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Appendix A: Proofs

Let ||-|]| denote any norm in R?. Due to the equivalence of norms in R¢, the particular choice does not matter.

Proof of Theorem 1. Recall the definition of the R%-valued y, in Section 3.1. In this proof we exploit that
under HY?*® the sequence {y,} is a bounded, d-dependent random vector. It is easy to verify that there is no
autocorrelation in {y,}. Thus, the strong invariance principle in Lemma 4.1 of Horvath et al. (1999) holds

for y,. Noting that D,, := Cov(y;) = I4xq is the (d x d)-identity matrix, the aforementioned lemma implies
k
Z Yy — W(k)|| = o(k*?7) almost surely (a.s.)
i=1

for 0 <k <1/[24(2+d)] and W (-) a standard Brownian motion in R%. This in turn implies

1 k
sup —— s — WI(K)|| =0p(1
a7 S~ W) =061
for v =1/(1/2 — k) > 2. Recalling the notation g, , =1/(n—1+1)> " y,, we rewrite this as

Yoo =W(k)/k+Op(k/"7) (EC.1)

uniformly in k£ € N. We use (EC.1) to prove Theorem 1. Write

L SupL JVaRM(k) w(k/ Lmﬂ) = o SFP( N XTI T w((k —|—m)/LmTJ).
From (EC.1),

Yit1,htm = (1 + k‘/m) Yiktm — (k/m)ymc

1 Op((kﬁ-m)l/y)ﬁ-Op(kl/V)'

= — [W(k+m) - W(k)] + — (EC.2)

Using the scaling property of Brownian motion, this implies uniformly in k € {0,..., [m(r —1)]}

i Wl +$>m W), ( <k+}n>/ )

[W (1 +k/m) — W (k/m)] +op(1).

19

We then obtain

VaRM(k) ~w(k/[m7]) = mg;c+1,k+myk+1,k+m w((k + m)/LmTJ)
= [W (1 k/m) = W (k/m)]" [W (14 k/m) = W (k)] - w((k +m)/ [m7]) +op (1)

uniformly in k € {0,..., [m(7 —1)|}. By the modulus of continuity of Brownian motion (cf. Horvéth et al.

2006),

sup [W(l +k/m)— W(kj/m)]l [W(l +k/m)— W(k/m)] ~w((k+m)/|mt])

k=0,...,|m(7—1)]
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B o [(W(i+) =W ()] [W(l+1) = W(H)] - w((t+1)/7)

2 sup Z (W;(1+t) — T/Vi(tﬂ2 ~w((t+1)/7),
te[0,7—1] =1
where W;(:), i =1,...,d, are mutually independent standard Brownian motions in R. The conclusion
follows. O
Proof of (7). Under Hy*®, S°F I, Z X with X ~ Bin(k,«), where Bin(k,a) denotes the binomial

distribution with parameters k € N and a € (0,1). Thus,
pe (k) =E|X — kal

k
=Y li—ka|P{X =i}
=0

k
= Z li — ka| (k> a'(1—a),
i
i=0

as desired. O
Proof of (8). Define S(k,m):=3"", I, , and S:=S5(1,k). Put I, := I, , for short. Use the law of iterated
expectation to write

S+1

fiia(k) =E 1/P{S}Z(ti—ti,1)2

S+1

=EQE [1/P{S}> (t:i—t:i1)* | S

i=1

P{S=s Ak 5
ZP%S—{ Z(ti—ti,l) S=s

k s+1
=Y D E[ti—ti1)’ | S=s]. (EC.3)
s=0 i=1
Note that for fixed k and s, t; —t;_1 can only assume the values 1,...,k — s+ 1. We first consider the
differences t; — t;_1, which only involve the ¢1,...,t,; and treat the differences involving the boundary values
to and t,y later. For d=1,...,k —s+1 we have for any i =2,...,s,

