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Appendix A. Proof of Lemma 1 in Section 2
We prove the lemma by considering the case when P(D > S/m) > 0 and the case when P(D >

S/m) =0 separately. For convenience, we denote the state space under base-stock policy g as
X={(z1,22,.. ., Tpm-1):0<a; <2< ... <y < ST

Case 1: P(D > S/m) > 0. In this case, similar to the proof of Theorem 3 in Huh et al. (2009),

we first prove that the Markov chain {X;(S) := (z;{,273,...,2/5, 1) : t > 1} converges to some
random vector Xo(S) = (z35,,235,,...,255,, ) in distribution. Applying this result, we can prove

Lemma 1 as follows. Since X;(S) converges in distribution to X..(S), one can verify that (275, D;)

converges in distribution to (235, D), where D is independent of X (S). Since the function (z; —

0,19
d)™ is continuous in 0 <z, < .S, d >0, and bounded from above by S, by applying Theorem 3.2.3
in Durrett (2010), we obtain

tlim E[(z;§ — D;)"] =E[(z}s, — D)"].

00,1

Therefore, Lemma 1 is established by letting O (S) =* (225, — D)*, where = denotes “equal in
distribution”.

We now prove that the stationary distribution of the Markov chain {X,(S):¢> 1} exists, which
is also the limiting distribution that {X,(S):t> 1} converges to. By applying Theorem 16.0.2 of
Meyn and Tweedie (1993), we only need to construct a measurable subset U C X, a nontrivial

measure v(-) (i.e., v(X)>0), and a positive integer t* > 1, such that
P(X+(S) € B|X1(S) =x%1) > v(B) (EC.1)

for any x; € U and any measurable subset B C X.
Let U=X, t* =2m — 1, and the measure v(:) be defined as follows: for any measurable set
BCX,

2m—2 2m—2

V(B)é]P’<Dt2:;,v1§t§2m—2, ((S— Y D) (S- )] Dt)+,...,(S—D2m,2)+) eB).

t=m t=m-+1
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It is easy to verify that v(-) is a measure. In addition, since v(X) = (P(D > S/m))?*™~2 >0, it is
nontrivial.

To complete the proof, it remains to verify inequality (EC.1). Note that

P(Xgm_l(s) S B|X1(S) = Xl)
> P(Xan 1(S) € B, D, > 5 vi<t<om-2x,(5) =)

m
IP’(XQW,l(S) €BID, > 2 v1<t<2m—2,X,(S) :xl)]P’(Dt > 5 vi<t<om- 2)
m m
2m—2 S S

= ( ((s - ZD (S = Day_s) )€B|Dt2E,Vl§t§2m72,X1(S):x1)P<DtZE,V1§t§2mf2
2m—2 S S
=P(((s- Z D)*,.. (S = Dap2)*) € BID, > 2 ¥1<t <2m—2)P(D, > = Y1 <t <2m—2)

where the first equality follows from the conditional probability formula and the independence
between (Dy, D, ..., Ds,,_5) and the initial state X;(.5), the second equality follows from Corollary
2 of Cooper and Tweedie (2002), which states that if D; > S/m for any 1 <t < 2m — 2, then
=(S=S7""2 D))" for any 1 <i<m—1 regardless of the initial state, the third equality

xgi,—l,i t=m+i—1
follows from the independence between (Dy, D, ..., Da,,_») and X;(S), and the last equality follows
from the definition of v(-). The proof of Lemma 1 for Case 1 is complete.

Case 2: P(D > S/m)=0. In this case, the Markov chain {X;(S5):¢> 1} may not have a sta-

tionary distribution, since one can construct a cyclic Markov chain similar to that in §3.2 of Huh

et al. (2009). So, we prove limy_,o 7 S E [(zi§ — D,)*] = S/m —E[D] directly by showing that
S

hrrilorgf— ZE x5 — D)t > . —E[D] > limsup ~ ZE — D). (EC.3)

T—o0

By letting O, (S) =% S/m — D, we prove Lemma 1 under Case 2.
We first prove the first inequality in (EC.3). From the recursion (19), one can verify that

i Elo;®] > S —mE[D], Vt>m. (EC.4)

1=t—m-+1
Suppose T'=km + 1, where k> 1 and 1 <[ < m. Then, we have

k—1 (s+1)m

d k:

s=0 t=sm+1

where the second inequality follows from (EC.4). By taking liminfs_,., on both sides of the above
inequalities, we obtain the first inequality in (EC.3).
We next prove the second inequality in (EC.3). For any vector x = (xy,...,2,,_1) € X, consider

the following three systems under the same base-stock policy mg: System 1 starts with the initial

)



e-companion to Bu, Gong, and Chao: Asymptotic Optimality of Base-Stock Policies for Perishable Inventory Systems ecd

state x} = x; System 2 starts with x? = (z,,_1,Tm_1,---,%Tm_1); and System 3 starts with x3 =
(S/m,2S5/m,...,(m—1)S/m). For 1 <k <3, let x¥ and of denote the system state and the amount

of outdates in System k in period t, respectively. Then, we have

T T T
ZoiﬁZofSof—i—ZOf, VT >2, (EC.5)
t=1 t=1 t=2

under any given demand sample path. Note that 1, <x7, forall 1 <i<m—1and z;,, =27, =

for any ¢ > 1. In addition, System 2 will be empty at the beginning of period 2 (i.e., xo =0). Then,

x3; <z}, forall 1<i<m—1andz;, ==z}, =S for any t >2. Then, the two inequalities in
(EC.5) can be proven by using the recursion (19) and induction.

