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Proofs of Statements
This companion contains five sections. In Section EC.1, we provide the proof of EDLP pol-
icy. In Section EC.2, we consider the two-period models without stockpiling for BOGO and PR.
In Section EC.3, we take consumers’ stockpiling behavior into consideration. In Section EC.4,
we consider multi-period and demand uncertainty for BOGO and PR. Finally, in Section EC.5,
we relax our assumptions by considering consumers’ time-inconsistency, heterogeneous marginal

utility, heterogeneous holding cost, and manufacturer-initiated BOGO.

Appendix EC.1: Everyday Low Price (EDLP)
Proof of EDLP policy. Under EDLP, the retailer optimizes a single price for selling the product

throughout all periods. A consumer buys the product as long as her net utility is non-negative. In
a two-period decentralized supply chain, if the retailer does not implement any promotions, the

expected profit function of the retailer is

ﬂ-nr(pn) = Dn(pn - wn) = 2(1 _pn)(pn - wn)-

Taking the first and second derivatives of 7,,.(p,), we obtain the following results:

2
Z’: =2(1-2p, +w,) and dd;%:’“ -

Since % = —4 <0, the retailer’s profit function is concave in p,. From the first-order-condition,

we get p) = H% Then, the optimal expected demand of the product is D} =1 — w,, and the

optimal expected profit of the retailer is 7, = % The manufacturer’s problem is to maximize

Tnm(Wwy,) = (1 —w,)(w, —c¢), where 0 <w, <1.

Taking the first and second derivatives of m,,,(w,), we obtain the following results:

2
(Z:u”: =(1-2w,+c¢) and ddzgl =—
Since dii”ﬁ = —2 < 0, the manufacturer’s profit function is concave in w,. From the first-order-
condition,' we get w = 1£¢. Then, the optimal results are p;, = 3+¢, Dr = 1=¢ 7* = %, and
T = %. Similarly, in a multi-period model (7' + 1 periods (7' € N*)), the optimal prices
are w; = 1“2“0 and p; = 31’0. The optimal expected profits for the retailer and manufacturer are
e % and 7}, = W, respectively. [
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Appendix EC.2: Models Without Stockpiling (NSP)

Proof of Lemma 1. In Case I, the retailer’s expected profit function can be rewritten as

Tor (Do, Dg) = 2(1 — Do) (P — wp) + (1 — %)(pg —wp).

Taking the first and second derivatives of m,.(py,p,), we obtain the following results:

67'( br
Opy

827%,« — 4 87Tbr - 0 “+ wyp — 2pg
oy B

0>y, 2
and Tor _

=2-4 2 = .

Therefore, the Hessian matrix of the second derivatives of retailer’s profit function is

—4 0
H—(o—z>'

Hence, |Hi| = —4 <0, and |H,| = > 0. It means that the retailer’s profit function under this

14wy,
2 ?

scenario is jointly concave in p, and p,. From the first-order-condition, we can get p; =

p;:“;’b,and D;:Be_wgi;zowb. Since 0 <p, <p, <1, D, >0, andpg<9§’;—lg)8, we get 0 < wy, <6.

Comparing the retailer’s profit with that of the EDLP model, we have, for any given 0 < w = w, =

wy, <0, Ty — Ty = 9(”9*6”419“”2(”29) — (1*2"’)2 = (9;;“)2 > 0. Therefore, it is optimal for the retailer

to offer a BOGO when 0 < wy, < 6.

In Case II, the retailer’s expected profit function is

+ +
Wbr(Pb, Pg) = <2—Pb— B pg> (Pb —wb)+ (1 Sy pg> (pg —wb)-

146
Taking the first and second derivatives of m,.(py,p,), we obtain the following results:

87rb,. . 2(1—pg)+3wb+9(2+wb)—2pb(2+9) 8271'1)7. . 2(2+6)

Opy 1+0 CoopE 1460

Oy 1460 —2(p, +pp — wy) 0%my, 2
= , and - = .
Opy 1406 op? 1+0
Therefore, the Hessian matrix of the second derivatives of retailer’s profit function is
o 2(246) 2
H = < 150 1;9) _

1+ T 146

Hence, |H;| = —% <0, and |H,| = 35 > 0. It means that the retailer’s profit function under

14wy
2 )

P, = 9+2wb, and D} = %W. For reasonableness, 0 <p, <p, <1, D, >0, and ’;—i <0<, it

shows that (6 — 1)w, > 0, which is not possible for 0 < 6 < 1. Therefore, in Case II, the retailer will

this scenario is jointly concave in p, and p,. From the first-order-condition, we have p; =

not offer a BOGO. Combining the results in Case I, Lemma 1 is proved.

The optimal results for BOGO-NSP and PR-NSP are presented in the following table.

81f p, > 0, it is the case of EDLP.
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EDLP BOGO PR
Regular price Pn = HT“’ Py = HT“J Pr = HTw
Promotional price N/A py = L® Pa= 2624814;;11;
Product demand | D,=1—w Dy = 39%9_29“7 Dq= w
. R 6w)tw? 0(1450) —60w (1+0)+w? (1+30-+262
Retailer’s profit | mp, = % Ty = 22HO=6 i; (1+20) | oo o) ( )

Table EC.1 Retailer’'s Optimal Policies in Two Periods with NSP, w, = wq =w

Note that consumer choices in Table 1 do not consider behavioral aspects of BOGO (i.e., con-
sumers think they are getting a better deal with BOGO than an equivalent PR). These aspects

can be incorporated with minor changes. Consumers perceive the average price in BOGO, given

bY Progo = WT%, to be less than pyeg,. Thus, while the average price is WTPQ consumers perceive

it as % < 22Ps Let the parameter k represents the degree of consumers’ BOGO bias, then

@ = kWTpg, where k < 1. For BOGO prices of p, and p,, consumers use p, = kp, — (1 — k)p, < p,
instead of p, in making their choices. Therefore, this aspect of consumer behavior can be incorpo-

rated by replacing p, in Table 1 by kp, — (1 — k)p, < p, while still using p, to compute profit. [J

Proof of Lemma 2. In PR-NSP, the retailer’s expected profit function is

Tar (B, ) = (1= 2)(0r = wa) + (2= pa = 20} (pa = wa).

Taking the first and second derivatives of 74, (p,, pa), we obtain the following results:

O gy 7y,
3pr Dr + Wq ap 3

OTar 20 +wq+ 0wy —2pa(1+0) and Prar _ 2(1+0)

Opa 0 op? B 0

Therefore, the Hessian matrix of the second derivatives of retailer’s profit function is

-2 0
iy abn)

Hence, |Hi|=—-2<0, and |Hy| = w > 0. It means that the retailer’s profit function is jointly

concave in p, and py. From the first-order-condition, we get p, = H%, Pqg = W, and Dy =

. 2
. In Case I, since 0 <pg <p. <1, Dy >0, and pd<9§Z—f9, we have O<wd§12%9

397wd729wd
20

for any positive 0 < 8 < 1. Case II requires 0 <p; <p, <1, Dy > 0, and i—f < 6 <1, which is

: : 202 x _ (14wg) x __ 204+wg+0wg *

infeasible. Therefore, under PR, we have, when 0 <wq < {37, p; = 5%, p; = BRI D; =
2 2

36—wy—20w, o 001450)—60wy(1+0)+w(1+30+207) 202 R e

=41, and 7}, = 61 0) ; when {5 <wq <1, pg=p, = —5", and the

91f pg > 0, it is the case of EDLP.
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retailer will not offer a price reduction. Comparing the retailer’s profit with that of EDLP, we

get, for any given 0 < w =wy = w, < 290, when 1 <9< 1l and 0 <wy <0 — (1—9)\/ 1o Tdr =

0(1450)—60w(1+0)+w? (1+30+262) (1—w)?
40(1+0) > 2

. Otherwise, it is suboptimal for the retailer to offer a price

reduction. The optimal solutions for the retailer are provided in Table EC.1. [J

Proof of Corollary 1. Given a wholesale price w = wy = wy, since 7}, — 7). = ((1+9) > 0, the
retailer will offer a BOGO or an EDLP. In addition, since d(”brdewc”) = (047(1%;3) <0, the profit

difference between BOGO and PR for the retailer is decreasing in . [

Proof of Proposition 1. Based on Lemma 1, the manufacturer’s problem is to maximize

(30 —wp—20wy,) (wp—c)
Wbm(wb) — 20 y 0<wb SH )
(I—wp)(wp—c), O<w,<1

When 0 < wy, < 6, taking the first and second derivatives of 7, (wy), we obtain the following results:

dﬂbm Cc— 2wb + 30+ 2ct — 4wb9 d27Tbm 20 +1

= and =—
dwy, 20 ’ dw}? 6
2
Hence, & dl”zm = 29“ < 0, the manufacturer’s profit function is concave in w;. From the first-order-
b
condition, we get w, = % Also, when 0 <w, <1, we get w, = % Hence, there are three

cases as follows:
30+c+2ch < 14c <9

e Case 1:

2(1+26
Since (3(59(61:2229))2 > (1-0)(0 —¢), BOGO dominates EDLP.
e Case 2: 3298123)&)9 <f< e
g Ao )“51 4V1+T 0 < 152 and G20 5 (20% BOGO dominates EDLP. If 3tet2< <
g < (rem)HUoViriere g (3;)_(‘1:2229))2 < 1=2% EDLP dominates BOGO.
e Case 3: < 32‘9(+1fj229§9 < e

Since (1—6)(0 —c) < %, EDLP dominates BOGO.

Combining the cases above, we obtain the results in Proposition 1. [

Proof of Corollary 2. The optimal results for the supply chain with no stockpiling are presented
in Table EC.2.

Based on the results in Table EC.2, we can obtain the following results:

ol B3>0, Mo B 050 and B = 4805 5 )

. dfcb:f>0anddﬂ:%"’:f>0.

B 0, I 0 S R, g = 20 <

0%:%<0. In addition, if §<9<3\/?% and 0 <c< &), B =
a3 54072 <0< and 0<c<(0), B — Pz eraal
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EDLP BOGO PR
Wholesale price Wy, = % wp = 33(4214;2939 wy = 3355:52030
Regular price pn = 3¢ Dy = %(;g)%) pr = 2+ZZL1€F(;;L)2C>
Promotional price N/A pg = W _ c+9(jﬁic2)$?filel)+2c>
Product demand D, = 1; D, = W Dy = 36—29—%9
Retailer’s profit T = (1;0)2 T = 9(8779+892)J{ézzzf;(ec)z(uze)face) T = 9(4+9+1392>+1ébzr12f;%1)zrﬂgcf(1+20>76c9)
Manufacturer’s profit | mnm = (=) Tbm = W Tam = (32&01122099))2

Table EC.2

Corollary 2 follows. [

Manufacturer-Retailer Optimal Policies in Two Periods with NSP

Proof of Corollary 3. We omit the proof of Corollary 3(a). Please see the results in Table EC.2.

