — B (x)
for all t € T is a feasible solution to the dual linear program above. Fix an arbitrary S € F. By
definition of 6!,

T
ZZd) (S|x) [ ra(x) — Zaik(T—tlw)éZ]
ieEN keK T=t

= > > dulS|a) |ru(e) - B (@) +hi(=) Y Bl (x) (Zfik(5|m)gi(€x|m)>
1EN ke £=0 s=0 (H23)

following exactly the same argument as (G.5).
Next, we claim that

L

(@) = ru(@) =B (@) +hi(@) )BT (@) (Zfik(sm)gi(ﬁ—ww)) (H.24)

s=0
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Indeed, we note that &, () can be expanded as

ra(x) —

(%) ()

For (x), using exactly the same steps as in the proof of of Lemma G.2, we obtain

s=1

(1 — Cz()(m)) ftl(m) Z [flk (Z g; p ’ o t+s+p+1>]

Also, it follows from (H.21) that (*x) can be simplified as

(1 B %ko(w)) ~fl+1($) - (1 o %’fo(a’))hi(w) Z [%é,l+s(w) 1:[ (1 —Yiearn(T <Z 9:(p|x) t+“+p+2>]

s=0 h=0

h'=1

= (1= ino(2)) hi() {’mé/ (x) 1__[ (1 —ien (z (Z gi(p| )l +p+1>]
=h;(x) Z Vies' () l:I (1 —yiew (z (Zgl (p| )85 +p+1>]

s’'=1 h'=0
®) S §
(@) S | futs (zgzmx ot ) |
s’=1 L

where (a) follows from changing the indexes and (b) follows from (H.22). Therefore, noticing that
Yiro = fir(0] ) and (o = ¢;(0] ), it follows that

rie(@) = (1= (@) (0] @) 0] 2)) 8 Z[m (Zgym )]

s=1

+ fu (0] z)h (Zgz )80 " (&) — g:(01 08" (x ))

Tik(‘”) t+1< )+h ( )Z [fzk (Zgz p‘ t+s+p+1>]

s=0

() — B @) + i) S (me |2)gi(¢ —sas>>

£=0

where both (c¢) and (d) follow from algebra and this verifies (G.6).
Combining (H.23) and (H.24), we have that

36| ) W@_zaik@_m)ég] Y A ED N A

1EN ke

1EN ke 1EN ke

() 3

= ) Cil@)(Blo(x) - B (=) = N, (H.25)
ieEN

where (e) follows by the optimality of A’(x) and (f) follows from (H.17). Next, we notice that

fo(x) >

Bl () for all i €N, £ >0 and x. As a result, (X,0) is feasible to the dual program.

(1= Ri(@)yino ()0 () B () + (1= 7iro(®)) B () + Yiro(@)hi() (1= o)) B () -

()



ecH6

e-companion to Optimizing Offline Product Design and Online Assortment Policy

Then, plugging the values (3\, é) into the objective function of the dual program and using the

same steps as in the proof of Lemma G.2, we obtain

< ET:X ZZC )0l < " Ci(w)

t=1 ieN iEN

<2J1(ZC’ x)e

x)+ Z Ci(x :1:)
ieEN

ieN
This verifies (iv). For (v), we use induction to show that V*(q|x) > J'(q|x) for all ¢ € Q(x) and
t € T. This clearly holds when t =T + 1. Then, assume that Vit (q|x) > J'*!(q|z). It holds by

definition that for all i € N/
E[Aike(x)] = vire(x), and E[Dy(x)] = wieCi(x) V> 1,

x)Gio(T) Z Z ikeAire(T

keK =1

), and E[C;(xz)] =

fl?) Z Zﬁ)isziu(w

ke =1

E[B ()] =

Therefore, using the same computation as (G.8), we can show that

Z (Z (’wiéﬁfz(w) + Z Wie Bl

E{jtﬂ(W(q,w) ‘ :1:)} =
ieEN \ £>1 kek
where (a) follows by definition of gf,(x) for all £ € Z and ¢ # 0. Using the induction hypothesis

:1:)) + wio Bl (z )) (H.26)

and noticing that the coefficient of each E[V**!( - |m)] term on the right-hand side of (G.2) is

non-negative, we obtain that

Vi(g|z)

(Ze) E|:jt+1(

@) [ )]+ 3> dh(s|a)

o
ieEN ke

+ (1 —%ko(a:))(E{jt“(W(q,az)—i—(—eio,em) | az)} —]E[jt“(W(q,w) | m)])

+ Yivo(@)ha(@) (1= Go()) (IE [jt“(W(q,m) + (e +eﬂ,0)|x)} —E[th(W(q,m)}@D

@) (B[ (W(a.2) - (e.0) | )] ~E[1 (Wia.)|2)]) | |
—i-zwzeﬁle ) + wiBli (z )4-22(1) (S|x)

kek ieN kek
()) 81 (@) + (1 =y () (B () — B ()
1, CzO )) ( t+1(x) - zt(jl(:r))

z)(
)(1 = B

(wllﬁze
)(1—

z)(
z)(
) hi(

+ FVsz

z€f\f<€

- ’szo

i

+ fYZkO

Wiy B

(wzéﬁze

>1

@ <
ieEN \ £>1
>1

(9) (
>
iEN l

+ Z wzéﬁz@

ke

+ Z wzéﬂze

ke

) + Wio t+1 $ )

+ )N (G )¢

€N ke

4 ZZgb <Atﬂ{z/~c): wiozl}\a?) i ()

iEN ke

()
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(g) <Z (wwﬁfz(a’) +Zu~)ié/§fe(m)> + ’wzoBtJrl ) + Zzﬂ{wmx}ébzk A |iU) r(T)
ieEN \ 1 kex €N ke

(@) -

> <Z (Wﬂ;}(m) - Z@M&(m)) + wio B (x ) - ZZ w“’ LAl z) €l ()
iEN \ £>1 kek 1EN kEIC

- [Z (wlﬁ/@fz(w) + Zwlééfé(aj)> + Wio < t+1 + Z O At ‘ 513) ( )) ]
ieEN L e>1 ke ke

<

)
=
Y
W™

g

o~

=

N

+zzwzkeﬁzke ) = J'q|x).