Since D; < S/m for any ¢t > 1, one can verify that

W (225 m=S
t m7m7 ) m

and o} = S/m — D, for any t > 1. Applying (EC.5), we obtain

T

limsup — ZE o;] <hmsup{ [0?] TZE }:——E[D]

T— o0 T—o0

Thus, the second inequality in (EC.3) is also satisfied. The proof of Lemma 1 under Case 2 is then
complete. Q.E.D.

Appendix B. Proofs of Theorems 2 to 4 in Section 3

B.1. Proof of Theorem 2

For convenience, let 2 E[D,], 0 2 y/Var[D,] and ox £ v/ Var[X] (recall the definitions of D, and

X; from §3.1). To highlight the dependence on n, we use the functional form D(n) to represent the

single-period demand. We only consider the case ox > 0, and similar arguments apply to the case

ox =0, i.e., when X, is deterministic. We divide the proof of Theorem 2 into three major steps.
First, we prove that for any fixed k > 1, there exists n;(k) > 0 such that S¥* < kun, for any

n >ny (k). To this end, we first prove the following inequality:

SN <E[D(n)] + +/pVar[D(n)]/h. (EC.6)

Let M be the following set of distributions: M = {ﬁ is a cdf of D: Ez[D]=E[D(n)], Varz[D] =
Var[D(n)]}, where Ez[-] denotes the expectation taken with respect to cdf F(-). Then

WSy —E[D(n)]) < (h+p)E[(D(n) — S7")* ]+h(SNP— [D(n)])
—min { KE[(S — D(n))*]+ pE[(D

S>0

<minmax J hEz )]+ pEF[(D )ﬂ}

S>0 Fem

phVar[D(n)],
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where the last equality follows from Scarf (1958). The above inequality directly implies (EC.6).

Recall that ﬁj’s are independent of N(n). From Wald’s equation and the law of total variance,
E[D(n)] = pE[N(n)], and Var[D(n)]=0c’E[N(n)]+ u*Var[N(n)]. (EC.7)

Moreover, from the classic central limit theorem for the renewal process (see e.g., Theorem 4.3.2

in Gallager 2012), we have the random variable
N - 5%

v Var[X/n] -\ /G

converges in distribution to the standard normal random variable when n — oco. Since E[X;] =1

and Var[X,] = 0%, it follows from the convergence properties that

limwzl, and lim Var[]T\Lf(n)]Uz

n— oo n n— 00 X
Then, it follows from (EC.6) and (EC.7) that limsup,, . SN¥/n < p. As a result, for any k > 1,
there exists some n; (k) such that SX” < kun when n > n, (k).
Second, we prove that there exists some constant v > 0, which only depends on the distribution

of X, such that for any fixed 0 < <v and n>2(1+9)/J,

E[exp (— )\]\gf) ﬁj)] <exp (— 8(1551—2?)21/2) + (E[e‘kbl]) T (EC.8)

For any d > 0, we first note that

N(n) N(n)

E[exp(—)\;f)j)] :E[exp(—/\zlf?j>

gP(N(n)<[71)+E[exp(—)\ ﬁj)]
< P(N(n) < L) + (E[eD1)) ™5 (EC.9)

To show (EC.8), it suffices to bound P(N(n) < Z) from above by exp(—

T . For conve-
nience, let k(n,d) = [ 175 ]. Note that

5%n )
8(1+5)2v2

n
IP’(N(n) < 1T5> =P(N(n) < k(n,8)) =P( z_; X, >n), (EC.10)
where the second equality follows from the definition of N(n). Since X; is a nonnegative r.v.

and E[e**1] < oo for some s > 0 by our assumption, X; — E[X,] is a sub-exponential r.v. (see
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Proposition 2.7.1 of Vershynin (2018) for equivalent definitions of a sub-exponential r.v.). Then,
we apply Bernstein’s inequality for sub-exponential random variables (see e.g., Theorem 1.13 in
Rigollet and Hiitter 2015) to obtain the following result: there exists some constant v >0 (which
only depends on the distribution of X;) such that when 6 <v and n>2(1+46)/d,

k(n,9) k(n,5)
P( ;X¢>n)—P(k(i’5) ;(Xi_l)>k(n,5)_1>
n k(n,o -1 ﬁ_l
SexP(_k(25)((( ; 12 A (,; )>
_ (n—k(n,d))?
_eXP<_W)
Sexp(‘mi?w)’ (EC.11)

where the first inequality follows from Bernstein’s inequality and n > %5 +1 > k(n, d), the second

equality holds since ﬁ —1<1+490—-1<v when § < v, and the second inequality holds since
(n=kn,0)? (1= (5 +0)_ (Gn-(146)* _ &n
k(n,0) s 1 (140 (n+(1446)) T 4(1+9)%’

where the last inequality holds since 1+ 6 <nd/2. Then, (EC.8) follows from (EC.9), (EC.10) and
(EC.11).

