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: Selling Bonus Actions Al

Online appendix for “Selling bonus actions in video
games”

Appendix A: Derivation of the four selling strategies for casual games

We consider casual games for which Sy + 8, is sufficiently high. Specifically, we assume B + Sy >
1-— %. Below, we characterize the optimal prices and revenue under the four selling strategies
(pure advance, pure spot, regular hybrid, and reverse hybrid). The optimal revenues under each
selling strategy are denoted as II#, I1%, IT, and IT*# respectively. Without causing confusion, we

denote the optimal prices as p* and p§ without specifying the selling strategies. We let e = 8y — (.

Reverse HAS strategy

As we assume S+ By >1— %, Lemma 2 implies that a reverse HAS strategy does not exist for
casual games. That is, the firm can never set prices p4 and pg such that low-skill players prefer
buying in the spot but high-skill players prefer buying in advance. In this case, we simply let
7 =0. M

PAS strategy

Lemma A.1 For casual games, if the firm commits to selling bonus actions only before the

attempt, the optimal advance purchase price is

; Br=BL)v+(Br+BL—1)Pp]
Pa= {(1 A (15ﬁH>§”fBHILD N
(

B
. — v —1)P
(1= Bu)(BaPr+v), if Ng> e gf)ﬁ[;) ff;HB}L:B)) BNy

The corresponding optimal revenue s

(1-Bg)(v+Ba PB)

. - 5
(1=Bu)(BuPs +v)(Nuy+Ny), if Ny > Lu-fullbi b el N,

- {(1 - 5L)<,3LPB + U)NL7 Zf Ny < (ﬁH—ﬁL)[v+(ﬁH+ﬁL—1)PB]NL

Proof of Lemma A.1l: When the firm commits to selling bonus actions only before the attempt,

a type i player will purchase bonus actions in the advance sales market if and only if ps < (1 —
,31)(61]33 +’U) The assumption BL+BH Z 1— % results in (1 _/BL)(/BLPB +’U) Z (1 _ﬂH)(BHPB +1))
As a result, the firm’s optimization problem is given by

pa(Ng +Np), if pa<(1—Bu)(BaPp+v),

g}g%ﬂ(pfl): paNL, if (1—8u)(BaPp+v)<pa<(1-pBL)(BPs+v), (A1)
- 0, if pa>(1-08.)(BLPp+v).

The firm’s revenue is a piece-wise linear increasing function. Thus, the optimal price p?* is either

(1 —=51)(BLPs +v) or (1 — By)(BaPs + v), depending on whichever leads to a higher revenue.

Therefore, it suffices to compare the revenues under these two candidate prices. We have

H((1—=BL)(BPp+v))=(1-B)(BLPs+v)Ny,
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(1= Bu)(BuPr+v)) =1~ Bu)(BuPp+v)(Ng + Ng).

Their difference is equivalent to

(1= B.)(BrPp+v)) —IL((1 = Bu)(BuPp +v))
= (B — Br)lv+ (Bu + B — 1) Pe]Ny — (1 = Bu) (v + BuPs)Nu,

from which we conclude that II((1 — 5.)(8. P +v)) —II((1 — Bu)(BuPs + v)) > 0 if and only if

(Ba—=BL)[v+(Ba+Br—1)Pp]
N = S visn s e

As a result, the optimal advance purchase price will be

v 1)P,
: {(1—ﬁL>(ﬁLPB+u), TNy < b N

_ )
p - v
4 (1 - ﬁH)(BHPB + U)v if N > — (le)lgHJg(ffﬁJr:éB)l)PB] Nyp.

Following (A.1), the corresponding optimal revenue will be

(1-BH)(v+By PB)

(1= Bu)(BuPs +0)(Nu + Np), if Ny > Cofulletifn B —Jral N,

4 {(1 _BL)(BLPB —I—U)NL, if Ny < Br—=BL)v+Ba+Br-1) PB]N

Regular HAS strategy

Lemma A.2 For casual games, if the firm adopts the reqular HAS strategy (that induces low-skilled

players purchase before the attempt but high-skilled players purchase after failing the attempt),
%, if v+ (By—30)Pgp <0

, and the optimal advance
v+ (Ba —6)Pp, ifv+(Bu—36)Pg>0 P

the optimal spot price is p§ = {

purchase price is

(1= Br) (v-+ By Pp — LHCOLIBnPBl ) | if gt (B — 38) Py <0,
Pa =14 (1= B)(v+BrPs), if v+ By —30)Pg >0 and € > 26,
(1= Bo) v+ B, Py — 2=Butbn)Pu] if v+ (By —30)Pg >0 and € < 26.

The corresponding optimal revenue s

HH

p— 2 .
(1— B DR Ny, 4 (1— B1)[v+ B Py — X BmPal N, iy 4 (B — 36)Pg <0,

= (1_/BH)['U+(BH - )PB]NH (1—,BL)(’Z)+BLPB)NL, ZfU+(ﬁH—35)PB ZO and 622(5,
(l_ﬁH)[v"i_(ﬁH_6)PB]NH+(1_/8L)[U+BLPB_%]NL, if v+ (B —38)Pp >0 and € < 20.

Proof of Lemma A.2: We solve the problem backwards. The firm first determines the price pg to

maximize its revenue in the spot market where only high-skill players will make purchases. We
denote the firm’s spot market revenue as Ilg. The firm’s optimization problem in the spot market

is given by

llf)ng)gﬂs(ps) =psNu(1 = Bu)E[1(v+ anyPs —ps > 0)]
SZ
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PsNu(1—Bu), if ps <v+(Bu —0)Ps

— Bu+s="5=)

- pS’NH(l_ﬁH)HQ75PB, if v+ (By —0)Pp <ps <v+(Bu+9)Pp
0 if ps >v+ (B +6)Ps.

Clearly, IIs(ps) is continuous. When ps < v+ (8g — ) Pp, IIs(ps) increases in ps. When v+ (8 —
8)Pp <ps <v+ (Bu +0)Ps, ls(ps) is a concave quadratic function of ps. We have

a (s (1 — ) 0 PR
dlls(ps) _ st " ? _ Np(1— 8 )v+(ﬁH+5)PB—2pS
dps dps " " 26 Py '
In particular, at ps = v+ (8 + 0) Pg, we obtain %|p5:v+(ﬁH+5)PB =—Ny(1- BH)% <0.
At ps =v+ (Bg — 0) P, we obtain %’ps:v+(ﬁH—6)PB =—Ng(1- ﬂH)% which can be

positive or negative.

If v+ (Bg — 36)Pp > 0, implying %|pszv+(BH_§)PB <0, we can conclude that IIg(ps) increases
in ps when ps <v+ (Bg —9)Pg, and Ils(ps) decreases in ps when v+ (By —0)Pp < ps <v+ (By +
9)Pg. As a result, the optimal spot price should be p§ =v+ (8g — ) Ps.

If v+ (Bg — 39)Pg <0, implying %|pszv+(5H—§)PB >0, we can conclude that IIg(pg) increases
in ps when ps < v+ (B —9)Pg, and II5(ps) first increases and then decreases in pg when v+ (Sy —
0)Pp < ps <v—+ (B +9)Pp. As a result, the optimal spot price should be the unique solution of
the first-order condition dncfi(“) =0. That is, pt = v+t Pp

ps 2

Given the optimal spot price p§, the firm determines p4 to maximize its revenue from low-skill

players in the advance sales market. We denote the firm’s revenue in the advance sales market as

II4. Thus, the optimization problem is given by

max a(pa) =palNL
st. pa<(1-=p8p){v+pBrPs—E[(v+arPs—ps)T]}
pa>(1—Bu){v+BuPp—E[(v+auPp —P§)+]}-

Following Lemma 2, since we assume 3+ By > 1— %, there must exist p4 satisfying (1— Sg){v+
/BHPB — E[('U + OZHPB — pg)_‘—] < Pa < (1 — /BL){/U + /BLPB — E[(U + aLPB —P§)+]} To maximize
its revenue, the firm should set p, as high as possible. Therefore, the optimal advance purchase

price should be py = (1 — S1){v + BLPs — E[(v + arPs — p%)™]. More specifically, given p§ =
{”WH;‘”PB , if v+ (B — 36) Py <0

ble to deri
v+ (By —90)Pp, ifv+(ﬁH—35)P320’Wearea e to derive

pa=1—B){v+ PP —E[(v+a,Ps—ps)T]
(1—5L) (U + BLPp — [H(zﬁng;gH)PB]Q) , if v+ (Br —36)Ps <0,
=94 (1 =BL)(v+BLPs), if v+ (By —38)Pp >0 and By — 1, > 20,
(1— Bo) v+ By Pp — E=BiPulPn] if v+ (B — 38)Pg >0 and By — A1, < 26.
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Finally, the corresponding optimal revenue is

7 = py N + psNu (1 = Br)E[1(v + ay Ps — p§ > 0)].

PSS strategy

Lemma A.3 For casual games, if the firm commits to selling bonus actions only after the attempts

fails, the optimal spot price is

v+ (Br —0)Pp, if Ng <ri Ny,
Ng(1=Bg) | v+(BL+8)P, ,
ph = Ppyiasy T 2 if Ny < Ny <rsNp
v+ (B —0)Pp, if rolN, < Ng <rsNp,
(1=B)Ng[v+(Br+8)Ppl+(1—BL) N [v+(8L+9) Pg] ,
= 2[(1€BH)]\?H+(1*BL[:)NIL} L B, if Ny >2r3Np,

where the three thresholds r1, o, and r3 are defined in Table 3. The corresponding optimal revenue

18

([v+ (8L — 0) Pg)[Nu (1= By) + Np(1—BL)],

[2(1-By)dNg Pp+(1— ﬂL>NL(v+(BL+6>PB>]2

8(1—BL)éNL Pp

[v+ (Ba — 0)P|Nu (1 - Bu),

if Nu <riNyp

ileNL<NH<T2NL
if roNp < Ny <r3Np and € > 26

[v+ (B —0)Pp|[Nu(1—By) + Np(1— BL)W] if rolN, < Ny <rsNp and € <26,
(N (=B [v+(Bp +0) Ppl+ Ny (1= L) [v+ (B, +6) Py} ;
PR INy BN (B if N 275N
Suppose € = By — B, < 20
1 7”2 T3
If v+ (BH - 36)PB 0 (1—ﬂL ) [v+(28y —B1,—308) PB] (1—5L ) [v+(28y —B1,—36) PB]
<0<v+ (QBH — B — 35)PB 1-8H 26Pp 1-8By (36—Bp)Pp—v
If v+ (/BL - 35)PB 0 <1—5L ) [v+(28g —BL —39) Pp] 00
§O<U+(,8H*35)PB 1-Bg 26 Pp
1— v —30)P 1— v4(2 30) P,
IfO<U+(,3L—35)PB <1_g§> +(,@2L6PB) B (1_55) [v4( BHQ&fDLB )PBl 00
Suppose € = By — B, > 20
1 T2 T3
If v+ (L, —30) Pp >0, 1-8, ) [v+(8L—8)Pp] 161 ) [o+(8L—8)Pp] ~o
and EtBL=9)Pp] ~ [v+(8L—35)Pp] 1-By ) (Bu—BL)PB 1-Bu ) (Bu—BL)PB
(Bag—BL)Pp — 26Pp
If v+ (8L, — 30) Ps > 0, 1-81 ) [o+(5,~35) Pp] 126, ) 4 50
and [v+(BL—9)Pp] > w+BrL— 36)PB] 1-B8y 20 Pp 1-By
(Bu—BL)Pp 26Pp
If v+ (B, — 36) Py <0, 0 (ﬁjz)@ 0
Table 3 Thresholds 71, r2, and r3 for the determining the optimal spot price for hardcore games

Proof of Lemma A.3: When the firm commits to selling bonus actions only in the spot market, its

optimization problem is given by

max I{ps)

=ps{Nu(1 - Bu)E[l(v+ayPs—ps>0)]+Np(1—-5)E[L(v+arPs—ps>0)]}.
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—(5,514-5] for ¢t = H,L and B < Bx,

the firm’s revenue II(ps) will be a piece-wise continuous function. We consider two scenarios: (I)

Since we assume «; follows a uniform distribution U|[S;

Suppose By — B < 20, which is equivalent to Sy —d < 81 + . Then the support of ay has overlap
with that of ar; (II) Suppose Sy — 1, > 20, which is equivalent to Sz — 6 > B + . Then, the
support of ay does not overlap with that of ay.

We start with Scenario (I). We explicitly express the firm’s revenue II(ps) to be

M(ps) = ps {Nur (1 — B)E[L(w + ay P — ps > 0)] + Ny(1 — BL)E[L(v + 0, Ps — ps > 0)]}
ps{Nu(1—Bu)+ Np(1—-5L)}, ) if ps <v+4 (8L —6)Pp
Ps{Nu(1 = Bar) + No(1— ) 252 T2 03 i o4 (B, — 6) Py < ps <+ (B — 6) Py
_ Jps{Nu(1=Bu) s
+Nﬂ1-5ﬂ%}, if v+ (B — 8) Py < ps < v+ (By+0) P
psNu(1— By 2> ) if 0+ (B + 6)Ps < ps <0+ (B +0)Po
0, if ps >v+ (Bu +9)Ps.

(A.2)

It is straightforward to see that the first piece of II(pg) when ps < v+ (8; — J)Pp is a linear
increasing function of pg, while the rest three pieces when v+ (87 —0)Pg <ps <v+ (Bg +9)Ps
are concave quadratic functions of of pg.

To determine the monotonicity of II(ps), we would like to investigate its first-order derivative

dllg (p2+)

at the kink points. Because II(ps) may not be smooth, we denote o

0
when pg approaches to p% from the right, and %

as the right derivative
as the left derivative when pg approaches

to p% from the left. We have

dls([v+ (8L —0)Pp]—)

=Ny(1—Bu)+N(1-p5L),

dps
st([v+(5;S—5)PB] ) — Ny(1— By) — Ny(1— By) +(62LM—DB36)PB’
st([nggs—é)PB]) Nua(1— Ba) — No(1— B2) +(26H2—6£;—35)PB7
st([v+(§Zs—5)PB]+) N1 )T (52,2;335)133 N )T (25H2—5£; —35)PB7
dILs([v + (5;S+ 8)Ppl-) _ N1 gt (2&;}@3— Bu) Py N1 )T (gggj)PB’
dls (v + (ggf ODPEI4) _ N1 — )t (2&2;1@3— Bu)Pe
dHS([v+(§ZS+ 5)Pg|—) :_NH(l_/BH)v+(§§f;;5)PB

We make several observations. First, Ys(+BL=0Pr]Z) > ( meaning that II(ps) increases in

dps

ps when pg < v+ (8 — 0)Pp. Second, Scenario (I) assumes Sy — B < 20, we obtain (281 +
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1279 5 _ /BH) — (BL _ ) (/BL + 25 _ BH) > 0 Therefore dHS([’U*F(BH‘F(s)PB]*) < O dHS([U+(§ZI;S+5)PB]+) < O,
1280 and dHS([”Jr(gI’;SH)PB < 0, which implies that II(ps) decreases in pg when v+ (8 +0)Pp < ps <
1281 v+ (By + 6)Pp. Furthermore, we have dHS([”“ggs_‘s)PBH) > dns“”“ﬁgg_é)PB]_) > dHS([”“gi_‘S)PBH).
1282 When v+ (8, —6)Pg < ps < v+ (B + ) Pp, there are four possible cases:
1283 (I-a): Suppose v+ (8 —30)Pg <v+ (B —30)Pg <v+ (28 — B, —39)Pp < 0.
1984 We obtain s(v+(Br—9)Ppl+) >0 dlls ([v+(Bg—d) Ppl+) >0, and dllg ([v+(Bg —9) Ppl+ > 0. Thus,
B dps ) dps dps
1285 we conclude that II(pg) increases in pg when pg < v+ (8y — ) Pg, it first increases and then
1286 decreases in pg when v + (8 — §)Pg < ps < v+ (8L + 9)Pg, and it decreases in pg when
1287 v+ (BL+0)Pp <ps <v+(Bu+0)Pp. As a result, the optimal spot price should be the unique
1288 solution of the first-order condition when v + (8y — §)Ps < ps < v + (B + §)Pg, which is
1289 equivalent to
dH(pS) U+(5H+5)PB_QPS ’l)—f‘(ﬂL'i‘(;)PB—QpS
1290 =Ng(1— Np(1— =0.
dps 1(1=Fu) 26Pg 1(1=51) 26 P
. x — U=Bp)w+(By+6) Ppl+(1-FL)v+(BL+0) Pp]
1291 And we solve p§ = 2((0=BH)Ng+(1—-BL)NL]
1292 (I-b): Suppose v+ (B, —30)Pp < v+ (By —30)Pp <0<v+(268y — B — 30)Pg.
1293 We obtain @s(v+BL=0Ppl+) - (. However, dlls (v+(Bu=0)Ppl=) o q Ms(v+(Ba—9)Ppl+) (satis-
o dps dps dps

1294 fying st [H(g;f Pl dHS([”Hi’f;‘s)PBH)) can be positive or negative.
90K : 1— vt+(285—BL—30)P
1295 (I-b-1): Suppose Ny > Ny, (1 gL) [ [EgaHﬁH)LPB 2)] Bl
1296 We have dHS(["Hgi DPplD) > dHS([”Jr(gHs DPpIY) > (. Thus, we conclude that II(pg)
1297 increases in pg when pg < v+ (8g — ) Pp, it first increases and then decreases in pg when
1298 v+ (B —0)Pp < ps <v+(Br +9)Ps, and it decreases in pg when v+ (8r +0)Pp < ps <
1299 v+ (B + 9)Pp. As a result, the optimal spot price should be the same as (I-a), that is
1300 — 0B+ (Ba+8)Ppl+(1-fr)[v+(BL+0) Pl
N Ps 2[(1-Bp)Np+(1—BL)Ny]
1301 (I-b-2): Suppose Ny < N, (11 gL) [U+(25H26§1[1; 39) P
1302 We have 0 > dHS([”Jr(Z;’S OPpl=) - dHS([ngI’f OPpI+)  Thus, we conclude that II(ps)
1303 increases in ps when pg <v+ (8 —0)Pg, it first increases and then decreases in pg when
1304 v+ (Br — )P <ps <v+ (Bg —0)Pp, and it decreases in ps when v+ (fg —0)Pp < ps <
1305 v+ (B + 0)Pp. As a result, the optimal spot price should be the unique solution of the
1306 first-order condition when v+ (8 — )P < ps < v+ (B — ) Pg, which is equivalent to

dIl v 0)Pg —2
1307 (ps) =Ny(1=Bu)+N,(1-5,) +(BL+0)Pp—2ps _ (A.3)

dps 25PB

1308 And we solve pg = Pp ZJVVHS gH)) + vt 30)Pp
. _ - v(2 30)P, 1- v+(28—BL—36)P
1309 (I-b-3): Suppose N, (11 g}LI [v+( ﬁH%ﬁL )Pl « N < N, (1752) [ +§3§EBF§3)LPBJJ Bl
1310 We have dHS([”Hgfj DPpZ) ~ 0 > dHS([UHﬁf;E)PBH). Thus, we conclude that II(pg)

1311

1312

increases in pg when ps <v+ (8g — 0)Pg, and it decreases in pg when v+ (By — ) Pp <

ps < v+ (By+0)Pg. As a result, the optimal spot price should be p§ =v+ (8g — J)Pp.
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1313 (I-c): Suppose v+ (8, —30)Pg <0<v+ (8g —30)Pp <v+ (28y — B, —30) Ps.

