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Appendix A: Proofs of Technical Lemmas

In this section we state and prove a few lemmas used for various proofs in the rest of the paper.

Lemma 3. For any lead time L >0 and any feasible policy m we have
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Proof. By repeated application of the inventory evolution equation (1) we have for each T" and i
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where the second equality follows from IZQ = 0. In words, this identity states that the cumulative ordering
quantity for each resource equals the current inventory plus the cumulative fulfillment quantity for activities

using this resource. This implies the expression inside the expectation in the objective (3) is equal to
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Lemma 4. For any lead time L >0 and any feasible policy m we have
1 T
. t t t
C(m) > limsup B ; XZ: hiIf + ;ijj + Xk:(% + Zl: Ciaik)Th

Proof. Follows directly from I} >0 and Lemma 3. Q.E.D.

Lemma 5. For any lead time L >0, if a policy m has backlog for any j such that liminfp_, . E [BJT} /T >0, then
C(r) = 0.

Proof. If liminfp_, o E {Bﬂ /T > 0, then for some € > 0, there exists 7 such that for all 7> 7 we have
E [BJT} /T > ¢, or equivalently, for all ¢t >7 we have E [B;] > et. Thus, since E [Bﬂ >0, for T > 7 we have
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Q.E.D.
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Proposition 2. For any lead time L > 0 and any feasible policy m we have the following lower bound on the long-run

average cost of m:

> giu; <C(m).
j

Proof. We consider two cases. First, if there exists j such that liminfy_,E [BJT} /T >0, then by Lemma 5 we
have C(m) =oco and the claim holds.

Otherwise consider the case if liminfr_, o E {BJT} /T =0 for all j. Since the system starts with zero backlog,
at time T the cumulative demand for each product equals the current backlog plus the cumulative fulfillment
quantity for activities fulfilling this product (which can be verified by repeated applications of the backlog

evolution equation (2)):
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which by Lemma 4 implies
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QED.

Appendix B: Proof of Theorem 1

Proof of Theorem 1. Following Lemma 4 we will prove the result by proving the following claim
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We first observe that by rearranging the sum and noting 7 =0 for all s <0 and all k, we have
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for all activities k and all time horizons T > 1. Further, for each j, time horizon T, and p € [0, 1] we have
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where the equality follows from B; =0 for t <0 and the inequality follows from B; > 0. Thus, by Lemma 4 and
(26), the long-run average cost of any policy is lower bounded by
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We next make a distinction between the portion of an activity that fulfills backlog vs. new demand in a period.

In particular, for each activity k in each period ¢, let mz = mZ’D +xZ’B, where mZ’D represents the fulfillment of

period ¢ demand (i.e., Dé( k) and xZ’B represents the fulfillment of existing backlog (i.e., B;(kl)) Since a feasible

policy must maintain ), rijfc < B;fl + D;, it is always possible to break xz down into :ri;D and xZ’B

the following inequalities

Zrkack_ < Dt Y7,
k

t,B t—1 .
Zrkjwk §Bj » V3,
k

and so we use these constraints and =z, = :UZ’D + xZ’B without loss of generality.
Then, observe that the constraints If > 0, B; >0 and evolution equations (1) and (2) imply that
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Thus, we can lower bound the holding and activity costs for any 3,6 € [0,1] as follows
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satisfying

where the first inequality follows from shifting the terms in the sum by one and dropping first and last positive

elements (and noting that 1 >1—§), and the second inequality follows from (29). Next, for any § € [0,1] we

lower bound the backlog cost as follows
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where the inequality follows from shifting terms in the sum and dropping positive terms. Thus, we have the

following lower bound on costs over T periods
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and we complete the proof by proving the following inequality holds for each ¢
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since, following the above arguments, this implies the long-run average cost is larger than

. —L—-1
lim sup G(8,8.0) = G(B.5,p).
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To proceed, let F;_;_1 =oc{D*,..., DL U xR g zt_L_l} denote the o-algebra representing

the information set containing all the realized demand and decisions made before the start of period ¢ — L.
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Thus we have E [If_L_1|]-‘t,L,1] =1LV, B[ | Frp1] = 2 Vs <t—L and Vi, and E [B;—L—l\ft,L,l} -
B;?*L*l Vj. Therefore, we have
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where the first inequality follows from letting 91:5C = mZiL*H'l’D and wé = mfc*L*H'l’B foreach kandl=1,..., L+
1, wL+2 E [zijB |]-'t_1,Dt} for each k (where the expectation, which is implicitly taken over the random
variable D!, is necessary because xZ'H’B is adapted to the additional information in DT, but the feasible
space of of the second stage LP should be measurable with respect to just D?), yg = DFL*H'Z =Yk Tkj (:cfc +w§c)
for each j and 1=2,...,L+1,y) = B;.*Lfl = > rhjwy, for each j, yj = Dt L3, rjah for each j, and yLJr2

Bt*L*1 +3 . D; — ZlLJrll >k Ths () 5P +m2’ ) Sk ThT "B and noting that this constitutes a feasible

solutlon for the second stage LP G (It L T4 Z 2%, Bi~L1 8,4, p‘Dt> with an objective value equal to

5= t 2
the left hand side of the inequality. We argue feasibility for the LP G (It L-14 Zs Y2 BITET s, p’Dt)
as follows: the first constraint follows from (29), the second through fifth constraints follow by definition of
the LP variables above (substituting the y' variable definitions for I < L 4+ 1 into the fifth constraint gives
exactly the definition of y©+2),
argument shows Bt =1+l Zl, 1 yJ for all 1 <I<L+1), and the eighth constraint follows from (27). Then

the second 1nequahty above follows from substituting S; for It =14 ZS +_op % and Bj for B;fL’l and

the sixth and seventh constraints follow from (28) (a straightforward induction

noting the resulting expression gives a feasible cost for the stochastic program in (5) because D! has the same
distribution as D. Then, the proof is complete by taking another expectation on each side of this inequality.

Q.E.D.

Appendix C: Proofs for Section 4

Before proving Proposition 1, we first state a lemma claiming the optimal solution of the stochastic program
(9) is obtained by a finite vector S. The proof, which we include for completeness, follows closely that of similar
result in Reiman and Wang (2015).

Lemma 6. The minimum of (9) is obtained at a finite solution, i.e., S’Z-V < oo for all i.

Proof. Observe that S =0, x =0, and y = D is a feasible solution for (9) giving objective value
> + gy)E[Dj], and thus we must have Zj(pj + g}/)E[Dj] > V. Further, note that we have
e+, aikci)ka(D) + Zj (pj —I—g]v)ij(D) >0 for all D, which implies that

CVZE|D hi(S] = airay (D))

k
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k
where the second inequality follows from the first constraint of the LP defining F" (S|D), and the final inequality
follows because z) (D) < Dj(xy by the second constraint of the LP defining FV(S|D) and the fact that all
) (D) >0 and y} (D) > 0. Thus, combining this with > (p; +g; JE[D;] > C" gives
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k
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Proof of Proposition 1. Consider any feasible ABBS policy with backlog assignment matrix V, and let this
policy’s base-stock levels be denoted by S; for all i and fulfillment decisions by z!, for all k,t. We first show that
this policy maintains an inventory level below S; in each period, i.e., If < S; for all i,¢, and that we also have
Zf:Si_If_1+zaikvkj(k)B§(_kl) (31)
k
for all i,t, i.e., (6) can drop the positive part function without loss of generality. We show the claim I! < S; by
induction, and (31) will follow as a byproduct. For ¢t =0, it is clearly true that IZQ < S; because we assume the
system start with no inventory, I? =0. Then for the inductive step assume for ¢t >0 that [it < S; and consider
t+ 1. Since If < S;, by (6) we have