For the rest of Corollary 3, we have that =}, — 7}, = 7}, — T = % > 0, and % =
N0 < 0. 10 < e < (0),
Tyt —6c0(1+20) + (c+2c0)* +0 (8 — 70 +86%) >1
Tor™ + Tom*  —18c0(140) +3(c+2c0)? +6 (8 + 110 +862) = 3
Ifo<c<e(d),

Tar"  (1+0)(c+2c8)* —6¢0 (14360 +260%) 460 (440 + 136°) 1

71—dr>!< + Tdm *

Hence, in the region of 0 < ¢ < ¢(0), we can obtain

*
Tor

*

*
Tdr Tnr

Tor * 4 7Tbm*

7Tdr* + 7Tdni*

Tnr™ + Tpm ™

3(1+0)(c t2c0) 180 (1+30+26%) 1 6 (41196 +3162) 3

Under BOGO, the surplus of individual consumer located at v is given by

S (v) = {25)2+9)v—2pb—pg,

— 2py,

if 2 <y<1
if p,<v<®

We integrate over individual consumer’s surplus to find the total consumer surplus

CS,=

—6c0(1+20)+ (c+2c0)° +0(8+60(—7+ 80))

320(1 + 20)

Combining the profits of the retailer and manufacturer, the social welfare is

SWb:

Under PR, the surplus of individual consumer located at v is given by

(2

S (v) 2v

U — Pd,

320(1 + 26)

+0)U_2pd_pr>
—Pd — Pr,

if #<v<1
if p,<v<?® .
if pd§U<pr

7(c+2ch)® — 42cH(1 + 20) + 36(8 + 56 + 862)
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We integrate over individual consumer’s surplus to find the total consumer surplus

(1+6) (c+2¢0) — 6¢0(1 + 30 4 260%) + 6 (20 + 6 — 3562 + 3203)
320(1+6)(1+20)

CSy=

Combining the profits of the retailer and manufacturer, the social welfare is

7(1460)(c+2c)” — 42¢0(1 + 30 + 262) 4 (28 + 396 + 2762 + 3293)
320(1+0)(1+26)

SWd:

Similarly, the consumer surplus under EDLP is CS,, =2 fl (x—pn)de= (1 °) . Since, C'S;—CSy, =

3(1— % (1420) —2¢0(1420)+0(6-110+86%) (1 0)2
(1+9) >0 CSb—CS 320(1+20) 0 SWd—SWb 1+9) >O we get CSd>

cS,>CS, and SW; > SW;, > SW,. Corollary 3 follows. [

Appendix EC.3: Models with Stockpiling (SP)
Proof of Lemma 3. 'We have proved the case of p, —p, <h <1 in Lemma 1. When 0 < h <
Py — Dy, We can rewrite Table 2 by taking the lower bound of each case into account. Then, we get

Tables EC.3, EC.4, and EC.5.

h Dg Consumer Choice on v

1): pb h<p<l
Pb+Pq+h <,U<pb h

0<pg<prb—h ,0)s:

<v<m

7‘7<v§1
p
b§U<7g

S v < pb

I

(1-9)
0<h< Py

—h<pg<pp

)

’

/\
<
N
—

’

h(1:+6)—p(1=0) s

‘:f
IA
<
Al
=
L

0<pg <

’

0)
0,0):0
2,1):
1,1):
0,0):
2,1): 2
2,0)
2,0): 2
0,0):
2,1):
2,0)s:
0,0):0
2,1): 2
1,1):p
0,0):0

U‘H
!
T

IN
Q
A
|

’

'HO

—
=7 |IA T
:‘@m

pp(1—06) )
B < h<pp(1-0) o) _e
146 h(1+ )171;;(1 ) <py<pr—h

)

)

’

—h<pg<p

’

(2,
(2
(
(
(
(
(
(
(
(
(
(
(
(
(
(

I

Table EC.3 Consumer Choices Under BOGO with Stockpiling, p, < 0

In Tables EC.3, EC.4, and EC.5, there are six strategies depending on consumer choices
for the retailer. Strategy 1: {(2,1),(1,1),(0,0)}; Strategy 2: {(2,1),(2,0)s,(0,0)}; Strategy 3:
{(2,1),(2,0)s,(2,0), (0,0)}; Strategy 4: {(2,0)s,(0,0)}; Strategy 5: {(2,0)s,(2,0),(0,0)}; Strategy
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h Dy Consumer Choice on v

0<pg<pl7_h I0<'U< pytpPgth
O0<h<p,—0 — 2

po—h <py <pp

0<pg<pp—h

—9<h< pp(1—0)
b - e po—h<py <0

0 <pg<ps

h(1+6)—py(1-6)
1—6

0<pg <

h(146)—py(1-6) < < —h
_ Y =Pg =DPb
2020 < b < py(1-6) 1-0

pb7h<pg§9

0 <py <pp

Table EC.4 Consumer Choices Under BOGO with Stockpiling, 0 < p, < %0

6: {(1,1),(0,0)}. It is straightforward to see that Strategy 6 is the case of EDLP. We first investigate
Strategy 4. Then, the retailer’s profit function is

py+p,+h ptp,+h
e )= (1= 2R ) (12 2B ),

Taking the first and second derivatives of m,.(py, p,), we obtain the following results:

87rbr h 827rbr
8pb 9 Do pg + Wy, apz )
87Tb7‘ 8277})7-
= 1 _ — — — , d = —

Hence, the Hessian matrix of the second derivatives of retailer’s profit function is

-1-1
n- ()
We have that |H;| = —1<0 and |H,| =0. It means that the retailer’s profit function under this

scenario is jointly quasi-concave in p, and p,. From the first-order-condition, we get p, + p, =
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27h+2wb
2

h Dg Consumer Choice on v
2,0)s: eBath < 1
-0 < v < Pb+pg+h

O<pg<pb—h

(1-9)
0<h<1"*’1+(9
—h<pg<pp

h(14+6)—py(1-6)
0

0<pg <

<v<l1
05”<w

py(1—0) Pyt+pgth
b1+9 <h<p,—0 ; BoBg TR 2‘7

0)— —0
h(1+ )17P0b(1 ) <py<py—h

—h<ps<pp

R(146)—py(1—6)
0< py < MAFO—P(=0)

h(1+6)—pyp(1—-6) < < —h
—0<h<py(1—0) =0 =Pe=Pe

—h<pg <0

6<pg Spb

Table EC.5 Consumer Choices Under BOGO with Stockpiling, % <pp<1

_ (h—2+2wy)? _ _ (1—wy)?
and mp, = S . When 0 <h <p, —6 and 0 <p, <py, — h, we see that m, < CR

Hence, it is suboptimal for the retailer to offer a BOGO under this strategy. Similarly, we can get

2
that m,, < % under Strategy 5. Thus, we only need to investigate Strategies 1, 2, and 3. Note

that, when p, = p, — h, consumers are indifferent between (2,0)s and (1,1). The retailer can set a

slightly higher p, = p, +¢ to make p, + h > p,, which will induce consumers to choose (1,1) option

for a higher net utility. We rewrite the tables to focus on Strategies 1, 2, and 3, and get three

solutions as follows:

o Solution 1: (py,p,) = (h+wb+9 h(1430)—(1— 0)(9+wb))7 f0<0<1, =2 <h<

2
1Jrg,aund 0<wy <

2(1 0) 1436

—h+6—3h0—62 —h+6—h6—0> —h+6—3h6—0>
e , 1+9 = <wy < =75~ The expected profit of
o h2(1 60302 )+(— 1+0) (wb — 10w, 0462 ) —2h(—140) (0(3+0)+wy, (— 1+5e))
the retailer is m,,; = - 1r0)%0
. 2(6—1 26 0)+h(62+30—2 .
Solution  2:  (py,p,) = (( e ’,%), if 0 <6 <1 0< h <
40—462 —2h—h0—262+h6%+20° . 40—462 1-6
s45oqez: and 0 < w, < T poor 0 <0 <1, 5555 < h < 55, and
—2h4+40—5h0—46%—h6? —2h—h0—262+h62+20° : : _
—ET < wy < T . The expected profit of the retailer is w0 =

h2(4—120—362+20°46%)+4(—146)2 (462 +wy 2 (140)% —2w, 0(44-0)) +4h(2—30462) (20 +wy, (— 1420462 ))
8(—14+6)%6(2+96)
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o Solution 3: (py, p,) = (39+2h+(1+29)wb’9(3 4h)+(1+29)wb) ifo<p<?

> (T26) 301729) 1,3(1-40)<h< 2 and 0 <w, <

%429:’9; or 1 <0<1,0<h<%4% and 0 <w, < %. The expected proﬁt of the retailer is

_ —6wp0(14+26)+6(—8h%—8h(— 1+9)+99)+(wb+2wb9)2
Tor3 = 46(1+26)

In the comparison of the solutions above, we see that Solution 3 dominates Solutions 1 and 2

for the retailer. Comparing Solution 3 with the results under EDLP, we get that, if 0 <6 < %,
U072 p < 120 and 0<wb<0—(1—2h—9)\/%; or 2<0<1,0<h<%? and

4 20 2 )

O<w,<—(1-2h—0) BOGO dominates EDLP. Similarly, we identify the other solutions

1+2(97
as follows:
e Solution 1: (py,p,) = (1+2“’b eﬂ’h) if0<0<1, 5% <h<1-6,and 0<w, < 6. The expected profit of
the retailer is mm,,, = 220 6“”’212'“”’ (1+26)
e Solution 2: (py,p,) = (1+2wb,1h—99), fo<o< % ﬂ <h<1l-6,and 0 <w, < 1_92’11_6; or l <6<1,
<h<2—(f, and 0 < w, < = 2h19, or 7<9<1 —<h<1—0 and 1= 9 2he<w < = 2h 9. The
14wy 2 (—146)%2—2(1—h+h?)04+(1— 2h)62—2wb( 146)(— 2+h+29)

expected profit of the retailer is 7,0 =

2(—1496)2

e Solution 3: (py,p,) = (h(592 1)+(92(;)(iv)b((llJrJrQLZi)+29(1+2e))79(2h+0 1))7 if0<6< %7 % <h<l1-6,

20—h—4h0+20%—5h0% —46° —h—2h0—h6> . 1 179 204202 —46°
and 305591 <wy, < SRS or g2 <0 < 1, < h < Semer and 0 <w, <
—h—2h0—h6?% . 1 2604+262—46° _ 20—h— 4h9+202—5h82—49 —h—2h0—h6?
972635 OF \/5 <fh<1, Tri0750° <h<1-0, and T Dy <wy < 3.92 2o—1—- Lhe
. _ . 4h2 _ 2h(9+5h+3wp) (h—wp)? | wp?  (h43wy)?
expected profit of the retailer is m,,.3 = —h — 2w, 31T o it T a5 T 15— sermas

e Solution 4: (py,p,) = (Thev %) if0<#<1,5% <h<1-0,and 0 <w, <1. The expected profit

(1—-h—0)((- 1+8)(wa+9+5wb9+202)+h(2+9(5+49)))
(=1+06)2(1+0)

e Solution 5: (pb,pg) = (L 2h+(9*1)(1+9+2%)), if0<0<1, 52 <h< 172927 and 0 < w, < 1=2h=2h0-0,

of the retailer is m,,4 =

1-0° 2(0—1) 2(0-1)
or 0<0<1,1=2 <p<1-6, and 12(%'1 1§ <w, < %. The expected profit of the retailer is
_ 74h2(1+0) AR(14w,) (—1462)+(—140)? (4w, 2 — 8wy, (1+6)+(140)?)
Tors = 4(—1+0)%(1+0) :
e Solution 6: (pb7pg) — <h+92+wb’ h(l+30)2((11 6@))(04»11)[,)) if 0 < 6 < 1’ % < h < 1 —

