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Appendix A: Proofs of Results in Section 4

Proof of Lemma 1: Fix an arbitrary limited-term reward policy with parameters (¢,t2,m). First, we
obtain an upper bound on the expected long-run per-period utility of the agent for an arbitrary effort policy
in response to the given reward policy (Lemma A.1). We develop this upper bound for the case where the
output of the agent is a stochastic function of his effort. Thus, the same bound also holds for the special case
where the agent’s output is deterministic, given his effort. Second, for the case where the agent’s output is

deterministic, we identify an effort policy which achieves this bound (Lemma A.2).

LEMMA A.1. Assume that the output of the agent is stochastic — that is, given an input effort A\ e Ry by
the agent in period t, his output is q, = wy - A, where w; is a realization of a random variable W; € R,.. Under
the limited-term reward policy (t1,t2,m), the expected long-run per-period utility of the agent is upper bounded
as follows: (i) If r >m/(t; +ta — 1), then the upper bound is v —c-m/(t; +ta —1). (ii) If r <m/(t; +t2 — 1),
then the upper bound is 0.

Proof of Lemma A.1. Under the limited-term reward policy (¢1,t2,m), for any period ¢ and any effort
policy A € A, we have:
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Thus, the long-run proportion of periods in which the agent is rewarded satisfies:

1
Jim =S B [rT Wik, Wada, o Wi de)]
t=1
1 T 1 t—1
<lm —Y —E > AJ]
T T t=1 m j=t—t1—to+1
< lim ~E |2 > (titta—1)-A
m — —_— —
= e mt:l 1 2 t
Xt to—1 h A= li 1TE)\ Al
=~ (ti+t—1), where '—TEELT; [Ad]. (A1)

Also, note that the long-run proportion of periods in which the agent is rewarded is at most 1. Thus, under
the limited-term reward policy, given an effort policy A, the agent’s expected long-run per-period utility
satisfies:

. A
lim TZE T —c- /\]<v-mln{1,m-(t1+t21)]C~)\.

T — o0

Using this, an upper bound on the agent’s expected long-run per-period utility under the limited-term reward
policy is obtained as:

2 _
max v-min [1, (o(t1+t21)>]c~)\.
2>0 m

Note that any choice of A > -

. . N _ m . . . . .
T8 dominated by A = P Therefore, it is sufficient to consider:

2]

— (t1—|—t2—1 )
max AN ————v—¢c].

0<A< y m
The solution to the above optimization problem is as follows: (i) If r=2> 7 then A= 7= Thus,
the desired upper bound in this case is v —c- ﬁ (i) fr=2< tlT’ then A =0 and the desired
upper bound is 0. This completes our proof of Lemma A.1. O

LEMMA A.2. Assume that the output of the agent is deterministic — that is, given an input effort A, e Ry
by the agent in period t, his output is q; = \;. Under the limited-term reward policy (t1,t2,m), the following
effort policy achieves the upper bound characterized in Lemma A.1 on the agent’s long-run per-period utility:
(i) Ifr >m/(t;+ta—1), then Ay =m fort € {1,1+(t1+ta—1),14+2-(t; +t2—1),...}, and A\, =0 otherwise.
(i) If r <m/(t1 +ta — 1), then A\, =0 for all t € N.

Proof of Lemma A.2. Consider the case r >m/(t; +t2 — 1). Note that, under the limited-term reward

policy, if the agent exerts effort A, =m in any period ¢ and the output is deterministic, then he is rewarded
for periods t 4+ 1,...,t + (t;1 + t2 — 1) due to his output in period ¢. Under the effort policy specified in
Lemma A.2, it is easy to see that the agent is rewarded in every period ¢ > 2, that is, 77 =1 for all ¢ > 2.

Given that 7£7 =0 (see (4)), the long-run proportion of periods in which the agent is rewarded is

lim — E 7T
T—»oo
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Further, the long-run per-period effort exerted by the agent is m/(t; +t2 —1). Then, the long-run per-period
utility of the agent is

T

lim lz [v-mfT—cN]=v—c-m/(t; +t— 1),

T— o0
t=1

achieving the desired upper bound.

Consider the case r <m/(t; +t3 —1). Given m > 0, under the proposed effort policy, the agent is never

rewarded and his long-run per-period utility is 0, again achieving the desired upper bound. This completes

the proof of Lemma A.2. O

Lemmas A.1 and A.2 complete the proof of Lemma 1. |

Appendix B: Proofs of Results in Sections 5 and 6

Remark: For a better understanding, the proof of Theorem 2 is provided later, after the proof of Lemma 7.

Proof of Lemma 3. Consider a limited-term reward policy with parameters ¢t; >, to =1, and m > 0.
Let U(c,v,\) and U(c,v,\') denote the agent’s expected long-run per-period utilities if he follows the effort
policies A(r) and A (r), respectively. We wish to show that U(c,v,\') > U(c,v,\) — ¢ Aq(€',0', 7).

Consider r <m/t;. Since X,(r) =0 for all ¢ (from (7)), we have U(c,v,\") =0. Also, from Lemma A.1,
since U(c,v,\) <0, it must be the case that U(c,v,A\) =0. Thus, U(c,v,\)=U(c,v,A) =0
s Since A(r) =0 for all ¢ (from (7)), we have U(c,v,\') = 0. Further, from
Lemma A.1, U(c,v,\) <v—cm/t;. Thus, we have:

cm cm cm m 1
l/ <pp— — - —l / . _ | —_— =1
(C, v, )\) v t < (1 5/)t1 t (C, v, A ) +c { i |:(1 5/) :| }

Consider m/t; <r <

—  Ulc,u,\) —c- {m [(1_16/)1]}<U(C,’U,)\,),

t
where the term in the curly bracket is strictly positive and converges to 0 as ¢’ — 0.

Consider r > . From Lemma A.1, U(c,v, \) <v—cm/t;. We now obtain a lower bound on the long-

—m__
(1-8")t1

run proportion of periods in which the agent with value-to-cost ratio r is rewarded if he follows the effort

policy X (r). We have:
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= lim T Z P l —2>1- (5’] (since W, is i.i.d. across t)
Tmee kS0 2 b

>1—¢€ (using (6)). (B.1)

Thus, the expected long-run per-period utility of the agent whose value-to-cost ratio is r and follows the

effort policy A'(r) is:

Ule,v,N)=v-7(r XN) —c- X (r)

cm
l—€)— —
> =)= G5,
Ly M _emO
B ty (11—t
>Ule,v,\) —c r€/+m76/ (B.2)
- ) ) (1 _ 5/)t1 ) -
where the term in the square bracket is strictly postive and converges to 0 as ¢ — 0 and ¢’ — 0.
Together, the above three cases complete the proof of Lemma 3. ]
Proof of Lemma 4. Note that r= ﬁ Using (B.2), (9) can be written as:
- _ ’ -~ -~ ’ mdo’
0 < ro[F (s A) =75 N)] = X)X ()] < |ré+ ] (B.3)
(1=t

Further, we have X (r) = —2— (see (7)). Using this, along with 7(r;\') > 1 — € from (B.1), (10) can be

T (18t

simplified as:

A(r) > %-ﬂm)
& [ -X@)] = T Frn) -7 X))+ 7w =X ()
— [/\(r) —X/(r)} > %.[ﬁ(r;)\) — 7 (r N )] + m(ltl_ €) 7 _n;l)tl. B4

Also, since &’ € (0,1), we have r >m/t; and r > ¢ /vy (by assumption; see Section 3).

To obtain a lower bound on @, we solve the following linear program:

min [vo-X(r)—co~ﬁ(r;)\)}—[UO~X/(7’)—00'W(T;X)} st.  (B.3)-(BA).
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The solution of the above linear program is summarized by the two cases below.

Case 1: m/t; < cg/vo. Under the optimal solution of the linear program, the following two constraints are

binding:
md’

rfw () =7 X)) = M) X)) < [“/+(1—<5’)t1

} , and,

[X(T) 7x’(7¢)} > % m(r ) =7 (N + m(lt; & B (1 —n(;’)h .

Solving the binding constraints at equality and performing algebraic simplifications, we have the following

lower bound on Q;:

- - mé’ Cco€’
Q= {vo “A(r) = o - T(r; )\)] - [vo A (1) — o - T(ry )\’)} > —vp - {(1—6’)2?1 + 25} .
Thus, using m = (1 — ¢’)t;r, we have
Q1> —vo- [5’7"4— Co¢ ] : (B.5)
Yo

where the term in the right-hand side is strictly negative and converges to 0 as ¢ — 0 and ¢’ — 0.

Case 2: m/t; > cg/vo. Under the optimal solution of the linear program, the following two constraints are

binding;:

— -~

v [ (s A) — 7 (V)] — [)\(r) Y (r)} >0, and,

X -X()] = %-W(rw—ﬂr;”)]*m(lt: ?- (13%'

Solving the binding constraints at equality and performing algebraic simplifications, we obtain the following

lower bound on Q:
Q= [UO () — o - 7 (r A)} - [UO N (r) = co -7 (r; A')}
> g ™. [Hm/tl—co/%} . [ ! _(1_6/>} .

tl 'r—m/tl 1-4

Thus, using m = (1 — ¢")t;r, we have

@z v 1=y |l [ o). (B.6)

where the term in the right-hand side is strictly negative and converges to 0 as ¢ — 0 and " — 0. The above

two cases complete the proof of Lemma 4. [ |

Proof of Lemma 5. Since r = using (8), we have:

Q2= [vo -X/(r) —co -7 (r; /\/)]

> - co (using 7(r;N') <1 and (7))

_m
11— 0t
=7Vg-"T—Co

>OPT (using (3)),

completing the proof of Lemma 5. |
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Proof of Lemma 6. Using (A.1) and substituting ¢t =1, we obtain the desired result. |

Proof of Theorem 4. Fix an arbitrary ¢’ € (0,1). Consider the limited-term reward policy with parameters
t;1 =t1,ta =1, and m=(1—4")-t; - . By leveraging the proof of Theorem 3, we will first obtain a lower bound
on the principal’s expected long-run per-period utility under this policy. This, in turn, will also establish
the same lower bound on the principal’s objective value under an optimal policy within the class LT(t1,1).
Then, we will establish the desired monotonic and asymptotic results.

Under the given limited-term reward policy, let A(r) be an optimal effort policy for the agent with value-

to-cost ratio r, that is, one that solves (IC). Let X' (r) be the effort policy defined below. For any t € N,

Ny = Tmonn T2 wn
0 otherwise.