>0 >1 kek
The inequality (e) follows from the induction hypothesis. The inequality (f) follows from the
definition of &/, (x) for all i € N and ¢ € T. The inequality (g) holds due to the optimality of G*.
Also, notice that ¢, (At NA{(i, k) : wyp > 1}|m) < ¢l (A'|x) by our assumption on the choice
model ¢!, (-| ). Also, by the definition of A, it must be that &}, (x) > 0 if ¢!, (A" |x) > 0. Therefore,
inequality (h) follows. (7) follows because w;o < C;(x). The inequality (j) follows by the definition
of B!, (x). This establishes (v).

With claims (iv) and (v) established, one can show the desired result following the proof of
Theorem 5.2 This finishes our proof. |

H.3. Simultaneously Offering Multiple Designs

In this part, we consider the setting in which multiple designs of the same product can be offered at
the same time. For each product i € N/, we assume that we can offer at most K; designs, so the set of
feasible offline design decisions can be denoted as X™' = {a: €{0,1}F 1 > p, mia <K Vi€ N}
Other than offering multiple designs, we maintain the same setup as discussed in Section 2. Clearly,
allowing offering multiple designs requires a different method for solving max, yms UB(2), which
is the focus of discussion in this section.

In this setting, it is more convenient to direct define choice probabilities ¥;(A) where A € G and
G represents the set of feasible assortments defined on the ground set M = {i? : i € N, d € D;}. We

assume that G is downward inclusive. Then, let us define
:{AEQ AN {iteM xid:()}:@}

and we may adopt the following CDLP formulation for each design & € X™!:

UB(x)=max > 37 #(A) 3 wla(A)r (H.27)

teTAeg(w) 1€EN deD;

s.t. Z Z (A)g(t—7) < Cigria  VieN,deDyteT,
T=1 AegG(x)
Y yi4) <1 VieT .

AcgG(x)
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Note that G(x) is the set of feasible assortments that are aligned with the product decision x. It
is easy to verify that the CDLP is indeed an upper bound of the dynamic assortment optimization

problem for each & € XY™, Further, let

VB(z) =max 334 (4) Y Y v (H.28)

teT AeG ieN deD;

t
st > Y Yy (AWL(A)aat —1) < Cigmig VieN,deD;teT,

=1 Aeg

> yiA) <1 VieT .

Acg
Following the same argument leading to Theorem 3.5, we can show that there is an optimal
solution to VB(x), in which we only offer products in G(x), so UB(x) =VB(x). Let us also define

Z™P = max, e ymute VB(x), where

AP = {w€[071]L : Z:EidSKi: Tiqg >0 ViGN’dGDZ} :

deD;

Then, we can modify the revenue-based rounding for the multiple-design setting as fol-
lows. We name this as the revenue-based ranking algorithm. Similar to ZY, ZmulP g
also a linear program and we can solve it to obtain z™P = (:Jc?dm’LP :ieN,deD;) and
ymutP = (ymitPt(A) 0 A€ G t € T) as the optimal solution to Z'P™!. Recall that we have defined
in Section 4.1 that, Revia(y) =riaD e 2o acg ¥ (A)Yi(A) for any given y, which is the revenue
contribution of design d of product ¢ in the optimal solution of the linear relaxation. We may
assume that Rev; (y™"*) > Rev;p(y™"F) > ... > Rev,p,(y™"*") for each i € N without loss
of generality. We can then obtain the offline design decision ™" by setting de“"H =1for d<K;

mul,H __
and x;; " =0.

mublH - extending the

The following theorem characterizes a guarantee for the design decision x
performance bound of the revenue-based round in Theorem 4.2 to the multiple-design setting.
Again we let Effog(x) = UB(2)/UB” for any @, where we have UB" = max, ymi UB(). Note that

when K; is close to D;, the performance guarantee is close to one, which is desired.

Theorem H.8 (Offline Effectiveness with Multiple Designs) Eff,g(z”) > min;cpr %

Before proceeding to the proof, we remark that exactly the same value function approximation
as discussed in Section 5.1 can be used to compute an effective online policy in our new setting.
With the same analysis, we can show the expected revenue of this online assortment policy is at
least half of UB(x). Following Theorem 2.1, we obtain a performance guarantee of %minie N % for

the joint optimization problem.
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Proof of Theorem H.8: The proof is similar to that of Theorem 4.2. Let us recall Z'(B,u) and
Z*(B,u) defined in Appendix D.1 for any B € P, where P = {B =(By,...,B,) : B;,CD,,, Vi EN},
and u € X = [0,1]*. We note that using the same argument as in Lemma D.3, we can show that

for each B € P and (Z, %) that is a feasible solution to the linear program ZmhtP,

> Z Z Reviq(7) - (H.29)

i€EN deB;

For cach i € N, let B; = {d € D; : 27" = 1}. Note that B € P. By (H.29),

Zl( muI LP Z Z ReVl muI,LP Z Z ZL'mUI HReVid (ymul,LP) (_i) Z Z ReVid (ymul,LP)

1EN dEB; 1€EN deD; 1EN d<K;

()
ymuLP Ny gL

> E E Rev7 ) > <£r€1}\r[1 > g E Rev,q )

16/\/ dED i€EN deD;
d K; Q) . K,
@D (min=t).z™P > (min—' ) max UB(z) ,

ieN D iEN i xcxmul

mul, H

where (a) follows the definition of B and (b) follows from our construction of zj,"" where z; =1

if and only if 7 < K. The inequality (¢) follows because by assumption
Revil (ymul,LP) Z Revﬂ(ymul,LP) Z L 2 ReViDi (ymul,LP)

and therefore for each i € A/

il Z Revi muI,LP) _ % (Ii Z Rev,, (ymu|7LP)> n Dil;K ( Z Revi mu|,LP)>

' deD; v v a<K, Y d>K;
Ki 1 mu D mu
< D, (Kz Z Reviq (y "LP)> +— < Z Reviq ( "LP)>
d<K; v d<K;
1 mu
< 3 Reva (5™,
d<K;

The inequality (d) is from the fact that (z™"P y™"") is an optimal solution to Z%°, so
ZME =37 en 2oden, Revia (y™"F). The final inequality (e) follows because
Z™P = max VB(xz) > max VB(z) = max UB(z),

me‘)('mul,LP mGXm“I mGXmUI

where the last equality follows from Theorem 3.5. Because UB(z™") > Z1(B,z™"F) by Lemma
D.2, it follows that UB(z™") > (minie/\/ %) -max,eymi UB(x), which is the desired result. W