+
Z;?Jrl = (Si —If+ Zaikvkj(k)3§(k)) ’
k

=8;—If + Z aikVki (k) Bl
k

where the second equality follows from S; — If >0and ), aikvkj(k)B;(k) > 0. Thus, it is clear that if If <S;,
then (31) follows for ¢t + 1, and thus (31) follows for all ¢ once the induction is complete. To complete the
induction, by the inventory evolution equation we have
I =gty ot Zaikfﬂ}iﬂ,
k
=Si+ Y ain(onir) By — 21,
k
<5

where the inequality follows because vkj(k)B§(k) - x?‘l <0 for all k by (7).
The rest of the proof follows two steps: first we show that C" provides a lower bound on the long-run average
cost of any ABBS policy for matrix V, then we show that the policy described achieves this cost.
To prove the lower bound, we show that for any feasible ABBS policy with backlog assignment matrix V we
have
T
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and so by Lemma 4, the long-run average cost of such a policy is larger than

lim sup L; 1QV =cv.

T—o0
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Thus, we complete the proof that CV is a lower bound by proving (32). To do so, for activity k in period ¢
define

D _
@y =) — ok By 20

as the quantity of activity k usage above the backlog fulfillment required by (7) (i.e., the quantity of activity
k used to fill period t’s demand). Further, note that

D (ak+ Y ciai)vejo Bion = > _(ax+ Y ciai) Y viiBj => g} BY, (33)
k 5 k 5 j j

where the first equality follows from the fact that vi;; =0 for all 4’ # j(k), and the second follows from the
definition of g}/. Then, we can lower bound the sum inside the expectation operator on the left hand side of
(32) as follows
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where the first equality follows by definition of ZEZ’D, the second equality from (33), and the inequality from
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g
!

1

dropping non-negative terms from each sum. We now complete the proof of (32) by showing that the expected

value of each term in this sum is larger than cV. To see this, observe that for each ¢ we have
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where the first equality follows from the evolution equations, the second equality follows from (31), and the

final equality from the definition of xi’D and the fact that )", r;vr; =1 for each j. Thus, taking expectations
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where the first inequality follows because x;, = xZ’D for all k¥ and y; = D;— — >k Tk ij’D provide a feasible solution
for the LP defining F" (S|D?) (because z;, > 0 is guaranteed by (7), y; >0 is guaranteed by B;- >0 and the
backlog evolution equation, and »~, a;pxy < S; is guaranteed by If >0, the inventory evolution equation, and
(31)), and the final inequality follows because S is feasible for (9). This completes the proof of (32) and thus
also completes the proof that C'V provides a lower bound on the long-run average cost of any ABBS policy for
matrix V.

We now complete the proof by showing that a ABBS policy with base-stock levels SV and fulfillment decisions

V' (from (10)) achieves a long-run average cost of at most C'V. To see this, observe that Lemma 3 implies

the long-run average cost of this policy is

T
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where the inequality follows because IiT < S; for all 4,7, and the equality follows from SZ-V < oo for all i by
Lemma 6. Thus we complete the proof by showing that
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The sum inside the expectation on the left hand side of (34) can be bound as follows
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where the first equality follows by definition of xZ’V in (10), the second equality from (33), and the inequality
from adding in Z 9; BT >0 and noting that Z gVBO =0. We now complete the proof of (34) by showing

that the expected value of each term in this sum is equal to CV. To see this, observe that for each ¢ have
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where the first equality follows from the evolution equations, the second equality follows from (31), and the
final equality from the definition of JJZ’V in (10) and the fact that », rjvi; = 1 for each j. Therefore, taking

expectations we have

Yo mIi+Y (i +9) )Bi+ Y (ax+ Y ciai)a) (DY)
i j k i

= Zhisiv +E Z(pj +97 ) (D} — Zrijk (D' )+Z(Qk +Zazk hi))zy (DY),
i j k
=3 " hiSY +E [FV(SV|Dt)} :
i
=cv
where the second equality follows from noting that y; V(D) = ; > rkij(Dt) for each j, and the third
equality from the fact that SV is the minimizer of (9). This completes the proof of (34), and thus also the
proposition. Q.E.D.

Proof of Corollary 1. Given any backlog assignment matrix V', Proposition 1 implies the best ABBS policy
for V has cost CV. By definition we have g;/ > g}/* for all j. Therefore, we have the following lower bound on

any ABBS policy
cv = Zh SV+E[FV(SV } Zh SV—HE[FV sV D )} >cV”

where the first inequality follows because FV(SV|D) and F" (SY|D) have the same constraint set (so an
optimal solution for the former is feasible for the latter), and the second inequality follows because sV is a
feasible solution for the stochastic program (9) with backlog assignment matrix V*. Thus, because the policy
described for matrix V* achieves cost ¢V by Proposition 1, it is optimal within the class of ABBS policies.
Q.E.D.

Proof of Corollary 2. The proof breaks the long-run average objective into two pieces corresponding to
whether or not products (activities) are in 7 (K). In particular, by Lemma 4 the cost of any feasible policy can

be bound as follows

T
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We first show that (36) is lower bounded by .. 7 9B [D;]. To do so, consider two cases. First, if there
exists j € J such that the policy’s backlog satisfies liminfr_,E [BJT} /T >0, then by Lemma 5 the pol-
icy has cost C(m) = oo and the proposition holds trivially. Otherwise consider the case if the policy satisfies
liminfpr_,E [BJT} /T =0 for all j & J. Then, since the system starts with zero backlog, observe that at time
T the cumulative demand for each product must equal the current backlog plus the cumulative fulfillment

quantity for activities fulfilling this product'
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t=1keEN ()
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which implies we can lower bound (36) as follows
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We next complete the proof by showing (35) is larger than C®(7). We observe that this bound can be
interpreted as applying to a newsvendor network restricted to the products in J and the activities that serve
them. Thus, for notational convenience in the rest of the proof, we drop the notation indicating dependence
on the sets J and K, with the understanding that we are focused on a system restricted to include only these
products and activities. Specifically, fix 7 and let C® = C?(7) and F?(S|D) = F’(S|D, 7). We then recall that
the proof of Theorem 1 shows (35) is lower bounded by the SP G(8,0,0) (which we again assume denotes the
SP for the problem restricted to the network on 7 and K), which we in turn show is larger than C” to complete
the proof. To do so, first note that § = p =0 and L =0 imply the stochastic program G(8,0,0) can be simplified
to

min Z ((Qk+zazk mk+(qk+2a1k — Bhi ) ) +ij(y] +yj)
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¢°= min ZﬂthZ +E|G"(S,BD)|, (37)
3

We provide some intuition for this stochastic program. As in G(8,0,0), the variables x and w model fulfillment

for newly arriving demand and existing backlog, respectively. The model considers fulfillment in two periods,

denoted 1 and 2, with period 1 having both demand and backlog fulfillment, and period 2 having only backlog

fulfillment. The variable y° denotes existing backlog that is left as backlog in period 1, y! denotes newly arriving

demand that is left as backlog in period 1, and y? denotes backlog from any source remaining in period 2.
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The objective only counts costs from fulfilling period 1’s demand (x') and period 2’s backlog (w?), as well as
backlog costs from period 1 demand (y!) and any remaining period 2 backlog (y?). The costs are allocated in
this way because the remaining costs are accounted for in a stochastic program for another period.