6, and % < w, < h + 6. The expected profit of the retailer is m,e =
h2(1-60-302)+(1-0)? (w,% — 10w, 0462 ) — 2 (—140) (0(3+0)+wy (— 1+50))

4(1-0)%0
2
o Solution 7: (py,p,) = (2Rl MO0 o) i 0 < g <1, 550 < h< 1 -0, and
49_2h—§gf_§92+h92 < wy < h92_2922;22h;h9+293. The expected profit of the retailer is w7 =

R2(4—1260-36%426%46%)+4(—=1+6)2(460% 4wy, % (146)2 —2wy,6(44+6)) +4h(2—360+62) (260 +wy, (— 1+29+92))
8(—14+6)26(2+0)

We show that Solution i (i = 2,3, ...,7) is dominated by Solution 1 or the EDLP solution. Lemma

3 is proved. O

Proof of Lemma 4. Consumer choices in PR-SP are presented in Table EC.6. Similar to the

proof of Lemma 3, in model PR-SP, there are six solutions as follows:
e Solution 1: (p,,p4) = ( £, 22 ) if0<0<1,0<h<1—-0,and 0 <wy; <1. The expected profit of the
_ Bwa(=146)%+h2(1+0+6%)+h(— 1+9)(1+26+wd(2+9))
(—146)2

retailer is mg,.q =
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Consumer Case
h 0 /l) . . .
Choice | Designation
proh << (2,1)
h<v< Pt (2
0<0< 2L, pathsv<™y (2,0)s SP1
4 pa<v<pa+h (1,0)
0<v<pq (0,0)
(2,1)
e Y
0<h<pr—pa| 2 <O<E=R | 2a <y by (2,0) SP2
pa<v< Pgd (1,0)
0<v<pqg (0,0)
pr<v<l1 (271)
P <
pmh <<y L <v<pr (2,0)s <P3
o pa<v<Bd (1,0)
0<v<pq (0,0)
G <v<l (2,1)
r < Ed
0<f< e Prsvs<’ (1,1) SP4
o Pa<v<p, (1,0)
0< 0,0
pr—pa<h<1 SU=p 0.9
pr<v<l (2,1)
Pa
n<p<i g Sv<ee | (20 sP5
o pa<v< (1,0)
0<v<pq (0,0)

Table EC.6 Consumer Choices in Two Periods with PR-SP

e Solution 2:  (p,,ps) = (ﬁ,%), if 0 < 6 < 1, ifz < h < 1 — 9,
and 0 < wy < w The expected profit of the retailer is 17geo =

—4wy0(—24h+20)(—146%)fwy? (- 1+92) 40(—(~140)20+h2(1+6)+h(— 1+02))
4(— 1+9)29(1+9)

e Solution 3: (p,,pq) = | ——¢ , 1 <0< < h< an <wg<h+06;0or 0<8<
Solution 3: hibtwg if 0<60<1, 0<h<?=9 ando h+6; or 0<6

74, % ite °
1, 9(11+;) <h<1l-6, and w < wg < h+ 0. The expected profit of the retailer is my.3 =
(h—wg+8)>  (wa(=1+6)+ho)(— 2+h+20+h9)

460 (—1+406)2

e Solution 4: (p,,pq) = (H;’“‘,%), f0<f<i 2<h<1—-6,and 0<w, <222 or 1 <0<1,
f<h< 299, and 0 < wy < 19%19, or 7<9<1 —<h<1—9 and 1=8=2h0 9 2h9 <wy < =2h=0 Qh 9 The
expected profit of the retailer is mg.4 = 7( 1+ wd)2 (wa(= 1+9)+(h91)i9)22+h+(2+h)9)

. 304+2h(14+0)+(14+20)wy  6(3—2h)+(14+26)w _ 3(1-6

e Solution 5: (p,,ps) = ( (2(112; Jwg 6 2()1+(29) ) d), ifo<f<i, 5% 2E2+9§’ and 0 <
wd<0(2%§21) or0<9<1, ;’E;Jx <h<1-80,and W<w <% or 7<9<1
0<h< 2812;7 and 0 <w, < L2EP=D. o Lop <, g&jg <h<1-0, and W<w )<
6(2h+46—1) . 76wd0(1+20)+(wd+2wdﬂ) +0(—4h(—146)+96 4n? (146)
BT The expected profit of the retailer is 74,5 = 1001750)

e Solution 6: (p,,p4) = (%7%) if 0 <0 <1, 2(1+9) <h<1l-0,and 0 <wy< 1+9 The
expected profit of the retailer is w46 = 76/wd0(1+6)+0(i;51?:)wd (1+30-+207 )

In the comparison of the solutions above, Solutions 5 and 6 dominate the others. By comparing

Solutions 5 and 6 with the results under EDLP, Lemma 4 is proved. [
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Proof of Corollary 4. The retailer’s optimal policies in BOGO-SP and PR-SP are shown in
Table EC.7. Comparing the results in BOGO-SP and PR-SP, we first have that, if 0 <8 < l and

1-0 1 9(1+29)
2 2

EDLP dominates PR.

2(1+0)

<h<lorl<f<2and0<h< 2V VED 'BOGO dominates EDLP, and

BOGO PR
Parameters
Interior Solution Boundary Solution Interior Solution Boundary Solution
. 30+2h+(14260)w 30+2h(146)+(1+20
Regular price pp =152 o = % pr = 15" pr="" (2(+1+>2+9() o
. : 0 0(3—4h)+(1+20 20 0 0(3—2h)+(1+26
Promotional price py =452 Py = W Pa= % Pa = W
Product demand Db — 3971;072911) Db — 397'(;9720w Dd — 3971.;9729w Dd — 39713072911)
. a2 _ Ty —
T w?(1420)—6wo
= 10
Table EC.7 Retailer’'s Optimal Policies in Two Periods with SP, w, = wg =w

We divide the intersecting region ( 3 <6 <1 and max{ ,

parts and have the results as follows:

e Region 1:

6(246—6wy,)+wy? (1426)
46

Region 2:

3 <0<1and 5% <h <1, where 74"
. Given w, = wg = w, T, — T
PR dominates EDLP in Region 1.
7<0<1andm<h< ¢ where m,,* =

[ p—

0(1450)— 60wy (1+6)+wy? (1+30+207 )

Tar

0. In addition, 6 — (1 —2h—0)

40(146)

dominates EDLP in Region 2.

Region 3:

—6wy0(1420)+0(—8h% —8h(—1+0)+90)+ (wy, +2w;,0)?

1

< 6 < 1 and max{O7

> 60— (1-0)

1+20

1

«_ (6-1)%

. Given w, = wg = w, "

0 1-0—/(30-1)(20+1)

2(1+0)

6(1+450)—66wq(1+6)+

} < h<1) into three

wg? (1+3e+292)

40(1+6

4(1+0)

—6wy0(14+26)+6(—8h%—8h(—146)+96)+(w,+2w;6)?

3 and "

> 0. Hence, BOGO dominates PR, and

and

40(1+20)

*
- Mar =

8h(1-60%)—(0-1)°~8h2(1+0)
A(1+0)(1+20) >

Hence, BOGO dominates PR, and PR

1+9

< h <

—6—+/(30—-1)(2011) }

2(110)
—6wg0(1420)+(wa+2wy0)?+6( —4h(—146)+99— 4h2(1+9))

and 7y, *

Given w, = wg = w, "

46(1+20)

— Tar

20(2h(—140)+(—1460)24+2n2(14+96))

v

To sum up, Corollary 4 is proved.

Proof of Proposition 2. Leté=20—1—

1426

« _ (1=h)h(1-6)
- 1+20 > 0.

O

46

In addition, 6 —

%, where m,* =
(1520
(1—-2h—0) 1Jr26>9—

. Hence, BOGO dominates PR, and PR dominates EDLP in Region 3.

(1-@)(91—292+(1—2h—e),/2692)

2<4h2—4h(1—9)+

)

2

(1—2h—6)+ /26
77 +
61—20%+(1—0)4/2605

10,

¢= —2(1 —2h —0),/2, @ =
o 207 —402 — \/( 40-1)/0(50—2)—1+0(3— 49+892))
3:

in Table EC.8.

10,

We will discuss all the results in three regions as follows:

0

Dy = ;(4—49+(1—49)\/%), and

. The supply chain’s optimal solutions are presented

)
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BOGO BOGO BOGO
Parameters h, 0) € ws h, 0) € wy
o (h, 0 (h, 0
or (h, §) cw;and 0<c<é|or (h, ) Ew, and é<c<é
30+c+2c0 30+c+2c0 _ 20
Wo 2(13-296) 2(13-293 p=0—(1-2h—-0) 1126
2+c+0(7+2¢) c+4h+9642cH 2h+30+p+20p
Do 1(11-20) 1(1120) 2146
c(1426)+0(5+46) c+90+2c0—8h6 p+0(3—4h+2p)
Dg 1(1120) 4(1420) 2746
Db 3072972c9 397297209 36759729p
9(8—76+862)+731 6(90—32h%+32h(1—6))+73 (p+6(2p—3))2—8hO(h+6—1)
Tor 160(1+20) 160(1+20) 16(1+20)
(30—c—2c0)? (30—c—2c0)2 (c=p)(p+6(2p—3))
Tom 80(1120) 80(1120) 20

P s =(1420) (*(1+26) — 6c0)

Table EC.8 Manufacturer-Retailer Optimal Solutions in Two Periods with SP

Region 1: 0< 6 <1 and % < h <1. The manufacturer’s problem is to maximize

T (1) = W(wb—c),0<wb§9
AT T (1 —wy) (wy — ), O<w, <1~
Similar to the proof of Proposition 1, there are three cases as follows:

c— Ci 2
—Case 1: % < e <f. When 0 <w, <0, m,, = %. When 0 < wy, <1, 7y, = (0 —c)(1-0).

By comparing the profits, we get, when % <6<, (e=30+20)% (0 —¢)(1 —6), BOGO dominates

86(1+20)
EDLP for w),* = 3tet2c0

2(1120)
c— c6)? —c)?
—Case 2: W <0< When 0 < wy, <0, m, = %. When 0 < w, <1, 7y = %. By
c—c? —c)v/ 4c4-c? _ _
comparing the profits, we get, when (1t )+él_4c) et g < Me (Cses(glfg)f > d 4C)2, BOGO
. * _ 30+c+2ch
dominates EDLP for w,* = i3 "
—c)?
—Case 3: 0 < % < 1;”. When 0 < w, <0, 7, = (0 —c)(1—0). When 0 <w, <1, m,, = %. By

comparing the profits, we get, (0 —c) (1 —0) < %, EDLP dominates BOGO for w,* = 1£<.

Region 2: 0 < 0 < % and % — %\ / w <h< %. The manufacturer’s problem is to maximize

30—wn 220w (4, — ), 0 <w, <O —(1—2h—0),/2

20 1+20
Tom (’U}b) = 2 .
(I—wy) (wp—c), O0—(1-2h—0),/775 <w, <1
Note that § — (1 —2h —0) % = p, there are three cases as follows:
c+2ci c c—3642c6)?
—Case 1: % < < < p. When 0 <wy, <0, m,,, = ﬁ; when 0 < w, <1, T, = (p—c)(1—p).
2
By comparing the profits, we get, % < (p—c)(1—p), EDLP dominates BOGO.
c— CI 2 —C 2
—Case 2: W < p< e When 0 < wy, < 0,7, = %; when 0 < wy, < 1,7, = 1=2°. By
2 2
comparing the profits, we get (6;93(91122%9)) < (1_;) , EDLP dominates BOGO.
—Case 3: p< % < 1;”. When 0 < w, <0, m,, = W(p—c); when 0 < w, <1, m,, = %.
N2
By comparing the profits, we get, W (p—c) < %, EDLP dominates BOGO.

