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A Reducing Bias in Secondary Metrics

A.1 Secondary Metrics

In the main body of the paper, we assume that the platform’s estimand of interest is the global
treatment effect on system value, i.e., the difference between the total system value under global
treatment ®, (D™ B, §7) and the total system value under global control ®,(D™*, §7). In prac-
tice, marketplace companies track more than one business metric to assess their performance. For
instance, a ride-hailing company might match riders to drivers primarily based on pickup distance,
but may also care about fulfilling more rides using electric vehicles. An example of such a setting

is presented in Figure 12.

Region 1 Optimized matching Secondary matching
values (efficiency) values (EVs)

Rider type 1 Driver type 1 & & a 1 G G 0 G

Region 2 each type l l
[
@ Rider type 2 H Driver type 2 9 e a 9

Setting Value Secondary value
Control: ’ﬁ 1 rider of each type 2 9
Treatment 1: /ﬁ\ 1 more rider of type 1 3 9
Treatment 2: # % 1 morerider of type 2 3 2

Figure 12: Example of a secondary metric. In a ride-hailing setting, riders and drivers originate
from two regions, far enough apart that it is only efficient to match riders and drivers from the
same region. Drivers in Region 2 drive electric vehicles (EVs). Therefore, though both treatment
1 and treatment 2 have the same global treatment effect, treatment 2 also improves the secondary
metric which counts the number of rides satisfied with electric vehicles.

Even if the total system value is computed as a weighted combination of several metrics of
interest, it remains of interest to understand how each component is affected by the treatment. For
instance, in ride-hailing, a treatment that increases total welfare by both reducing pickup distance
and increasing the number of rides served by electric vehicles may be preferable to a treatment
that increases total welfare by the same amount, but by disproportionately increasing the number
of rides served by electric vehicles at the expense of pickup distance.

Though it is not the case in the simple example in Figure 12, secondary metrics can also

suffer from marketplace interference bias. In our ride-hailing example, a price incentive increasing
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demand arrival rate could lead to more riders in the treatment group matching with electric vehicles,
seemingly suggesting that the price incentive improves sustainability metrics even though the total
number of electric vehicle matches remains fixed. Therefore, it is of equal interest to reduce bias
in secondary metrics as in the optimized value function.

However, solving the matching LP only provides shadow prices with respect to the original value
function, as defined by the edge weights v, . These shadow prices do not provide information
regarding a secondary metric defined by new edge weights ¥,,,. The goal of this section is to
develop a method that extends the bias-reducing properties of shadow prices to secondary metrics
of interest.

Formally, consider the matching problem defined in (1) with edge weights v, ., and consider
a secondary metric defined by edge weights .. Let x} , denote the (assumed unique) optimal

primal solution of ®,(d, s). We can define the value of the secondary metric in this setting as
OU(d,s) = Y Tuwliw (21)
(u,w)eA

In our experimental setting, the estimand of interest is the secondary treatment effect AT,
defined as
75 _ Lo [adpmA 8 omy _ oF (A QT
AT :—E[CDT(D’ ,S7) — d%(D™, 8] . (22)
T

A.2 Secondary Estimators

The standard RCT estimator for the secondary metric » is given by:

s 11 R 1 R
AggT — ; - Z Uu,wXu:geatment o = Z Uu,wXu:fuontml 7 (23)
(u,w)eA (u,w)eA

hs

where the optimal matching values X ™™™ and X; o™ are computed with respect to the
original matching values vy 4.

In Section 4, we established that the RCT estimator for the primary metric always suffers from
interference bias. The same is not true for the RCT estimator for secondary metrics. Because we
assume no particular structure on the values v, it is possible to reverse-engineer a secondary metric
that does not suffer from interference bias in any marketplace configuration. In practice, metrics
are typically not constructed in such an adverse manner, and may indeed suffer from interference
bias, justifying our desire to define an analog of the shadow price estimator for secondary metrics.

We first propose a way to extend the notion of a shadow price to a secondary metric.

Definition 8. Let ®%(d, s) designate the value function for a secondary metric with edge weights

0;,j for some demand vector d and supply vector s. Then the secondary shadow price of demand
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type © is given by

a? = d%(d,s) — Y (d — e, s).

(2 T

The secondary shadow prices above are defined analogously to the true shadow prices (see (18)).
However, unlike the true shadow prices, it is not obvious how to obtain them directly from the
matching LP. Applying the definition directly would require solving ng + 1 optimization problems,
which creates a much higher computational burden. However, it turns out that we can indeed
compute these secondary duals much more efficiently by using the classic complementary slackness
conditions.

Assuming the optimal solution of the matching problem is unique and nondegenerate, the
complementary slackness conditions form a system of linear equations, which uniquely specifies the
optimal shadow prices given the optimal primal solution. It turns out that, by replacing each value
term vy 4, in this linear system with the corresponding secondary value term v, ,,, we obtain a new
linear system which uniquely specifies the secondary shadow prices. Therefore, rather than solving
ng additional optimization problems, we can simply solve one linear system. We formalize this

result in the following proposition.

Proposition 8. Assume that the optimal solution x* to ®,(d,s) is unique and nondegenerate.

Then there exists an invertible matrizc M and a vector ¥’ such that
af = (M%),

We provide an example of how to construct the linear system described in Proposition 8 in
Figure 13. We first construct the linear system which uniquely determines the optimal dual solution
from the optimal primal solution — then replace every occurrence of vy, with 0y4,. The proof of
Proposition 8 in Section D establishes why this construction is correct.

