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Parameters Explanation
tand T Time indexes.
K The decision set: K ={1,2,..., K}.
Ry and R; The reward, where ke C, t=1,2,...,T, and i =1,2,...,n.

X, @, x; The covariates vectors, where X,,x,xz; € R, and t =1,2,....T.

d, s The dimension of total covariates and the dimension of significant covariates.
prue User’s true parameter vector corresponding to arm/decision k.

f), L£() The sample-wise loss function and the negative log-likelihood loss function.
f;(|y), f;;(\y) The first and second order partial derivatives of f(-]y) with respect to y.
Tmaxs; Fmaxs Positive constants that bound parameters defined in assumption A.1.

C A positive constant defined in assumption A.2.
Ko, K The optimal and suboptimal decision sets defined in assumption A.3.
U, A subset of users’ covariates defined in assumption A.3, where k € K.
h, p* Positive constants defined in assumption A.3.
o, Oy Positive constants defined in assumption A.4.
K The restricted eigenvalue constant defined in assumption A.5.
@eracle - glasso - gW The oracle, Lasso, and weighted Lasso estimators.
- The decision-makers’ policy: @ = {m;};>1, where 7, € K is the decision pre-
scribed by policy 7 at time t.
RE(T) The cumulative regret up to time 7.
A The sample set that contains only i.i.d. samples out of the whole sample set.
w Non-negative weights vector for weighted Lasso in Eq. (6), w = (wy,ws, ..., wg).
P, .(7) The MCP penalty function with positive parameters a and .
MCP arandom awhole Lhe MCP estimator, the MCP estimator under the random sample set R,
s B B and the MCP estimator under the whole sample set W.
a, A1, A20,t0 Input parameters for the G-MCP-Bandit algorithm.
do(, to) do(t,to) =2((to +1)/(e(t +1)))".
d1(n, |Al,¢) 51 (n,|Al,¢) = 2sexp(—%) +exp (—C1|A|).
da(n, A}, \) 8a(n, | A, A) = ddexp(— 550 — (5 — 1ai)?)-
S NP Terms defined for Proposition 1: & = {i : [8/™°] > (fﬁlﬁ + a)\};
L Ps/s psss, =Bss, — B&)s /185" — Bg |1 if S; # S and 0 otherwise.
R The set contains the user covariate X generated by the e-decay random sam-
@k pling method for arm k.
Fi A filtration defined as F; = {(X;, R;) for j <i}.
C Defined in the proof of Proposition 4 and used in Proposition 2, 4-6, and
0 Theorem 1; its dependence on T, d, and s is Cy = O(s*logd).
4 Defined in the statements of Lemma EC.1 and EC.2; C, = O(s™2).
T T Defined in the proof of Proposition 6 and used in Proposition 6 and Theorem
0=t 1; To = O(s*logd) and Ty = O(B,7, - s*log d), where Sumin=min;c gk rex |8
C,,Cy,Ci,Cs Defined in the proof of Theorem 1; C, = O(1), C3 < @((1 + Pmax)>s?logd),

507817 ---,55,(i,j),t(w)

{Mi(i)}

Cy=0(1), and Cs = O(s?).
Series of events.
Martingale sequences used in the proof of Proposition 5.
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EC.1. Appendix: Main Proofs
To simplify the notation in the E-companion, we denote Vg F'(x) as the vector with elements (VF(x));, i € B,
where (-); is the i-th element in the vector. Similarly, we denote V. F(x) as the matrix with elements
(V2F(x)):;, i € B,j €C, where (-);; is the element in i-th column and j-th row. To prove the main lemma,
propositions, and theorems in this section, we need four additional technical lemmas (i.e., Lemma EC.1
to Lemma EC.4), whose statements and proofs are given in §EC.2 of this E-Companion. For notational
convenience, we will omit parameters’ subscripts corresponding to the choice of arms, as long as doing so
will not cause any misinterpretation.

Proof of Lemma 1 From the optimality condition of Eq. (3) and B°'2¢® being the optimal solution,

we know that

(Igoracle) —0. (ECI)

Expanding Vs£(8) in (EC.1) at B¢, we can show that via the mean value theorem, for some £ € {73°racle
(1—m7)B'"e, 7 €10,1]}, the following result holds:

Vé,sﬁ(é) (Iggracle _ I@fgrue) =0— vsﬁ(ﬁtrue)
= ( gracle _ true) V‘QS s (5) (Iagracle _ true) _ (Igoracle ﬂgrue)TvSL(IGtrue)

= UTV2£(€)U — _(/@gracle _ ,@fgrue)TVSE(,@true), (EC?)

where in (EC.2) we denote u = 3°7¢l° — 3'Tu¢ and use the fact B3¢ = BUN° = 0 to expend the left-hand side
to d dimensional space. By the definition of 3°r2°!¢ and B%u¢, it is direct to show that ||use||; =0 < 3||us]||:.

From Lemma EC.1, we know that when |A| > C; 'logs, the following inequality holds with probability at
least 1 —exp(—C4].Al):

Alr
|2n| lus||i <u'VZL(E)u. (EC.3)
Combining (EC.2) and (EC.3), we have:
|AI€ oracle rue rue
A g2 < (B - BT VL)
| | ”6orac1e ﬁgrue‘|1§||ﬁoracle true” ||VS (ﬁtrue)”O<>

= ”6orac1e trueH1 HVS (/@true)”m. (EC4)

|A|
To obtain an upper bound for ||322<!° — 3&ue||,, we need to show that ||VsL(8""°)|| is also upper bounded.
e Upper bound for ||[VsL(8"")|

From the definition of £(-), we have

IVsL(B™) | , (EC.5)

]

Z R |XTﬁtrue)
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where we replace r and y in f;(r|y) by R; and X[B""° respectively, and X s is the subvector of X;
with elements in S. Under assumption A.4, f; (R;| X[ B"°) is a o2-sub-gaussian random variable. From the

Hoeffding inequality (see Proposition 2.5 in Wainwright 2019), for ¢ > 0, we have

“

where the right-hand side uses the fact that all realization ||#;]/cc < Zmax in assumption A.1l. Hence, via

1 - ’
n Z(Xj,i)fy(RﬂX]T,@'truc)

20212

max

>g> <2exp< ”C2> Vies, (EC.6)

union bound, we can show that

P (||VsL(8")]|o > ¢) = Z LR X8| >¢
SZP ( Z f R |XT5true) >C>
ics
< 2sexp ( 2252) , (EC.7)

where the last inequality in (EC.7) follows from |S| < s. At last, the lemma follows directly by combining
(EC.4) and (EC.7).

Proof of Proposition 1 Proposition 1 directly follows Proposition 3 by setting |A| = n.

Proof of Proposition 2 Under the e-decay random sampling method, the probability of randomly
drawn arm k at time ¢ is min{1,¢y/¢}/|K|, where |K] is the number of arms. Hence, at time T, the expected

total number of times at which arm k was randomly drawn is

L [ to
E[nk] = W Zmln ]-7 ? )
t=1

where the expectation is taken with respect to n;, the total number of random samples.

When T > to,

KN to K|
Elne] = <t0+ 3 t>|/c<” 3 t). (EC.8)

t=to+1 t=to+1

Since the function f(t) =1/t is decreasing in ¢, it can be bounded as follows

t+1 1 1 t 1
/ fdx<f</ —dx, t>2.
. T t 1T

As Cy > 20, we can verify that tg =2Cy|K| > 2. Hence, for any ¢ from ¢ + 1 to T, we have

log(T +1) —log(to+1) < Z % <log(T) —log(to)- (EC.9)

t=to+1

Combining (EC.8) and (EC.9), we can bound E[n,] as follows:

to(1+1log(T+1) —log(to+1)) < E[ng] < 7—=to(1 +log(T) —log(to)). (EC.10)

1 1
K| K|
Since ny = Zthl 1{random sampling for arm k at time ¢}, we can view n, as the summation of bounded

ii.d. random variables. By Chernoff bound (see Theorem 4 in Goemans 2015 by setting § = 0.5), we can
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have the following inequality:
1 3 1
P =E[ng] <ny < §E[nk] >1-—2exp _TOE[nk] . (EC.11)
We then relax the E[n,] in (EC.11) by using the upper and lower bounds provided in (EC.10) to attain
the following result:

IP<t0(1+log(T—|—1)—log(t0+1))<n <3t0(1+log(T)—log(t0))) 21_2< to+1 )m (EC.12)

2K| == 2|K| e(T+1)

When tq =2C,|K| and Cy > 20, we have 18\0@ = Cy/5 > 4. Then, this proposition follows directly by plugging
to = 2C,|K| back into (EC.12) and using the definition of do(T, 1) in the proposition statement.

Proof of Proposition 3 1In the first step of the 2sWL procedure, we solve a Lasso problem. From
Lemma EC.2, we know that if |.A| > C; ' logd, then the inequality ||3'25%° — Bt™ue||, < 2522 holds with high

probability. Beside set S; defined in (9), let’s consider the following index set:

24ns
- -, true .
Sy= {z. 87| < (| ” +a> A, i eS}. (EC.13)

Directly, we can show that

i €81 = |8%°| > a) so that w, = P (|81*°[) = 0;

48
i €8y = |B0| < (M’f + a> A and w; = P, (|B°)) < A, (EC.14)
where we use the fact that for all z >0
, x
Py ,(r) =max (0, A— E) (EC.15)
per definition of MCP penalty in (7). Similarly, for i € S°={i: |8!*™¢| =0,i € {1,2,...,d} }, we can show that
24ns 24ns

€S = |Blasse| < A and w; = P lassoy > (1 — A EC.16
8o g < T and w = P10 2 (1 25 ) (EC.16)

where the last inequality uses 1 — \%;1\7;2 >0 for a > ﬁ’ﬁj.