H.4. Probabilistic Customer Arrivals

In this part, we briefly remark on how to extend our model to a setting in which at most one
customer arrival in each time period. In particular, we assume that with probability p' € [0, 1], a

customer arrives on the platform at each period t € T. After the customer arrives, all the subsequent
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events follow the same manner as our original model. If no customer arrives, then no assortment
is offered and no purchase would take place at period ¢. Our original model corresponds to the
case where p' =1 for all ¢t € T. Following our notation in Section 5, for t =T,T7 —1,...,2,1, the
value function satisfies the following dynamic program equation given the aforementioned system

dynamics:
J'(q|x) ZE[J”l(W(q,m) | w)] +pt-S€f:g}f§W€S{Z¢§(Slw) [m(w)
- iEN
+ (1—fyi0(az))(E[Jt+1(W(q,az) —en+en | a:)} —E{J”l(W(q,a:) ! m)])
+ 'yio(a:)hi(zc)(l - Cio(ili)) (E [Jtﬂ (W(q,sc) —epn+ e@_l‘m)} -E [J”l (W(q,x)‘a:)D

+ Yio(x) (1 — hi(x)) (IE [Jt“(W(q,a:) — ey | w)] —E[Jt“(W(q,iE) ]m)D} }

We can transform the above dynamic program equations into our original formulation in (5.1).

In particular, we define a new choice function ¢' as follows: For all t € T, let
G1(S|w) = p'¢l(S|z) and &) =1—p'+ p'¢f(S|x)

for all ie N, Se N, and & € X. We can verify that ¢ is a valid choice function because for all
SeN and z € X:

o Yien PHS|Z) + Go(Slz) = p'(1 = ¢4 (S|2)) +1 = p' + p'ef(S|) =1,

e 0<@i(S|x)=p'¢!(S|x) <1 for all ie N and 0 < ¢}(S|x) =1—p' + p'¢}(S|x) <1, and

o ¢H(S|z)=p'¢l(S|z) =0 for all ic N\ S.
With the definition of ggt, we can transform the dynamic program equation above as

J'(q|x) :E[Jt+1(W(q,ac) | m)] + max {nggf(éﬂm) [rl(m)
ieN

+ (1= i0()) <I[‘E[Jt+1 (W(g,xz)—en+en ‘ w)} —-E {Jt“ (Wi(q,x) ! w)])
+ o(@hi(@) (1= Go(@)) (E[ T (W (q,2) — e + €51 |2) | ~ BT+ (W (q,2)|) |)

+ Yio(x) (1 — hi(x)) (IE [JtH(W(q,a:) — ey | ar:)] —E[Jt“ (W(q,=) ’a?)D} },

which is equivalent to our original setting in (5.1). Therefore, the value function approximation as
discussed in Section 5.1 can be applied in this setting.

For optimizing the offline decision, it remains to show the gzgt consistent as long as ¢' is consis-
tent. Suppose that 1! is a discrete choice function defined on the extended ground set M that is
substitutable and consistent with ¢‘. We can define a discrete choice model 1/~Jt on the extended

ground set M in a similar vein as ¢'. Then, we can verify that for each z € X and S C N,

Gi(S| @)= p'¢i(S | @) = p'dja (A(S,x)) = a (A(S, )
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for d € D; such that x;4=1. It is easy to verify that @t is also substitutable. Therefore, ét is con-
sistent and all results on performance guarantees in our paper, such as Theorem 2.1, Theorem 4.2,
Theorem 5.2, can be applied.
Last, we remark that the static assortment optimization problem
max d% Via(A)pia= (1= p") +p" - maxiy(A) i

can be efficiently solved, as long as the original assortment optimization problem maxacg ¥/ (A)ftiq
is efficiently solvable. This allows us to solve the continuous relaxation Z in (F.1), compute the
coefficients for value function approximation using (5.4), and decide the assortments to offer in the

greedy policy by solving (5.6). With this. we conclude our discussion.

Appendix I: Parameter estimation

In this part, we explain the data estimation procedure based on the ISMI durable good dataset
that is used in Section 6 and will be used subsequently in later sections of the appendix. We
estimate the experiment parameters using the data of the Cordless Phone subcategory from 1999
to 2003. We select the items with sales greater than or equal to 11, resulting in n =91 items and
1589 transaction data. We estimate two critical components of the problem: the customer’s choice
model and the distribution of the trial duration.

Clustomer choice model: We assume that the customer choice model follows the MNL choice

model and is non-stationary. We model the non-stationarity by partitioning total time span (5
years) into several seasons, denoted as set S. Specifically, we first partition the data based on year
since the retailer sells very different products across different years. Then, we partition the 12
months in each year into seasons, which we explain in detail later. We assume that the customers
in the same season share the same choice model. In other words, the demand is stationary in the
same season. We assume the preference weight of item j under price p; for customers in season s
is v;(p; | s) = exp{us; — Bsp; }, where uy; denotes the nominal utility for each item j during season
s, and B, denotes the price sensitivity parameter in season s. We assume that the store offers the
full assortment to every customer. Therefore, we can write the probability that item 4 is purchased

in a transaction sample during season s given item prices {7;};en as

P(purchase i|s) = vilri] 5) = exp{us; = fori} , VieN.
Zje/\/ Uj(rj ‘ S) Zje/\/’ exp{usj - /Bsrj}
Let {tk, (Pr, D3y ,pZ),yk}::l denote m transaction data points, where ¢, is the month that

the k-th transaction took place, pi is the price for product i at the time of the k-th transaction,
and y; indicates the product that is purchased in the k-th transaction. For each data point, we

only observe the price of the purchased item. Thus, we interpolate the missing price values using
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the average price of each item. Based on our assumption, the log-likelihood for a data point given

seasons S, u, and 3 is

Eﬁ({tkv (pllgapia e 7172)’%}:;1 |S,U,,8) = log (H HIP’(purChase Yk ‘ S)H[tkes})

k=1s€eS

m { B " 1t €s]
exXpi s, — Bs
log H H ( P\ Us,y, Py >

k=1s€S Zje/\/ exp{ug; — ﬂspi}

- Z Z ]l[tk S S] <us,yk - Bepgk - log Z exp{usj _ 5917?{}

k=1 s€S JEN

We carefully determine the selling seasons S using a clustering algorithm and the cross-validation
(CV) procedure. We randomly pick 80% percent of the data as the training data and the rest 20% as
the testing data. We conduct a top-down hierarchical clustering on the training data to find the best
partition of months into seasons. We start with the trivial season set {{Jan, Feb, ..., December}}
for each year and iteratively partition the months until our stop criterion is met. At each step, given
a potential partition of seasons, we can estimate w, 8 via the maximum likelihood E=estimation
(MLE) method under the constraint that w >0 and 8 > 0. Then we select the best partition
among all partitions based on the log-likelihood of the five-fold CV. We terminate the clustering
procedure when the gain in CV log-likelihood is less than 0.001. The resulting seasons are shown
in Table EC.1. Our proposed estimation model gives an average of CV log-likelihood = —1.902
annually.

