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Online Companion: Appendices

Appendix A summarizes the principal notation in the main paper. Appendix B gives technical
details for the derivatives of the focal objective function. Appendix C justifies mathematical claims
in section 3. Appendix D presents numerical comparative statics analysis. Appendix E provides
formalism for the probabilistic performance measures in the experiments of section 4. Appendix F
shows how the one-shot trial design of the main paper can be transformed to a response adaptive
trial. Appendix G displays supplemental figures for the application to the ProFHER trial. We pro-
vide Matlab code to reproduce the results at https://github.com/andres-alban/ValueBased Trials.

Appendix A: Table of principal notation

Table EC.1 Table of principal notation.

Parameter Description

pNn €10,1/2] Fraction of patients treated with HT N under the current practice
Ex,EseR Effectiveness of technologies N and S, respectively

Cn,Cs €Ryyg Patient-level costs of using technologies N and S, respectively
AeRsg Monetary value of one unit of effectiveness (e.g., £30,000 / QALY)

X €R (random variable)

WeR

O'g( €R>0

o €R, 0'(2) €R.o
no=o%/0g

Incremental net monetary benefit of technology N over S
Unknown expected value of X

Known variance of X

Mean and variance of prior distribution for W

Effective sample size of prior distribution

Thax € Rog Maximum time duration of recruitment in trial

CeRyg Incidence rate of the condition in the population

Tmax € [0,(] Capacity of rate of recruitment

Qmax €N Maximum sample size for the trial

T €0, Thnax] Recruitment period duration (decision variable)

7 € [0, "max) Average recruitment rate to the trial (decision variable)

Q=Tr/2 Sample size of the trial

De{M,N,S} Adoption decision to implement the current practice (mix of technologies)
M, the new technology N, or the standard technology S (decision variable)

Zpy Posterior mean to be obtained, given uo and T'r patients to be observed

Acl0,H) Delay in observing realization of pairwise allocation (in time units)

P(T)eRso Number of patients to receive implemented technology once adoption
decision is made at T+ A

HeR., Maximum time horizon for decision, in the case of fixed horizon

PeRy Number of patients affected by adoption decision, in the case of fixed
patient pool

Pyr Annual discount rate, e.g., 3.5% for UK NICE

p€[0,1) Continuous time discount rate, p =1In(1 + p,,)

T,(T) Effective discounted recruitment period duration

P,(T) Effective discounted number of patients to receive implemented technol-
ogy once adoption decision is made at T+ A

Jon 1 = online learning; 0 = offline learning

ceRsg Variable per-patient cost per patient completing the trial

Ceap(T) Fixed setup cost of a trial to achieve recruitment rate r

Cfix, Cry 0 Parameters of setup cost function, e.g., Ceap(7) = cx + ¢, 77

Ip eR5g Fixed cost of switching to technology D from standard technology

an(T),as(T) R

Expected costs per patient if technology N or S is adopted
Standard normal loss function, U(z)=E[(Z —2)T ] = ¢(z) — 2(1 — ®(2))
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Appendix B: Derivation of partial derivatives of V

The first order conditions for interior solutions of (5), assuming that P(T") and c.,(r) are differ-

entiable, are given by
ov(T,r) 0 and ov(T,r)
or or

In this appendix, we show the main steps to find the partial derivatives of V' with respect to T

=0.

and r. We first introduce some derivatives that will be used repeatedly:

OoT) __anD)AE(T) Ousll) __as(T) dBT)
aT P(T) dI  (T) ’
dog Ngo%r noox T
or —\| (2ng+Tr)3T’ (2ng+1Tr)3

The following equations are useful relationships in deriving the partlal derivatives:

I(an(T))/oz) _  an(T) < 1 dP,( 1 302)

oT os \P(T) dT T, or
IN(as(T))/oz) _ as(T) < 1 dP,(T) 1 dog
oT oz \P,(T) dT O'Z or
doz oxr B Nyoz
oT — oz(2ng+Tr)2  (2ng+Tr)T
0oy o3 T Moz

or Uz(2n0 + CTT')2 N (2710 + TT)?".
Consider first

a% <e—ﬂ<T+A>Pp(T)aZ\1/ (aN(T)_“O»

0z
=—pe” (T+2) p (T)UZ‘II an (T) — Ho + e P(T+A) de(T) o, an(T) — po
dT (4
+ePT+A p aUz \I/ <04N >
—p(T+A) p an(T B ~oax(T) (1 dB,(T) | 1 9oz | po 0oz
e ( ( ) 1)( o, \BT) dr o, 07 )" oz ar
_ dP ( ) 80’2 aN (T) — Mo
— o P(T+A4) <z _
e [ <O’ 1T +P,(T) 5T Pp(T)UZp> v ( o

(D (P ) EED -o (0)

Similarly,
o ( _ as(T) + po
i p(T+A) S
a7 (e P,(T)ozV ( o ))
_ ap,(T) 0oz as(T) + o
— o P(T+A) ZZZ i)
e < T +P,(T) 5T Pp(T)JZp> v ( p

" <“ijT> @ﬂ%ﬂ + B(T) %‘;) + Do ‘3;) (1 o <0‘<?+“>) ]
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Thus, we get

8V6§§, r) e rT <;(50nr(1 — 2pN) o — cr) (EC.1)
_ dP,(T) 0o an(T') — po
_ p(T+A) P .
+(1—-pn)e <UZ T + P,(T) 5T P,,(T)azp> G (UZ

+ (O‘“;(ZT) (sz%;T) +P,(T) %UTZ> — P”((Z;)MO %‘?) (1 — (O‘N(?Z_“O»]

dP,(T 0 T
+ pne PR [ (Uz C;; ) +Pp(T)% — Pp(T)azp> T <as< U) +“°)
zZ

. (asm (UZde<T> s p ) ) | B(T)pso 0o ) (1 s (asm +uo>> ] |

Oy dr 8T Oz 8T Oz

The partial derivative with respect to r follows similar steps to the ones to find the derivatives
with respect to T, so we only present the final result:

ov(T,r) B OCcap(T)

or or oI, (T) + 50nTp(T)(1 — 2pN) o /2

e e [ A e e R e |

or oy

Appendix C: Proofs of mathematical claims

C.1. Proofs in section 3.3

Proof of Prop. 1. Weierstrass’ theorem states that the optimal solution of max,cg f(z) exists
if f is upper semi-continuous and S is closed and bounded (Andreasson et al. 2007, section 4.2).
A function f:S — R is upper semi-continuous at x if limsup, ., f(z) < f(zo), or equivalently, if
for every € > 0 there is a neighborhood S’ around x, such that f(z) < f(z)+ € for all x € 5".

The domain of V(T,r)is D={(T,r) |0 <T <Thax, 0 <7 <7Tpax}, which is closed and bounded.
Hence, to prove the existence of a solution, it is sufficient to show that V(7,r) is upper semi-
continuous.

It is easy to check that P,(T) is upper semi-continuous given that P(7") is upper semi-continuous.
Because ccap(7) is lower semi-continuous, —c,,(7) is upper semi-continuous. It follows that V (7, r)
is upper semi-continuous in {(7,7) |0 < T < Thax, 0 <7 <7nax} and we only need to show that
V(T,r) is upper semi-continuous when either 7'=0 or r = 0.

For T =0, first consider the neighborhood when T is exactly zero. Then, V(0,r +4,) =V (0,r)
for any 4, in the domain D by the definition in (9). Now, let 7 > 0 and consider the following
inequality using (8):

V(8,7 +8,) = —(Ceap (r +8,) +c(r +6,)T,(57)) + Son[(r + 8.)T,(57) /2](1 — 2px) o



ecd e-companion to Alban, Chick, and Forster: Optimizing value-based clinical trials

+ e POTHAE [(P(80) (1 = pN) Zsp s — In) T + (= Bp(07)D8 Zog(rrar) — 15) ™ ]
< Gonl(r+6,)T,(57) /2](1 — 2px) 1o

+ e Te P2R [ (P,(0)(1 — px) Zsp(rts) — In) T 4 (—Pp(0)pnZsprisny) — 1) T ] -

The inequality holds because ccap(r) > 0 and P,(T') is non-increasing, so P,(6r) < P,(0). The right-
hand side of the inequality is further continuous in d7 and is such that it converges to V(0,7) as
dr — 0. Thus, we can conclude that V(67,7 +9,) < V(0,r) + € for any € > 0 if we make Jr small
enough, and that V (T, r) is upper semi-continuous at 7'=0.