Then, observe that G® > C? if G?(S,B|D) > F?(S|D) for all S, B, and D. To see that this is the case, consider
an optimal solution for G?(S,B|D) denoted w'*,x*,y'* > 0 for I € {0,1,2}, and observe that

Z%+Zam(cz Bhy))wi” +Zpgy ;
= D (@+Dairlei—Bri))wi* +pui* |

3 \keN()
2 2
2 Z (9;3 ZTkjwk* +Pjyj*> .
j k

=5 (5 S 205y S ) ) )
J k

k
—z( ) S ]
k
ﬁ 1x
J Yi o

where the first equality follows because the sets A/(j) form a partition of the set of activities, the first inequality
follows from the definition of gf , the second equality follows from the fourth constraint in the LP defining
GP?(S,B|D) and the third equality follows from the second and third constraints in the same LP, and the final
inequality follows since all decision variables are non-negative, gf i > f jﬁ by definition, and f f >0 by Condition

1. Thus, the final line implies that
G°($,BID) > (gr+ > ailci—h +Z pi+f7)y)* = F*(S|D),
k -

since x'*,y'* constitute a feasible solution for F”(S|D) as implied by the first and third constraints of

G8(S,B|D) and the fact that w'*>0. Q.E.D.

Proof of Lemma 1. The proof follows from bounding costs incurred by products based on their membership

in 77. First, for products in J” we claim that
pj+9) <(L+B)(f] +py), VieT”, (38)

To see this, observe that Condition 1 implies g + >, a;r(ci — Bh;) > (1 — B)(qr + Y ; airc;) for all k. Therefore,

for each j we have

9] >(1-p) LS {qk+2aqu} (1-8)g5-

Then, for j € J? we have Bg? <p; so it follows that
pi+9y=p;+(1—B°)g) + 9] <pj+ (1 +/3)gf +Bpi=(1 +B)(gf +pj),

and thus (38) follows for j such that gf = ff. Otherwise, if gf * fjﬁ, then ij =pj, in which case

pa < (145 ) < 0002 = 0] 1),
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where the second inequality follows because 1+ 1/8 <2(1+ 3) for 8> 1/2. This completes the proof of (38).

Next for products not in 7? we observe that
0 0 s 8
pj+9; <(1+B)gj, VigT", (39)

which follows directly from p; < ﬂg;) by the definition of J?. Then, let mf for k€ K and yf for j € 77 denote
an optimal solution to the LP defining F?(S?|D,7?). Then, construct a feasible solution for the LP defining
FV"(SP|D) as follows:

o o kek ;o yf jeg’
"o kgk’ D; jgJ’

This solution inherits feasible for the LP defining F¥~ (S%|D) from the LP defining F?(S%|D, 77) for k € K and
jeJP, and it is straightforward to observe that setting zj, =0 for k ¢ K maintains the first constraint, while

the second constraint is satisfied by yg =Dj for j & Th. Thus, we have

FV (s"|D) < > <Qk +> ai(ci— hi)) T+ > (pi+95)95,
k : -

J

= Z <Qk+zaik(0ihi)) $£+ Z (pj +g?)yf+ Z (pj +95)D;j,

keK jegr JETP

<(1+p) > <Qk+zaik(6i—hi)> )+ > (pj—i—ff)yf—k > 9D,

ke jegs jeTs
=1+p) |F(s"ID,7")+ > 43D,
JjeTh
where the second inequality follows from (38), (39), and the fact that g + >, a;x(c; — hs) > 0 for all k by
Condition 1. Q.E.D.

Proof of Theorem 2. By Corollary 1, the cost of the optimal ABBS policy is CV ", and for any 8 € [0.5,1) we
have

¢V <Y ms! +E[FV (8" D)),

Sézﬁhisfﬂlw) E[Fﬁ(sﬁm,jﬁ)} + 3 2wl
' JjeTh

< max (%,1—1—13) c*,

where the first inequality follows because S? is feasible for (9), the second from Lemma 1, and the final inequality
from Corollary 2. The function max (%, 14+ ﬂ) is minimized when 1/8 =1+ 3, which implies 83 = (v/5—1)/2 >
0.5, giving an approximation factor of (v5+1)/2~1.618. Q.E.D.

Proof of Corollary 3. Letting 8 =6 =1 in the stochastic program (5) and noting L = 0, the result follows
from Theorem 1 by noting G(S,B, 1,1, p|D) is equivalent to F(S,B|D) by letting ), =z}, +w}, and y; = y? —I—y}.
Q.E.D.
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Proof of Theorem 3. Let S” and B” denote an optimal solution to the stochastic program (12), and let x” (D),
y”(D) denote an optimal solution to the LP defining F”(S”, B”|D). Then, define a solution for the LP defining
FV"(SP|D) as follows:

13
Dk TR G (k) T

y;(D)=D; = rzi(D), Vi,
k

(D) =z (D) <1— B >+ vk
F D))

where feasibility of this solution for the LP defining FV*(SP|D) is inherited from feasibility of x”(D), y”(D)
for the LP defining F”(S?,B”|D). Next we observe that, by definition we have

BP
2?(D) [ 1- i(%) < 2, (D) < 2(D), Vk. (40)
b > Tk (k)2 (D) b
Further, we claim that
y;(D) <y (D), Vi, (41)
y;(D) < Dj, Vj, (42)

where (42) is clear by definition of y;(D) and the fact that z},(D) >0, and (41) follows from observing that

y;(D)=D; - Zrkjl’;c(DL
k

B?
<D;j =Y rgah(D) [1- =15 —
] Tk]Ik( ) < Zk/ Tk/ij/(D)> ’

k

=Dj+ B! = raf(D),
k

=y} (D),
where the inequality follows from the lower bound in (40). Next we note that
= 1-«a .

which follows from the fact that a(p; + hj) < p; by the definition of a. Then, by Corollary 1, the cost of the
optimal ABBS policy is QV*, we bound as follows

¢ <Y St +E [FV*(S”|D)} ,
<> mSPHE Y (% +> aip(ci— hi)) k(D) +D (p;+9) JWi(D)|,
i k i J

B?
; (Qk + ;azk%) v, (D) - ;;aikhﬂz(m (1 - Zkrkjy(;);@(mﬂ

<> hiS/+E
i

+E Z(pjyf(D)Jrg}/ Dj) ,
j

=FE Z h; (Sf - ZaikgEZ(D)) + Z (Qk + Z aikci> zy (D) + ijyf(D)
i k k i J

B? .
+E Y =— 15— D > k(D) aih +Zgg"/ 1y
J Zklrk”jxk/( ) & P J
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- E [Zi hi (87 =Yg aiwaf, (D)) + 3k (ar + 32, aimei) (D) + (1= p) 3, Pjyf(D)}

< =,
+Zi_sz§’+Zg]V*uj,
J J

h;iSP +E[FP(S”, B’ ID)] 1-—a .
R RSO ML R SO
J J

1 1—-« P v*
gmax(fp7TP)Q +Zg] Ky
J

< <1+max (L, 1—a>> c*,
1—p’ ap

where the first inequality follows because S is a feasible solution for the stochastic program (9), the second
inequality follows because x' (D), (D) is a feasible solution to the LP defining £V (S”|D), the third inequality
from the bounds in (40), (41), and (42), the fourth inequality from the fact that S — 3", a;@% (D) >0 for all i
and >, a;rh; < hj for all k, the fifth from (43), the sixth from the definition of C*, and the final inequality
from the lower bounds in Corollary 3 and Proposition 2. Then the result follows from letting p=1—a. Q.E.D.