Region 3 (Region wy, Region ws and Region wy): % <f<land 0<h< %. The manufacturer’s

problem is to maximize

B0—wp=20ws (4, _ ) 0<wb§9—(1—2h—9)\/%

(1—wp) (wy—c), O—(1—2h—0)\/12; <w, <1

Tom (wb) =
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In this Region, we have three cases as follows:

c+2¢ c c—30+2c0)?
—Case 1: 3§(+1++229)9 < e < p. When 0 < wy, <0, m,, = W; when 0 < w, <1, T, = (p—c)(1—p).

(5+v15) L(4-40-v3\ /-2 4 5 —10+802) <h <

50 and 0<e<20—1-2(1—2h—0),/:2%; or 2B << 1, 0<h<i3? and 0<c<20—1—

By comparing the profits, we get, when % <0<

1—
2 1 2

2(1—2h—0) /2L (30420° o, 0)(1—p), BOGO dominates EDLP for w,* = 30+et2c0

1+20° ~ 80(1+20) 2(1426) °

2¢c c—36+2c)> 1—¢)2
~Case 2: 33(4;?29‘)9 <p< S When 0 <w, <0, m,, = W; when 0 < w, <1, Tpm = %. By

comparing the profits and combining the result in Case 1, we get, when % <0<l P <h< 12;‘9
(Region wy), and 0 < ¢ <0 — (1—-0),/13%: or 2 <6 <1, max{®P,,0} <h < ®; (Region ws), and

1+20°

0<e< 2D _9(1—-2h—0),/-22, BOGO dominates EDLP for w,* = 3¢tet2c

1420 1+20° 2(1+26) °

2
~Case 3: p< 32956:2206)9 < ¢ When 0 < wy, <6, T, = 22522 (p— ¢); when 0 <w, <1, m,, = %.

By comparing the profits, we get, when % <f< 3‘/?%, max{®3,0} < h <60 (Region wy), and 0 <

c<éor 2<0<1, max{®;,0} <h < ®; (Region ws), and 9(14_6:;91) —2(1-2h—0)\/ %5 =¢<c<¢

80-p-200 (p— ) > %, BOGO dominates EDLP for w,* = p.

To sum up, Proposition 2 is proved. [

Appendix EC.4: Multi-Period and Demand Uncertainty
Let T,, =m~+T, m e Nt and Ty = 1+ T0. Proposition EC.1 identifies the retailer’s optimal policy
in BOGO-MSPP.

ProrosiTioN EC.1. With BOGO-MSPP, the retailer’s best response between BOGO and EDLP
18:
a) If 1-6)/2<h<1 and 0 <w, <0, offer a BOGO with IS (i.e., p,* <p,* +h).
b) If max{m_a)/z_\/m/z\/izé,o} <h <1 -6)/2 and 0 < wy, < 6 —
(1—2h —0) 0T\ /Ty, offer a BOGO with BS (i.e., p,* =p,* +h).
¢) Otherwise, offer an EDLP.

Proof of Proposition EC.1. Consumer choices in MSPP without stockpiling under BOGO and
PR are shown in Table EC.9. Hence, the retailer’s optimal pricing policy in the multi-period model
still follows Proposition 1. Without stockpiling, a consumer’s consumption patterns coincide with
her purchase patterns, which results in T" not affecting the retailer’s optimal policy.

With stockpiling, the retailer’s optimal solutions are presented in Table EC.10.

In Lemma 3, we have shown that the retailer will offer a BOGO according to the interior solution
(py < p; +h) or the boundary solution (p; = p; + h). Consider a multi-period model in which
there are T' (T > 1, T € N*) regular-price periods after a promotion period. We first investigate
the scenario with T"= 2. Similar to the proof of Lemma 3, the retailer’s best response between

BOGO and EDLP is as follows: If 1;—9 <h<1and 0 <w, <86, the optimal interior solution
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. BOGO-MSPP PR-MSPP
Options
Case I: 0 <0<py/py | Case II: py/pp, <0 <1 | Case I: 0 <0<pq/pr | Case II: pa/pr <0 <1
(2,1,., )11 fa <v<i pp<v<1 PL<v<1 pr<v<l1
(2,0, ...,0)r11 N/A il <v<p N/A B4 <y <p,
(1,1, .., D)t p<v<i N/A pr<v< Bl N/A
(1,07~~~70)T+1 N/A N/A Pd <v<pr pd<v< %i
(0,0, ...,0)7 11 0<v<ps 0<v< 2ihe 0<v<pa 0<v<pa

Table EC.9  Consumer Choices in MSPP with BOGO and PR, T (T'>1, T€N™)

BOGO
Parameters
Interior Solution Boundary Solution
14w 2h+w+2+T+(1+T)w)6o
Db 2 2(1+(147)0)
0+w w4+ (24T —-2h(14+T)+(14+T)w)6
Py 5 2(1+(1+1)6)
D (24T)0—w(1+(1+T)6) (24T)0—w(1+(1+T)6)
b 20 20
(1460+T0)w?—2(2+T)0w+0(1+T+0) h(1—60+h(T0—1)) 1
Tor 16 iTa+me T2
PR
Parameters
Interior Solution Boundary Solution
14w w+(24T+(14+T)w)0+2h(146)
pr 2 2(1I+ (1+7)6)
20+ (140)w w+(24+w+T(1—2h+w))0
Pa 2(1+9) 2(1+(1+7)6)
D (2+T)9—w(1+(1+T)9) (24T)0—w(1+(1+T)6)
d 26
T(1—w)? ( (2 0)2
Tdr ( 4w) + w49(1+ué>) p)
1 (40470 2w —2024T) A+ (1+T)0)wo+0(4(1—h)hT+0(4+T(4—4h(14+h)+T)))
2= 10(1+(1+T)6)

Table EC.10  Retailer’s Optimal Policies with MSPP, wy, =wq =w, T (T >1, T €N1)

s (p3,0)) = (1+2”",0+%). If max{O,lge—W and 0 < w, <0 — (1 —2h—0) 1+30, the

. S 2h 49+3wy0 4—6h+3wp)0 C .
optimal boundary solution is (p;,p}) = ( +wb1‘: 39+ wy, 7wb+( 1+3; wp) ) Otherwise, it is optimal

for the retailer to offer a single price. Again, the optimal BOGO pricing policy with T'= 3 is

( 1+wy 9+wb )
2 7 2 :

as follows: If 152 < h <1 and 0 < w, < 6, the optimal interior solution is (pj,p}) =

If max {O, =8 ”MHG)} and 0 <w, <0 —(1—2h—0) the optimal boundary solution

2 4 1+40’

s (pf,pk) = (2“1;12;?2;)4“’1’97 wb+(25(_1i}g;1 wb)e). We show that the retailer can counter stockpiling

as long as the optimal prices meet the necessary and sufficient conditions as follows: (p;,p;) €
{pz —py < h,p; <0,p;/ps > 9}. Hence, we obtain the retailer’s best response between BOGO and
EDLP is as follows: If 15¢ < h <1 and 0 < w, < 6, the optimal interior solution is (pj, py) =

(%,M%). If max{O,%—%,ﬂ”ﬁ#} and 0 <w, <0 — (1 —2h— 9)1/%, the optimal

boundary solution is (p;, p;) = (2h+wb2+((li+(fig);rf)w”)a, wb+(2+T2(21}i(1fL +TT))+9§HT)1”” ) Otherwise, EDLP

dominates BOGO, and the retailer will offer a single price. Proposition EC.1 follows. [J
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Proposition EC.2 shows the retailer’s optimal response in PR-MSPP.

ProrosiTioN EC.2. With PR-MSPP, the retailer’s best response between PR and EDLP is:

a) If1/3<0<1, (1-6)/26, <h <1 and 0 <wy <0 — (1 —60)vVO/\/b, offer a PR with IS (i.c.,
P <pa*+h).

b) If1/3<0<1, max{( 0)/20, — /(30— 1)T,/20,VT =@ o} <h<(1-6)/20, and 0<w, <
60— \/6[(1 —0)% + T(4h260, — 4h(1—0) + (1 — 0)*)] /Ty, offer a PR with BS (i.c., p,* =pa*+h).

¢) Otherwise, offer an EDLP.

Proof of Propostion EC.2. The proof is similar to that of Proposition EC.1 and is omitted. [

Proof of Corollary 5. The proof is similar to that of Corollary 4 and is omitted. [J

., _ 1-9 (1— 9)\/T1 . 1-6 20T, —T 0
Proof of Proposition 3. Let V¥, = 7% + T U, = 55 — 7 Ty
1-0 (34TTa)0—T1 —4TT1624+4T126342(20T1 —T)+/0(30—14+T(260—1)) -
‘1’3:?_\/ 4y/TiT, AT =6 - 0 -
175
. — . 2(1—2h—0)4 /T,
0)\/ %2, HT) = LD — 2(1-2h—0), /%L, and &T) = 20 — 1 — %Tj@ -
_ (1-0) (14+T(1—0)0+02+(1—2h—0)+ /0T T, X .
2\/ 4h(};;f L4 ( 0TI T, 6>. We present the optimal solutions for the supply
chain in Table EC.11.
BOGO BOGO BOGO
Parameters h, 8) € Qs h, 8) € Q4
o) ea (h, 0) (h, 0)
or (h, 0) €Q; and 0 <c<é(T) | or (h, 0) €, and &(T") < c < é(T)
w c+(2+c+c(1+4T))0 c+(2+c+c(1+47T))0 gii
b 2(1+(1+7)0) 2(1+(1+7)0)
2+ct+(dtc+(3+6)T)0 c+dh+(6+c+(3+c)T)0 2h+E+0(2+T+E+TE)
Db 1(116+76) 1(146+T8) 2(1+6179)
1 (9+ c+(2+c+T+cT)6) c+(6+c—4h+(3+c—4h)T)0 E+0(2+T—2h(1+T)+£4+TE)
Pg 2 2(116+70) 1(116170) 2(1+6179)
D (24T)0—c(1+6+T0) (24T)60—c(14+6+T0) (24T)0—(1+0+T6)¢
b 40 46 20
_ —_p\2
ny | SmGuar .
(c+(c=2—(1-c)T)6)* (c+(=24c+(=140)T)0)* (c=&) (E+0(=24+T(=1+£)+8))
Tom 80(1+0+70) S0(1+0+70) 20
t S (1404T0)>—2¢(24+T)0(1+6+T0)+0(16(1—h)h(1+T)+((2+T)? —16h(1+T))6)
T4 = 160(1+0+70)
1+T)6
He=9—(1-2n— 9),/1+(1+T)‘9
HE o = AhAFT)(1=0)0—-4h2 (14 T)0+(£4+0(=2+T (= 14+€)+€))
5= 460(1+0+1T0)

Table EC.11  Manufacturer-Retailer Optimal Policies with MSPP, T (T'>1, T € N™)

The rest of the proof is similar to that of Proposition 2 and is omitted. U
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Options BOGO-MCPP PR-MCPP
Case I: 0 <0<pgy/ps | Case IL: py/pp <0 <1 | Case I. 0 <0<pq/p- | Case 1I: pa/pr <0 <1
(2,2,...,2,1,1,...,1) Pa<y<1 m<v<l1 Pd<p<1 pr<v<l1
(2,2,...,2,0,0,...,0) N/A Btre <u<py N/A P <y < p,
(1,1,...,1) m<v<ie N/A pr<v<ZBd N/A
T
(1,1,...,1,0,0,...,0) N/A N/A pa<v<pr pa<v<bd
n; T—n;
(0,0,...,0) 0<v<pp 0<v< Bile 0<v<pg 0<v<pa
T

Table EC.12  Consumer Choices in MCPP with BOGO and PR, 7 (7 >2, T €N™)

Proof of Proposition 4. Consumer choices in MCPP without stockpiling are presented in Table

EC.4. The retailer’s expected profit functions under Cases I and II of BOGO are

Tor, 1 (Do, Dg) =T [(1 _pb‘),(pb —wy)] +m < - %) (pg — ws)

l ] l
Regular price sales BOGO price sales

and

+ +
Tor, 17 (Db, pg) = {m <Pb - pi—{_gg) +7T(1 pb)] (Po —wy) + 11 (1 - pi +§g> (pg — wp)

Regular price sales BOGO price sales

respectively. The retailer’s expected profit function under Cases I and II of PR is

Tdr,1 (pm pd) = Tdr,II (pm pd) = (T— nz) (1 _p'r‘) (pr - wd) +no (2 —Pa — %) (pd - wd)-

Regular price sales

~
Reduced price sales

The optimal solutions to Proposition 4 are provided in Table EC.13.