Let 7(r; A) (resp., T(r; X)) be the expected long-run proportion of periods in which the agent is rewarded,
and (1) (resp., Xl(r)) be the expected long-run per-period effort exerted by the agent, given that he follows
the effort policy A(r) (resp., N (r)). Then, the principal’s expected long-run per-period utility under the
limited-term reward policy is given as:

[UO () = eo T A)}

- [vo () — co - s A)} — [UO N () — o7 X)} n [UO N () — co T X)] : (B.7)

Q1 Q2

We consider the following cases:

Case 1: m/t; < ¢y/vo. Define € :=min{1,0%/(¢,6"?)}. Using Chebyshev’s inequality, we have:

/ o2 o2 . o2 /
IP’[ SJ]ZmaX{l—W, O}:l_t15’2_mln{1_t1(5’2’ O}:l—e. (B.8)

We note that (B.8) is analogous to (6). Following arguments similar to those in the proof of Theorem 3, and

1

>

=1 1

using (B.5), we have:

Q12> —vg- [5/7"+ fot } =—Q1,.(€,9),

Vo
where we note that Q1 ,(¢’,d") is strictly positive and increasing in €' for any fixed ¢’ € (0,1).

Case 2: m/t; > co/vo. Following arguments similar to those in the proof of Theorem 3, and using (B.6),

we have:

@z w10y || L 6| = @uued),

Clearly, Q1,,(€¢/,0") is strictly positive and increasing in € for any fixed ¢’ € (0,1).

Using the above cases, we obtain a lower bound on @Q; as follows:
Ql Z —mnax {Ql,a(€,7 6/)a Ql,b(ela 5/)} .
We define

€(t1,0;0") :=max{Q1..(€,8),Q1,(¢,0')}, where we recall € =min{1,0?/(t,6"?)}. (B.9)
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Since the above expression is increasing in €, and ¢’ is decreasing in ¢; and increasing in o > 0, we have that
€(ty,0;0") is decreasing in ¢; and increasing in o > 0.
Further, by following similar steps as in the proof of Lemma 5, we also have Q3 > OPT. Thus, from (B.7),

we have:
vo - MR) —co - T(R; \)| > OPT — €(ty,0;68),

establishing the first part of Theorem 4. The second part of Theorem 4, that is, the monotonicity of €(t1, ;")
with respect to ¢; and o, has already been established in (B.9) above.

Since 0’ € (0,1) is arbitrary, to establish the stated asymptotic property of €(t;,0;4’) with respect to 1,
we set &' =1/(1+1,)"4. Since t; > 1, we have §’ € (0,1). Note that, as £; — oo, we have & — 0 and ¢ — 0.
Consequently, Q1 ,(¢/,6') = 0, and Q1 ,(¢',8’) — 0, and therefore, from (B.9), €(;,0;9’) — 0. This establishes
the third part of Theorem 4, completing our proof. |

Remark: The proof of Theorem 5 is provided at the end of this appendix.

Proof of Lemma 7. Consider the score-based reward policy with parameter §. We first obtain an upper
bound on the expected long-run per-period utility of the agent for any arbitrary effort policy A € A
(Lemma B.1). Then, we identify an effort policy which achieves this bound, thus establishing its optimality

(Lemma B.3). To derive the latter result, we also need an intermediate result that we establish in Lemma B.2.

LEMMA B.1. Under the score-based reward policy with parameter 0, the expected long-run per-period utility
of the agent is bounded from above as follows: (i) If r > 1/0, then the upper bound is v—c/6. (ii) If r < 1/0,
then the upper bound is 0.

Proof of Lemma B.1. Using (1), under the score-based reward policy with parameter 6, the agent’s

expected long-run per-period utility is:

T
jllgl;roloiz]E v - WEB_CAt]:UJ%%ZE[WfB]_CX’ Where A 71141;1;072]E

SR =
=v- lim T;E[&—S’Hl—i—GWt}\t] —cA (using (12))

=v- (— lim % + 9)\> —cX\  (using S; =0, independence of W, across ¢t and E[W,] =1 Vt)

T— o0
_ . E[Sr] |+
=—v qll_I)I;oT—‘r)\'(Ue—C) (B.10)
<A-(vh—c),

where the inequality follows from the fact that S, > 0 for all ¢ (see (12)). Further, since 772 <1 for all
t, the agent’s expected long-run per-period utility is also upper bounded by v — c¢A. Combining these two

observations, we have

lim —ZIE v P —c- A <v-min(GX, 1) — .

T—oo T
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Thus, an upper bound on the agent’s expected long-run per-period utility can be obtained by maximizing
v-min(fA, 1) — cX with respect to A. Note that any choice of A > 1/ is dominated by A = 1/6. Therefore, it
is sufficient to consider:

max  A-(vf—c).
0<A<1/6

The solution to the above optimization problem is as follows: (i) If 7 =v/c > 1/, then A =1/6. Thus, the
desired upper bound in this case is v — ¢/6. (i) If r =v/c < 1/6, then A =0 and the desired upper bound is
0. This completes our proof of Lemma B.1. O

LEMMA B.2. Under the score-based reward policy with parameter 0, consider the effort policy A, =1/0 for

all t € N. Then, we have:
lim L[STJFI}

T— o0

=0.
Proof of Lemma B.2. Define a sequence {X,,t € N} as follows:
Xt+1:Xt_min(Xt71)+9Wt)\t, (B.].l)

where X; = 0. We use the notation =7 := max(z,0) for any x € R. Using the identity a + b = min(a,b) +
max(a,b) in (B.11), we have X, = (X, — 1)T +6W,\,. Since W, e R, and A, € R, we have X, >0 for all
t € N. Define another sequence {Y;,t € N} where Y; = (X, —1)*. Then, we have:

}/t-‘rl = (Xt+1 - 1)+ = (}/—t + QWt)\t - 1)+.

The sequence {Y;,t € N} can be viewed as a sequence of the waiting times in a single-server first-come-
first-serve queue. Note that, using the assumption that A, =1/6 for all ¢t and E[W,] =1 for all ¢, we have
E[0W\;]=6-1/6 =1. Then, from Theorem 4 of Loynes (1962), we have:

im 207, (B.12)

T— o0 T

Thus, we have:

lim E[Xr] = lim
T— o0 T T — o0 T
. E[Yr 4+ 0WrAr]
= lim
T—o0 T
L EM . E[0Widd]
=g e e
=0 ((B.12)) =0 (“E[Wr]=1;Ap =1/6)
=0. (B.13)

We now exploit the connection between the sequences {X,;,t € N} and {S,,t € N} to prove Lemma B.2. First,
we show

X, <8 <X,+1 VteN. (B.14)

We use induction to prove (B.14). Since S; = X; =0, (B.14) holds for ¢ = 1. Suppose, for the induction
hypothesis, that (B.14) holds for some ¢ > 1. We consider the following three (exhaustive) cases:
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(i) X, > 1: Then, min(X,, 1) = 1. Further, by the induction hypothesis, 1 < X, < S,. Thus, using (12), 772 = 1.

Thus, we have:
X1 =X —min(X,, 1) + 0W, )\,
<8, —14+0W A\,
=8, — B+ OW, N, =S y1.
Also, since S; < X, + 1 by the induction hypothesis, we have
Sii1 =8, —mE +OW,\,
=5, —14+0W;\,
<(X,+1)—min(X,, 1)+ W\, =X, 1 + 1.

Thus, we have established X, ;1 < S;11 < X;41+ 1 for the case X, > 1.
(ii) S, < 1. Then, using (12), 772 = 0. Further, by the induction hypothesis, X, <5, < 1; thus, min(X,,1) =

X, >0=n8. As a result, we have
Xop1 = X, —min(Xe, 1) + W\,
< S, —TSB L GW, A = Sopr.
Also, we have
Sip1 =8, — 1B 1AW,
<140WA =1+ X, —min(X,,1) + W\,
— 1+ X,

Thus, we have established X;; <S;y; < X;11 +1 for the case S; < 1.
(ili) X, <1<S,. Then, 7P =1 from (12) and min(X;,1) = X,. Since S; > 1=77", we have

X1 =X, —min(X,,1) + W, \,
=W\ <8, — 7B +0W, N\, = S,41.
Also, since S; < X; + 1 (induction hypothesis) and X; < 1, we have S; < 2. Thus,
Sp1 =8, — B +OW,\,
=5, —1+0W, X\
<14+60W A =1+ X, —min(X,,1) + W, )\,

:1+Xt+1'

Thus, from the above three cases, we conclude the induction argument and hence the proof of (B.14).
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Using (B.14), we have:

i EX71] <1 E[S741] < lim - +E[X744]
T—o0 T T—o0 T— o0 T
E
= 0 < lim [S741] <0 (using (B.13))
T— 00 T
— Jim 57 41] =0,
T — o0 T
thus achieving the desired result and completing the proof of Lemma B.2. O

LEMMA B.3. Under the score-based reward policy with parameter 6, the following effort policy achieves the
upper bound characterized in Lemma B.1 on the agent’s expected long-run per-period utility: (1) If r >1/60,
then Ay =1/0 for all t. (i) If r <1/6, then Ay =0 for all t.

Proof of Lemma B.3. Consider the case r > 1/6. Using (B.10), under the score-based reward policy with

parameter 0, the expected long-run per-period utility of the agent when he exerts the effort A, =1/6 in every

period t is:

—v- lim L[STH]
T—o0

+ - (v0—ec)
=X (v—c) (using Lemma B.2)
=v—c/b,

achieving the desired upper bound.

Consider the case r < 1/6. Under the score-based reward policy with parameter 6, the expected long-run

per-period utility of the agent when he exerts the effort A, =0 in every period ¢ is:

T—o0 T

1 T
lim —Z]E [v- 78 —c Ay
t=1
=0. (. Ay =0Vt implies ¢, =w A\, =0, S, =0 and 775 =0 Vi)
The above two cases complete the proof of Lemma B.3. O
Lemmas B.1 and B.3 complete the proof of Lemma 7. |

Proof of Theorem 2. Consider the following instance of problem P: Suppose that, for every t € N, we
have W, =2 with probability 1/2, and W, =0 otherwise. Further, assume that OPTz = vor — ¢ > 0, where
OPT}g is obtained in (3).

From the proof of Theorem 6, we know that, under an optimal score-based reward policy, the principal’s
expected long-run per-period utility equals OPTg. This, together with OPT < OPTy (from (3)), implies
that OPT = OPTpg. Thus, in problem P, the principal’s expected long-run per-period utility under any
limited-term reward policy can be equal to OPT (or equivalently, OPTg) only if that reward policy also
solves the relaxation Pp (defined in Section 3) of P. Therefore, to prove Theorem 2, under the given instance

of problem P, we show that every limited-term reward policy is sub-optimal for problem Pg.
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Consider an arbitrary limited-term reward policy with parameters (¢1,t2,m), where, from Section 4, we
know that #; > 1, t; > 1 and m > 0. Under this reward policy, let A7 (r) be an optimal effort policy for
the agent whose value-to-cost ratio is r. Correspondingly, let -7 (r) and XLT(T) be the expected long-run
proportion of periods in which the agent is rewarded and the expected long-run per-period effort exerted by
the agent, respectively. Define y=7 () = 77T (r) — X~ (r) for all r € R,

We have the following result.