Note that if we fit a standard MNL model, i.e., v;(p; | s) = exp{u,;} as our baseline, the average
CV log-likelihood of the baseline is —4.278. Significant goodness-of-fit improvement is achieved.
We re-train the final model on the entire training set with this partition. This demonstrates the
advantage of our incorporating the effect of prices. The out-of-sample log-likelihood of the final

model is —2.264 on the testing set.

Year Seasons

1999 {{Jan, Feb, Mar, Apr, May, June, July, Aug}, {Sept, Oct}, {Nov, Dec}}

2000 {{Jan, Feb, Mar, Apr, May, June}, {July, Aug, Sept}, {Oct, Nov, Dec}}

2001 {{Jan, Feb, Mar}, {Apr, May}, {June, July, Aug, Sept, Oct}, {Nov, Dec}}
2002 {{Jan, Feb}, {Mar, Apr}, {May}, {June, July, Aug, Sept, Oct, Nov, Dec}}
2003 {{Jan, Feb, Mar}, {Apr, May, June, July}, {Aug, Sept, Oct, Nov}, {Dec}}

Table EC.1 Estimated Seasons From Hierarchical Clustering

Take year 2002 for example, the estimated price sensitivity parameter is 0.008 for s; ={Jan,

Feb}, 0.0289 for s, ={Mar, Apr}, and 0.0537 for s; ={May}, and 0.0263 for s, ={June, July, Aug,

) |
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Item S1 S2 S3 Sa
0 1.00 4.01 1.00 1.00
1 3.15 6.74 10.22 6.50
2 1.95 3.89 1.95 5.88
3 2.28 4.11 2.28 2.28
4 2.95 2.95 2.95 2.95
5 3.48 7.24 10.49 6.91
6 2.67 3.60 2.67 3.35
7 2.95 2.95 2.95 2.95
8 2.50 3.00 5.43 2.50
9 0.73 3.34 3.99 3.29
10 1.04 4.65 4.36 3.30
11 3.12 8.30 3.12 3.12
12 0.51 4.30 0.51 4.94
13 2.87 2.87 2.87 6.06
14 2.70 6.00 2.70 2.70
15 0.00 6.35 0.00 6.21
16 0.00 0.00 0.00 5.08
17 0.00 0.00 8.40 6.36
18 0.00 0.00 0.00 7.39
19 0.00 0.00 0.00 5.15
20 0.00 0.00 0.00 6.12
21 0.00 0.00 0.00 5.07

Table EC.2 Estimated nominal utility parameters

Sept, Oct, Nov, Dec}. The estimated nominal utilities of the products sold in 2002 are summarized
in Table EC.2. Clearly, there is a notable difference in utilities between seasons.

Distribution of the trial duration: As explained, the retailer offers different set of products over

time. Furthermore, the customers choice behavior also seems to evolve over time, evidenced by
differential utility parameters across different years even for the same product. Therefore, it is
difficult to “pool” all the data together and estimate only one model for our numerical experiments;
doing so leads to inferior fits in experiments. As a result, we build our experiments based on the
estimation result and data for 2002 (the year with the largest amount of sales) to narrow down the
set of products in a relatively stationary operational environment. In this part, we aim to estimate
the distribution of the return time, or trial duration, in terms of its hazard rate from the data in
2002, which contains 306 transaction samples. The main challenge lies in the fact that we do no
know the actual trial duration of the items that are not returned in the dataset, unless we have
observation of an infinite number of time periods. To deal with this censored data, we assume that
a time window of length 7' (days) such that no customer returns will be allowed after T'. We treat
T as a hyper-parameter and choose the best value through cross-validation.

According to our model, trial ends independently in each period. Let ((pk,t,yi)fil)ﬁzl denote

the trial data, where for each data point k, p; is the price for the purchased product, T} is the
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length of the trial period during the observation time window, and y}, denotes whether the item is
being returned at period t=1,...,T}. Note that T} can be equal to zero, meaning that the item is
returned in the same day. If the item is returned with in the observation time window, then y. =0
forall t=0,...,7, — 1 and ykT’“ = 1. Otherwise, there is no valid observation of the trial duration,
and we let T, =T for simplicity of analysis. In this case, y} =0 for all t =1,...,T}. Note that, for
each of the 306 transactions in 2002, we have T}, independent observations.

We assume the trial ends with probability h independently in each period. In other words, h is
the hazard rate of the trial duration. We assume that the hazard rate of an item being tried for
t periods satisfies h(r,t) =1/(1+ exp(Sip+ Pat)), where r is the price of the item and 5; € R is a
coeflicient associated with the price, and 8, € R is a coefficient associated with the time period.

The log-likelihood of the dataset given ; and S, is

ce({{petai) 2} [818) = 10 (If[lﬁ(l—h(pk,t))lyi’h(pk,t)yg
m T

= Z [(1 — ) (B1pk + Bat) —log (1 + exp(Bipi + Bat)) |-

k=1 t=1

We use the MLE method to estimate the value of 8; and 8,. We split the data into 80% training
set and 20% testing set. We conduct a 10-fold cross-validation on the training set to find the best
observation time window over T'= {50, 100,...,500}. Since we have multiple observations for each
transaction data point, a training set with around 200 transaction samples would yield a dataset
with around 9000 observations even with the smallest stopping time 7' = 50. Therefore, the dataset
is sufficiently large for cross-validation. The best observation time window is 7™ = 200, with CV
log-likelihood = —0.007. We compare the baseline model that assumes a constant hazard rate and
observation time window T = 500. In particular, the MLE estimator for the baseline model is
h= S y/ O, T +m). The CV log-likelihood of the baseline model is —0.021. We re-train
the entire training set with T = 200 to obtain the final model. The out-of-sample log-likelihood of
the final model is —0.008 on the testing set.