BOGO PR
Regular price pp =152 pr= 13w
Promotional price py =L pa = %
Product demand | D, = %jﬂl*w) Dy = %fﬂ“w)
Retailer’s profit | mp. = "1(67“’)21997(1*1“)2 Tar = T(%"“V + 22 (399;11 + sz _ 2w)

Table EC.13 Retailer’s Optimal Policies with MCPP, w, =w;=w, 7 (T >2, T €N")

We further show the retailer’s optimal policies in Figure EC.1. If n; > n,, as shown in Figure

EC.1a, BOGO fully dominates PR with higher profit margin and cumulative sales. If ny > nq, as
shown in Figures EC.1b, EC.1c, and EC.1d, PR could dominate BOGO. Also, PR is more profitable
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if 0 is large and/or w is small, which means PR can dominate BOGO due to large cumulative sales
and a high profit margin. As 6 increases, the disadvantage of PR’s profit margin decreases. As w
decreases, the advantage of more sales with PR increases. As ny increases, the cumulative sales

effect is more significant, which helps PR outperform BOGO in a larger region of w-6 space.

a n;=n, b. 7=10,n; =2,n, =3 c. T=10ny=2n,=6 d 7=10,n =2,n, =9
oA 04 04 04
1 1 o 1 1
&/0 }\/6\01«« /@61\
BOGO PR o PR /e/& PR 6’0
W wz W z
L) Q 9 Q
7 0.5 R) 7 7 7
N (€ N N N
¥ 0.39 060 037 Q,OGO
EDLP EDLP ® EDLP EDLP
0 1 w0 1w 0 1w 0

Figure EC.1 Retailer’s Optimal Policies with MCPP

The rest of the proof is similar to that of Lemma 1 and is omitted. [

Proof of Proposition 5. Let ¢, =60+20,(60—1)+ ﬁ;’;f, Cm2 = 2(6717)1?1(:%%7—) + G(nl;(i%;l)ﬂ -

2(0-1)0 [T (n2—n1)+n3 | ny(T—na) — / T = on
n1+0T\/ 9 2 4+ 20+1 2 s and cm3—9—(1—9)9 W,Where Hn— m The
optimal solutions for the supply chain are provided in Table EC.14. We further show the supply

chain’s equilibrium in Figure EC.2. If n; > n,, as shown in Figure EC.2a, BOGO and EDLP will

be the better alternatives for the manufacturer and supply chain. If n; < n., as shown in Figures
EC.2b, EC.2¢, and EC.2d, PR becomes optimal when 6 is high and/or ¢ is low. Also, the regions
where PR outperforms BOGO and EDLP increase with PR’s duration.

o4 a. T=10,n =2,n;2n, 04 b. T=10,n =2,n, =3 oA c. T=10n=2n,=6 oA d. T=10m=2n,=9

1 1 1 = 1
=0_=~ ,r" /C\r"’
BOGO PR == PR 2 PR =
-7 s =9
0.75}- -7 T o -7
(S QO () -7 z - @
7 0.69 Q,OG 7 0.68[° 000 ¢ 0.65[~ 5
056" % 051
03 N 03 > 03 > 03
0 1 ¢ 0 1 0 1 ¢ 0

Figure EC.2 Optimal Policies for the SC in MCPP

According to Proposition 4, the manufacturer’s problem is to maximize

(w—c)[ne(0—w)—0T (w—1)] On
2 - , O<w<o0+(0-1) 7(0+1)(n§7n1)
= (w—c)[n1 (0—w)—0T (w—1)] on .
ﬂ-M(w) L 20 N 9+(9—1) m<w§9

T(1—w)(w—c)

5 ; f<w<l1
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BOGO
Parameters
Interior Solution
w, b e+ D)
O(n1+T
Py % (C+ 5L1}F;T) +2)
1 9(n +7)
Dy 5( ( mieT)‘ka)
0(n1+T)—c(n14+6T)
D, e
2 — n 2
Thr 1175 (62 ("71 +T) —2c(m+T)+ 4 1+2(0(26"nli);—72') LT )
(8(n1+T)—c(n1407))?
Tom 80, +07)
PR
Parameters
Interior Solution Boundary Solution
1 O(n2+T) On
Wa 2 (C+ T2 0T ) 0 - 1=/ ermme—n
pr 3o+ %oatD 4 2) et
1 6((0+5)na+50T+T) 204+ 0wa+w
Da 1 (C+ (9+1>(2n2+97) ) 3012
Dd 9(n2+7’)190(n2+97') n2(97wd)7097'(wd71)
2
Tdr Tls (% —2c(n2+T)+ 7'65 i (nz (399+11 + Yd de) + T (wq — 1)2)
- (O(na+T)—c(na+67))? (c—wg)(na(wg—0)+0T (wg—1))
dm 80(na+67) 20
i _ (90-30%—4)n3+2(30% —30+2)na T+0(6+1)T>
6= @O+1)(n2107)

Table EC.14  Manufacturer-Retailer Optimal Policies with MCPP, 7 (T >2, T € N™)
The rest of the proof is similar to that of Proposition 2 and is omitted. [

Lemma EC.1 identifies the retailer’s optimal policy in PR-UNSP.

LemMA EC.1. In a DSC with PR-UNSP, for a wholesale price wy, the retailer’s best response
18:

a) If0 < wy §min{292/91,(0 (20— 1) — (1—0) \/OA,/0,)/ (6 (Ay — 1)+Ad)} =w, offer a PR.

b) Otherwise, offer an EDLP.

Proof of Lemma EC.1. The retailer’s expected profit functions under BOGO-UNSP are

Tor1 (P, Pg) = (14 Ap) [(1—ps) (pp — wp)] + Ay ( - %) (pg —wy)

Regular price sales

BOGO price sales

and

+ +
Tor11 (Db Dg) = |:Ab <1 - pi +§g) +(1 _pb):| (o —wp) + Ay <1 - p; +];g> (pg — ws)

Regular price sales BOGO price sales

respectively. The retailer’s expected profit function under PR-UNSP is

Tar, 1 (Prs Da) = Tar 11 (Prs Pa) = (1 —pr) (pr —wa) + Aqg (2 —DPd— %) (pa — wq).

Regular price sales

Reduced price sales
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The rest of the proof is similar to that of Lemma 2 and is omitted. [

Proof of Proposition 6. Given a wholesale price w = wy, = w,, we get mw;, =

(1—w)20+ (w2 +6—(4—w)wbh+62)A « _ (1—w)? (w—(2—w)H)2A
10 band 7, = - £ 46(1+9) ‘

min {12%29, 1% — }fg (Ajfﬁ\b) }, PR dominates BOGO; otherwise, BOGO or EDLP is optimal for

. As long as Ay > Ay and w < w¥ =

the retailer.

Moreover, as we mentioned in the main text, new and existing consumers behave the same
under PR. For BOGO, existing consumers may buy two or one unit in period 1. New con-
sumers may behave in one of two ways. Some consumers whose interest in the product is raised
by BOGO but are uncertain about it may buy only one unit. Some new consumers, moti-
vated by BOGO, may buy two units. We prove that assuming all new consumers in BOGO
buy two units or having some buy one unit leads to the same qualitative result. When new

consumers are only attracted by buying two units, we get the critical wholesale price is w™ =

2
min{ 202 20(1+0)(Ag=Ay)=/(1-0)20(40+(1-0)2A1) g —0(1=0%)"A, } . Note that Ay =1+ X, and A, =1+ ), to be

+0° Ag—110(2—4A,+0(Ag—1)T2Ag)

consistent, we use Ay and A, to do the mathematical transformation. Given the value of {6, A4, A, }

in the following range:

Parameters Range
0 0.01 —1.00
Ay 1.01 -5.00
Ay 1.01 - Ay

Table EC.15 Numerical Analysis for the Critical Wholesale Prices

_. K

Define A = ““’ii,(w” x 100% as the deviation of the two critical wholesale prices, given the value
in the table above, we get that A € [0,6.5%] when Ay <2, A€ [0,8.7%] when Ay <3, A€0,9.3%]
when A, <4, A€0,11.4%] when A, < 5. We show that these two critical wholesale prices are very
close, and for cases where the expected number of new consumers is as large as the number of

exiting consumers, the two critical wholesale prices are within 6.5% from each other. To simplify

the analysis, we assume new consumers may buy one unit in the main text. U

Proposition EC.3 characterizes the SC’s equilibrium in UNSP model. We show that w* must
be one of five possible solutions: w = (cAg+ 60 (14+c+ (24 ¢)A4))/2(0 + 6,Ay) (PR-IS), wy = w’
(PR-BS), wi = (cAp+0(1+c+(2+c)Ay))/2(0 +60:A) (BOGO-IS), w; =60 (BOGO-BS), and wi =
(14+¢)/2 (EDLP).
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ProrposiTiON EC.3. In a DSC with UNSP, choice among BOGO, PR, and EDLP is as follows:
0) If Ay <Ay,
i) when 0 <c<min{cs,c}, the SC offers a BOGO with IS, w* = w};
ii) when min{cs,cq} = c,
i. if cg <c<cq, the SC offers a BOGO with BS, w* =wj;
ii. if c; <c <1, the SC offers an EDLP, w* = w};
it1) when min{cs,cs} =c5 and c; <c <1, the SC offers an EDLP, w* = w}.
b) If Ay > Ay,
i) when 0 <c< ¢y, the SC offers a PR with IS, w* =wj;
it) when ¢; <c<min{ey,cs, ¢4}, the SC offers a PR with BS, w* = wj;
i11) when min{cy, c3,¢c4} = ¢y and co < c<min{es,cq}, the SC follows the policy in (a)-(i);
iv) when min{cs,cs,c4} = co and min{cs,ce} < c <1, the SC follows the policies in (a)-(ii)
or (a)-(iii) depending on the values of ¢5 and cg;
v) when min{cy,c3, ¢} =c3
i. if cg<c<eq, the SC offers a BOGO with BS, w* =wj;
ii. if ez <c <1, the SC offers an EDLP, w* = w};
vi) when min{cy,c3, ¢} =cq4 and cy <c <1, the SC offers an EDLP, w* = w}.