Finally, we bound the RHS of inequality (23). Combining the results established in the previous
two steps, we obtain that for any k> 1, 0<d <v and n>ny(k) Vv (2(1+9)/9),

AN E[e A TN Di] < of1n | hon

where f1(\) and f5(\) are defined as

2 Akp 52 2 Akp

A m  8(1+0)%? and  f2(A) W—Filog(ﬂi[e‘”ﬁl]),

Note that f1(A\) <0 when A is sufficiently small. When m > 2 (otherwise the RHS of (23) equals
zero), f3(0) = (k/m —1/(1+6))p <0 when 1 <k <2/(1+6) and 0 <6 < 1. Since f>(0) =0,
there exists some A\g(k,d) > 0 such that fo(A\) <0 when 0 < XA < Ag(k,6). Thus, by choosing 9, k
and A satisfying the following three conditions: (i) 0 <d <1 Aw; (ii) 1 <k <2/(1+9); and (iii)
0< A< Ao(k,0) A[0*m/(8ku(l+5)?v?)], we have

Co(S,) — OPT, < Kie ™" WYn>n,(k)V2(1+46)/,

where K; =2"(m—1)0/(Ame) >0 and Ky = —max{fi(A), fo(A)}m >0. Q.E.D.
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B.2. Proof of Theorem 3
From the sketched proof of Theorem 3 in §6.2, it suffices to prove inequalities (25) and (26).
We first prove inequality (25). Note that

e -orr<oe[(5-0) ] -2[(5 -1 30)])
(o) sl )] we
=1
where the inequality follows from Lemmas 1 and 2 and Proposition 2, and the equality follows
from 7 =z + (—2)" and E[D] =E[X > D;]. Thus, inequality (25) holds.

We next prove inequality (26). We first provide an upper bound on C(S). Note that
PE[(D — 8)*]=pE[(D—S)1(p.5] <p(D-S8) -P(D>S) < (h+6)(D-S), (EC.13)

where the first inequality follows from D < D, a.s., and the second one follows from inequality (5).

Since §2 S, we have
C(S) <hE[(S — D)*] +0E[0(S)] + (h+6)(D — S)
< HE[(S — D)*] +6E[0w(S)] + (h+6)(D  5), (EC.14)

where the first inequality follows from (EC.13), and the second one follows from at —b* < (a—b)™,

and the following inequality: for any 0 < S} < .S,,
E[O(52)] <E[O(S1)] + S — Si. (EC.15)

The inequality (EC.15) can be proved as follows. First, by using the system dynamics, we can prove
by induction that x:fl < 33:? for any ¢ > 1. Second, note that for any ¢t > 1, 277, ; = (277, — 275V
D,)" for 1 <i<m—1 and z;5, = S. We can prove by induction that x:fQ < x:fl + S5, — 5, for any
t>1 and 1 <7 <m. Then, by the definition of o], we obtain 0?52 < 0:31 + .S, — S5, for any ¢t > 1.
Finally, the inequality (EC.15) follows by applying the definition of E[O.(S)]. Thus, inequality
(26) holds. Q.E.D.

B.3. Proof of Theorem 4

From the sketched proof of Theorem 4 in §6.2, it suffices to prove equality (24). Recall that Sp is
the minimizer of Cy(S) over [0,00). One can easily show that Sy decreases in 6. Thus, the limit
limy_, . Sy exists and we denote it by S... Next, we show that S., < S°, where S° £ sup{S >0:
E[(S—>"", D;)*]=0}. One can verify that S° =mD (recall that D =inf{z: F(z) > 0}). By the
definition of Cy(S) in (4), for any 6 >0, we have

Co(Ss) = hE[(Ss — D)*] +pE[(D — 5p)*] + %E[(@ - iDﬂ

< min Cy(S)= min {RE[(S— D)*]+pE[(D - S)*]}. (EC.16)

— 0<S<mD 0<S<mD
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Note that inequality (EC.16) holds for all §, and its RHS is a constant. This implies S < 5°.
Thus,

lim {hE[(Sy — D)*]+pE[(D — Sp)*]} =hE[(Se — D)*] + pE[(D — S.)*]

60— o0

> min {hE[(S—D)"]+pE[(D—S)*]}. (EC.17)

~0<S<mD

After combining inequalities (EC.16) and (EC.17), we obtain equality (24). Q.E.D.

Appendix C. Proofs of Statements in Section 4

C.1. Proof of Lemma 3
First, we prove that CE/F0(S) > (' (S). From the system dynamics under the LIFO issuance policy
described in §4.1, we have the following recursion on the outdating process under base-stock policy

mg: under any demand sample path,

t+m—2
Or¥m-1= ie{of.r,l.i,rnlzfl}{(s D)= ; O;S}’ vEz 1. (EC.18)
j=t+1

Then, it follows that

i€{0,...,m—1}

t+m—1
Y 0> min  {(S—Di)"}=(S—max{Dy, Dys1,. .., Dipmi})¥, VE>1.
j=t

After taking the expectation on both sides of the above inequality, we obtain

t+m—1
> E[0]*] > E[(S —max{Dy,Dy,..., D, })"], Vt>1. (EC.19)

j=t

By the definition of C*¥©(S), we have

T mT
1
CLIFO(§) = li;n SUp ZE[CZTS] = hE[(S — D)"]+ pE[(D — S)"] + li;HSUp % ZE[OSS]
e el =1 — 00 =1

> KE[(S — D)*] + pE[(D — S)*] + %E[(S —max{D, Da, .., Dy })"],

where the inequality follows from inequality (EC.19). By the definition of C'(S), we conclude that
CLIFO(8) > CL(9).