:P{ti_tiflzd, tz,le{l—l,,k—s—d+l}|5’=8}

k—s—d+1
= Y P{ti—tii=d, tiy=m|S=s}

m=i—1

k—s—d+i
= Z P{t;=d+m, t,_1=m, S=s}/P{S=s}

m=i—1

k—s—d+1
= Z P{SA,m—-1)=i—2, I, =1,141=0,.... Lotm1=0,Is4n =1,
m=i—1

S(d+m+1,k) =s—i}/P{S=s}.
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Use that under Hy*®, S(k,m) ~Bin(m — k + 1, ), to derive that

P{ti—ti,1 :d‘ S:S}
k—s—d4i [(m—l)ai—Q(l _ a)m—l—(i—Q)i| 04(1 _ a)d_la |:(k—(ci+m))as—1(1 _ a)k—(d+m)—(s—i)i|

Z i—2 s—1

(’;)oﬁ(l _ a)kfs

m=i—1
k—s—d+i (m—1\ (k—(d+m)
— Z W (EC.4)
m=i—1 (s)

Use the fact that (:) = (nfk) and the Rothe-Hagen identity

- a a+bk\ (c— bk a+c
Za+bk( k )(n—k:)_( n) (a,5,c€C)

k=0

to derive that

) ey

m=i—1 m=0

_’“‘Si“ i—24+m\ (k—d+1—i—m
- n k—d+1—s—n

m=0

_Hi“ i—1 (i—1+m\ (k—d+1—i—m
- i—1l+m m k—d+1—s—m

m=0

k—d
k—d+1-s
k—d
s—1)°
Plugging this into (EC.4), we obtain

P{t—t —=d|S=s}= (’;_‘f)/(i)

For i € {1,541} we can also show that

P{t,—t;_1=d|S=s}= (’Z:f)/@)

We do so for i =S5+ 1, the case i =1 can be dealt with similarly. For d=1,... ,k—s+1,

P{ts41 —ts=d|S=s}=P{k+1—-t,=d|S=s}

=P{t;=k+1-d|S=s}

=P{t,=k+1—-d,S=s}/P{S=s}

—P{l,=0,1 1=0,....Jx aro=0,Ix a1 =1,8=5}/P{S=s)

—P{I, =0, 1=0,.... T qro =0,y g1 =1,S(L,k—d)=s—1}/P{S = s}

=P{I, =0} P{L,_1 =0} ... - P{Ly_uro =0} P{Iy_ysr =1} P{S(1,k—d) =s— 1}/ P{S = s}

(1 _ a)dflal (’::f)oﬁ“ﬂ _ a)kfdf(sfl)

Dar@—a)y—

-(L=00C):
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Thus, for any i=1,...,s+1,
k—s+1
E[(ti—t,1)* | S=s]= Z PP{t;—t,_1=d|S=s}
k— s+1 k d)

-3 el

_(E+1)(2k—s+2)
(s 1)(s+2)

Plugging this into (EC.3) gives,

~ (k+1)(2k —s+2)

; ) DG+
(k+1){2(k+2)[w(k+3)— (1) —1]— (k+1)}.

Mud

This concludes the proof. [

Appendix B: Limit Theory under Estimation Risk

As argued in Section 5 of the main paper, we view a test of (11) as more relevant from a practical perspective,
because it directly focuses on the quality of the VaR forecasts themselves. It may however still be of interest
to know whether the model that produced the VaR forecasts could plausibly be the ‘true model’, such that
tests of (12) are required. Likewise, for ES forecasts, instead of HES, one may want to be able to test

Ean

H, () is iid. with H, . (6) Lveay, U~U[D,1], (EC.5)

where H, ,(0) =1/a(a—U,(0))Iv,6)<a} and 0 denotes the true parameter vector from the parameter space
©. Here, U, =U,(0) = F,(Y;) = F;(Y;;Q,_1,0) with the dependence of the conditional distribution function
on the model parameters and the information set now made explicit. In the sequel, 0 denotes a generic
parameter vector from the parameter space ©. In this section, we derive monitoring procedures for (EC.5)
assuming a fixed-window estimation scheme. For brevity, we do so only for the detector ESY(k), but the
arguments here could also be used for ESY (k) and ES®(k) as well as other estimation schemes.