Let BMCP be the optimal solution to the second step of the 2sWL procedure. Using the fact that £(3) +

>¢_, wy|B;] is minimized at BMCP and the fact that £(3) is convex, we have

d d
LBYT)+ Y BT < LB ) + D w,|55] (EC.17)
Jj=1 j=1
d d
:>£(/8true) + Vﬁ(ﬂ“ue)T(ﬂMCP _ ﬂtrue) + Z wj|ﬂJMCP| < E(ﬂtrue) + Z wj'ﬁ;rue|
j=1 Jj=1
d d
:VAC(ﬂtrue)T(I@MCP _ I@true) + Z w; ‘/le\/ICP| S Z w; ‘ﬁ;ruel
=1 j=1
:V£<ﬂtrue)T(I@MCP _ I@true) + Z ’U)j|6J1-VICP| + Z wj‘/@]l_\/ICP| S Z wjlﬁ;ruel (EClS)
JjES2 jeSe JES2
:V£<ﬂtrue)T(I@MCP _ I@true) + Z UJj|BJN[CP _ 6;rue| S Z 'LUj|BJ1-VICP _ /8;r11e|. (Eclg)
JjES® JESo

where (EC.18) uses the observations that w; =0 for i € S; and g™ =0 for i € §¢, and (EC.19) uses the
observation that g™ =0 for i € S°.
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Let u = BMCF — Btrue Then, inequality (EC.19) can be further simplified as follows:

VLB ) T+ > wylug| <Y w; ] (EC.20)
jeSe© JjES2
= Z VLB )u; + Z w;|u;| < Z w; |u;|
JES1USUSC jeSe JES2
= (w; = [V,L(B"))u| < Y (w; + VLB ) s + D VL8 ||y
jeS*© JES2 JES

= (e = [|Vse L(B™) [loo)|tse l1 < (02 + [|V5, L(B™) [loo) 1uss, 1 + V5, (8™ oo [luas, 1, (EC.21)

where we define two positive constants, w. and ws, as follows:

24ns
o= (1- 22 )< ,
W, <1 |.A|/€CL> A Jrrelgg{wj} (EC.22)
and
Wy = A > max{w;}, (EC.23)
JES2

where the inequalities in (EC.22) and (EC.23) are from (EC.16) and (EC.14), respectively.
Now, we define the following event:

3

s = {1V L8 < S~ 2} (EC.24)

1
4
Then, under event &1, inequality (EC.21) implies
o= S+ 30 ) sl < (@ + 30— 32 ) s, +  J0. - 72 s,
- = = c —W, — — —W, — =W
W, 4wc 4102 Selll1 S | W2 4wc 4102 So|l1 4 4 2 Syl

1
==

- - 3 . N 3 . - -
4(wc+w2)||usc||1 < 1(“’2 + W) [Jus, |1 + 1(102 +0c)||us, [[1 — Wallus, |1
= (We + W) |luse ||y < 3(g + W) [|us ||y — 4ibz||us, |1
e s < sl = 2 fus, |
Usc u — u
sell1 < sl ot Sh il

Combining (EC.25) and Lemma EC.1, we can show that for all feasible &, the following inequality holds:
P (0 el <uT V2L () 2 1 e~ A, (EC.20

Now, we go back to (EC.17) and expand the £(3) term in the left-hand side at 8. Denoting u = M —

B¢ we can show that there exists a feasible & between 3" and B¢"“¢ such that

d d
L(B™) + VL(B™) Tt gu VALEu+ 3wl 5] < £(8™) + D wi |

=1 =1

d
rue\ T 1 Ty72 - MCP rue
S VLB Tt ul VALEu+ ) wilBTI < Y w8
|.A|I€ d d
=VL(B™) Tu+ MII%H? ‘*‘ZwiWZMCﬂ <> w8 (EC.27)
i=1

A d
=l sllf < 3 (VLB Juc b (18571 = 5)
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A rue rue

S s Y (B w87 - 185 (5C.29)
1€S1USUS¢

where inequality (EC.27) uses (EC.26) and we defer the consideration of the probability part via union bound

o (EC.34). Then, we can bound the right hand side of (EC.28) by considering i € S;,S, and §¢ separately.

LRSI

S (VLB s+ w87~ 6T )

1€S1
<D (VLB + w;) ]
1€S]
= > (IViL(8™)]) lui
1€S1
s, 1111 Vs, £(87) |loo (EC.29)

where the equality uses w; =0 for all i € ;.

eS8

S (LB s+ wi( |1~ |82T))

i€Ss
<3 (IV.L(B")| +w,) |ui
i€Ss
syl (175, £(87) oo +2) (EC.30)

where the last inequality uses w; < A for i € S,.
e €S°:

D (SVLL(B s+ (18] = |8HT)

eS¢

_Z V.. /Btrue BMCP z‘WJMCPD

i€SC

< (VLB )BT — wi| BMOF)

1€SC

3 1.
<X (G i) e
1€SC

<0, (EC.31)

where in the second-to-last inequality, we use the event ;.1 in (EC.24), and in the last inequality, we adopt
the fact that @, < w;, Wy >0, and w; > 0 by definitions.
Then, we combine (EC.28), (EC.29), (EC.30) and (EC.31):

A rue rue
P 1 < s, 11760 L8 o + s, s (V50 £08)] )
A rue
A I\us||1<||uS|| IV L8 o + Mlats, s
4ns lws, |11
=|lu v ,C true - . . 2
16ns 16ns llus, |11

=lully = [lus|i + Juse |1 < 4llus]l < IVSsL(B") || +

(EC.32)

Al (Al ™ luslly
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16ms 16ns [|B5CF — Bgre||

v true oo+
|./4| H S (ﬁ )H |.A| ||5MCP 5trueH

16ns 16ns
\v4 true - MCP )\
|A| H S (/3 )H | |I<J pS/Sl

where first inequality in (EC.32) applies (EC.25), and we use the definition of p§/S" (i.e., Equation (12)) in
the last inequality. Then, via (EC.7), we can bound |Vs£L(8""®)| . as follows:

:>||ﬂMCP _ﬂtruenl < A

:>||ﬁMCP ﬁtrue ||

272
2 Tmax

P(||VsL(8)| 0 <¢) > 1 —2sexp ( ”CQ) . (EC.33)

Next, we build the probability bound for event &1 in (EC.24) by the Hoeffding’s inequality. For ¢ > 0,
from (EC.7), we have

rue nt2
P ([|vL@™)|l, > t) < 2dexp <_2a2a:3nax>
3 1 30, — 2)?
= (HVE | 24@—@2) < 2dexp (—n(‘*;zxiff) )

e 1 18ns _ nA?2 (1 18ns )\’
=P (HVE(,@ )H‘X’z (2 |.A|/£a> )\> < 2dexp 20222 2 |Alka '

max

Combining this result with Lemma EC.2, we can show that if |. 4| > C; ' logd and a > ﬁ’ffj (which also implies

that % > 1815 “the proposition statement holds with probability

| Alka
nA2 n(? nA? 1 18ns\”
1—exp(—Cy|A|) —2d -2 )2 ———  )-2 - (==
exp(—C1|A|) exp ( 802%1&)() sexp( 202Zmax> exp ( 207 rm \2 [ AJra
n? 1 18ns\’ n¢?
>1-— —C —4d — == -2 —_— EC.34
- exp( 1|A|) exp ( 20’2xmax (2 |./4;‘£Cl> > P < 20’233?1,1&)() 7 ( )
2
where the last inequality uses the fact that (% — If\ZZ> < i.
Proof of Proposition 4 For clear expositions, we first state two constants that we will use in this
proof:
64 24logd 96 307202 1+logd
Cozmax{m 298 7 ma’;( o8 >} (EC.35)
p’ prCr TprCy A
and
A < mi furep” P (EC.36)
min . .
- 3072€0 S RimaxTmax 7680 ST max

As Cp = O(s72) per equation (EC.125), it is direct to verify that Cy = O(s?logd). Further, we denote event

& as follows:

&= {'“:L” > 24p } (EC.37)

Note that for the suboptimal arm set (i.e., k € KC,), event £ holds automatically, as |A| =n for k € K, so
that | A|/n > p* /24 always holds true; for the optimal arm set (i.e., k € K,), |A|/n represents the proportion
of covariate vectors X that are in the set U, (i.e., X € Uy) to all n i.i.d. samples that are generated via the

e-decay sampling scheme, and we will bound the probability for event &£ later in (EC.45).
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Combining Proposition 2 and event &3, we can show that when Cy > max{20 241°gd} the following

inequalities hold simultaneously with probability at least 1 — do(¢,%0):
A > ﬂn > 400(1 +log(t+1) —log(ty +1)) > 5—400 > O5 ' log d. (EC.38)
In addition, given &3, we can show that under the condition a > %, the following inequality holds:
1152s _ 48ns
_> .
pre KA

(EC.39)

Hence, with (EC.38) and (EC.39), it is direct to show that the inequality (16) in Proposition 3 holds: for

¢ >0, we have the following inequality:

16ns¢ 16nspga;j§10m

P (IIﬂrandom =B < /\> > 1=61(n,|A[,¢) = 02(n, | A], A)

| Al | Al
P random _ gtrue <%)\ >1-6 AlLA) =6 Al A EC.4
=P (B8 gL < Ak ) 2 1(n, [ Al A) = 02(n, |A[L ), (EC.40)

where in (EC.40), we set ( =\ and use p‘rsa/r‘lsdom <1
Combining event £ and Proposition 2, we can show that with probability at least 1—dq(¢, %), the following

results hold

n > Co(1+log(t+1) —log(tp + 1)) and |A| > —n > ﬁCo(l +log(t+1) —log(to + 1)). (EC.41)

Then, we can further simplify (EC.41) as follows:

e(t+1) p* e(t+1)
>yl d >—Cyl . EC.42
"= °°g<t0+1>an A= 51 Oog(t0+1 (BC.42)
Now, if we set Cy > max{pfg ,3072021§‘§§(1+logd)}, then we can directly verify that d,(n,|A|,\) =

256Xp( W) + exp(—C4|A]) < 6o (t,to) + 300(t,to) and da(n, |A[,A) < 280(t,t0), combining which we

have the following result:
7
Next, we need to bound the probability for event & for k € IC,. First, we can show that
A1, 1, e(t+1) e(t+1)
L ) > - <
{n ZogP 2 Mz gpColog | 5= | pNqn=6Colog {5
1 e(t+1) e(t+1) ¢
= -p*Cyl 1 EC.44
<{|A<4pC’Oog(t0+1)}u{n>6000g<t0+1 ; (EC.44)
which infers that for k € IC,,
ﬂ >P |A| < pCo U4 n>6Clog
n - 24 t t
1IP{{.A|<p*C0 < T )} {n>66’010 < >}}
+1
>1-P {A|< —p*Colog ( )>} IP{n>6C010g< )} (EC.45)
to+1

+>—l

++
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Now, we will separately consider bounds for P {\.A| < ip*C’o log (m>} and P {n > 6Cq log <M> }

tot+1 to+1
e The probability bound for n > 6C; log (egi;)):

From Proposition 2, when t > tq, the following result holds with probability 1 — do(¢,%0):

et

n <3Co(1+log(t) —log(ty)) =3Colog <t>
0

- > : (EC.46)

e(t+1)
to+1 °

e The probability bound for |A| < $p*Cylog (et(;ii))

where the last inequality uses 2 < e <

By Proposition 2 and assumption A.3, we can show that the expected number of i.i.d. samples belong to U,

for k € K is lower bounded with high probability by

il(Xi eUy)

i=1

Ex >p*Co(1+log(t+1) —log(to+ 1))

1., e(t+1)
> 5P Co log( P} ) . (EC.47)

Then, we apply the Chernoff inequality (similar to the analysis for (EC.11)) on >_7"_ | 1(x; € Uy):

o ]

~P (j: 1(X, €U,) < ip*co log (e(H P)) < exp (—116p*00 log (e(H D)) . (EC.48)

to + to+1

t

> X €Uy

=1

i=1 i=1

t
1
P (Z L(X; €Uy) < 5Ex

When Cy > 64/p*, (EC.48) can be further simplified as follows:
4
e(t+1)>> _ o+

t
1
P (Z ]].(‘XvZ € Uk) < Zp*C'o IOg (
i=1

to+1 Tet(t+1)*
1, e(t+1) (to+1)* 1
- <———— == : .
=P (|.A| < 4]) Co log< tot 1 )) < 64(t—|—1)4 250(t,t0) (EC 49)

Having proved these two probability bounds, we can combine (EC.45), (EC.46), and (EC.49) to show that
3
P {53|k‘ (S ICO} > 1— 5(50(7‘),150),
which implies that

P&} =P {Elk € K P {K.}+ TP {Elk € K} P (K.}
> P {83“{,‘ € K:O}IP {ICS} +P {g3|k € ICO}IP {’Co}
:IP{83|keICO}21—g(50(t,to), (EC.50)
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where the first inequality uses the fact that P {&;]|k € K.} =1>P {&;|k € K, }. Finally, combining (EC.40),
(EC.43), and (EC.50), via union bound, we have