By solving the matching problem in the experiment state with total demand D7T-exPeriment 54
applying Proposition 8, we can obtain the secondary shadow prices AT-¥-experiment  [Jging thege

marginal values, we can define a secondary version of the shadow price estimator:

1 DT,control> . (24)

crp 1 5 ; 1
T,V _ — AT,U.experiment [ — yy7,treatment __
Agp = -A D
P L—p

T

B Analysis of bias in imbalanced markets

So far, we have analyzed the performance of the SP estimator in a general case. In practice,
marketplaces may choose to modulate their behavior depending on macroscopic characteristics
such as the balance of supply and demand. It is of interest to understand estimator performance in
a range of marketplace balance settings. Intuitively, we expect both estimators to perform well in

the limit where supply greatly outnumbers demand; however, the naive RCT estimator is unlikely
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Figure 13: Example of secondary shadow price computation, using the bipartite matching graph
from Figure 12. Given a particular supply and demand scenario, we can compute the optimal
primal solution, then construct a linear system whose unique solution is the optimal dual solution.
Replacing every occurrence of v; ; with v; ; yields a new linear system whose unique solution is the
secondary dual solution.

to perform well when demand outperforms supply since it does not capture the notion of contention
for scarce supply units.

For simplicity, we restrict our analysis of the undersupply and oversupply limits to the bipartite
matching (uncapacitated) setting. We ignore capacities because we are trying to capture the effect
of low or high supply relative to demand, and capacity introduces a third dimension that adds
complexity but not insight.

We introduce scalar parameters X (respectively 7) such that A = Aex with ||ec]|; < 1 (respectively
m = 7y with ||y||1 < 1). In other words, the total demand scales with the single parameter A across
all types, while the relative proportions of each type remain constant, parametrized by the vector
«a (and similarly for supply). Recall that X denotes the baseline arrival rate of demand to the
platform; when factoring the request probability p; of demand intent of type i, A = AO p=la®p
denotes the demand arrival rate observed by the platform under global control (where ® refers to
the element-wise vector product); and 8 = AO p = Aa © q denotes the “extra” demand arrival
rate observed by the platform under global treatment (which could be either negative or positive).
As a result, the parameter \ proportionally scales both the baseline demand arrival rate and the
treatment effect.

Using this framework, we can study the limits A/7 — 0 (oversupply) and /7 — oo (undersup-

ply). We formalize our results in the following theorem.

Theorem 11. Consider the bipartite matching setting where ®(-) = ®°(-), and assume B > 0.
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(a) In the oversupply limit, both the RCT and SP estimators are unbiased:

lim ’ASP—A‘ —0= lim ‘ARCT—A]. (25)
A/7T—0 A/T—0

(b) In the undersupply limit, only the SP estimator is unbiased:

lim ‘ASP—A‘:();A lim ‘ARCT—A)- (26)

\/T—00 \/T—00

Theorem 11 is a direct consequence of the particular form of the partial-treatment value function.
In the oversupply limit (/7 — 0), ¥(-) is linear, and coincides exactly with Urer(n) = 5*-(A413),
so the RCT estimator is unbiased. However, in the undersupply limit, W(-) is locally constant, and is
not well approximated by liIRCT(-), which passes through the origin. In contrast, the SP estimator is
unbiased in both limits because the partial-treatment value function is linear and the SP estimator

implicitly constructs the best linear approximation in a Taylor series sense.

C Analysis of estimators: proofs

C.1 Convergence to the fluid limit

Denoting v, as the density-averaged total value with density 7, we seek to show that the average
total value v, converges to the fluid limit ®(\,7) as 7 tends to infinity. We begin with a simple

scaling lemma.

Lemma 1. For any demand vector d € Z"\*, supply vector s € 7, and density T, we can rewrite

the total value as

T

%@T (d,s) = & <id, 1s> . (27)

*

Moreover, if z7, ,,

and z,, ., are the respective optimal primal solutions of the right-hand and left-hand

sides, then 2z ., = TZ}, -
) 7
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Proof of Lemma 1. Following Eq. (2), we can write

1.1
P (d, s> = max VywTu,ws
T T
(u,w)€A
1 d
s.t. Z Ty < ;di Yu = u; € Uy,
w:(w,u)€A
1
> Tuw< s Vu = u; € Us,
w:(u,w)eA T
Z Ty — Z Ty =0 Yu € U,,
w:(u,w)EA w:(w,u)EA
0 < zyw < kuw V(u,w) € A.

Applying a change of variables 2z, ,, = Ty, yields

1 1 1
0] (d, S) = ; max Z Vu,wRu,ws

T T
(u,w)eA

st Y Zwu < d; Vu = uf € Uy,
w:(w,u)€A

Y. zwSs Vu = uj € Us,
w:(u,w)EA

Z Zuw — Z Zwu =0 Yu € U,,

w:(u,w)eA w:(w,u)€A
0< Zyw < Tku,w V(U,?U) €A,

1
— B, (d,s).

Lemma 1 provides an equivalent definition of the total value in the fluid limit as

v=lim E [1@ (DT,ST)] = lim E [cb <1DT,1ST>] .
T T

T—$00 T T—00
Before proving Theorem 1, we introduce a second useful lemma.
Lemma 2. Forn € N, let X,, ~ P(An), and Y,, = %Xn then Z = max{2 Y, has a finite mean.

Proof of Lemma 2. For any Poisson variable V' ~ P (\g) we can bound the tail distribution as

follows [Janson et al., 2000, Corollary 2.4]:

P(V >t)<exp(—t) ¥t>T).
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Thus for all ¢ > ¢ty = max (7\, log 2)

P(Z>t)=P(3nst. Y, >1)

Applying this to E [z] = [;° P (z > t) dt we see that

E[z]—/OtOP(z>t)dt+/ooP(z>t)dt

to

o0
§t0+2/ exp (—t) dt < oo
to

We are now ready to prove Theorem 1.