Appendix J: Numerical Experiments on Return Eligibility

In this section, we discuss the numerical experiments on the RE application, still on the ISMI data
set. We adopt the same estimation procedure as discussed in Appendix I, and the same joint opti-
mization schemes as described in Section 6. We will discuss the experiment setup, computational
results, and main findings in the next. This discussion shows that our findings in Section 6 are

robust with respect to different applications.
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J.1. Experiment Setup

We let D = {1, 2} and designate d =1 as the non-returnable version of a product and d =2 as the
returnable version the product. For each product i € N/, we let the maximum price in the dataset
be the price of the designs, so p;1 = p;2 = p***. We randomly sample the initial inventory level C;
from the uniform distribution over [10,20] N Z. We set C;; = Cy = C; for all i € N'. We generate
a sequence of T'= oy, ).\ C; customers, where oy, is the experimental parameter that controls
the load of the customers relative to the inventory level. A larger op, indicates a more congested
system. Furthere, we let v, be the preference weight of the d-th design of item ¢ at time ¢. We
assume that the customers’ choice decisions follow the MNL choice model {¢'};c7 such that the
choice probability under assortment A C N\ is:
vhiTa + vhTs

vy + ZjeAUJt‘lle + U§237j2

o(A|z) = fic A, VieN.

Our estimation procedure yields the nominal utility @} > 0 for each item and the price sensitiv-
ity (' for each t € T. The net utility of item ¢ given price p is assumed to be af — Btp. We assume the
data is collected under a fully returnable design. Therefore, the estimated utility parameters corre-
spond to design d = 1. We set v}, = exp(a} — fBtps) for all t € T. We assume that the nominal utility
of the non-returnable version of each product is nit, where 7 is generated uniformly at random
over [0,1]. In particular,  represents the discount of the nominal utility when not being allowed to
return the product. Thus, v}, = exp(ni! — B'p;;) for all ¢ € T. It remains to generate the preference
weight for the no-purchase option. Let «f, denote the no-purchase probability when we offer full
returnable products and full assortment for arrival t. We randomly sample «f from {0.25,0.75}.
The preference weight of the no-purchase option is therefore vf = ofy /(1 — ) - >, pr Vlo-

Similar to the experiments for the BOGO design, we set the hazard rate of the trial duration for
each item as (1 —oR)%; + or, where og is an experimental parameter that controls the likelihood of
return. We consider different load parameters oy, € {1.8,2.0,2.2} and return likelihood parameters
or €{0.0,0.5,1.0} x 10~3. For each combination of experimental parameters, we randomly generate
50 problem instances, and for each problem instance, we generate 50 sample paths and calculate

the sample average revenue.

J.2. Computational Results

We present our results in Tables EC.3 and EC.4, which correspond to Tables 2 and 3 for the
BOGO application discussed in Section 6. Specifically, Table EC.3 highlights the effectiveness of
our proposed joint optimization scheme. Among various joint optimization schemes tested, the
combination of (zgrey, VFA) consistently outperforms the others in most experimental setups. This

result emphasizes the significance of simultaneously considering both product design and dynamic
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Problem Upper Effectiveness of Offline Dec. and Policy Comb. (% of UB*)

Param. Bound TRrev TNoR LNoC
o, or(x1073) | UB* VFA MY IB VFA MY IB VFA MY IB
1.8 0.0 10195 96.19 93.55 93.78 95.95 93.50 93.62 90.89 88.21 88.98
2.0 0.0 10229 96.68 94.08 94.80 95.61 93.24 94.22 91.08 88.39 89.43
2.2 0.0 9966 95.84 95.17 94.85 95.22 94.38 94.25 92.50 90.35 90.77
1.8 0.5 9404 96.25 94.38 94.41 95.62 94.06 93.94 89.56 87.88 88.22
2.0 0.5 9388 96.01 94.53 94.51 95.11 93.51 93.56 89.33 88.81 88.71
2.2 0.5 9054 95.83 94.78 94.40 94.64 93.84 93.44 91.03 89.97 89.77
1.8 1.0 8742 96.51 95.00 94.75 95.96 94.42 94.30 90.53 89.82 89.47
2.0 1.0 8674 96.77 95.50 95.11 96.24 95.06 94.62 90.96 89.93 89.80
2.2 1.0 8310 97.03 96.16 95.57 95.93 95.25 94.79 91.88 91.14 91.03

Table EC.3 The upper bound UB* and the effectiveness (%) of the joint optimization schemes for each problem
parameter. The table shows that (zrev, VFA) outperforms the other schemes by a margin of 1%-8%.

Eff o (- | Zrev) Effon (- | Znor) Effon (- | Znoc) Effore()
o or(x107%)| VFA MY 1B | VFA MY 1B | VFA MY B | Zpyv @k Tnec
1.8 0.0 97.10 94.43 94.66 | 97.33 94.82 94.96 | 97.58 94.49 95.44 [ 99.07 98.58 93.06
2.0 0.0 97.74 95.12 95.84 | 97.80 95.36 96.36 | 97.96 94.90 96.13 | 98.91 97.75 92.88
2.2 0.0 97.26 96.58 96.27 | 97.28 96.41 96.28 | 98.41 95.97 96.52 | 98.53 97.88 93.90
1.8 0.5 97.15 95.26 95.29 | 97.26 95.68 95.55 | 97.81 95.83 96.29 | 99.07 98.30 91.46
2.0 0.5 97.35 95.84 95.82 | 97.57 95.91 95.96 | 97.67 96.94 96.87 | 98.63 97.47 91.40
2.2 0.5 97.77 96.69 96.30 | 97.76 96.92 96.50 | 98.45 97.22 97.08 | 98.02 96.79 92.34
1.8 1.0 97.20 95.77 95.51 | 97.29 95.73 95.60 | 97.79 96.91 96.59 | 99.20 98.64 92.51
2.0 1.0 97.72 96.44 96.04 | 97.81 96.59 96.14 | 98.06 96.90 96.78 | 99.03 98.40 92.66
2.2 1.0 98.21 97.33 96.73 | 98.11 97.39 96.93 | 98.41 97.54 97.45 | 98.80 97.77 93.28