1314 We obtain dHS([vaﬁs VP - 0 and dHS([”Hgi VP 0. But dHS([”Jr(igs DP15) can be
1315 positive or negative.

1316 (I-c-1): Suppose Ny > N, (f_gL) [”+(25H25§,?3 39)Pp]

1317 We have dHS([”Hﬁgg OPpI=) > (). Thus, we conclude that II(ps) increases in pg when
1318 ps < v+ (Buy —9)Pg, and it decreases in pg when v+ (g —0)Pg <ps <v+ (B +0)Pp.
1319 As a result, the optimal spot price should be p§ =v+ (8g — ) Px.

1320 (I-c-2): Suppose Ny < N, (1_§L> [v+(2/3H2£g 39)Pp]

1321 We have dnsq““gfj ODPBl5) < 0. Thus, we conclude that II(pg) increases in ps when
1322 ps < v+ (B —9)Ppg, it first increases and then decreases in ps when v+ (8, — ) Pp < ps <
1323 v+ (Bg — 0)Pg, and it decreases in pg when v+ (B —0)Pg < ps <v+ (By +0)Pp. As
1324 a result, the optimal spot price should be the unique solution of the first-order condition
1325 (A.3), that is p5 =06Pp J]VVHS ZH) + U+(BL2+5)PB

1326 (I-d): Suppose 0 < v+ (8 —30)Ps <v+ (By —30)Pg <v+ (268y — B —30) Pg.

1327 We obtain dns“”“gi DPBIY) <. However, dHS([““g}i DPBID) and dnsq““i’i VP10 (satis-
1328 fying dHS([ngIfS_‘S)PB]_) > dHS([UHg}’i_‘S)PB]_)) can be positive or negative.

1329 (I-d-1): Suppose Ny > Ny, (11752) [”+(25H25€,’; 80)Pp]

1330 We have dHS([”J’(d;S DPplD) dns([v+(§§ DPpl2) > 0. Thus, we conclude that II(pg)
1331 increases in pg when ps < v+ (8 — 0)Pp, and it decreases in ps when v+ (g — §)Pp <
1332 ps <v+ (Bg+9)Pp. As a result, the optimal spot price should be p§ =v+ (8 — ) Pp.
1333 (I-d-2): Suppose Ng < N, (11:55) v+(/32L6 PZé)PB

1334 We have 0 > dHS([H(S;;‘S)PB] ) > dHS([”“gif‘s)PB]*). Thus, we conclude that II(pg)
1335 increases in ps when pg < v+ (8 — 0)Pp, and it decreases in pg when v+ (8 — )P <
1336 ps <v+ (Buy +0)Pp. As a result, the optimal spot price should be p§ =v+ (8, — ) Pg.
1337 (1-d-3): Suppose Ny (11:5;) v+(/32L6P]?;5 P o N, < (11:%1) [v+(2ﬁH25ng 30)Pp]

1338 We have dns([v+(gis DPpID) > 0 > dHS([H(ﬁg;é)PB] . Thus, we conclude that II(pg)
1339 increases in ps when pg < v+ (8 — ) Pp, it first increases and then decreases in ps when
1340 v+ (B —8)Pg <ps <v+ (By — ) Pg, and it decreases in pg when v+ (By — ) Pp < pg <
1341 v+ (B +0)Pp. As a result, the optimal spot price should be the unique solution of the
1342 first-order condition (A.3), that is p§ =0Pg JX{LI = gf)) i v+(ﬁL2+5)PB.

1343 Finally, in Scenario (I) with Sy — 81 < 26, we define r; =1y =r3 =0 if v+ (8 — 30)Pp <
1344 v+ (By —30)Pp <v+ (2B — B — 30)Pp < 0. We define r; =0, rp, = <1_BL ) [”HQBH*[&L*B‘S)PB], and

1-8 26Pp

1345 1y = (;:g;) [+ (20 —BL=39Ps] 3f 4 4 (B, —36) Py < v+ (By —30)Pp < 0 < v+ (285 — B1 —36) Pp. We

(36—By)Pp—v

1346 define ry =0, rp = (11_ g;) @O _BL=308] and 7y = 00 if v+ (B, —30) Pp <0 < v+ (B —30) Pp <
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v+ (28y — Br — 30)Pg. We define 1,

_ (1=B8r \ v+(BL—=3%)Pp ro = (1=LL [v+(28yg —BLr—36) Pp]
- 25Pp » 2=

1-By

, and

17BH Z‘SPB

?"3:OOlf0<'l)+(BL—3(S)PB§U+(,3H—3(S)PBSU+(2BH—BL—35)PB

From the above analysis, we conclude that the optimal spot price pg will be

v+ (8L —9)Psg,

5PBNH(1 BH)+U+(BL+5)PB

*

Py = Np(1-8r)

v+(/BH_ )P37

(1-Bu)Ng[v+(By+8)Ppl+(1—

2

BL)Np[v+(BL+9)PR]

ifNHST’lNL
if’f‘lNL<NHS’I"2NL
if’I“QNL<NH<T‘3NL

2[(1-By)Ny+(1—BL)NL]

y lfNH2T3NL

Next, we consider Scenario (II). We explicitly express the firm’s revenue II(pg) to be

H(ps) =ps{Nu(1 = Bu)E[L(v+ apPs —ps > 0)] + Ny (1 - BL)E[L(v+ ar,Ps —ps > 0)]}

ps{Nu(1—Bu)+ Np(1-B)},

ps{Nu(1— By )‘i‘NL(l—ﬁL)W}a
=49 PsNu(l—Bu),

pSNH(l_BH)L)y

0,

if ps <v+(BrL—96)Pp
ifU—f—(ﬁL—(S)PB <p3§1)+(,8L+(5)PB
lfU—f—(ﬁL—F(S)PB <p5§’l)+(,3H—(S)PB

if ps > v+ (Bu +9)Ps.
(A.4)

We apply a similar analysis as in Scenario (I). Specifically, we examine the first-order derivative

at the kink points. We have
dlls([v+ (8L —6)Ppl-)

dps

dlLs([v+ (8L — 0) Ppl+)
dps

dlLs([v+ (8L +9) Ppl—)
dps

dlls([v+ (B + 0)Ppl+)
dps

dlls([v+ (By —6)Pg|—)
dps

dlls([v+ (By —6)Ppl+)
dps

dls([v+ (Bu +6)Pp|—)
dps

=Ny(1—Bu)+Np(1-75L),

= Nt = ) — N 1 = ) LS
= N1 = ) — N 1 = ) LD,
= N1~ ).

= Nu(1 ~ ),

= Ny (1 = ) 230,
=—NH<1—ﬁH>”+(§g’;B 9

We make several observations. First, II(pg) increases in ps when pg < v+ (8 — ) Pp and when
v+ (B +0)Pgps < v+ (By — §)Pp. Second, Scenario (IT) assumes Sz — [ > 2§ and we also
assume [y > 6, we obtain Sy > [ + 26 > 3§. Hence, dlls (vt (B =) Ppl+) 0, implying that II(ps)

dps

decreases in ps when v+ (8g — ) Pg < ps < v+ (Br+9)Pp. In addition, we have dlls (Wt (BL=0)Pp]+) -,

dlls ([v+(BL+6)Ppl—)
dps :

dps

When v+ (8, —0)Pg < ps <v+ (B + 9)Pg, there are two possible cases:
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1370(I1-a): Suppose v + (8, — 36) Pg <0.

1371 We obtain dHS([H(if;‘S)PBH) > 0. But dHS([”Hng:‘S)PB]*) can be positive or negative.

1372 (II-a-1): Suppose Ny > Ny, (ifgL) [v+(§§;§)PB]

1373 We have dHS([“(ngf‘;)PB] ) > 0. Thus, we conclude that II(ps) increases in pg when

1374 ps <v+ (Bg —d)Pp, and it decreases in ps when v+ (B —0)Pg < ps <v+ (Bu + I)Pp.

1375 As a result, the optimal spot price should be p§ =v+ (8y +0)Ps.

1376 (II-a-2): Suppose Ny < Ny, (i:gz) [v+(§§;§)PB]

1377 We have dHS([UHSIfj‘;)PB]* < 0. Thus, we conclude that II(pg) increases in ps when

1378 ps < v+ (B —d)Pg, it first increases and then decreases in pg when v + (8, — §)Pg <

1379 ps < v+ (B + 9)Pg, then it increases in ps when v+ (87 +9)Ps <ps <v+ (Bg — ) Pg,

1380 and it decreases in pg when v+ (g —0)Pg <ps <v+ (By +6)Pp. As we can see, I1(ps)

1381 has two peaks at pg = 0 Pg 1]\[\]’28 BH) + ”Jr(BLM P8 and ps =v+ (By — 6)Pp

1382 We compare the firm’s revenues at these two peaks which are equal to

1383 II(v+(By —0)Pp) = [v+ (Bu — ) Ps]Nu(1 - Bu),

135 H<5PB m(1 —5H)+U+(5L+5)PB>_[ (1_BH)(sNHPB'i‘(l_5L)NL(1+(BL+5)PB)]2.
Np(1-p5z) 2 8(1—fL)0NLPg

1385 In particular, we investigate the ratio of the above revenues which can be simplified to be

. <5P z]vVHg am I v+(6L2+5)pB> o

IT (v + (BH —6)Pp)

. S P W SACRLL R AR Ty G AL ST AN
PleX} .
2[v+(Bu —0)Pp] \ Np.(1-5¢) 2[v+(By —0)Pg]  80Pp[v+ (Bu —6)Ps] \ Nu(l—Bu)
1388 One can view (A.5) as a function of M . It can be easily verify that the ratio
2q ; Npg(1—Bu) Nu(1 B ) v+(ﬁ +5)P Nu(1-Bu) | _
1389 (A.5) decreases in (M) when (NH(l Bf) ) <l L 2l When <M) =
1390 %, we have (A.5) = % < 1. Therefore, there exists a unique solution &
1391 satisfying 0 < 2 < Mi)w and
1209 0Pp 4 [v+ (B +6)Ps] [v+ (8L +9) Pp)? lzl
. 2[v+ (By — 0)Pg] 2[v+ (Bg —0)Pg]  83Pplv+ (By —9d)Pglz
1393 We solve out
L4 5o [v+ (28y — B —30)Pg| — 2\/ (Bu — Br —20)Pglv+ (Bu — )PB]
- 20 Pp
1395 Finallyy, when Ny < N (11:5;) Z, we have II <5P J]Vv}ig gi’) 4 2K BLJ”S)PB) >
1396 II(v+ (By —0)Pp). As a result, the optimal spot price will be p§ = 5PB% +
1397 IO PR
1398 But when Ny, (11 SIL{) r < Ny < N (11:5?,) [”+(g§;g)PB], we have
1399 <6P ]]VVHS BH) + v+(ﬁL;5)PB> (v+ (Bg — ) Pp). As a result, the optimal spot price

1400 will be p =v + (By —0)Pp.
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1401(II-b): Suppose v + (8, — 36) Pg > 0.

1402

1403

1404

1405

1406

1407

1408

1409

1410

1411

1412

1413

1417

1418

1419

1420

1421

1422

1429
1430
1431

1432

1433

1434

Then dlls([v+(BL—9) Ppl+) dlls([v+(BL+6)Pp]—)

and

can be positive or negative.

dps dps
(II-b-1): Suppose Ny > Np, (11_§L) [v+(§§;;)PB]
We have dHS([”HS’i DPpIY) dHS([”Hﬁ;f‘S)PB] > 0. The result will be the same as (II-
a-1).
(II-b-2): Suppose N, <11_§}LI) [u+(ﬁ2L6;35)PB]} <Ny <N, (11:52) [v+(B;6J;5)PB}_
We have dHS(["’L(ﬂIEQ DPEIY) > 0> dHS([”Hﬁ;:”S)PB]_) Similarly as (II-a-2), II(pg) has two

Ny (1-BH) + v+(BL+6)Pp

) > and ps =v+ (Sg —0)Pg. We need to investigate

peaks at pg =0 Pp

the ratio of their corresponding revenues (A.5).

Previously, we have shown that (A.5) decreases in (M> when (M> <

N (1=81) N (1-87)
%. Furthermore, when <%) < Z, we have (A.5) > 1; and when
(%) >z, we have (A.5) <1.
What is left-over is to compare & with %P?"S)Pm We are able to show that & <
(HB30PE] if i only if LECL=0Ps] < 030y
(I1-b-2.1): Suppose CHALZTE] < Lt o30Ps],
In this case, whenever N. (11752) [UHB?LE;:S)PB]} < Ny <
N;, (i*ﬁg) [er(BZL(;f)PB]7 it implies Ny > N (1 g}LI):ﬁ Hence, we always have
Il <6PBNH1 gf)) +v+(ﬁL2+5)PB) < s (v+ (Bg —9)Pg). As a result, the optimal
spot price should be p% =v+ (g — ) Ps.
(II-b-2.2): Suppose [v(;}(fLﬁL‘s))lf;} > [”H%Pf)PB]
In this case, when N <11_§}LI) [”Hﬁz%;f)PB]} < Ny < Np, (11:5;)@, we have
Ils (5PB JJVV}LISng)) + “HﬂL;‘S)PB) > Hg(v+(Bu—0)Pg). The optimal spot
price should be pj = dPNEUDL) 4 “HOLEPS  Bup when Ny (12 )d <
Ny < Ng (;:g;) LrBLAOPEl - e have Ilg (5PB RaC=bu) ”*WL;”PB) <

IIs (v+ (By — ) Pg). The optimal spot price should be pt =v+ (Sy — ) Pp

20Pg

We have 0 > st([er(ﬂ;S DPplY) dHS([”Hng:‘S)PB . Thus, we conclude that II(pg)

(II—b—B) Suppose NH <NL (1 g;) [v+(BL— 35)PB]

increases in pg when pg < v+ (S — ) Pg, it decreases in pg when v+ (8 — ) Pg < ps <
v+ (B +d)Pp, then it increases in pg when v+ (8 +0) P < ps <v+ (8g — ) Pg, and it
decreases in pg when v + (8y — §)Pp < ps < v+ (B +0)Pp. Hence, Il(ps) has two peaks
at ps =v+ (8L —6)Pp and ps =v + (B — ) Pp.

We compare the firm’s revenues at these two peaks which are equal to

H(v+ (B —0)Pp)=[v+ (B — ) PB{Nu(1—Bu) + Nr(1—-BL)},
I (v+(Br—6)Pp)=[v+ (Bu — ) Pp]Nu (1l — Bu).
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It is easy to see that II(v + (B, — 0)Pp) > Il(v + (B — 0)Pp) if and only if

Ny < NL<175L) [v+(BL—3)Pp] However, we need to compare the two thresholds

1-8u ) (Bu—BL)PB
Ny, <11:E}LI) [QEZI(fLﬁf) Pl and Ny <11_§§) [H(ﬁQL(;EZJ)PB]. It turns out that 7[”(;“’8 L 5))55] may
be greater or less than %
(II-b-3.1) Suppose [ngf Lﬁ;‘;gﬁ} > [H(%PZ&)PB]
In this case, whenever Ny < Nj (11:52) [”+(52L6;,;5)PB], it implies that Ny <
Ny, (11:52) [g}iﬂfﬂl‘ig. Hence, we always have II(v + (8, — 0)Pg) > (v + (Bu —

0)Pg). As a result, the optimal spot price should be p§ =v+ (8, — ) Pp.