For r =0, consider first the neighborhood when r is exactly zero. Then, V(T + ér,0) = V(T,0)
for any dr in the domain of V(7 r), by the definition of V in (4a). Now, let 6, > 0 and consider

the following inequality that follows from ce.,(7) >0 and P(T") being non-increasing:

V(T +067,0,) = —(Ceap(8,) + 0, To(T + 1)) + 6ol (6:) T, (T + 67) /2] (1 — 2px) o
+ e PTHTHE[(P, (T + 67) (1 = px) Zirvsps, — In)*
+ (=P,(T + 07)pnZ (145795, — Is) ]
< Gon[0,T,(57) /2)(1 — 2px) o
+e 7T THIE[(B,(0)(1 = px) Zir rop)s, — In)*

+ (—PP(O)pNZ(TJr&T)zST - IS)+]'

The right-hand side of the inequality is continuous in dr and 4, and is such that it converges to
V(T,0) as 67 — 0 and 6, — 0. Therefore, we can conclude that V(T + dr,d,) < V(T,0) + € for any
e > 0 if we make |07| and 4, small enough, and that V (T, r) is upper semi-continuous at r =0. [
C.2. Proofs in section 3.4
Proof of Prop. 2. 1t is sufficient to show that V(T r) is the same for all members of the set
S={(T,r) €0, Tmax] X [0,7max) : Tr/2=Q}. If @ =0, then V(T,r)=V(0,0) for all members S.
This follows directly from the definition of V in (4a). Now suppose that @ > 0, and let 0% =
0% Q/(no(2no + Q)). Then, we obtain, for all members of the set S, the same expected net gain:
V(T,r) =00nQ(1 = 2px)p0/2 — 2¢Q — Ceapp + Pz [(1 —px)¥ <aNU_ZMO> +pn¥ <Oés+uo>} g

Oz
Proof of Prop. 3. Let (T*,r*) be an optimal solution to (5). First, observe that if 7* =0 or
r* =0, then (0, 7max) is also an optimal solution by the definition of V in (4a).
Now, consider the case T* > 0 and r* > 0 such that Q* = T*r*/2 > 0. We will show that any
trial design with the same sample size @Q* but with a larger recruitment rate (r > r*) and shorter

duration (T'=2Q*/r < T*) obtains equal or larger expected net gain.
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The posterior mean variance, 0%, is the same for any design that has the same sample size.
The non-increasing assumption of P(7) implies that P,(7’) is non-increasing, and, hence, P,(T*) <
P,2Q*/r), ax(T*) > an(2Q*/r), and as(T*) > as(2Q* /r). Because ¥(-) is decreasing, we can show
that the post-trial rewards, R*, under the optimal design are smaller than the post-trial rewards
obtained when the recruitment rate r is larger than r* while maintaining the same sample size Q*:

R*=P,(T*)o, [(1 —pn) U (OM> +onV <aS(T>+MO>}

0z 0z

SCEALE P LR

0z Oz

<P,(2Q"/r)oz [(1 —pn) ¥ <

The cost and online rewards may however be larger with a larger recruitment rate. Therefore,
it is not clear that increasing the recruitment rate obtains larger expected net gain, which is what
we will now prove.

To simplify notation, let C' = ¢ — (1 — 2pn)po/2 be the per patient cost net of online rewards,

such that the optimal expected net gain is given by
V* = —Coap — CTT,(T*) + e P T +2IR*,

Because Q* > 0, we know that the optimal expected net gain is positive: cc,p + CT‘*TP(T*) <
e P(T"+8) R* The expected net gain for the design that maintains the same sample size but uses a

larger recruitment rate can be bounded below by the function f(r):
V(Q" /1) 2 f(r) = —Ceap = CrT,(2Q" [r) 4 e C /MO Rr

because we have shown that the post-trial rewards are larger when the recruitment rate is larger.
We show that the derivative of f(r) is non-negative for r > r*, which will show that expected

net gain is non-decreasing as the recruitment rate increases. Basic calculus gives us

C * 2 * * 2 * *
F0y=-C (1 e 22 ) 2 o
p r r
and because the optimal expected net gain is positive, we can use e P2R* > Cr*(1 —

e=20Q° /") [(pe=2¢2"/7") to obtain

* * % —2pQ% /r*
f/<’l“) > _g <1 _em20Q% /T _ mesz*/r> n @672PQ*/T Cr (1 e—20Q%/ )
r r

pe_QpQ*/T.*
2 —pT*
:—g <1—6_pT—PT6_pT—pT e_pTl_e ’ ) :
p

The second line inputs 7' = 2Q* /r and T™* = 2Q* /r* and is a function of r through T'. To show that
f'(r) >0 for r >r*, it is sufficient to show that

. B B pT? _ 1—erT"
g(T,17) = <1€ pTipTe - T et e—pT* <0
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for any T'<T™*.

It can be shown that g(7,T*) is increasing in 7™ by taking partial derivatives with respect to
T*. Thus, it is sufficient to show that g(T,T) =1— e *T — pT <0, which can be easily shown by
taking derivatives with respect to 7. We can conclude that f(r) is nondecreasing.

We have shown that the expected net gain is nondecreasing when the recruitment rate is
increased and duration shortened to maintain the same sample size. Thus, we have shown that
the design given T = T"*r* /ry.. and r = 1., obtains at least the same expected net gain as the
optimal design: V(T™r* /max, "max) > V (I, 7*). Because (T*,r*) is optimal, we have established
that V(T*7* /T max, Tmax) = V (T, 7*) and that an optimal solution with r =7, exists. [

Proof of Prop. 4. Let (T*,r*) be an optimal solution and consider the alternative solution
(Tonax, T*7* [ Tinax)- It is straightforward to show that the alternative solution is also optimal by

following the same procedure as in the proof of Prop. 3. [
C.3. Comparative statics results in section 3.5

In this appendix, we present the algebra that leads to the results of comparative statics of
(5) presented in section 3.5. For simplicity, we present the results with undiscounted rewards
for Cases I and II (Ceap(T) = Ceap), i-€., it is sufficient to optimize only T for a fixed r (V* =
MaXTe0,Tmax] V (157)). The results are, however, as general as presented in section 3.5.

We aim to find the sign of the derivatives dV*/db = OV (1™, "max)/0b and AV (T*, 1) /db =
—(O?V (T, Pimax) /OT D) [ (O*V (T, Timax ) /OT?). The right-hand side of the second equation only
holds when 92V (T*, 7y ) /OT? < 0. While it is guaranteed to be non-positive at an interior solution
by the second order necessary conditions (Andreasson et al. 2007, Theorem 4.17), we assume that
it is strictly negative to exclude the rare cases when it is zero. Thus, the algebra we show in this

section only shows the sign of the numerator 92V (T*,r)/dTb.

C.3.1. Post-adoption population. For fixed patient pool, the optimal expected net gain is

increasing in P:

T _
78‘/( ’T) :(1—pN)O'Z\I/ 70[1\] Ho +pN0'2‘I] 705S+,u0
oP Oz Oz

+ (1 - px)an <1—c1><0‘N_“°)> + paos <1—c1> <M>> > 0.
(oA 0z

Using the implicit function theorem, the sign of 97* /0P is the same as the sign of:

(1—-pn)o <M> +pno <as +MO)
Oz

0z

*V(T,r) doy
oror — oT

an(an — o) aN — Ho as(os + o) Qs + o
+(1—pn) 2 ) ( . > + PN o2 ) s
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The first two terms in brackets have a positive effect on the optimal trial length, because the value
of information is higher when P is higher. The third and fourth terms come from the change in the
adoption decision rule because an and ag decrease as P increases. When ay < pig there is a negative
contribution from the third term but positive from all other terms. Similarly, when ag < —pug there
is a negative contribution from the fourth term but negative from all other terms. In general, we
cannot conclude that the optimal T is increasing with P, but this is often the case. For instance,
if —ag < po < an, or equivalently, it is a priori optimal to adopt M, then T is increasing with P.

For fixed horizon, we perform the sensitivity analysis on the time horizon H. The results are

very similar to fixed patient pool. The expected net gain is again increasing in H:

== moew (LI g (256200
+ (1= py)an(T) <1 — % (O‘N(?Z_“O» +pas(T) (1 9 <O‘S(TU)Z+’“‘°)>] >0

The derivative that determines the direction of change of the optimal trial length is

(1o (Ot g ()00

A 0z

O*V(T,r) _CGJZ
OTOH — ~ oT

+(1 —pN)aN(T)(a;%(T) — /‘0)¢ (CYN(Z’;)Z_ Mo) 4o as(T)(ajéT) + to) é <as(7;)z+ Mo)

P () A (20)

Comparing this expression to that for 92V (T,r)/dTOP, we have two additional terms with a
negative effect which capture the reduction in the post-trial patients for a longer trial. The direction

of change of T™ is not definitive through comparative statics.