LEMMA B.4. Under the limited-term reward policy with parameters (t1,ta,m), for any r € Ry, we have
7T (r) <1—(1/2) 71,

Proof of Lemma B.4. Fix an arbitrary r € Ry. Under the given limited-term reward policy, the agent
with value-to-cost ratio r exerts effort according to an optimal effort policy A*T(r). Recall from (4) that, if
the agent is rewarded in period ¢, 3k € {t —ta,...,t — 1} such that Zf:k,_tlﬂ q; > m where ¢; = w; A" (r)
for all j € N. Thus, if the agent receives the reward in period ¢ (that is, 777 (r) = 1), then his cumulative
output over periods t — (t; +t3 — 1) to t — 1 is at least m. That is,

-1
mf(r)=1 = Z q; >m. (B.15)
j=t—(t14+t2—1)

Then,
B[ (r)]

:E-ﬂfT(r); Jje{t—(ti+ta—1),...,t —1}: Wﬂéo} + E[wa(r); W, =0Vje{t—(t1+t2—1),...,t -1}

=0 (since 77 (r) =0 by (B.15))

<El1; Fje{t—(ti+ta—1),...,t —1}: Wﬁéo} (omfT(r) <1 V)

—P[Fje{t—(ti+tr—1),...,t—1}: Wﬁéo]

:1—P[Wj:0 Vje{t—(t1+t2—1)7...7t—1}}

1 min(t—1,t; +t2—1]
-1- <2) : (B.16)

where the last equality follows by considering both cases ¢t <1+ (t; +t2— 1) and ¢t > 1+ (¢; +t2 — 1). Thus,

we have:

t=1
1 ti4ta—1 T
:Tlggo T{ Z E thT(r)] + Z ]E{ﬂtLT(r)}}
t=1 t=t1+ts
1 t1+ta—1 T
=, T{ Elr ()] + 3 E[ﬂf%)}} (w7 (r) = 0; see (4))
t=2 t=t14to
1 t1+ta—1 1 t—1 T 1 ti+t2—1
< lim T{ [1 - (2> + Z [1 - (2> 1 } (using (B.16))
Treo t=2 t=t1+to




ecl2

1 t1+ta—1 1 t—1
3 -(3)

t=2

1 T 1 t1+to—1
camr 3 [-() )

t=t1+t2

=0 (since t1 €N and t3 € N are fixed)

1 T 1 t1+ta—1
= g D [1—(2) 1

t=t1+t2
1 t1+ta—1
()
2
This completes the proof of Lemma B.4. O

Recall from Section 3 that problem Pz can be expressed as

T
. 1
OPTg = I};gﬁ( Th_{EOT;E{UO'Wt'/\t — o Ty
c =

st. U\ |7 > 0. (IR)

Since the limited-term reward policy m%7 with parameters (t;,t2,m) is feasible to P, it must also be
feasible to the relaxation Py of P. Consequently, the principal’s objective value in problem Pp under the

given limited-term reward policy is:
VN (1) — co - FET (1)

< (vor —co) - 7T (r) (using (IR))

1 t1+ta—1
<|1- <2) “(vgr —¢g) (using Lemma B.4)
<OPTB ( tlzl,t221,OPTB>0)

Together, the above set of inequalities imply that {ﬁLT(-),XLT(-)} cannot be optimal for Pz. Thus, for
the given instance of P, the principal’s objective cannot equal OPTg (and hence OPT) for any limited-term

reward policy. This completes the proof of Theorem 2. |

Proof of Theorem 5. Consider an instance of problem P in which W, takes the value (1 + 02) with
probability 1/(1+ ¢?) and 0 otherwise, where o > 0 is the standard deviation of W,. Further, assume that
OPTg =vor — ¢y >0, where OPTp is obtained in (3). Fix ¢; = 1. Since, by definition, ¢; > 1 (see Section 4),
the requirements #; <t; =1 and #; > 1, together imply that #; = 1. For the given instance, we show that,
under any reward policy in the class LT(1,1), the principal’s expected long-run per-period utility is at most
OPT —n, where nn > 0. This will establish Theorem 5.

First, given t; =5 =1, the agent’s optimal effort policy under any reward policy from the class LT(1,1)
can be obtained by solving a single-period problem. Subsequently, we characterize the optimal reward policy
within the class LT (1,1) for the principal by optimizing the value of m.

Fix an arbitrary m > 0. Suppose that the agent exerts an effort A, in any period ¢. Then, his expected
utility from this effort is:

vP[W A > m] — e
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=vP[W\, >m | W, =0]P[W, =0] +vP[W, A\, >m | W, =1+ ?|P[W, =1+0%] —c\,
=0 (.m>0)

) —eh A €0,m/(1+402))
/(1402 —ch, N >m/(1+02).

Thus, the agent’s expected utility is piecewise decreasing in A, and optimized at either A\, =0 or A\, =
m/(1+0?), depending on the value of . Note that A, =m/(1+0?) is optimal if v/(1+0?) —cem/(1+02) >0,
that is, r > m. Otherwise, A\, =0 is optimal.

Thus, the agent’s optimal effort policy is given as follows: For any ¢ > 1, we have \,(r) =m/(1 + o?)
if  >m, and A;(r) =0 otherwise. If » > m, then the agent receives the reward in any given period with
probability P[W,\, > m] =P[W, >1+02] =1/(1+0?). If r <m, then the agent is never rewarded. Thus, the
expected long-run proportion of periods in which the agent is rewarded is:

0 r<m.

Thus, the principal’s expected long-run per-period utility is given as:

_ _m__ 1 >
Vo A(r) — com(r) = {80 e : ;: (B.17)

Clearly, the principal’s expected utility is maximized at m = r. Substituting this in (B.17), the principal’s

expected long-run per-period utility under the optimal policy from the class of policies LT'(1,1) is given as:

- 1

VoA(r) — coT(r) = 502 (vor — o)
=P using (3))
= % (since OPT = OPTp from the proof of Theorem 6)
—OPT -1,

where 7:=OPT -0?/(1+ 0?) is strictly positive because OPT = OPTpg >0 and o > 0.
Since the principal’s expected long-run per-period utility for any m > 0 is bounded from above by the
corresponding quantity under the reward policy in which m is optimized, we have the desired result. This

completes our proof of Theorem 5. [ |

Appendix C: Proofs of Results in Section 7

In this appendix, we first formally define the game and the equilibrium concept for the multi-agent budget-
constrained setting defined in Section 7. Subsequently, we present the proofs of our results in Section 7.
C.1. Formal Definition of the Game and the Equilibrium Concept

The principal announces a common reward policy that specifies, for each period, a reward to each agent as a
function of the past performance of the agents. Formally, define a reward policy 7 as a sequence of functions

{Tn; n=1,2,...,N, and t > 1}, where, for any (n,t), the function =, , :Rf(tfl) — {0, 1} maps the history
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of outputs of all agents in the first ¢ — 1 periods (denoted by q,_1) to 1 if the principal rewards agent n in
period ¢, and 0 otherwise. We let II denote the set of all such reward policies.

Given a reward policy 7 € II, the agents optimally decide their effort policies in equilibrium. Formally, for
any n=1,2,...,N, an effort policy A, for agent n is defined by a sequence of functions {\, ;; ¢t > 1}, where,
for any ¢, the function A, , :Rf(tfl) — R, maps the history of outputs q;_; of all agents in the first (¢t — 1)
periods to an effort level for agent n in period t. Let A denote the set of all possible effort policies of the
agents. For any n, let A_, = (A1,..., A1, Ana1,---,An) denote the vector of the effort policies adopted by

all agents except agent n. Let

1
Un(us Ay | 7) = lim —E

T
Z(U : Trn,t —C- An,t)]
t=1

denote agent n’s expected long-run per-period utility under the reward policy 7. For simplicity of exposition,
we have suppressed the dependence of 7, , and A, , on the history of past outputs q;_;, which, in turn, is
a function of random variables W,, ,, m=1,2,...,N and s=1,2,...,t — 1. Further, the expectation in the
above expression for U, (+) is taken with respect to the outputs of all agents.

We use the following equilibrium concept:

DEerFINITION C.1. Given a reward policy m, an effort policy A € A constitutes a Nash equilibrium if, for
each n, assuming that each agent m # n exerts effort according to the policy A,, := A, agent n’s expected

long-run per-period utility is maximized at the effort policy A. Precisely,
UsAW A, [ 1) > UsA AL, | 7)) YAEAN.

The principal’s problem in the multi-agent, budget-constrained setting of Section 7 can be formally stated

as follows:

1 T N
max lim — ZZE{UO Wt A — co ~7rn,t]

mell T— 00 T
AEA t=1n=1

st. UuAMA, | 7)) > UdONAL, | 7)) VAEA,n,

U MA_, |7) >0 Vn,
N

Y m.<B V.

n=1

C.2. Proofs of Results in Section 7

Proof of Lemma 9. To prove this result, we first establish two intermediate results, namely Lemmas C.1

and C.2.

LeMMA C.1. Consider any agent, say n, and suppose that the agent uses the effort policy A, .= B/(NG)
for all t if r >1/0 and A, =0 for all t if r <1/0. Then, irrespective of the actions of the other agents,

under the modified score-based policy, we have

lim =0.
T— o0

E[S, r41]
T
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Proof of Lemma C.1. First, consider the case r < 1/0. Since A, , =0 for all ¢ and S,,; =0, we have
7% =0and S, , =0 for all t. Thus, the desired result holds. For the remainder of the proof, we focus on
r >1/6 in which case A, , = B/(N9) for all t. Define a sequence {Z,,t € N} of independent and identically

distributed random variables, where, for any ¢,

1, with probability B/N
Zt == . . (C.l)
0, with probability 1 — B/N.
Define a sequence {X,, ;,t € N} as follows:
Xn,t+1 = Xn,t - min(Xn,ta Zt) + OWn,t)\n,t; (C~2)

where X, ; = 0. Using the identity a + b = min(a,b) + max(a,b) in (C.2), we have X, ;41 = (X, — Z,)T +
OW,, ;An.. Since W, , € Ry and A, ; € Ry, we have X,, , > 0 for all ¢t € N. Define another sequence {Y,, ;,t € N}
where Y, ; = (X, — Z;)". Then, we have:

Yn,t+1 == (Xn,t+1 - Zt+1)+ == (Yn,t + 9Wn,t>\n,z - Zt+1)+-

Using A, ; = B/(N#0) and E[W,, ;] =1 for all ¢, we have E[0W,, ;A\, ;| = B/N =E[Z,;1]. Then, from Theorem 4

of Loynes (1962), we have:
1- ]E[YTMT]
im ———
T—o0

=0. (C.3)