Table EC.4  Conditional online and offline effectiveness (%) averaged across the 50 problem instances.

assortment optimization, as demonstrated in Section 6.4. Moreover, this finding suggests that the
benefits of joint optimization can be extended to other contexts. Similarly, in the RE application, it
is crucial to account for both capacity and returns. Table EC.4 separates the performance of offline
and online decisions. We observe a similar trend as in the BOGO application. The offline design
decision plays a primary role in differentiating the performance of joint optimization schemes.
We carry out a two-way ANOVA on the data detailed in Table EC.3, similar to our application
of the BOGO design. For further details, please refer to Appendix K. The analysis reveals that
offline decisions account for 85.0% of the total explainable variance observed in the data, while
online decisions explain 7.4% of the total variance. In line with our BOGO design application
discussed in the appendix, offline decisions continue to exert a more significant influence. However,
in this application, online assortment policies gain more importance. This underlines the fact that
the relative significance of these two types of decisions is dependent on the specific application.
Consequently, effective optimization strategies for the online decision, such as the value function

approximation proposed in Section 5.1, can be pivotal in achieving high joint effectiveness.
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Appendix K: Two-Way Analysis of Variance (ANOVA) on the Experiment Results

In this section, we present the details of the ANOVA on results from the numerical experiments
on the BOGO design and RE design presented in Section 6 and Appendix J, respectively. We
first discuss the ANOVA analysis for BOGO. Our methods follow the standard literature on the
ANOVA (e.g., see Chapter 3 of Wu and Hamada (2011)). In particular, let s € {REV,NoR, NoC}
and t € {VFA,MY,IB}. Also, let each k correspond to a (o,0r) combination. Then, we use Y to
denote the average percentage of the upper bound achieved by a (s,t,k) combination, and there
are a total of 81 data points as in Table 2. We treat s and t as two treatment factors. To focus
on the effects of offline and online designs, we consider the variation arising from different (o7,0r)

configurations as noises. Therefore, we assume a two-way layout with interactions as
Y;tk - 77 + 05 +£t +wst + estka \V/S,t, k;7

and correspondingly decompose observed data points as

Ystk = Yoo + (s = Yo) + (ot = Go) + Uste = Ysoo = Yto + Goo) + Ystre — Yst.), Vs, L, k.

As a result, we can generate the following two-way decomposition of the sum of squares in Table
EC.5. The first column of Table EC.5 gives the source of variation. The second column exhibits
the formulas for the decomposition and the third column shows the values for each sum of squares.
The last column presents the ratio between the corresponding sum of squares value and the total
sum of squares in percentages.

In Table EC.5, we first observe the dominating impact of offline decisions (i.e., 94.0% of total
variations explained) and the minor role of online decisions (i.e., 2.5% of total variations explained).
This contrast clearly shows that for the BOGO design application, the offline decision plays a
vital role. We also observe that the impacts from interactions are very small (i.e., 0.03% of total
variation as shown in the third row of Table EC.5). Therefore, the impacts of offline and online

decisions are mostly additive.

Source Sum of squares formulas Sum of squares value Percentages
Offline (s) 273 (Fs.. —G..)? 4730.5 94.0%
Online (¢) 273, (Je. — 7. )2 124.3 2.5%
Offline X Online (s X t) 9> . > (Wst. — Y. — Goo. +7...)? 1.5 0.0%
Residual > ok Wt — Pse)? 178.9 3.6%
Total S oWtk —5.0)2 5035.2 100.0%

Table EC.5  Two-way ANOVA table for the BOGO design experiment data
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We conduct the same ANOVA for the RE design on the 81 data points presented in Table EC.3
and present the result in Table EC.6. It is interesting to observe from Table EC.6 that the online
design is of much more significance for the RE design compared to the ANOVA results for the
BOGO design in Table EC.5. We also consistently observe a virtually non-existent interaction effect

in Table EC.6 for the RE design experiment.

Source Sum of squares formulas Sum of squares value Percentages
Offline (s) 275 (s —7...)° 455.6 85.0%
Online (t) 273, (Je. —7...)? 39.8 7.4%
Offline x Online (s X t) 9> . > (st — s — Gt + ... )2 0.4 0.1%
Residual > ok Wtk — Pse)? 40.5 7.6%
Total Sk Wtk — §.)? 536.2 100.0%

Table EC.6 Two-way ANOVA table for the RE design experiment data

Appendix L: Computational Robustness of Revenue-based Rounding

In this section, we provide additional numerical experiments on our revenue-based rounding. In the
first experiment, we focus on the computational time of reveune-based rounding, and in the second
we gauge its performance under multiple designs. We use the same dataset, estimation procedure,

and joint optimization schemes as described in Section 6 and in Appendix I.

L.1. Computation Time of Revenue-based Rounding

We examine the computation time under the same experimental setting in Section 6. We
consider the number of items n € {5,10,15,20} and the length of the planning horizon T €
{1.0,1.2,1.4,1.6} x 50. We generate 50 instances of the problem for each combination of (n,T")
following the protocols described in Section 6. The computation times in seconds for each (n,T)
combination are recorded in Table EC.7. The results of our study show that revenue-based rounding
is computationally efficient; notably, the computation time appears to increase linearly in relation

to both the number of items and the length of the planning horizon.

T (x 50)
" 1.0 1.2 1.4 1.6
5 1.27 1.82 2.54 3.23
10 2.78 3.94 4.98 6.10
15 4.15 5.39 6.73 7.74
20 4.91 5.86 6.91 7.92

Table EC.7  Computation times (in seconds) of the revenue-based rounding algorithm
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L.2. Effectiveness of Revenue-based Rounding with Multiple Designs

To augment our numerical experiments thus far, we consider a scenario in which multiple design
options exist for each product. In this experiment, we concurrently determine the eligibility for
return and the price discount applicable to the products. Each design embodies a distinct combi-
nation of return eligibility and discount level. We designate {;}, to represent the set of discount
levels, with K being the total number of discount levels. We posit that v, € (0,1] forallk=1,..., K.
For instance, implementing a discount level v, = 0.8 equates to offering a 20% discount. As each
discount level can be associated with two return options, we have a total of D = 2K designs. The
total number of designs D € {2,4,6,8} can be adjusted by manipulating the proposed discount
levels, as depicted in Table EC.8.