C.3.2. Discount rate p. To show the effect of the discount rate, we need to assume here dis-
counted rewards. Instead, to make the algebraic expressions more manageable, we assume that
pn = 0 noting that the results hold equally for any py. We obtain

OV (T,r) dT,(T)
dp

—(T+A)e " T+ P, (T)o, ¥ <O‘N(T)_“°>

= (—cr + donr(1 — 2pN) 140 /2)
0z

dp
4 e—p(T+A) aPP(T) O'Z‘Ij an (T> — Ho + e—p(T+A) 1—® CYN(T) — Ho OéN(T) 8PF(T)
ap Oz Oz 8,0

The second line above is negative so we only need to show that the first line is negative:

OT,(T) on(T) — H0>
Op 0z

(er = Sour(1 = 2pN)p10/2)T,(T) (— 7 ET) aT(;;T)> <(T+A)e ?T+Y P (T)o, U <0‘N(?Z—HO>

(—cr 4+ donr (1 — 2pN) pho/2) <(T+A)e TP (T)o, U <
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To show that the first line is negative at the optimal design, we need to make use of the non-

negativity of the optimal expected net gain, V(T™,7*) > 0, equivalent to

nd * T* —
(Ceap + 1" — Sonr™ (1 = 2pN)10/2)T,(T*) < e P TR P (T o3 U (W)
Z
il * T* —
(er" = 8o (1= 2pn) 0 /2) T, (T7) < 7T+ P, (T*) 05w (a”“>
0z

Thus, the problem simplifies to showing that

LM s
T,(T) Op
1—e T (pT +1)

<T4+A
pl—crt) =0 5%

which requires some simple additional algebra to show that it indeed holds.
The comparative statics for T* require the calculation of 8?V (T, r)/dTdp. While it is straight-
forward to calculate, it results in a long expression that does not elucidate any interesting results

and we do not show it here.

C.3.3. Effective sample size of the prior distribution. To analyze the sensitivity of V' to ng,

we compute

e =P o (=) 4o (BB <o

8710 Gno Oz Oz

where do/Ong = —0%(2no+T7)/(2n0(no+Tr)) < 0. The optimal expected net gain is decreasing
in ny because ng is a measure of the confidence in the beliefs, and therefore, the lower the confidence,
the higher the rewards obtained from learning through a trial.
To analyze the sensitivity on the optimal recruitment duration, we obtain the following derivative:
0*V(T,r) 0?0y ax(T) — po as(T) + o
" _p 1— N/ e P L )
Tome " oTong |1 PN\ T o, )T,
ax(T) — po'\ (ex(T) — po)* oz Doz
1—pn)P
+ =) Po < oy o3 oT Onyg
as(T) + o\ (as(T) + po)? 9oz oz
Oz O’% 8T 8”0 '

+pxPo (

The terms in the second and third line are negative because doz/dny < 0, which correspond to
the effect of a larger ny requiring a smaller sample size to achieve the required confidence in a
decision. These two terms correspond to the intuitive effect of a less informative prior requiring
more evidence to be gathered. However, an additional effect is found in the first term which is
positive for ng < Tr/4 because 0?05 /0TOng = o7(—4ng + Tr)/4(2ne + Tr)*T. Therefore, T* often

increases with ny when ny is small, as we observe in the numerical results of Appendix D.
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C.3.4. Sampling standard deviation oy

axgg;r) :ng)z( [(l_pN)¢<aN(1;)Z o >+ ¢< (U)Z+uo>} >0,
where 0o, /0o x =+/Tr/(2ne(no +Tr/2)) >0

L e S N

The analysis here is similar to the analysis for ng

Oz
80’2 80’2
P
+(1-py) ¢< ) 3 0T oy
( )+/lo>( ( +Ho) 80’280'2
+ o P > 0.
PN ¢ ( % 8T 8UX
Here we obtain a definitive sign because 9?0 /9T 00 x = \/nor/((2ne +Tr)*T) > 0.
C.3.5.

Per-patient cost c. We can easily obtain

%—‘C/:—Tr<0
&V =—r<0
OTdc ’

which confirms the intuitive result that the optimal expected net gain and optimal enrolled patients
in Cases I-III is decreasing with variable per-patient cost

C.3.6. Delay in observing outcomes A. We obtain
oV aN — [ as+ [
OV o8 o b (1 —poyp [ ONTHo vt o,
A pe ozP, [( N) < - + DN -
C.3.7. Cost of recruitment c,. We obtain
ov

9
= 7l <
ae. r’ <0

and for Case III trials (only recruitment rate is optimized), we obtain

o*V
=—0r’71 <0.
oroe, o=
C.3.8. Fraction of patients in new technology py. It is straightforward to check that
GV(T,T) —_ _2(50nT7nM0 4 P(T)UZ (‘If <aS(T) +MO> B/ <aN(T) — MO))
Ipn Oz Oz
o) fos(m) (10 (BOH) ) iy (g (2T 10)) ]
Oz Oz

There are three summands in this expression. The first is the online learning effect. The second is the
effect due to post-trial benefits. The third is a correction due to the change of the optimal adoption

decision rule. The magnitude of the second summand depends on the magnitude of P(T)o, while
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the magnitude of the third summand depends on the magnitudes of P(T)ax(T") and P(T)as(T).
When P(T)oz; dominates, the effect depends on the expected gains of adopting technologies N or
S; if W ((as(T) 4 po)/oz) > ¥ ((an(T) — po)/0z), then an increase in py (increase in the number
of people who would benefit from the adoption of S) would increase the expected net gain.

The second derivative 0?V (T, r)/0Tdpy is a long expression that does not elucidate any inter-
esting insights. We present a special scenario, Iy = Ig =0, with some interesting results. Note that
an(T) = as(T) =0 and we obtain

From this expression, observe that under some additional conditions the optimal trial length

becomes independent of py. One possibility is pg = 0. The second possibility is under fixed patient
pool and offline learning. The optimal expected net gain is independent of py under the former,
but not the latter, condition.

C.4. Proofs for asymptotic results of Prop. 5 in section 3.6.1

Claims are proved separately for the four cases of section 3.4 in Lemmas EC.1 to EC.4. The
combination of the four lemmas completes the proof of Prop. 5. The proofs assume that ¢ — d,, (1 —
2pN)fo/2 > 0 and that there is no discounting, p = 0. The proofs further assume that ce.,(r) =
cux + ¢, r where ¢, =0 for Cases I and II with constant setup costs and where ¢, > 0 for Cases 111
and IV with variable costs.

C.4.1. Case I: constant setup costs, no discounting, fixed patient pool. If ¢ — §.,(1 —
2pn)po/2 <0 in this case, the effective cost of sampling is less than or equal to zero, and, given the
trial is run, it is optimal to sample infinitely for any P. We, therefore, analyze the more interesting
setting where ¢ — don (1 — 2px)p10/2 > 0. Because Q* grows unbounded with P (shown below), we

let 7. = 00 and T, = 00, i.e., there is no upper bound on the decision variables.

LEMMA EC.1. If Ceop(r) = Ceap, p=0, P(T) =P and ¢ — don(1 — 2pN)po/2 >0, then

lim Q" \/71003(@/5(/10/00) v
A( ))

P_)OO\/?_ C_éon(l_ZpN)M0/2

‘; = (1 =pn)oo¥(—po/00) +prno0¥ (0] 00).

lim
P—oo

Proof of Lemma EC.1. For functions f and g, we use the notation f(P) ~ g(P) to denote
limp_,, f(P)/g(P)=1. Without loss of generality, the proof assumes that r is fixed and T is the
decision variable. For clarity, we make the dependence of T* on P explicit with 7*(P). We need

to show that

5 1/2
TT*(P) ~ ( V nOUX¢(¢WOM0/UX)P> )

C— 5on(]- - 2pN)HO/2
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We know that T*(P) either satisfies the first order condition OV (T,r)/0T =0 or T*(P) = 0.
However, T*(P) =0 is not optimal for sufficiently large P. The expression OV (T,r)/0T =0 was

derived in Appendix B. By rearranging terms, we obtain

e

Ver Ver
_ \/ (2n0 +rT*(P))3T*(P)

noo%r

1—px _no(2f;o-f-rf*(P))(aN_#0)2 N —"O(QT;OJrTf*(P))(aS—s-uO)Z
P( p 202 rT*(P) n p o 20%7T(P) (EC.2)

(er — onr (1 —2pN) 100/2).