To do so, we impose the following conditions, where we set ¢(U,) =1/a(a—U,)Iv,<a}, ¢, = Elp(U,)] and
v, = Var(¢(U,)) as shorthand notation.

AssumPTION EC.1. The conditional distribution of Y; given Q, 1 is given by F,(-) = F,(-;Q,-1,0) =
P{Y; < |91}, where Q1 =0(Y;_1,Y: o,...; X, 1, X, 2,...) with X, denoting additional exogenous vari-

ables.

AssumpTiON EC.2. {(Yt,Xt)'} 18 strictly stationary and ergodic.

teZ

AssumpTION EC.3. The estimator §E is \/E-consistent for @, where @ is in the interior of the parameter

space @. Moreover, §E satisfies the following asymptotic (Bahadur) expansion,

\/E(é\E— \/» Z lt+0P

t=—E+1

where I, is such that E[l; | Q,_1] =0 and E[l,l}] exists and is positive definite.
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AssumpTION EC.4. The effect of information truncation satisfies
Ts)

sup

—= > e (P 0u1,0) — o (F(¥is2-1,0)) | = 0 (1),
L > [P0 0,0) - (R 910)

where ﬁt,l denotes the truncated time-(t — 1) information set available to the forecaster (e.g., (Alt,l =

o(Yiet,. ., Yopy; X1y, Xpya)).

AssumpTION EC.5. The conditional distribution function FUV(x;0) =P{U,(0) <z |Q,_1} is continuously

differentiable in 6 and x € [0,1] almost surely. Moreover, Var ((p(Ut(H))) < 00,

FU .
E sup w <C’
6c@,2¢[0,1] Oz
1 Ul )
E / sup OF, (2:6) do(z)| < C.
0 6co 00

While (EC.5) is based on U,(6), only the fjt = Ft(Yt;ﬁt,l,gE) are available to test it. In this section, we

deal with both the estimation risk induced by éE and the information truncation by ﬁt—l- To do so, define

1 T
Rej(z,y) = T Z [I{Unﬁx} - 3«"} [I{Ut,jgy} _y:|7
t=1
. 1 E
Ry j(z,y) = T Z [I{ﬁtsm - f”} [I{ﬁw <y} y} :

1

t
AssuMPTION EC.6. For T/E — A€ (0,00) as E— o0 and T — o0, it holds that

ﬁ[ELTsJ,j(%y) - RLTSJ,j(:E,y)} - \FA\/E@E - 9)'Ej($7y)’ =op(1),

sup
z€([0,1],y€[0,1],5€[0,1]

U x
where E;(x,y) =E { aFtafg 9) [I{Ut_jgy} — y] }

Assumptions EC.1-EC.5 are almost identical to Assumptions A0-A4 in Du and Escanciano (2017). We
also refer to that paper for some discussion of these conditions. Assumption EC.6 is a high-level assumption
that we impose here for convenience. Du and Escanciano (2017, Lemma A1) show that, for fixed s =1,
Assumption EC.6 already follows from Assumptions EC.1-EC.5. To do so, they build on Du (2016), who in
turn heavily draws on Delgado and Escanciano (2007). Thus, it is likely that Assumption EC.6 is actually
implied by Assumptions EC.1-EC.5. However, proving this is beyond the scope of the present paper, as
it requires extending the weak convergence results of Delgado and Escanciano (2007) and Du (2016) to a
functional setting with the additional parameter s € [0, 1].

Let v, = Cov (¢(U,), ¢(U;—;)) and p; =~; /70 denote the lag-j autocovariance and autocorrelation, respec-

tively. The infeasible estimators based on the {U,} are

1

T
V15 = Z (@(Ut) - Cw) (ga(Ut_]-) - c«p) and  pr.; =71/,
t=1

=l

with feasible counterparts

SO RPN - L
i =7 > (o) —co) (e(Uiy) —¢,) and  pr;=Fr;/v,.

t=1
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THEOREM EC.1. Suppose Assumptions EC.1-EC.6 hold. Then, we have for T = |m7]| with 7> 1,

sup  ESY(k) = sup [W(S)/\/E+Z],[W(S)/\/§+Z],

k=m,..., |m7] (m—00) se(l/7,1]
where {W (s)} is a standard R¢-dimensional Brownian motion, independent of the multivariate Gaussian Z

with E[Z] =0 and Var(Z) = ¥ = (0,; = AR, E[ll}]R;) j=1,....a, where

.....