+(BL=9)Pp] - [v+(BL—30)Pp]
(II-b-3.2) Suppose ‘72508 < T

In this case, when Ny < Nj (f:éi;) [?;;B—LB_L(;)PIZB’ we have II(v + (8, — 0)Pg) >

II(v+ (Bu — 0) Pg). The optimal spot price should be p§ =v+ (8, —0)Pg. But when
Ny (1) St < N < %, (1) ) e have o (53~ )Ps) <
II(v+ (Bg — 0)Pg). The optimal spot price should be p§ =v+ (g —9)Ps.

Finally, in Scenario (II) with Sy — B > 29, we define r, =7y = (17&) LABL=9PB] jf 4 4 (Br —
—BL

1-8py ) (Bu—BL)PB
35)PB >0 and [er,EIﬂLBLé))IIj;] < [v+( 2L(S;36)PB]. We define 7, = (17§§> [v+(ﬁ2L6;35)PB] and 7y = (
if v+ (B, —36)Pg > 0 and [v;(ﬁfﬁj))}fg] > [v+(/32,:§P35 Pel We define r; = 0 and r, = (11 §L>§c if

v+ (B —30)Pg < 0. We define r3 =

From the analysis above, we conclude that the optimal spot price pg will be

v+ (B —6)Psg, it Ny <rNp
pg = 5PB ]]\(fi(i gf)) + UJF(BL;&)PB, if 7“1NL < NH < 'I"QNL
U"i'(ﬁH_ )PB, if?“QNLSNH<T3NL.

[ |
Lastly, the firm’s optimal revenue follows from (A.2) and (A.4). &

Appendix B: Derivation of the four selling strategies for hardcore games

We consider hardcore games for which Sy + 5y, is relatively low. Specifically, we assume 8 + By <

1— &-. Below, we characterize the optimal prices and revenue under the four selling strategies (pure
B

advance, pure spot, regular hybrid, and reverse hybrid). Without causing confusion, we denote the

HRH

optimal revenues under each selling strategy as IT4, IT°, I, and respectively. We denote the

optimal prices as p% and p§ without specifying the selling strategies. Recall that e = 8y — (..

PSS strategy

Notice that in the proof of Lemma A.3, the assumption f; + 0y > 1 — == does not play a role
at all. In other words, whether Sy + (1 is greater or less than (1 — E) does not have an impact
on a pure spot strategy. Therefore, the optimal spot price and revenue II° will be the same as

Lemma A.3. R
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Regular HAS strategy

Lemma A.4 For hardcore games, the optimal reqular HAS strategy ezists (i.e., there exist p4 and
ps satisfying (5)-(7)) if and only if one of the following conditions holds:

(1): v+ (B —36)Ps >0, By —Br>2d, and (1 —By)[v+ (Bg — )Pl < (1 —Br)(v+ BrPg);

(2): v+ (Bg —30)Pg >0, By — Br <26, and (1 — By)[v+ (Bu — 9)Ps] < (1 — Br)[v+ BLPs —

(20—Br+8L)*Pp ] .
45 7

(3) v+ (BH - 35)PB < 0, and (1 — BH)[”U + 5HPB — %] < (1 - ,BL)[’U + 6LPB —

[v+<2ﬁrﬁH+6>P312]
165 P :

Suppose one of the three conditions hold and the optimal reqular HAS strategy exists. The optimal

o _{WH;“PB if v+ (B — 36)Pg <0
spot price 18 pg =

, and the optimal advance purchase
v+ (B — 6)Ps, if v+ (B —36)Ps>0 b b

price s

2
(1-8) (v + By Py — Ut CELtO=bu)Pel ) . if v+ (By —30) Py <0,
Pa=1 (1—p5)(v+ BLPs), if v+ (Bg —39)Pg >0 and € > 24,
(1_5L)[U+/8LPB_W], if v+ (Bg —39)Pg >0 and € < 24.

The corresponding optimal revenue is

HH
(1~ Big) LHCEEDERE N,y (1~ 1) [0+ By Py — LHILEPPER N, - if y+ (B — 36)Ps <0,
= (1—,8H)[U+(ﬁH—(S)PB]NH+(1—,BL)(’U—FﬁLPB)NL, Zf’U—f-(,BH—?)(S)PBZO andez%,

(1—-Bu)v+ By —0)P|Ny+ (1 — L) [v+ BrPs — %]NL, if v+ (Bg —30)Pg >0 and € < 24.

Proof of Lemma A.4: The proof for the optimal spot price p% is the same as Lemma A.2. But when

Br+By<1— P”—B, there may not exist any p, satisfying the IC constraints (1 — Sg){v + By Pp —
E{(v+agPs —p5)t] <pa <A —B){v+ P —E[(v+arPp —ps)*]}.
Suppose v+ (Bg —30)Pg > 0. Then the optimal spot price is p§ =v+ (8g — 0)Pg. We have

(1= Bu) {v+BuPp—E[(v+ayPs —ps)*]} = (1 - Bu)[v+ (Bu — 6)Psl,

(1_BL>(U+BL}B)> if By — B > 296,
-8 8, Pn— T P.— )T\ = )
(1 L) {U LtB KU QLB pS) ]} {(1 ﬂL)[U BLP (QéfﬁHZgBL) PB], if By — Br < 26.

Suppose v + (Bg — 39)Pp < 0. Then the optimal spot price is p§ = %. In addition, we
have v+ (B —0)Pp <v+ (By —0)Pp < % <v+ (B +0)Pg <v+(Bg+0)Pg. Thus,
[v+ (Bu + 9) Pg)”
160 Py ’

v+ (26,46 — BH)PB]Q]
166 Py '

(1_BH) {”+5HPB —E[(U+OCHPB_Z)§)+]} = (1_/3H)[U+BHPB_

(1—=B1){v+BrPs —E[(v+arPp —pe)*]} = (1—BL)[v+ BrPs —

For the existence of the optimal regular HAS strategy, equivalently the existence of p4 satisfying

(1=Bu){v+PuPp—E[(v+agPs—pi)t]| <pa < (1—=0p){v+LLPs—E[(v+arLPp—ps)*T]}, we have
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to require (1 — By ){v+ BuPp —E[(v+ayPp—p5) "] <(1—Br){v+ BLPs—E[(v+arPs—ps)T]}.
Specifically, (1—Bg)[v+(Bg —6)Pp) < (1—BL)(v+ BrPp) when v+ (Sy —30)Pg > 0 and By — 1, >
20; or (1—Bu)[v+ (By—90)Psl < (1—pL)[v+pLPs— %] when v+ (8g —39)Pp > 0 and
Bu— B < 265 ot (L= Bu)[v+ Bu Py — WECHEIEEL ) < (1 )y + B, Py — HCButIPRR | e
v+ (By —39)Pp < 0.

Finally, if there exists a feasible p, satisfying the IC constraints, then the optimal advance

purchase price should be p% = (1 — 81) {v+ . Ps — E[(v+ arPp —p%)T|} which is the same as

Lemma A.2. And the corresponding optimal revenue will be the same as Lemma A.2 as well. B

PAS strategy

Lemma A.5 For hardcore games, if the firm commits to selling bonus actions only before the

attempt, the optimal advance purchase price is

_ ; (1-Br)(v+B1PB)

P = {(1 Br)(v+BLPp), if Ny < Br— (BlL)}i(l)(Bfﬂ /31%)133 U]N
o . —BL)(wv+BLPp)

(1= Bu)(v+BuPs), if Nu> =g s, syps a1 Ve

The corresponding optimal revenue s

; (1-BL)(v+BL PB)
4 = {(1 N (ﬁHfﬁL)[(Ll*BH*LQSPB*U] Ni

. (1=BL)(v+BLPB)
(1= Bu)(v+ BuPp)Nu, U Nu > G —pa—p0)Ps—i]

Proof of Lemma A.5:

Recall that when the firm commits to selling bonus actions only before the attempt, a type i
player will purchase bonus actions in the advance sales market if and only if p4 < (1—;)(8; Ps+v).
For hardcore games, we assume 8, + 8y < 1— resultmg in (1-08.)(BPs+v) < (1—Bx)(Ba P+

v). As a result, the firm’s optimization problem is given by

pa(Nu+Np), if pa <(1—81)(BLPs+v),
ZI)I;&XH(])A) palNu, if (1—pL)(BPp+v)<pa<(l-PBu)(BuPs+v), (A.6)
- 0, if pa>(1—0y)(BuPs+v).
As we can see, the optimal price p is either (1 — 51)(8.Pg+v) or (1 —Bg)(BePp+v), depending
on whichever leads to a higher revenue. We compare the revenues under these two candidate prices.

We have

(1= B)(BrPp+v))=(1=B)(BPp+v)(Nu + Ni),
(1= Bu)(BaPrs+v))=(1-Bu)(BuPp+v)Nu.

Their difference is equivalent to

(1 = BL)(BrPp +v)) =IL((1 = Bu)(Bu Pp +v))
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=(1=BL)(BLPp+v)Nr — (Ba — Bo)[(1 = B — Br) P — v| N

Notice that 8, + By <1 — % is equivalent to (1 — By — L) Pg — v > 0. We conclude that II((1 —

B1)(BLPp +v)) = TI((1 = Bu) (Bu Ps +v)) > 0 if and only if Ny < —UsoplCiLln,

As a result, the optimal advance purchase price is

_ : (1-Br)(v+BLPB)
. {(1 Br)(v+BrPs), i Nu < G si=s, ) rp = VL

Pa= . 1287)(v4 By P
(1= Bu)(w+BuPs), if Nu> =55 5=

Following (A.6), the corresponding optimal revenue will be

; (1=BL)(v+BL Pp)
14 = {(1 C O PP N, N WH*ﬁL)[(Ll*ﬁH*LﬁL]?PB*U] Ne

_ ; (1-Br)(v+BLPB)
(1 BH)(U+’8HPB)NH’ if Ny > (ﬁH—BL)[(l—ﬁH—ﬁL)PB—U]NL'

Reverse HAS strategy

Lemma A.6 For hardcore games, the optimal reverse HAS strateqy exists (i.e. there exist ps and

pa satisfying (8)-(10)) if and only if (1) B < (1—Br) — 5= and (2) B <36 — 5= and one of the

following conditions holds:

(3.1) v+ 2By — Br —35)Pg >0 and (1 — ;) |:v+/BLPB _ [U+(BL+5)PB]2:| <(1— Ba) [U+(BL2+5)PB}'

160 Pp
Or,

2
(32) v+ (y — By — 36)Ps < 0 and (1 — fy) [0+ frPs— BHEEL] < (1 -
Br) [U+5HP Lo 251{1655;6)1)]3] ]

Suppose the conditions hold and the optimal reverse HAS strateqy exists. The optimal spot price

18 s = %, and the optimal advance purchase price is
(1 By O] if v+ (261 — B —36)Pp >0,
Pa= v _ 2 )
(=Bl + Br Pe) — FEEPEAANEEL] - if v+ (284 — B1 — 30)Pp < 0.

The corresponding optimal revenue is

Ny(1-By) U+(ﬂL+5)PB] + N, a- ﬂL)[v+(ﬁL+5)PB]2 if v+ (28 — B, —36) P >0,

85Pg

HRH
Ny(1-By) [U+BHP L)l ] + N, U= ﬁL””;;(ﬁ;”)PB] . if v+ (2Bu — B —30)Pg <0,

Proof of Lemma A.6:

First of all, Lemma 2 implies that for the existence of the optimal reverse HAS strategy, we must
require v + (Bg + B — 1) P < 0.

Next, we solve the problem backwards. The firm first determines the price ps to maximize its
revenue in the spot market where only low-skill players will make purchases. Recall that we denote

the firm’s spot market revenue as Ilg. Thus, the firm’s optimization problem is given by

;n%%HS(pS) =psNp(1—BL)E[L(v+ arPs —ps >0)]
S =
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psNp(1—Br), if ps <v+(Br—96)Pp,

_ (Br+6—"3-=) .

= psNL(1— Br) 52—, if v+ (B, —8)Ps <ps <v+ (B +0)Pp,
0, if ps >v+ (8L +9)Ps.

The analysis for the optimal spot price p§ will be the same as Lemma A.2, except that we change
the subscript from H to L. We conclude that if v + (8, — 39)Pg > 0, the optimal spot price is
pe=v+ (8L —9)Pg. If v+ (8L —39)Pg <0, the optimal spot price is p§ = %.

Given the optimal spot price p§, the firm determines p4 to maximize its revenue from high-skill
players in the advance sales market. Recall that II4 represents the firm’s revenue in the advance

sales market. Therefore, the firm’s optimization problem is given by

g%)éHA(pA) =palNg
st. pa>1—PBL){v+BLPs—E[(v+arPs—ps)T]}
pa<(1—pBu){v+pPuPr—E[(v+ayPs—ps)T]}

We examine the existence of p4 satisfying (1 — ){v+ B.Pp — E[(v+ arPp —p%) "] <pa < (1-—
Bu){v+ BuPp —E[(v+ayPs —p§)*].
Suppose v+ (8, — 39) P > 0. Then, the optimal spot price is p§ =v + (5, — 0) Pg. We have

(I_BL) {U—f‘ﬂLPB—E[(U—FCMLPB—p;)JF]} = (1—ﬂL)[U+(BL —5)PB],
(1= Bu) {v+BuPs —E[(v+anPp —p5)*]} = (1 - Bu)[v+ (B, — ) Psl.

We obtain (1 — gr){v+ 8P —E[(v+arPs—pi)t] > (1= Bu){v+ BuPs —E[(v+ agPs —pi)T].
Hence, there cannot exist any p, satisfying the IC constraints (1 — 8){v+ 5. Ps — E[(v+ o Pp —
p5) T <pa <(1—Bu){v+BaPp —E[(v+ayPs—ps)*T]. That is, for the existence of the optimal
reverse HAS strategy, we must also require v + (5, — 30)Pg < 0, equivalently 3, < 36 — %.
Suppose v+ (8, —39) P < 0. Then, the optimal spot price is p§ = %. We have

[v+ (8L + 5)PB]2

(1-5L) {U‘FBLPB—]E[(U“‘OCLPB —p2)+]} =(1-5L) [U‘i‘ﬁLPB—

166 Py ’
and
(1—Bu){v+BuPp—E[(v+ayPs —ps) "]}
(1 _ ﬁH) [v+(5L2+5)PB]’ if v+(5L2+6)PB <v+ (/BH _ 5)P37
et _ 2 .
(1= ) [0+ By Py — LHCORPtOBl | i 2Lt 5 4 1 (8 — 5) Py,

For the existence of the optimal reverse HAS strategy, equivalently the existence of p, satis-
fying (1 — Bp){v + BPp — E[(v + arPs — p5)*] <pa < (1 = Bu){v + BuPp — E[(v + auPp —
p5)t], we have to require (1 — Sp){v + BrPs — E[(v + arPs — p%)*T] < (1 — Bu){v + BuPs —
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1576 B(0-+ o Py — py)*). Specifically, (1 1) [v-+ B Py — LHILEIERL] < (1 — ) EHCLENEL yhon

1577 % < v+ (By — 0)Pp (which is also equivalent to v + (28y — L — 30)Pg > 0); or (1 —
2 ) _ 2 v
1578 ,BL) [U—FBLPB - 7[U+(€]6“;;;PB] < (1 — BH) [U + By P — [1+(2ﬁ1€6£§;6)PB} ] when 7+(BL;6)PB >v+

1579 (g —d)Pp (which is also equivalent to v+ (28y — B — 39) P < 0).

1580 Finally, we summarize the conditions needed to ensure the existence of the optimal reverse HAS
1581 strategy: (1) B < (1—Bg)— ;and( ) Br. < 30— and( ) (1—51) U+ﬁd%-% <
1582 (1 — B ) LBl when v + (285 — Br, — 35)PB >0, or (1—f)|v+BLPs— 7[“(%;;;312 <
1583 (1—By) |v+ By Pp — LH2Bu—L10) Pp] } when v+ (28 — B —38) Py < 0.

166 P
1584 If there exists a feasible p, satisfying the IC constraints, then the optimal spot price must be
1585 pg = %, and the optimal advance purchase price should be p*% = (1 — By){v + BuPs —

1586 E[(v+ agPg — p%)T]. More specifically, we obtain

1587 py=1-75g) {v—|—5HPB—]E[(U+aHPB—p§)+]}

(1= ) e rlal, if v+ (284 — Br — 30) Py > 0,
1588 = [v :

(1—Pu) [v—i-BHPB + Qﬁ}inPL;(s)PB} ] , ifv+(28y —BL—30)Pp <0.

1589  The corresponding optimal revenue is equal to

1500 I = pi Ny + psNi(1 = BL)E[L(v + o Ps — pl > 0)]

2
. Ny (1 — B ) tCetorsl 4y, 0= ﬂL““ngfo”)PB] if v+ (261 — B —30) P >0,
Nu(1—Ba) [v+ ,BHP oot Pl | N, O GLEOPEE iy 4 (26, — B, — 36)Pp < 0.
1592 M

1593 Appendix C: Technical proofs for the results in the main paper
1594 Proof of Lemma 1

1505 The proof follows the utility functions (U, UM, and u?) and the IC and IR constraints. B

1596 Proof of Lemma 2

1597  We consider the difference U — UN* under a HAS strategy that is equal to

1598 U — UiJVA ={B:;Px+ (1= B)(BiPs+v) —pa} —{BiPn+ (1 = B)E[(e; Ps +v—ps)*]}

1599 =1-=8)BiPs+v)—(1-8)E[(e;Ps+v _pS)+] —Da.
1600 We define AU;(ps) = (1 —5;)(BiPs +v) — (1 — B:)E[(a; Pg +v — ps)T]. More specifically,

(1-Bi)ps if ps <v+(B8;—6)Ps
1601 AU;(ps) = (1= B)[v + Bi Py — WP i 4 4 (B, — §) Py < ps < v + (B; + ) Py

15 Pp

(1-8i)(v+ B:iPs) if v+ (8;+9)Pp <ps.
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1602 Lemma 1 states that a type ¢ will purchase bonus actions in the advance sales market if and only
1603 if pa < AU;(ps). In the following, we want to prove that AUy (ps) < AU (ps) for all pg if and only
1604 ifﬂLJrBHzl—%.