Proof of Theorem 1. For simplicity, in this proof we denote D™ by D™ since we only consider a
single arbitrary A.
Part 1: convergence of expected total value. We first use the strong law of large numbers,

which implies that %DT — X and %ST — 7t almost surely. We then define

1 o
7 — max — i - T
max 7_YT, with Y; Z Dy,
=1
and note that Y, is a sum of Poisson random variables and is therefore Poisson-distributed with
parameter 7y ¢, \;. By Lemma 2 we know Z has bounded mean, and furthermore we notice that
1. 1.
¢ | -D",-S" )| < Zmaxv; .
T T z?]?p
We finally apply the dominated convergence theorem to imply convergence of the expectation which
is the desired result.

Part 2: almost sure convergence of optimal decision variables. For simplicity, we
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assume the optimal primal and dual solutions of ® (A, 7) are unique. If there are multiple primal
(or dual) solutions, our proof below implies that every converging sub-sequence will tend to an
optimal primal (or dual) solution of the fluid limit.
Step 1: convergence of dual variables. We first note that for every 7, the optimal dual variables
(A", B",M",="7), as well as (a*,b*,m*, £*), must be extreme points of the dual polyhedron (5),
of which there are finitely many.
Assume we can find an infinite subsequence 11, 79, . . . such that (A7, B™ MT™ B7) = (a’,b',m/, ¢') #
(a*,b*, m*, £*), a distinct extreme point of the dual polyhedron, implying that
). D™ +b'-g+€,'k<a*'Dn +b"- S”

Ti Ti Ti Ti

a

+& K

By the strong law of large numbers, the dual objective values of the subsequence converge almost
surely to @’ - A+b -w+¢& -k < a* - A+b"-mw+ & -k, which contradicts the optimality of
(a*,b*,m*, &%) in ®(X, 7). Thus there exists 79 > 0 such that (a*, b*,m* £*) is the optimal dual
solution of ® (%DT, %ST) for every T > 19.

Step 2: convergence of primal variables. For T > 73, the optimal primal solution is defined

by a system of linear equations obtained from the complementary slackness and primal feasibility

conditions:
Xysyt =0 v(u3, ul) € Aya, bj + a; > vys
it} et}
Xu}w =0 V(uj,w) € As_sx, b’; —my, > Vs w
Xw,u?i =0 V(w, u?) € Aissa, m*w + a;'k > Vw,ud
Xuw=0 V(u,w) € Ay, my —ml > Uy
Xu,w = ku,w V(u,w) € ‘A’ g;,w >0
1
Z Xwu =—D] Vu:ufel/ld, a; >0
w:(w,u)€A T
1
Z Xu,w = *S; Yu = U; € U, b;( >0
T
w:(u,w)€A
Z Xu,w - Z Xw,u =0 Yu € Uy
w:(u,w)eA wi(w,u)€A

The solution of these linear equations is continuous on the inputs %DT and %ST, both of which

converge strongly to A, 7. By continuity X, also converges strongly to z;, . O

Proof of Proposition 1. This result follows directly from Chapter 5 of Bertsimas and Tsitsiklis
[1997]. Theorem 5.1 proves concavity, and piece-wise linearity with finitely many pieces is estab-

lished in the paragraphs following Theorem 5.1. O
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C.2 Analysis of the RCT estimator

Proof of Proposition 2. We assume without loss of generality that D] > 0 for each demand type 1,
otherwise we can simply remove this demand type. In the proof, we first assume for clarity that

Dz,treatment <> 0 and D;r,control > 0.

We can rewrite each term in Definition 2 as follows:

ng Nns Mij i j Vol treatment

E E E YY" treatment __ E Z Z :J P Vij.p DT,treatment
Vi,j ,p 4,J,p DT treatment 7

i=1 j=1p=1 i=1 i

— VT,treatment . DT,treatment

, (28)

and similarly
ng ns Mij

T,control __ yr7,control T,control
E E E VigpYigp =V D ’ (29)

i=1 j=1 p=1

where V;’treatment (resp. VZ-T’COHHOI) designates the average value obtained from demand type i from
the treatment (resp. control) group.
Taking the expectation over treatment-control assignments preserves the total number of units

in the treatment and control groups. Therefore,

ns Mi,j

trol
2 2 viga¥igy

r 7T,control| 57, control T,treatment QT Jj=1p=1
E[V, D D ST =E

T,control T,treatment T
DT,Control ‘D ) D ’ S
%

ns MNi,j
Vi T,control
— E E : JsP Y |DT ,control DT ,treatment ST
T control 4,J,p
j=1p=1

By Assumption 1, among the Y;", , demand units of type ¢ matched with supply type j along path

p, each one is assigned to the control group with probability D’ ;control /D7 . Therefore we conclude

ns g DT,control

‘7 trol v
E[V;T,Con TO |D‘r,control7 D‘r,treatment’ S‘r E : § 2JsP T

D" control 7J7P DT
i

lel

ns Mij YT

722 JP 6P = V7,

j=1p=1

with the same proof applying to the treatment group. So far, we have assumed that both DT-treatment

0 and D7l > (. If we assume that one of them is 0, then the right-hand-side in either (28) or
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(29) is 0, and the rest of the proof still holds. Therefore, we can write

E [A T | D‘r,control D‘r,treatment ST} — VT . EEDT,trea‘cment _ 1 EDT,control
RCT ’ ) 0T 1_ T .
As 7 — oo, we already know from the strong law of large numbers that D7-teatment /= conyerges to
Abreatment (5 q pr.control /7t ycontrol) " fyrthermore, Theorem 1 implies that V7 converges to *.