32
P ( ||grandem — girue||; < Sl >1—"500(t, o). (EC.51)
| Ak
Moreover, if we pick A to be small enough (e.g., A < min{somw};gp* —, 7683;:: }), then when event &3

holds, we have the following two results:

32ns\ 32ns - hp*k h nop h
_ L A EC.52
‘A|/‘C = 307260‘5Rmaxxmax|“4|/€ 4engaXxmax |A| 24 — 460Rmaxxmax ( )
32ns\ P2nsps 1 nopr__1 (EC.53)

|A|k = 76805Tmax| Alk  TTmax . m 2T 0T
from which the proposition follows immediately.
Proof of Proposition 5 Here, we will continue using the same requirement of Cy stated in (EC.35).
Because {M, (i)} for k € K is a martingale with a bounded difference of 1 per the definition in (19), we can

use My (0) to bound the value of M, (t) via Azuma’s inequality as follows:

P (M)~ M0(0) <~ S04 (0)) <o - ;”(t(f)l))
P (Mk(t) < ;Mk(O)) < exp ( é\ﬁfi) : (EC.54)

The M, (0) term can be stated as follows

t
=1
t
=) P(X;: Ui, &, Xi ¢ Ra). (EC.55)
=1

As {X,; € Uy} is independent of {€3, X; & Ry}, and {X; ¢ R, 1} is independent of {&>}, (EC.55) implies
the following inequality

M, (0) = ztjxp(xi €U)P(E)P(X, ¢ Ry )

i=1

> zt:p* (1—=500(t,t0)) <1 - 2?°> ; (EC.56)

i=1
where (EC.56) uses assumption A.3, Proposition 4, and the definition of e-decay random sampling scheme

When t > tq, we have

550 (tv tO) =

IA

4
10(to + 1) <% and (EC.57)

2,
etit+1)* — t

1
2’

where the second inequality uses ¢ > tq = 2Cy|K| > 4Cy. Inequalities in (EC.57) imply that

t

* *t

M(0) >3 pz = p4 . (EC.58)
i=1
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Finally, combining (EC.54) and (EC.58), we can show that the following inequalities hold:
“t “1)?/16
P (Mkof) < ]’8) < exp (_@)/)

8+ 1)
=P (Mk(t) < p:) <exp <(p*)fé/16>
~P (Mk(t) < p:) < exp (- %2?) 7 (EC.59)

where the second inequality uses ¢/(t+1) > 1.

Proof of Proposition 6 For clear expositions, we first state the following constants:

48 16 8
Ty > max lo , logd,2|K|Cy ¢, EC.60
0= {C1p* s (Clp*) p*Ch gd,2|K| O} ( )
6(192 )2 \2 2(192 )2 \2 2(192 *a)?X2  logd
Tl Z max { ( ‘S + a a) tru2€’0 2 ( ( ‘S + - a) truQE’O 2 ) ’ ( ° + e a) 2t’r?leog2 } ’ (ECGl)
(Kp* ming ;e s ‘ﬂkz ) (kp* miny ;e sk ‘ﬂkz ) (kp* ming ;e s |5k1 )
40X max P Ka
Aoog= — i EC.62
20 p*ra — 288s’ ( )

where Cy,C; are defined in (EC.35) and (EC.125) respectively. We further require a > % = O(s) in the

statement of this proposition, and then we can verify Ty = O(s?logd), Ty = O(82,s*logd), and Ay 0 = O(1).
Note that if the estimator ﬂ;"md"m is close to ,6;?“‘6 for all j € IC, then assumption A.3 implies that for x, € U;,
we can clearly separate E [R;|x,85*"4°™] and max,; E [R,|x,8;*"1°™]. Specifically, part 2 of Lemma EC.3

shows that under event &, the following inequality holds for any « € U, and k € K,:

h
E.[R,|x" Brndom] > rjnﬁzcEg[RﬂwTﬁ;a“dom] +35 (EC.63)

which implies
B[R] B") = max B[R, o] 8"
and for any j # k,

1
IEE [R] |$tT16;andom] < ]Ee [Rk |w:ﬁiandom} _ §h

Further note that the G-MCP-Bandit algorithm constructs the optimal decision set as follows:

- random random 1
1= {5 BRI 80" 2 ma R 5]~ 10

and therefore, for x, € Uy, the optimal decision set will be a singleton, i.e., I, = {k}, which suggests that
decision-makers will assign k as the final decision by merely using the random-sample based estimator
Brandom - Ag the event &, is associated with the random estimator using randomly collected samples up to
t —1 period, the set {x, : @, € Uy, 2, @, ¢ Ry 1} can be viewed as i.i.d. sample from the condition distribution

Px|xev,- Then, from Proposition 5, we have

P (Mk(t) < p*t> <exp (- (p*)2t> : (EC.64)

8 256
where {M, (i)} is defined in (19). As My (t) = Ecx [>,_, 1(X, € Up, &2, Xi ¢ Ru)|Fe) = Y0 1w, €

i=1

Ui, &, x; ¢ Re.r), the amount of i.i.d. samples in U, among the whole sample set for arm & up to time ¢ will
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be lower bounded by M, (t). Denote A and n as the set of i.i.d. samples belonging to U, in the whole sample

set and the size of the whole sample, respectively. The following two inequalities hold:

* *\2
P <|A| > p8t> >1—exp ( (2;5)6’5) and n <t. (EC.65)

If |A| > 2t and n <t, then we can obtain the following result:

1152s _ 144st  48sn
> > > . EC.66
> w2 Al WAl (EC.66)

Moreover, as t > Ty > 8(p*C;)~'logd, then, by (EC.65), we have |A| > C;'logd with high probability.

Combining this result with (EC.66) (i.e., two conditions required in Proposition 3), we have the following

result via Proposition 3:

16 16n.s whole
P (IIﬁWh(’leﬁ""elllz j'ff DR A) <61(n, | AL, Q)+ 82(n. | 4], A)

128 128s whole *t *
- (Hﬂ“‘ﬂe—ﬂ"“nl > 1255 | s A) <o (tBhe)va (nBEa). moen

p*K DK 8’
where (EC.67) uses (EC.65) and the fact that n <t in the left-hand side and the facts that d1(-) and da(-)
are monotonically decreasing in |.A| in the right-hand side.
When ¢t > Ty, (EC.67) can be further simplified. We use Lemma EC.4 in E-Companion with « =

(sp* min | girue | o |B572¢))? . ) .
2(192!1@*‘:)%2 . When t > Ty, we have t > 3a~!'loga~?!, combining with the nonnegativity of ¢, we
2,0

can show that

at >logt

(kp* min,; grre 0 |Btrue|)?
2(192s + kp*a)?A3

t (192s + kp*a)?X3

=L : : logt. EC.68
2 = (kp* ming; gerue >0 |Birue])? & | )

t>logt

2(192s+rp*a)?rZ ologd
T

Moreover, as T7 > we can show that when ¢ > T3, the following inequality holds

t 192s + kp*a)? X2 ,logd
t, (1925 +rpra) 20 28° (EC.69)
2 7 (kp* ming gue 5o |Bi)

Combining (EC.69) and (EC.68), we can verify that

S (1925 4 kp*a)®A3 ;(logt +log d)

= (f{p* Inini:lﬁtruel>0 |5itrue|)2
192 oot~ lood
= min |B;ﬁrue|>w Ao logt + logd —|—0g
i:|31§rue|>0
192 logt+logd
= min |ﬁ;ﬁrue|2< s ) log? +logd -l-og
| Birue| >0
24 logt+logd
= min 8> (2 ) gy IS -
i:|ﬂ$rue|>0 ‘A|

24
= min |ﬁ§“‘e|2< ns L

i:|BIrue|>0

. (EC.71)
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where (EC.70) uses |A| > 2% and ¢ > n and (EC.71) uses the definition of Ay, = Xa o -+/(logt +logd)/t. Now,
=& so that we have

we use the set S; in the Proposition 3 by setting A = A, ;, which directly implies that S;

S/8; being the empty set and
Y =0. (EC.72)
Hence, when t > Ty, we can use (EC.72) to simplify (EC.67) into
128 “t *t
P ([|8v — girve|, > 5¢ <o (¢, L)C +85 (¢, L,Az ). (EC.73)
PR 8 8
Finally, we will show that when ¢ > Tj, the following two inequalities hold
2 t¢?
—+2 —_— EC.74
o (15506) < g+ 2o () (BeT
p*t 8
Og [ t,—, A <——0. EC.75
(5 e < (BC.75)
i i = Cig*, we can

Let’s first establish the first inequality (EC.74). Via Lemma EC.4 in E-Companion with o =
()0}, we have 1"t > logt = 42"t > 2logt, which implies
2
(EC.76)

exp (~CilA) <o (-1 5t) < <
where the last inequality uses the fact that t72 < 2(¢ +1)~2 holds for all ¢ > T > 2|K|Cj > 3. Combining
(EC.76) with the definition of 61 (¢, |.A|,(), we will reach (EC.74). Next, we will show the second inequality

show that because t > Ty > max { 5

that

doZmaxp ke e can show that

(EC.75). When \p o = “Zmasloee,
ot tho  logttlogd (1 144s)°
Sa(t, =, Aay) = 4d 2
2(7 ] ’ 27t) eXp( 20 zx?nax t 2 p*ﬁa’
=4dexp 16023, (p"ra)? t 10gt+10gd 1 14ds
(p*ka — 288s)? 202xr2nax 2 prra
4
=<

=4exp(—2(logt+logd) +logd) <4dexp(—2logt) < 2 (t+ CEVER

where the last inequality still uses the fact that t=2 <2(¢+1)~2 for ¢ > 3. Combining (EC.74) and (EC.75)

we have

pt pt 10 12
t,— t,— <—=+2 — |- EC.
1<, 3 74)4—52(, 3 ,A) (e + sexp< 50727 (EC.T7)

Proposition 6 directly follows by combining (EC.67), (EC.73), (EC.77), and P(£5) < 580(T, o) from Propo-

sition 4.
Proof of Theorem 1 We divide the time, up to time 7', into three groups and derive the cumulative

regret bound for each group separately. Consider the following three groups

1.te{{t: (X, R) ERy, ke K}U{t <Tp}}.
2. te{{t:(Xs,R;) € Ri, ke K,t >Tp} N{E doesn’t hold}}

3o te{{t: (X, Ry) ¢ Ri, ke K,t>To}N{E; holds}}.
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In this proof, we follow the same choices of Cy = O (s logd) in (EC.35), Ty = O(852 s%logd) in (EC.61), A\; =
O(s™1) in (EC.36), oo =0O(1) in (EC.62), Ty = O(s?logd), and a > 1522 — O(s). Beside the requirements

P*K

for Ty in (EC.60), we also require that

125A2,0\ 2 12sA 2 125X 2 /10240e7 maxg . SAa 0 2
TOZmax{to,(m) 10gd,3(5872’0> log<5 5 2’0> ,( 024ge Tmax 2’0> logd,
D*K

DK DK DK
3 ( 1024o—€gmmixxmaxs>\2,0 ) 2 IOg ( 10240’60I11‘ixxmax8)\2,0 ) 2 }’ (EC78)
Pk Pk
and T} remains on the order of O(s%logd).
e Regret in part 1:
Denote the regret for the first part as R;(T), and we have
T
Ri(T) < Ruax (Z 1((X,,R,) €Ry,keK) + T0> < Runax (Z IRy| —|—TO> , (EC.79)
=T keX

where |Ry| is the cardinality of R. From Proposition 2, when tq = 2C|K| and Cy > 20 , we know that