1605 First of all, suppose AUp(ps) < AUp(ps) for all ps. Especially when ps > v + (Bg + )P >
1606 v+ (B +d)Pg, we have

1607 AUL(ps) — AUn(ps) =1 —Br)(v+ BrPs) — (1 — Bu)(v+ BuPp) = (Bu — Br)[v+ (B + Br — %)AP?)}
1608 Therefore, AUy (ps) < AUL(ps) implies [v+ (By + Br. — 1) Pg] > 0, which is equivalent to 1, + Sy >
1609 1— E

1610 Next, suppose B, + By >1— %. We would like to show AUy (ps) < AUp(ps) for all pg. Clearly,
1611 when pg <v+ (8 —0)Pp < v+ (By — 0)Pg, we obtain AUy (ps) = (1 — Bu)ps < AUL(ps)=(1—
1612 Br)ps- Besides, when pg > v+ (85 +9)Pg > v+ (81 +0)Pg, given that 8r + g >1— 7+ we know
1613 from (A.7) that AUy (ps) = (1—Bu)(v+ BuPr) <AUL(ps) = (1—B1)(v+ BrPs).

1614 The left-over case is when v + (8, — 0)Pg < ps < v + (By + §)Ps. We examine the difference
1615 AUp(ps) — AUg(ps). It is straightforward to verify that AUp(ps) — AUy (ps) is a continuous

1616 function of pg. Moreover, its first-order derivative is equal to
1617 d(AUL(ps) — AUx(ps))
dps
—(1=Bu) + (1 = By ) HELERTEPS - if o 4 (8, — 6) Pp < psg <min{v + (81 +6) Ps,v+ (B — 8) Py}
)= =Bnu), if v+ (BL+0)Pp <ps <v+(Bu—9)Ps

ol = v+ (By+BL+d-1)Pp— b ;

(/BH—ﬁL) 55P5 if v+ (B — )P <psg<v+(BL+0)Pp

( )%, if max{v+(5L+5)PB,U—|—(BH—5)PB}<p5§v+(5H+5)PB.

1619 Note that when Sy — 81, > 20, the case v+ (8y — ) Pp < ps < v+ (B +0)Pg cannot happen. When

1620 By — Pr. < 24, the case v+ (B +0)Pp < ps < v+ (Byg — §)Pp cannot happen. Thus, the derivative
1621 d(AUL(pS) Aljl—[ pS

has only three pieces as pg increases from v+ (8, — ) Pp to v+ (By + 0) Pp.

dpg
1622 The derivative 4AULE S;pSAUH (s) ig continuous in ps. Moreover, as pg increases from v + (81 —
1623 8)Pp to v+ (B +0) Pp, the derivative 42U (psd);SAUH (s)) is first positive and then becomes negative.

1624 It means that the difference AU (ps) — AUy (ps) first increases in ps and then decreases in pg
1625 when v+ (L —0)Pg <ps <v+ (Bu +0)Pp.

1626 To sum up, we know that the difference AU (ps) — AUpn(ps) is continuous, first increasing in
1627 pg and then decreasing in pg. In addition, at ps = v+ (8, — 0)Pg and ps =v + (By + 0) P, we
1628 have AUL(ps) — AUg(ps) > 0. Therefore, we can conclude that AU (ps) — AUg(ps) > 0 whenever
1620 v+ (8L —0)Pp <ps <v+ (B +0)Pp.

1630 Above, we have proven that AU (ps) — AUk (ps) > 0 for all pg, if and only if 5, + x> 1— gt
1631 Since Uff —UN4 = AUy (ps) —pa and U —UNA = AU (ps) — pa, we finish the proof of Lemma 2.
1632 W
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1633  Proof of Corollary 1
1634 Under a PAS strategy, U — UM = (1 — 3,)(B; P + v) — pa. Corollary 1 comes from Equation
1635 (A.7). B

1636 Proof of Proposition 1

1637  Following Lemma A.2, we have
1638 ITH
— 2 .
(1-Bu )%N + (1= B)[v+BLPs— [UH%Lfggng)PB] |NL, if v+ (By —36)Pp <0,
1639 == (1*BH)[U+(BH* ) ]NH (1*BL)(/U+BLPB)NL) 1f7)+(ﬁH*35)P320aHd6226

(1= Bu)[v + (Bu — 8) Pp] N + (1 — Bp)[v + By Py — BB PRIN,  if 4 (B — 36) P > 0 and € < 26.

1640 For sake of presentation, we denote the three expressions of IT7 as IT#1, IT#2, and IT#3 respectively.

1641 Following Lemma A.3, we have

[+ (Br —6)Pp|[Ny(1 — )+ Np(1—5L)], it Ny <r;Nyp
2 .
2(1— BH)6NHIZB(T(IBL)ﬁéa/JXILD;U+(ﬁL+6)PB)] if 1N, < Ny <ryNj,
1642 HS: [U+(,BH 6)PB]NH(]-_BH)7 ingNLSNH<’I”3NL and 622(5
[U + (/BH — 5)PB][NH(1 — BH) +NL(1 — 5[/)%] lf T’QNL S NH < TgNL and e < 26,
Ny (1=Bp)[v+(Br+6) Ppl+ N (1-81) [v+(8L+6) Pp]}? :
e C=in [85PB}[INH(1—B}3H)i](\IL(1£/3[L)] 3 all if Ny 213N,

1643 where the thresholds ry, ry, and r3 are given in Table 3. Notice that IT° is a piece-wise function
1644 with at most four pieces. We denote the four pieces of IT° to be 115! I1°2, T153! (when € > 24) or

1645 T119%2 (when € < 24), and 11%*. Besides, it is straightforward to verify that IT° is continuous in Ng.

1646 We would like to prove IT# > TI° for all Ny and Ny.. To do so, we first make several observations.
1647 (O1) 2 > 1I°! for all Ny and Np. Because 112 = (1 — By)[v + (Bg — §)Pg]Ng + (1 — 81) (v +
1655 BuPs)Ny and T = [0+ (B, — 6) Pl [Nar(1 = Bar) + No(1— Br)].

1649 (02) TIH2 > 119 for all Ny and Nyp. Because 172 = (1 — By)[v + (By — §)Ps]Nu + (1 — BL) (v +
1650 BLPp)Ny, and T1°*" = [v + (B — 6) Ps] N (1 — fu).

1651 (03) IHL >TI93 for all Ny and Np. We have ITH! = (1 — ,BH)%NH +(1—BL)[v+BLPs—
1652 [U+(2BL+§PﬁH pp]* |N;, and 1193 = [v + (By — §) PNy (1 — By). Both can be viewed as linear
1653 functions of Ny. Clearly, the intercept of II¥! is higher than that of II°%. It suffices to prove
1654 the slope of IT7! is also higher than that of II°3!. We have

65 - o) OO ot (8~ 9ypp) = (1 ) P ZIOPRE 5
1656 (04) A > T115% at Ny =0 if v+ (8 — 36) P < 0. We have 17|y, o = N (1 — 81)[v+ BrPs —
1657 [”+(2ﬂL1Jg§;£H)PB]2] and I15%|y,,—o = Np(1 — ﬂL)% Therefore, we obtain

1658 b+ (é%;Bg)PB]Q —[v+BLPs — o+ (2&125(;_3 5H)PB]2]
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60 <[U+(5L+5)PB]2 v+ BuPs — [v+ (B +6)Pp]?

80P 668
1660 If v+ (B —36) Py < 0 and we also have 3v+ 383, Pp — 6P > 0, we finally obtain that 17! > 152
1661 at Ny =0.
1662 (0O5) ITH2 > 1I%% at Ny =0 if v + (8, — 30)Ps < 0. We have seen that II9%|y,_o = Ny (1 —

(3U+35LPB _5PB)(’U+6LPB_36PB)
166 Py ’

1663 m%. And TI#2|y o =Ny (1— B.)(v + B, Pg). Then, we have

1664 Lhs (B;(S;B(S)PB]Q —(v+BrPp) = (vF BuPo) - Gégfsg:r BuPy) + (OFp)"

1665 Notice that the quadratic function x? — 6zy + y? is negative when y < x < 3y. Therefore, if
1666 v+ (Br — 30)Pp < 0, equivalently v + 1, Pg < 36 Pg, and we also have v + Py > dPg, we
1667 conclude that IT72 > 152 at Ny =0.

1668 (06) 173 >T19! for all Ny and Ny, if By — 1, < 25. We have II"3 = (1 — By )[v+ (Byg — 0) Pg] Ny +
1669 (1—-5L) v+ BrLPs — %]NL and 115 = [v + (B, — §) Pg][Nu (1 — Bu) + Np.(1— )],
1670 both of which are linear functions of Ny . Clearly, II® has a higher slope than II°'. Moreover,

1671 the intercept of IT"? satisfies

o N Bt APy - PPy (4ot 8Py 6P

1673 > Np(1-Br)v+ (8L —9)Psl,

(Br — Br)(46 — Bu + 5L)]
46

1674 where the inequality holds since By — 1 < 28 < 46. Thus, IT? also has a higher intercept

1675 than IT°'. We conclude that if By — B < 26, I3 > II°! for all Ny and N;.
1676 (O7) I1H3 > 11532 for all Ny and Ni. We have I17% = (1 — By)[v + (By — 6)Pg|Ny + (1 — B1)[v +
1677 BBy — HPPLPAIN, and 19 = [v 4 (B — 0) Pp][Nu(1 - Bu) + Ny (1 - B,) BE=0m)
1678 Notice that IT7? and I1°%2, as functions of Ny, have the same slope. Their intercepts satisfy
26 — By + Br)*P 26 + B; —
1679 N1 B+ B Py~ B PHLIL Y 1)+ (80— o)) B AL P
20+ + B —26)P,
1680 :NL(l—BL)(ﬁH—BL)[ (B 4§L i) >0,
1681 where the inequality holds because Sy > 3;, > d. Therefore, we conclude that IT#3 > 1932 for
1682 all Ng and Ny.
1683 (08) T3 >11%% at Ny =0 if v+ (B —30)Pp <0< v+ (B —38)Pp and By — B, < 25. We have
1684 73| n, o =N (1—Br)[v+ BrLPs — %]. When v+ (Bg — 3§)Pg > 0, we obtain
. [v+(28L+6 —Bu)Ps] (26 — Bu+PBr)Ps _uv+ (B —36)Pp >0
o 46 20 40 -
1686 In addition, when B — 81 < 26, we have [”+(25L+4‘;76H)PB] > (2573’1’2;&)1)3 > 0, resulting in
20 — By +BL)*P,
1687 HH3|NH:0:NL(1—5L)[v+ﬂLPB—( ﬂHM Br) B
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[v+ (281 + 6 — B ) Ps]?

o Ty = Ni (1 Py~

688 > | V=0 L(1—=08r)v+pBLPp 165 P ]
. [v+ (8L +6)Pp]?

1689 >H32’NH=O:NL(1_/8L) 85PB s

1690 where the last inequality comes from (O4) and we assume v + (5, —36)Pp < 0.

1691 (09) I1%% is a convex quadratic function of Ny. And it increases in Ny whenever Ny > 0. This can
1692 be easily seen from the definition of IT°2.

1693(010) 115 is a convex function of Ny. And it increases in Ny whenever Ny > 0. This is because

. _ {Ng(-Bm)[v+(Br+8) Ppl+ Ny (1=8L)[v+(BL+0) Ppl}>
1694 154 = 2u =l SN (L N gy 2%~ We are able to show
. OIS _ (1 Bu)* (B — Bu)*(1= B NEPs
' ON?Z, 40[(1 = Bur) Ny + (1 — Br) N3 ’
. ot _ (1=Bu)v+(BL+0)Pp]lv+ (281 — B +6) Ps]
1696 |Ny=0 = >0,
ONg 83 Py
sS4 . 2
1697 lim ol = (1= Bu)lo + (B +0) P > 0.
Np—o0 (9NH 8(SPB
1608(011) TIHY > T1%* for all Ny and Np if v + (B — 3§)Ps < 0. Recall that IT7' = (1 —
1699 511)%]\7}1 +(1—08L)[v+BLPs — [H(leZg;gH)PB]Q]NL is a linear function of Ng. Its
2
1700 slope is equal to (1 — BH)%, implying that %HTS: < %IJIVIZ for all Ng. In addition,
1701 at NH = 0, we have HH1|NH:0 = NL(l - ﬁL)[’U + ﬁLPB - [U+(2ﬁLl—gg;§H)PB]2] and HS4‘NH:0 =
2
1702 Np(1 — BQW. In (O4), we have already shown that Np(1 — 8p)[v + 8.Ps —
2 2
1703 [”JF(QBL;S?;gH)PB] | >Np(1- Bﬂ% if v+ (Br —30)Pg < 0. From above, we can con-

1704 clude that TT#1 > 1154 for all Ny and Ny when v + (81, — 38)Pp < 0.
1705(012) MY > 11932 for all Ny and Ny if v + (8, — 35)Ps < 0. Recall that IIH#' = (1 —

2 _ 2
1706 BH)WNH + (1 = B)v + BrPr — [U+(26L1‘ESP§H)PB] [N, and II5%2 = [v + (B —
1707 0)Pg][Ny(1—Bg)+Nr(1— BL)W]. Both are linear functions of Ny . We first compare
1708 their slopes and we achieve
[v+ (Bu + 0) Pg)? [v+ (B —30) Ps)?

1709 1-— —(1— —90)Pg]=(1- >0.

‘ (1—Bn) 350, (1= Bu)v+ (Bu —0)Ppl = (1 - Bu) 80P, >0
1710 That is, II! has a higher slope than II°32. Then, we compare their intercepts which are given

1711 by 7! |y,—0 = Ni(1 — B1)[v + Py — DHCILHPuIPAl] g 11992y, o = Np(1 — B)[v +

165Pp
1712 (BH—(S)PB]%. Notice that

v L 1) P32
1713 [ +(B85;B) ) — v+ (Bu —0)Pg]

(204 6L —Bu) v+ (28u — L —30)Pg)?
28 N 80Py

>0

1714 which implies that

20+ B —Bn)

1715 %% |y, 0 = Np(1— Br)[v + (Bu — 6) Pg] 55
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[v+ (8L + 0)Pg)?
80 Pgp

1717 <Yy, —0=Np(1—BL)[v+ BLPs —

1716 <I*?|n,=0=Np(1-Br)

[v+ (268, +0— BH)PB]Q]
166 Py ’

1718 The last inequality comes from (O4) and we assume v + (5, — 36)Pp < 0. Finally, we can
1719 conclude that T > 11932 for all Ny and Ny, if v+ (8, — 30)Pp < 0.
1720 Given the above observations, we are ready to prove II¥ >II° for all Ny and N. According to

1721  Lemma A.2 and Lemma A.3, we prove the result case by case.
1722 We start with the case with e = 8y — B > 26.

170C1.1): If v + (Bw — 30)Pg > v + (B — 30)Pg > 0, then II¥ = II"? and II° =
HSlv if NH SrlNln

1724 %2, if ryN, < Ny <ry;N, Following (O1) and (02), we know that IT¥ > IT° when
%3 if roN; < Ny < o00.

1725 Ny <7 Ny and Ny > roNy. In particular, ITI? > 11° at Ny =N, and Ny = roN,. Given

1726 that II° is continuous and IT° = I1°? is convex when N, < Ny < roNy,, we further conclude

1727 that I > II¥ when r; N, < Ny < 7,N;. In summary, we have shown II > II° for all Ny

1728 and Ny, if € >26 and v+ (By —30)Pg > v+ (B, —36) P > 0.

170C1.2): If v + (Bg — 38)Pg > 0 > v + (B — 30)Pp, then H¥ = T2 and II° =
HSQ, ifOSNH<'I"2NL,

1730 IS, i py N, < Ny < o0, Similarly as above, (0O2) indicates that II > II® when
1731 Ny > ryNp. In particular, I > 11° at Ny = r,N;. Moreover, (O5) indicates that I > 11
1732 when Ny = 0, which implies II# > II® when 0 < Ny < roN;. In summary, we have shown
1733 I >11° for all Ny and Ny, if € >26 and v+ (Bg —30) P > 0> v+ (8, — 30) Pp.

7HCL3): I 0 > v + (By — 3P > v + (B, — 30)Pp, then II¥ = THl and IIS =
HSQ, ifOSNH<T’2NL7

1735 IIS9 if 7N, < Ny < oo Following (O3) and (O4) and a similar argument as (C1.2), we
1736 conclude that T > I1° for all Ny and Ny, if € > 28 and 0 > v+ (8y —30) P > v+ (B, — 35) Ps.
1737 Above, we have finished the proof for the case with e = By — 8, > 2J. Next, we consider the case

1738 with e = By — B < 29.

173(C2.1): If v + (By — 30)Pg > v + (B, — 36)Pg > 0, then II” = I3 and II° =
5!, if Ny <r Ny,

1740 %%, if 1Ny < Ny <ryNy, Following (06) and (O7) and a similar argument as (C1.1), we
I1°%2, if 7o N, < Ny < oo.

1741 conclude that IT# > TI% for all Ny and Ny, if € < 26 and v+ (8y —36)Pg > v+ (B, — 30) P > 0.