Next, we prove that CL7FO(S) < Cyy(S). Under policy s, the total leftover inventory in each
period t after satisfying demand D; is (S — D;)*. Note that the outdated inventories in periods
t,t+1,...,t+m—1 are part of this inventory. Then, we obtain

t+m—1
Y o< (S-Dyt, =1

Jj=t

The rest of the proof is similar to that of the first part and we omit it for brevity. Q.E.D.
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C.2. Proof of Theorem 5
First, we prove part (a). Since S < SMF and § < SN it follows from inequality (27) that

CLIFO(Sv) o OPTLIFO < 2379E[<5NP _ D)Jr]
m

Thus, part (a) holds.

Next, we prove part (b). From inequality (27), we also have

CH1F0(8) ~OPTHFO < (0 ~ 1)EID] 4 B(D - §)*) + E[(D ~ §)*] ~ E[(max{Di,.... D} ~ §)°

+E[(max{Di..... D} = §)*] ~ 2E[(}_ D; - ")

S(m—l)&

——E[D], (EC.20)

where the two inequalities follow from 2t =z + (—x)* for any x and that D,,...,D,, and D are
i.1.d. r.v.’s. When demand D is unbounded, one can easily verify that lim,_,. 5p(§p) = 00. Since
OPT " > C(S) by Proposition 2, it follows that lim,_, OPT.'"? = co. Combining this with
inequality (EC.20), we obtain part (b).

Finally, we prove part (c). From Proposition 2 and the proof of Theorem 4, we have

lim OPT;""? > lim Co(Sy) = Jmin {RE[(S — D)*] +pE[(D — 5)"]}. (EC.21)

60— o0

By a similar proof to that of Theorem 4, we can also prove that limgy_, 5’9 =D and

lim O(E[(Sy — D)*]+E[(Sy — max{Dy,...,D,})T]) =0.

60— o0

Since CL1FO(S) < Cy(S) for any S >0 by Lemma 3, it follows that

~ ~ N 1 N
limsup C5'79(8y) <limsup Cu(Sy) = p(E[D] — D) + — Jim (6E[(S, — D)']) = p(E[D] = D).
6— 00 60— 00 —+oo
(EC.22)

When D = 0, after combining inequalities (EC.21) and (EC.22), we obtain limg_,,(CFFO(Sp) —
OPT'") =0. Thus, part (c) holds. Q.E.D.

C.3. Proof of Proposition 1

From Lemma 3, we have CL/FO(SEIFO*) > ming., Cp,(S). In addition, by a similar proof to that

of Theorem 4, we can prove that limg_, . (ming>o C’L,G(S)) = p(E[D] — D). Combining these results

with inequality (EC.22) and the definition of S*/FO* we obtain limg_,. Cy(Ss"F“*) = p(E[D] - D).
Next, we construct an admissible policy and show that its long-run average cost is strictly

less than p(E[D] — D) and independent of # when m > 2 and S¥ > D > 0. Without loss of

generality, suppose that the system is initially empty. Consider the following admissible policy:
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order min{S"* mD} units in periods 1, m+1, 2m+1, ..., whereas use the base-stock policy with
level D in all other periods. One can easily check that 1) there is no inventory outdating under

this policy; 2) the expected holding and penalty cost in each of periods 1, m+1, 2m+1, ... is
RE[(min{S™",mD} — D)*] + pE[(D — min{S"",mD})*],

which is strictly less than p(E[D] — D) when m > 2 and S¥¥ > D > 0 by the definition of SV
and 3) the expected holding and penalty cost in each of all other periods is at most p(E[D] — D)

because by the definition of SV, we have
WE[(S — D)*] + pE((D — §)"] < p(E[D] ~ D), ¥ € [D, min{S"", mD}].

Combining these results together, we conclude that the long-run average cost under this policy is
strictly less than p(E[D] — D) and independent of 6.

Finally, by the definition of OPT""°, we obtain limy_,.. OPTF'*? < p(E[D] — D). As a result,
limg 0 (CFTFO(S)FO) — OPT'F9) > 0. QE.D.

C.4. Proof of Lemma 4

Note that the long-run average holding and penalty cost under base-stock policy mg always equals
RE[(S — D)*] 4 pE[(D — S)*], regardless of the inventory issuance policy. From the definitions of
CTIFO(S), CHFO(S) and CY1(S), it suffices to prove the following inequalities under any demand

sample path:

t t t
D o[0T <N " ofTTS <N T oo > 1, (EC.23)
i=1 i=1 i=1

FIFO,mrg Gl,mg
y Ot

where o, , and otLIFO’”S denote the amounts of outdates in period ¢t under base-stock

policy mg, when the FIFO, general, and LIFO inventory issuance policies are adopted respectively.

FIFO,ms _ GIms
=0

Since the system is initially empty, o; = o/ 1FOms

= =0 for any t=1,...,m — 1.
Thus, the inequalities in (EC.23) hold when 1 <¢<m — 1. Now consider a general period t > m.
Suppose inductively that the inequalities in (EC.23) hold for each period s =1,2,...,¢t — 1. In the
following, we prove that the inequalities in (EC.23) hold for period t. Then, by induction, the
inequalities in (EC.23) hold for any period ¢ > 1.