Appendix D: Proofs for Lead Times in Section 5

Proof of Lemma 2. First, we assume without loss of generality that during periods ¢ <0 all quantities are 0
(inventories, backlogs, fulfillment quantities, etc.) except the order quantities. We then observe that in period
1— L, (19) implies the order quantity zil_L =5, for all ¢ since all inventory and backlog levels and prior order
quantities are zero. Then, for all periods 1 — L <t <0 (19) implies z{ = 0 since all inventory and backlog levels
are still 0, and ZZ;LL 2) = Zil_L =5;.

We will show the claimed identities by induction on the period t. We start by verifying the claims for the

base case t = 1. For each 7 we have

Ill :[? —|—ZZ-17L — Zaikx}ﬁ,
k
=8 =Y an(Xi+B ")
k

=8 — Zaik(élg +Dj,— By)

k
1
sz( >
k =1—

where the first equality is the evolution equation (1), the second follows from I? =0 and the fulfillment policy

(17), the third follows from B* =0 for s <0 and the evolution equation (14) for B, and the final equality

m%)

s L

follows since 15,‘2 =0 for s<0.

Further, for each i and 1 — L <t <1 we have

t—1 +
2= (Si D +ZaikBJt€_1>
k

s=t—L

0
=Y au (D7 4B,
k

where the first equality is the order policy (19), the second follows from I'"! =0, B'"! =0, and Z’;;_L z
and the third from D' =0 and B*"1 =0 for t < 1.

9:S’L

K3
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Also, for each j we have
Bj =B} + D}, + By, — xy,
B R B4BL- XL B
1
=By+ » B,
s=1—L

where the first equality is the backlog evolution equation (18) for B,i, the second follows from Bg =0, the
fulfillment policy (17), and the evolution equation (14) for Be,';, and the final equality follows from the fact that
B* =0 for s <0 and l?,? =0. This completes the proof of the base case t =1.

Then, for any ¢t > 2, assume the claim is true for all s <¢t—1 and consider period ¢. For each i we have

k
t—1
S-S an ( S B B;l) (B B - YR B
k s=t—L—1 k k
t
—sz—zaik( 3 ﬁz—é,z),
k s=t—L

where the first inequality is the evolution equation (1), the second follows from the induction hypothesis and
the fulfillment policy (17), and the final follows from the backlog evolution equation (14) for B.
Further, for each ¢ we have

t—1 +
= (Silfl > zf-i-zaz‘kB;tcl)
s k

—t—L
t—1 t—2 t—1 +
— (Zaik ( > D B,t€1> - > ain (D;3+B,§) +> ai (B,il + Y B,i))
k s=t—L—1 s=t—L—1 k k s=t—L—1

- (08,
k

where the first equality is the ordering policy (19), the second follows from the inductive hypothesis, and the
third follows from canceling terms and observing the resulting expression is non-negative.
Finally, for each k we have
Bl= B+ Dl+ Bl —a}
t—1
=B '+ Y Bi+D+B.-Xi-B !

s=t—L—1

S
By,

M~

=Bj +

s=t—L

where the first equality is the backlog evolution equation (18) for B}, the second follows from the inductive
hypothesis and the ordering policy (17), and the third follows from the backlog evolution equation (14) for BY.
This completes the induction step and the proof of the claimed identities.

Next, we demonstrate feasibility of the policy. It is clear that the policy is non-anticipating since we assume
Xt BY, and D? are, and that the order and fulfillment quantities are non-negative. It thus remains to show
that the backlog and inventory state variables remain non-negative under this policy. To see that the backlog
levels remain non-negative, note that the third identity implies

t
B;- = Zrij;i = Zrkj (E;i + Z B;) ,
k k

s=t—L
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so that B; >0 if we have Bi >0, as BJ"’? > 0 by definition. But Ei >0 is guaranteed by the evolution equation
(14) and the constraint (15). Then, for the inventory levels, by the first identity we have

t
zf:sizaik< 5 ﬁzéz)
k

s=t—L
t—1
:Si—Zaik< > DZ+X,§—B,§‘1>
k s=t—L
>0,

where the second equality follows from the backlog evolution equation (14) for Bf, and the inequality follows
from constraint (16). Q.E.D.

For notational convenience, let for each product j, let B;- => rkjéz denote the period t backlog for product

j that is resigned to waiting for replenishment. Then observe that by (22), for each j we have

ot t ot t ot
Bj :ZTij;;j <Dj —Zrk/ij/) :D] —ZT‘ijlw
k

k k!

where the second equality follows because >, rkjvzj =1 for each j.

Proof of Corollary 4. First observe that 8 =§ =1 and p = 0 simplifies the stochastic program (5) to the

following
g, Zk:uéxk + ;Pjyj
GHS,BIDFY = st Y apep <8, Vi
k
Zrijk +y; =B+ DjLH’ Vi
k
- g, T[] .
i
by letting z = lL=+11 (mfk + wé) and y; = ZIL:E,I yg Then, by Theorem 1, the result follows by showing ¢ < G

(i.e., the optimum in (44) is obtained by B =0), and we further observe that this follows if GX(S,B|Df*1) >
FL(S|IDEFY) for all $,B, and DX+, To show this, for a given S,B, and DX+ let 2} and y; denote an optimal
solution to the LP defining GL(S,B|DL*1), and let

ph
:L’;c =z min | 1, /]7* , Vk,
Dk TR TRy
. ]
y; = D] i Zrij§c> V_],
k
denote a feasible solution to F¥ (S|]5L+1), where feasibility for the first constraint follows from feasibility of zj
for the LP defining GZ (S, B|DX*!) and the fact that ), <z}, and non-negativity for y; follows from observing
that

B+
& Zk rk/jxk,

J’_
= L41
= <DjJr —ZrijZ)
k
>0.
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~ +
Then we note that yj >yj for all j, which follows from the above observation that y; = (DjL+1 > 'rij,’;)
and the fact that y; >0 and

= By D Y et 2 D - et
k k
Then we have
L =7 L * L Liqil
GH(S,BDMY =Y upai + ) piuy =Y ukah+ > piy; > FH(SDYTY,

k j k j
where the first inequality follows from z} >z}, and uX >0 (i.e., Condition 2) for all k& and y; > y;- for all j, and
the second inequality follows from the feasibility of 2}, and y/ for the LP defining FX(S|D*!).  Q.E.D.

Lemma 7. An ABBS policy with finite S that uses D' and Bt defined by (21) and (22) has long-run average cost

less than

t
ZhS +hmsup ZIE Zuk Z X;+Z(QX*B;L1+M Z B;)
s=t—L

s=t—L 7

Proof. First, note that by rearranging the sum we have

]~
rrHM-’E
|M“

Xz

ﬁ
Il
_
H

for all activities k and all time horizons T > 1. Therefore, we have

T
ZZ(%Jchzam ZZ qk+zczazk) (XL+ B LY
t=1 k& P -
T
= Z k—i—chalk Xk+zgj Bt L—1
t=1 \ &
T+L t
S Z Z Z(Qk+chalk)Xk+zzg] B; L-1

t=1 j

where the first equality follows from (17). Next, letting g; = maxXgepr(j){qr + D _; ik}, observe that

T+L ¢t
hmsup IE Z Z Z(Qk+zciaik))~(z
t=1 s=t—L
+L

T—o0 k i
1 i t T t
S]imsup TE Z Z Zg]ZTkJXk+ 1 Z Z Z(Qk+20iaik)x
T—o0 i t T+1s=t—L j t=1s=t—L k i
1 [ THL ¢ ¢ .
<limsup ?E 1 Z Z ZgJD +— L+ Z Z Z(l]k + ZCiaik)Xi:
T—o0 t=T+1s=t—L j t=1s=t—L k i

t

:limsup%E ZQJ”J L+1Z Z qu—i-Zczalk)Xk

T—oo t=1s—t—L k

zlimsup%E %HZ Z Z(%JrZCMm)XZ

T—o0
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where the second inequality follows from constraint (15), the fact that >, r;@jf)}; < D;—, and the fact that