The left-hand side approaches infinity as P — oo, so that the right-hand side needs to approach
infinity as P — oo. Hence, limp_,,, T*(P) = oo, and the right-hand side satisfies the following

relationship:

- 50!1(]- - 2pN)N0/2

Vnoo%

Because ax = In/(1 —px)P and ag = Is/py P, which approach zero as P — oo, the left-hand side

(1" (P))®

\/(2n0 +rT+(P))*T*(P) (1 — Sonr (1 — 2px) i /2) ~ °

Noo%T

of (EC.2) satisfies the following relationship:

e + —¢ X

V2r V2m

_ng(2ng+rT*(P)) 2 _ ng(2ng+rT*(P)) 2 _.ng 2
p ( 1-— PN 203{ T (P) (an—Ho) PN 20'§(T‘T* @) (ag+po) > - P e 202, Mo ‘
V2T

Combining results, we obtain

P -5 —Oon(1—2 2
e @‘ONC ( pN),UO/ T2(T*(P))2

\/ﬁ \/’I’ZQO'%

and, by rearranging terms, the desired result for Q*/ VP.

Using the previous result, the asymptotic result for V* =V (T*) is straightforward to find. Let o7,

be o evaluated at T™. Because limp_,,, T* = 0o, we know that limp_,, 0} = 0x/\/ng = 9. Then,

V™ =—cCeap — rT" + Son (1 —2px)porT™ /2 + Poy ((1 —pN) ¥ (%) +pnU (C“STJZ”O>)
z z

V* ~—erT* + don(1 — 2px) piorT* /2 + Poy <(1 —pN) W (_lio) +pn¥ ('uf ))
Oz Oz

V"~ —erT" + 0on(1 — 2pN)porT™ /2 + Poo ((1 —pN)V (_UMO) +pnY <?>)
0 0

V7 ~(=c+ don(1 = 2px)po/2) < Viook ol motio/ ) >1/2 VP + Pog ((1 —pn) ¥ (_;:O) +pNT (%))

(¢ — Gon (1 — 2pN) 0 /2)12
V7 ~Pog ((1 —pN)¥ (;—‘f) +pNT (Z—z)) :

and the last line is the statement in the lemma. O
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C.4.2. Case II: constant setup costs, no discounting, fixed horizon. Because we assume undis-
counted rewards, Case II is necessarily fixed horizon. If ¢ — ., (1 — 2px)po/2 < 0 in this case, then
the first order condition for T is never satisfied, and it is optimal to sample infinitely. We therefore
analyze the setting where ¢ — 6o, (1 — 2pn) /2 > 0. In addition, we allow T,,., = 00, i.e., there is
no upper bound on T, because T* — oo as P — 00, as shown below. Prop. 3 shows that r* =1,

is optimal. By multiplying 7™ with r,.,/2, we obtain asymptotic results for Q*.

LEMMA EC.2. If €oup(r) = Ceap, p=0, P(T)=((H —T — 1750A), ¢ —6on(1 —2pn)0/2 >0, and

Trnax = 00, then

T A Voo oo/ ) "
H—=oo \/C(H — A) (¢ = 0on(1 = 2pN) o/ 2)r30x + CTmax00 (¥ (1o /00) + (1 — pw) o/ 00)
(EC.3)
Jim CH=A) ™ (1—pwn)oo¥(—po/00) +pNoo¥ (po/00)-

Proof of Lemma EC.2. For functions f and g, we use the notation f(H) ~ g(H) to denote
limy o f(H)/g(H)=1. For clarity, we make the dependence of T* on H explicit with T*(H). We
need to show that

1/2
T*(H) ~ V1ookd(yMopo/ox)((H — A) .
(¢ = on(1 = 2pn)po/2)r2 + Crox [ /o (¥ (poy/no/ox) + (1 = px)por/T0/0x)
We know that T™*(H) either satisfies the first order condition OV (T*(H))/0T =0 or T*(H) =0.
Because T*(H) = 0 is not optimal for sufficiently large H, T*(H) satisfies OV (T*(H))/0T = 0.
Using the expression derived in Appendix B, dV (T*(H))/dT =0 is equivalent to

ottt 111 - ) 25 g (LT )

er — O0ont (1 —2pn)1o/2 =(1 — pn) 5T O'*((H
z

o (H)C <O‘N(T;}(@))_MO> —an(T"(H))C <1 By (O‘N(ngl(—{;))_ﬂ())) ]
ot (1) - ) T2 (L)
— o3 (H)CW <“S(T;;£I))+“O> (T*(H))¢ <1 —® (““iﬁﬁ MO)) ] |

where o3 (H) is oz evaluated at T*(H ). Because the left side of the equation is bounded for any
H, the right side must be as well. Thus, (H —T*(H)— A)Jdo%(H)/IT is bounded and implies that
limy o T*(H) = 00, limy oo (H—T*(H) —A) =00, and (H —A) ~ (H —-T*(H)— A), with the use
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of expression for doz /0T derived in Appendix B. Using this observation on the above equation,

()

N
* noox T Ho+/To
e ‘A)\/ it ()

By rearranging and some additional asymptotic approximations, we obtain

The desired result is obtained by rearranging the terms and setting r = r,.x, which we know to

we obtain the following relationship:

er — Oont (1 — 2pN) 10/ 2+C

be an optimal decision from Prop. 3. Using this result and following a similar procedure as in the
proof of lemma EC.1, we can obtain the asymptotic result for V*:

V* = — coap(r) — erT" +6on (1 — 2px)porT™ J2 + P(T")o% ((1 ) (M) 4N (MD

* *

z Oz

V*~—erT* + Gon(1 = 2pn)porT™ /2 + C(H — T" — A)og <(1 —pN) W (7‘7110) +pN U (?))
0 0

V* ~C(H — Ao ((1 — )T (;—’;0) +paT (@)) . O

oo

C.4.3. Case III: affine setup costs, no discounting, fixed patient pool. If ¢c—d,,(1—2px)po/2 <
0, then the first order condition is never satisfied and it is optimal to sample infinitely. In that
scenario, a solution to (5) does not exist unless r is constrained and r* = r,,,. We therefore
analyze the setting where ¢ — d,,(1 — 2pn)po/2 > 0. Because the optimal recruitment rate grows
unboundedly with P (as shown below), we assume that 7., = 00, i.e., no upper bound on r. To
obtain asymptotic results on Q*, we only need to multiply the results of r* with T},../2, as Prop. 4

shows that T =T,,., is optimal.

LEMMA EC.3. If coop(r) = cfis + ¢, where ¢, >0, p=0, P(T) =P and ¢ — 6on(1 —2pn)0/2 >0
then

1/2
* 2
lim —— = V100 6 {110/ ) , (EC.4)
P—oo /P [CTmax +c. — 5011(1 - 2pN)//LO,—Tmax/2]
Hm == a0[U(po/00) + (1 = pw)po/ o).

Proof of Lemma EC.3. Prop. 4 shows that it is optimal to have T* =T},,,.. The optimal r has to
satisfy the first order optimality condition OV (T, 7)/Or =0 for large enough P. The optimality

condition is equivalent to

_n0(2n0+7'* (P)Tmax) _ 2 _n0(27L0+T'*(P)TmaX) 2
p 1—pn . W(aN o) PN B W(as +10)
V2T V2T

* 3k
— \/(2”0 +r (P)Tmax) " (P) (CT + CTmax - 50nTmaX(]‘ - 2pN)N0/2)

2
nOUX Tmax
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The optimality condition is the same as (EC.2) with the exception of exchanging 7*(P) with r*(P),
exchanging r with T,,.«, and an additional ¢, on the right-hand side. The rest of the proof follows

as the proof of Lemma EC.1 and is not reproduced here. [

C.4.4. Case IV: affine setup costs, no discounting, fixed horizon. If ¢—d.,(1 —2px)po/2 <0 in
this case, the effective cost of sampling is less than zero, and, given the trial is run, it is optimal to
sample infinitely for large H. We, therefore, analyze the more interesting setting where ¢ — d,,(1 —
2pn)0/2 > 0. Notice that, unlike the previous cases, ¢ — 0o, (1 — 2px) o /2 = 0 is considered here and
gives interesting results that differ substantially from the scenario when ¢ — §,,(1 — 2pn)uo/2 > 0.
Because both T* and r* grow unbounded with P (shown below), we let T}, = 00 and 7. = 00,

i.e., there is no upper bound on the decision variables.