First, we prove the following inequalities under a general issuance policy: for any ¢t > m:
t t—1 + t—1
— R G177TS < GI,‘ITS < . _ N GI,T{.S
<S | tZHDZ | tZH 0; ) <oy, S, min {(S D;) Zoj } . (EC.24)
1=t—m i=t—m =i

To see the first inequality in (EC.24), we note that the S units of total inventory at the beginning

of period t — m + 1 are either used to satisfy demands or outdated in periods t —m +1,...,t.
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Since the total demand in periods ¢t —m +1,...,t is Zz +—ms1 Di, we have ZZ . mHoZGI S >
(S— Z::Fmﬂ D;)*, leading to the first inequality in (EC.24) due to of’"™ > 0. To see the second
inequality in (EC.24), we note that for each t —m + 1 <14 <t, the outdated inventory in periods
i,2+1,...,t are part of the leftover inventory at the end of period 7 after satisfying demand in period
i, whose amount equals (S — D;)*. Thus, for each t —m+1 < i <t, we have Zg — ]GI TS <(S—Dy)T,

leading to the second inequality in (EC.24).
Applying the first inequality in (EC.24), we obtain

t m
Zoicl’ﬂszmax{S Zt: Di—f—tX: Glms Z GI”S}
i=1

i=1 i=t—m+1
t t—m
Zmax{S— Z Dz+z IFOTK‘S Z FIFOWs}
i=t—m+1 i=1
t
=N orrrors, (EC.25)
i=1

where the second inequality follows from the inductive assumption and the identity follows from
the recursion for the outdated inventory under the FIFO issuance policy in equation (19). Similarly,
applying the second inequality in (EC.24), the inductive assumption and the recursion for the
outdated inventory under the LIFO issuance policy in equation (EC.18), we obtain 22:1 oihTs <

Zé o9 \which, together with (EC.25), leads to (EC.23). Q.E.D.

=1 "1

Appendix D. Proof of Lemma 5 in Section 5
We first prove inequality (13). From the system dynamics under policy mg, one can easily verify

that for t >m+ L,

x5, =5 ZD—ZO
i=t—L
t t—1 +
0% = (S— Z D, — Z of) .

i=t—m—L+1 i=t—m—L+1

Since o;° is non-negative for any period i and {D;:¢ > 1} are i.i.d. random variables, it follows

from the above two identities that, for t > m+ L,
+
E[(27S, — Dy)*] gE[(S—ZDi) } (EC.26)

E[o]] SEKS— > Diﬂ. (EC.27)
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In addition, for ¢t > m + 2L, we have

E[(D, — 2}5,)" [(pr -5) }+§ E[o]*]

<E[(ZD 5) }+L [( ZD) } (EC.28)

where the second inequality follows from inequality (EC.27).
Recall that Cf'S = h(z;$, — Dy)* +b(D; — x1%,) " +00;%. From the definition of C'*(S), we have

T
1
C*(S) =limsup — EECS —hmsupf z E[C[f]

T—o0 T—o0 t=mt2L

< hE[(S;Diﬂ +bE[(;Disﬂ +(0+bL)E[(Si§§Di)T,

where the inequality follows from inequalities (EC.26) to (EC.28). Therefore, inequality (13) holds.
We next prove inequality (14). For any admissible policy 7 € II, one can easily verify that

t+L—1 t+L—1
Tt =T — Y, Dim Y of, V=1, (EC.29)
t+m+L—1 t+m+L—1
Yoo, - Y. D), v>L (EC.30)

1=t 1=t

For any t > 1, it follows from (EC.29) and (EC.30) that

h(@y,pm — Dirr)" +0(Dir — 7 p )"

t+L t+L—1 t+L t+L—1
+ +
iy s us iy
_h(a:tme— g D, — E oi) +b( g D, + E 0] _‘Tt,erL)
1=t i=t i=t i=t
t+L t+L t+L—1

>h(2] =S D) +b(Y Di—af, ) —h > o, (EC.31)
i=t i=t =t

and

T
o=y (@i — Y. D)t (EC.32)

From the definition of C7, we further have

T+m~+L T+m T+m~+L

>, Cr> Z(h(a:LL,m ~Dier)" +b(Diyr =2l ) ) +0 Y o]

T t+L t+L T4+m+L-1
R SR SR A S I
1

t=1

t+L t+L + 9 hL t+m+L—1
{h(‘r;m—i-L_ZD +b ZD mtm+L + m—{—L( tym+L Z Dz)+ )

1=t
(EC.33)

Y
+

t

t

1
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where the first inequality is obtained from dropping the holding and backlogging costs in the first
L periods, the second one follows from inequality (EC.31) and the inequality ZT+m Zt+L_1 or <

t=1 i=t

L ijl"HL*l oF, and the last inequality follows from 6 > hL and inequality (EC.32).

Since x; 5, ., = S for each t > 1, inequality (14) follows directly after applying inequality (EC.33)
to policy 7g. Q.E.D.

Appendix E. Proofs of Lemma 6 and Proposition 4 in Section 6

E.1. Proof of Lemma 6

Since the generic demand D has a finite upper support D, we can define the state space as

X={x=(21,29,...,0p_1):0<2; <29 <...<2,_1 < D}.

Based on the discussion after Lemma 6, it remains to prove that there exist an optimal policy,
denoted by 7*, for our system under the average-cost criterion, and a sequence of discount factors
{a, €(0,1) :n > 1} converging to one such that

f,,(x) = lim 27" (x), VxeX, vt>1,

t,m
n—oo

where for any system state x € X, azfm (x) is the order-up-to level in period ¢ under policy 7* and
xi7"(x) is the order-up-to level under the optimal policy in period ¢ for the system under the
discounted-cost criterion with discount factor «,, € (0,1).