Proof of Propostion EC.3. We define some critical production costs as follows:

20— (1-60) (2m +no)
C { ( 21+91 27 ) O<9<4(Ad Ap)
1 72 (462 (14Ag)+0(28g—1)— (2Ag+1)
1+6 ) 4(A - ) <o<1’
n3(30+2(1+0)Ap—1-2n1(1-0))  2mn3(1-0)A 2n3n4(1—0)
: 0 : = 4+ f1+9)9 , 0< 0 < 4(Ad Ab)
2T 1A= 1020, —1)~4Ag 402 (14Ag)) +2VEA=O)ngns <0<1’
1+0 4(A A b)
20 m2(1-6) Ay
¢ = 157 T T T 0<0<im m.
37T Y 0(0+AR+H0(2AL+0A,—30—4(14+0)Ay)) Ay, <0< 1’
(140)(Ap+0(Ap—1-2Ag)—2A4) 7 4(Ag—Ap) —
20 _ m(1-9)
. { 140 n;(1+9 + 7, O<9<m
47N 202(14A0)—28 4 +1/24(1—02)2A 42— (1+0—202)>
146 ’ 4(Ad < 0< 1

cs = ACa 297]3(176)%, cs=13(20(1+A,) —1), and ¢; =0 — A, +0A, + (1 — 0)\/A,> — 1, where

0(Ap—1)+Ay

m= \/ﬁ7 N2 = ma N3 = ma Ny = \/9(1+9)(771(Ad_Ab)+Ab(9+Ad+9Ad))7

_(1=0)0(m > +0(14+0)(0—(1-0) Ay) =11 0(2+0+ A, +0A,))
M5 = V(14 0)(Aa = M) (1+ 280 +20(1 + M), 16 = ~— gy @ a, 7ok m@rhgrongy o and

(1-6)y/ (14201 —0)6A, —(14+201)6A 4+(146) > A A 4
(146)\/0(Aq—Ap)

Ny = . The optimal solutions for the supply chain is provided
in Table EC.16.

Using the results in Proposition 9, the manufacturer’s expected profit function is, if Ay < Ay,

[(424p)0 6w Ay (Lt O)wl(w—c) () -\ < @
T (W) = ’ =

(l—w)(w—Qi), f<w<l’
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BOGO
Parameters
Interior Solution Boundary Solution
cAp+0(1+c+(2+¢)Ap)
Wo 2001 Ay 10A) 0
14wy 1+6
Db P} 2
O0+w
Dg ) b 0
Dy O(1+wp+(2—wp)Ap) —Apwy (1-0)(1+Ap)
20 2
- (1—wp) 20+ Ay (wy, 2 +0—(4—wy )wy 0+67) (1-0)2(1+Ay)
br 40 4
- (OQ+wp+(2—wp)Ap) —Apwyp) (wp—c) (0—c)(1—-0)(1+Ap)
bm 26 2
PR
Parameters
Interior Solution Boundary Solution
cAg+0(1+c+(24c)Ag) K
Wd 200+Ag+0Ag) w
1+w 14wk
pr " o
20+ (146)wy 20+ (146)w’
Dd 2(146) 2(140)
D 0 +wg+(2—wg)Ag)—Agwg 0+wX +2-wf)Ag)—Agwk
d 20 20
) —24w,)0)2A wE {(—24wK)9)ZA
™ (1—wg) 24 (at efltrue%) — (1*wK)2+( 0(110) i
dr )
(O0twgt@-wa)Ag)=Agwg) (wg—c) | (POA+wT+@-w™)Ag)—Aqw™)(w" —c)
Tdm 20 20

Table EC.16 Manufacturer-Retailer Optimal Policies with UNSP

IfA;> Ab,
[(1+2Ad)9—0w—2§d(1+9)w](w—c) , 0<w < wK
Wm(w) = [(1+2Ab)9—97ﬂ—20b(1+‘9)w](7ﬂ—c)’ wk <w < 0.
(1—w)(w—c), f<w<l1

The rest of the proof is similar to that of Proposition 2 and is omitted. [

Proof of Proposition 7. For a loss-averse retailer, the penalty-adjusted expected market size is

E [si —7r[so— 34*] = /OC sg;(s)ds+ (1+r) /150 sgi(s)ds —1rs0G;(s0)

50

oo S0 S0
:/ sgi(s)ds~|—/ sgi(s)d,s+r/ sgi(s)ds —rsoGi(so)

EN) 1 1

50
=E(s;) + 7"/ sgi(s)ds — rsoG;(so)
1
50

= E(SZ) + TS(]GZ'(S()) — T/ GZ(S)dS - TSOGZ'(SO)

1

50
:Az—T’/ GZ(S)dSSAl
1

Replacing A; by A; —r 150 G;(s)ds, it is straightforward to see that the retailer’s expected profits
decrease with r flso G;(s)ds. The previous analysis is applicable for any pdf of s;, i =b or d. More
specifically, we consider a simple pdf (i.e., a two-point distribution) given by

| S;, with probability p,; L
8; = { 1, with probability 1 —p,,’ i="bord,
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where S; (S; > 1) is the realized market size with promotions in period 1. This means the promotion-
caused brand switching effect has two states. A high-state with a significant number of new
consumers in the promotion period, which can be estimated from historical promotion data. A
low-state with relatively fewer brand switchers which we normalize to 1. The expected market size
is E[s;] =p;Si+1—p.; =(Si —1)p,; +1=A;, i =b or d. Replacing A, in the previous analysis by
A;, we can see that the probability of a high-state market size p,; plays a vital role in determining
which promotion is best. As shown above, the retailer’s profit increases in S; and p,.;, which means
PR could be preferred by the retailer if p,., > p,, even for a smaller PR realized market size, that
is, & > S,.

According to Proposition 7, the penalty-adjusted expected market size in the gain-loss model
is E [Si —7[so— 5] | =pnSi + (1 —p,,) (1 —7(s9 — 1)), i =b or d. For simplicity, we assume that
1 < 59 < &;, which means the realized market size in the high-state is larger than the reference level
of the market size with BOGO and PR. Since E |s; —r[so — si]ﬂ < E[s;], a loss-averse retailer
incurs a loss in expected profits due to the risk of overestimating market expansion. The expected
profit reduction under BOGO for a given wholesale price w, = w depending on p,, is
(w40 — (4 —w)wb +6%) (1 —p,)r(so—1)

A, =
br 49

The expected profit reduction under PR for a given wholesale price w; = w depending on p,, is

(w—(2=w)0)* (1 —p,g)r(so— 1)
460(1+6) '

Adr =

It is straightforward to see that A;. (i =5 or d) is a monotone decreasing function of p,,, which
also means that the likelihood of a large market size decreases the expected profit reductions
under BOGO and PR. Since the standard deviation o; (i =b or d) is a function of p,,, that is,
o, = (8 — 1)m . We show that A;, is concavely decreasing in ¢;, which means that the
larger the standard deviation, the faster the expected profit reductions will occur. As a result, a
loss-averse retailer prefers a high market expansion with either BOGO or PR in a low uncertainty
(dispersion) manner.

To sum up, the effectiveness of promotions in expanding the market size should consider both the
expected expansion and its dispersion. The analysis above indicates that the variability information
in the distribution function, pre-set reference level of market size, and probability of high-state

market size affect the profitability of promotions and can alter the retailer’s optimal choice. [

Appendix EC.5: Model Extensions
Proof of Proposition 8. The profits of the retailer under BOGO and PR are

7Tb'r‘:( —%) (pg+pb—2w)+(%—pb> (o —w) 4+ (1 —pp) (1_%> (pb—w)‘f‘(%_pb) (py — w)
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and

w=(1=5) @pa—20)+ (B —ps) =)+ 0= p) (1= B ) oo —w)+ (5 =p.) (o =),

\14+pd-1

5 = 11, the retailer’s profit functions are jointly concave

respectively. For a given w and 6 >

in the prices, and the optimal prices under BOGO and PR are

. Wity +0(4 — 4w — pp) 640 +2w(2 — 1) + (2 — ) 1)
and
(0 p) = 2(1+w)f(1+0) + (w+wh — 262) p, —wp? (0 (49 +w(2+20 — ) + 1, — p2))
Pr Pa) = 40(1+6) — 22 : 10(1+06) — ’

respectively. The resulting optimal profits are

*_2(9(2+9 Np)"'w (1+29 /~Lp)+w( _9(6 Np)))

T =
80 — 2
and
e WA O) (1420 — prp) +0 (1 pi + 05— (2= prp)my)) +w (i + 15 — 203 — p1p) = 0 (6 — pp +417))
@ 40(1+0) — 2 ’

respectively. Let
AZ=m

(1 — 9) (803 +w(1 B Mp)l’[/g(w + Np) + 9/1;2; (3 +2w? — (2 B :U'P)/f'p + 2w(1 + Np)) — 892(1 +Mp(w + pp — 1)))
3202(1+0) — 40(3 +0) 2 + pl '

86 —20up—(14+20—pp)uy
2pp (1420 —pp)

It can be shown that AZ is convex in w and two roots for AZ =0 are w =

(1—pp)/(80—p2)(4624+40—1u2) _ se —20pp—(14+20—pp)p2 | (1—pp)y/(80—12) (402 +46—p2)
2pp (1420 —pp) and @ 2pp (1420 —pp) + 2pp (1426 —p1p) - Thus, when w <w
_ .. . I_MP"’HZ (1=pp) 2+“127 _ _
or w>w, AZ > 0. In addition, if p; <6 < 5 — oGl = g, w<w <0, then AZ >0
- 2 1—pp)r/2
forall 0<w< 1. If up <0< : “’2’+H”+( MP;WWP =3, w <0< w, then AZ >0 for w > .

If,u3<9<1 0<w<w, then AZ >0 for w < w or w > w. Ensuring w < 1 requires ps < 6 <
Mp +£ — 1+Mp = p4. The result follows. [

Proof of Proposition 9. Consumer choices with heterogeneous marginal utility are presented in
Table EC.17. By solving the cases in Table EC.17, we obtain eight solutions shown as follows:

e Solution 1. {py,p,} = {%(1-*-1017),awbg;a:;anb;iH)eL}, if 0 <ac<1, 23’;H < 0, < GH, and

e T e P S ; or if 00+ (00 —2)0r) <a<l, H <0, < 74—, and

6 (0 —0L)(0n+2(0—1)0L)
% <wp < GL((lgjg)fgofae’“) This is the interior solution of Case 1.