1740C2.2): If v + (By — 30)Pg > 0 > v + (B — 30)Pg, then II¥ = M2 and II° =
1152 if 0 <N, N

1743 o nu= < T2iL; Following (O7) and (O8) and a similar argument as (C1.2), we
I1°°4, if roN; < Ng < o0.

1744 conclude that IT7 > TI% for all Ny and Ny, if € < 26 and v+ (8 —36)Pg > 0> v+ (81, — 36) Ps.
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1746C2.3): If v + 28y — B — 30)Pg > 0 > v + (By — 30)Py, then IH = MM and II° =
52, if 0< Ny <rsN,,

1746 %2, if ry,Ny < Ny < r3Np Following (O11), (012), and (O4), we conclude that 117 > 1%
%4, if rs N, < Ny < oo.

1747 for all Ny and Ny, if e <26 and v+ (28y — 5, —38)Pg > 0> v+ (Bg — 36)Pg.

1746C2.4): If 0> v + (285 — B, — 30)Pg > v + (By — 36) Py, then I =T1*! and 1I¥ = I1°*. Following

1749 (O11), we conclude that I > I1° for all Ny and Ny, if € < 2§ and 0 > v+ (285 — B, —36) Pg >
1750 v+ (By —30)Pp.
1751 In conclusion, we have discussed all possible cases and shown I1# > II° for all Ny and N,. R

1752 Proof of Theorem 1

1753 For casual games, we assume [ + 8y > 1 — %. Lemma 2 implies that the reverse HAS strategy
1754 does not exist and Proposition 1 further indicates that the PSS strategy is dominated and can
1755 never be optimal. As a result, the optimal selling strategy must be either the PAS strategy or the
1756  regular HAS strategy. We compare the firm’s revenue under the PAS strategy and the regular HAS

1757 strategy which are equal to

; (Bu—Br)v+(Bu+BL—1)Pg]
1758 14 = (L= B)(BePp+v)Ni, if N < = (1£BH)('UJI;I[3HILDB) =N
(1- {
(
(

. — v —1)P
Bu)(Bu Pp+v)(Ny + Ny, if Ny > L=t b —Ofsl N,

2 _ 2 .
) S N (1 )y Py — PSS EIN, i (g 30)Pa <0,

1—Bu)
1—8u)v+ By —0) PNy + (1 —B)(v+ BLPp)Np, . if v+ (Byg —36)Pp >0, €>20
1= Bu)[v+ (Bu — 8)Ps] Ny + (1 — Br)[v+ B Pp — CLLHLLBIN, - if v+ (B — 30) Pp > 0, € < 26.

™

1759 T =

(
1760 Notice that the firm’s revenue under the regular HAS strategy IT¥ can be viewed as a linear
1761 function of Ny, whereas the firm’s the firm’s revenue under the PAS strategy II* can be viewed
1762 as a piece-wise linear function of Ny.
1763 We start with the case that v+ (8g —30)Pg >0 and Sy — 1, > 26. We consider the difference
1764 II* — I which can be simplified to

. — v —1)P
—(1=Bu)lv+ (Bu = 0)Pp]Nu, if Ny < n {iL};Htgff;j;Bﬂ 2N,

0Py(1 = Bu)Nu — (Br — Br)[v + (Brr + Br — 1) Pp] Ny, if Npg > CrBulliBn —OFRl

1765 T4 -1 = {

. A H B —=Br)v+(Bu+Br—1)Pp] Ba—=B)v+(Byg+Br—1)Pp]
1766  Clearly, I <II'" when Ny < (B (o183 P5) N;. When Ny > () (v 1By P5) Ny,

1767 we can see from above that IT4 > IT¥ if and only if Ny > La=Bu)ltGutf=DFpl N, T astly, we

(1-BH)dPp
—aa Ba=Br)v+Bu+BL-1)Pp] - (B —BL)v+(Bu+BL—1)Pg] ; B —=Br)v+(Br+BL—1)Pp]
1768 compare (=P )oPg with (=B (v iBn Pa) . Obviously, (1= 11)3Pp >
1769 LBr=BulvtBrtB8,=VPB] Therefore, when v+ (B —30)Pg >0 and By — B, > 2§, we conclude that

(1-BH)(v+BHu PB)

1770 A >TI# if and only if Ny > <5H*ﬁLg§’f;§I){;iL*1>PB]NL; otherwise, I14 < IT%.

1771 Next, we consider the case that v+ (8 —39)Pg >0 and Sy — B < 24. Similarly as above, we

1772 investigate the difference IT* — IT¥ which is equal to

1773 A =117
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1— 20— + 2p, . — v+ +87,—1)P

_ {—(1—6H)[v+<ﬁH—5>PB]N,[{+< S g]H PN, if Ny < on {fei%mgffﬂ,f;; BiNL
458y —BL) v +(Bu+Br—1)Ppl—(1—BL) (26— B +B1) P . (B —BL)v+(Bu+BL—1)P

6Pp(1— By Ny — { A s il . I YN, i Ny > g e by i

When Ny < Gu-fuletGn B OPEl N, we obtain that II* > I if and only if Ny <

2
OGO bt Pl e N When Ny > Gu—fllet Bt B -LPRl N, | we obtain that IT4 > TI' if and only
: (Ba—=Br)v+(Br+Br—1)Pp] (1—-Br) (20=Bu+BL\2
f Ny > oVl (= (5= aou oy,
(1-B1)(26-Bu+BL)"Pp : Ba—Br)v+(Ba+BL—1)Pg]

However, we need to compare BB B P] with T (B Pr) . We
(1-B8L)(26—B+BL)*Pp < Ba—Fr)lv+Bu+Pr=YPsl if and
46(1-Bm)[v+(Bg —96)Pp] (1-Bp)(v+Bu PB)
(msfﬂHwL)? < Bu—BL)v+(Br+BL—1)Ppllv+(Bu—6)Pp]

are able to show that

only if

In addition, we mneed to compare

25 (1-BL)oPp(v+By PB)
— v+ +5r,—1)P, 1— 20—By+ : — v+ +8r—1)P, :
(Bu ﬁL?S[PB((lﬁfBHB)L )Pl ((1752))( 521?; 5L)2 with Bu (fng)éffﬁ,fng)) B]. We can achieve
Ba—Br)v+(Br+Br—1)Pp] (1—Br) (26—=Bu+BL \2 Ba—B)v+Br+BrL-1)PB] ;
that S e~ o ey ) > e eisn sy - it and only if

25-Bu+Br\2 _ (Bu—Br)w+Bu+B8rL—1) Pgllv+(Br—d)Pg] 25—B+B1)2
(%) < SHAEL (1—612)6PLB(U+,BBHPB) H-2)"B. Note that (#) can be greater or less
than Bu=B)v+Ba+Br—1)Ppllv+(By—9) PB]

(1-BL)sP(v+By PR) ’

(B —=BL)[v+(Ba+BL—1) Pel[v+(8a —9) PB] 20—Bu+Br \2 :
Suppose HIL (1_511)6;3(“63}1133) Ho2oBL < (=HE2L)%0 In this  case, we  have
Br=Br)v+Bag+BL-1)Pp] _ (1_:8L)(25*5H+5L)2 < Ba=B)lv+Bu+BL=1Pp] (1-B81)(26—Br+B1)* Py
0Pp(1-Bp) (1-8m) 26 - (1-By)(v+Bu PB) — 46(1-By)[v+(Bg—9)PB]’

: : : A H (Ba—BL)[v+(Ba+BL—1)PRl[v+ (B —3) Pp]
which implies that II* > II* for all Ny and N;. Suppose ()5 P5 (ot h o Pr) >

(25—521§+BL )2' In this case, we have (/3H—5L()S[IZ;-((15§/;-I§3)L—1)PB] _ ((11:52)) (25—,@2}31 +8L )2 N

(B =BL)[v+(By+BL 1) Pp] (1-B1)(20—By +8L)* Pp - -
=B (B ) > BB ot (B Pa] As a result, from the above discussion,

2
we can conclude that T4 > II” when Ny < %aﬁfgs)‘i;ﬁ&;@gﬂ% N; and when Ny >

Ba—Br)v+Ba+BrL—1)Pp] _ (1_/6L)(25_ﬂH+,3L)2NL' And TI4 < II¥ when (1—ﬁL)(25—ﬁH+BL)2PBNL <

sPp(1-Bp) (1-Bm) 28 46(1-By)[v+(Bg —9)PpB]
(Ba—BL)[v+(By+BL—1)Pp] (1-BL) (26—Bu+Br\2
N <~ L‘sPB(lfﬁH)L = (1752)( 2}:; )N

Finally, we examine the case that v+ (Sy —39)Pg < 0. We obtain

| R

_(1 _ /BH) [U+(51-§+5)PB]2 Ny + (1 _ BL) [U+(25L+§—ﬁH)PB]2NL if Ny < (B =Br)lv+(Bu+BL=1)Ps] py
8 Pp 166 Pg ’ =

(1-Bg)(v+By Pp) L

— |V 2 v — 2
= (1 _ 5H)85P3(v+ﬁHPB) [v+(Bp+9) PB] Ny + {_(BH _/BL)[U+ (5H + B — 1)PB] + (1 _ BL)[ +(281,+0—BH) Pl }

85Pg 166 Py

if Ny > (5H—/3L)[U+(5H+/8L_1)PB]NL.

(1-Bn)(v+BH PpB)

When Ny < (ﬁH’(fﬁ)ﬂ[ggff;:g;)”PB]NL, we obtain that I > II¥ if and only if Ny <

(1-BL)[v+(28L+6—Bu)Pp]?
2(1-By)[v+(By+6)Pp]?
BuPs) — [v+ (Br + 8)Ps)? > 0. Thus, when Ny > Bu=Lb+But8L=UPp] N, we obtain that 14 >

(1-Bu)(v+BHu PB)
o : 160Pp (B —Br) v +(By+8L—1)Ppl—(1—B1) [v+(28,+5—B) Pl
II™ if and only if Ny > =G T an P ot (Br o) Pal?y VL
; v+(28L+0—Bu)Pp 2By —BL)[v+(Bu+BL—1)Pp]
Furthermore, we can show that if ( S Oy ) < 3018 Po)

H A _ (B=BL)v+(Ba+BL—1)Pp] s : (1-B)[v+(28L+6—Bx) P>
that II* > II¢ at Ny = o) (o iBn Pr) Ny, it implies that 5B [ot (0 PE]2 <

Ba—Br)v+(Bu+Br—1)Pp] < 160Pp (B —BL) v +(By+B8L—1)Ppl—(1—B1) v+ (281, +5—B) Pl
(1-By)(v+Bu PB) 2(1-Bm){86Pp(v+Br Pp)—[v+(Ba+6)P]?}

2
the above discussion, we conclude that II4 > ITI¥ when Ny < (1;(?_);23%5%;;;?)}[1:);}3] N;,

Np. We have shown earlier in the proof of Proposition 1 that 8Pp(v +

, Ineaning

. As a result, from

NL7
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166 P (B —Br) v+ (Bu+BL—1) Ppl—(1—B1)[v+(28L,+5—Bx) Pp]? A H
and when Ny > £ H2(1£5H){8?PB(f)+5H1§B)_[U+(LBH+5)Pg]2} H-Bl Ny, And II* < II* when

(1—ﬁL)[v+(2ﬁL+5—5H)PB]2N < Ny < 165PB(ﬁH—5L)[U+(5H+5L—1)PB]—(1—ﬁL)[v+(2ﬁL+5—5H)PB]2N
2(1-8g)[v+(Bu+8) P2 L H ) 2(1-Bm){86Pp(v+Bu Pp)—[v+(B8r+6)Ppl?} L
Instead, if <M) > 2Bp=81)[v+(Bu+8L—1)Pp] (1-Br) v+ (281 +6—B) Ppl?

v+(Ba+9) P (1-BL)(v+8p Pp) , we have g S G ro s 2

Br-BpWw+Br+BL—1)Pg] ~ 160Pg(By—Br)w+Br+8L—1) Ppl—(1—BL)[v+(28,+—Br)Ppl> - : A
s etin P 2 (1B 8Py (B bp) -t Gk ey » implying that 117 >

17 for all Ny and N.

In summary, we define n and # as follows:

2(1*5H)[U+(ﬂH+52)PB]2 ’ v+(By+9)Pp
(1-5L)(25—BH+61)* Pp if v+ (B —30)Pg >0, By — Br, < 20, and

(1-BL)(v+Bu PB)

(1-BL)[v+ (281, +8—B) Pp)> if v+ (BH - 35)PB <0 and <v+(2ﬂL+5*5H)PB>2 < 2(Bag—BL)w+(Ba+BL—1)PB]

n =4 46(1-By)v+(Bg—9)Pp]’
Bu=B)v+(Br+Br—1)Ppllv+(By —9) PB] > (25*ﬂH+ﬂL )2
(1-BL)6Pp(v+BH PB) 26 ’
0, otherwise.
(A.8)
( 166Pg (B —BL)v+(Br+Br—1)Pgl—(1—B)wv+(28L+6—Br) P2 : -
2(1-B){85 P (v+Br Pg)—[v+(Ba+6)P]%} , o+ (BH 35)PB2< 0 and
v+(2B8p+0—Bu)Pp < 2B —Br)v+(Ba+Br—1)Pp]
v+(Bg+3)Pp (1-BL)(v+Ba PR) ’
— v —1)P, — 6— :
= i BL();L;((ffgj)L \Pol ((11,52)) (2 B2%+5L)2, if v+ (B —36)Pp >0, By — 1 <26, and
Bu—=B)v+Br+Br—1)Ppllv+(By—9) PB] > (25—1'3H+5L
(BB o+ (Brg+51—1)Pr] (1-BL)éPp(v+BH PB) 26
I L(l—ﬁH?ﬁPBL L y 1fU+(5H—35)PBZOand BH_ﬁLZQ(Sa
L0, otherwise.

(A.9)

We have prove that II4 > IT7 if and only if 1]\\% <n or ]]\\’[—f > n while II* < IT# if and only if
n<i<n ®
Proof of Theorem 2
To prove the theorem, we show the following results:

(1): The PAS strategy dominates the reverse HAS strategy (if exists), i.e., [I4 > TIRH,

(2) The PAS strategy dominates the regular HAS strategy (if exists), i.e., [I4 > 1.

(3) The PAS strategy dominates the pure spot strategy, i.e., II* > II°.

Following Lemma A.5, we have

- (1=BL)(v+61Pp)
4 = {(1 Pt BuPe)(Ne N, 3 N < G gy 2 ep=a Ve

: (12BL)(v+8. Pg)
(1= Bu)(v+BuPp)Nu, i Nu > s —pn—snps=a Ve

Notice that IT* can be viewed as a piece-wise linear function of Ny . For sake of demonstration,

we denote the two pieces of IT4 as IT4! and I142. Besides, it is straightforward to verify that IT4 is
continuous in Ng.
We start with (1) and prove II4 > IT#H (if IT®H exists and is positive). Following Lemma A.6,

we have

[v+(BL+8)Pg] (1-BL)w+(BL+9) Pp]>
HRH— NH(]‘i/BH) L2 B +NL L 8§P]§ B 9

166 Pg 85Pg

)?,

NH(l _ ﬁH) v+ By Py — [U+(25H*ﬂL+5)PB]2:| +N; (1*ﬂL)[v+(ﬁL+5)PB]2’ if v+ (2/8H — B — 35)PB <0.
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From the proof of Lemma A.5, we know that T4 > T4 = (1 — 8;) (v + B, Pg)(Ng + Ny) for all

(1-Br)(v+Br PR)
Ba—B)[(1-Ba—BL)Pp—v

to prove IT4 > I1%H for all Ny and Ny, it suffices to prove IT4' > IT#*¥ for all Ny and N.
Suppose v + (28 — B — 35)Pp > 0. Then, we have IM"H = Ny(1 — ﬁH)[UJF(’BLgiJﬂS)PJ’ﬂ +

2
Ny, (1_BL)["§$;+6)PB] . The difference II*# — 14! is given by

Ny and Ny and the strict inequality holds when Ny >

]NL. Since we want

IRH 1A = N, {(1 I G (ﬁL; 0)F]

(1—BL)[v+ (8L +9)Ps]?
+NL{ R5P,

—a —6L><v+ﬁLPB>}

- (1_/8L)('U+BLPB)}7

which is a linear function of Ny. Its slope satisfies

{(1—ﬂH) vt Oy —6L><v+5LPB)} < {(1—ﬂL> v GO (1—5L><v+ﬂLPB>}

= 5 (1=Bo)lo+ (B~ 6)Pa] <0.

And its intercept can be simplified to be

{(1 — Bu)[v+ (B +6)Ppl?
80 Py

(1B +6LPB)} = (1) LB s) 661;?53; OuL) + (0F5)”
For the existence of the optimal reverse HAS strategy, we need to assume v+ (8, —39)Pp < 0. As a
result, we have § Pg < v+ 3 Pg < 3§ Pg, which implies (v+ 81, Pg)* — 65 Pg(v+ 8, Pg) + (6 Pg)* < 0.
In conclusion, the slope and the intercept of [T —II4! are both negative. Hence, when v+ (285 —
Br, —38)Pg >0, we have II*H < TI4 <TI for all Ny and Ny.

Similarly as above, when v + (28y — 8. — 30)Ps < 0, we have I = Ny(1 —
Bu) v+ BuPp — [”+(2ﬁH_’6L+5)PB]2] + NL(l_ﬁL)[“HﬁLM)PB]Q. The difference IT## — 14! is equal to

166 P 85 P

[v+ (28 — Br + 5)PB]2
166 Py

- <1—ﬂL><v+5LPB>}.