According to Theorem 3.8 in Schél (1993), the above statement is proven once we verify a set
of three conditions (i.e., a general assumption, and conditions (S) and (B) stated in Schél (1993))
for our perishable inventory system. For brevity, we omit their detailed statements. Among the
three conditions, the general assumption and condition (S) can be easily verified, and we omit the
details for brevity. To verify condition (B), we need to prove the following inequality:

sup (J2(x) — inf Ji(X')) <oo, Vx€EZX, (EC.34)

a<l x'ex

where J(x) £ inf, J7(x) and J7(x) denotes the expected total discounted cost under an admissible
policy 7 with the initial state x and discount factor « € (0,1).

We now prove inequality (EC.34). For an initial state x’ € X, let x%*(x’) be the system state
in period m under the optimal policy for the system under the discounted-cost criterion with
discount factor « € (0,1). From Theorem 1 in Nandakumar and Morton (1993), there exists a
simple, compact positive ordering region (P.O.R.) of the system state x including x = 0 such that

it is optimal not to order outside the P.O.R. and once the system enters the P.O.R., it can never
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leave it. Since the product has a fixed lifetime of m periods, x%*(x’) must be in the P.O.R. under

any demand sample path regardless of the initial state x’. Then, we have
Jo(x') = o™ E[J; (x;) (x)] = ™75 (0), (EC.35)

where the first inequality follows from the definition of J*(-), and the second one holds since J(x)
is increasing in x in the P.O.R. by Theorem 1 in Nandakumar and Morton (1993).

For any initial state x € X', we define a feasible policy 7 as follows: it does not place any order
in the first m — 1 periods, and then orders optimally under the discounted-cost criterion with the

discount factor a € (0,1) from period m onwards. Then, we have

Ji(x) — inf JH(x') < J7(x) — @™ L T(0)

<(m—1)-((h+0)x,,_1 +pE[D]),

where the first inequality follows from the definition of J*(-) and (EC.35), and the second inequality
follows from the definition of policy m and the fact that the inventory levels in the first m — 1
periods under policy 7 do not exceed x,, 1, and a < 1. Since J*(x) — infyer J*(x') is uniformly

bounded for all a € (0,1), inequality (EC.34) holds. Q.E.D.

E.2. Proof of Proposition 4
Note that equation (EC.29) and inequality (EC.30) in the proof of Lemma 5 hold for any admissible
policy 7 under any issuance policy. Then, it follows that inequality (EC.33) holds for any admissible

policy 7 under any issuance policy. From the definition of CT in (2), we have

T+m~+L

> E[Cf]>

t=1

t+L t+L t+m+L—1
0—hL

]~

~
Il

1

TC"(SY), (EC.36)

1=t i=t

Y

where the first inequality follows from inequality (EC.33), the independence between =7, ., and
(Dyy...,Dyyrr—1) for each period ¢ and the conditional Jensen’s inequality, and the second
inequality follows from the definition of 5’3() and S%. Then, it follows from the definition of C™
and inequality (EC.36) that

1 T+m~+L " "
T _1; T > L L .
C llqr{fip TrmiL ;_1 E[CT] > C™(S")

Since the above inequality holds for any admissible policy 7 € Il and under any issuance policy, we

obtain OPT* > CL(S%) for any L > 1 under any issuance policy. Q.E.D.

{(ELT s = YD) +b(Y D= Elafy]) 4o (Bl = Y D)}
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Appendix F. Asymptotic Convergence Rate in Large Penalty Costs

In this appendix, we characterize the convergence rate for the optimality gap of policy 7z in the
classic system with large unit penalty cost p under four classes of demands. The results are presented
in the following proposition, in which for non-negative functions f(x) and g(x), the notation f(z) =
O(g(x)) means that limsup, ., f(x)/g(x) < co. These results show that the asymptotic rate at
which the optimality gap of policy w5 converges to zero in the unit penalty cost depends on the
specific demand distribution and differs for different demand distributions. Similar results can be

established for other classes of continuous demand distributions.

ProrosiTioN EC.1. Suppose that demand D is a continuous random variable with probability
density function f(-). Then, the following results hold:

(a) If D follows a Weibull distribution with shape parameter B > 0, then CJ'"9(S,) —

1

OPTHFO — O (p™ w7 - (logp) ¥ Y);

(b) If D follows a fat-tailed distribution with parameter o> 1, then C’FIFO(S ) — OPTFIFO
O(p~=%));

(c) If D is bounded and f(D) >0, then C’FIFO(S ) — OPTFIFO O(p™);

(d) If D follows a triangular distribution, then CFIFO(S ) —OPT""0 = O(p~2).

Proof of Proposition EC.1. The proofs of parts (a)-(b) are based on inequality (25) and the
proofs of parts (c)-(d) are based on inequality (26). For convenience, let F(x) 21— F(z) for a
c.d.f. F(-).

Proof of part (a). Since S, > S, and from inequality (25), it suffices to prove

1 _ 1 1_
E[(D=—8,)"| ~p 77 (logp)* ", (EC.37)

where the notation f(p) ~ g(p) represents the limit lim, ., f(p)/g(p) exists and is positive. Since
both E[(D — iﬁp)ﬂ and p_# (logp)%_1 converge to zero as p — 00, by applying L’Hospital’s rule,

we obtain
i EO=58)7 L8, F(LS,)
J 1 1 9
P p B (logp) Pt PP p 0 Hlogp) P (s — (5 — 1)(logp) )

where 5;, denotes the derivative of S, with respect to p. Therefore, it suffices to derive the order
of §) and F(+5).