P (|Ri| < 3Co(1+1og(T) —log(to))) =1 —0(T',t0)

=P (|Ry| < 3Colog(T)) >1—60(T,to), (EC.80)
which implies
P <Z |Re| > K| - 3C, log (T)) <Y P (|Ri| >3Colog (T)) < |K|6o (T to). (EC.81)
ke kel

We then combine (EC.79) and (EC.81) to bound the regret in part 1:

Rl (T) S Rmax <Z |Rk| +T0> S Rmax (Z |Rk|> i (Z |,R'k‘ > 3CO‘K| IOg (T)>

ke kek ke

+ Rmax (300|IC| log (T)) P (Z |Rk| < 3CO|’C| lOg (T))
keK

+ RmaxTO

S RmaxT|IC|5() (T, to) —+ RmaXSCO|IC| log (T) —+ RmaxTO

< 2Rpmax|Kl(to + 1) + 3RmaxCo|K|log T + RuaxTo (EC.82)

< 3CoRumax|K|log T + 5 Ryax |K|Th, (EC.83)
where (EC.82) uses T0o(T, o) < (T'+1) i(z"Tfl); <2(to+1) for T >ty and (EC.83) uses (to+ 1) < 2ty < 2Ty
and || > 1.

e Regret in part 2:
Denote the cumulative regret for the second part as Ry(T'). From Proposition 4, at time ¢, we know that

. h
P (||ﬁ,’f“d°m — B < mln{gz oo R x }) >1-"500(t,t0), kEK

where &;(t) denotes the event & at time t.
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Therefore, Ry(T) can be bounded as follows:

T T
Ry(T)<Ex.| Y. 1(&2()°) Runax | = Rumax Y, P(E2(i)°)
i=To+1 i=To+1
T
= Ra(T) < Ruax Y 5|KI00(i o)
i=To+1
<5Rmax|K:|/ (50 ’L to d
-1
1
—loRmax“C‘/ :(];)dl
7, eti+1)*
1 1 4 |T-1
:_ﬁRmx|K|. M
3 et(i+1)3
_10 4 4 —3_9 -4 4/7m\-3
= 5 ¢ " Runaxl K| (fo + 1) (To +1) 3¢ Runa K| (0 +1)4(T)
§2Rmax|]C|T07

where last inequality we use 2e~* < 1 and (to +1) < 2ty < 275

e Regret in part 3:

Denote the cumulative regret for the third part as Rs(T). We first consider the case where T'< Tj. By
the second part of Lemma EC.3, it is direct to show that the optimal decision set II; constructed in the
G-MCP-Bandit Algorithm only contains arms in the optimal decision subset K,. Without loss of generality,

we assume that arm 7 is the true optimal arm at time ¢. Then, the regret at time ¢ can be bounded as follows

regret, < Ex

S (g = argmaxE, [Rk|XTﬁWh°1e]> (E[R:| X, 8] — E.[R,| X[ ﬁ;me])l

JEIL;

<Ex <Z L (B[R;| X, 87" 2 B [R| X[ B7F]) (B [Ri| X[ 8] — B[R, | X, 87])

J#i
(EC.85)
We then denote
E(t, 0,01 = { BRI X[ B™] — E.[Ry X[ B € [wd,, (w+1)5,)} (EC.56)
where k#£ i,k € K,,w=0,1,..., and §, > 0. Then, we have the following bound:
regret, <Ex (Z ST (B[R, |1X] B = E[Ri| X B} N E(t w, 8,)a) (w+ 1)&)
w=0 j#1
wr s (*)
=Y (w+1)8, > P ({E[Ry| X, 8] > B[Ry X, BI™I} NE(t,w,6,)a,5), (EC.87)
w=0 JFi

where wi ; = [ Rmax/0: |. Now we consider the (*) term in (EC.87), which can be bounded as follows:

) <Y P ({ER X[ 8] - B[Ry X[ 8] > Ec[Ri| X[ 8] = Ec[Ri| X[ 8™ + wd, } NE(H,w,6,)a,5)
JFi
<Y P ({|ER X[ By — B[Ry | X, By + [Ec[Ri| X, 8] — E[Ri| X[ BI™°]| > w, } NE(t,w,84)a5)

JF#L
(EC.88)
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where the first inequality uses the fact that E.[R;| X, 8{"™] — E.[R,| X, B{"°] € [wd,, (w4 1)d;) when event
E(t,w,d;)s,; holds. To simplify the notation, we denote A; = @yPele — girue for k € I1,. Combining (EC.88)

with the first part of Lemma EC.3, we can show

wo
<P ({10180 > T | e 0. 004,)

max oe
I
=> P 1180+ 1A > we P(E(t,w,01)4,) (EC.89)
o il =R oermmaxmax{IA; T A Y P ‘

where the last equality uses the fact that in A; and A;, the terms 3" only depend on historical samples
upto t — 1 (independent on ¢ step’s information), which implies their independence on £(t, w,d;)4 ;-

Denote event & (; ;),.(w) as follows

. 'U)5t . U)(St
) ={ {1ah zmin{ g0 bz min {

(£C.90)
Then, conditioning on &5 (; j)«(w), the right hand side of (EC.89) can be transformed into
wo,
2P ( A5l + Al = R geomman max {185 11,1511 7 )P(g(t’w"st)‘*’f)
JFi
wao
=) P ({HA 1+ 1A = Rmaxaemmaxmax{ntAjul,|\Ain1}x }ﬂg"’ (e >P(5<t’w’5t)4’j)
JjFi
wé .
+ZPGMm+mm_mwwmwwlew;} &Wt>>MW%®%
J#i
wo
SZPGMm+Mm FN P -y TR P e }me )MW&ﬂM)
JFi
wé .
FP ({1asl 1800 2 ko0 (0) ) P 0. 8)0)
J#Z max max
wd
=>.P ({”A [+ Al = R eovmas A . } 055’“’1)"5(1”)) P&t w,00)4,)
JF
<Y T P(Es i) (W) P(E(tw, 64)a ;). (EC.91)
JF

We first bound P(Es (; 5),.(w)). As Es (;,5),.(w) holds automatically for w =0 (i.e., P(&5,¢:,),:(0)) = 1), we will
discuss the remaining cases where w > 1. As the optimal decision set II, only contains arms in the optimal

decision subset IC,, from Proposition 6, for ¢t > T}, we have the following inequality for k € IC,:

128s¢  128sp5i0s 10 #2
||Ak||1 Z P + o 1t)\2t <5§0(t7t0)+(t+1)2+2sexp< 221:2) . (ECQ2)

P¥K

2
Combining (EC.92) and the choice of T, (i.e., To > max { (512“2’“> logd,3 (512912 ”) log (512“2 °) }), we
can ensure max; ||A;||; <1 for all ¢ € K, with high probability for ¢t > T,. To see, note that by setting ¢ = Ao,

and using the fact that pgf;)}gek <1, we can show that (EC.92) implies
1,t

25652+ 10 tAZ,
g <||Ak|1 2 I?*H) <5d0(t,t0) + (EE + 2sexp ( W

max
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2565\ [logd + log t 10 A3,
P (Aklh > DR <550(t to)+m+28€)§p —m
2565\ lo logt tA2
P (1o T (2E e ) ) e e ()

A3,
5 EC.93
Hese xp( 20212 > ’ ( )

max

=P (| Axlls > 1) <560(t,to) + m

where (EC.93) uses the facts that m ted < 1 (because t > Tp > (51?%) logd) and 2565A2 0,/ t8t <

2 2
% (by setting o= ( ) and then using Lemma EC.4 on ¢ for t > Ty >3 (%) log (M> ).

512\5)\21 p*K
We then consider the case with upper bound 5——%%— instead of 1 on ||Ag|l;. If we set ¢ =
2 Rimoax e max Tax
—1 p* K logt+logd _ 512Rmax0e” P MaX zhnax Ao o
Cps™ wéy, where C) = gmp——ortot———, 0 = C), 5,/ =555, and C, = e ;

then we can show that the right-hand-side within the IP(+) term in (EC.92) can be upper bounded as follows:

128spwhole
1285 psk/sk 1285 1285 Prmax
. < + )\2,,5 S . < + *p AQ,t
DK DK DR DK

712850;,5‘111)0 s (logt+10gd)/t 1285pmax

A2t

128sw /logt + logd 1288,0max [logt + logd
= A0\ ————
pr 1 +pmax ’ t
128 2w [logt+ 10 d
- + Pmax | * )\2,0 + S s g
P*E \ 1+ pmax t

128 2w
= ———— 4+ Pmax | A C -0y
( 1 + Pmax P ) 20

_ 1 pmax U}dt
C \ 1+ pmax 20 ) 2Ripax0e€7Tmex a0y
Note that

1+p -+ fmex where pmax € [0,1] and w > 1, can be upper bounded by 1. To see, we first take the

derivative of 1 -+ 2oax w.rt Pmax t0 have —

R Ifw > 2, then —

(IT SE + 5. is non-positive

(1+ﬂ

for pmax € [0, 1], which means that p,.x =0 is the maximizer for -+ L e which gives the maximum

1+p

value of 1; if 1 <w < 2, then will be first negative and then positive for pyax € [0, 1], which

1 41
(14pmax)? + 2w

means that 7 +p + fmax will be maximized at either py.x =0 or pmax = 1, both of which give the maximum
value of 1. Therefore, P — +p -+ £oex js upper bounded by 1, which implies that
1288pwhole
128 sk sk 1)
% [ty < wor . (EC.94)
p*’% p*K’ ’ 2Rmax0e'”~'maxg:max

Then, using (EC.93) and (EC.94) for both ||A;|; and ||A;|]1 for w > 1, we will have that for w > 1,

. 20 C*tw?67 t\2
P(ES,(i,j),t(w)) Sm1n{1,1050(t,t0)+WeraX{llseXp ( 250’23’;2) ,4sexp < w{j;)}}

max max

C2tw?67 A3,
+dsexp | —=—~2——— ) +4sexp | —=———] ;. (EC.95)

242 0’2.%‘2 20242

max max

. 20
< min {17 1050(t,t0) + m
Note that (EC.95) also holds for the case when w =0, as we have (€5 (; ;,.(0)) = 1 and 1080 (t, o) + ﬁ +

C2 w262 C2tw?s2

4sexp (—W) > 4sexp (—W) =4s5>1.
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Furthermore, by assumption A.2, we have
P(E(t,w,01)a,7) < CRupax (14 w)d,. (EC.96)
Hence, via (EC.91), (EC.95), and (EC.96), we can show that

#) <Y P(Es (1) (W) P(E(,w, 81)a)

JFi
) 20 C2tw?} tA2
SZmln{l,lOéo(t,to)—F(t+1>2+486Xp< 220{EZ> +48€Xp( 222275>}-0Rn,ax(1+UJ)5t.
j#i max max

Accordingly, the regret bound at time ¢ can be rewritten as follows:

w1, ¢
20 C2tw?o7
I‘egret <ZO w+1 (;mm{l 1050(t t0)+(t_i_1)2+4sexp< 2820'11}31“”(>
w J7

tA3
+4S€Xp ( 222;)} CRmax(l"‘U])(St)

max

tA2 + . C2tw252
+4sexp ———— | +min< 1,4sexp —

o212 2522
2xmax 25202z

wi,¢

20
< 262 -
_CRmax"C|w§:0(w+1) o <105O(t’t0)+ (t+1)2

(a) (v)