Thus, we have:

g B ] o B(Xar — Z0)" 4 0War ]
T—o00 T—o00 T
. EYr+0W, o\ 1]
= lim
T— 00 T
_ E[Y, 7] _ E[0W, 1+ A7
= jm =4 lim
=0 ((C.3)) =0 (E[W, r]l=1;X, 7= B/(N0))
=0 (C.4)

For any p € [B/N, 1], define a sequence {Z,(p),t € N} of random variables where, for any ¢,

. o1 —B/N
Z(p) = 1, with pr'obablhty ILB/N (5)
0, otherwise.
We show
S’n,t Sst Xn,t+1 VteN (CG)

We use induction to prove (C.6). Since S, 1 = X,,1 =0, (C.6) holds for ¢t = 1. Suppose, for the induction
hypothesis, that (C.6) holds for some ¢t > 1. We consider the following cases:
(i) S, <1. Then, under the modified score-based policy, we have 7% = 0. Also,

Xn,t-i—l = Xn,t - min(Xn,h Zt) + 9Wn,t)\n,t Z HWn,t)\n,t'
Further, we have

Sn,t+1 = Sn,t - st + GWn,t)\n,t < 1 + QWn,t)\n,t g ]- + Xn,t+1'
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(ii) S, > 1. Under the modified score-based policy, suppose that there are M > 1 agents (including agent n)
whose scores in period ¢ are at least 1. There are two possibilities: (a) If M < B, then agent n is rewarded
in t with probability 1. (b) If M > B, then according to the tie-breaking rule in the modified score-based
policy, agent n is rewarded in ¢t with probability B/M. Combining (a) and (b), the probability that agent n
is rewarded in period ¢ given S, ; > 1 is min{1, B/M}. Then, the following holds:

= Zo+(1—-2Z,)- Zi(pny), where p,,=min{l,B/M}. (C.7)
The above relationship deserves some explanation: Using the definition of Z, and Z,(-) from (C.1) and (C.5),
and the fact that Z, and Zt() are independent, by construction, Z; + (1 — Z;) - Z, (pn,¢) is binary and takes
the value equal to 1 with probability p, , = min{1l, B/M} and 0 otherwise, where p,, , > B/N since M < N
and B < N. This is consistent with the probabilistic tie breaking that agent n experiences in period t given
S,.>1, and establishes (C.7). Further, since (1 — Z,) - Z,(p,..) is non-negative with probability 1, using
Theorem 1.A.1 in Shaked and Shanthikumar (2007), we have 7% >, Z,.

Thus, we have:
Stp1 =S — T FOW, Ay
<al+X,,— Wff +0W,, A, (using induction hypothesis)
< l4+Xo—Zi+0W, Ay (using 735 >0 Zy)
<1+ X, —min(X,,,Z;)+0W, A\,
=14+X, 41

Thus, from the above two cases, we conclude the induction argument and hence the proof of (C.6).
Using (C.6), we have:

. E[S,r41] . 14+ E[X, 744]
et T T — rmrad
e
E[S, .
= lim ElSh.r41] <0 (using (C.4))
T—o00 T
E[S
= lim ElSn.r4] =0, (since S, >0 Vi),
T— 00 T !
thus achieving the desired result and completing the proof of Lemma C.1. |

Remark: The proof of Lemma C.1 assumes that the vector of starting scores of the agents S; =
(S1.1,52.1,.-.,5n51) =0. The proof easily extends for any arbitrary vector of starting scores of the agents.
We highlight the main changes. Consider any agent, say n. Since the scores are always non-negative, we let
S,,.1 = s for an arbitrary and finite s > 0. Consider the case r < 1/6. Let A, :=lims_, ., % Zle E[A,..]. Under

the modified score-based reward policy with parameter 6, we have:

1 — 1 —
lim — Y "E[rS7] = lim = E[S,,— Sur1+0W, .\,
t=1 t=1

T— o0 T T— o0 T
E[S, E[S,, - . .
= lim M — lim @ + 60X, (using the independence of W, ; across t and E[W,, ,] =1 Vt)
T—o0 T T— o0 T ’ 5
E _
=— Tlim % +0X, (since S,1=s and s is finite).
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Since A, ; =0 for all ¢, agent n’s score either remains the same over time or decreases as a result of the
rewards received by the principal. Further, since S,, ; = s is finite and A, , =0 for all ¢, the agent is rewarded

SB] E[Sn, 741] =0.

0. Thus, limp_, o o

for only a finite number of periods, and thus, we have lim_, o & T Z g Elm
For the case r > 1/6, the only change that is required in the proof is to initialize the sequence {X,, ;,t € N}

as X, 1 =s. The remainder of the proof steps remain the same as before. O

LEmMmA C.2. Consider an arbitrary n =1,2,...,N. Under the modified score-based reward policy with
parameter 0, assume that every agent m # n follows the equilibrium effort policy, i.e., A, = B/(N®) for all
tifr>1/60 and X\,,, =0 for all t if r <1/60. The expected long-run per-period utility of agent n using an
arbitrary effort policy A is bounded from above as follows: (i) If r > 1/0, then the upper bound is (B/N) -
(v—1¢/0). (ii) If r <1/0, then the upper bound is 0.

Proof of Lemma C.2. Let A, :=limr_ . = T Zt L E[An,]. Under the modified score-based reward policy

with parameter 6, we have:

ElSm.r 1] +ON,,. (C.8)

T— o0

1 1y .
A, 75 2 B = M 753 B (S = Sttt 4 6W o] = i

Consider the case r > 1/6. Consider any agent m # n. Using A,, , = B/(N#@) for all ¢, (C.8) and Lemma C.1,

we have

lim —ZE = — lim wwxng VYm #n. (C.9)

T—oo T T—o00 T N

Also, for any t, we know that Zm: 5B + < B. This implies the following:

1
g ZW <B- Z(J%Tgffﬁ)

m#n

= lim — ZWSB < —  (using (C.9)).

n,t —

n,t

.1 NS 5%
lim fZE[U % —c X <v-min(OX,, B/N) — cA,. (C.10)

Thus, an upper bound on agent n’s expected long-run per-period utility can be obtained by maximizing
(C.10) with respect to A,. Note that any choice of A, > B/(N#®) is dominated by X\, = B/(N®). Therefore,
it is sufficient to consider:

_ max An - (v0—c).
0<X,<B/(N0)

Since v/c >1/6, the optimal solution to the above optimization problem is A, = B/(N6). Thus, the desired
upper bound in this case is (B/N) - (v —¢/6).

Consider the case r < 1/6. The proof for this case follows the same logic as in the previous case except for

a few differences. For brevity, we only highlight the differences. Since agent n’s expected long-run per-period

reward is at most 1, using (C.8), we have:

lim %ZE [v-73% —c - Ape] Sv-min(X,, 1) — cA,.
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Again, maximizing the above expression with respect to \,, and noting that the objective function is decreas-
ing in A, > 1/6, we have:

hm— ]Ev 738 ¢\, < max M\, -(v8—oc).

Tooo T Z ot 't} T 0< . <1/6 ( )

Since v/c < 1/6, the maximum of the above problem is obtained at ), = 0 and thus the desired upper bound

is 0. This completes our proof of Lemma C.2. ]

We are now ready to prove Lemma 9. Under the modified score-based reward policy with parameter 6,
suppose that every agent m # n exerts the effort A,,, = B/(N@) for all ¢t if » >1/6, and A,,, =0 for all ¢
if r <1/0. We show that agent n cannot benefit by deviating from the equilibrium. We demonstrate this
result by showing that under the equilibrium effort policy, the upper bound on agent n’s expected long-run
per-period utility characterized in Lemma C.2 is tight.

Suppose that agent n follows the equilibrium effort policy, i.e., A, = B/(N0) for all ¢ if r > 1/6, and
An,t =0 for all ¢ if r < 1/60. Then, we have:

. B[S i) | v < .
7ﬂh_r)r;o—Z]E vemil —c Ay =v- (—jlgrgoﬁ +9)\n) —c\, (using (C.8))
=X\, -(v0—c) (using Lemma C.1)
_J(B/N)-(v—c/0) if r>1/0
o it r<1/6.
The above relationship, together with Lemma C.2, establish the desired result. ]

Proof of Theorem 7. To prove this result, we first establish an intermediate result below.

LEMMA C.3. For the multi-agent budget-constrained extension in Section 7, for any reward policy, the

principal’s expected long-run per-period utility is upper bounded by (vor —co) - B.

Proof of Lemma C.3. Consider any reward policy 7. In response to the reward policy, suppose that each

agent n uses an effort policy A*, in equilibrium. Let 7, and X:L denote the expected long-run per-period

n’

values corresponding to 7, , and A, ,. That is,

*TIEI;:ZE il and X, *%&I&:ZE
Since the agents’ expected long-run per-period utilities are non-negative in equilibrium, we have v7,, — CXZ >0

for all n. This holds because an agent could always exert zero effort in every period.

The principal’s expected long—run per-period utility under reward policy 7 is given as:
N N

1 — al
TIEI;O—ZE VoW Ay, — CoTon ] = Z(vo)\n —CoTn) < Z(vor—co)ﬁn, (C.11)
n=1 n=1 n=1

where we have used the inequality v7, — c)\n >0 for all n.
Further, we know that 25:1 T, < B for all t. Thus, Zij:lfn < B. Using this and the assumption that

vor — ¢o > 0 in (C.11), we have:
al 1
lim — ZE VoW Ay, — comy ] < (vor — co) B,

T—oo T
n=

completing the proof of Lemma C.3. ]
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We are now ready to prove Theorem 7. From Lemma 9, under the modified score-based policy with parameter
6, in equilibrium, every agent exerts a per-period effort equal to B/(NE) if r >1/6, and equal to 0 otherwise.

Further, using Lemma C.1, in equilibrium, for any n, we have

tim i)
T— o0
Using (C.8), for any n, we thus have:
1 — E[S, 741]
. L SBY _ _ 1: n,T+1 N oV
Jim o ;]E[wn’t] = Jim =R 40X, =X, (C.12)

The principal’s expected long-run per-period utility under modified score-based reward policy is given as:

N T N
.1 _ _ .
17}1_1)130 T ZlE[von)\n,t —comy Y] = ZIIE[UO)\n —cofA,] (using (C.12))
n= t= n=
o (Uo/e—CO)'B 1f1/9§r
~]o if 1/ >r.

Thus, the principal’s expected utility is maximized by setting 1/6 = r and is equal to the value (vor —cp) - B >

0, which is equal to the upper bound obtained in Lemma C.3. This completes the proof of Theorem 7. W

Appendix D: Multi-Agent, Budget-Constrained and Private-Value Setting

In this appendix, we address Remark 5 of Section 7. This appendix is organized as follows: First, we formally
specify the multi-agent, budget-constrained and private-value setting, and formulate the principal’s problem
under this setting. Second, we state our main result, i.e., Theorem D.1 for this setting. Finally, we present
the proof of Theorem D.1.