Once again applying Lemma 2 and the dominated convergence theorem, we obtain

A 1 1
lim E [AﬁCT ‘ DT,Control,DT,treatment’ ST:| =" (pp<)\ + B) o 7p(1 o P)>\> — o*. B

T—00 1-—

O

Notice that the proof of Proposition 2 analyzes the estimator E [ATRCT | DTcontrol | prtreatment ST}

in lieu of ATRCT. Under Assumption 1, we can always compute the former estimator as a lower-
variance version of the latter estimator. In the main text, we discuss the latter estimator since it
is more intuitive. However, in our results, we analyze the version with variance reduction so that
we are always comparing our estimator to to the best possible standard estimator (in terms of

variance).

Proof of Theorem 2. For some demand vector d and supply vector s, let V(d, s) denote the set of
feasible solutions in path-aggregated form to Eq. (2) with 7 = 1 (fluid limit).

Assume without loss of generality that 3 > 0. We first note that the optimal matching value
for the experiment state verifies W(p) = ®(X + pB,7) = v* - (A + pB), which follows from the
definition of v*.

Step 1: Starting from the optimal solution to the matching problem in the experiment state

z; j» We build a “scaled” solution y; ; to the matching problem under global control, such that
Zijp = m%‘,j,p'
We can easily verify that z; ; , € Y(X, ) (feasibility), since:
ns Mi,j )\ ns Mi,j )\
1 * '
DD ciin =g 2D Vi < v g (it pBi) = A,
=1 p=1 Ai + pBi =1 p=1 i + pBi
and
ng Mi,j ng Mi,j )\ ng Mi,j
1 * *
PIDBEFTED DBy v x AT DY DA
i=1 p=1 i=1p=1"" ¢ i=1 p=1

The flow constraints are satisfied by construction since scaling applies to all variables equally.

The capacity constraints are also satisfied because we are only decreasing flow values.
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The scaled solution z; ;, has objective

ng Nns Mij ng Nns Mij ns Mi,j

l/”y %
ZZZV“J’VZW’ID ZZZ ,j,py”p)\ +,06 Z ZZ ’l]:i;gj’ 0¥,

i=1 j=1p=1 i=1 j=1p=1 j=1p=1

and it is feasible in X' (A, ), therefore v* - A < ®(A,7w) = ¥(0). In other words, the linear
approximation of the partial-treatment value function constructed implicitly by the RCT estimator
underestimates the value of global control.

Step 2: From the concavity of ¥(-), we can write:

(p) = p¥(1) + (1 —p)¥(0)
v (A+pB) = p¥(1) + (1 —p)v" - A
v (A+B) > ¥(l).

In other words, the RCT estimator’s implicit linear approximation also overestimates the value of
global treatment.

Putting the two halves of the proof together, we obtain:

A~

Apecr =0"-B=0"-A+08)—0"-A>¥(1) - V(0) =A.

C.3 Analysis of the two-LP estimator

Proof of Proposition 3. The two-LP estimator is defined as:

o 72_LP — & (S\(Dﬂcontrol’ DT,treatment) + B(DT,control, DT,treatment), ﬁ_(ST,ﬂ')) _

P (5\(-D7',control7 DT,treatment)’ ﬁ,(sT,‘l‘l’)) 7

where A(-), B(-) and #(-) designate maximum-likelihood estimators for the arrival rates X, 3 and

7 obtained from the observed demand and supply counts. In particular,

R Df,control
DIl | Poisson((1 — p)Ai) = A = (117)
— )7

R R DT,treatment
Dpretment  poisson(p(\; 4 6i)) = i + Bi =
T, j

T,Tj . A ]
S, ~ Poisson(m;) = #t; = =

pT

nn
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Using the equations above, we can write:

AT — ) iDr,treatment lST,Tl' _ P 1 DT,control 157—,#
2LP ’ r ( ) r )

pT 1—p)7
then apply Lemma 1 to complete the proof. ]
Proof of Theorem 8. The result follows directly from Proposition 3 and Theorem 1. O

Proof of Proposition 4. Let ng =ns =n > 1. We assume the total demand arrival rate is 1, evenly

divided among the demand types, i.e. \; = % for all 7. We also assume the treatment effect on

demand is §; = A\; = % The arrival rate of each supply type ¢ is m; = m > 1. In particular, we

choose n > ng and m > m,, such that we can use the following approximations:

_ 1
1—e m:1_0<nZ>’
11 1 1
1—e n:n_QnQio(’[ﬂ>7
2

_2 2 1
1—e nzﬁ—?iO ﬁ s

2 2p? 1
1_6—?:ﬂ_pio<),

where the last four equations come from the power series expansion of the exponential function.

We assume that the matching network is bipartite (no intermediate nodes), and all edges have

capacity 1. Let 7 = 1 to simplify notation. The value function is such that:

1 ifi=j,
0 ifisj.

,U,L"j =

This value function can be decomposed into the sum of the value obtained from each type. Under

global control, the expected value obtained from type ¢ is equal to 1 if at least one demand unit

44



and at least one supply unit of type ¢ arrive, and 0 otherwise. In other words,
n
E[o (D™, s7)| =3 P D] = 1] psp™ > 1)

- Zn:a —P [DZ’AI' = 0})(1 —PS7™ =0])

Similarly, for global treatment,

E o (D™ 57)| = S"P D = 1| PSP > 1)
=1

=Y - -

=1

1 (2 2 1
(@) B (e (a))
2 1
—o 24, () |
n n
Therefore the true global treatment effect is given by
1
ATzl—Sj:o().
2n n

Now consider an experiment with treatment fraction p. For each demand type, we observe

trol . _ treatment : .
D7 ~ Poisson <1Tp>, and D"~ Poisson (%”) On average, the two-LP estimate for
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global control is therefore given by:
1 .
E|® DT,control ST P TCOHtl“Ol >1/PIST™ > 1
o (o)) - o o i
_Z(l_ |: TCOI’ItI’Ol 0})(1_]}»[5;7& :O])
1—p
= Z (I—e" )(1—e™)

<1—0($2)>i1(1;”-(1225“0(52))

Similarly, the two-LP estimate for global treatment is given by:

E |:(I) (1D‘r,treatment’ ST,7T>:| Z]P, I: DT streatment > 1:| [Sz',m > 1]
)

_Z<1_ [Ttreatment OD(l—]P’[SZTm:O])

—Z (1—e" 27 (I—e™)

Putting together the above two results yields:

E[AQLP} :2p—42’i—1+p+(1_p)2j:o<;> — (3p—1) <1—12+p>j:0(1>.