1
R=——F

Uy

() -c) [ de(z)l, j=1d

0

Estimation effects appear in the limiting distribution of sup,_,, | ES (k) through the Gaussian ran-
dom variable Z. However, for a sufficiently large estimation period such that A | 0, Z vanishes and, hence,
estimation effects vanish. This implies that even tests of HES, which do not factor out estimation effects,
will not reject ES forecasts from the true model when the estimation period is sufficiently long compared to
the evaluation period.

To compute critical values based on Theorem EC.1, we require consistent estimates of o,;. Since we may

only use data from the estimation period, we slightly adapt the estimators proposed by Du and Escanciano

(2017) to our setting. Specifically, we suggest to use

T ~ ~
Here,
1 =
WE = E Z ltlia
t=—E+1
0 ~ ~
= 1 1 ay [ OFY(z;0g)
Rf‘aam—apgﬁ 2 @ﬂa_i)/‘ 26 97|
t=—E+1 0

where 1, is a consistent estimator of I, from Assumption EC.3 such that Wy = E[,l] + op(1). We refer to
Section 4 and Appendix B of Du and Escanciano (2017) for specific estimators lAt and ﬁtU (z; 0 =) in location—
scale models.

With the above estimators, one can approximate Z in Theorem EC.1 by generating a zero-mean Gaussian
W (.) is likewise easy to simulate. Thus, critical values for a test of (EC.5) can easily be computed from
Theorem EC.1 via simulations.

Finally, we note that, while Theorem EC.1 is reasonably general, Assumption EC.1 that the Y, are modeled
parametrically via F,(-;€;_1,0) may be binding. For instance, the CAViaR model of Engle and Manganelli
(2004) or the model of Patton et al. (2019) directly focus on VaR (respectively, (VaR, ES)), without any
attempt to model the Y, themselves.

Proof of Theorem EC.1. The outline of the proof is similar to that of Theorem A2 in Du and Escanciano
(2017). First, we consider the case of no information truncation, where ﬁt,l =, ;. Use integration by parts

(e.g., Shiryaev 1996, Theorem 11) to obtain that

/0 1 /O 1RT,j(:Jay)(ﬂh@(ﬂf)ckp(y)
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/0 (Lo, <a) *w)dsﬁ(ﬂf)'/o (Itv,_; <y —y)de(y)

I
Nl =
(7~

-
Il
-

|
Nl =
(]

[o(1) = p(U,) — / 2dp(@)] - [p(1) — p(Us_y) — / ydo(y)]

o
Il
_

[
Nl=
(]~

[_ o(U;) + Ccp] ) [_ o(Up—;) + Cw}

t=1

)

T+

Thus, from Assumption EC.6 and the continuous mapping theorem (Davidson 1994, Theorem 26.13), it
follows that

VT34 = VT s 5+ VAVE(6 — 0) / / E,(z,y)dp(z)dg(y) + op(1)

uniformly in s € [0,1]. As in the proof of Theorem A2 in Du and Escanciano (2017), we have

[ [ Bwnie@ast =,
Hence, uniformly in s € [0, 1],
VT (i) s = Wirs1.5) = VAVE(85 — 6) v, R; + 0p(1).
Using also Assumption EC.3, this implies

\/TﬁLTsj N \/TPLTSJ,j + \/X\/E(aE — 0),Rj -+ OP(].)
0

1
:\/TPLTSJJ"FR/-\/X* Z lt+0p(1)
! \/Et:—E—i-l

uniformly in s € [0,1]. Then,

ol fon ! ! ’ ]‘ 2
VE@Bras- - pra) =VE(pras- o pea) + (R R)VA—= > L+op(1). (EC.6)
VE t=—E+1