20 t)\2 w1t wo,t
< CRmax|K| (1060(t7t0) + e +4sexp ( 202;;)) Z(l +w)?62 + 2(1 +w)?6}

max w=0 w=0

(e)

- Crtw?67
2
+ Z 1+U} (5 sexp( 2520'21'2) s
w=wg,1+1 max
(EC.97)
where wg ; = L %J Next, we will bound part (a), (b) and (c) separately:
20 tA3
)< <1050 (t,t0) + [(E)E +4sexp( 22;;)) (1+wy,)(1 4wy ,)?6?
0 logd+logt
— (1080(t.t0)+ s +asenp (N0 BB ) ) (1w )1 )8
20 (p*ra)? 262
= ]_0(50 t to +1) +4S€Xp 8(1)*/4;(1/——2888)2(10gd+10gt) (1+w1,t)(1+w17t) 515
20
= (1050 (t,to) + (e +4sexp (— 32(logd+1ogt))) (1+wy)(1 4wy )26}
(1050 (t,to) + S )53(1+w1,t)3 (EC.98)
24 R °
1080(t, to) 61+ —=2+1
< (10nte10 g ) (10 5= 1)
(1050 (t,t0) + e ) (3Rumax)0; (EC.99)
540R3 | (to+1)*  648R3

max E .1
S T, i1, (EC.100)

max
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where (EC.98) uses s <d and t? >t + 1 when ¢ > 1, and (EC.99) uses R‘(;—‘:”‘ >1 for t > T, which can be

shown in the following analysis

logd +logt
5= Gy 2B !

log d + log T¢
< T

logd log Tt
<C,s %+0pls %0
512Rpaxoe?@maxg o Aog [logd = BI12R.c0e”™maxg . Aag [logTh
S —S —+ s
D*K Ty DK Ty
Rpax  D12Rac0€e%™xz .. 0o [log Ty
< : EC.101
= + o s T ( )
Rmax 512Rmaxo—eazmaxxmax>\2 0 p*H
< : EC.102
- 2 + D*K <1024oe”max TmaxSA2,0 ( )
1 1
< 7Rmax 7Rmax = Rmax7
-2 + 2
where (EC.101) uses the fact that T > (1024“”‘:?;1"“"”2’0 )?logd and (EC.102) uses Lemma EC.4 (by using
TTmax g s 2 oceTmax g s 2 . * 2
the fact that Ty > 3(1024“ P— A“) log (1024 P A“) and setting o = (1024“”&:%“”2’0)

to show a1} >logTy). Next, we can further upper bound part (b) and part (c) in (EC.97) as follows:

(b) < (1 +wo,)(14+wp,)?67 = (14 wo,.)67. (EC.103)

w1, 2,52
¢) < 16562 w? ex % cw?
( ) > t Z p

T 9e2,2,2
w=wq,¢t+1 2s%0 Timax
C2t62 b Coto;
<1680 | (o, 0Pexp (-~ an + 02+ 30 wtewn (g
max w_wﬂ,i+2 max

(e1)
(EC.104)

. ITog(4s)520 %22 21og(45)s207 22
Let’s consider (c1) and (cz), separately. As wg, = L %J, we have 1/% <wo,+1,

which implies

2
C?t5? C?t5? 2log(4s)s202a2
P t 2 P t max
—— 1) > . =log(4s) > 1. EC.105
2520232, (wo,r +1)° = 2520222 (\/ C2t6? og(4s) ( )

Combining (EC.105) with the fact that the function xexp(—x) is monotonically decreasing for x > 1, we can

show that
Cytor 2 Gyt 2 log(4s)
g (ou 1 exp (g s 1)) Sloglds) exp( o) = 5
cotoy so?x2  log(4s)
- 2 t 2 max
=(c1) = (wo, +1)“exp <—232;2$12nax(w07t +1) > < W (EC.106)
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Similarly, as the function z?exp(—x?) is monotonically decreasing for x > 1, we can upper bound the (c3)

term as follows:
wi,t
: C?t6?
@)= 3 e (g v)
o ) C2t67 w2
< w” exp 72- dw
wo,¢+1 25 U xmax

/w:‘x’ 20w} p C2to} )
— — W - e W
wewo s 41 C2t67 P\ T2 02x2

_ s%o%al C2t67 o\ st [ C2t67 o2
= Cmpr (WostLew ( 35707gz (Wout 1) ) MY / aor ( asgrz W) dvw
P max p wo, ¢ max
(EC.107)
520222 wo +1 Feo w C2t67 o2
_ 2 [ wo, w _ Gty 2y EC.108
- 02t52 ( 4s " [uo,t+1 Wo,t +1 P 25 o mi}ax v ( )
820-2‘r12nax wo+1 N 1 s20%?, C2t62 (s 4 1)?
C2t5? 4s wo+1  C2t67 P\ Tos a%:fnax o
so?z? ([ wo.+1  sPo?x? 1
= 02t52 4s C2t52 4s
O‘ 2. 5202x12nax
= 1207 (wo’t T o > ’ (EA00)
p p

where (EC.107) uses the integration by parts and (EC.108) uses (EC.105) and w > wq; + 1 > 1. Combining

(EC.104), (EC.106), and (EC.109), we have

slog(4s)o?x? o222 s?0?x?
<16 52 max max 1 max
(c) < 1650, ( aczter oz \"0 T T T
dsox ( s?0?z?
= _ 450 T 2slog(4s) +wo s+ 1+ —52= | . (EC.110)
Cc2t C2to7

Then, combining (EC.97), (EC.100), and (EC.103), (EC.110) with 6, = C,, s/ 284124 we can show that

540R3 . (to+1)*  648R3 450222 5?0222
t, <CRmax|K max max 1 352 4 77 _Tmax [ 94)g0(4 14 2~ “max
regret, < \ |( t+146t +(t+1)2§t ( +w0,n) ;T Cgt slog( s)+wo,t+ + Cgté,?
540R3 . (to+1)* 648 R3 1+wg,)?-C? s?(logt +logd
= CRnax|K]| meslfo £ 17, mex 4 {und) ~ et e
t+ 1 C .5 logtﬂt—logd (t—|— 1)2 . Cpls /logt-&t-logd
450 x2 s?o%x2
0275 2slog(4s) +w0t+1+C§tC§S (logd+logt)>>
< CRoK] 540R3 (o +1)*  t1/2 648R§nax /2 N (1+wo,.)?- C? s*(logt +logd)
- e*C,, sv/logd (t+ 1) C'ms\/log (t+1)2 t
430 o2z
max 2 1 4 1 max
c2t ( slog(4s) +wo,, + +703C§1 10gd>>
540 (to+1)* t/2  648R3 /2 14+ we.)3C? - s%(logt +logd
<CRmax‘K:| rnax 0+ ) T+ max +( O,f) P ( g g )
etC, sy/logd t C,, s\logd t3/2.\/Th+1 t

slo S w, 55
C2t B o C202 logd
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4 3 D4 Cs+0C2 (1+ 3s%logt
BA0C R} 1y (to +1)* | O3+ CCF (14 wo,)*s” log ) (EC.111)

< Rmax ’C max
- Kl <e4Cpls(1og1/2 d)t7/? t

where

648CR3
Cs= max +CC2 (14w, )’s* logd +
" Cosllog )Ty g1 | e

4Cso?x? 07T
073 (25 lOg(4S) + ’wo,t + 1 =+ CW) .

(EC.112)

Hence, the third part of the regret can be bounded as follows:

T
R3(T)< ) regret, -P(E(t))
t=Tp+1
T
540CR3, (to+1)*  C3+CC? (14 max,<r wo,)>s*logt
< > Rmax|IC|< - LR oL 1< Wo,e
etC,, slog™/“dt”/ t

t=Tp+1
T 54OCR3 t 1 4 C + 002 1 4 max w 382 10 "
S Rmax|’C| ( max( o+ ) 3 Pl( t<T O,t) g ) gt

T e*C,, slog!/? dt7/2 t

1 3 1)* T
< Ry IK] < 080C R, (to+1)

5e4C,, s(log"/? d)t5/2

+ 03 lOgt + 00921 (1 + r,flgawao,t)g)sQ 10g2 t)

To
1080CR3.._(to +1)*
< Rmax“d < 640 10g1/2 d)(T )5/2

Cy( t0+1 + C5log T + Cs log? T)

+ CslogT + C’C’g1 (1+ rtngawao,t)352 log? T)

S Rmax|K:| (
< Ruax| K| (2C4T0 + C5log T + Cs log? T) (EC.113)

where we set

o 216CR,,(t+1)°
tTet0, s(log" % d)(Tp)5/2

Cs=CC2 (1+ Itn<a7>1<w07t)352 (EC.115)

(EC.114)

and to < Tp. As we set tg = 2C|K| and Cy = O(s%logd), which implies Cy = O(1). Moreover, as wq, =
{ %J < {, /%J =0(1) and C, = O((1 4 pmax) '), we can directly show that C3 <
O((1 4 pmax)?s%logd) and Cs = O(s?).

Next, we consider the other case where T' > Tj. Via proposition 6, we know that when T > T}, for all
ke, St,=8"= psr sy, =0. In this case, we can restate (EC.92) as follows

1285¢ 10 t§2

max

Then, by setting ¢ = C,s~'wd,, via the similar analysis to (EC.94), we can show

128s¢  128s PR
PR PR . 256 Riax0€7max oy (1 + prax) .
B 1 wo,
T 1 Pmax 2Rimax0€7 mes 2
wd,

s wd,

— )
2Rmaxaeaxmax xmax

which implies that (EC.95) still holds and we have the same separation as in (EC.97). The analyses for parts

logd

(a), (b), and (c) remain unchanged. As we choose 6, =C,, s , which is different from the choice in the
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T <T; case where §, =C,, 54/ %, the regret, calculation will be slightly different from the analysis for
(EC.111). In particular, we can show that

540R3  (to+1)*  540R3 4so?x? s?0?z2
regret, < C'Rupax|K| ( it + 1)70, + GT1)2, +(1+w0‘t)355+w 2slog(4s)—|—wo,t—&-1—1—6(271@2
p p

540R3 t 1 4 540R3 14w 3.02 3210 d
= ORmaX"C| max( 0 + ) + max ( O,t) p1 g
2.2

+
eA(t+1)4-C, s0/18 (t+1)2-C, 5/ 2282 t
4so°x

52022
+7C§t 2slog(4s) +wo .+ 1+ —C’ftCZl SQ(IOﬂ)

t

< R [K] 540CR3, (to+1)*  C3+CC2 (14 wp,)>s?
- e*C,, s(log'/? d)t7/2 t

(d)

(EC.116)

When comparing (EC.111) to (EC.116), we can show that the logt term disappeared in the (d) term.
Therefore, following similar analysis as in (EC.113), the third part of the regret, when 7' > T}, can be upper

bounded as follows:
R3 (T) S Rmax‘lc| (2C4T0 + (03 + 05) IOgT + 05 1Og2 Tl)

Finally, the total regret bound can be obtained by combining the bounds from all three parts: when
T <Ti, we have

R1 (T) + R2 (T) + Rg (T) S ?)CoRmax|IC| IOgT + 5Rmax|’C‘T0 + 2Rmax|’C|T0 + Rmax|K|(2C4TO + 03 lOgT + C5 1Og2 T)

= Runax| K| [(3Co + C3)log T + Cs log® T + (7 + 2C4) Ty
= O(s*(logd+log T)logT);

when T > T7, we have

Ry (T)+ Ry(T) + Rs(T)

< 3C) Runax | K108 T 4 5 Runax | K| To + 2 Runax | K| To + Runax | K| (2C4 T + (Cs + Cs) log T + Cs log? Tt )
= Runax|K| [(3Co + C5 + C5) log T + (7 +2C4) Ty + Cs log Tt |

=O(s%logdlogT).