LEMMA EC.4. If p=0, ceop(r) =cpiz+ ¢,1, where ¢, >0, P(T)=((H —T —17r-0A), ¢ —on(1 —
2pN) /2> 0, and Tax = 00 and Ty = 00, then

A CH—A) (L —pn)oo¥(—po/00) +prnoo¥ (po/00).
In addition, if ¢ — 0on(1 —2pn)p0/2 >0, then

r* KT+ ( K?\/ngo% ¢ (10 /00) )1/4

P CH — AN~ % (C(H M)V~ \ e bon(1 — 2p)yin/2

ifC— 50n(1 - 2pN):u0/2 = 07 and

1/3
r* . KT* <K2\/n00§(¢(u0/00)>
c, ’

lim lim =

iovse (C(H = M)V~ i5oe (((H = AP~
if ¢ —0on(1 —2pNn)p0/2 =0, where K = o x((¥(1o/00) + (1 —pn)o/00)/(y/10c:)-

Proof of Lemma EC.4. For large enough H, the optimal trial design satisfies T*r* > 0 and the
first order optimality conditions OV (r*,T*) /0T =0 and OV (r*,T*)/0r = 0. Using the expressions

derived in Appendix B and the property do,/0r = (r/T)0o /0T, the first order optimality con-

ditions are equivalent to

(= 122+ (1= ) (1 (DY) () )]

Oz ik EC)
+ N [Cas(T*) (1 - (OW)) +GECW(<W>]
—((H-T" - A)aa(;} {(1 —px)o (W) Tone (W)]

and

*

*

(cr 4 (¢ = don(1 = 2pn)p0/2)T) T* =C(H =T~ A)aa} [(1 Rl <aN(T0)_MO> ToNo <aS(T*Z+M)ﬂ

T

Z Oz

(EC.6)
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where o7, is 05 evaluated at (T, r*). Notice that the right-hand side of both conditions are the

same so we can formulate a third condition:

(1) [can(r) (1= 0 (22 ) ) g (=) (BC.7)
ST o L B

We first show that limyg_,. H — T* — A = co by means of contradiction. Assuming that
limg ,oo H — T* — A < oo implies that limg ., 7" = oco. Then, the right-hand side of (EC.5)
approaches zero as H — oco. But the left-hand side is larger than zero so that (EC.5) cannot be
satisfied for large enough H and we have reached a contradiction.

Next, we show that limg .., T* = co by contradiction. Assuming that limg ., T* < oo, (EC.5)
implies that limy_, . r* = co. We reach a contradiction in (EC.7) because the left-hand side is
bounded and the right-hand side is not.

Because we have established that limy_, ., 7% = 0o, (EC.7) implies limy ., 7* = co. In fact, (EC.7)

. lm—pN) {MT*) (1_<1> (W)) P <W>}

o [asr) (10 (BTIEI) ) g g (5T 000 )

Oz

implies

~KT", (EC.8)

where K = ox((¥(po/00) + (1 — px)po/00)/(/noc,). The asymptotic equivalence follows due to
limyg_,oo T* =00 and limgy_, 7" = 00.

The rest of the proof has to consider the two cases ¢ — don(1 — 2pn)p0/2 =0 and ¢ — don(1 —
2px) /2 > 0 separately.

Assume first that ¢ — 0o, (1 — 2pn) /2 > 0. Combining (EC.6) and (EC.8), we obtain

nookx K

K(c, + (¢ = don(1 = 2px)po/2)T™) ~ C(H =T — A)\/(Qno + K(T%)?)3 P(v/nopto/ox),

and with further simplifications

x \/TTUO’XQb(\/?TOMo/UX) o e
g <K2<c—aon<1—2pN>uo/2><H m) |

From (EC.8) it follows

. K2\ /ngox ¢(\/nopo/ox) B 1/4
' < ¢ —0on(1—2px)p0o/2 C(H A)) )
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and we are done with the proof for the case ¢ — don (1 — 2pn)po/2 > 0.
Now, assume ¢ — 0o, (1 — 2pn) 0/2 = 0. Combining (EC.6) and (EC.8), we obtain

noag(K

KCT NC(H_T* _A)\/(2no +K(T*)2)3 qf)(\/’l”T()/,L()/O')(),

and with further simplifications

e <ﬁgx¢fg\5fﬂo/ax) C(H ~ A)) "

From (EC.8) it follows

. (K\/%UXM\/?TOMO/UX)C(H - A)> 1/37

Cr

and we are done with the proof for the case ¢ — o, (1 — 2pn)po/2 =0.

Using the asymptotic behavior of T* and r*, it is easy to show that

V*~ ((H = A) (1 =px)oo¥(—po/o0) + pnoo¥(poe/00)) . O

C.5. Proofs for asymptotic results of Prop. 6 in section 3.6.2

Proof of Prop. 6 1t is easy to check that limp_, . P, = (/p with fixed patient pool and that
limy_, P,(T) = ¢/p with fixed horizon, where convergence is uniform on the bounded domain
0 <T < Tpax. Similarly, oy = Inp/((1 —pn)C) =limp_, o an = limpy o an(T), and af = Isp/(pnC =

limp_, o ag =limg . ag(T). Consider first Tr > 0:

Voo (T, 1) = V(T,7)| = e ?T+™g, ’i - Pp(T)‘ ((1 —pN)

() (45
iﬂ@ﬂlemw<%;%)@CMZJMN

o()-e (25

where the inequality uses o, < 0y and e ”(T+2) < 1. Because ¥(-) is a bounded function in the

+ PN

<oy

+ PN

domain, there is a constant C', independent of T" and r, such that

Vel vl <c| - p).
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Because P,(T") converges uniformly to (/p, it follows that V(T',r) converges uniformly to V.. (7', 7)

when T'r > 0. Consider now Tr =0:

Vie(Tor) — V(T,r)| = f)max{o, (1= px)to — Inp/Cs —putio — Isp/C)

— Po(T)max{0, (1 —px)po — In/B,(T), —=pxpo — Is/ Pp(T)}

< i — P,(T)| max{0, (1 —pn)po — Inp/¢, —pxpro — Isp/ ¢}

Again, because P,(T") converges uniformly to (/p, it follows that V(T,r) converges uniformly to
Voo (T,7) when Tr =0 and we are done proving that V(7T,r) converges uniformly to V., (T,r) as
P — o0 or H— oo.

Due to uniform convergence, it follows that limp_,. Vp = limpy_, Vif = maxr, Vo (T, 7). We
cannot guarantee a unique maximizer of V, (7T, 7). However, uniform convergence also guarantees
that, if a unique maximizer (T, 7 ) = arg maxr,. Vo (T, r) exists, then limp_, . Tp =limy o, T} =

T and limp_, o s =limpy oo iy = 7oo. Thus, limp_, o QF =limy oo Qf =7roTno /2. O
Appendix D: Numerical comparative statics

This appendix provides the technical details for the numerical investigation of the sign of the
following derivatives with respect to parameter b: dV*/db, dT*/db, dr*/db, and dQ* /db. The results
are based on exploring the parameter space by evaluating the optimal design and expected net gain
at representative points in the parameter space and recording the finite difference computation of
the derivatives at each point using the envelope and implicit function theorems.

We consider only offline learning (4., = 0) because it is equivalent to a shift in per-patient cost
as discussed in section 3.5. We consider both fixed patient pool and fixed horizon, and let P =(H
for fixed patient pool. To explore different shapes of setup costs, we consider polynomial functions
Ceap(T) = c,r? and explore values for ¢, > 0 and 6 > 1. We assume no fixed costs because those only
affect the decision whether to run the trial or not, while we are interested in the effects when the
trial is run. We use 6 > 1 to consider the more realistic scenario of convex setup costs because
recruitment becomes harder as the trial size increases.

To explore the parameter space, we split the procedure in the four cases described in section 3.4
which are defined based on the setup cost function c..,(7), the post-adoption population, either
fixed patient pool or fixed horizon, and discount rate p.