2n n n

Henceforth ignoring the o(1/n) terms, and noting that
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we can bound the expected value of the two-LP estimator as follows:

1 " 1
P2§:>(3p_1)AT§E[A2LP} < (@Bp—1) <A7+n>,

1 1 . .
p<s <3p—1><A +n>SE[AZLP}s<3p—1>A.

C.4 Analysis of the SP estimator
C.4.1 Fluid limit

Proof of Proposition 5. Analogously to Proposition 2, the result follows from the strong law of large

numbers, Theorem 1, Lemma 2, and the dominated convergence theorem. O

Proof of Theorem 4. We first assume 3 > 0. Recall from Proposition 1 that ¥(-) is concave,
implying that ¥'(n) = a” - B is decreasing in 1. We can therefore separate the SP error into a

positive and negative term:

1 1
ASP—A:/O (ap—an)',Bdn:/op(ap—a")-,@dn—i-/ (a”? —a') - Bdn
p

—6-<0 §+>0

We call the positive and negative parts above §_ > 0 and d; > 0, such that Agp — A = 0y — 6.
Recalling step 1 of the proof of Theorem 2, we know that

P A
[ arpan=w(p) - w(0) < phscr.
0

therefore

. p p
pARCTE/a"‘ﬁdn:/ap'ﬂ+5_:pap-ﬁ+5_,
0 0

which we can re-write as .
Arcr > Agp + ;57-

The above result tells us that not only is the RCT estimator always larger than the SP estimator,

but in fact the difference exceeds the (scaled) possible negative bias of the SP estimator.
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We can then derive the following bound

‘ARCT_A‘ Agrer — A = / ARCT_an 5)6177

1
>0—|—/ <ap B+ 6,—a’7 B)
p

(1- p)

When p < 0.5 we obtain
’ARCT—A‘ >04+0- >0y —0_| = ‘ASP—A‘.

We can repeat the proof with 8 < 0 and obtain the same result with p > 0.5. A symmetric
experiment design (p = 0.5) will therefore exhibit less bias with the SP estimator than the RCT
estimator as long as the treatment effect is consistent across types. O

C.4.2 Variance results

Proof of Theorem 5. By the law of total variance, we can decompose the RCT estimator variance
into two components, one coming from the demand arrival rates, and the other coming from the

randomized treatment assignments.

Var [\EA%{CT} —F [Var [ﬁAﬁCT‘DT,control’ Dﬂtreatment:H
+ Var |:E [ﬁAﬁCT‘DT,Control DT,treatment:H
Z Var |:\/’7>'E [AECT‘DT,COHU‘OI’ DT,treatment:|:| . (30)
From the proof of Proposition 2, we know that we can express the expectation on the right-hand
side in Eq. (30) as

E [ A ﬁCT’DT’COHtrd, Dﬂtreatment} — EVT X <1DT,Control . 1DT,treatment) ’

T P 1—p
where V™ denotes the average value obtained from demand type i. Therefore, we can write

1 /1 1
lim Var [[A :| > hm Var |:'VT <DT,COntrol . D‘ntreatment):|
et VT \p 1-p

T—00

As in the proof of Proposition 2, we can show that V7 converges almost surely to ©*, the vector of
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average values by demand type in the fluid limit. Therefore, the above is equivalent to

1 /1 1
lim Var [IARCT} > lim Var |:‘—,* L (Dr,control _ DT,treatment>:|
P

T—00 T—00 \ﬁ P 1-—
— lim & Var | o* - L 1DT control 1 DT,treatment
700 £ tVvT\p 1—p "
ng
_ Z (1_};«)2 lim Var [ ( Dz',control _ 1 Dz',treatment):|
1 T—+00 1-— P

- 2(6;)2@7
=1

where

. 1 1 T,control 1 T,treatment
- \V -pr - — DV >
Gi Thm ar [\ﬁ <le 1 pDZ >0

is bounded as a result of asymptotic properties of Poisson distributions.
Similarly, we can decompose the asymptotic variance of the SP estimator:
Var |:\/7>—A7S—P] - [Var [\/FA%P‘DT’COHHOI, DT,treatmenti|:| + Var |:E [\/FA%PU)T,Control’ DT,treatment]:|
— Var |:]E [\ﬁAgP‘DT,control Dr,treatment}}

We also know that the shadow prices A” converge almost surely to the shadow prices in the fluid

limit a*, so we can write:

— 1; * 1 1 T,control 1 T,treatment
e R
ng

1 1 1
= Z (ar)Q T]LHQIQ Var [\/7— (pDZ',Control _ Dz',treatment):|

i=1 L=p
ng

= Z(a:)2g
i=1

From complementary slackness, we know that the average value of demand type 7 must be no
smaller than its marginal value, i.e., ai < . Therefore we conclude (a})? < (9})? for all i and

therefore
lim Var [IARCT] > hm Var [IASP]

T—00
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C.4.3 Imbalanced bipartite matching markets

Proof of Theorem 11. Consider a sequence {\*/7F}5= =i Let A* and ¥ designate the demand and
supply arrival rate vectors corresponding to scale parameters AF and 7. Similarly, let 3% designate
the treatment effect on demand corresponding to demand scaling .