By independence of the out-of-sample U, in \/E(pk’l, .evyPr.q) from the in-sample ﬁ ZngE_H l,, the dis-
tributional limits of the two right hand-side terms in (EC.6) are independent.
We consider the first two summands on the right-hand side of (EC.6) separately. By a central limit theorem

for martingale differences, it follows that

0

1 D
(Ri,.. . R)VA—= Y L= (Z,....2Z) = Z, (EC.7)
\/Etsz-&-l

where Z is multivariate Gaussian with E[Z] =0 and Var(Z) = X = (0,; = AR, E[Ll}]R;): j=1.... a-
For the first summand in (EC.6), we replace y; with h; in the proof of Theorem 1 to obtain in analogy to
(EC.1) that
(Prtse s pra) =Ry =W () /k+Op (k")

for v > 2 and a standard R?-dimensional Brownian motion W (-). Hence,

VEk s pra) = \\/fzv‘\f/(fk) + Op (K112
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VT
= LW/ +op(1). (EC.8)

Use (EC.6)—(EC.8) and the modulus of continuity of Brownian motion to get that
sup ESC(]C) = sup k(b\k,lw"7ﬁk,d)(ﬁk,l7”'7ﬁk,d),

L5 sup | [W(S)/\/g-l-Z]/[W(S)/\/g-i-Z],

(m—o0) se(l/7,1
where {W(s)} and Z are independent.
Now, consider the case of information truncation. To that end, define [~]t = Ft(Yt;Qt,l,aE) and yr; =

i, (cp(ﬁt) —c,) (go(a,j) —¢,). Consider the decomposition
VE@ks =) = VEGrs = Frs) + VEGr = e.s)-

We show for the first term on the right hand-side that v/k(Jx; —7x.;) = op(1) uniformly in k € {m, ..., |m7]}.
It holds uniformly in s € [1/7,1] that

VITs]A1rs).5 = Virs) .4l

[T
,ﬁL TJ ffz\ o(0) - e [e(Tiy) — ¢,

- [@(Ut) - cw} [‘P(Utﬂ') - cw]
s

12 \FZ‘ Ut)” (Utfj)—%]

|Ts) B

gg VT Z‘ — o] [0(0) = 0(0)]]

|Ts]
Z {1000 = (@] +](0.-) ~ o0}

| /\

= Op(l)7

where we have used the boundedness of |cp(l'_7t) —¢,| and lo(U,) — ¢,| in the second to last step, and Assump-

ey VR = Fr5)| = 0p (1)

Finally, the arguments that were used for \/E(‘y\kj — ;) in the case of no information truncation, apply

tion EC.4 in the final step. Hence, we have established that sup,cy,,
verbatim for vk(Jx; — k). This completes the proof. [J

As in the context of VaR forecasts (see Remark 6), we stress that asymptotics as in Theorem EC.1 are
a poor guide in finite samples because the sample size T is often too short relative to «. It may therefore
be quite appealing to resort to bootstrap implementations of the monitoring procedures. Any bootstrap
scheme would however have to replicate the limiting distribution from Theorem EC.1 under both the null
and the alternative. Moreover, it would have to do so in what is essentially a forward-looking setup, which
complicates the implementation. Concretely, the critical values are already needed from the time ¢t =1 of
the monitoring period onward. Therefore, the sampling behavior of the ES forecasts based on estimated
parameters needs to be replicated correctly for the whole monitoring period, already at its beginning. Under

Assumption EC.2 (strict stationarity of the data generating process), this is feasible, since the distribution
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properties of (Y;, X;) may be extrapolated to the monitoring period. But, without strict stationarity or exact
knowledge of the data generating process for the entire monitoring period, there is no resampling method
that may resample data not yet observed.