We consider the range of parameters in Table EC.2 chosen with the following reasoning. We
need to set a scale for value/money and time. We set the scale for value and money by fixing

the sampling cost ¢ = 1,000 and sampling standard deviation ox = 1,000; this is without loss of
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generality because it is easy to check that a change in these parameters is equivalent to a scaled

problem with appropriate compensation in other parameters':

V(T7T;/BC7 CT?C) :,BV(T,T’;C7 CT/IBJC/B)
V(T,r;v0x,¢ o) =V (T, r;0x,7C, to/7)

V(T,T’;BC,’YO')(,CT,C,Mo,IN,Is) = IBV(T,T;C, UXycT/BvCV/B?MO/’Y)IN//BaIS/B)

for any 8 >0 and v > 0. We choose 1,000 as the fixed value to keep the units in the same scale as
the application in section 4 for ease of interpretation.

We set the scale of time by fixing the time horizon at H = 200. We choose 200 again to keep the
units in the same scale as the application in section 4, where each unit is a month.

Thus, we set all parameters in terms of ¢, ox, and H, using base case values similar in magnitude
with the application in section 4, and exploring values one or two orders of magnitudes smaller or
larger than the base case values.

Table EC.2 includes the parameters for all four cases but we present the results for each case
independently because some parameters are only relevant for some cases (e.g., the discount rate
is not relevant for Cases I and II because the discount rate needs to be zero) and to identify
trends that differ in different cases. There are 10 degrees of freedom in these 13 parameters, after

normalization of the values of ¢, ox, and H.

Table EC.2 Parameters explored in the numerical results
Parameter Range of values

Ceap(r) =c,7’ ¢, =0;1,000;100;10,000, 6 =1,2,3
H (P=(H) 200

Post-adoption fixed patient pool, fixed horizon

P 0,0.5,0.1,0.01/H

ox 1,000

no 1,0.1,10

Lo 0; —1,000; 1,000

c 1,000

In, Is 0,0.01,0.1 X Pox/\/Tig

PN 0,0.2,0.4

A 0.1,0.01,0.3 x H

¢ 100,000; 10,000; 1,000,000/ H

Tmaxyrmax H— A7 200

We report the fraction of instances where the derivatives are larger than zero. We exclude

instances where the optimal design is found at a boundary, i.e., @* =0, or T* =Ty, (for Cases I,

13 The notation V(T,r;b) makes the dependence of V' on the parameters b explicit.
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II, and IV), or r* =1y, (for Cases I, III, and IV). We exclude this instances because the deriva-
tives of the design variables are zero at these points (small changes cannot push the design out of
extreme points) and we do not want the fractions to be biased by these instances.

Two computational issues are present in this analysis. First, the optimization problem to find
T* and r* is nonconvex. We find the optimal design by initializing local optimization algorithms!*
at ten random starting points. To validate that errors in the optimization algorithm do not sig-
nificantly bias the results, we compared the optimal design for 10,000 randomly selected instances
using 100 vs. 10 random starting points and found a discrepancy in the optimal value in less than
0.2% instances. Second, we use finite centered differences to compute the derivatives at the optimal
points. These computational issues explain a slight inconsistency between a few of the theoretical
results in Appendix C.3 above and three of the entries in the numerical results of Table EC.4 and
EC.6 below. However, the errors are not large enough to alter the insights of this analysis.

In Table EC.3, we summarize the results of the numerical comparative statics for Case IV trials.
The “number of instances” column represents the number of instances with an optimal design
found in the interior of the domain. The number of instances for P and H are smaller than
the rest because they are only valid for fixed patient pool and fixed horizon, respectively. The
other derivatives pool the results for fixed patient pool and fixed horizon together. The number of
parameter combinations tested for Case IV were 137,781 and we found an optimal design in the

interior of the domain for 56,272 (41%). We discuss these results in section 3.5.

Table EC.3 Numerical comparative statics for Case IV trials
Parameter b Number of instances dV*/db>0 d7*/db>0 dr*/db>0 dQ*/db>0

P 28,224 100% 1.3% 99.3% 98.7%
H 28,048 100% 100% 100% 100%

0 56,272 0.0% 2.0% 54.9% 0.0%

A 56,272 0.0% 49.8% 0.0% 0.0%

no 56,272 0.0% 99.9% 11.7% 96.2%
Ox 56,272 100% 21.8% 100% 97.6%

c 56,272 0.0% 0.0% 0.0% 0.0%

Cy 56,272 0.0% 99.8% 0.0% 0.2%

In Table EC.4, we present the results for Case I trials. Because A has no impact on the expected
net gain in such trials, we only considered A = 0. The number of parameter combinations tested
was 729 of which 648 (89%) were in the interior of the domain. We see the presence of numerical
error due the optimization and numerical computation of derivatives: dV*/dox and dQ*/dox are
theoretically greater than zero but we find 1.1% and 1.9%, respectively, of instances where this

does not hold and dV*/dng is theoretically smaller than zero but we find 0.2% instances where

4 We use the MATLAB® fmincon function with the SQP algorithm.
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this does not hold. This provides further evidence that the errors induced by the analysis exist but
are small enough not to affect the insights of the analysis.

The results yield similar insights to those yielded by the discussion of Case IV trials with some
notable differences. First, 92.0% of instances have dQ*/dP > 0 compared to 98.7% in Case IV
trials. While both have the same direction in a majority of instances, the proportion is significantly
different. Second, 72.7% of instances have dQ*/dny > 0 compared with 96.2% in Case IV trials. The
difference between Case I and IV may be due to the optimal sample size for Case I (mean=1,630)

being much larger than the that for Case IV (mean=210).

Table EC.4 Numerical comparative statics for Case | trials
Parameter b Number of instances dV*/db>0 dQ*/db>0
P 648 100% 92.0%
Mo 648 0.2% 72.7%
ox 648 98.9% 98.1%
c 648 0.0% 0.0%

In Table EC.5, we present the results for Case II trials. Of 15,309 parameter combinations, we
find interior solutions for 10,957 (72%). We see small errors in the expected net gain derivative
with respect to ox. The most notable difference with the results for Case IV is that d7%/dox >0
for 73.2% of instances compared to 97.6% of Case IV in which dQ*/dox > 0.

Table EC.5 Numerical comparative statics for Case |l trials
Parameter b Number of instances dV*/db>0 d7T*/db>0

P 5,093 100% 63.2%
H 5,864 100% 100%

p 10,957 0.0% 0.0%

A 10,957 0.0% 0.0%

no 10,957 0.0% 97.7%
Ox 10,957 100% 73.2%

c 10,957 0.0% 0.0%

Finally, Table EC.6 presents the results for Case III trials. Of 6,561 parameter combinations,
we find interior solutions for 5,624 (86%). We have small numerical errors that do not match the
theoretical results for the derivatives with respect to ox and ng. The most relevant result is that
dr*/dng > 0 for 75.2% of instances compared to 96.2% of Case IV trials in which d@Q*/dny > 0.
Appendix E: Computation of CPCS and power
In section 4, we defined the CPCS as the conditional probability of correct selection of a technology

for adoption, given W = w:

CPCS(w) =Pr(D=D"* | W =w),
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Table EC.6 Numerical comparative statics for Case Il trials
Parameter b Number of instances dV*/db>0 dr*/db>0

P 5,624 100% 95.7%

no 5,624 0.1% 75.2%

Ox 5,624 99.6% 99.3%

c 5,624 0.0% 0.0%

cr 5,624 0.0% 0.0%

where D°7%¢ is the oracle’s adoption decision. In this section, we show how to compute it.
First of all, note that the optimal adoption decision depends on Zr,, which given W has the

following distribution:

Ton | W~ N <n0uo+TrW/2 2Tro% ) .

n0+TT/2 ’ (2710+T7’)2
If W > an(T'), the oracle adoption decision is N. Thus, the CPCS simplifies to

CPCS(w) =Pr(Zz, > an(T) | W =w).

We can then compute CPCS(w) =1— ®(Uy), where
U — 2n0(an(T) = po) + Tr(an(T) —w)
N oxV 2Tr '

If w < —ag(T), the oracle’s adoption decision is S, and we obtain CPCS(w) = Pr(Zr, < —as(T) |
W =w)=1-®(Us), where

_ 2ny(as(T) + o) + Tr(as(T) + w)
Jx\/ﬁ .

Similarly, if —as(T) <w < ax(T'), the oracle adoption decision is M, and we obtain CPCS(w) =
Pr(—as(T) < Zr, <ax(T) | W =w) = ®(Uy) + ®(Us) — 1.