: _ yaA+40g)tw,(24+(2—a)fy))—a(l+(2—a)wy)6 awp (24 (2—a)0g)+(2a+(2—a)aw,+(2—a)0g )0
e Solution 2. {pb7p9}_{ “ 4§+2(2 a)(algy—‘raQL) ek, 4ai2(27a)(a9H+a92) “ L}7

a0 (0 —0r) <w, < 0p ((1-20)0+2001,)

0L((2—(5— 2a>a>eH+2<a+<2fa>aeL>> 28(14+051) (07 —01)
ifo<a<1, =& <9L<9H,and0<wb<m1n{ & (21 (2=a)0)+(2—a)aty, ) (1—6m)(2a+(2— a)(a9H+a9L))}
2 _ 2
or if 0 < a < % B Z\/4+49H+9(992 zgie),;eLJrlaeL, 0 < 6, < 9?;;, and 0 < w, <

‘QL((2aEgjg)?)?gfgfga;zah)) This is the interior solution of Case 2.
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0y > 6, > pg, BOGO to both groups
. Case 1: Case 2: Case 3:
Options
Py <0, <0y <pg/pDp Pg <0, <pg/Pp <Oy Py <Dg/Pp <0, <0y
High-/Low-Type High-Type Low-Type High-/Low-Type
@ 1) Movs<i pp<vs<1 Z<vs<l1 pp<v<1
2,0) N/A < v <p, N/A TS v<p,
(1, 1) py<v<P N/A prv<Z—i N/A
(0.0) 0sv<p,  [0=v<iTH| 0sv<p | O0=sv<iE
0y > pg > 6, BOGO to the high-type group
Options Case 4: Case 5:
0, <Py <Oy <pg/Pp 0, <pg <Pg/Pp <Ou
High-Type Low-Type High-Type Low-Type
@0 Z—Z$751 N/A Pp<v<l1 N/A
(2,0) N/A N/A Tl <v<p N/A
(1, 1) pySv<g? py<v<l N/A P
(0, 0) 0sv<p, 0<v<p, OSU<% 0<sv<p,
Case 6:
Options pg > 6y > 6, BOGO to no one (EDLP)
High-/Low-Type
(1,1 pp<v<1
0,0) 0<v<p,

Table EC.17 Consumer Choices in BOGO-NSP with Heterogeneous Marginal Utility

Solution 3. {ps,p,} = {%(1+wb),%(wb+9,q)}, fo<a<l, %’ <0, <0y, and 20, — 0y < w, <Oy; or

if0<a<1,0<6, < OTH, and 0 < wp < 6. This is the interior solution of Case 4.

. o —(1465) (240 ) twy (=34 (—3420)0 —2a0L) O (—(14+05)(240L)+Fwy(—3+(—3+2a)05 —2061))
Solution 4. {py, pg} ={ e 5t orat (C1Ta)0.) 6, (L iaTat))’ 2 a1narat(Tra),) br(raras ) 1>

f0<a<1,0<6p <0y, and 0 <wy < 7270[‘(1+2aj§i?i)3-:—92i§§§{771;—a0;)[l+(71+2a)9L)' This is the boundary

solution of Cases 2 and 3.

. _ (2401)0 +wy, ((—=1+0)0p —(2+a)0 ) 01 (—(2401)0L +w, ((=140)0 —(24a)0L) | -
Solution 5 {pbapg} _{ 2H( 1L+a)g2 —401,— 2Z9H9L - " 2(§1+Loc)9§:749L7204§1H9L - , if 0 <
0 0L (05 (2+(—=1+20)0 )72(2—0—&9 )0L) . . 20— 0%, —46
a<l, At <0, <0y, and 0 <w, < = HQH((71+D¢)0;£(2+&)3L)H Leoorif0<a< W, 4(29H -
0r (0 (2+(=142a)0y)—2(2+abpy)01)
O ((-14+a)0y —(2+a)fr)

0%) <0p <2, and 0 <w, <
and 2.
Solution 6. {py,p,} = {3(1+w),0.}, if 0<a<1, 2 <6, <0y, and max[0,20, — 1] < w;, <

. This is the boundary solution of Cases 1

2<9L O
H

This is the boundary solution of Cases 1 and 4.

Solution 7. {py,p,} = {2“2:;12);”;;&9117 "H<2+E12:2°;);“;+°‘9H) }, if0<a<l, 2 <0, <0y, and 20, — 0y <

wy, <Og;orif0<a<l, 0<0;, < 971-[ , and 0 < w, < 8. This is the boundary solution of Cases 4 and 5.

Solution 8. {py,p,} = {1(1+w;),0 }. This is the boundary solution of Cases 4 and 6. In addition, the
retailer’s excepted profit with Solution 8 is the same as that in Case 6 (EDLP).

Similarly, we combine all the solutions above and show that the boundary solutions (Solution 4

to Solution 8) are dominated by the interior solutions (Solution 1 to Solution 3) or EDLP solution.

Proposition 9 is proved. [J

Numerical Analysis for Consumers with Heterogeneous Marginal Utility

To better understand the retailer’s pricing policy for any given w,, we examine the optimal

policy for selected values of o and wy, in the (0r,0y) space which are shown in Figure EC.3. In
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Figure EC.3a, if 0, is small and 0y is relatively large (i.e., Case 4), the retailer will price such
that BOGO only attracts the high-type consumers who choose from {(2,1),(1,1),(0,0)}, and the
low-type consumers who choose from {(1,1),(0,0)}. When 6, is large, BOGO attracts both types
of consumers. In this case, if 0y is close to 0, (i.e., Case 1), the retailer will price such that
BOGO will attract both low-type and high-type consumers who choose from {(2,1),(1,1),(0,0)}.
If 0y is considerably larger than 6, (i.e., Case 2), the retailer will price such that the low-type
consumers will choose from {(2,1),(1,1),(0,0)}, however, the high-type consumers will choose from
{(2,1),(2,0),(0,0)}. This is because the gap between 6, and 0y is so large that the retailer cannot

prevent some high-type consumers from choosing (2,0) which is less preferable by the retailer.

Ora a. w, =05 a=05 Ora b. w, =06, a=05 O c. w, =05 a=075
1 1 1
5 casS C’ASE’L
(0.7,084)F > (0.65,0.84)F «
(&6L077)é§\ Case d s £
< :
Case 4 Case 4
(0.6,0.6)
(0.5,0.5) (0.5,0.5)
EDLP EDLP EDLP
0 16 O 16 O 16,
Figure EC.3 Retailer’s Best Response with Heterogeneous Marginal Utility

In Figure EC.3b, with a larger wholesale price w;, the retailer is less likely to offer BOGO because
of the decreasing profit margin, thus the size of the EDLP region increases. The sizes of the regions
of Cases 1, 2, and 4 decrease. For a larger proportion of high-type consumers a shown in Figure
EC.3c, the size of the EDLP region does not change (due to unchanged wholesale price), the sizes
of regions of Cases 1 and 4 increase and the size of the region of Case 2 decreases. These changes
are because the retailer capitalizes on the larger « to increase the number of consumers choosing
the most profitable options {(2,1),(1,1),(0,0)}, which are the solutions for Cases 1 and 4.

Because of the complexity of the retailer’s response, the manufacturer’s problem is very complex
and we therefore examine it numerically. Figure EC.4 shows the solution for 8y = 6, 4+ 0.15 which
enables us to present the range of possible cases. As the figure shows, for 6, < 0.442 (0y < 0.592),
the SC uses EDLP. For 0.442 < 6, <0.606 (0.592 < 0y < 0.756), the prices are such that BOGO
is only used by high 6 consumers (Case 4 in Table EC.17). The first drop in w, in Figure EC.4a
is caused by the retailer’s BOGO. When 0y = 0.442 and 6y = 0.592, 0y is high enough for the
retailer to use BOGO. Similar to the case of homogeneous consumers, the retailer will decrease
the regular price in response to the lower wholesale price. As a result, the retailer’s profit jumps

and her share of the SC profit increases substantially as shown in Figure EC.4b. The next range is
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Figure EC.4 Consumers with Heterogeneous Marginal Utility, « =0.50, ¢=0.2, g =60 4+ 0.15

0.607 < 67, <0.66 (0.757 < 0 < 0.81), in which it is optimal to offer BOGO to both groups (Case 1
in Table EC.17), the manufacturer drops the wholesale price to w;, = 0.506, and the retailer drops
the regular and BOGO prices shown in Figure EC.4a. This is because when values of 6, (i = L, H)
are not very large, the retailer could price such that p; <6 and 0y < %. As a result, all consumers
choose from {(2,1),(1,1),(0,0)} which is the most profitable for the retailer. Starting at 6, = 0.661
and for 07 >0.661 (5 >0.811), the SC uses the pricing policy of Case 2 in Table EC.17. Since 0
is considerably large, the retailer cannot prevent some high-type consumers from choosing (2,0)
which is not preferred by the retailer. As shown in Figure EC.4a, the retailer decreases the price
gap between p, and p,, and the manufacturer increases the wholesale price. Similar to the case of
homogeneous consumers, the manufacturer’s profit increases in 6;, but the retailer’s profit decreases

in ; in each region. The reason is that the wholesale price in each range is increasing in 6;(i = H, L),

but the retailer’s profit from regular-price sales is decreasing in 6;. [

Proof of Proposition 10. To simplify the cases, we define some strategic options for consumers.
Option 1: {(2,1), (2,0)s, (0,0)}. With this option, if pl’%ﬁ <wv<1, (j={H, L}), a consumer will
choose (2,1); if %ﬁhj <wv< p”%hj, a consumer will choose (2,0)s; and if 0 <wv < %ﬁhj, a
consumer will not buy. We use subscript { H, L} to distinguish the consumer type, e.g., S1y means
strategic option 1 for the high-type consumers. Option 2: {(2,1), (2,0)s, (2,0), (0,0)}. For example,

for the low-type consumers, if 2129 < ¢ < %, and hy, < hy <p, —py, a low-type consumer

pp+pg+hr —

will choose S2r. And, Option 3: {(2,1), (2,0), (0,0)} and Option 4: {(2,1), (1,1), (0,0)}. We show
consumer choices in Table EC.18.

From Table EC.18, we obtain four optimal solutions as follows:
Q(hL+wb)*/“r+(hL+wb—(3hL+wb—4)7+2(hL+2wb)72)9+“7(1+2wm)92
20+27(2-27(1-6)%—0+262) ’

0(27—2h 7(1+~(—146))+0—570) 4wy, (0+v(2—27(1—6)2 —6+202)) . 1
- 29+27(2—27(1—9)g—9+292) ) if 0 < 6 < 1 3 < v < 1

e Solution 1. {p;p;} =

3

0(47%(1—0)2—0+~0(1—40)) 2(1—3~)(1-0)0 2(3v—1)(1—0)0+h7(2v(1—0)%2430)
max{O, 0+~ (27+0+6~0+4762) } <hg < 2v2(1-0)216—~(2+6)(1126)° 012, (22 (1 0)7 01208 < ha <
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h 0 High-Type | Low-Type
pytpPg—hHg
pot+pg—hy pytpg—hr
ohip pp+pg+hm < f< py+pgthr S2n Slr
< _2hLpp — +pg—h —h
he <hw < 555,35, <Pe =P porprhy SO <P 52u 521
po—hpy pr—hp
P <0< o S3u S2r
Bohl <9< 1 S3u S3r,
potpPg—hH
0<0< Pb+pg+hH Slu Slo
Potpg—hy - § < Po=hu S2 S1
< H L
hr < _2hrpe < hg <py,—p Zztzf)lg;hj@ Pb+PgZith S S1
hrtpytrg = g m U pyTpgthr 3u L
Po+pg—hr pr—hr
Po+pPg+hr <0< Db S3m S2r
BBl <9 <1 S35 S31
0<f< 2t Sdg Slp
Py Po+Pg—hr
hy <py —pg < hn ) ibp_f< Po¥pgTh o8x S
PoTPg— L Pp—NL
pyt+pgthr <0< Db S3n S2L
Rl <9< S3p 531,
0<f< e S4 S4
Py —pg < hrp <hpg Py " o
= P
ﬁ <6<1 S3u S3L

Table EC.18  Consumer Choices in BOGO-SP with Heterogeneous Holding Cost

hr (2374 (147+642)044576%) +6(0—(47(1-6)?