One can verify that S, =« ( log( 2tk

1 _
e )) ? under a Weibull distribution for F'(-) with scale parameter

a (>0) and shape parameter § (> 0). By taking the derivative with respect to p, we obtain

S;’:ﬁ(po—ékh)(lo (Zil;))

-1

u\»—‘

1_
~p~*(logp)? .
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~ Nl’

which implies (EC.37).
Proof of part (b). Since §p > S, and from inequality (25), it suffices to prove

1 + 1
E[(D-—8,) |~p 0% (EC.38)
m
Since both IE[(D - iﬁp)ﬂ and p~(1—a) converge to zero as p — oo, by applying L’Hospital’s rule,
we obtain
E[(D-+8)* LS F(ES
lim I mfp) ) = lim =2 ~m—P (m*pf .
p—0o p*(lfa) p—>00 (1 _ é p*(Q*a)

Hence again, we only need to derive the order of S’ and F( S,)-

1
By definition, the tail function of a fat-tailed distribution satisfies F'(z) ~ 2~ for some o > 1.
_ —a . . . 1 ’ PR
Therefore, F'(S,) = (h+0)/(p+h)~S,“, which implies that S, ~ pa. From L'Hospital’s rule, we
obtain S ~pa~t. In addition, F(LS,)~(£5,)"*~(S8,)"*~p~. Therefore,

m=—~Pp

SyF(3S,) pelp!

1
m

~ 1
1 (o1 ’
p_(z_a) P (2 a)

which implies (EC.38).

Proof of part (c). From inequality (26), it suffices to prove that D — S ~p~'. Since F(S,) =
(p—0)/(p+h), by taking the derivative with respect to p on both sides, we obtain S’ - f(S,) = (pffhe)Q .
Since f(D) >0, we have

D-S, 8, (h+0) h+0

— = lim — = lim — 5 =—

p=oop~2  pooop~3(p+h)2f(S,)  f(D)
which implies that D — S ~p~*.

Proof of part (d). From inequality (26), it suffices to prove that D — .S ~p~2. Let [D, D] be the

lim
p—00 p

€ (0,00),

support of the triangular distribution and a be the mode. Then, the tail distribution function F(-)
on [D, D] is given by

(D—=z) a<z<

g - 5 DS sa
F(.%') = = 2 -
(D-D)(D-a)’

When p is sufficiently large, (h+0)/(p+h) is very close to zero and therefore, S, satisfies

_ (D-8,>  h+0
H&) =5 D=0~ pri

Nl=

Therefore, D — S,~p 2. Q.E.D.
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Appendix G. A Class of Asymptotically Optimal Base-Stock Policies

In this appendix, we consider a class of base-stock policies for the classic system under the FIFO
issuance policy, denoted as {mgz.5 : > 0,5 >0}, and extend some of our results established for
base-stock policy 7z in §3 to this class of policies. For any o > 0 and 38 > 0, we first define the

approximate cost function C*#(S) as
C*P(S) 2 hE[(S — D)*] + pE[(D — 8)*] + 0UL*?(S), VS >0, (EC.39)

where
m + S +
vL($)2 2E|(s- 3" D) E|(Z-D) |
)2 e |(s-30) | +oe (7
That is, we construct the approximate cost function C*#(S) by approximating the term E[O ()]

by a non-negative linear combination of its lower bound LE[(S — > D;)*] and its upper bound

E[(£ — D)*] (see Lemma 2). Then, we define $*# as the minimizer of function C*#(S), i.e.,

m

5%F = inf arg min C*#(9).
50

Similar to inequality (5), one can easily verify that

F_l(p+h+2;(a+6)) <5< F_1<1%) (eA0

The following proposition extends Theorem 1 to 4 to the class of base-stock policies {7ga,s: v >

0,8 >0} under certain conditions.

ProrositioN EC.2.  (a) When B =0, the optimality gap of policy mga0 converges to zero
exponentially fast in the lifetime m;

(b) Under the assumption of Theorem 2, the optimality gap of policy Tga.s converges to zero
exponentially fast in the demand population size n;

(¢) When a+ =1 or demand D is bounded, limp_,oo(C’p(ggvﬁ) —OPT,) =0;

(d) When a+ >0, limg_,(Cs(S57) — OPTy) =0.

Part (a) shows that Theorem 1 holds for policy mg.,s when § =0. When 5 > 0, it remains
unknown whether the optimality gap of m5.,s converges to zero exponentially fast in the lifetime
m. Part (b) extends Theorem 2 to policy 7ga,s with arbitrary a >0 and 5 > 0. Part (c) reveals
two cases under which 7z, s is asymptotically optimal with large p. When a+ 8 =1, the difference
between UL™"(S) and LE[(S — 3%, D;)*] converges to zero when S — oo. Therefore, these two
approximations of E[O.(S)] are roughly the same when p is large. On the other hand, when D
is bounded, both S and S8 converge to D. Thus, in both cases, mzas is asymptotically optimal

with large p. Part (d) can be explained as follows. When either a or § is positive, base-stock
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level 58 converges to S.. and the long-run average outdating costs under policy Geb converges
to zero as ¢ — oo. Thus, from the discussion in §3.3, mza,s is asymptotically optimal with large
unit outdating costs. Note that when o = 5 =0, mgnp is asymptotically optimal with large unit
outdating costs only when SN¥ <mD. This is because SV is independent of §, and when SV* >
mD, by Lemma 2(b), the long-run average outdating cost under mgyp is positive and increases
linearly in 6. Thus, mgnyp is not asymptotically optimal with large 6 when SN >mD.