For each product i € N, we let the original price p®* be its maximum price in the dataset. We
let design d € {1,2,..., K} represent the non-returnable version of the product with each discount
level, so p;q = pi*®*~y, for all i € N. Similarly, we let design d € {K +1,K 4 2,...,2K} represent
the returnable version of the product with different discount levels, where p;q = p**v,_k for
all i € N. We randomly sample the initial inventory level C; from the uniform distribution over

{10,12,14,16,20} and let C¢=C; for all d€ {1,...,D} and i € N.

D Return Eligibility Price Discount

2 {Yes, No} {100%}

4 {Yes, No} {100%, 90%}

6 {Yes, No} {100%, 90%, 80%}

8 {Yes, No} {100%, 90%, 80%, 70%}

Table EC.8 Experiment Setup of Multiple Designs

For simplicity of the experiment, we focus on the setting with homogeneous customer arrivals.
Recall that our estimation procedure yields the nominal utility 4 > 0 for each item and the price
sensitivity Bt for each t € T, which is utilized in Section 6. The net utility of item ¢ given price p is
assumed to be 4} — Btp. In this experiment, we select the first period ¢ = 0 for all arriving customers
to construct our experimental instances. Following this set up, we assume that v, is the preference
weight of the d-th design of item i at each period and that the customers’ choice decisions follow
the MNL choice model ¢ such that the choice probability under assortment A C N is:
>_aep VidTid

Vo + Dicadonen VinTin

Similar to our discussion in 6, we assume that the estimated utility parameters correspond to the

¢i(Alz) =

1ic A, VieN.

basic design. Therefore, we set v,y = exp(d) — Bopm) for all d € {1,2,..., K}. We assume that the

nominal utility of the non-returnable version of each product is nit, where 7 is generated randomly
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uniformly over [0, 1]. In particular, n represents the discount of the nominal utility when not being
allowed to return the product. Thus, v,y = exp(nil — 3%p;q) for all d € {K +1,K +2,...,2K}.
It remains to generate the preference weight for the no-purchase option. Let ay denote the no-
purchase probability when we offer a fully returnable design and full assortment for arrival ¢t. We
randomly sample aq from {0.25,0.75}. The preference weight of the no-purchase option is therefore
vy =ao/(1—ap) - Y.\ via- We set the return likelihood parameters og = 0.001 and generate a
sequence of T'= o1, ) . Ci1 customers for oy, € {1.0,1.2,1.4}. For each value of (D,oy), a total of

50 problem instances is generated.

Number of Designs Load Parameter Offline Effectiveness
D oL Effor(rev)
2 1.0 99.3
2 1.2 99.2
2 1.4 99.6
4 1.0 98.1
4 1.2 97.2
4 1.4 96.8
6 1.0 96.2
6 1.2 94.4
6 1.4 92.8
8 1.0 95.7
8 1.2 91.3
8 1.4 90.0

Table EC.9  Offline effectiveness of revenue-based rounding with multiple designs

Table EC.9 demonstrates the high effectiveness of the revenue-based rounding method, even
when handling a large number of designs. With an empirical performance exceeding 90%, it sig-
nificantly surpasses the theoretical lower bound. Moreover, we consistently observe that the REV
approach outperforms both NoC and NoR when considering multiple designs. These findings empha-
size the robustness of the revenue-based rounding method in real-world datasets, showcasing its

applicability across a wider range of scenarios.

Appendix M: Further Integration of the Joined Decisions: A Coordinate Descent Algorithm
Recall that in this paper we have developed a two-step framework to solve the JPDAO problem
(Theorem 2.1). In the first step, we obtain an offline design decision £” by approximately solving
the problem max,cx UB(x) using the revenue-based rounding algorithm (Section 4). In the second
step, we compute 7w by finding an approximate solution to max,cy J(xf,7) using the value
function approximation method (Section 5), where for notation simplicity we define

J(x,w) = E[ ZRZ’(m)]

teT
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as the expected revenue from a joint decision (z, 7). One might argue that our solution ()

is not fully integrated, because, upon a closer look, one can observe that no information regarding

7l is incorporated into the computation of &’. In other words, there is no “feedback loop” from

7l to . In this section, we present an initial exploration towards fully integrating x and 7.
On a high level, the JPDAO problem can be regarded as a joint optimization

max J(x, )
(x,)eX XII

with two sets of decision variables & and 7. Naturally, the well known coordinate descent procedure

presents the blueprint for solving problem of this type as follows. We first initialize an offline

decision ¥, Then in each iteration k=1,..., K, we compute
7% = argmaxJ(z* Y, 7) and =™ = argmaxJ(z,7"), (M.1)
mell xzeEX

where K is a pre-set upper bound on the number of iterations. Conceptually, the techniques that we
developed in this paper can be regarded as a single incomplete iteration in the the above procedure.
Namely, we provide an initial solution (®) = 2. Then, we computation () = 7 by finding an
approximate solution to max, J(z(®), 7). If we keep iterating the aforementioned procedure, we
might hope to achieve a tighter integration of offline and online decisions.

The coordinate descent algorithm requires us to solve both problems in (M.1) in each iteration
k. While there are various heuristics to solve the first problem in (M.1), including the value func-
tion approximation method we develop in Section 5 with a provable performance guarantee, it is
challenging to solve max,cx J(z, 7*)). A notable reason is that J(z,m*) depends on the offline
decision @ in an extremely complex and non-linear way. The CDLP upper bound, UB(x), which we
use as surrogate problem of max, J(&,7) in our approximation framework proposed in Section 2.2,
does not contain any information about the specific choice of policy 7, so it is not applicable in
the coordinate descent algorithm. However, motivated by our theoretical development, we next
propose the following remedy to infuse information about the policy into the CDLP upper bound
as an approximation to J(x, ) to apply the coordinate descent framework.