Ez_l =0, and the final equality follows from the finiteness of mean demand. This implies that

Z (Z hilf +> (ar+ Zciaik)xz>
, - :

<11msup E Z Zhlt+L+1 Z Z%"‘ZQ%k Xk—l—Zgj Bt L=1

T—o0

hm sup IE

t=1 s=t—L
T t
D P I I i
t=1 s=t—L j
_Zh iSi +11msup IE Z Zuk Z Xz_'_zgj *B;.fol ’
s=t—L J

where the first equality follows by the first identity of Lemma 2 and the facts that X} = D! and Bi =0. Further,
we also observe that the first identity of Lemma 2 implies that If < S; for all ¢ and all ¢, so that

Z ]<hmsup Zc, =

T—
7

lim Sup E

T—o0

since S is finite. Thus, by Lemma 3, the long-run average cost is

T
limsup%E ZciIiT-l—Z Zhi[f+2ij§+Z(qk+zciaik)mk
P 2 i

T— 00 i t=1 i
T t
<ZhS +11msup IE Z Zu;% Z Xk_'_Z( Bt L= 1+P3 )
i t=1 k s=t—L
T t
—ZhS —Hlmsup ]E Z Zu{; Z Xk-I-Z( Bt L= 1+pg Z B) )
7 t=1 k s=t—L s=t—L

where the equality follows from the third identity in Lemma 2. Q.E.D.

Lemma 8. The random variables X,i defined by Algorithm 1 are mon-anticipating, non-negative, and, together with
D! >0 and B! >0 defined in (21) and (22), feasible for constraints (15) and (16).

Proof. It is clear that X! is non-anticipating because Algorithm 1 only uses information available at time ¢, and
non-negativity follows by the non-negativity of Wj. Then, it is clear that (15) is satisfied because Dt = )2'?C and
Bl =0 for all k£ and t. Further, (16) is guaranteed for each i by the definition of X! in Step 4 in Algorithm 1
because Df, = X}i and Ei =0 for all k and ¢. Thus, it remains to show that B! >0, which by (22) is equivalent
to
S KL<,
k
for each j. To see this, first observe that for each j

> rijae(D+d") =Dj +df —y;(D' +d") < D} +dy,
k
where the first equality follows from the second constraint of the LP defining F*(S¥|DX*1), and the inequality
follows from y; (D" + dl) > 0. We then have for each j
Dt

~L
ZTkJXk<Z’"kJWk mzrkﬂk (D' +ad") < Dj.
k

Q.E.D.
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Recall that 7, =FE [mk (f)L'H)] and y; =E [yj(f)“'l)} denote the expected fulfillment quantity for activity
k and the expected shortage for product j, respectively, in the optimal solution of the stochastic program (20).
Lemma 9. For each k and t the le variables defined in Algorithm 1 satisfy )N(,tC < W,ﬁ and

Ty
L+1

E [Wk}

Proof. Tt is clear by the definition in Step 4 of Algorithm 1 that X}, < W}. Then, for the expectation bound,
recall that D! for I=1,...,L+1 are i.i.d. with the same distribution as D' for all ¢. Then, W}é has the same

distribution as

L+1 0
Zl—xk( =1 D )Dj(k)
k= L+1 DV

=15k

for any I=1,..., L+ 1. Therefore, we have
. L+1 l L1 g ( lL/Jr} DY )D](k) L+1 p
v fwf] = [3 2t] =2 | 2 DO gl ()] <s,
=1 =1 = lD](k) =1

where the last equality follows because fo} D' has the same distribution as DT, This implies the claim.

Q.E.D.

Lemma 10. For base-stock levels (n+ 1)SL for any n > 0, using the )2,2 variables defined in Algorithm 1 implies
that for each j and t we have

t Yj
E[B} “+L+1

Proof. We first claim that for any k and ¢, if ZS Y aip Xir < nSE for all i € S(k), then we have Xi=Ww{.
To see this, observe that for all £ we have Dj(k) < Dj(k) + JJL(,C), which implies that

S aanWi =3 ay i I <5 g (D! k) < sE
k k (k)+ J(k) k

z, (Dt +ak)Dt

where the final inequality follows from the first constraint of the LP defining F’ (SL Dt + &L). Thus, if
ZS LS a X <nSk for all i € S(k) then for each i € S(k) we have

Zazkwk+ Z Zazk’Xk’<(77+1)Sz:

s=t—L k'

implying that the minimum in Step 4 of Algorithm 1 is attained by W} (since X/ is initialized to zero before
this step and so is 0 on the right hand expression of the assignment), and so we have X',tc = W,ﬁ

Next, observe that if S0°1 57, ;Wi <nSE for all i € S(k), then because X < W by definition, we
arrive at the same conclusion that )?}i = W,ﬁ Thus, letting <7, denote the event that ZZ;LL Do @il Wia < nSl-L
for all i € S(k), and recalling that X,i >0, by the law of total expectation we have

E [qu >P () E [Wﬁ\ﬂk} =P (o) E [Wk] P () 7~ L+1

where the first equality follows because W} for all k" and all s <t—1 (and hence ¢7%,) is independent of W,ﬁ7

and the second follows from Lemma 9.
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Then, for each j let ¢; =mingcar(;) P (%), and we have by the definition of B;— that

E|B]=E {D; —Zrkjf(,ﬁ]
k
= /Lj — Z’I‘kj]E |:X]2i|
— Z "KL L+ 1

=1=¢ui+¢ (#j —Z"ky‘ff:l>
k

=(1—€j)uy‘+€ijj1

Y5
< (1—C Vs = 29
_(1 <])U]+L+1a
where the second to last line follows from the second constraint in the LP defining FZ(SL|DX+!), and the last
line follows from ¢; < 1. Thus, the result will follow from an upper bound on 1 —¢;, which we can rewrite as

1-Ci=1— min P(«)= 1-P - P(%C),
¢ L in () kg}&f)( () R k

where dkc denotes the complement of «7,. We thus focus on upper bounding the probability of Mkc, which is
the event that Zé i1 g Gik Wi > nSE for any i € S(k), or letting Z5 = >k @ik Wi, we can write the event

as

t—1
U Z Z8 > nSk.

i€S(k) s=t—L
Therefore, for each k& we have
t—1
JP(M,S) <Y P < 3 oz >nsf>
i€S(k) \s=t—L
E[Yi . 2]
st

5>

i€S (k)
Z L+1 Zk Qi Tt
- oL

ieS(k) S

Zl

icsk) !

IN

<™
n

where the first inequality is a union bound, the second is Markov’s, the equality follows from Lemma 9,
the second to last inequality follows from the first constraint of the LP defining F¥(S¥|DF+1), and the last
inequality follows from the definition of m. Q.E.D.

For the following proof, let C** denote the optimal long-run average cost for the problem with lead time L.