Problem Setting and Formulation: There are a total of IV agents. The principal can offer a maximum
of B rewards to the agents in any given period, where B := BN with B e (0,1). Agent n’s value-to-cost
ratio is r, :=v,/¢,, where r, is privately known to agent n and is a realization of a random variable R,
with cumulative distribution function F' (and probability density function f) over the support [0,00). We
assume that R, is independently and identically distributed across n. Further, R,, is independent of W,, ,,
for all (n,t). Let F(-)=1— F(-). Recall that

1—-F(r
and 1(r) is strictly increasing in r. Further, recall that )~!(-) denote the inverse of the function (-). All
other details are the same as those in the multi-agent budget-constrained setting analyzed in Section 7 (where
the value-to-cost ratio of the agents is common and publicly-known). The principal’s goal is to obtain a
reward policy that maximizes her expected utility per-period over the long-run. For simplicity in exposition,
we reuse our notation of the base model, and denote the principal’s problem under this extension also by P
and its optimal value by OPT.

We now express the principal’s problem formally. As in Appendix C, given a reward policy w € II, the agents

optimally decide their effort policies in equilibrium. Let A denote the set of all possible effort policies of the
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agents. Further, for any n, let A,, denote the effort policy of agent n and let A_,, = (A1,..., A1, Ant1s--5 AN)

denote the vector of the effort policies of all agents excluding agent n. Also, let

T

1
UnAns A | 7,€0,00) = M 2B | (05 T = € Ane)

T— o0
t=1

denote agent n’s expected long-run per-period utility under the reward policy 7. For notational simplicity,
we have suppressed the dependence of 7, , on the history of past outputs of the agents, and of A, ; on the
history of past outputs of the agents and agent n’s attribute (c,,v,). Also, in the above expression for U, (-),
the expectation is taken with respect to the outputs of all agents and the value-to-cost ratios of all agents
except agent n.

We use the following equilibrium concept:

DEFINITION D.1. Given a reward policy 7, an effort policy A(c,v) € A constitutes a Bayesian Nash equi-
librium if, for each n, assuming that each agent m # n exerts effort according to the policy A, := (¢, Um),

agent n’s expected long-run per-period utility is maximized at the effort policy A, := A(c,,v, ). Precisely,
U, Ans A, | men,v,) > Un(x,)\,n | 7y CnyUn) VXEA,cn,vn,n. (D.1)

The principal’s problem under the multi-agent, budget-constrained, and private-value setting is formulated

as follows:
1 T N
OPT = rilgﬁ( TIEOTZZE[UO-WM%M — co-ﬂ'n,t}
A()EA t=1n=1
st. Un( A, AL, | 7yCnyvn) > Un(X,)\,n | 7, ¢n,vn) VXeA,cn,vn,n, (D.1)

U, A, A, | TyCnyv) = 0 Ve, v,,mn,

N
> . <B VL (D.2)

n=1
To state our main result for the multi-agent, budget-constrained, and private-value setting, we need the
following definition.

DEFINITION D.2. Given a reward policy m and a fixed € > 0, an effort policy A(c,v) € A constitutes an
e-Bayesian Nash equilibrium if, for each n, assuming that each agent m # n exerts effort according to the
policy A, :=A(¢pm, v, ), the loss in agent n’s expected long-run per-period utility from using the effort policy

An = A(e,, v,) relative to any other effort policy is at most e. Precisely,
UnOs A | 700, 00) > UnON ALy | T060,00) — € VAEA, Cpy 0,1 (D.1)

We note that inequality (D.1’) is an e-relaxation of inequality (D.1). Our main result for the multi-agent,

budget-constrained, and private-value setting is as follows:

THEOREM D.1. Given any € > 0, there exists N(e) > 1 such that for all N > N(€), under the modified

score-based reward policy with the parameter 6 defined by

L_[F'B) i B<F@eo/w)),
0_{7/11(60/110) otherwise, (D.3)
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the effort policy

e =i/ e o

forms an e-Bayesian Nash equilibrium, and the principal’s expected per-period utility under this reward policy

is at least OPT.

D.1. Proof of Theorem D.1

This proof is organized as follows: First, we obtain an upper bound on the principal’s optimal value OPT in
Appendix D.1.1 (see Lemma D.1). Next, we analyze the class of modified score-based policies for the multi-
agent, budget-constrained, and private-value setting in Appendix D.1.2. This analysis involves establishing
several intermediate results, namely Lemmas D.2-D.8. After proving these lemmas, we will complete our

proof of Theorem D.1 in Appendix D.1.3.
D.1.1. An Upper Bound on OPT.

LEMMA D.1. An upper bound on OPT is obtained as follows:

OPTSW:N (1)0.1)[}1 <w) _CO> . |:1_F<wl <w>):| ’
Vo Vo

o {vow (F'(B) —co if BEF (" (co/w0)).

0 otherwise.

where

(D.5)

Proof of Lemma D.1. We obtain an upper bound on OPT by relaxing the moral-hazard friction faced
by the principal (i.e., assuming that the agents’ efforts are observable to the principal), and by relaxing
the budget constraint specified in (D.2) to hold in expectation (with respect to the uncertainties underlying
the agents’ outputs, and their privately-known value-to-cost ratios) and over the long-run. We denote the
relaxed problem as P and its optimal value as OPT. For better exposition, the formulation of P is outlined
in Appendix E. As shown in Appendix E, problem P can be formally stated as follows:

OPT = o T > Efvo - (Ro)Tu(Ry) = v0ya(0) = co - Tn(Ry)]  sit. (B.7)~(E.10).
Tn(-),An (- vn

n=1

Define {7 (-), . (-)} as follows:

7 (r) = {1 Y(rn) > (co+ p*)/vo, and X (r,) = {w_l((CO-FP*)/UO) Y(rn) > (co+ p*)/vo, (D.6)

0 otherwise, 0 otherwise,

where p* is specified in (D.5). We will show below that the above solution is optimal for problem P.
Since y,,(0) >0 for all n (see (E.10)), we have:

N
OPT < OPT = _max S ot (Ra) — o] Ta(Ra) | sit (ET),
T (- n —1
where we recall that the constraint (E.7) is
N
> E[F.(R,)]<B (E.7)
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We obtain an optimal solution for the above problem (whose optimal value is OPT ) by solving its
Lagrangian relaxation. That is, we identify {7,(-);n=1,2,...,N} and p (which represents the Lagrange
multiplier corresponding to (E.7)) that simultaneously satisfy the following conditions:

E | ot (Ra) = co]- 7 (o) + p- (B—me))

n=1

p- <B—ZE[7T,L(RR)]> =0, (D.8)

{7.(-)} = argmax ) (D.7)

7Tn(-)€[0,1] Vn

p>0, and iE[ﬁn(Rn)]SB. (D.9)

In our steps below, we show that 7% (+) in (D.6) and p* in (D.5), together satisfy the conditions (D.7)—(D.9),
and subsequently, compute OPT.

First, note that given p = p*, 7" (-) satisfies (D.7). Consider the case B <F (¢~ (co/vo)). It is easy to
check that p* in (D.5) satisfies B = F (¢~'((co + p*)/vo)). Further, since 1~(-

where 1(-) is defined in (16), p* > 0. Using 7 (-) from (D.6), we have:

Z o
and thus, (D.7)—(D.9) are satlsﬁed.
Consider the case B> F ()1 (co/vo)). From (D.5), p* =0. Using 7 (-) from (D.6), we have:

ZW
and thus, (D.7)7(D.9) are satisfied.

Thus, we have:

) is an increasing function,

B-E =N [B=F (4" ((co+0")/0))| =0,

B-E

[B F (v ((co +p*)/v0))] =N {E ff(w’l(co/vo))} >0,

N

> 0w (Rn) = o] - T3 (R)

n=1
So far, we have obtained an upper bound on OPT. Next, we show that the solution {7 (-), A, (-)} in (D.6)
is feasible to P and achieves the upper bound OPT on OPT.
As we have already shown in the two cases above, the given solution satisfies (E.7). Using the assumption

that ¢(-) is strictly increasing and the fact that ¥(0) = —1/f(0) < 0, we have )~ ((co+ p*)/vo) > 1 ~(0) > 0.

Thus, from (D.6), y%(0)=0-7;(0) — A, (0) = 0; thus, the constraint (E.10) holds at equality. Further, 7 (r)

n

OPT =E (D.10)

is non-decreasing in 7, and thus it satisfies (E.9). Also, it is easy to verify that {7 (-), X, (-)} satisfies (E.8).
Thus, {7*(-),\, ()} is feasible to P. Further, it achieves the upper bound on OPT, i.e.,

N
> Efvo - (R,,)T5(R,) — voy(0) — co - 7, Z]EUO 7 (R,) — o - T (R,)] = OPT,
proving the optimality of {7 (-), A, (-)} for P.
We now express OPT in closed-form.

W:ZE[UOX; (R,) —coTy, z v ((co+p*)/vo) — o) P [Rn = ((co+ p*) /v0)]

:N'(U0'¢_1((Co+p )/vo) —Co) [1 F( ((co+p* )/Uo))}

This completes the proof of Lemma D.1. O
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D.1.2. Analyzing the Class of Modified Score-Based Policies. Consider the modified score-based
policy with a fixed parameter 0. Fix an arbitrary n. Assume that all agents m # n follow the effort policy
A(+) defined in (D.4). In this proof, we refer to agent n as “focal” and other agents as “non-focal”. Among
the non-focal N — 1 agents, let x denote the number of agents whose value-to-cost ratios exceed 1/6, i.e.,
x=>_ 1(R,>1/6).
m#£n
Let u(N):= (N —1)F(1/0) and §(N) := (N —1)2/3. Also, define

Pu=P{x € (u(N) = 6(N), u(N) +6(N))} - (D.11)
Throughout this proof, our focus is on N > N':=max {1+1/(F(1/6))%, 1+ (F(1/6))3?}. This ensures
that pw(N)—3§(N) >0, and,

B B B __B
L+ u(N) = 0(N) — F(1/8) +(1/N)F(1/8) — (1/N)(N —=1)2% " F(1/8)’

Also, note that

~ ~

B B
+u(N)+3(N) ~ F(1/0) + (1/N)F(1/0) + (I/N)(N — 175~ B(1/6)

Consider the case § F (¢~(co/vo)). Then, using 6 from (D.3), we have F(f/e) 1. Thus, for N > N’,

Be(l —I-M(N) — §(N),1+ pu(N)+68(N)). Consider the case B > F (¢"Y(co/v0))- Then, using 6 from (D.3),
we have f(l/a) > 1. Thus, for N> N', B> 14 u(N)—§(N).
The above two cases illustrate that it suffices to consider two intervals of B, namely B € (1 + u(N) —

Do

S(N),14+p(N)+0(N)), and B>1+ u(N)+(N). Thus, in the next part of this proof, we obtain lower and

upper bounds on the focal agent’s expected per-period utility in these two intervals of B.