Similar to Proposition EC.1, we can also characterize the convergence rate of the optimality gap
for base-stock policy 7ga,s as p increases, and prove that 75,5 satisfies Proposition EC.1 (a)-(b)
when a+ =1 and Proposition EC.1 (c)-(d), established for 5. The details are omitted.

Proof of Proposition EC.2. First, we prove parts (a) and (b). Similar to the proofs of Theorems

1 and 2, if we can establish the following upper bound on the optimality gap of policy 7ga.s:

C(5°%) — OPT < e(mn_l E [(§a’ﬁ - i}pi” — BE [(;ﬁaﬁ - D)+]

+O;1E[<§—;Di>+] +BE[(§L§—D>+]>, (EC.41)

then the results in Proposition EC.2 can be proven easily using the similar arguments in the proofs

of Theorems 1 and 2.

Now, we show inequality (EC.41). From Proposition 2 and the optimality of go‘ﬁ, we obtain
C(58%) — OPT < C(S*?) — CP(8) + C*F(S) — C(S). (EC.42)
From Lemma 2(a), and the definitions of C(-), C*#(-) and UL*?(-), we have

C(ga”@) _ éa”@(ga,ﬁ) <WE [(gaaﬂ — ZD1)+] — HULa’ﬁ(ga”ﬁ)
i=1

—o(1-2)E[(5 - i:Di)+] = 951@[(%25 -D) T . (EC.43)

G*(8) - 0(8) = 0% TB[(5 -3 D)"] +ose](2 - )] (EC.44)

Combining (EC.42)-(EC.44), we obtain inequality (EC.41).

Then, we prove part (c). First, we consider the case with o+ =1 and unbounded demand. Fol-
lowing the proof of inequality (EC.41) while replacing the use of the upper bound from Lemma 2(a)
with that from Lemma 2(a) in inequality (EC.43), we can obtain the following inequality:

C,(827) — OPT, < 0E [(gff -D) T —QUL™P(S2%) + 0U L™ (8,) — %E [(5,- Zm: p.)*|.
i=1
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Then, by the definition of UL*#(-) and since 3=1—« and 2+ =z + (—x)" for any z € R, after

some simple algebra we obtain that

Cp(gff’ﬁ) — OPT, <ab (E[(D _ §f"‘2’5)+] o ;E[(iDl - gs’ﬁ)q)

ca-an(e(p-2)]-Te[(X0-5)T) e

When the demand D is unbounded, one can easily verify that lim,_, §§’B =lim,_, §p =00, and
thus, the RHS of inequality (EC.45) converges to zero as p — oco. Therefore, limpﬁoo(Cp(gg’ﬁ) -
OPT,) =0 when v+ =1 and demand D is unbounded.

Next, we consider the case with bounded demand (i.e., D < 0o). In this case, we prove the

following inequality:
C(8%%) —OPT < (h+0)(D — S) + (h+0(a + B8))(D — 5. (EC.46)

Together with lim,_,o S, = lim, §S,ﬂ = D, this directly leads to 1imp%oc(0(§;"5) —OPT,) =0.
The proof of inequality (EC.46) is analogous to that of inequality (26) for base-stock policy 7g.
The following are the differences. First, since $*# > F ‘%WM) from (EC.40), the inequality
pE[(D —S)*] < (h+6)(D - S) should be modified to pE[(D — S*#)*] < (h+6(a+ B))(D — S*#).
Based on the above inequality, 5*# < D, and the fact that E[O(S)] increases in S (which can be
easily proven from the recursion (19)), inequality (EC.14) should be modified accordingly to

C(5%7) < h(D —E[D]) + 6E[O (D)] + (h+8(a + B)) (D — S9).

Combining this inequality with the inequality in Proposition 3 and since E[O..(S5)] — S is decreasing
in S, we obtain inequality (EC.46). The proof of part (c) is complete.

Finally, we prove part (d). Suppose o + 8 > 0. By applying similar arguments to those in the
proof of Theorem 4, we can easily show that limg_,., OU L*# (S;;l #Y=0 and

lim hE[(S"" — D)*] 4+ pE[(D — §5°)*]= min {hE[(S— D)*]+pE[(D —5)*]}.  (EC.47)

0500 0<S<mD

Since E[O«(S)] < E[(S — >", D;)*] by Lemma 2(a) and E[O(S)] < E[(S/m — D)*] by
Lemma 2(b), it follows from limy_,.. U L*#(S5%) = 0 that limg_,. OE[Os (S5)] = 0. Therefore,

lim (Co(S57) — OPT,) = lim OE[Ou (S2)] =0,
—00 —00

where the first equality follows from Lemma 1, (EC.47), and the proof of Theorem 4. Q.E.D.
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Appendix H. Figures in Section 7
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Figure EC.1 Performances of base-stock policies in the lost-sales system under FIFO issuance policy and different
unit penalty costs p € {8, 20,40, 60,80, 90, 100,120,150}, or correspondingly, under different service
levels p/(p+ fz) x 100% € {88.89%,95.24%, 97.56%, 98.36%), 98.77%, 98.90%, 99.01%, 99.17%, 99.34%}

n =1, p =8, Poisson demand n =1, p =28, geometric demand
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Figure EC.2 Performances of base-stock policies in the lost-sales system under LIFO issuance policy and different

unit outdating costs e {3,6,8,20,50,75,100,125, 150, 175, 200, 225, 250, 275, 300, 325, 350, 375,400}
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