Proof of Theorem 4. Consider an ABBS policy using base-stock levels (n+1)S” and the X} variables defined
in Algorithm 1. Then by Lemma 7 the cost of this policy is less than

t

T t
Zhi(n+1)sf+h;nsup%ZE Soup Y Xk—l—Z( "Bl 4, ) Bj)
i oo T =1 k s=t—L

s=t—L
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t

T - t i
<Zh 77+1)S + limsup — ZZ uy; Z xlirZ(g;/*ujerj Z (E +Ly_'j_1>>
7

T—oo & 37 7% s=t—L j s=t—L

—Zh(’“LlS +Z“k Z xk-l-Z( 145 +p; (@Mj‘f’gj))

s=t—L
* m(L+1
=ct+> g) uj+nzhiSiL+7( p )ijﬂj
i i j
L+1
§20L*+(n+L(n+ ))CL*,

where the first inequality follows from Lemmas 9 and 10 and the fact that B;*L’l = D;?*L*l —Spre X<
pt-L-1
j

, and the final inequality follows from the lower bounds on optimal cost in Corollary 4 and Proposition
2 and the fact that 3, h;SF < (since F*(S¥|DT') >0 by Condition 2). The result then follows by letting
n=+/m~y(L+1) to minimize the bound. Q.E.D.

Next, a key ingredient for proving our approximation guarantee is the following bound, which follows from
Chebychev’s inequality.
Lemma 11. For a random variable X with u=E[X] < 0o, 0® = Var(X) < oo, and any a > 1,

0_2
E [(X - au)+] < m

Proof. Writing the expectation as the integral of the survival function, we have

E[(X —ap)"] :/OOQIP’((X—au)Jr zt) di

< [TROX -z @ et

o0 0_2
S/o (CEDIEDE

(a—1)p’
where the last inequality is Chebyshev’s. Q.E.D.

Using Lemma 11, we also prove the following lemma.
Lemma 12. Let 0]2- = Var(D;) denote the variance of the one-period demand for product j. Then for each k and t,

we have
t + 2
. . . oL (L
B,@:( 3 DZUk> . and }E[Bﬂg%.
s=t—L (T: - 1) (k)
Proof. We first observe that by the evolution equation (14) for B} and (25) we have
t—1
Bi™'— Bf + D} = X =min (Dz +B LU+ BT - ) Dz) ,
s=t—L

which after cancelling and rearranging terms gives the characterization of B}; Then, we bound the expectation

as follows
+
E[BZ}ZWE < > Dj(k)_>
s=t—L

+
PL+1 _ (L+ )iy Uy
J(k) Zr

= ¢iE
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(bkvar(DL(—};)l)

= (U
(?,'j - 1) (L4 D) pj)
PrT5 (k)

= Ui’
(?,’j - 1) k)

where the second equality follows because ZS 11 Dj (k) has the same distribution as DZF!, the first inequal-

J(k)”
ity follows from Lemma 11 and the fact that E [D]L(J]gﬂ = (L + 1)pjx), and the final equality follows from
Var(DJL("];)l) =(L+ l)af(k) by independence. Q.E.D.

Proof of Theorem 5. Assuming a feasible ABBS policy, we first prove a series of cost bounds. Then we specify
a specific policy, show it is feasible, and put the cost bounds together to prove the approximation factor.

To begin, by the first identity in Lemma 2, for each ¢ and ¢ we have

t
ff:si—zaik( 5 ﬁz-Bz)
k

s=t—L
t
_Si—Zaikmin< Z Dz,Uk>
k s=t—L
<S5,

where the second equality follows from Lemma 12, and the inequality holds because both 15,‘2, Uy, > 0. Therefore,

we have

<limsup %E

T—o00

—0. (45)

lim sup ;E [Z

T—o0 i

ZCiSi

Now, we claim that for each k and ¢,

E

t
> Xk] =Ty, (46)
s=t—L
To see this, rearrange the evolution equation (14) to obtain

X =B - B+ D},

which implies

Therefore, taking expectations, for any ¢t we have
¢ ¢
> Xg} =B |5 B B f);}
s=t—L —L
t—L—1 t +
=E ( > Dk—Uk> (Z f)z—Uk) +E
s=t—L

s=t—2L—1

= (L+1)drmjk)

=Tk,

where the second line follows by the characterization of Bk in Lemma 12, the third because Zs f 21L 1 Dk has

the same distribution as Zs:t—L Dk, and the fourth from the definition of ¢y,.
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Next, we claim that for each ¢

E Zhilf} gZhZ( Zakxk> +Zh Zal (%Uﬂ(’“) (48)

7 ) 1 (k)

To see this, observe that by the first identity in Lemma 2, we have

R v )

s=t—L
=>"n (Si—Zaik< > Di+B ' -B >>+Zh > apB
% s=t—L
_Zh,L( Zalk Z Xk)—FZh ZaszZ L— 1,
i s=t—L

where the third line follows from (47). Then (48) holds by (46) and the bound in Lemma 12.

Next, we claim that

lim sup IE
T—o00

T
Z Z(Qk + Z czazk
k

t=1 i

<71 Z G+ Y ciaw)T+ 9 1, (49)
k i J
To see this, note that for each ¢
D (e + Y cian)zi=> (a+ Y ciap) (f(;tC + BZ_L_l)
k i k i
=) (e +Y_ciaw) X+ > (ar+ Y Ciaik)ij(k)lﬁj(k)D;(kal
k i k i
= Z(Qk + Z ciair) Xj; + Zg}/ ijﬁ_L_17
k i J

where the first equality follows from (17) and the rest from definition. Then, observe that by rearranging the

sum we have

S

+L t ~
Z X’z7

t=1 s=t—L

MH
el

“
Il
i

for all activities k& and all time horizons T > 1. Therefore, we have

T
ZZ(qHZczam =3 S (e + Y i) X+ 3 g) Dt
t=1 k =1 & - >
T+L tz
SI71 1 > D ZqHZczam)XHZZg] DR
t=1 s=t—L k t=1 j

and by (46) we have

T+L t

limsup%E I+ Z Z Z(Qk-f-zczazk

T—o0 t=1 s=t—L k
= limsu + Cit;L )T
THOOP T L+1Z(Qk Z i) )T,

1 -
I+l Z(Qk + Z Citik) Tk,
k i
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which implies

T
lim sup %E Z Z(qk + Z CiGik )T
T—o0 &

t=1
T+L t

<h:£n—>suPT L+1 P k+Zcmm)Xk+ZZga ;05
t=1 s=t—L k t=1 j

L+IZ qk—Q—chalk)mk—i-hmsupT Zzgj %Dt L—1

t=1 j
_ v*
szk:(Qk-i—ZCiaik)mk-FZgj 1
i J

where the last line follows from 1; <1, completing the proof of (49).

Then, our final cost bound, for each t, is

p07 _
> piBj| <) p; Z’"kjwij +9; | (50)
; ; (% ~1) 1y
which follows from

t
ijB§ =FE ijZrkj (Ez+ Z é}:)
5 -

J k s=t—L

t
=E D p; Y i (Bitﬁ > “%(k)%(k)@(k))
k

7 s=t—L

- (S o] e )

k Tl

< ij Zrquﬁki%z +y5 |
j (U" ) 1
where the first line follows from the fact that B;- = 1 Tkj B! and the third identity in Lemma 2, and the final
line follows from the bound in Lemma 12 and the definition of ;.