Analysis for the Case: B € (1+ pu(N)—3d(N),1+ u(N)+ 5(N)). We establish a series of intermediate

results, namely Lemmas D.2-D.5.
The proof of the result below extends ideas developed in proving Lemma C.1.

LEMMA D.2. Consider any agent (say, agent 1), and assume that he follows the effort policy given in
(D.4). Then,
1 14+ u(N)—=46(N)
lim —E N)=6(N),u(N)+6(N)} <1l — — 00—~
where R,, is the value-to-cost ratio of the focal agent n.

Proof of Lemma D.2. For the case R; < 1/6, since agent | exerts zero effort in each period, his score

remains at zero always. That is,
1
Jin B {Syr 1 | Ry R <1/6, X € (4(N) = 6(N), 5(N) +3(N))} =0.

Consider now R; > 1/6. Define a sequence {Z,,t € N} of independent and identically distributed random
variables, where, for any t,

14+pu(N)+8(N) (D.12)

1 with probability T2
"7 10 otherwise.
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Define a sequence {X; ,,t € N} as follows:
Xl,t+1 :Xl,t fmin(leZt)JrQWl,t/\l,t, (D13)

where X;; = 0. Using the identity a + b= min(a,b) + max(a,b) in (D.13), we have X;,,, = (X;, — Z,)T +
OW, A\ Since W, , € Ry and A\, € Ry, we have X, >0 for all t € N. Define another sequence {Y; ;,t € N}
where Y, = (X, — Z;)T. Then, we have:

Y1 =X 41— Zi)T =Y, + OW, (A — Zia)™.

Using 0, =1 and E[W, ;] =1 for all ¢, and Theorem 2 of Loynes (1962), we have:
14+ p(N)—46(N)

Am = E{Yz v | Ro, R 21/6, x € (W(N) = 6(N), u(N) +0(N))} =1— T+ p(V) Fo(N)" (D.14)
Thus, we have:
Jim B (X pi | R R > 1/0, x € (u(N) — 5(N), u(N) + 5(N))}
— i {i {Er =20 LOMINT e g 176, € (u6) = 609), () + () |}
= Jin {i { XTG> 176, e () - 6(9). )+ ) |}
B 1+ u(N) 5(]\7)
—1- T ) 60 (D.15)
‘We show
Sii<aXi:+1 VteN. (D.16)

We use induction to prove (D.16). Since S;; = X; 1 =0, (D.16) holds for ¢ = 1. Suppose, for the induction
hypothesis, that (D.16) holds for some ¢ > 1. We consider the following cases:
(i) Sy < 1. Then, under the modified score-based policy, we have 777 = 0. Also,

Xl,t+1 = Xl,t - min(Xl,m Zt) + em,tAl,t > em,t)\l,t~
Further, we have
Sii41 =951 — 71'55 FOW A <14+0W N <14+ X5 41.

(ii) M Among the non-focal agents, all agents whose value-to-cost ratios are strictly below 1/6 exert
zero effort (see (D.4)), and their scores are always equal to zero. Given x < pu(N) + 6(N), there can be at
most 14+ x <1+ u(N)+d(N) agents (including agent !) whose scores in period ¢ are at least 1. Further, it
is given that B> 1+ u(N)—6(N). Thus, 7P >, Z,. We have:

Ster1 =51 — Wls,f +OW A
<o 1+ Xp—m 7 +60W A, (using induction hypothesis)
<al+ Xy —Z+ Wi N, (using 7P >, Z,)
< 1+ X, —min(X, ., Z,) +0W, Ay,

=14+ X141
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Thus, from the above two cases, we conclude the induction argument and hence the proof of (D.16).

Using (D.16), we have:

lim L {Surin | R B> 1/6, x € (u(N) — 5(N), u(N) + 5(N)}

T—oo T

< Jin {24 1B (ure | RuoRe2 10, € (V) ~5N), )+ 50V}

T— o0

14 p(N)=6(N)
14+ u(N)+6(N)

thus achieving the desired result and completing the proof of Lemma D.2. O

(using (D.15)),

LEMMA D.3. The expected long-run per-period utility of the focal agent (i.e., agent n) using an arbitrary
effort policy X is bounded from above as follows: (i) If r,, > 1/6, then the upper bound is (v, —c,/0). (i) If
r, <1/0, then the upper bound is 0.

Proof of Lemma D.3. This result can be proven by using the same steps as shown in the proof of

Lemma B.1. Therefore, we omit its proof. (|
LeEMMA D.4. Recall p, from (D.11). We have limy_ o, p, =1.

Proof of Lemma D.4. Define ¥ = ﬁx. Let Gn(-) denote the cumulative distribution function of the
X—F(1/6)
VFQ/0)F(/60)/(N-1)

standard normal. Then, we have:

standardized random variable

Let ®(:) denote the cumulative distribution function of

lim p, = lim P{u(N) ~ 6(N) < x < pu(N) +6(N)}

—1)2/3 _1)2/3
— lim P WN-DY X—F(1/9) B O
N=eo \/F (/OF(1/6) \JF( 1/9 (1/6)/(N~1) \/F(1/0)F(1/6)
= hm GN —(N_1)1/6 _GN _—(N_1)1/6
o F(1/6)F(1/6) F(1/6)F(1/6)
= lim M - —% (using Central Limit Theorem)
Ve F(1/0)F(1/6) F(1/0)F(1/6)
=1.
This completes the proof of Lemma D.4. O

LEMMA D.5. The expected long-run per-period utility of the focal agent (i.e., agent n) using the effort
policy A(+) specified in (D.4) is bounded from below as follows: (i) If r,, >1/6, then the lower bound is

; (1+u(N)—5(N)) G

"\T+uN)+o@m)) P g

which takes the value v, — % in the limit N — oco. (i) If r, <1/0, then the lower bound is 0.
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Proof of Lemma D.5. 1If r, <1/6, then under the effort policy in (D.4), the focal agent exerts zero effort,
and is therefore, never rewarded. Thus, his expected long-run per-period utility is zero.
Consider the case 7, >1/6. We have:
E 75" | R, >1/6)
> E {757 | Ry 21/0,x € (u(N) = 5(N), u(N) + 6(N))} -, (since 755() > 0)
T—o0

:E{— lim %+0xn Rn>1/9,X€(p(N)—&(N),u(N)—i—&(N))}-pu (using Sn7t+1=Sn7t—7r§f+9~qnyt)

1 N)—46(N
- u(NV) = o )~pu (using Lemma D.2).

T 14+ u(N)+6(N)
Thus,
_ . 1 u(N) = 5(N) .
Elv, 78 —c,- | R, >1/0] >0, p,— =
o787 = 2100 2 0 (T 70 )
Further, using Lemma D.4, we have limy_,.. p,, =1, and thus,
) 14+ u(N)—=46(N) Cn Cn

lim v, (| ——F———L ) p, — — =0, — —.

NS0 14+ u(N)+d(N) 0 0
This completes the proof of Lemma D.5. ]

Analysis for the Case: B> 14 u(N)+3§(N).

LEMMA D.6. Consider any agent (say, agent 1), and assume that he follows the effort policy given in
(D.4). Then,
o1
im —E{S; 741 | R, X € (1(N) = 6(N), u(N) +6(N))} =0,

T— o0 T

where R,, is the value-to-cost ratio of the focal agent n.

Proof of Lemma D.6. The proof of this result follows similar ideas as those used in proving Lemma D.2.
Therefore, for brevity, we omit a detailed proof and highlight the key changes below.
In (D.12), we replace the definition of Z, by Z, = 1.

In (D.14) and (D.15), respectively, we replace the corresponding expressions by

lim B (Y7 | R By >1/0, x € (u(N) = 6(N), s(N) + 6(N))} =0.

T—o0 T

and
. 1
Jim B (X | R B> 1/6, X € (u(N) = (N}, u(N) + 6(N))} =0,
O

LEMMA D.7. The expected long-run per-period utility of the focal agent (i.e., agent n) using an arbitrary
effort policy X is bounded from above as follows: (i) If r, > 1/0, then the upper bound is (v, — ¢, /0). (ii) If
r, <1/0, then the upper bound is 0.

Proof of Lemma D.7. This result can be proven by using the same steps as shown in the proof of

Lemma B.1. Therefore, we omit its proof. |
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LEMMA D.8. The expected long-run per-period utility of the focal agent (i.e., agent n) using the effort

policy A(-) specified in (D.4) is bounded from below as follows: (i) If r, > 1/0, then the lower bound is
UnDy, — €n /0, which takes the value v, —c, /0 in the limit N — co. (i) If r,, <1/0, then the lower bound is 0.

Proof of Lemma D.8. If r, <1/6, then the focal agent exerts zero effort (see (D.4)), and is therefore,

never rewarded. Thus, his expected long-run per-period utility is zero.

Consider the case 7, > 1/6. We have:
E{7"|R,>1/6}

> B {757 | Ry > 1/60,x € (u(N) = 5(N), u(N) + 6(N))} -p, (since 757 () > 0)

:E{— lim %wxn R,>1/0,x ¢ (u(N)—&(N)7u(N)+6(N))} -p, (using S, 41 =Sn.—

T— o0

=p, (using Lemma D.6).
Thus,
Ev, % —c, Ay | R,>1/0] >v,p, — %"

Further, using Lemma D.4, we have limy_, ., p, = 1. This completes the proof of Lemma D.8.

SB
T +0-

O

D.1.3. Concluding Steps. We now use our intermediate results from Appendix D.1.1 and

Appendix D.1.2 to complete the proof of Theorem D.1. Consider the following two cases:

Consider the case B <F (1)~'(co/vo)). Then, using 6 from (D.3), we have —B__ —1. Thus, for N > N/,

F(1/6)

Be (14 pu(N)—=06(N),1+ u(N)+ §(N)). Thus, using Lemmas D.3 and D.5, for any € > 0, there exists

N(e) > N’ such that for all N > N(e), the expected loss in the focal agent n’s expected per-period utility

from using the effort policy A(:) in (D.4) relative to an optimal effort policy is at most e.

Consider the case B > F (¢ "Y(co/vp)). Then, using 6 from (D.3), we have — > 1. Thus, for N > N,

F(1/0)

B> 14 p(N)—46(N). Thus, using Lemmas D.3, D.5, D.7, and D.8, for any e > 0, there exists N(e) > N’

such that for all N > N(e), the expected loss in the focal agent n’s expected per-period utility from using

the effort policy A(+) in (D.4) relative to an optimal effort policy is at most e.