Us

The final closed-form expression of CPCS is then

1—(I)(UN), w>aN(T)
CPCS(w) =< 1—®(Uy), w < —ag(T)
Q(Un)+@(Us) =1, —ag(T) <w < an(T)

The computation of power requires the following definitions. Let a be the type I error and ¢,
be the 1 — z quantile of a standard normal distribution. A two-sided hypothesis test, rejects the
(null) hypothesis that the population mean W is zero if the sample average X =2/(Tr) ZZT:TI/ * X,
is larger than q,/20x/+/T7/2, or smaller than —gq,/20x/+/T7r/2. The power is the probability of

rejection given W = w:

Ox S Ox
ower(w) =Pr| X > ——quonUX <———qun|W=
P (w) < Tr/2q /2 Tr/2q /2
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Appendix F: Some special parameter settings that allow fully sequential trials

In a fully sequential trial, the decision to continue the trial or to stop sampling is made after the
outcome of each patient pair is observed, as for an optimal stopping time problem. The sequential
version of the one-stage optimal trial design problem in section 2.5, with fixed rate of recruitment
r, is written in Appendix F.1 below. If we can show that this problem is equivalent (after suitable
reparameterization) to an existing fully sequential trial model, then the one-shot trials proposed in
section 2.5 can be run as fully adaptive trials, at least for the case of a fixed rate of recruitment. The
fixed recruitment rate can then be optimized. Appendix F.2 affirms that this can be done for four
special parameter settings to match the model of Chick et al. (2017a). For these special settings,
then, we can allow the duration of the trial T" to be response adaptive to observed outcomes, for
any given fixed rate of recruitment r > 0, with a simple transformation of a few parameters.

This section assumes a fixed patient pool (P(T) = P) and that the recruitment rate r is fixed.
The results of this section are used in numerical experiments in section 5 to assess the benefit of
optimizing recruitment rate in a one-shot trial, of shifting from a one-stage trial to a sequential
trial that adapts trial duration, or of optimizing the recruitment rate of a sequential trial that
adapts trial duration (if one of the four special parameter settings holds).

F.1. Optimize fixed recruitment, with optimal adaptive stopping time.

The model in section 2 assumes that T' and r are continuous, whereas the decision epochs are
discrete. We first recall a related discrete-time sequential model to introduce notation and fix ideas.
We then adapt the continuous-time model of section 2 to a corresponding discrete-time model.

Chick et al. (2017a) provided a fully sequential two-armed trial with optimal adaptive stopping
time, and which essentially assumes py =0 and fixed patient pool in terms of our model. Alban
et al. (2018) extended that model to allow for pragmatic trials with more general py. Following
that model, we define decision epochs t =0,1,...,Qmax — 1. At each decision epoch, measurements
of health outcome and treatment cost are observed (with appropriate delay) for a pair of patients
randomized to each arm of the trial. An action a, € {0,1} is made to continue sampling (a; = 1) or
stop sampling (a; = 0) before enrolling each patient pair (hence the term fully sequential). Once
recruitment stops, at stopping time @@ = min{¢: a; = 0}, we observe the outcomes of patients in
the pipeline — those who have been randomized but whose outcomes have not been observed yet
— before making the adoption decision. A policy, m, maps available knowledge (prior information,
plus acquired data) to an action at each decision epoch. Let E, [-| K] denote the expectation
induced by policy 7 given the prior information set Ko = (19,n0). If Q =0, the trial does not run,
and the adoption decision is made immediately, based on the prior information alone.

We now adapt the model in section 2 to discrete-time. Let 7= [rA/2] be the number of patient

pairs enrolled in the trial during the follow-up period of length A and let p = e?*/" — 1 be the
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discrete discount rate per patient pair. We write the expected net gain for a discrete time trial

with recruitment rate r and policy 7, which sequentially determines @ € {0,1,...,Qunax}, as:
V() 1 c QZ —2pn) X1 —2¢ K
T™T)=— ca
Q>0 p — 1 +p) 0
1p_n((1 —PN) P,(2Q/r)W — In) + 1p_s(—pnF,(2Q/r)W — I5)

+ Eﬂ' — KQ .

(1 + p)1Q>o(Q+T)
(EC.9)

A policy 7} that maximizes V(m,r) over non-anticipative policies 7 is said to optimize the trial
duration for a given fixed 7. An optimum can be found by solving the univariate optimization
max, V (7, r), assuming the computability of 7* and V (7%, r), for r € [0, rmax-
F.2. Equivalence for four special cases
If we assume a fixed patient pool (P(T') = P), we may identify four special parameter settings
that permit the computation of the optimal sequential policy 7 and expected net gain V(7*,r) in
(EC.9) for any given r using the methods of Chick et al. (2017a,b):

To this end, we recall the objective function of the fully sequential trial in Chick et al. (2017a).

Q-1
_C+6onXt+1 IDZN(PpW—I)
{tg(; (1+p) }+(1+ﬁ)1Q>0(Q+7) : (EC.10)

Vir)=E,

Here, the policy 7 is a nonanticipative function which selects an action a; to either continue
sampling, or to stop, on the basis of prior knowledge and any observations seen by time ¢, for
t=0,1,2,...,Q. After stopping and observing all the data, the new alternative is selected as best
it P,W —12>0.

We first explore the differences between (EC.9) and (EC.10) related to the fixed costs of the
trial. The fixed cost ce.p(7) in (EC.9) only affects the decision of running the trial or not, captured
by action ag. Such decision can also be made by computing the value of the optimal design with
zero fixed costs, and then evaluating whether it overcomes the fixed costs. Thus, fixed costs do not
disturb the equivalence of the optimal trial design once the decision to observe the first patient
pair is taken, even though they do affect the optimal choice of aj.

We now explore equivalence of the sequential sampling models, assuming aq indicates the first

patient pair is to be observed, for some parameter settings.

F.2.1. Current practice is standard treatment. When py =0, (EC.9) becomes

V(?T) = —1Q>Occap — (1 _’_ﬁ)1Q>O(Q+‘r)

Qz: (SonXt-i-l ] E [ 1D=N(PpW - IN)

which is equivalent to (EC.10) by letting ¢/ =2¢ and I' = Iy.



ec24 e-companion to Alban, Chick, and Forster: Optimizing value-based clinical trials

F.2.2. Forcing the decision to adopt one of the two HTs, undiscounted rewards. When the
adoption decision is forced to be N or S with undiscounted rewards'® (p=0), we can use 1p_g =
1 —1p_yx such that (EC.9) becomes

Q-1
V(r)= —1Q>00cap(7“) —pnPpo—Is+E,

(Son(l — 2pN)Xt+1 — 26 + ]-D:N(PW — (IN — Is))]

t=0
If px < 1/2, then we can divide through by 1 — 2py and add the constant Ppypuo — Is without

changing the optimal 7. Thus, the optimal 7 maximizes:

Q-1
2c P IN _IS
E Xy —————+1p- —
| S e (- 150
which is in the form of (EC.10) when we let ¢’ =2¢/(1 —2pn), P’ =P/(1 —2px), and I’ = (Ixy —
Is)/(1 = 2px).

If py =1/2, the optimal 7 maximizes

Q-1
E. [Z 2¢+ 1DN(PW—(IN—IS))] :

=0
which is in the form of (EC.10) when 0., =0, ¢ =2¢, P'=P, and I' = Iy — Is.

F.2.3. No switching costs and undiscounted rewards. When Iy = Is =0, then it is optimal to
adopt N or S. When rewards are not discounted (p=0) the transformation in Appendix F.2.2 is

also valid in this setting.

F.2.4. No switching costs and 1o =0. When Iy = Is = g = 0, whether rewards are discounted or
not, we obtain a special case of the above subsection that can additionally accommodate scenarios
with discounted rewards. We again use 1p_g =1— 1p_y in (EC.9) to obtain

0-1
V(mr) = _1Q>Occap(r) +E, Z

t=0

Jon (1 —2pN) Xi11 — 2¢ n 1p_n(P,W) .

(+7) (147 e @)
If pxy < 1/2, then we can divide through by 1 — 2pyx and obtain the optimal 7 by solving (EC.10)
with ¢ =2¢/(1 —2px) and P, = P,/(1 — 2px). If px = 1/2 we obtain the optimal 7 by solving
(EC.10) with §;, =0, ¢’ =2c, and P)=P,.
Appendix G: Supplementary figures for the application to the ProFHER trial
This section provides supplementary numerical analysis for the application to the ProFHER trial
in section 4. Appendix G.1 gives sensitivity analysis for the expected net gain of a trial and optimal
trial as a function of several key parameters that describe the value of a trial. Appendix G.2 illus-
trates numerically the quality of the asymptotic results for the various scenarios. Appendix G.1.4

explores online versus offline learning.