Oversupply limit: Assume {\*/7*}, converges to 0. We can find ko such that for all k > ko,

min 7r > )\k—i— k
JE[ns] Z b

For any n € [0, 1], this result implies that the supply constraint (1c) for each supply type j in the

matching problem with demand arrival rate A 4+ n3 verifies

Z:{:”<Z)\k+nﬂk<2)\k+ﬁk< min 7r,<7r

=1 J'€lns]

From complementary slackness, we obtain b? = 0 for each supply type j. We then observe that
the optimal demand dual variable is given by a; = max;e[,,] vi,j for each demand type i, for all
€ [0,1]. Furthermore, for the experiment state (n = p), complementary slackness means the

optimal primal variables are given by

X+ pBE, i j = argmaxjicp,,) vi g,

*

0, otherwise.

By proposition 6, we can write the true treatment effect as

1 1 ng ng
A :/ a - Bdn = / dn max v; ;3 = max v; ;5.
0 0 ;J‘E[ns] e ;je[ns} w
By proposition 5, the SP estimator is given by

Agp =a’ - B = ZmaX%]Bz— )

je[n9

and by proposition 2, the RCT estimator is given by

2y G Vig
ARCT =" ﬁ Z )\k + pék Z]Ig?‘lx Vg ]5@ -
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Undersupply limit: Now assume {\¥/7%}; — co. We can find kg such that for all k& > ko,

Ns
min )\k > E 7r;-€.
i=1

i€[ng]

Using a similar complementary slackness argument as in the first part of the proof, we can show
that for any n € [0, 1], a] = 0 for each demand type 4, and additionally the optimal primal solution

for the experiment state (7 = p) can be written as

Ng 5 k ep -

> i T3V 4 1, if ¢ = argmaxy Vit j

_ =1"%) 2,] . ) v'elng| Y0
== ) 2 with (52'7]' = [r2a]

' Xi+pBi 0, otherwise.

Once again applying Propositions 2, 5, and 6, we obtain

1
A= [ a@pin=0=arp=As.
0

and

. Td Nd N0 ﬂkvw
Apcr = Zm =Ny E=E I g
po ~ X+ pbi

,J'WT Vij sk
= g k A a;q;
)\ ;g +P)\ a;q;

Ng MNs

= Z Z 0i,jVi j V5T

Pt p+pqz

The right-hand side above does not tend to 0 in general as A\*/7% — oco. In particular, if 7%
converges to a positive constant (and P 00), then ARCT > 0 in the limit. ]
C.4.4 Finite-sample analysis

The goal of this section is to build up to the proof of Theorem 6. We first prove Theorem 7,
which establishes the existence of a positive-demand and negative-demand dual or subgradient of

the matching value function @, (-, -).

Proof of Theorem 7. Let us first assume that € is a rational, and that ¢; = % for some N € Z

and f; € [N]. Using Lemma 1 we rewrite

1
o, (d,s) = N(I)NT (Nd, Ns)

o1



and .
O, (d+es)= N(I)NT (Nd+f,Ns).

In order to get from an optimal solution 7}, ,, of ®- (d,s) to an optimal solution of @, (d + ey, s),

for some k € [ng4], we know that we need to find an augmenting path, denoted by sz’w, such that

Ty T zfj,w is an optimal solution of @, (d + e, s).

From diminishing returns we know that if f; > 0 then
Py, (Nd +f7NS) — Oy, (Nd+f — ek,Ns) < Py, (Nd—i—ek,Ns) — Oy, (Nd,NS) .

To compute the right-hand side, we observe that to get from the optimal solution of ® ., (Nd, Ns)
to the optimal solution of ®x, (Nd + ey, Ns), we follow the same augmenting path z* . thus,

Oy (Nd+£,Ns) — Oy, (Nd+f — e, Ns) < &, (d +eg,s) — P, (d,s).

and by diminishing returns

ng
Onr (Nd+f,Ns) — &y, (Nd, Ns) < fie (@7 (d+ eg,s) — P, (d,s)).
k=1

Using Lemma 1 again, we see that
O (d—I—E,S) - o, (d,S) < €k ((p’r (d+ek)s) — o, (d,S)),

which we can also write as

nd

nd
D, (d+e€,5) < (1 —Zek> O, (d,s) + > ex®r (d +ep,s) .
k=1

k=1

To show the equality is strict we observe that the concavity of ®, (d,s) implies that

ng
O (d+es)=2, (d + Zekek, s>
k=1

:(I)'r <<1—iek>d+iek(d+ek),s>

k=1 k=1
ng nd
> <1 — Zek> O, (d,s) + > ex®r (d +ep,s) .
k=1 k=1

Continuity of @ (-, -) implies that the result extends to real-valued €. A similar proof holds for
®.(d,s) — P, (d —¢,s). O
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Having proven Theorem 7, we now introduce three lemmas on the form of the derivative of a

function of Poisson random variables.

Lemma 3. Suppose D ~ Poisson()), with 0 < A < oo, and x € R™ be a constant vector. Let
g(x,d) be a continuous function satisfying 0 < g(z,d) < M (|d| + ||z|;). Then E[g(z, D)] is

differentiable with respect to A, and in particular

;’AE lg(x, D)) =E[g(zx, D +1) — g(x, D)].

We note that the expectation above is taken only with respect to D, while keeping x constant.