For fixed-window estimation, one may for instance use the following bootstrap scheme:

1. Using a suitable bootstrap scheme,!! generate bootstrap samples {(Y,;*, X;) }i=_pi1...7-

2. Based on {(Y*, X})'}+=_g+1.....0, compute the corresponding bootstrap version of the relevant parameter
estimators, 6"

3. Compute the resulting sequence of resampled estimated conditional d.f.s, Fy = Fy(-;Qr 4, §*),
and the corresponding probability bootstrapped integral transforms (7; = Fr(Y)), where Qf | =
U((}/t*—let*—l)/? (Y70, Xi ) )

4. Compute the bootstrap cumulative violations H; , = @(ﬁt*), t=1,...,T.

5. Compute the desired bootstrap monitoring statistic using H; ,, t=1,...,T.

6. Use the quantiles of the resulting bootstrap distribution!? for inference.

A rigorous proof of validity is beyond the scope of this appendix. We emphasize again that choosing an
appropriate bootstrap scheme is a key step in the procedure, and that it may be difficult to resample data

for the entire monitoring period without additional assumptions such as strict stationarity.
Appendix C: Additional Simulations With Different Moving Window Sizes

Here, we illustrate the performance of the MOSUM detectors VaR™ (m, k), VaRy cg(m, k), ES™ (m, k) and
ESyios(m, k) for different choices of m. Specifically, we choose m € {25, 50, 100}, where m = 50 was used in
Section 6. We use the same simulation design as in Section 6. Figures EC.1 and EC.2 are then the analogues
of Figures 1 and 2, respectively.

Figure EC.1 shows the results for the VaR detectors. The differences between m = 25 and m = 50 are
relatively small, yet choosing m = 100 leads to worse detection properties. For ES forecasts, the differences
between the three choices of m are smaller, particularly for ES™ (m, k). Overall, a slight preference for m = 50
emerges due to its power (top panel) and its ability to improve risk forecasts (bottom panel). This evidence

justifies our use of m =50 in the simulations.
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Figure EC.1 Top panel: Empirical rejection frequencies of MOSUM VaR monitoring procedures for m = 25,
m =50 and m = 100. Dotted horizontal line indicates nominal level of 5%. Middle panel: ARLs of monitoring
procedures. Bottom panel: Empirical rejection frequencies of backtest of Christoffersen (1998) for non-monitored
(black solid line) and monitored VaR forecasts. Dotted horizontal line indicates nominal level of 5% of the

backtest.

Du Z (2016) Nonparametric bootstrap tests for independence of generalized errors. The Econometrics Journal

19(1):55-83.

Du Z, Escanciano JC (2017) Backtesting expected shortfall: Accounting for tail risk. Management Science
63(4):940-958.

Engle RF, Manganelli S (2004) CAViaR: Conditional autoregressive value at risk by regression quantiles.
Journal of Business & FEconomic Statistics 22(4):367-381.

Horvéth L, Kokoszka P, Steinebach J (1999) Testing for changes in multivariate dependent observations with
an application to temperature changes. Journal of Multivariate Analysis 68(1):96-119.



e-companion to Hoga and Demetrescu: Monitoring VaR and ES Forecasts

ecll

1.0
====::::::::::::::SZEEEEE==== ====== ES"  (m=25)
ESlics (m=25)
2 08 o ST ESY  (m=50)
S ESV s (m=50)
S 06 E5: (m=100)
1S ESp.s (M=100)
%]
c
S 0.4
8]
()
o
X 0.2+
0.0
ES" (m=25)
ESp.s (M=25)
80 ESM (m=50)
ESp.s (M=50)
ESY  (m=100)
, 60 ESp.s (M=100)
4
<
40
20
1.0
ES" (m=25)
] ESp.s (M=25)
B 08 ES"  (m=50)
¥ ESY . (M=50)
8 0.6 ES"  (m=100)
e ESp.s (M=100)
S 0.4 e A T T Lo CCIITTTTIEESEEsssosommme il
o -\ ==---_ @@ OO OO oOoDonmmmT==---C
() -
o
& 02 A
0.0 T T T T T
0 50 100 150 250
b

Figure EC.2 Top panel: Empirical rejection frequencies of MOSUM ES monitoring procedures for m = 25,

m =50 and m = 100. Dotted horizontal line indicates nominal level of 5%. Middle panel: ARLs of monitoring

procedures. Bottom panel: Empirical rejection frequencies of backtest of Christoffersen (1998) for non-monitored

(black solid line) and monitored ES forecasts. Dotted horizontal line indicates nominal level of 5% of the backtest.
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