The above two cases establish that the effort policy A(-) specified in (D.4) constitutes an e-Bayesian Nash
equilibrium, completing the proof of the first part of Theorem D.1. We next evaluate the principal’ expected

per-period utility under the given modified score-based policy, assuming that the agents’ equilibrium response

is the effort policy given by (D.4).

The principal’s expected per-period utility under the modified score-based policy is given as:

N
Z E {UOXn — CoﬁiB}

n=1

N
Z {vorn —com® | R, >1/0} - F(1/6) (since from (D.4), A, =757 =0 if R, <1/6)

Y

= N(vg/0 —co)F(1/0).

N
Z {voxn —cof, ‘ R, > 1/9} -F(1/6) (using S, ;11 =S,,— wff +0-Gn., and S, >0)

QTL,t)
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Again, we consider the following two cases:
Consider the case B < F (~(co/vo)). As discussed above, we have
Be(1+u(N)=6(N),14+u(N)+6(N)). We obtain:

=1, and thus, for N > N’,

B
F(1/0)

Z]E {vo, — o5 P} = N(vo/60 — o) F(1/6)

= :N{vw—l (cﬁp) _CO}F(WI (cO+p*>> (using (D.3) and (D.5))

Vo Vo

=OPT >OPT (Lemma D.1).

B
F(1/0)

Consider the case B> F (1)~1(co/vo)). Then, using 6 from (D.3), we have
B>14pu(N)—4§(N). We obtain:

> 1, and thus, for N > N’|

> E{voh, —coms”} > N(vo/0 — co)F(1/0)

n=1
. —1{ o ol ~1{ Co .
N{v(ﬂ/) (> co} F <1/) ()) (using (D.3))
Vo ()
=OPT >OPT (using (D.5) and Lemma D.1).
This completes the proof of Theorem D.1. |

Appendix E: Multi-Agent, Budget-Constrained and Private-Value Setting:
Supplementary Analysis

Recall from Appendix D.1.1 that P is a relaxation of the principal’s problem P in the multi-agent, budget-
constrained and private-value setting. In this appendix, we formulate problem 7. Recall that P relaxes P in
the following three ways: (i) In P, the reward policies in the set II do not explicitly depend on the agents’
attributes. Let IIy D II denote the set of all possible reward policies, including but not limited to the ones
in TI. As the first step of our relaxation, we optimize over all reward policies in IIy. (ii) Second, we relax
the moral-hazard friction faced by the principal by assuming that the agent’s efforts are observable to the
principal. (iii) Third, we relax the budget constraint specified in (D.2) to hold in expectation (with respect
to the uncertainties underlying the agents’ outputs, and their privately-known value-to-cost ratios) and over
the long-run. The optimal value of problem P is denoted by OPT.

To address the first step of our relaxation, we invoke the Revelation Principle (Myerson 1982), and, without
loss of generality, restrict attention to the class of direct revelation mechanisms, which we denote by the
set M. A direct revelation mechanism (7,\) € M is defined by a set of policies — namely, a reward policy
m(-) €y and a collection A of effort policies A,(-) € A, n=1,2,...,N. Given that each agent n reports his
attribute as (¢,,v,), n=1,2,..., N, the principal offers rewards to the agents according to the policy 7(c, v),
where ¢ = (¢y,...,cy) and v = (vy,...,vy), and recommends effort to each agent n according to the policy
An(Cn,v,).° Under any direct revelation mechanism, it is a Bayesian Nash equilibrium for all agents to report
their attributes truthfully to the principal, and exert effort according to the principal’s recommendation.

® We note that the reward policy 7(-) is allowed to depend on the agents’ attributes, and thus might not belong to
the set IT we defined earlier.
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Under the mechanism (7, A) € M, define
= o1 o _
U’n (C'n,a/UTHAn,Afn (W7A)7Cn7vn) = lim 7ZE |:/Un 'ﬂ-n,t(cn7vnacfnavfn) —Cpn ')‘n,t (El)

as the expected long-run per-period utility of agent n who reports his attribute (c,,v,) as (¢,,0,) and exerts
effort according to an effort policy X" € A, assuming that each agent m # n reports his attribute truthfully
to the principal and follows the principal’s recommended effort policy A, := A, (¢m,v.m), where A_,,, C_,
and V_,,, respectively, denote the vectors of the effort policies, costs and values of all agents except agent
n. For notational simplicity, we have suppressed the dependence of 7, , on the history of past outputs of the
agents and of Xn,t on the history of past outputs of the agents and agent n’s attributes. Also, in the above
expression for U, (+), the expectation is taken with respect to the outputs of all agents, and the costs and
values of all agents except agent n.
Let
Un €y Oy A (G0 0n) s A | (1, X)), oy 0)

is the corresponding quantity for that agent when he reports his attribute as (¢é,,9,) and obediently exerts

effort according to the policy A, (é,,?,) recommended by the principal, and
UTL (Cn7 Un7 An(crm Un)y A—T'I/ | (7‘-7 A)’ Cn? /Un)

is the corresponding quantity for that agent when he is both truthful and obedient.
Under the mechanism (7, A) € M, to ensure that the agent is both truthful and obedient, the following

incentive compatibility constraints are needed:

Un (crn vn; )\n(crm U’n)ﬂ A771 | (71-7 A)7 Cnu vn) 2 Un (éna ﬁrnxnu Afn (7T7 A)ﬂ cn7 vn) Vé’rﬁ ’lA)'nJ cn? Un7/)\\n S A7 n.
(1C)
Further, to ensure that the agent receives a non-negative expected utility per-period in the long-run, the

following individual rationality constraints are needed:
Un (Cnavna)\n(cnavn%Afn | (7T7A)7Cnavn) 20 vcn7vn7n' (IR)

To address the second step of our relaxation (in which the principal faces only adverse-selection but no

moral-hazard), we relax the (/C) constraints as follows:

Un (cnavn7)‘n(cn7vn)7Afn | (7T7A)7cn>vn) Z Un (énaﬁ'ru)\n(én;@n%Afn | (7T7A>7cnavn) Vén>ﬁnacn7vn7n' (IC)

To address the third step of our relaxation, we relax the budget constraint (D.2) as follows:

1 T N
Jim > > E[m..(C,V)]<B. (E.2)
t=1n=1

The relaxed problem P is now formulated as follows:
1 T N
OPT := max lim — Z ZE [vo Wit A (Coy V2) — co- Wn,t(C,V)}

A)eM  T—ooo T
(m2)e t=1n=1

s.t. Un (CnvvnaAn(Cnv,Un)»Afn | (W,)\),Cn,vn)
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ZUn (én;@na)\n(éna@n)aAfn | <W7A),Cnavn) ven7@nacnvvn7na (m)

U, (Cry Uny Ap(Cry U )s A | (T, A), Cry0) 200 Ve, 0,1, (IR)
A

Jim Z} ZlE[wn,t(c,V)] <B. (E.2)
t=1 n=

We now use standard techniques in mechanism design to develop a reduced form of problem P. Consider
an arbitrary direct revelation mechanism (7, A) € M. Using (E.1), the expected long-run per-period utility
of agent n who reports his attribute (c,,v,) as (é,,9,), and exerts effort according to the policy A, (é,,0,)

recommended by the principal is:
1 T
Un (@5 0y A (5 00), A | (1, A), €0y 0) = Tim = 21&3 [Wn - Tt Gy Dy Cnty V) = € At (6, 0]
t—

=Un ﬁ'n,(é'n,aﬁn)_CnX'n.(ény,{)'n,)v (E3)

1 — _ 1 E
Tn(CnyUn) = m —= Tn,t\CnyUns L _pny V_n an n\Cn,Un) = m = n,t\CnyUn)|-
Cryy U li E[m,,:(Cn,0n,C_p, V d X, (é,,0 li T E[A, :(Cn, 0
t=1

T— o0 T

Using (E.3), the constraint (IC) reduces to:
U Ton(Cry Un) = Cn* A (Coy U ) 2> V- T (G, D) — Cop* A (Cry D) Vs Dy Coy Uy

Similarly, we rewrite the (IR) constraint as:

vn'ﬁn(cnavn)_cn'An(cnvvn)20 vcn7vn7n7

and the objective function in P as:

T N
lim %Z ZE[UO Wi At (Coy Vi) — <o ~7rn,t(C,V)]

T— o0
t=1n=1

D> Avo-EWo] - EAi(Co, Vo)l = co-Elma, (C,V)]}

t=1n=1

N
:ZE [UO Xn(cym‘/n) —Co 'fn(cmvn)] ’
n=1

where, in the first equality, we use the independence of W, ; across ¢ and also the independence between
W,.+ and (C,,V,), and in the second equality, we use E[W,, ;] =1 for all (n,t).
Using the steps described above, the relaxed problem P reduces to the following optimization problem:

N
max E [v - A (Ch, Vi) — co - Tn(Cr, Vi
{Fn () Xn ()} Vn ; [ 0 ( ) 0 ( ):|

s.t. vn'fn(cnvvn)_cn')\n(cnvvn)Zvn'ﬁn(énaﬁn)_cn'xn(ényﬁn) Vénvvn7cn,vn)n7
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Let 7, := v, /c, denote the value-to-cost ratio of agent n. Further, note that the agent’s attribute (c,,v,)
affects the above optimization problem only through the ratio r,. Following Theorem 3.1 in Balseiro et al.
(2019a), without loss of generality, the above optimization problem can be recast as a single-dimensional

mechanism-design problem as follows:

N
max E [vo- Au(R,) —co-Tn(R, E4
{?n(),xn()} Vn nz::l |: 0 ( ) 0 ( )} ( )
st T T (1) = An (1) =70 Tn (Fr) — An(7n) Vi, 70, m, (E.5)
T Ton(T0) — An(rn) >0 Vr,,m, (E.6)

N
S Ef.(R.)| < B, (E7)

n=1

Let 4, (rn) := 70 - Tn(rn) — Au(ry) for any r, € R,. Following the standard procedure for solving single-
dimensional mechanism design problems, we note that (E.5) and (E.6) hold if and only if the following
conditions hold (see Lemma 2 of Myerson 1981):

Yn(rn) =y, (0) —l—/ T (r)dr’ Vr,,n, (E.8)
0
To(r) >7,(r") Vr>1'n, (E.9)
¥,(0) >0 Vn. (E.10)
Thus, we have
N
OPT=  max > Efvo- A(Rn) = o Tu(Ry)] st (B.5)-(E.7)
{Tn () An ()} Vn n=1
N
=  max D E[vo- X(Rn) = o Tu(Ra)] st (B.7)~(E.10),
{Tn (), An ()} Vn n=1
N
= iy )n}&)({)} y ZE [V« Y(Rp)Tn(Ry) — voyn(0) — co - Tn(R,)]  s.t. (E.7)-(E.10),
Tl An n n=1

where the last equality follows from substituting (E.8) in (E.4), using the standard exchange of integrals and
the definition of ¥(-) in (16) (see, e.g., Myerson 1981).