Now we specify the ABBS policy, which under (23), (24), and (25) simply requires specifying the S; and
Uy, for all i and k. For some 6 > 0, let S; = (0 +1)SY for each i and Uy, = (0 + 1)z}, for each k. By Lemma
2, the policy is feasible if X, B!, and D! are non-anticipating and satisfy constraints (13), (15), and (16).
These vectors are non-anticipating because each of (23), (24), and (25) only use information available at time

t. Further, constraint (13) is satisfied because for each j

Z%j(bi +Bp) = ZTk](¢kD + vjsj1b; DY) = Dj (Z Tk Pk + 1/)]) =Dj,
k k k
where the final equality is guaranteed by taking an expectation over the second constraint of the LP defining

FE(S|DEH1) and the definition of ¢, and ;. Also, constraint (15) is satisfied by the definition of X} in (25),

while constraint (16) is also satisfied because by (25) we have

t—1
S a0 fh <Y o (Uk VB S D)

k k s=t—L
t—1
= (140) Y _andn = Y i ( > Di —B,i*)
k

k s=t—L
<(1+0)SF = ai (
k

t—1
S bpoBp )

s=t—L

R‘m
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where the final inequality follows because Y, a;,Z) < Sl-L by taking an expectation over the first constraint of
the LP defining FZ(S|DX*!). This completes the proof of feasibility.

Then by Lemma 3, the long-run average cost is

T
1i}nsup%IE ZciIiT—i-Z Zhilit‘f‘zij;+Z(Qk+zciaik)x§c
—+oo i t=1 i j k i
¢k‘7](k) ¢k‘7]2' _
SZ’“ Zalkxk +Zh Zalk( +ij Zrkj(Uk)+yj
i BT R

)My(k) i 2
1 = v
+m§(Qk+ZCiGik)xk+Zgj Hj
i J

=(O+1)D hiSE+> upTe+ Yy i+ Y g5mi+ Y > i (pj +Zaikhi> "Z“J
i k J J ik ‘

Tk

2
SO+ | DomSEHY k@Y pigy |+ D a0y +hy) gL
i k J J J

=<¢9+1)GL+<1+Z (fgj s J)Z ajn;

(p; + B . 12
< (24042 (s g)”j ) Forad
03,951
where the first inequality follows from (45), (48), (49), and (50), the second inequality follows from ), rj;ér <1,

>, aighi < hj for all k € N(j), and the fact that }, uk T, + Zj p;¥; > 0, and the final inequality from Corollary
4 and Proposition 2. The result then follows from letting

> (0 +hy) v
Z_j Q?Hj

0=

Q.E.D.

Appendix E: Simulation Details
In this appendix we provide more details on some of the simulation studies performed in the main body.
E.1. Details on Example 1

Here we provide a detailed explanation of the calculation of the optimal policy cost in Example 1. The costs
and demand distributions are given in Example 1, and for completeness we explicitly characterize the network

structure with the following matrices

10
B2 o],
01

where we number the three activities as follows: activity 1 uses resource 1 to fulfill product 1, activity 2 uses
resource 1 to fulfill product 2, and activity 3 uses resource 2 to fulfill product 2. Given these inputs, we next
aim to solve the dynamic program minimizing long-run average cost in this system.

We will solve this dynamic program using the theory of finite state/action average cost MDPs. From Bertsekas
(2012) Proposition 7.4.1, for such an MDP with states i, actions u, transition probabilities p;;(u) and single

period cost function g(i,u), the Bellman optimality equations are

A+h(i):ug%) g(iu)+ Y pij(wh(s) | , Vi,
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where A represents the long-run average optimal cost, h(i) represents the value function in state i, and U(7)
represents the set of actions available in state i. Using the standard linear programming approach, the optimal
value of A can then be solved for with the following linear program
n)l\%lx A
st A+ hi < gli,u)+ D pij(uhy, Vi,ueU().
J

To solve this LP, we must then ascertain all possible state-action pairs, transition probabilities, and costs.
To maintain a finite state and action space, we discretize both to the integers, and also derive upper bounds on
the reachable states/actions of an optimal policy. Since the products that resource 1 serves can have at most
2 units of total demand in a period, an optimal policy will always maintain It <2, and by a similar argument
we have I < 1.

For backlogs in the system, we first note that an optimal policy will always order a total quantity of resources
at least as large as the number of backlogs waiting in the system in each period. We then observe that the
backlog for product 1 can be at most 2, i.e., Bf <2. To see this, note that for a policy to obtain B} > 2 it
must first reach B! =2, since at most one new backlog can arrive in a period. If a policy ever reaches Bi =2,
then to minimize cost it must necessarily order 2 units of resource 1 to fulfill this backlog in the next period,
and at most one unit of this resource can be diverted to fill product 2 demand in the next period (since at
most one new unit of product 2 demand can arrive, and any existing backlog from the prior period would have
been ordered for separately to minimize costs). Thus, there is at least one unit of resource 1 available in the
next period to clear a backlog, so since at most one new unit of demand can arrive, the backlog cannot rise
above 2. Similarly, we argue that backlog for product 2 can be at most 3, i.e., BS < 3, since if a policy reaches
BL =3, then at least 3 units of resources are ordered in the next period, and at most 1 of these will be ordered
for resource 1 (since resource 1 is more expensive, and at most 1 new unit of product 1 demand will arrive in
the next period for which the resource 1 unit could be profitably diverted). Thus, there are at least 2 units of
resource 2 available to clear product 2 backlog in the next period, so that it cannot rise above 3. Thus, the
state space is restricted to It € {0,1,2}, I} € {0,1}, B} €{0,1,2}, and B € {0,1,2,3}, for 72 total states.

Then, we observe that the ordering quantities zf for each i, should never rise above 7, since that is the total
amount of backlog plus new demand that can be seen in a period. Further, the fulfillment quantities m}é for
each k should never rise above 4, since that is the highest amount of backlog plus new demand that can be
seen in a period for any individual product. Thus, the action space is restricted to z: €{0,...,7} for all i and
w',; €40,...,4} for all k, for a total of 8,000 possible actions.

This leads to a universe of 576,000 possible state-action pairs, most of which, however, are not feasible given
the constraints of the problem. Thus, for each state we iterate through each action and let those actions remain
that are both feasible for the problem constraints, and that lead to an allowable state in the following period.
This leaves a total of 548 total state-action pairs, for which we solve the LP above. The transition probabilities
are calculated from the Bernoulli distribution parameters, and the costs are determined from the state, action,

and cost information. We solve the resulting LP in Gurobi 10.0 and obtain an optimal objective of 0.936.

E.2. Benchmark Policy

We compare to a benchmark from Govindarajan et al. (2021b), who define a heuristic base-stock policy for an
omni-channel fulfillment problem. We adapt their heuristic for setting base-stock levels to our Simple Fulfillment
Network setting of Section 4.2.3 in Algorithm 2 below by using just the portion for online fulfillment centers

(their full algorithm also includes a portion for brick-and mortar stores). We note that Govindarajan et al.
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(2021b) consider a model with lost sales, and thus do not need to map backlogs to activities, so we adapt
their policy by simply mapping all backlogs to their lowest cost activity. To state the algorithm, we define the

aggregate cost parameters across the network as

ﬁ:ij/M B:Zhi/M7 g =mingy.
j 4

Algorithm 2 Base-Stock Levels Procedure (Govindarajan et al., 2021b)
1: Calculate total base-stock level, STOT, s.t. P(DTOT < §TOT) = 2L where DTOT =3~ D,

T htp—g
2: Set S; =0 for all 4, and rem = | STOT |

3: while rem >0 do

4: Calculate marginal cost for all i: MC; = (h+p—¢)P(D; < S;) — (p—q)
5: Choose * € argmin, MC;

6: Update S;+ < S;« +1 and rem < rem — 1

7. end while

Given the base-stock levels set by Algorithm 2, Govindarajan et al. (2021b) follow a base-stock ordering

policy, and use the following LP to determine the fulfillment quantities x, in each period ¢
min Y ~(qk — pj())h
k
s.t. Zaikx}; < 1571 + zf7 Vi
k

> riak < Dj+ By V)
k
zt >0, Vk.