Proof of Lemma 3. We use a constructive argument for the proof. In particular, using the exact

form of the Poisson probability mass function, we can write

e o0 e—/\ d
Elo(. D) = 3 gl P(D = d) = Y glw.d)
d=0 d=0

We need to establish that the derivative of E [g(x, D)] with respect to X exists. For any finite n > 0,
we define the sequence of partial sums:
= e A\

fa) =) gl d)—=,

d=0

such that E [g(x, D)] = lim,,_,o fr(\). We then compute the derivative:

where we define




Because g(x,d) < M(||z||; + |d|), we can use the Weierstrass M-test to establish uniform

convergence of f, to E [g(x, D)], and of g,, to E [g(x, D + 1)]. Therefore f], also converges uniformly
to the derivative of E [g(x, D)], and we have that

S Elglw, D)) = lim (g.() ~ u(N) = Elglw, D+ 1) ~ g(a, D))

O

Lemma 4. Suppose demand D; for type i is Poisson-distributed with parameter \; and supply S;

for type j is Poisson distributed with parameter mj. If \; > 0, we can write

0
O\

E[®(D,S) =E[Af],
where A;r is the positive-demand dual or subgradient associated with the optimal solution ®(D, S),
as defined in Theorem 7.

Proof of Lemma 4. Let i = 1 without loss of generality. By the law of total expectation, we have
E [(I)(D> S)] =Ep, ]EDQ:nd7S [(I)(D’ S)’Dl] .

Setting g(x,d) = Ep,.,,,s [®(D, S)|D1 = d], we can apply Lemma 3 to obtain

SE@(D.8)] = Ep [Ep,,, s [8(D,8)|Dy = D+ 1]~ Ep,,, s [2(D, S)D1 = D]

~Ep, |Ep,,,s[®(D +e1,9)|Di)| ~Ep, [Ep,,,s[®(D,S)Di]]
=E[®(D +e1,8) — (D, 8)]
—E[A7].

O]

Lemma 5. Let D be a Poisson-distributed random variable with parameter X\, and let the function
f() verify E[f(D)] < co. Then we can write

E[Df(D)] = AE [f(D + 1))
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Proof of Lemma 5. We can write out the right-hand side explicitly using the Poisson mass function:

e AN

E[Df(D)] = _df(d)—
d=0 ’

= e A\
= df(d)—;
d=1
i~ e—M\d—1
=A) fld)———7
d=1
We can set d = d — 1 (equivalently d = d’ + 1) and obtain
e\
d'

E[Df(D)] =X f(d +1) = AE[f(D +1)].
d’'=0

We are now ready to prove Theorem 6.

Proof of Theorem 6. Step 1: Explicit form of the derivative (right-hand side). Using the chain

rule, we can write

1

Wi (n) =~ jn (A 18) - Vaspgl @ (D731, 57 ) .

where both terms on the right-hand side are vectors of length ny. We can then apply Lemma 4 to

obtain )
W) =15 E[a*].

Step 2: Explicit form of the shadow price estimator in expectation (left-hand side). Recall

that the shadow price estimator is given by:

Az, — L Amexperiment,— (1 proas) L Dn(l—p)A) .
.

p 1—p

To simplify notation, we denote the conditional expectation on supply of any random variable Z
by Eis [Z] = E[Z]|S7™]. We further notice that after conditioning on supply, the shadow price
only depends on total demand, and therefore simplify notation to AZ’eXPerimem’_ = A7 (D7 B).
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Taking the conditional expectation on supply yields

Es [AEP] = %E\s

nd
Z A (DT,AJrPﬁ) <1DZ:P()\H—5¢') _ 1DZ’(1_p))‘i>
i=1 p 1—0p

(2 2

12 [ 1 1
- = Z Es A~ (DT,)\—i—pﬁ) 7DT7P()‘i+/Bi) _ DTv(lfp))\i
T 4 | |’ P 1—p

K3 (2

1 Ja r 1 ontB; 1 (1 o)A
S ZE\S Eis |:Ai(DT7>\+P,@> <DA,p(,\Z+/3z) _ 17D',(1 p))\l> ‘Dﬂ”m”
T 4 I P —

1 & [ 1 ro(rtB 1 (1—p)n
— ZE‘S E|S |:<D-’p(>\l+ﬁl) _ D~’(1 P)Az) ‘D’T,A-f—pﬂ] AZ(DT,A+Pﬂ):| , (31)
T “ L

2 K3

p L—p

where the last two steps follow from the law of total expectation. We now recall that the total
demand is the sum of the control and treatment demand, i.e., D™ P8 = DTP(A+8) L D(1=p)A

As a result, we can write

E|S [DTvp()\i-i-ﬁi)

DT,}\+pﬂ:| — D’ZT,)\Z"rﬂﬁl p()\l + 52) and

‘ i+ pBi
T,(1=p) i T, i 1 —p)A;
E|S |:Dz (1—-p) :| _ Dz Xi+pB ()\—i_p)ﬁ (32)

Substituting the two expressions above into (31), we obtain:

A 1 N4 i + 5 Ai T Ai+pBi T A+pB
Bis [A%] ‘T;E'S[(Aﬁp@ ¥ +p@>D A (D7)

_ Z )\ + pﬁl |:DZ—7Ai+pﬂiAi_ (Dr,)\er,@)} )

Fix ¢ = 1. Using the law of total expectation, we can expand the expectation on the right-hand

side to

E|S Dﬂl—,)\1+pB1AI (DT,)\+0,@):| _ E|S [E|S [DI’MJFPBIA;(DT’)‘—H)B)’DI’)‘lerBl”

=Es [DI’M”BIEIS [Al_(D T’MPB)’DI’MM&H '
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Let f(d) =Eg [Af(D“"*p'@)‘DI’Aﬁp’Bl = d}. Now we apply Lemma 5 to obtain

E s |:DI,)\1+P51A1—(DT,A+pﬁ)] =g [ T>\1+pﬁ1f ( T/\1+p51)]

= (M + pBTEjs [F(DT 4 1)]