HRH_HAI:NH{(l—ﬁH) |:U+6HPB_

(1—Br)[v+ (B + ) Pp)?
+NL{ 33 P;

] —(1—6L><v+ﬁLPB>}

We have already shown that, as a linear function of Ny, the difference IT%# —IT4! has a negative

intercept. Since we assume v+ (28y — 5, — 39)Pg < 0, we achieve

[U+(25H—ﬂL+5)PB]2}:_v+(2ﬂH—ﬁL—35)PB

> 0.
dfu

Thus, the term [v+ Sy P — ["HMH*’BLH)PB]Q] increases in By . Given that v+ (28y — 1, —39) P <0,

166Pg
(30+BL)Pp—v

P
{HBHPB_ 1665 16

equivalently Sy < , we obtain

[v+(2ﬂH—ﬂL+6>PB]Q] _ U+<(36+/3L>PB—U)P o+ 2+ (5852 ) — B, 4+ ) Pp]?
< -

[” P Pe 1665 2P, 16675
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.- v+ (BL+0)Pp
85¢ —f

1855 Finally, the slope satisfies

[v+ (26 — B +6)Pp?
166 Py

1856 {(l—ﬂH) |:U+,8HPB_

1857 < {(1 — Bn) [W] -a _6L)(U+BLPB)}

|- 0= pu+surn}

v+ +0)P 1
1858 < {(1 ) [W} —(1-B)(v+ BLPB)} =—5 (1= Bu)lv+ (B —0)Ps] <0.
1859 Thus, the slope is also negative. Hence, when v+ (285 — B, — 38) Pg < 0, we conclude TT7# < T[4 <
1860 II# for all Ny and Nj.

1861 In summary, we have shown IT## < IT4! <TI* for all Ny and N,. B

1862 Next, we prove (2) II* > TI# (if I¥ exists and is positive. Following Lemma A.4, we have

2 » B 2 .
(1= Bu) LI Ny 4 (1= By) v+ By Py — WAL BEBLIN, - if o + (B4 — 36) Py <0,

1863 O =< (1—By)[v+ By —06)Pp|Ny + (1 — BL)(v+ BLPs)Ny, if v+ (By —36)Pp >0, € > 26,
(1= Bu) v+ (B — ) Pp| Ny + (1= Bp)[v + By Py — BButBLPRIN, it o 4 (8 — 38) Py > 0, € < 26.

1864 As in the proof of Proposition 1, we denote the three expressions of I as IT#!, I1#2, and I1*3, all

1865 of which are linear functions of Ny.

1866 Clearly, IT#!, T1¥2, and 17 have intercepts no greater than that of II*!'. In addition, as shown

1867 in the proof of Proposition 1, we obtain that IT#', 112, and I1#3 have smaller slopes than IT142.

1868 Below, we want to show that II7!, T1%2, and I1*® have smaller slopes than 114! as well.

1869 According to Lemma A.4, the optimal regular HAS strategy exists if v + (Sy — 30)Pg > 0,

1870 By —Br >28, and (1—Bgy)[v+ (By —0)Pg] < (1— 1) (v+ B Pg). Therefore, we obtain that IT#? has

1871 a smaller slope than II*'; Or if v+ (8y — 30) P >0, Sy — Br, > 26, and (1 — By)[v+ (Bu — ) Pg| <

1872 (1— 1) (v+BLPp), from which we know 172 has a smaller slope than I14%; Or if v+ (8y — 30) Pp <

1873 0, and (1 — By)[v + By Py — LECLIPEE] (1 _ g Y[y + B, Py — WHCOL—ButOPs])  Given that

166 Pp 166Pp

2
1874 v+ (Bg — 30)Pp <0, we have v+ Sy Pp — 3[”(166’%;?1331 = —[3(”+5HPB)5§§]1£;+KRHPB—35PB] >0. As a

1875 result,

[v+ (Br + ) Pp]?

1876 (1—fBu) 35D,
1877 <(1— By) ot (éfg;:)PB] +(1—Bu)[v+BuPs— iy (fgg;j)PB] ]+ (1—B) o+ (Qﬁngg;Jr 0)Fs]
1878 =(1—Bu)[v+ BuPp — ot (fg(;gj)PB] ]+ (1-58L) ot (Qﬁngf];j;r O)F]

1879 <(1—=Br)[v+ BLPg).

1830  We conclude that IT7! has a smaller slope than IT4!.
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According to the above discussion, for j = 1,2,3, we have shown that IT4| Ny=0 = 141 Np=0

is greater than II”7|y._o. In addition, II*' has a higher slope than II”J. Therefore, when

(1-Br)(w+Br PB) A _ TTA1 Hj A2
Ny < B —Fr PP =] Ny, we always have II* = II** > II"7. Moreover, II** has a
higher slope than II¥7. By continuity, we also know that HA] A-8)(+8,P5)
Nu= B — ﬁL)[(l Bg—BL)Pg—v] 'L
HA1|N (1-81)(w+B1 PR) N = HA2| (- ﬁL)(v+BLPB) is greater than
H= By —B)(1-By—B)Pg—v] L Nu= B —Br)I(1— <H ,gL)éD—&-_BU]PL)
Hj —BL)(v+BLPp
II \ j— (ﬁl)[[g(Ll)—%;B—LBIZBSI)?B—U]NL Thus, when Nz > B[ — BL)Pva]NL’ we always have
A = 1142 5 [175,
In summary, we have shown I <II# for all Ny and N,. B
Finally, we prove (3) IT* > IT°. Following Lemma A.3, we have
[v+ (B =) Ps][Ny(1—Bu)+ Np(1— )], if Ng <rNg
2
21— BH)5NH1;B(1~‘(1BL/)86LI&JZ§,3;U+([3L+5)PB)] if r\N;, < Ny <79Nj
HS: [U+(,BH— )PB]NH(l_ﬁH)7 ifTQNLSNH<T3NL and622(5
[U + (,BH — 5)PB][NH(1 — 6H) +NL(1 — BL)%] if TQNL < NH < T3NL and € < 26,
{Ng (1=Bp)[v+(By +6) Ppl+Nr (1—Br) [v+(BL+6) Ppl}* :
" N ;5PB}[INH(1£;/3H)-€NL(1L—5L)] - 5 if Ny 273Ny,

where the three thresholds 7y, r5, and 73 are defined in Table 3. As before, we denote the four

pieces of II¥ as IT9!, 1152, 113! (when € > 26§) or 11932 (when € < 2§), and 115,

We make the following observations:

(B1)

(B2)

(B3)

(B4)

(B5)

41 > 115t for all Ny and Np. Because I = (1 — B.)(v + B Ps)(Ny + Ni) and 115 =

[v+ (Br = 0)Ppl[Nu(1 = Bu) + Np(1 - BL)].

142 > 193! for all Ny and Np. Because I1*? = (1 — By )(v+ By Pg) Ny and 1193 = (1 — By ) [v+
(B — 0)Pp|Ny

4! > 1192 at Ny =0 if v+ (8, — 38) Pp < 0. Note that [T* |y, —o = N.(1— 1) (v+ 8. Pg) and
52|y, =0 = N (1 — BL)W' The proof is the same as (O5) in the proof of Proposi-
tion 1.

%111\722 SHS for all Ny if v+ (8x — 36) Pg < 0. We have shown in (010) that II°* is a convex
functlon of Ny. And we are able to show that when v+ (8y — 39)Pg <0,

O _ OBl 3 Gn 2 DB (1 )0+ i Pa) = ‘Z?VZ

lim
N DNy 83 P5

which implies 212> > 902 for all Ny,

14! > 115 for all NH and Ny if v+ (28 — Br — 30)Pg < 0. First, at Ny =0, we have
4y, —o = (1— B.)(v+ BrPs) Ny and T4y, o = Ny (1 — 5&% In the proof of
Proposition 1, we have shown (v + .Pg) > W. Thus, 14|y, —o > 15| x,,—o. The
condition v+ (28 — Br — 30 Pp <0 is equivalent to v+ (28 — 1, + 0 Pp < 49 Pg. Therefore,
81154‘ (1—Bu)[v+ (Br +0)Psl[v+ (2B — Br + ) Pp]

Ny NH=0 " 86 Py
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< (1=Pu)v+ (B +0)Ppl4éPg (1 —pBu)[v+ (BL+0)Pg)

1910 = < (1—=pL)(v+BLPp).

- 8§ Pg 2
1911 Given that IT5* is convex, we can conclude from the above analysis that IT4! > 115 for all Ny
1912 and Ny, if v+ (28g — B —39) P <0.
1913 (B6) 14! >T15%2 at Ny =0 and Ny = —G~fb UL Ny First, T4 n,—0 = N (1 B1) (v +
1914 BrPgp) and 1I5%2|y, o = Ni(1 — B)[v + (Br — 0)Pp]Z=21*PL) Recall that we define ¢ =
1915 Bu — Pr. We further have [v+ (By — ) Pg| > (Bu — fr) Pp = €Pg. Finally, we achieve
1916 20(v+ BLPp) — v+ (Bu — ) Psl(20 — By + Br) =26[(v+ BLPs) —v — (Bu — ) Pp| + €[v+ (Bu — 6) Pp|
1917 =20(6 —€)Pg+€[v+ (By — 0) Pg]
1918 >26(8 — €) P + €2 Pg = Py(26* — 20¢ + €*) > 0.
1919 Equivalently, we have shown IT*! |y, —o = Np(1— 1) (v+ 8. Pg) > 119%2 |y o = Ny (1— ) [v+
1920 (B — ) Pp] 22-LatbL),
1921 Next, at Ny = (=BL)(v+BL Pp) Nrp, we have

Bu—B)(1-Br—BL)Pp—]
(1 - /BL)(U + BLPB)

1922 At (1-81)(v ) =(1-py)(v+ BuP N
‘NH:(BH*;L)?(E*BE@BIZB;PB*U] v, = )l uPp) (B — Br)(L = By — Br)Ps—v]  ©
1-— /SL)(U +BLPB)
1923 HSSZ (1—B7)(v+8 ) = 1—ﬁ v+ ﬁ —0)P ( N
= Sy, = Pl B = O el e S G = By P =)
20+ 8L —
1924 +NL(1—6L)[U+(5H—5)PB]([;%5H)].
1925 Their difference is equal to
1926 ! (1-8)( ) —11%% (-8 )
|NH:(BHf/;L)[(LlfB;LiLB}Bngv] Ny |NH:(BHfl;L)[(Llfﬁ;[iLBIZE)gPB*v] Ny
(1—Br)(v+ BLPp) (26 + BL — Bu)

1927 =(1—Bu)oP, N, — (-8 v+ (Byg —0)Pg]l——————+——=N;.

| A B = B0 — B — )Py — o]~ (Al (B = )Pl sV,
1928 By reorganizing the terms, we can show
1929 (1= Bu)dPp(v+BLPg)(20) — [v+ (By — 0)Pp|(20 + B — B ) (Bu — B)|(1 — Bu — Br)Pp — v] > 0.
1930 As a result, we conclude T4 | (1—7 ) (o487 PR) > 1532 (1-81)(w+B1,PR) :

Nu == g P Ve ‘NH:wH—BL)[(Ll—BH—LaﬁPBwJ Ny
1931 It further implies that IT4! > 113 when Ny < ﬁHfngﬁLl)j;;éLﬁigng] N, because both ITA!
1932 and IT°%2 are linear functions.
1933 Given the above observations, we are able to prove II4 > II° for all Ny and N;. We prove the
1934 result case by case.
1935 We start with the case when € = By — B, > 2§. According to Lemma A.3, II° =
HSl if NH < rlNL
’ - ’ 12, if0< Ny <ryNp, .

1936 Q I1%%,if 1y Ny < Ny <Ny, if v+ (B, — 38)Pp > 0. Or II¥ = { e e i

193, if 7y Ny < Ny < 0.
I3, if ry N, < N < 0. L=
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1937 v+ (B, —35)Pg < 0. Following (B1), (B2) and (B4), we can conclude that IT* > IT° for all Ny and

1938 Ny if € > 26.

1939 Next, suppose € = 8 — 81 < 2§. According to Lemma A.3, if v+ (8 — 36)Pg > 0, then II° =
HSl) ifNHSTINLa

1940 1152, if ryN;, < Ny <ryNp,. Following (B1), we know that 114 > IT° when Ny <7 N.. (B6)
H532, lf’I"QNLSNH<OO

; ; Al 532 (A—-Br)(v+BLPp) A2 532
1941  further implies that IT4' > I1°%* when Ny < BP0 —Ba 51 P 7] Ny, and I14° > II°°¢ when Ng >

(A-B8L)(v+BLPR) A _ Al TTA2 532 ;
1942 g Srh s B Nyp. Therefore, I1* = max{II*!, 114} > I1°°* when r, N, < Ny < oo, which

1943 also implies that II4 > I192 when 7 N, < Ny < r,Ny. In conclusion, II* > IT1° for all Ny and N,

1944 if € <260 and v+ (B —30)Pp > 0. Similarly as the proof of Proposition 1, given (B3)-(B6), we are
1945 able to show that IT4 > 11° for all Ny and Ny if € < 2§ and v+ (8, — 30)Pp < 0. Concerning the
1946 length of the appendix, we do not repeat the detailed analysis.

1947 In conclusion, from the above analysis, we have shown II* > I1° for all Ny and N,. B

1948 Proof of Proposition 2

1919 First of all, we show that u—2LlttCufe- il tPn 0)Pel _ (2-LutiL

1950 26 > By — Br. It is because its derivative satisfies

8{(5H5L)[U+(BH+5L1)PBHU+(5H5)PB] B (26ﬁH+ﬁL)2}

)? decreases in & when

1951

85 (1— $1)0Ps(v+ BuPp) 2
(Bu — Br)[20(v + BuPp) — (Bu — Br) (1 — Br) Pl

1952 = —
2(1— 3,)8°P <0,

1953 where the last inequality comes from the facts that 26 > g — fr and (v + BgPg) — (1 —
2
1950 Bp)Ps=v+ (By + B — 1)Pg > v + (28, — 1)Pg > 0. We further obtain that (%) -
1OEE 28 —BL)P
055 (1— 2om=Een
1956 As aresult, when ¢ increases from 0, Theorem 1 indicates that n is first zero. When § is sufficiently

(1-81)(26—Br+BL)>P, .
45(1fﬁH)[v+%Hf5)P;, and when 9 is even

2
) increases in 4.

1957 large, n becomes positive. In particular, n is first equal to

2
1958 large, n is finally equal to (2(111%2)) (1 — %) .

2
1959 We already have that when n = ( 1AL ) (1—M) , it increases in . When n =

) 2(1-Bu) v+(Bu+9)Pp
1960 Ss(fa—%gf[;f&;@s)) 1%’]’, its first-order derivative is given by

1961

@ _ 2 { (1—B1)(26 — By +B1)*Ps } . Py(1—1)(20 — B+ Br)[(Bu — Br +28)v+ (8% — BuBr +26.9) Pg]
06 06 | 40(1 —By)[v+(Bu —6)Ps] | 40%(1 — By)[v+ (By — 0) Pp)?

1962  We obtain g—? > 0 since By > B and 26 > By — Br.

1963 In summary, we have proven that whenever n is positive, it increases in . B

1964 Next, Theorem 1 indicates that as 0 increases from 0, n is first equal to n =
.~ (Ba—Br)v+(Bg+BL—1)Pg] = _ B-BL)v+Bg+B8r—1)Pp]l  (1-PBL) (20—Br+BL\2. : :

1965 (B 5Py , then n = 5P (15 (1—5H)( HPL)?% when § is quite
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168Pp (B —Br) v+ (B +B8L—1)Ppl—(1—B) [v+(281,+8—B) Pl
2(1-B){86Pp(v+BH Pp)—v+(Bu+6)Ppl?}
= _ (Bu—Br)v+Bu+BL—1)PB] - :
n= (B 5Py , it decreases in ¢.
o = _ Bg—Br)lv+Br+BL—1)Pp]  (1-8L) (20—Br+BL
1968 When 1 = 5P (1B (1—BH)< o

1969 in ¢ under the case that 26 > Sy — 8. In fact, we have

O{(P=24)* ) (Bu — Bu)(26 — Bu + Br)
1970 Bg = 55 > 0.

1966 large, n is equal to , and finally 7 becomes zero.

1967  Clearly, when

20—-By+BL
26

)?, it suffices to prove ( )? decreasing

e = _ (Bp—Bp)[v+(Br+BL—1)Pp] (A=Br) (26=Br+BL\2 : :
1971 Thus, when 1 = 22 L5PB(1£IBH)L Bl — (I—BZ)( H=EL)?, it will also decrease in 0.
166 P (B —Br) v+ (B +81—1) Ppl—(1—B1) v+ (28, +0—Bp) Pp]*

(=B )85 Pn (T Po) ot (3 18) PETE) , its derivative can be sim-

1972 Finally, when n =

1973 plified to be

1974 @
Y

2Py (1= 8o+ (B -+ O)Psllv+ (26, + 5 — Biu) P
(1= Bu){80Pp(v+ BuPs)—[v+ (Bu +0)Pp]*}?