Given any x € X', we obtain greedy policy m(x) using the approach in Section 5. We can run
simulation experiments to get an empirical estimate of the probability of purchasing each item
during each period by the policy m(x) given x. Let o= (il :i € N,t € T) denote the empirical
estimate, where [if represent the frequency of offering item ¢ during period ¢ by the policy across
all simulation runs. We can embed f into UB(x) to construct a CDLP that captures the specific

information of the policy. In particular, we define

UB(z; 1) = max Y > 2'(S) ) oi(S|@)ri(x)

teT SEF 1EN
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s.t. ZZZ )67 (S|x)a; (t—7|x) < Ci(x) VteT,ieN,

=1 SeF
Y A(S) <1 VteT,
SeF
Z(8) > 0 VieT,SeF,
Y. AS)iS|m) - ji| < e VieT,ieN  (M.2)
SeF:ieS

In essence, UB(x; 1) is the restricted version of UB(x) with an additional constraint (M.2), which
requires that the probability of offering each item at each period given z deviate from the empirical
estimation fi! for at most e. We let € > 0 be a tolerance parameter. Since [ is obtained through sim-
ulation by running 7 (), we hope to use (M.2) to make sure that the feasible z incorporates infor-
mation regarding 7(x). Therefore, we regard max,cx UB(x; 1) as a proxy to maxzer J(x, w(x)).

In a similar vein, we define

VB(x; I;l;léi Z Z y'(A) Z Z ¢fd(A)7’id

teT Aeg €N dED;
s.t. Zzy Olld(t— ) S Cidxid ViGN,dGDi,tGT,
=1 AEqG
> oyA) <1 ViteT .
Acg

> D v (A)— | < e VieNteT (M.3)

deD; AeG:ide A

Following the proof of Theorem 3.5, we note that VB(x; 1) = UB(x; ). We use UB(x; ) and
VB(z; fx) to fill in the missing piece in (M.1) of the coordinate descent procedure. One caveat
is that VB(x; 1) is not always feasible due to the noise in the estimator f in constraint (M.3).
Therefore, for computational purposes, one can consider adding the violation of constraint (M.3)

as a penalty to the objective function:

VBA(mi ) =max 3 > yM(A) Y D (A=A Y | Y y(A)vu(4) -

teT Aeg 1€EN deD; teT ieN | AcG:idcA
s.t. ZZy A (t—7) < Ciaxig VieN,deD;,teT,
=1 A€g
Zyt(A)Sl VieT .
Acg

In particular, we remove (M.3) and add it as a penalty into the objective function with penalty

weight A > 0. We treat A as a hyperparameter, which can be determined by a grid search in practice.
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In summary, based on the idea of coordinate descent, we develop an iterative algorithm to better
integrate offline design and online assortment policy, as stated in the following. We let K represent

the limit on the number of iterations.

Approximate Coordinate Descent Algorithm

Step 1 (Initialization): Initialize z(®) by solving max,cy VB(x) approximately using the revenue-

based rounding method.

Step 2 (Iteration): For k=1,..., K do:
2.1 (Online Policy Optimization) Compute online policy 7*) by approximately solving
argmax,..r; J (x*~V, ) with the value function approximation.
2.2 (Simulation and Estimation) Estimate i(*) by simulating the online assortment opti-
mization problem with policy #*) under design 1.
2.3 (Offline Design Optimization) Compute *) by solving max,cx VB(z; 2*)) approxi-

mately with the revenue-based rounding method.

Step 3 (Output): Return (%), 7(%)).

We note that again K represents the iteration limits. We also note that the previous construction
of UB(x; 1) and VB(x; f1) requires that the CDLP captures the probability of offering each product
at each period by the target policy.

M.1. Numerical Results
We note that our proposal here is heuristic in nature. Unfortunately, we are not able to provide
a theoretical performance guarantee for the iterative algorithm. In the following, we resort to
numerical experiments to examine the empirical performance of the iterative algorithm.

We randomly generate 50 problem instances with load parameter o, = 1.2 with the same spec-
ification as described in Section 6. We adopt the sales-based construction for computational con-

venience, similar to our discussion in Section 6 as follows:

WP (2; ) = max ZZ Z ridwfd—)\zz Z wh, — W}

teT ieN deD; teT ieN | deD;

t
s.t. Zaid(t—T)de < Ciaia and wl, < vfwd VieN,deD;,teT,

=1
wé+ZZw§d <1 VteT,

iEN deD;
wh >0, w, >0, VieN,deD;teT.

We run the approximately coordinate descent algorithm with K =5 iterations and penalty

parameter A € {0,10,...,130} for each problem instance. Particularly, A = 0 represents our original
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method without integration. We still focus on the effectiveness metrics, similar to our experiments
in Section 6. For each A, we record the maximum overall effectiveness achieved among the K
iterations for every problem instance. The results are plotted in Fig. EC.1. We use dots to represent

the result for each A\ value. We also plot a smoothed curve with a moving average window of three

for better visualization.

Figure EC.1 Overall effectiveness and Decomposition to offline and online effectiveness
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Figure EC.1a displays the average maximum overall effectiveness across 50 instances for different
penalty parameters. The results indicate an initial performance improvement of the iterative algo-
rithm with increasing penalty parameter values. However, this improvement eventually plateaus
and reaches a point of diminishing returns. Approximately half of the instances exhibit enhanced
performance as a result of the iterative algorithm. Within this subset, the algorithm achieves a
maximum improvement of 3.23% and a mean improvement of 1.35% in the effectiveness. To further
analyze the effectiveness, we decompose it into offline effectiveness and conditional online effective-
ness, as shown in Figure EC.1b and Figure EC.1c, respectively. This decomposition is performed
at the iteration that achieves the maximum effectiveness for each instance. Notably, we observe
that the quality of offline and online decisions change in opposite directions. The primary driver
for the observed performance improvement appears to be the offline decision.

The following observations can be drawn from this experiment. Firstly, the introduction of online
policy data into the computation of offline decisions via the approximate coordinate descent algo-
rithm bolsters the joint method’s effectiveness. This is primarily achieved through an enhancement
in the effectiveness of the offline decision, influenced by the feedback from the online decision.
This method shows promise. Secondly, careful hyperparameter tuning is necessary to optimize
performance improvement. More specifically, it is noted that the increased effectiveness in offline
operations comes at the cost of conditional online effectiveness when the hyperparameter is large.
This initial exploration of integrating joint decisions with the coordinate descent algorithm indeed
suggests potential, but a deeper understanding of the underlying theory is required. This calls for

future research to be dedicated to this direction.
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