= (M +pB1)TEs :A;(DT’A“ﬂ + e1)}

= (M + pB1)TEg | B, (DT 4 ey, STT) — &, (DTAB ST
(

= (M + pB1)7 Ejs | AT(D™P)]

where we use the definitions of the positive-demand and negative-demand subgradients in the last

step. We can apply the derivation above for each ¢ > 1, and substitute into (32) to obtain

ol =S o

== Z . + 5 it BT Eys |4F (D7)
Taking the expectation over both demand and supply, we obtain that
E[Ag] = 8 E[4%],
which, together with the result from step 1, completes the proof. O

C.4.5 Asymmetric experiments

Proof of Theorem 8. We recall the definition of the shadow price estimator in the fluid limit
ASP =a’- ,3
Taking the expectation over p uniformly random over [0, 1] yields
. 1
B, [Ase| = [ ar-pap
0
=U(1) — ¥(0) (by Proposition 6) = A.

Similarly, in the finite-sample case, we can write:

Ep,s [E, |A|] = / W ()dp = (1) — W, (0) = AT
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Note that we can change the order of integration by Fubini’s theorem. O

Proof of Theorem 9. We fix 3 < 0 and p < 0.5. We first recall that for any demand type 7, a; < 97,

therefore

ng nqg
Agp = aif; > > 078 = Agcr. (33)
i=1 i=1
Using the definition of the SP+ estimator, we can therefore write
Aspi = (1= 2p)Arer + 2pAsp > (1 — 2p)Arcr + 2pArcr = Ager.

This implies that
A — Aper > A — Agps.

From Theorem 2, we know that A — Agrcr > 0. To complete the proof, we simply need to show
that A — Ager > Asp+ — A. We can write their difference as

A— ARCT - ASP-|— +A=2A— ARCT - (1 — 2p)ARCT — QPASP
=2A - 2(1 — p)Agcr — 20Agp

1 1 P
=9 M. Bdn — 2 5* . Bdn — 2 P . 3d
/Oa Bdn /pv Bdn /Oa Bdn
1
:2/Op(a’7—ap)-ﬂd77+2/p (a” —T*) - Bdn.

T T>

We can separetely prove each term is non-negative.

e First term: by concavity of the partial-treatment value function, we know that a”-8 > a” -3
for all n < p. Therefore T7 > 0.

e Second term: the proof of Theorem 2 established the following statements for 3 < 0:

* - (A+8) < T(1)
7" (A+pB) = ¥(p).
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Subtracting the two above equations yields

(1=p)o*-B<Y(1) —¥(p) &

O]

Proof of Theorem 10. Assume without loss of generality that 3 > 0. By Proposition 1, we recall
that for any 0 <n <1,

By definition,

which we can bound as:

and in absolute value
Biasgp = ‘ASP — A‘ < (ao — al) - 6.

This proves the second result.

Similarly, recalling Theorem 2, we can write the RCT bias as

1
Biasgrer = Aper — A = / (o* —a")dn > (v* — a°) - 3.
0

The last two inequalities complete the proof of the first result. O

D Secondary metrics: proofs

Proof of Proposition 8. Step 1: We start with «*, the unique and nondegenerate optimal primal

solution to ®,(d, s), and write down the complementary slackness conditions on the optimal dual
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variables:

d
when 27, . >0, (uj,u;) € Asa,

3t
bj —my, + §Z§7w = Vus,w when x;j;,w >0, (uj,w) € Asss,
d
mey +al + fz,ud = Uy yd when x;,ug >0, (w,u)) € Assa,
My, — Moy + §p 0 = Vuw when z7, ,, > 0, (u,w) € As,
a; =0 when Z Ty < diy U= ul € Uy,
w:(w,u)€A
b; =0 when Z Ty < Sj, U= uj €Us,
w:(u,w)EA
$ow =0 when z7, ,, < Thyw, (u,w) € A

Because the primal solution is nondegenerate, the above system of linear equations consists of
|U| + | A| equations which uniquely determine the optimal dual solution. We can write this system

in matrix form as

Each row of the matrix M is a sparse vector, and all nonzero entries are equal to 1 or -1. The
first |A| rows have exactly three nonzeros, while the last [U| rows are (JU| + |.A|)-dimensional unit
vectors. Meanwhile, the vector v’ consists of two parts: first, the sequence of v, ,, corresponding
to y, ,, > 0, then a sequence of zeros.

Let ¢ > 0. Consider an alternative matching problem ®%(d, s) in which the edge weights are
given by vy, 4 +€0Uy. This is a small perturbation of the original weights of the matching problem: if
we take € small enough, the optimal solution * in ®,(d, s) remains optimal in ®%(d, s). As a result,
we can compute the dual variables for ®°(d, s) directly from x* using the same complementary

slackness system:

’ ~/

E&‘
where the matrix M is constructed exactly as before, while the vector ¥’ is constructed from the

weights v, ,, exactly as the vector v/ was constructed from the weights vy, .
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Step 2: By definition of ®?(-,-), we can write

i(d,s) = > (vuw+EDuw)Ty,, = Dr(d, 8) +£27(d, 5).
(u,w)eA

We obtain a new expression for the marginal values a; :

ca? = c®%(d + e;, s) — ed%(d, 5)
= (P°(d+ ei,s) — 2(d+e;,8)) — (P°(d,s) — ®(d, s))
= (9°(d + ei, s) — D°(d, s)) — (P(d + e;,8) — P(d, s))

_ € %
= a Q;

where the penultimate equality follows from Eq. (18).
Step 3: We know from step 1 that we can obtain a; and a$ by solving two linear systems. In

other words, we can write:

of = L (M7 @' +c)), — (M),
= é (M~ +eM 1'% — M)
= (M_Lb,)i'
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