E.3. ABBS Policy Comparisons, Longer Lead Times, and LP-based Fulfillment

In this section we further compare our ABBS policies developed in Section 5 over longer lead times and also

benchmark against an alternative heuristic fulfillment policy.

E.3.1. LP-based Fulfillment. The policy development in Section 5 is aimed at producing a policy class
whose evolution can be tracked (and optimized) over time in a way that allows proving a theoretical bound.
Critical to this development is implementing a fulfillment policy that mimics the stochastic program lower
bound in order to control fulfillment costs. As an alternative to this approach, here we simply seek a heuristic
that can leverage current state information to execute smart fulfillment decisions in each period. Perhaps the
most natural such policy is one that minimizes current fulfillment and backlog costs through the solution of
an allocation LP. While such a policy is myopic, it may still perform well as it adapts well to current state
information.

In particular, in this section we follow the same ordering strategy as Section 5: set base-stock levels using
stochastic program (20) and assign backlogs to their lowest cost activity for calculating inventory positions.

But we add the following simple LP-based fulfillment decision: in period ¢, given the ending inventory and
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Figure 5 Approximation factors of ABBS policies compared to LP-based fulfillment as lead time grows

backlog state from period ¢t —1, Iit*1 Vi, B;fl Vj, and the arriving orders zf*L Vi, we solve the following LP to

determine the fulfillment decision x}c Vk:
;ﬂzlg ; kTl + ijyj
J

t—1 t—L
xte arg min s.t. Zaz‘kﬁﬂk <I; "4z 7, Vi ,
x>0 k

Zrijk +y; = B;_l + D;“', Vi
k

in other words, we make a myopic fulfillment decision to minimize the current fulfillment and backlog costs.

E.3.2. Further Lead Time Simulations We simulate the LP-based fulfillment policy for the same 108
problem instances as tested in Section 5.3 across several lead times. We further extend the simulation out to
longer lead times here in order to assess the relative performance of the policies as the lead time grows. The
results are compared to our ABBS policies in Figure 5, which shows that the LP-based fulfillment policy per-
forms similarly to our ABBS policies as the lead time grows. In particular, while the average case performance
of the LP-based policy is slightly worse than the ABBS policies for larger lead time values, the worst case per-
formance of the of the LP-based policy tends to be better than the ABBS policies for all but a few intermediate
lead time values. That said, as the lead time gets larger, the performance of all policies degrades at a similar
rate, both on average and in the worst case. This suggests that either our policies or lower bound are somewhat
loose as the lead time grows, and implies an important direction for future work to improve our analysis: can
the lower bound be tightened or the policy be improved? This serves to further illustrate the point made at the
end of Section 5, that our ABBS policy framework and examples (i.e., randomized and proportional fulfillment
policies) are meant to illustrate the possibilities for extending base-stock policies to networks with lead-times;
there may exist significant improvements upon these specific policies and we leave this open as an interesting

avenue for future research.

E.4. Heuristic for Individual Lead Times

In specifying our base model in Section 2 we assumed that each resource has a common lead time of L periods.
From a practical perspective, it would be beneficial to specify a model that instead has an individual lead time

for each resource, e.g., an order for resource i takes L; periods to arrive, so that evolution equation (1) becomes

t t—1 t—L; t o\
Li=1"+~z fZaik:ck, Vi.
k
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We call the model with this evolution equation, and all else the same as Section 2, the individual lead time
model. In this section we provide more detail on the challenges of analyzing the individual lead time model,
while also providing a reasonable heuristic extension of our stochastic programming approach to this setting.

First, we observe that the individual lead time model is a generalization of the notoriously difficult dual
sourcing problem (see e.g., Xin and Goldberg, 2018 for a discussion of the analytical challenges). To see this
correspondence, consider a simple network with a single product and two resources that each can fulfill demand
for the product. One resource has a longer lead time and the other a shorter, with the shorter lead time resource
having a higher ordering cost, while both resources have the same holding and fulfillment costs. With this
setup, the two resources mimic the two suppliers in the classic dual sourcing problem. Thus, an approximation
for the individual lead time newsvendor network model would imply an approximation for the dual sourcing
problem.

Further, we observe that, while a theoretical performance bound may be difficult, perhaps a lower bound
stochastic program may still be derived and used as a heuristic in the individual lead time problem. Techniques
to derive such stochastic program lower bounds exist for the special case of ATO systems, see Reiman et al.
(2023), however they are quite computationally intensive, as they involve a multi-stage stochastic program,
with a separate stage for each unique lead time in the system. This degrades the computational complexity
quickly, since for more than a handful of lead times the optimization problem again essentially boils down to
solving a dynamic program, which is what our stochastic programming approach is attempting to avoid by
providing a simpler optimization problem to establish a good policy. Therefore, in what follows we propose a
simple two-stage stochastic program meant to approximate the individual lead time problem in a way that can
provide a hueristic base-stock policy for implementation.

To specify the stochastic program, let L = % denote the average lead time for resources used in
activity k. Then, let L; = {%—‘ denote the average lead time of resources that could be used in fulfilling
product j, rounded up to the nearest integer. Then let 2 denote a random demand vector with the 41 element
determined by a cumulative sum of L; 41 periods of random demand: 2; = ZlL:] i— ! Dé, and define the following

stochastic program:

minO Z <Lkl+1 <Qk +Za¢kc¢> - Zamh) Ty +ij?/j
i i J

X, y= &
E(S‘@): s.t. Zaikmk SSZ, Vi
k
> rkjrk+yi =25, Vi
k
i h;S; + E[.% (S| 1
min iSi +E[F(8|2)], (51)

i

This stochastic program does not provide a lower bound on the optimal value of the individual lead time model
because it considers demand for product j over L; + 1 periods, essentially assuming a policy cannot influence
replenishment for resources serving this product over that time frame, while in the true system some resources
will have less than this average lead time and therefore can be replenished sooner (indeed this observation is
precisely why Reiman et al. (2023) require a multi-stage stochastic program to derive a valid lower bound).
However, we propose this stochastic program as a reasonable approximation to expected cost in the system, as
the average lead time may provide a good proxy for the true demand that needs to be planned for with each

order decision.
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Table 4  Average and worst case ratio of ABBS Performance relative to SP (51)

Instance Type | Average | Worst Case
E-commerce 1.37 1.89
Production 2.21 2.75
Overall 1.79 2.75

The optimal S solution of (51) can be implemented as a heuristic base-stock policy in the individual lead time
setting in conjunction with an ABBS fulfillment policy as described in Section 5. The main adjustment needed
is to the backlog assignment mapping, which should now take into account the fact that different activities may
take longer to be replensished due to the individual lead times. To account for this, we propose the following
adjustment to the “minimum cost activity” selection rule proposed in the main body of the paper: for product

j map all backlog to an activity

k € argmin < g + a;pci +piLi ¢,
kem{ S e+

i
where we add the term p;Lj, to penalize the activity for longer average lead time. This backlog assignment rule
completes a description of our heuristic ABBS policy for individual lead times.

As an example, we implement the randomized ABBS policy from Section 5.2.1 on the same 108 problem
instances simulated in Section 5.3, with lead times of 20, 30, or 40 randomly assigned to each resource. The
results of this simulation are summarized in Table 4, where the ratios are reported relative to the stochastic
program objective (51) (as opposed to a lower bound on optimal in earlier simulations). As expected, this
simulation shows the performance of the heuristic degrades when including individual lead times, but it may

provide a reasonable starting point for a practical policy implementation in real world settings.