076 {< v+BuPs 2By —Br)v+ (Bu + B —1)Pp]

' v+ By +0)Ps  (1—pBL)[v+(26L +0 — Bu) Ps]

1977 In this case we have v + (85 — 30)Pg < 0 which implies Sz < 30 < 28 + 6. Hence, it suffices to

1975

4(v+BuPp)
v+ (,BH +5)PB

)b+ = 0)Pal (B~ Bu) P}

1978 examine the sign of the following term:

P 2 — — 1P, 4 P
o (s - A S O P ) o B = 0) ol = (2 ) 1) (B~ ) o).
v+ (Bu +0)Pp (1=Br)[v+ (2B +6 — Bu)Ps] v+ (B +0)Pp
(A.10)
4(v+Bp PR) v+Bp P 2(Bg—BL)v+(Bu+BL—1) Pp] ; ;
1980  Clearly, we have m >1.If <v+(ﬁHidfPB — (1iIBL)L[IU+(25LZI’5*gH)PBJT ) <0, we can easily obtain
1951 92 < 0. Suppose ( ke - 20uzble Outi-til) > 0, Following the proof of Theorem 1,7 =

2
o 166PB(ﬁH_BL)[v+(ﬁH+ﬂL_1)PB]_(I_BL)[U+(2BL+5—BH)PB]2 . B T
- 20=Bu){80Pp (045 Pp) [+ (Bu +0) Ppl*} if v+ (Br —36)Pp <0 and ( v+ (Br+9) P ) <
logs  2BH=BL)+(Bu+AL—1)Pp

]
T8 ot . As a result, we have

2(Ba—BL)v+(Bu+BL—1) Pp]
(4@ +o—bmPsl _ 2(Bu = Bu)lv+ (Bu + B — 1) Ppllv + (Bu + 8) Py

1984

it (1= Bu)[v+ (261 + 06— Bu)Po)(v + Bu P
1985 v+ (28 +0—Bu)Ps
- v+ (Bu+0)Pg

1986 Equivalently,

- ( v+ BuPp _2(5H—BL)[U+(5H+5L—1)PB]>
v+(Ba+6)Ps (1—BL)[v+ (280 +0 — Bu)Ps]

1058 << v+ B Pp >_< v+ BuPs )(U+(25L+5—/3H)PB>
v+ (Bu +90)Pp v+ (Bu +9)Pp v+ (B +0)Pp

1989 —_ ( v+/BHPB > < 2(,8[{ —/BL)PB )
vt (Bu+0)Ps ) \v+(Bu+06)Ps )
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: v+BuPp 2B —Br)v+(Bu+BrL—1)Pg] :
Therefore, if <v+(5H+5)PB A bt @B 55 PR ) > 0, we achieve

<A.10><{< ot Bu b )(2(5“5“]33)[v+<ﬁH—5>PB]—(‘W 1)<ﬁH—ﬂL>P

v+ (Bu+0)Ps ) \v+ (Bu +6)Pp v+ By +0)Ps

(A.11)

: v+Bg P 4(v+By Pp) 2[v+(Bp —0)Pp] ;
Since § < By < 39, we further have U+(BHﬁ5)BPB < v+(BH$5)%B —1 and UJF(/B;M)P; < 1, from which

we conclude (A.11) <0, implying that 2% <0.

In summary, we have proven that g—é < 0 whenever n > 0, i.e., n decreases in § whenever it is

positive. B

Proof of Proposition 3

2
First, we argue that when v + (8 — 30)Pg < 0, <v+(25L+§_ﬂH)PB) — 2B Bl By 5, 1) Pp]

v+(By+96)Pp (1-BL)(v+BuPB)

v+(2B8L+3—Bu)Pp

2
gy ) decreases in By. In addition, we have

decreases in Sg. Clearly, (

0 {Hon gl B OTE L (98, — ) Pal (04 B Pa) — (B — Bu)Palo+ (B + B — 1) Pal)

0B (1—=8L)(v+ BuPp)?
where the inequality results from the facts that v+ (285 —1)Pg > (8y — 1) Pg and v+ Sy P >

v+ (Bg + Pr — 1)Pp. Next, we argue that whenever v + (8 — 30)Pg > 0 and By — fr < 24,

(ﬁH*ﬁLﬂvﬂﬁH+5L*UFEHVNﬁHfﬁFE]__(%*BH+5L

(1-BL)sPp(v+By PB) 26

Bu=Br)w+(Ba+Br—1)Ppllv+(By —95) PB]
(1-BL)6Pp(v+BH PB)

,BH when BH_6L<26
As a result, when Sy increases from Sy = [r, n is first zero. Then it equal to

(1-B)[v+(2BL+6—BH) Pp]? (1-B1)(26—Bu+B1)*Pp
2(1-Bg)[v+(Bg+6) P)? 46(1-B ) [v+(Br—9d)PBl"

is sufficiently large, n drops to 0.

)? increases in By . From the above analysis, we can

20—Ba+BL
28

easily obtain increases in [y, whereas ( )? decreases in

Finally, when Sy

. As By keeps increasing, n becomes

_ (1—BL) [+ (281, +6—B) PR
When n = 5qb g S 6,55 Pol?

on . (1—8p)[v+ (Bu +96)Psllv+ (28 + 6 — Bu) Ps]

0By 2{(1—Bg)[v+ (B +0)Pg]*}?
{lv+ (28 +6 — Bu)Psl[v+ 3By + 6 —2)Pg] —2Pp(1 — By )[v+ (Bu + ) Pxl} .

, we obtain

The following term determines the sign of 685—%{:
v+ (28L 46 — Bu)Ppllv+ (38u +0 — 2) Pg] — 2Pg(1 — By ) [v+ (Bu +0) Pp. (A.12)

Clearly, if [v+ 38y + ¢ —2)Pp] <0, (A.12) is negative, thus we obtain 6'97%{ < 0. In addition, if

[v+ 38y +d—2)Pg] >0, we have v+ (268, + 9 — )P < v+ (By + ) Pp and

[v+ 38y + 6 —2)Pg]| —2Pg(1—By) =v+ (Bx —38)Pg +4(By + 6 — 1) Pp <0,

B .

>0,
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2016 where the inequality results from v+ (g —30) Pp <0 and Sy + 6 < 1. Hence, (A.12), meaning that

o _On : _ (—Bp)w+(2BL+0—Bp) P> ;
2017 5 < 0. In conclusion, When2ever = Sa e Gt pale 0 I decreases in Sg.
2018 When n = (U—BL)20=Bu+BL) Ps e have

46(1-By)[v+(Bg —9)PB]’

on _ (1—-BL)Pp(26 — Bu + Br)

2020  Similarly, it suffices to investigate the sign of the following term:

2019

x {=2(1 = Bu)[v+ (Bu —6)Pp] + (20 — Bu + Br)[v+ (280 — 6 — 1) Ppl}.

2021 —2(1—Bu)v+ (Ba —9)Ppl+ (20 — Bu + Br)[v+ 28y — 6 — 1) Pg]. (A.13)

2022 If [v+(28g — 6 —1)Pg] <0, (A.13) is negative, thus we obtain a%; < 0. In addition, if [v+ (28 —
2023 6 — 1)PB] > O, we have v + (2BH -0 — 1)PB <v+ (BH — 5)PB and 2(1 — ﬁH) — (26 — /BH + BL) =

2024 2— Py —Br —25 >0 since B+ < By + 9 < 1. Hence, (A.13) is negative, and we achieve on ),

BH
(1-B1)(26—Br+B1)*Pp
40(1-By)[v+(Br—9) PB]

2026 In summary, we have proven that whenever n is positive. it decreases in Sy. B

2025 In conclusion, whenever n = , ndecreases in fy.

2027 Now, we consider 7. Following Theorem 1, when Sy increases from Sy = 81, n is first zero. Then

165 Pp (B —Br) v+ (B +B8L—1)Ppl—(1—B1) v+ (281, +8—B) Pl
2(1-Bu){86Pg(v+By P)—[v+(Br+6)Ppl?}

2028 it equal to . As By keeps increasing, n is equal

. Ba—BL)v+Ba+Br—1)Ppl _ (1-Br) (20—Bu+BL\2 : (Ba—=Br)v+(Bu+Br—1)Pg]

2029 to 5P (1 5 (1_61{)( HPL)?  finally it becomes (=B 5Ps :

2030 When 7 = 81 —Bngva(fI ?6;[; L_l)PB], it is straightforward to see that 7 increase in Sy. Second,
o0 = _ (Ba—Br)v+(Br+Br—1)PB] (1-Br) (26—Br+BL \2 s

2031 when n = 22 L5PB(1iI5H)L Bl (1_52)( ATEL)?, requiring By — B < 26, we have

O (GgE (5228 ) (12 8)(26— B+ Bu)(2 — s — o — 20)

2032 =- <0.
OBu 4(1 — By)262
203 7 — Ba—Br)v+(Bu+BL—1)Ppl (1—=BL) (20—Bu+BL\2 = : :
2033 We conclude that whenever n = ~=1—=Lg Pl fﬁH)L Bl — (i B;LI )( HLPL)2, nincreases in [y

160Pp (B —Br) v+ (B +8L—1)Ppl—(1—B1) [v+(28L+3—B) Pp)>
2(1-8x){86Pg(v+BH Pr)—[v+(Br+5)Ppl?}

2035 mnumerator, 160 Pg(B8y — Br)[v + (By + B — 1)Pg] — (1 — Br)[v + (281 + § — Br) P)?, increases in

2036  Py. The denominator satisfies

O{(1—Bu){80Ps(v+ fuPp)—[v+ (Bu +0)Psl*}
98n

2038 = (6Pg)* = 6(6Pg)(v+ BuPs) +6(6Ps)(1 — By)Pp + (v + BuPs)? —2(1 — By) Ps(v+ BHIa), )
14

2034 Finally, when n = , we can easily see that the

2037

2039 which can be viewed as a convex quadratic function of  Pg. The axis of symmetry is given by

o _ — _ 160Pp (B —Br)v+(Ba+BL—1)Ppl—(1—B1)[v+(281,+8—Bx) Ppl>
2010 6Py =3[o-+fy Pp = (1= Bu)Pp] > 0. When n = 1020 2o bttt S Coap e o pim Pol

2041  we must have WfHPB < 0Pg <v+ By Pg. We want to show (A.14) is negative whenever Lﬁg’PB <

2042 0P < wv + By Pp. It suffices to check the sign at the two boundary points d Pg = % and

2043 0Pp =v+ By Pp. In particular, we have

2044 (A']‘4)|5PB:U+5HPB = —4.(’0 + BHPB)[/U + (26}[ — 1)PB] < O,
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8
(A-14)|5PB:L+/3§1PB = —§(U + BuPg)* <0.

where the first inequality results from v+ (265 —1)Pg > v+ (By + fr — 1) Pg > 0. Hence, we obtain

(A.14) is negative when % < 0P <v+ By Pp, meaning that the denominator of 7 decreases

166 P (B —Br) v+ (Br+B1,—1) Ppl—(1—B)[v+(28L+8—Br) Pp)?
2(1-B){86Pp(v+Bu Pp)—[v+(Ba+6)Pp]?}

In summary, we have proven that whenever n is positive. it increases in Sy. B

in By. Thus, whenever n = , I increases in By.

Proof of Proposition 4
First, we derive the total player welfare under each of the selling strategies for casual games. We
define the total player welfare as PW = NyUgz + N UL, where Uy is the utility of a high-type
player and Uy, is the utility of a low-type player. We use superscripts (A, S, and H) to denote the
PAS, PSS, and regular HAS strategies respectively.

According to Lemma A.1 and the discussion in Section 3, under the PAS strategy, a type ¢ player
receives utilities that follow

BLPNa lfp:;:(l_ﬁl)(v—i_/ﬁLPB)’
BrPy+ (Bu — Br)v+ (Bu+pr—1)Pgl, ifpy=1—pBu)(v+PBuPp).

Under the regular HAS strategy, a type ¢ player receives utilities that follow

UH:/BHPN and UL:{

e 2
" 6HPN+(1_BH)Wa if v+ (By —36)Pp <0,
BLPNa lfU+(ﬂH—35)P320and6226
2
Up =1 BrPy+(1—p)B=L2utbu) P if v+ (B —30)Pg >0 and € < 20

B Py + (1 — By) X @tbobudPal” g 4y 4 (B, — 38) Py <.
Notice that under the optimal regular HAS strategy, low-type players receive the same utility
from purchasing in advance and in the spot market. Thus, the above utility functions can be
derived from B3;Py + (1 — ;) E[(o; P + v — p%)*]. In other words, under the regular HAS strategy,
the utility functions can be expressed as Uy = By Py + (1 — Bu)E[(agPs +v — p%)T] and UL, =
BrPy+ (1—Br)E[(arLPg+v—ps)T].
Under the PSS strategy, a type ¢ player receives utilities that should be given by

Un = BuPn+ (1 - Bu)E[(agPs+v—p5)T] and Uy =Py + (1 - BL)E[(arPp+v —pg)7]

where

BiPp+v—ps, ps<(Bi—96)Pp+v
X _ 2
E[(ca; Pg+v—ps) ") = W, (Bi —0)Pp+v<ps<(Bi+0d)Pg+v

Following Lemma A.2 and Lemma A.3, we can easily see that the regular HAS strategy charges

a higher spot price pg than the PSS strategy. Combining with the above analysis, we conclude that
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2072 Upg and Uy will be higher under the PSS strategy than the regular HAS strategy, implying that
2073 the total welfare under the regular HAS strategy will be smaller than that under the PSS strategy.
2074  Therefore, when nN;, < Ny < anlNy, although the regular HAS strategy maximizes the firm’s profit,
2075 the total player welfare will be higher under the PSS strategy.

2076 Second, when Ny > nNy, the total welfare under the PAS strategy is equal to

2077 PW# =By PyNy + {BLPyn+ (Bu — Br)[v+ (Bu + B —1)Ps|BLPn} Ny,

2078 whereas the total welfare under the HAS strategy is equal to

2079  PWH
[ﬁHPN + (1 —,BH)(SPB]NH +/BLPNNL7 ifv + (/BH - 35)PB > 0, €> 25,
2
2080 = [ﬂHPN—F(l—,BH)(5PB]NH+{5LPN+(1-,81;)%}]\&, 1fU+(,8H—35)PBZO, 6<25,
2 2
B Py + (1= Bi) BB Ny 4 {6y Py + (1 — By ) LHCRLE B PBEA Ny - if o (B — 30) P < 0.

2081 Following the definition of 71, we obtain that PW# > PW# when Ny > nN;. That is, although the
2082  PAS strategy results in a higher firm’s profit, the regular HAS strategy results in a higher player
2083 welfare, further implying from above that the PSS strategy results in the highest player welfare.
2084 Lastly, when Nz < nNp, the PAS strategy is optimal. The corresponding total player welfare is
2085 equal to PWA = By PyNy + B.PyNy. Clearly, PW4 < PW?9. That is, the PSS strategy results in
2086 a higher player welfare than the PAS strategy,

2087 In conclusion, we have proven that the PSS strategy leads to maximal player welfare. Thus, for
2088 casual games, there cannot exist a selling strategy that leads to both the highest firm’s profit and

2089 the highest players’ welfare. ll

2090 Proof of Proposition 5

2091  We derive the total player welfare under each of the selling strategies for hardcore games. First,
2092 the total welfare under the PSS strategy, denoted as PW?*, is the same as the one in the proof of
2093 Proposition 4. In addition, the total welfare under the regular HAS strategy (if exists), denoted as

2094  PW*H  is also the same as the one in the proof of Proposition 4.
Y

2095 Following Lemma A.5, under the PAS strategy, a type i player receives utilities that are given
2096 by
P if p* = (1— P
2097 Uy = 4 PHEN " Pa (1=bu)(v+BuPs), g Ur, = B1.Py.
BuPn + (Bu — Br)l(1 = Bu — Br)Pp —v], if piy=(1-pL)(v+BLPp),

2098 Under the reverse HAS strategy (if exists), a type i player receives utilities that follow:

]2

2
B Py + (1= By ) O B0 - if 4y 4+ (28 — By, — 30) Py < 0.

{/BHPN +(1—Bu) 0428y =BL=0)Pp] —  if 4 4 (28g — B —30)Pp >0,
2099 UH —
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[v+ (B +6)Pg)?

U,=8Pv+(1—p51) 1657,

We start by showing if the regular or reverse HAS strategy exists, it leads to a higher player
welfare than the PAS strategy. That is, PW# > PW# and PW®# > PW4. Note that the utility of
a low-type player is U, = B Py under the PAS strategy and it is smaller than that under the regular

rs (1-81)(v+BL PB) s :
or reverse HAS strategy. In addition, when N > =) —Fr P P =] Ny, the utility of a high-

type player is Uy = By Py under the PAS strategy which is also smaller than that under the regular
(1-BL)(v+BLPp) A H
or reverse HAS strategy. Hence, when Ny > BP0 —Bn 51 Ps =] Ny, we have PW# < PW* and
PWA < PWEH,
When Ny < T 7(‘;;)%)7(;;67 Lﬁ?ﬁ%w] Ny, the utility of a high-type player is given by Uy = By Pn +
(1—By)(v+ BuPr) — pY. In order to prove PW4 < PWH and PW4 < PWEH it suffices to prove

(1-8L)(v+BLPpB) N
Bu—B)(1—Br—BL)Pp—v] " L

under the PAS strategy, we have p% = (1 — 5.)(v + B Pp). Following Lemma A.4, it is straight-

the advance sale price p’ is highest under the PAS strategy. If Ny < 0

forward to see that p* is higher under the PAS strategy than under the regular HAS strat-

egy. Therefore, we conclude PW# < PWH. Under the reverse HAS strategy, we have p’ =
1— [U+(5L+5)PB]7 if v+ (28 — Br —36)Pg >0,
o ; [v+ (8 -840 PP ip (26w =1, ~30)Pg 2 - Clearly, (1-¢) = (1-
(1—Bu)[(v+ puPp) — oS |, ifv+ (28 —pL—30)Pp<0.