Proof of Theorem 2 We adopt the FISTA method in Beck and Teboulle (2009) as the Lasso solver in
the 2sWL procedure. For completeness, we first present the FISTA method in our settings.

FISTA Method:
Require: Loss function £(3), penalty parameter A, total iteration number ko > 1,
initial solution Bg, and step-size lj.
Step 0: Set y; =, t1 =1, and k=1.

While k < ko
2
. =argming {Nlgl + & 8- (v - £ve@0) [} )
14+ 1+4t%
lep1=—5—

Y1 = B + ttz: “(Be — Br-1)
k=k+1
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The major computation cost in FISTA is from part (x), in which we need the full gradient VL(yg). By
definition, we have £(8) =1 >>"_| f(R;| X 3). Hence, to evaluate each VL(yx), we need to compute O(dn)
scalers multiplication. Let B* be the optimal solution, B¢ be the initial solution, and the Theorem 4.4 in

Beck and Teboulle (2009) implies that for any k> 1

(EC.117)

_ 3*||2
£(B) + MBulls — £(B7) + A|B°[L < O (Lﬂﬂoﬂﬂa) |

(k+1)2
where L is the Lipschitz constant of £(3) function and will be on the order of O(xmaxbd). Therefore, to
achieve e-optimal solution, the required total iterations ko will be on the order of O(Zmaxb||Bo — B*[|3¢1/?) =
O(Tmaxb®e™1/?), where we use [|By — 37|32 < 4b*d? by using ||3]|; < b for all feasible B in assumption A.1.
Therefore, the total computational cost for running FISTA becomes O(x,axb>dne=1/2). Note that at step
T, each arm can not be pulled more than T times, so the maximum computation cost of FISTA will be
O(Tmaxb®d*Te1/2).

Next, we will upper bound the total number of the FISTA method called by time T'. At each step, the
G-MCP-Bandit algorithm will require to update @i2rd°m and @Byhele by 2sWL for k € K and each 2sWL

procedure will need to run FISTA two times. So the average computation cost will be

: 1 S 37, —1/2 3 g4 —1/2
Average computation cost <O <T . Z Z 2% ax b dte = O(|K|xmaxb’d*Te™ /). (EC.118)

keK t=1
Next, we consider the long-run computation cost. We can reduce the computation cost with a warm start

from the previous step. Via Proposition 3, we can show that with high probability, for 7' > max{T},¢3} and

(= 621%*5”, the following inequality holds:

(T +1)(e*pr)?
51252022

10
P (”ﬂMCP_ﬂtrueul Sei) 21_7_26}(1) (_

(T+1)2 —Hogs) - (EC.119)

102452 log(s)o?ax2, = 6144520222 2048525222, o 2 12 .
Moreover, when T > max{ TR T R ) T log e = O(s?log(s)e ), via

Lemma EC.4, we have
(T +1)e' 2 (prw)? (T +1)e' 2 (prr)?
1024520212 1024520212

T 1 1/4,,% ,.\2 1

512520222

max

>log(s) and

>2log(T+1)

Combining (EC.119) and (EC.120), we have
P (||BY°F — 8™l <e'/*) >1-0(T?) (EC.121)

and via Proposition 5 and Lemma EC.2 in E-Companion, we can show that for T'> O(s?logde~'/?), similar

result holds
IP(”I@lasso _ I@true”1 < 61/4) > 1— O(T—Q) (EC122)

Note that (EC.121) and (EC.122) imply that for large enough T, both previous step solution and current
step solution are close to B'*¢ with high probability. If we use the previous step solution to initialize the

FISTA algorithm, then we have

180 = B7115 < [1Bo = B°[IF = 1B — B™ + 8™ = B”I}
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<2[Bo - B[ + 218" — B3
<4e'/?, (EC.123)
where the first inequality uses (a + b)? < 2a? + 2b%, and the last inequality is because 3y is initialized with

previous step’s solution and B* is the current step’s MCP solution. Therefore, the results in (EC.118) can

be improved to O(|K|zmaxbd?T).
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EC.2. Appendix: Supplemental Lemmas and Proofs

LEMMA EC.1. Let n be the size of the whole sample set and A be the random i.i.d. sample set consisting
of X eR? for ke K, and X € Uy, for k € K,. Under assumptions A.1, A.4, and A.5, when |A| > Cy*logd,
the follow inequality holds for all feasible & and u such that ||use|1 < 3||lus||1:

P (|2f:l: |us? < uTv2£(§)u) >1—exp(—Ch]A|), (EC.124)
where
Cy =min {1, &%/ (19250522, ., (2+ \/Exmax))Q} ) (EC.125)

Proof of EC.1 Let L4(B) be the loss function with the sample set A. Denote Z; = X,/ f, (R;| X/ &),
where we replace 7 and y in f (r|y) by R; and X & respectively. We then can present V2L 4(§) as follows:

VELAE) = T XX (RX]6) = 2,2
JEA JEA

As all realization of X is element-wise bounded by ., (see assumption A.1) and f;’y(rj|cc;£) < oy (see
assumptions A.4), Z; is element-wise bounded by || Z; || = HX] T (R;1 X €) H < V02%max = Zmax- Lhen,
we use Bithlmann and Van De Geer (2011) to build the connection between the Sa;ple matrix ﬁ Z]. enZ;Z]
and its population counterpart IEZ[ZJ-ZJ-T]. By setting K = zmax and 09 = v22max in the exercise 14.3 in
Bithlmann and Van De Geer (2011), for ¢ > 0, we have

ﬁ Y Z,Z] ~E4[Z,Z]]

2 d
P ‘ 22zfnaxt+4zfnaxx/f+\/§zimx)\(‘[7|A7(2)> <exp (—|Alt),

JEA - 2
(EC.126)
where ) (g, 1Al (g)) _ /210g(‘¢§¢‘1—1)) | Zmax 1oi§c|z(d_1)).
When |A| > C; ' logd and t = C; in (EC.126), the following inequalities hold:
2z12naxt + 4’21211;1)(\/E = 2Zr?naux(jl + 4Zr2nax V Cl
<622..VCh (EC.127)
V2 d 2log(d?) = zmax log(d?)
3 2 A Ay A , <4/8 2 max
4logd = 2zpmaxlogd
= V82 +
< VIRV )
S \/ngnax (2\/ Cl + 2zmax01)
<AV222 | (14 Zmax)V/Ch, (EC.128)

where in (EC.127) and (EC.128) we use the fact that when C; <1, we have /C; > C;. Combining (EC.127)
and (EC.128), we have

22r2naxt + 4Zr2nax\/%+ \/ézrznax)\ (?7 ‘A|? <;l>> S 2Zr2nax (3 + 2\/5(1 + Zmﬂx)) \% Cl

<6220, (2+ Zmax)) VC1 < 3% (EC.129)
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where (EC.129) uses v2 < £ and C; < k?/ (19250222, (2+ \/Exmax)f. Combining (EC.126) and (EC.129),

we have

T T < Vs exp(— . .
P |A|ZZZ ~E5(Z,Z]]| <o 0> 1-exp(-CilA) (EC.130)

JjEA

By the definition of Z;, we can verify that Ez[Z,;Z]] =Ex .[f,,(R;/¢" X;)X;X]]. Via assumption A.5, we
have restricted eigenvalue condition holds for Ez[Z;Z]'] with parameter x. Combining (EC. 130) with the
Corollary 6.8 in Bithlmann and Van De Geer (2011), we set A = = in Corollary 6.8 to show IAI Y ienZiZ]
also has restricted eigenvalue condition with parameter /2, Wthh implies

( ||u$||2— |.A| ZZ ZT) >1—6Xp( Cl‘AD

jeEA

=P (S llusl? < u V2LAE)u) = 1 - exp(—~CilAl). (EC.131)

Note that for any realizations {x;,r;} of {X;, R,}, we have

u V2L, (E [ Zx]fo” (rjle] &) | u+u” Z zix] [l (rilx] €)| u
JEA JG(A)C
l ijfo” Aw?ﬁ)}uz'ﬁuuTvgﬁA(&)u. (EC.132)
jeEA

The desirable result follows directly by combining (EC.131) and (EC.132).

LEMMA EC.2. Let n be the size of the whole sample set and A be the random i.i.d. sample set consisting
of X eR? for k€ K, and X € U, for k € K,. Per assumptions A.1, A.4 and A.5, when |A| > Oy logd, the
follow result holds with probability at least 1 —exp (—Cy|A|) — 2dexp (7%)5
2415\

|Als
where (3155 s the lasso estimator and Cy is defined in (EC.125)

H/@lasso _ ﬁ‘crue”1 S (E0133)

Proof of lemma EC.2 We first show that [|Bassc — giue||; < 3||@lsse — guue||; holds. As B2 is the

optimal solution, we have

£(181asso)+)\‘|ﬁlasso||1 SL(/@true) +A||160trueH1

L(Iglasso) _E(Btrue) +)\Hﬁlasso”1 S A”ﬁtrue‘ll (E0134)
Vﬁ(ﬁtrue)T(lglasso 7ﬁtrue) +)\H[31asso||1 < A”ﬁtrue‘ll (EC].35)
_”v£</@truc)”oo”/61asso _/Btruc”1 +)\H/61asso||1 < /\”ﬁtruculv (EC]_?)G)

where (EC.135) uses the convexity of £(3'%%5°). Denote event &, as follows:

&= {||V/3(ﬁ““e)|loo < ;A} . (EC.137)
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Under &, (EC.136) can be further simplified into

1 550 rue asso rue
B2 = Bl A8l < AIB™ |
1 550 rue asso rue
—5 187 =By 4 187 < 187l

||I61a550 o true”1 o ||ﬁ]asso _ true”1 + ||ﬁlasso‘|1 + ||51a550”1 < ||ﬁtrue||1 4 ||ﬁtrue||1. (EC].38)

As Bi1° =0 by definition, we then have

||ﬁ]asso _ ‘crue”1 _ ||161a550 o 0”1 < ||I6true|| 40
||ﬁlasso _ true” - ||131a550 o

7||ﬁlasso _ ‘crue”1 7||ﬁlasso _ trueHl + ||l8trueH1 ||ﬁlasso”

||ﬁ]asso _ ‘crue”1 < 3||ﬁ1a550 _ trueH (EC]_?)Q)

_ true” <||I6true|| +O

Then, by Lemma EC.1, we obtain

P ((ﬁlasso o IBtrue)TVQE(E)(BlaSSO _ ﬁtrue) | ‘ H/@labso _ true||2) 2 1— exp (*C1|A|) . (EC].40)

Now, we turn back to (EC.134) and use the Taylor expansion on L£(3'%%%°) at B%U¢. Then, the following

inequality holds for some & between B¢ and 3'2%°:

1
vﬁ(ﬁtrue)T(ﬁlasso _ I@true) 4 5(ﬁlasso _ﬁtrue)TvQﬁ(&)(IBIasso _Btrue) +)\||I81asso||1 S A”ﬁtruenl. (ECl41)

Combining (EC.140) and (EC.141), we know that with probability at least 1 — exp(—Cin), the following

results hold:

A

| | ||I6»Iasso _ true”l < vﬁ(ﬁtrue) (ﬂlasso _ﬁtrue) + A (ngtrueHl _ ||181&sso||1>

A asso rue rue asso rue rue asso

A ' e S A e R (e I 1)) B 1 oA P )
1€ESUSC

We then separately consider i € S and i € S§¢ as follow:

Z [_viﬁ(ﬂtrue)(ﬁ%asso _ 6;51“116) _ )\ (|B’}asso| _ |ﬁ;‘crue>|):|

i€S

< [Ts(B)|_ |8 — gie]| + A g — g (BC.143)
and
D G e R )
BT
< Z (IV£(B™)| = A) 11 <0, (EC.144)

where the last inequality uses [|[VL(8")||o < X in &.
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Combining (EC.142), (EC.143) and (EC.144), we can show that

|:7l1|3 Bl — girue|2 < || Vs £(B ) H | Blasse — true” + | Blasse — true”l

|~A|’<°' I@lasso_ true|| | < Hvsﬁ (8) A

|A| HIBlasw gervell, <4(||Vs£ ﬁtme)Hm_’_)\) (EC.145)
Hﬁlasso _ e, < |1st (IVsL@B™ )| +A), (EC.146)

where (EC.145) uses ||Bi&sse — gure||, < 3||B@sse — Birve||; in (EC.139). Under event &, (EC.146) can be
further reduced to:

24ns
IA\

Now, we assess the probability of event &. The i-th element of VL(8"") is £ >"_, X, f, (R;| X Btrve).

H/@lasso ﬂtruenl < (EC].47)

Under assumptions A.1 and A.4, X, f,(R;| X B""°) are 22, o%subguassian random variables for given

sample X ;. We can use the Hoeffding’s inequality and union bound to build the following probability bound.

T true nt2
nt?
(max < t> >1—2dexp ( ) , (EC.148)

20%27,x
Setting t = %/\, we will have event &, defined in (EC.137) holds with at least probability 1 —2d exp ( %) .
The desirable result directly follows by (EC.146), (EC.147), and (EC.148).

Z f R |XT/8true)

LEMMA EC.3. Under assumptions A.1, A.8, A.4, and A.5, for any feasible x, B; and i € IC, the following
two statements hold.

L BR8] — Bl Rl B] < R0 00 8, = B

2. Moreover, if ||B; — B < min{ L L }, then we have E[R;lx"B;] >

0Zmax ’ 4€0 RmaxTmax
max;; B [R;|lx"B;]+ 2 for i€ K, and E.[R;|x" B;] <max,.; E[R;|xB;] — 1h foricK,.

Proof of Lemma EC.3 To show the part 1. We first expand the left-hand-side as follows.

|Ec[Ri|x ™8]] — E[Ri|" Bi]
oo

+oo
:/ rie*f(rﬂm—rﬁfruc)dri_/ Tie*f(ri\m—rﬁi)dri (EC]_49)
oo 1 T gtrue T g
= / rs (e—f(mz BIN) o= f(rilw m)) dr,| .
“+oo . ’
= / -7, <e*f(m'|w Bi)) CCT(,Bi—ﬁ;"ue)dT (EC].50)
—oo Bi=pre 45
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where (EC.149) uses f being the sample-wise negative log-likelihood loss function and é in (EC.150) is
between 0 and 3; — 8. We then pull 7 (3; — B""¢) out of the integral:
CBT(/BZ _ ﬂz‘yrue)dri

“+o0 . ’
/ . (e—fmlw m))
oo Bi=BIe+5

+o0 /
— mT(IBi_I@true)/ . (e—fmm%,;))

d""i
Bi=Br1e 48

Tmax||Bi — B 1. (EC.151)

oo
< / Tie_f(ri|ZT(ﬂErue+6))fy(ri‘:I:T(ﬂ;rue + 6))d7”1

As we assume |f;(|)| is bounded by ¢ in assumption A.4, (EC.151) is upper bounded by

“+oo
’/ me_f(”'wT(Bzru%&))f;(M:BT(ﬂ;me +0))drs| Tmax1B; — B |1

“+o0
< ‘/ rie 0= BTN | 0| B — B (EC.152)

We then expand term f(r;|z " (B¢ +4)) in (EC.152), and there exists a € between 8™ and 8" + § such
that

+oo
(T (gtrue
/ rie frileT (8] +5))d7“i o.ajmaXHﬂi_ﬂZprueHl
— o0

+oo
= / Tieff(ri\mTﬁgrUe)*f;(riImTﬁ)mTadri O'Imax”,Bi 7ﬁ;rue”1
— 00

+ ’
< / = rie (il T B, (il2 T Ol 11 g | 113, gErve|
=1/ ;
o0
< e~ il B gy, eazmaxHﬁrﬁ,‘{r“e\haxmax||13i — g™, (EC.153)
— 00
=|E [R;|&T Btrue]|eremaxlBi=B 1 g N1Bs — BT (EC.154)

where (EC.153) uses that § is between 0 and 3; — 8™, which implies ||0]|; < ||8:; — 8|1, and (EC.154)
comes from the definition of E.[R;|z"B¢]. Combining E.[R;|x " 3i™°] € (0, Ryax] in assumption A.1 and
(EC.154), we have:

|E[Ri|a B — B[R]z B8] < Runaxe ™12 =2 Nz, )18, — B 1. (EC.155)

To show the part 2. If |3; — B¢||; < —L—, then we can show that

— OZTmax

eazmaxl\ﬁfﬁ?“elll <e. (EC.156)
Combining (EC.156) and (EC.155), we obtain

|]E€[Ri|m—rﬁ:rue] - Ee[Rz|mT/61] SRmaxeazmax“BiiﬁzmeulO—xmaXHIBi - ﬁ;‘cruenl

SRmaxeo—xmax”ﬁi _6§rueH1 (EC].57)

Let j; = argmax;; B [R;|x " B{"°]. We first consider the case with i € K,. Under assumption A.3, for any
x € U;, i € K,, the following inequalities hold:

E.[Ri|lz" 3] > Ec[Ry, |z 87|+ h
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= E[R;|x' B8] — E.[R|x " B;] >E.[R;, |wTﬂ§fue] —E.[R;, |z B),]
+E[R;, |2 B8),] —E[Rilz B +h
= E[Ri|z 8] —E[R; |2 8;,] > — [E[Ri|zT 8] — E[Ri|z" 8;™°)]|
— | B[Ry, |27 B — B[Ry, |27 85,]] + b (EC.158)
If |8 — B¢ < m7 then we have

h
||Rmaxea'xmax(/6i - I@Erue)Hl S Z (EC159)

Combining (EC.157), (EC.158), and (EC.159), we will have

h h
EG[RA:ETB?] - EG[RJ'1|$TIBJ'1} > _Z N Z +h
=E[Ri|z 3] > mnge[lemTﬁj] + g, (EC.160)
VE)

where the last inequality uses j; = argmax;.; E[R;|z " 8{™].
We then consider the case where i € K,. Under assumption A.3, for any suboptimal arm ¢ € IC,, we have
E[Rilx" 8™+ h <E[R;, |z B]"]
= Be[Rila" 8]~ E[Ri|lx’ Bi] + h <E[Ry, [z 85" — Ec[R;, |z B;,]

+E[R;, |z B),] — E[Ri|z" B)]

= E[R;, |2 B),] - E[Ri|z" 8] > —|E[Ri|x " B;"] - E[Ri|z " B]]
— B[R, |z 85" - E[R;, |z B;,][ +h

> R, |27 8,,] - E.[R|z 8] >~ gh— fhth

= E[RJ2" 8] <ER, |0 B,] - sh=maxE,[R,[z"8,] - 1

where the second-to-last inequality uses (EC.157) and (EC.159).

LEMMA EC.4. Let o be a positive number. When x > max{3a~tloga™1,0}, we have ax >logx.

Proof of Lemma EC.J Let f(z)=az —logz. We first prove that for the case where a < e™!, f(z) is
non-negative for z > max{3a~!loga~!,0} via solving the following equation:

exp(ax)

ar—logr =0« =l zexp(—azx)=1& —azrexp(—axr) = —q, (EC.161)

whose non-negative solution is x = —a~'W_;(—«) where W_; (-) is the Lambert W function. Combining this
result with the monotonicity of f(z), we have f(z) >0 for all x > —a™'W_;(—«). Next, we will show that
—a 1W_(—a) <max{3a~tloga~t,0}. By setting u = —loga — 1 in Theorem 1 of Chatzigeorgiou (2013),

we have

W_y(—e~(Flega=D=1)y> 1 /2(—loga—1) — (—loga — 1)
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=W (—a) > —y/2(—loga—1) +loga
=W_i(~a)>—2y/~loga+loga
= —a 'W_i(—a)<a ' (2y/~loga —loga)

= —a 'W_i(~a) < -3a"tloga=3a"tloga™t <max{3a 'loga~',0}, (EC.162)

where the last inequality uses —loga > loge =1 when a < e~!. Therefore, we have f(x) >0 for all x >
max{3a~!'loga™!,0}.

Next, we consider the case where a > e~!. We can verify that f(x) is convex with the minimum value
(1+loga). If a > e 1, then f(z) is non-negative, which implies that ax > logx for all > 0. Finally, the

—1 -1

lemma follows directly by combining both the o < e™! case and the a > e~! case.
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EC.3.

In this section, we conduct sensitivity analyses for input parameters (i.e., a, A1 9, A2,0, h, to) in the G-MCP-

Appendix: Sensitivity Analyses

Bandit algorithm and the upper-bound for significant covariates dimension (i.e., s). In particular, we will
hold the baseline case, where d =50, s =10, \y = Ay 0=1, h=1,t, =4, a=0.1, and k = 2, largely unchanged
while varying one of a € {0.005,0.1,2}, A=X; = Ag0 € {0.05,0.8,1}, h € {0.25,0.5,2}, to € {0.3,0.5,1}, and
s €{3,4,5}. For each sensitivity analysis, we perform 100 trials and report the average cumulative regret for

the G-MCP-Bandit algorithm up to 1000 users.

Figure EC.1 Sensitivity analysis, where d =50, s =10, \i = X20=1, h=1, to =4, a=0.1, and k=2 as the
baseline.
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We observe that the cumulative regret for the G-MCP-Bandit algorithm is robust with respect to the
choices of its input parameters. Specifically, in Figure EC.1(a), (b), (c), and (d), the cumulative regret
remains largely unchanged, when we vary the G-MCP-Bandit algorithm’s input parameters (i.e., a, A1, Az,
h, to). Furthermore, we find that the cumulative regret exhibits a non-monotonic pattern with respect to
these input parameters changes and that the cumulative regret seems to be minimized for the median values
of these parameters in EC.1(a), (b), (c), and (d). Hence, despite the mild improvement in the cumulative
regret, actively tuning parameters may continue to be beneficial for decision-makers in practice.

At last, Figure EC.1(e) reports the influence of the upper bound for the significant covariates dimension (s)
on the cumulative regret performance. In particular, we observe that the cumulative regret is monotonically

increasing in s. Note that decreasing s suggests a higher sparsity level and a smaller number of significant
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covariates. Hence, as expected, with less non-zero parameters needed to be estimated, the G-MCP-Bandit

algorithm will have better estimation accuracy, which in turn improves its regret performance.