!5 Alban et al. (2018) incorrectly claim that this result is also valid with discounted rewards.
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G.1. Additional sensitivity analysis

Appendix G.1.1 gives sensitivity analysis to assumptions to the size of the post-adoption popula-
tion. Appendix G.1.2 does so for the discount rate. Appendix G.1.3 gives sensitivity analysis for
the fixed costs of changing technology, and the fraction of patients on the new health technology.

G.1.1. Sensitivity to the post-adoption population. For ease of exposition, we fix P =(H
and analyze the effect of a change in H for both fixed horizon and fixed patient pool, while
keeping the remaining base case parameters constant. Figure EC.1 presents the results for the
optimal expected net gain, sample size, recruitment duration, and recruitment rate, along with
the asymptotes derived in section 3.6.2. The optimal sample size is increasing in H. The more
interesting result is how the additional patients are obtained in terms of recruitment duration
and rate. The optimal recruitment rate is increasing under both fixed horizon and fixed patient
pool. However, the optimal recruitment duration is increasing for fixed horizon but decreasing for
fixed patient pool: T}; approaches the asymptote from below, while T} approaches it from above.
In numerical experiments for fixed patient pool, a longer trial penalizes the expected net gain
more for larger P than for smaller P due to greater discounting of a larger value. In contrast, for
fixed horizon, the penalty of discounting is moderated by a decreasing value of the post-adoption
population for longer trials. The optimal expected net gain V* is increasing in H as shown in
section 3.5. Due to the high incidence rate in this application, it is optimal to run the trial even
for a short time horizon. However, a time horizon shorter than 20 months does not justify the trial
under a fixed horizon.

While the asymptotic approximations are accurate for Cases I-III, particularly in undiscounted
scenarios (see Appendix G.2 below), the asymptotes are not good approximations in the range of
interest of our application. However, the optimal expected net gain and trial design do approach

the asymptotes for larger time horizons.

G.1.2. Sensitivity to the discount rate. Figure EC.2 shows the optimal expected net gain,
sample size, recruitment duration, and recruitment rate as a function of the discount rate, keeping
all other parameters constant. We note two important observations. First, the optimal expected
net gain and design for a fixed patient pool are much more sensitive to the discount rate than for
the fixed horizon: the recruitment duration increases steeply as the discount rate goes to zero. In
section 3.4 we showed that in a scenario with fixed patient pool and no discounting, it is optimal
to set the recruitment duration to T},.., where Ty, can be arbitrarily large. If T,,., = 10 years,
the optimal sample size under the undiscounted fixed patient pool scenario is 170, an example of

a situation where the value-based design recruits more patients than the classical design.
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Figure EC.1 Optimal expected net gain, sample size, recruitment duration, and recruitment rate as a function

of the time horizon.
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Second, with a fixed horizon, both recruitment duration and rate are decreasing with the discount
rate. With a fixed patient pool, we observe a decrease in recruitment duration but an inverse U-
shaped optimal recruitment rate, increasing for an annual discount rate below 7%. The U-shaped
behavior illustrates two opposing effects: (i) a larger discount rate prompts quicker action through
a larger recruitment rate; (ii) a larger discount rate reduces the potential gains by reducing the

effective post-adoption population, prompting reduced spending and lower recruitment rates.

G.1.3. Sensitivity to the fraction of patients on the new HT, pyn and fixed costs of changing
technology. Our base case parameters include Iy = Is = o =0, so there are no fixed costs associ-
ated with changing health technology, which imply that py has no effect on the expected net gain
or optimal trial length (see section 3.5). Here, we consider scenarios where Iy = Is = £10Mill and
Iy =I5 = £100Mill and a range of values for py while keeping the remaining base case parameters
fixed. Figure EC.3 shows the optimal expected net gain and sample size as a function of py. For
Iy = Is = £10Mill, px has a negligible effect on @* and a small effect on the expected net gain. For

In = Is = £100Mill, there is a substantial effect on expected net gain and a noticeable difference

in the sample size for the fixed patient pool scenario.



e-companion to Alban, Chick, and Forster: Optimizing value-based clinical trials ec27

Figure EC.2 Optimal expected net gain, sample size, recruitment duration, and recruitment rate as a function

of the discount rate.
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We observe that Iy, Is, and py are only relevant to the optimal design when the switching costs
are large. By inspecting (8), we see that the switching costs only appear in ax(7") and ag(T"), which
are further divided by oz. If ax(T) or ag(T") are similar in magnitude to oz, then the design will
have a significant dependency on Iy, Is, and py. As an example, for a fixed horizon with py = 0.39,
the ratio an(71y;)/0z is 0.072 for Iy = £10Mill and 0.723 for Iy = £100Mill, respectively, explaining

why we observe a noticeable difference only for the latter scenario.

G.1.4. Online vs. offline learning. Consider the base case parameters introduced in section 4.
Because online and offline learning are equivalent when pg =0, we evaluate the difference between
online and offline learning for a range of values taken by py. We do not see any difference in
Figure EC.4 as the lines overlap. We do not observe much larger differences by reducing the post-
adoption population (P for fixed patient pool and H for fixed horizon).

G.2. Asymptotic analysis

This section provides numerical results for variations on the ProFHER trial, in order to give insights

as to the asymptotic behavior for the four cases in the taxonomy of value-based designs in Table 1

of the main paper.
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Figure EC.3  Optimal expected net gain (left) and sample size (right) as a function of pn.
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Figure EC.4 Optimal expected net gain and sample size as a function of 1o and the type of learning.
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G.2.1. Asymptotics (P(T)— o0) for Cases I and II. Consider the base case parameters intro-
duced in section 4. To force Cases I and II, we let cq.p () = £960,000 independent of the recruitment
rate, and let rp,., =7 =7.8/month. Figure EC.5 shows how the optimal sample size increases as a
function of H (left subfigure, for the fixed horizon case) and P (right subfigure, for the fixed patient
pool case) when p is as in the base case parameters and p = 0. Similarly, Figure EC.6 plots the
optimal expected net gain. Plotted with dotted and dash-dotted lines are the asymptotic approxi-
mations that were derived in section 3.6. Horizontal dotted lines correspond to the approximations
with discounted rewards, increasing dash-dotted lines to those without discounted rewards.

The approximations with undiscounted rewards are close to the actual values in the range plotted,
with a better fit for fixed patient pool (the lines are overlapping in the figures). This is due to
In=1Is=po=0,and P(T*)oq > ciT*. The approximations for discounted rewards are accurate for
the optimal sample size under a fixed patient pool, but, for the range of values under consideration,

the discounted approximations are less accurate.
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Figure EC.5  The optimal sample size as a function of H for fixed horizon (left) and P for fixed patient pool

(right) for Cases | and II.
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Figure EC.6 The optimal expected net gain as a function of H for fixed horizon (left) and P for fixed patient

pool (right) for Cases | and II.
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G.2.2. Asymptotics P(T) — oo for Case III. We can force Case III by letting cc.,(r) = cux + ¢, 1,

p=0 and a fixed patient pool. The results are similar to Cases I and II (data not shown).

G.2.3. Asymptotics (P(T) — oo) for Case IV. In Appendix G.1.1, we showed the asymptotic
approximations for Case IV with p > 0. Here, we explore the asymptotic approximations with
undiscounted rewards (p =0). We assume a setup cost function of the form: ce.,(r) = cax + ¢,7.
We assume that half of the setup costs of the trial were fixed (as in section 4) and the other
half represent marginal costs, obtaining the following estimates: cux = Ceap(7)/2 = £480,000; ¢, =
Ceap(T)/2/7 = £5,080 per year. Figure EC.7 shows the results for the optimal expected net gain
and design variables. We find that the approximations for the optimal design variables are poor
but for the expected net gain are reasonably close.

References

Alban A, Chick SE, Forster M (2018) Extending a Bayesian decision-theoretic approach to value-based
sequential clinical trial design. Rabe M, Juan A, Mustafee N, Skoogh A, Jain S, Johansson B, eds.,
Proc. 2018 Winter Simulation Conference, 2459-2470 (Piscataway, NJ: IEEE, Inc.).



ec30 e-companion to Alban, Chick, and Forster: Optimizing value-based clinical trials

Figure EC.7 Optimal expected net gain, sample size, recruitment duration, and recruitment rate as a function

of the time horizon.
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