Br) and (v+ [ Pg) > %;‘S)PB] since 1, > 0. Moreover,

v — 2
8[(1} +/BHPB) —1 +(251€65%B+5)PB] ] . —['U + (25}[ — BL — 35)PB]
9Bu B 49

Therefore, if v+ (28y — B, —30) Pg < 0, under the reverse HAS strategy, p% = (1—u)[(v+BuPs) —

[v+(285 —BL+8)Pp)?

oA | satisfying

[v+ (26 — B +6)Pg|? [v+(26L — Br+0)Pg)?

160 Py ]

(1= Bu)[(v+BuPp)— ] <1 =Bu)l(v+BLPr) —

160 Pg
_ [v+ (8L, + ) Pg)?
=1 =Bu)(v+BcPs) — 165, ]
< (1 _ BH) [U + (6L2+ 5)PB]

<(1-B1)(v+ BLPp).

As a result, p* is higher under the PAS strategy than under the reverse HAS strategy. We conclude
PWHEH > P4,

So far, we have shown PW¥# > PW4 and PWEH > PW# when the regular or reverse HAS
strategy exists. Finally, we prove that when neither the regular nor the reverse hybrid exists,

under certain conditions, there is a threshold ¢ < U=BL)(v+BLPp) ; such that PW4A > PWS if

(Ba—B)(1-Br—BL)Pp—v
y (1-BL)(v+BLPpB)
tNL <Ny < Bua—B)(1-Br—Br)Pp—] Nr.
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o (1—Br)(v+BLPR) : K
2129 When Ny > G—555, 75 55— Vi, following Lemma A5, we have p* = (1 — Bg)(v+ BuPs)

2130 under the PAS strategy, resulting in

2131 PWA :5HPNNH +BLPNNL <PWS.

512 : (1—Br)(w+BLPB) ; ;
2132 That is, whenever Ny > G A0 =B =51 Po =] Ny, the PSS strategy will lead to a higher player

2133 welfare than the PAS strategy.

Py (1-Br)(v+BLPR) ;
2134 When Ny < BP0 —Bn 5 Pa=] Ny, we achieve

2135 PW* —PWS =8y — B)[(1 — Bx — B1)Ps — v] Ny
2136 - (1 - /SH)E[(@HPB +v —p§)+]NH - (1 - BL)E[(QLPB +v —p’é)*]NL,

2137 which can be viewed as a linear function of Np. Clearly, at Ny =0, (PW* — PW¥9)|y, o <

2138 0. However, as Ny approaches to i BH_(;L_)[[B(LI)_(;;’BL Lﬂiﬁl)DB_v] Ny, it is possible that (PW#4 —
2139 PW* (1—B7)(v+B1 Pg) > 0. For example, consider an instance with Py =3, Pp = 2,
Ny — L LPp

Bu—B)(1—Bg—Br)Pg—v] 'L

2140 By = 0.3, B, = 0.1 and ¢ = 0.02. One can verify that (PW* — PW?)| L OBpsLPR) >
H™ By —B)(1—-Bg—BL)Pg—v] L

2141 0 in this case. For sake of the appendix length, we do not present the algebra.

2142 As a result, if (PW4 — PW9)| (1-B)(v+8L Pp) <0, it implies PW# — PW*% < 0
(50 (o y ) H= B =) (1-Bu— 2 L <

o —Br)(v+BLPp

2143 whenever Ny < —p5ko5 85— N, But if (PW4 — PW )|NH—>(aH SL)[?@)(;;BLBZ%B N >

2144 0, we can conclude that there exists a threshold ¢ such that PW4 > PW* if tN, < Ny <

o145 (1-Br)(v+BLPR)

25 e —fn )P VL

2146 In summary, we have proven that if the optimal HAS strategy exists, it results in a higher player

2147 welfare than the PAS strategy. That is, PW# > PW4 and PWE?H > PWA4, Therefore, the PAS

2148 strategy yields the firm it’s highest profit but player welfare is not maximized. If the optimal

2149 HAS strategy does not exists, when (PW#4 — PW¥)| (1-B)(v+8L Pp) > 0, there exists
Br— B%(Kl BH— BL)PB ok

2150 a threshold # such that PW# > PWS if IN;, < Ny < G55k GHLI8— N . That is, the PAS

2151 strategy is a win-win strategy for the firm and players when the ratio Ny /Ny is moderate. Bl

2152 Proof of Proposition 6

2153  Suppose the firm charges a personalized price in the spot market. The PAS strategy shuts down
2154 the spot market, thus the optimal PAS strategy is not affected. The optimal revenue under PAS
2155 strategy is given in Lemma A.1 for casual games and in Lemma A.5 for hardcore games.

2156 If the firm adopts a PSS strategy, it chooses pg(a) to maximize its profit from the spot market.
2157 Note that the player utility from purchasing bonus actions in the spot market is given by u® =
2158 v+ aPp — ps. As a result, the optimal price that the firm can charge is p%(a) = v + aPg. The

2159 corresponding optimal revenue is

2160 TI5%* = Ny (1 — B )Elps(an)] + Ni(1— B)Elp(ar)] = Nu(1 — Br) (v + BuPg) + Ni(1 — Br) (v + B Pp).
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2161 If the firm adopts a regular HAS strategy, following the same argument above, the optimal spot
2162 price that the firm can charge is p%(ay) =v+ ay Pp. The advance purchase price p, must satisfy
2163  the constraints (6) and (7). Hence, the optimal advance purchase price is p% = (1 — 8.)(v+ 5. Pg).

2164 The corresponding optimal revenue is
2165 "7 = Ny (1 — Bu)Elps(an)] + Nephy = Nu(1 = Bu) (v + BuPp) + Ni.(1— ) (v + BLPs).

2166 Similarly, if the firm adopts a reverse HAS strategy, the optimal spot price that the firm can
2167 charge is p§(ay) =v+ arPg. The advance purchase price p4 must satisfy the constraints (9) and
2168 (10). Hence, the optimal advance purchase price is p% = (1 — Bg)(v + By Pg). The corresponding

2169 optimal revenue is
2170 HRH’pS = NHpZ + NL(l — BL)E[pZ*(OCL)] = NH(I — IBH)('U +5HPB) + NL(l — ﬂL)(’U +,3LPB)

2171 Finally, for casual games, we assume (5, + g > 1 — By It implies that (1 — 8.)(v+ BLPp) >
2172 (1 — By)(v + By Pg). Therefore, we conclude that IT197% = [1#»¢ > 14, For hardcore games, we
2175 assume B + By <1— 7= It implies that (1—BL)(v+ BLPp) < (1 — Bu)(v+ BuPp). Therefore, we
2174 conclude that 1575 = [[fHrs > T[4, A

2175 Lemma A.7 For casual games, if the firm commits prices that induce low-skilled players to pur-
2176 chase before the attempt but high-skilled players to purchase after failing the attempt, the optimal
2177 spot price s

248 +9)Pp if €>26 and v+ (By —36)Ps <0,

2 ’
o17a m* — ) NoA=Br)w+(BL+8)Ppl+Ny(1—-Buy)v+(Bu+)P ; Np(1-Br)
2178 py= q eI GNP 1Pt CatPs i ¢ < 26 and v+ (By — 30)Pp < ALAELL (8, + 20 — Bir) Pa,

v+ (Bg —0)Pg, otherwise.

2179 The optimal advance purchase prices satisfies py = (1 — Br){v+ BrPp — E[(v+ arPp — p%)*].

2180 Proof of Lemma A.7: The firm’s optimization problem is given by

2181 max II(pa,ps) :=paNr+psNg(1— By)E[l(v+ agPg —ps > 0)] (A.15)
pA>0,p5>0

2182 s.t. pAS(1—BL){U+,8LPB—E[<U+04LPB—pS)+]} (A16)

2183 pa>(1—Bu){v+BuPs—E[(v+ayPs—ps)T|} (A.17)

2184 The objective function (A.15) increases in p4. Hence, ps must reach the upperbound in (A.16) at
2185 optimum. We replace p, by the upperbound and the objective function becomes a function of pg

2186 that is

2187 (A15) == NL(l - BL){'U“_BLPB - E[(U ‘I‘OZLPB —ps)+]} ‘I’pSNH(l — BH)E[l(U—‘—OéHPB — Ps Z 0)]
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Suppose By — 0 > B + 6, we have
BL)ps +psNu(1— Bu),

(A.15) =

Ny,
Ny
Ny

Ny

(
(
(
(1

[v+(BL+6) Pg—ps)?

1-—
1—3){v+BLPs — 1Py
1-—

Br)(v+ BLPp)+psNu(1—By),
(Br+o-L5==

—Br)(v+ BrPs)+psNu(1—Bu)
(NL(1—=B)(v+BLPg),

We can easily see that (A.15) increases in ps when ps <v+ (8., —)Pp and v+ (8L + ) Pp < ps <

v+ (Bu — 6)Pp. Furthermore, we obtain

}+psNu(1—Bg),

28

v

B

)

)

d [’U—l—(ﬁL‘F(S)PB_pSP
dpS{NL(l—ﬁL){U"‘ﬁpr_ 46 Py
_ Ni(1—Br)[v+ (B +6)Pp — ps] + Nyg(1—By)

20 Pp

if ps <v+ (8L —90)Ps,
if v+ (8, —0)Pg <ps<v+(Br+0)Ps,
lf1}+(ﬁL+5)PB <p5S’U+(,BH—(5)PB,

if v+ (B —0)Pp <ps <v+(By+9)Ps,
if ps >v+ (By +9)Ps.

a1 )

(A.18)

which is positive when v+ (8, — )P < ps < v+ (B + 0)Pg. Thus, (A.15) increases in ps when
v+ (B —0)Ps <ps <v+(BL+9)Pp.

Lastly, when v+ (g — 0)Pg < ps <v+ (B + 0) Pg, we have
(Bu+06—

d
dps

In particular,

{NL(l —BL)(w+ BLPs) +psNu(1l—Bu)

(A19)|pg=vr(8y—s)Pp =

(A'lg)’ps:er(ﬁHH)PB =

ps—v
PB )

Nu(1—Bu)v+ (Bu +0)Pp — 2ps]

26

}:

Ny(1—Bu)[v+ (B — 35)PB]

20 Pg
(A.19)

20 Pp

Nu (1= Bu)[v+ (Bu +0)Ps|

<0.

26 Py

In conclusion, if v+ (B — 36)Pg > 0, (A.15) increases in ps when ps < v+ (S — §)Pp and

decreases in pg when pg > v+ (Bg — §)Pp. So the optimal spot price is p§ =v+ (Bg — §)Pp. If

v+ (By —30)Pp <0, (A.15) increases in pg when ps < v+ (By —§) Pp, increases and then decreases

in pg when pg > v+ (85 — d)Pg. The optimal spot price is solved from the first-order condition

d
dps

which results in pg =

{NL(l —BL)(v+BrPs) +psNu(1—Bu)

(B +9—

bs—v
b )

Ny (1—Bu)lv+ (Bu +0)Pp — 2ps]

v+(Br+9)Pp
2

Suppose By — 0 < B + 6, we have
(NL(1—Br)ps +psNu(l = Bu),

(A.15) =

Ny
Ny,

N
kNL

(1
(1

1

(

— Bu){v+ BLPg [v+(/3L+6)PB—ps]2}+pSNH(1 — Bu),
B+ B Py — Ot act
+psNg(1—By) (ﬁHH;;RZ;
1—-8L)(v+BLPp)+psNu(l—fBu) ﬁHHQ(;prv),
1—3L)(v+ BLPg).

20

}:

Bv)

9

20 Pp =0,

if ps <v+ (8L —90)Ps,
if v+ (B —0)Pp <ps <v+(By —9)Ppg,

lfU—f-(ﬁH—(S)PB<p5§U+(ﬁL+(5)PB,

1f1}+(ﬂL+5)PB <p5S’U+(,BH+(5)PB,
ifps>U+(,3H+5)PB.
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Clearly, (A.15) increases in ps when pg <wv+ (8 — 6)Pg. The above analysis further shows that
(A.15) increases in ps when v+ (8, — ) Pp < ps <v+ (By —9)Ps.

Following the above analysis, when v+ (81, + )P < ps < v+ (8y + )P, the derivative of the
objective function is given by (A.19). And we have

N (1= B)v+ (260 +6 — Bu)Pp)

(A'19)|Ps:v+(/3L+6)PB = — 55D, <0,
Nu(1—=Bu)lv+ (Bu +0)P
(A1 ey =~ 2Ll On £0e]

The first inequality comes from the assumption 8y —d < 51+, equivalently B < Br +28 < 261 +9.
Therefore, (A.15) decreases in ps when v+ (8r +§)Pg < ps <v+ (8g +9)Ps.
Finally, when v+ (8 — §)Pg <ps < v+ (8L + 0) Pg, we have

e Pu+o—E=
m{NL(lﬁL){UﬂLﬁLPB[U—i—(ﬁLI(S(Q:B B }+pSNH(175H)( : 20 - )}

Np(1—Br)[v+ (B +6)Pp — ps] I Ny (1—Bu)[v+ (Bu +0)Pp — 2ps]
26Pg 26 Pg '

d

(A.20)

In particular,

Np(1—=8.)(Br+20—Bu)Ps _ Ny (1—Bu)v+ (Bu —39)Pg]

(A-20) st 3y 175 = bt o |
Ny(1—Bu)v+ (260 +6 — Bu)P
(A20) ey oy = — LI IO Bl

In conclusion, if N (1 —38.)(Br +25 — Br)Ps < Ny(1 — By)[v+ (Ba — 30)Pgl, (A.15) increases
in ps when ps < v+ (Bg — d)Pp and decreases in pg when ps > v + (B — 0)Pg. So the optimal
spot price is ps =v+ (By —6)Pp. If NL.(1—B1)(Br +20 — Bu)Pp > Nu (1 — Bu)[v+ (Bu — 30) Psl,
(A.15) increases in ps when ps < v+ (Bg — §)Pp, increases and then decreases in ps when pg >

v+ (Bg — ) Pg. The optimal spot price is solved from the first-order condition

—pgl? B+ —F=
mzél{Ahﬂ—ﬂﬂﬂv+ﬁd%—jv+U%Z££% pﬂ:*ﬂmNH@—ﬁHﬁ - 261m)}
Np(1—8L)v+ (B +0)Ps — ps] n Ny (1—Bg)[v+ (Bu +0)Pp — 2ps]
- 20 Py 20 P ’

Np(1-Bp)[v+(Br+8) Ppl+ Ny (1-By)[v+(Bg+9)Pp
Np(1-BL)+2Ngy(1-BH) ’

To sum up, following the analysis above, we conclude that the optimal spot price under com-

which results in pg =

mitment is

vt By t+d)Pp if €>26 and v+ (By —39)Pp <0,

2
pg _ NL(1—/3L)[U+(5L+5)PB]+NH(1—ﬁH)[’U+(5H+5)PB7 if e< 2 and v+ (BH _ 35)PB < M(IBL + 25 — 5H)PB;

Np(1-BL)+2Ng (1-BH) Ny (1-B8g)

v+ (Bu —0)Pp, otherwise.
|
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Proof of Proposition 7
Following Lemma A.2 and Lemma A.7, p5; """ = (1— ) {v+ B Ps — E[(v+ ayPg — pg™"*™)*]
and py™™" = (1— ) {v+BLPs —E[(v+ay Pg —pg®™™")*]. Notice that the function (1— 3L ){v+

*,commit > p* dynamzc

BrPg —E[(v+ arPg — ps)*] increases in pg. As a result, it suffices to prove pg

We have
p* dynamzc o %7 if v + (/BH - 36)PB < Oa
s v+ (By —0)Pg, if v+ (By —38)Pg>0.
and
v+Batd)Ps if €>26 and v+ (B — 36) Py <0,
Pt = Ml ﬂL)[Hz(\/BLL(J{&)ﬂPSL—;]va((11 %Z))[v+(BH+6)PB, if e<2§ and v+ (By —39)Pp < Np(1— %L(%Jj}i) Bu)Pp.
v+ (Bu —6)Pp, otherwise.

When € > 26 we obtain that p* ,dynamic — pg,commzt and thereby p* ,dynamic — p:chommzt
When € < 25, we have py™™*™ = pu™™" =y 4+ (By — 6)Pg if v + (By — 36)Pz >

Np(A=Br)(BL+26=Br)P Np(1-Br)(Br+26—BH)P *,dynamic __
a0 <v+ (By = 30) Pp < == g R, D =v+ (B —0)Pp

*,commit _ Ny (1—Bp)[v+(B+8)Ppl+ Ny (1—By)[v+(Ba+9)Pp : :
Ny (1—;,)+2N 7 (1—Br) from which we obtain

and pg

p* ,commit p*,dynamic _ NL(l - 5L)(BL + 26 - 6H)PB - NH(l - /BH)[U + (/BH - 36)PB] > 0.
s 5 Np(1—=pL)+2Ny(1—By)
Lastly, if v+ (/BH _ 35)PB < O, pg s,dynamic % and pg,commit _

Np(1=Bp)v+(BL+8) Ppl+ Ny (1—-By)v+(By+3)Pp
Np(1-BL)+2Ng(1-BH) )

By < Br+25 <28+ 6. Thus,

*,commit *dynamw:NL(l_/BL)[U+(2BL+6_IBH)PB]
e s 2[NL (1= B1) +2Nu (1= Bi)]

We assume that € = By — B < 20 which implies

> 0.

*,commit > p* ,dynamic *,commit > p* ,dynamic B

In conclusion, we have shown pg and correspondingly p’
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