EC.3.1. The Knowledge of the Sparsity Level s
To establish the G-MCP-Bandit algorithm’s regret upper bound, some input parameters may need to be

144s

selected based on the sparsity level s. For example, the parameter a is chosen to ensure the condition a > ==
holds in Proposition 1 and Theorem 1. Such a selection condition is standard in the high-dimensional statistics
literature (e.g., Corollary 4 and Corollary 6 of Fan et al. 2014b and Lemma 5.3 of Wang et al. 2014) and the
high-dimensional bandit literature (e.g., Proposition 1 of Bastani and Bayati 2020). In practice, however,
decision-makers may not know the sparsity level s, especially without sufficient data at the beginning.
Therefore, in this subsection, we will investigate the question of if decision-makers don’t know the sparsity
level s, then how the suboptimal parameter selection will influence G-MCP-Bandit’s regret performance.
In particular, we use § to represent decision-makers’ guess or estimation of the true sparsity level s.
Without knowing the true s value, decision-makers will tune the G-MCP-Bandit algorithm’s parameters by
using their estimated sparsity level 5. In Figure EC.2, we report five linear two-armed bandit experiments®, in
which the covariate dimension d =100 and the true sparsity level s € {5, 20, 30,40, 50}. For each experiment,
we perform 30 trials and report the average cumulative regret of five G-MCP-Bandit algorithms® that are
tuned by using/assuming § =5, 20, 30, 40, and 50, respectively”. Therefore, in each experiment, only one
G-MCP-Bandit algorithm’s parameters are tuned by the true sparsity level s, and the other remaining four
G-MCP-Bandit algorithms used the suboptimal parameters tuned by the wrong estimated sparsity level s.
We observe that the G-MCP-Bandit algorithm’s cumulative regret will be minimized when it is tuned
by using the correct sparsity value (i.e., if § =s). For example, in Figure EC.2(a), where the true sparsity
level s =5, the G-MCP-Bandit algorithm will have the lowest cumulative regret, if it was tuned by using
§ =75 (see the blue line with asterisk marks). In addition, we find that the larger the distance between §
and s, the worse the G-MCP-Bandit algorithm will perform. And, the regret differences among the G-MCP-
Bandit algorithms tuned by different § values tend to be narrowed as the true sparsity level s increases. The
regret differences among G-MCP-Bandit algorithms tuned by different § values highlight the importance of
accurately estimating s. Therefore, to improve the G-MCP-Bandit algorithm’s performance, decision-makers
should, whenever possible, (1) use their earlier experience or data previously obtained from similar scenarios
to improve the accuracy of estimating the sparsity level and (2) dynamically adjust the tuning parameters
for the G-MCP-Bandit algorithm, when more data become available to support a better estimation of the s

value.

5 Other experiments exhibit similar pattern and therefore are omitted.

% The Lasso-Bandit algorithm also requires the knowledge of the sparsity level to tune parameters, and therefore its
cumulative regret performance depends on the estimated sparsity level §. In our experiments, we observe that the
G-MCP-Bandit algorithm continues to outperform the Lasso-Bandit algorithm, if both were tuned under the same
§. In addition, as the impact of the estimated sparsity level § on the Lasso-Bandit algorithm is nearly identical to
that on the G-MCP-Bandit algorithm, we omit the Lasso-Bandit algorithm for better clarity in the figure.

" We also tried § value that is higher than 50, but the cumulative regret performance for cases with § > 50 is very
close to the § =50 case and therefore will be omitted to avoid duplication.
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Figure EC.2 The influence of unknown s, where parameters for the G-MCP-Bandit algorithm are optimally tuned

by assuming decision-makers’ estimated sparsity levels to be §=5,20, 30,40, and 50.
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REMARK EC.1. To theoretically remove the dependence of parameter a on the sparsity level s, we will
need to revise the existing assumption for a stronger version or introduce new assumptions. The dependence
of a on s comes from the proof of Proposition 3, in which we want to ensure the penalty weight w; for
i € 8¢ to be positive. According to (EC.16), we must set a = O(s). One way to break such a dependence is
to further separate S¢ into two subsets Sz and Sy. We then count the index in §¢ with small enough penalty
weight in S3 and Sy = 8¢/S3. As the element in Sz indicates that the magnitude of the Lasso estimator is
large while the ground truth is 0, it will happen with low probability. Thus, the cardinality of Sz will not be
large. In fact, we can prove that |S3| < s under some additional mild conditions. Then, by setting S=8US?
and S¢ = 8%, for all i in S¢, the penalty weights will be large enough. Therefore, if we can further introduce
a stronger restricted eigenvalue condition so that = |ug||7 <uE[V?L(£)]u holds for the index set S with
|$ | <2s, the proof of Proposition 3 will be able to be established without a dependence on s.

The knowledge of the s value in A\; and Cy can be resolved by replacing s with §v/log?, where 5 is a guess
or estimation on s. In our setting, s is defined as an upper bound for the cardinality of the significant index

sets for all arms, so our analysis works for the setting with an over-estimation on s. If we set s = §/logt
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in the algorithm, for a large enough ¢, we will enter the over-estimating scenario and be able to recover the
desired statistical properties of our algorithm, even when the initial parameter § is incorrectly specified to
be small. However, the regret during the initial time periods may suffer as a result. We exclude the proof for
brevity.

We can also remove the dependence on s by introducing additional assumptions on covariates diver-
sity /balance from the nearly exploration-free bandit literature (e.g., Assumption 3 in Bastani et al. 2021
and Assumption 6 in Oh et al. 2021). With these assumptions, we can directly ensure that Proposition 6
holds even without enough random samples or with a wrong construction for the optimal decision set II; in
the G-MCP-Bandit algorithm. The intuition is that by introducing these assumptions, we can ensure that
all dimensions are explored with a nearly equal chance so that the MCP estimator under 2sWL will have a
high probability to reach S; =S. Therefore, even if we use wrong Cy and A; from under-estimating s, the

desirable regret bounds will continue to hold.
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EC.4. Appendix: Additional Experiments on Tencent dataset
In this section, we extend the Tencent search advertising experiments in §6.2 by considering the impacts of
a large number of ads and the robustness of the G-MCP-bandit algorithm under the model misspecification,

where the underlying reward function is not within the family of GLMs.

EC.4.1. The impact of a large number of ads

In this subsection, we expand the Tencent search advertising experiment to understand the impacts of a
large number of ads. To be able to accurately estimate the true parameter vectors for the oracle policy, it is
necessary to include ads with large session entries in all experiments. Hence, we first rank all ads that have
CTR higher than 1% by their frequencies and then pick the top 10, 100, and 1000 ads for three experiments.
The ads with the lowest frequency in these three experiments (i.e., K =10, K =100, and K = 1000) have
188997, 28954, and 2235 session entries, respectively, to provide estimations for parameter vectors under the
oracle policy with reasonable accuracy. The reward for each clicked ad is initialized at the beginning of each
experiment and randomly assigned to be $1, $5, or $10 with equal probability.

First, as expected, we observe that the computational time increases in the number of ads and the number
of users. In particular, with the Intel Xeon Platinum 8163 CPU (2.50GHz, 7 cores), the average computational
time (in seconds) for the G-MCP-Bandit algorithm to complete 20,000 users is 203 for K = 10, 226 for
K =100, and 349 for K =1000. When the number of users is increased to 40,000, the average computational
time will increase to 583, 661, and 1375 seconds, respectively. Similar to §6.2, we benchmark the G-MCP-
Bandit algorithm to OFUL, OLS-Bandit, Lasso-Bandit, the random policy, and the oracle policy. For each
experiment, we perform 10 trials for each algorithm and report the average revenue with up to 50,000 users.

Similar to the three-ad experiment in §6.2, we observe that the G-MCP-Bandit algorithm outperforms
other algorithms in terms of the average revenue performance; see Figure EC.3. When the number of ads is
comparatively small (e.g., K =10), it does not need many users for all algorithms to identify the significant
covariates and/or to estimate parameter vectors to eventually select the optimal ads for incoming users.
Hence, the revenue improvement of the G-MCP-Bandit algorithm over other algorithms is most significant
when the number of users is not too large. For example, when T < 10000, the revenue improvement of
the G-MCP-Bandit algorithm over Lasso-Bandit is around 3% — 4%. As the number of users increases, all
algorithms eventually learn to accurately estimate parameter vectors to identify the revenue-maximizing ads.
Therefore, the average revenue performance of all algorithms begins to converge.

As the number of ads increases (e.g., K =100 and K = 1000), accurately learning the parameter vectors
and identifying the optimal ad require more users, which is where the G-MCP-Bandit algorithm shines the
most. In particular, we observe that the revenue improvement of the G-MCP-Bandit algorithm over other
algorithms tends to grow with the number of ads. Figure EC.4 plots the percentage revenue improvement
of the G-MCP-Bandit algorithm over other benchmarking algorithms by fixing T"= 5000, 7" = 20000, and
T = 50000. In all three scenarios, the benefits of the G-MCP-Bandit algorithm increase with the number
of ads. This observation suggests that the G-MCP-Bandit algorithm becomes more favorable in practice,

especially when there are large pools of available ads for decision-makers to choose from.
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Figure EC.3
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In §6.2 and Appendix EC.4.1, we have examined the robustness of the G-MCP-Bandit algorithm under

the model misspecification, where all algorithms assume the linear model, but the true underlying reward

function actually follows the logistic model. Under such a misspecified setting, the G-MCP-Bandit algorithm

under the linear model outperforms all other algorithms in terms of average revenue performance.

In this subsection, we conduct another experiment to further test the robustness of the G-MCP-Bandit

algorithm under the model misspecification, where the true underlying model does not belong to the GLMs

family. In particular, we consider the scenario where the true underlying model follows the form of a two-

component Gaussian Mixture Model (GMM), which does not belong to the GLMs family. Theoretically,

GMM has better representation power than GLMs, and for the Tencent dataset, it actually fits the Tencent

data better® than both the linear model and the logistic model. Analogous to Figure 3 in the main paper,

8 We train the GMM model with around three hundred covariates with the highest frequency.
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we consider the same three-ad experiment. For each algorithm, we perform 10 trials and report the average

revenue with up to 5000 users in Figure EC.5.

Figure EC.5  The robustness of the G-MCP-Bandit algorithm under the model misspecification, where the true

underlying model follows a two-component Gaussian Mixture Model.
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Consistent with all previous experiments, Figure EC.5 shows that the G-MCP-Bandit algorithm, under
both the linear model and the logistic model, continues to outperform other algorithms in terms of average
revenue performance. In addition, we observe that all algorithms in Figure EC.5 seem to generate less average
revenue that what is shown in Figure 3. This observation may be due to the fact that it is much more
difficult to use a GLM model (e.g., a linear or logistic model) to approximate the GMM model than to use
the linear model to approximate the logistic model, so the impacts of the model misspecification on the
average revenue performance are much more severe in Figure EC.5 than in Figure 3. Despite the negative
impacts of the model misspecification, the G-MCP-Bandit algorithm continues to outperform Lasso-Bandit
by 7.30% (under the logistic model) and 4.21% (under the linear model), and such an improvement is even

larger when compared to OLS-Bandit and OFUL-Bandit.