Appendix F: Connection Between Limited-Term and Score-Based Reward Policies

In this appendix, we present a theoretically-grounded connection between limited-term and score-based
policies. This connection also offers an understanding of why the class of score-based policies is guaranteed

to always contain an optimal solution for the principal.

A Brief Summary: Score-based policies are, in fact, closely connected to limited-term (in short, LT) poli-
cies, which are popular non-monetary reward policies in practice. To establish this connection, we introduce
a new, auxiliary class of policies, which we refer to as LT.5 This new class acts as a “bridge” between score-

based policies and LT policies. On the one hand, a score-based policy is structurally similar to an LT policy,

5 Our sole purpose in defining the class LT is to illustrate the connection between LT and score-based policies.
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with the only difference being in the amount of non-monetary reward the agent is given based on his past
performance. On the other hand, an LT policy is similar to an T policy, with the only difference being that
in the LT policy, the agent has to sometimes forego rewards that she qualifies for, whereas in the T policy,
the agent is always able to carry forward or accumulate rewards over time.

This connection also highlights a specific property of score-based policies that is missing from LT policies,
namely the ability to carry forward any unused rewards that have been earned. This property helps the
score-based class to achieve optimality in problem P. In other words, while the class of LT policies is not

guaranteed to always contain an optimal policy, the class of score-based policies always contains one. O

We now discuss these connections in more detail. Recall the definition of limited-term policies (Section 4).
In an LT policy with parameters (t;,t2,m), in any period ¢, if the agent’s cumulative output over the past ¢;
periods (including the current period) is greater than or equal to the threshold m, then the agent qualifies
for the non-monetary reward in each of the next t, periods. Note, however, that the agent can receive at
most one reward in any period.” Thus, in any given period, if the agent qualified for the reward multiple
times due to passing multiple evaluations in the past, he receives only one reward.

To establish a connection between limited-term and score-based policies, let us define another class of
policies, denoted by LT. Like LT policies, LT policies are also indexed by the parameters (t1,ts,m). As
with an LT policy, in an T policy with parameters (¢1,t2,m), in any period ¢, if the agent’s cumulative
output over the past t; periods exceeds m, then the agent receives the reward in each of the next t, periods.
However, unlike the LT policy, in any given period of the T policy, if the agent qualified for a reward
multiple times due to passing multiple evaluations in the past, then he receives one reward in that period
and can carry forward any remaining rewards to future periods. Formally, an T policy is defined as follows:
Let A, (where the letter A stands for account) represent the number of rewards accumulated by the agent
until (but excluding) period ¢ from successfully passing reviews. Then, for any period ¢ > 1, we have:

7 1 ifA,>1
LT t )
= F.1
K {O otherwise, 1)

s=t
where At+1:At77TtLT+t2']]- [ Z /\sWsZm] )

s=t—t;+1
where A; =0, A\, denotes the effort exerted by the agent, and W, denotes the random variable influencing
the agent’s output in period s.
We briefly explain the definition (F.1) above in words. For any ¢, the agent is rewarded in period ¢, i.e.,
W? =1, if and only if he has at least one reward in his account at the beginning of period ¢, i.e., A, > 1.
Thus, the agent’s account A, decreases by the amount 7rtLAT in period t. If the agent’s cumulative output over

the past ¢; number of periods (i.e., periods ¢ — ¢; + 1 through t) exceeds m, then he passes the review in

period ¢ and his account increases by an amount t,.

We now examine how LT policies are connected to both LT and score-based policies.

7 For example, a faculty can receive at most one teaching-load reduction in an academic year, or a supplier can receive
at most one Supplier-of-the-Year award in an year.
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The Connection Between LT and LT Policies:
We discuss the following illustrative example to explain the difference between an LT and an T policy, both

with parameters (t1,ta,m):

Example: Suppose that ¢t; =1 and t; = 2. Consider any two consecutive periods ¢ and ¢+ 1 and assume
that the agent delivers a sufficiently high output (i.e., larger than m) in both periods (for simplicity,
suppose that the agent’s output is 0 before period ¢t and after period ¢+ 1). Consider the LT policy with
parameters (¢1,t2,m). Since the output in period ¢t exceeds m and since 5 = 2, the agent qualifies for
the reward in each of the next ¢, = 2 periods, i.e., periods ¢+ 1 and t + 2. Since the output in period
t+1 also exceeds m, the agent also qualifies for the reward in each of the next two periods, i.e., periods
t+2 and ¢+ 3. Thus, the agent qualifies for the reward two times in period ¢+ 2 (one from the review in
period ¢ and another from the review in period ¢+ 1). However, since the agent can receive at most one
reward in any given period, he has to forego the additional reward he qualified for in period t+ 2. Thus,
by passing review in periods t and t+ 1, the agent receives rewards in three periods, i.e., periods ¢t + 1,
t+2 and ¢+ 3. Consider now the LT policy with parameters (¢1,%2,m). As in the LT policy, in the T
policy too, the agent qualifies for the reward two times in period ¢+ 2, one from the review in period ¢
and another from the review in period ¢ 4+ 1. However, unlike the LT policy, under the T policy, the
agent receives one reward in period ¢t + 2 and carries forward the additional reward to the next period,
i.e., period t + 3. As a result, the agent qualifies for two rewards in period t 4 3, one from passing the
review in period t 4 1 and another that is carried forward from period t 4 2. Again, since the agent can
receive at most one reward in a period, he receives one reward in period ¢+ 3 and one reward in period
t 4 4. Thus, by passing the reviews in periods t and ¢+ 1, the agent can earns rewards in four periods,
i.e., periods t 4+ 1 through ¢ 4 4. In this manner, while the agent may have to forego rewards under an
LT policy in some cases, he is able to avoid losing rewards under the T policy by carrying forward

rewards over time. O

Claim 1 below demonstrates an instance of problem P for which (i) every LT policy is suboptimal and (ii) a

specific T policy is optimal. The proof of Claim 1 is provided in Appendix F.1.

CrAamM 1. Consider the instance of problem P in which W, =2 with probability 1/2 and W, =0 otherwise.
Further, OPTyp = vgr — ¢o > 0, where OPTy is obtained in (3). Then, we have the following two results:
(a) Every LT policy is sub-optimal. (b) The T policy with parameterst; =1, to =2 and m =2-r is optimal.

We briefly explain the significance of Claim 1. Recall that the only difference between an LT and an LT
policy is that, in the former, the agent is allowed to carry forward rewards over time. By using an instance
of problem P, Claim 1 illustrates that this property is indeed necessary to attain optimality in problem P.

We note that this property is also present in score-based reward policies, as we discuss below.

The Connection Between LT and Score-Based Policies:
We recall the definition of a score-based reward policy from Section 6. Specifically, the score-based policy

maintains a score for the agent through time, and dynamically updates this score according to (12) based on
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the agent’s performance. Comparing (F.1) and (12), it is clear that the only difference between an LT policy
and a score-based policy is the amount by which the account under the T policy and the score under the
score-based policy increase with time. Specifically, under the LT policy, the account increases by an amount
to-1 [Zi;tﬁl AW, > m] in period ¢. That is, if the agent passes the review in period ¢ (i.e., the value
of the binary variable in the preceding expression equals 1), then his account increases by an amount t,. In
contrast, under the score-based policy, the score increases by an amount A, W, in period t.

Under the LT policy, the rewards earned in the past carry forward to future periods via the account A,
defined in (F.1). In a similar fashion, the score in the score-based policy can be viewed as “credits” the agent

receives as a function of his performance — here too, the credits earned in the past carry forward to the future

via the score S; defined in (12).

F.1. Proof of Claim 1

The proof of part (a) of Claim 1 is the same as the proof of Theorem 2 that is provided in Appendix B. We
now prove part (b) of the claim. For the LT policy with parameters t; =1, t =2 and m =2-r, using (F.1),

we have:

T
lim — Z w7 = = lim —ZIE [A, — Apyq +2-T[W A, > m]]

T~>oo

< lim — Z2]P’ [W. A, >m] (since A; =0 and A4, >0 Vt).

T—»oo
t=1

Thus, the expected long-run per-period utility of the agent is:

T

1
— LT _ < im — . > — .
Tlgrio E E [v T c A } < {{nt’aéi} Tlgrol0 T ;,1 [v 2P[W A > m] — ¢,

Since the optimization problem in the right-hand-side of the above inequality is separable in ¢, we can

maximize the given expression for any ¢. For the given distribution of W, since m > 0, we have
PWiA, = m] = (1/2)1[0 > m] + (1/2)1[2A, = m] = (1/2)1[2A; > m].

Thus,

—c\; A <m/2

OP[W A, >m] —ch, =
v [Wede 2 m] = e {v—c)\t At >m/2.

Thus, the value of A; which maximizes v-2P[W;\, > m] — ¢\, is given as:

)\t:{m/Q vfe>m/2 (F.2)

0 otherwise.

Using (F.2), the upper bound on the agent’s expected utility is obtained as:

T—o00 otherwise.

lim 72]}3[0 ﬂ_LTiC )\t}_{g—cm/Q v/e>m/2 (F.3)

Next, we show that the above bound is tight if the agent follows the effort policy given in (F.2). To this end,

we need the following intermediate lemma.
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LEMMA F.1. Under the LT policy with parameters t; =1, to =2 and m = 2r, suppose that the agent
follows the effort policy specified in (F.2). Then, we have:

E[A744]

lim =0.
T— o0

The proof of Lemma F.1 mirrors that of Lemma B.2 in Appendix B, with the modifications that S, is
replaced by A,, A\, =1/0 is replaced by A, =m/2, and O\, W, is replaced by 2 - 1[W, X, > m]. Therefore, for
brevity, we omit the proof of Lemma F.1.

Given that the agent follows the effort policy specified in (F.2), we have:

T—o0 T— o0 T

T T
7 E[A 1 _
lim — E E [1}~7rfT—c~)\t} =v- <— lim %4— lim — E Q-P[Wt/\thO —cA  (using (F.1))
=1

t=1
1 T

=v- (Th_r)I;OT;?-P[Wt)\t Zm]) —cA  (using Lemma F.1)

_Jv—=em/2 v/c>m/2

o otherwise,

and thus, the upper bound obtained on the agent’s expected utility in (F.3) is tight. Thus, the effort policy
given in (F.2) is an optimal response of the agent under the given LT reward policy. Given m = 2r, the

principal’s expected long-run per-period utility under the given policy is:

1 < — — 1 <
lim — Y E [UQWt)\t—CoﬂtLT} — vy A—cp - <lim =S 2-P[Wt)\t2m]>
t=1 =1

T — o0 T T—o0 T "
=vom/2 —cg
=OPTp (using m=2r and (3)).

The above equality together with the fact that OPT}g is an upper bound on the principal’s optimal value
OPT in problem P, completes our proof of Claim 1. ]