2
5 (2 37 (1-0)% —0720%) —04497)) This is an interior solution that satisfies

1, and 0 < wy <

hy <py—py <hg.
. ok wy+2h gy +hp7(1—0)4+3042h 0742wy, 0 wy+h5(1—60)+30+2w,0—2h (3+0(1+ .
e Solution 2. {pb7pg} :{ v+2h gy +hry( 2+310 19y b8 1w Ly(1-6) 2+4z; 1 (3+6( ’Y))}’ if 0 <
2(3v=1)(1—0)0+hp7(27(1-6)2+36)
204+2~(2—2v(1—0)2—6+2602) ’

? 54304+6 272(1-0)2+6—~(2+6)(1420)’ hi <

—2h gy +2h g (~147)0+6(—1440)+h (1+y+50—~6)
1426

01,5 <y <1, max{0, IS4} < by < g2l

and 0 <w, < . This is a boundary solution in which the high-
type consumers are indifferent between stockpiling and no stockpiling (i.e., p, — py = ).

e Solution 3. {p§7p;} :{1+2wb, 9+2“’b}7 if0<0<1,0<vy<1, 1%9 < hp <hg, and 0 < w, < 0. This is an

interior solution that satisfies p, —p, < hr.
e Solution 4. {pg7p;} — {2hL+wgijg+2whe7 wb+39—2ﬂf€e+2wbe}7 if0<0<1,0<~y<1, max{(), i(l _49)} <

4h 1 604+46%—6
1426

hy < %7 hy <hg<l1l,and 0 <w, < . This is a boundary in which the low-type consumers
are indifferent between stockpiling and no stockpiling (i.e., p, —p, = hyz).

To sum up, Proposition 10 is proved. [

Numerical Analysis for Consumers with Heterogeneous Holding Cost

To better understand the retailer’s policy for a given w,, we examine the retailer’s optimal policy
for selected values of ~, 6, and wy in the (hy,hy) space, which are shown in Figure EC.5. Define
Ap=p,* —p,*. If hy, is high, the retailer can price such that Ap < h; and no consumers stockpile.
If hz is medium high, the retailer can price such that the two prices are just far enough apart
to prevent the low-type consumers from stockpiling (i.e., Ap = hr). The high-type consumers will

not stockpile in this case either. If hy is low and hy is high enough, the retailer can only price to

prevent the high-type consumers from stockpiling (i.e., hy, < Ap < hy). Some low-type consumers
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will stockpile in this case. If hy is low and hy is relatively low, the retailer will price such that
the two prices are just apart enough to prevent the high-type consumers from stockpiling (i.e.,

Ap=hg). Some low-type consumers will stockpile in this case.

hiy a. w,=05 y=06 0=075 hyy b w,=05 y=07 6=075 by c. wy=06 y=06 6=075 hyy  d w,=05 y=06 6=08
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Figure EC.5 Retailer’'s Best Response with Heterogeneous Holding Cost

Figure EC.5b shows that as the proportion of high-type consumers v increases, the size of the
regions of hy < Ap < hy and Ap = hy increase, the size of the region of Ap < h; does not change,
and the size of the region of Ap = h decreases. With larger v, the retailer can extract more surplus
from a large number of high-type consumers while letting the low-type consumers get a better deal
by stockpiling. As w, increases, Figure EC.5¢ shows that the region of hy < Ap < hy disappears,
the sizes of regions of Ap=hy and Ap = h; decrease, the size of the region of Ap < h; does not
change, and the size of the region of EDLP increases. As 6 increases, Figure EC.5d shows that
the size of the region of Ap < hr increases, the sizes of the regions of Ap=hr, Ap= hg, and
hr < Ap < hg decrease. With larger 6, consumers are more likely to consume two units in period
1 and the retailer can extract more surplus from the high-type consumers because they are less

likely to stockpile and therefore reduces Ap.
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Figure EC.6 Consumers with Heterogeneous Holding Cost, v =0.50, ¢c=0.2, hg = hr +0.15

We examine the manufacturer’s problem numerically. Figure EC.6 shows the solutions under the

relationship hy = hy +0.15. As the figure shows, for h;, < 0.077 (hy < 0.227), the SC uses EDLP
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with w, = 0.6 and p, = 0.8. For 0.077 < hy, <0.20 (0.227 < hy < 0.35), the SC prices such that
low-type consumers are indifferent between stockpiling and no stockpiling and high type consumers
will not stockpile (i.e., Ap=hyz). For hy =0.077 and hyz = 0.227 it is optimal for the retailer to
use EDLP for any wholesale price above w;, = 0.4183. Then, it becomes optimal for the retailer to
offer BOGO to both types of consumers if w, = 0.4183 where the manufacturer’s profit also is the
same as in EDLP. This is the first drop in w, in Figure EC.6a. Similar to the case of homogeneous
consumers, the retailer’s profit jumps and her share of the SC profit increases substantially. The
next range is 0.20 < hy, < 0.35, in which it is optimal to offer BOGO where both types of consumers
do not stockpile with Ap < hy, = 0.2, and prices and profits no longer depend on h; and hy as
shown in Figures EC.6a-b. [

Proposition EC.4 identifies the SC’s optimal policy in MBOGO.

ProrosiTiOoN EC.4. With MBOGO-NSP, the SC choice between MBOGO and EDLP is:

a) If 0 <c< (3(1+560, —20%) — 3/2(1 — 0)(1+ 146, +02)0,) /(20(11 + 20,) — 3) = é(0), offer an
MBOGO with BS (i.e., p; =0p;), w* = (9(14¢) +0(7T+6c—0))/(0% + 140, +1).

b) If ¢(0) <c <20 —1, offer an MBOGO with IS (i.e., p; > 0p;), w* = (1+¢)/2.

¢) Otherwise, offer an EDLP.

Proof of Proposition EC.4 We distinguish between two cases:

e Case : 0<6< ’;—Z. The retailer’s and manufacturer’s expected profits are:

W%?OGO (py) = {2 (1—pp)+ ( — %)} (pp —wy) and

p
WzﬁZﬁOGO (pg,wb) =2(1—ps) (wp — ) + (1 - gg) (wy — c+ Dy —Dp)-

e Case II: i—i < 0 < 1. The retailer’s and manufacturer’s expected profits are:

+ +
W%?FGO (py) = [(2 — Py — p; +]999> + (1 — p; _I_];g)] (pp — wy) , and

+ +
W%f;[o[co (pg,wy) = <2—pb — p; _'_Zg) (wp, —¢) + (1 — pi +];g> (wp —c+py—Dy) -

In Case 1, if p, <p, < %9, we can obtain that the optimal retail price is

30+2w0—pg ir 30 pg—30+4pg6 5pg—36
e, if £ <py <0 and max {0, 21— » <w, < L
* — . 5pg—30
" (g, wp) = ba, if p, < 6 and maX{O,pgT}<wb<1
pg—30+4pg0

: 0
Dy if §<0<1, 2% <py, <0, and 0<w, < 50
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In Case 11, if %‘7 < py <1, we can obtain the optimal retail price is

3—2pg+3wy+30+wy0 6pg—30-+4pg0—362
6120 30162 <wp <

* = . 2 6pg —30-+4pg0—302
" (Pgywy) = § 2o if 25450 < py <0 and 0 < w, < P hgt
3+2pg—0

, if p, <0 and g

3+2pg—0
3+6

, if py, <0 and max{O,

—_

<wp <1

First, the regions of {p,, w,} are given by:

—30+4pgt
@—ﬁﬁL}<um<

6pg—30+4py0—362

30102 } <wp <

6pg—30+4py0—362
30+62

5pg—36 .
20
3+2pg—0,
3+0

, or ¥ <p, <6 and

Region & :if 3—59 < py <0 and max{(),

Region r :if 0 <p, < 6 and max {O,

: . ir 364362 30 5pg—30
Region k3 :if “-- <py <5 and 0 <wp, < T
6pg—30+4py0—362
36+62 )

Region ky:if 3 <0< 1,

<wy <

30
m<pg<9, and 0 < w, <

3+2pg—0
3+6

Pg—30+4pg0 .
20 ;

Region k5 :if p, < 6 and <wp < 1.

Combining the two cases above, we have the following result to show the retailer’s best response

for a given wholesale price w;, and the second unit price pg,

30+2w,0— .
3042wp0—pg if {pgv wb} S

10 )
3-2 3wy +30+wy0 .
i pg+6+g et }f {pg, wy} € Ko
" (pg,wp) = %g, }f {pg, wp} € K3-
pga lf {pg7 wb} € Ky
1, if {pg» wb} € Ks
The optimal product demand and retailer’s expected profit are
0—2wy, 0 .
) (1= 1), it {p, W} €
6—2pg+70+02 —wy, (6+564602) 3(146)+2pg (246)+wy, (3+6) .
Dy ( ) . 2(1+0)(3Jbre) ) + (1 o 2(119)(3%) : ) ;i {pg, wy} € Ko
b \Dg, W)= 2 . )
’ 2= %)+ (1), if {p, wn) € s
1 — wy, if {p,, wp} € K4
O, if {pga ’Ujb} € Ks
and 2oy
2pg—3(14-0)+wy (340 .
. = 4(1+9)(3+b0) , if {pg, wp} € Ko
Thr (pg,wb) = 3(9*pg)2;§g*%9)’ if {pg, wy} € Ky -
%, if {py, wp} € Ky
0, if {pg7 ’U)b} € K5

Second, based on the retailer’s optimal response, the manufacturer’s problem is:

pg+02_92wb0> (wp —c) + ( . %g) <wb —c+ p—g_30+i99pg_2wb0) ) if {py, wp} € K1
6—2pg+70+02 —wy, (64+50+02)
10 G10) (wp — )+
34504202 2p, (2+0) —wy, (3+0) 3(140) 4wy (340)—2pa (440)\
Tom (Pgs Wp) = 5(11+0)(300) : ) (wb —c- R ) , if {pg, we} €Ky
2 .
2—%)(11)1,—0)4—( —20) (wp—c+py — ), if {p,, wp} € K3
(1 —wy) (wy —c), if {pg, wp} € Ky
0, if {pg, wb} € Ks
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By solving the problem above, we can obtain the following solutions:

e Solution 1: {p,, w} = {M, %}, if 0<c¢<1 and % < 0 <1, the manufacturer’s expected

1146
profit is my,,1 = 1+62*6§9_:‘820629+292
: . _f 30 1+c) 1 11-c
o Solution 2: {p,, wp} = {m, > }, if 0<c<1and 5 <0< {57, the manufacturer’s expected profit
is Ty = 1+2c+c2<£i91—6;600+4029'
. 0(11+3c+6) 5py—30 9(11+3c+6 o .
e Solution 3: {p,, w,} = { ( 1;2: ), e } = { ( 1;;2; ) 162—25)49 9}» if 0<e¢<1 and max{0,3c—2} <
2
0 < 1, the manufacturer’s expected profit is m,,,3 = %
2 2
e Solution 4: {p,, w,} = {O, 9“}?15;9(5102(2)%) }, if0<c< 3 and0 <6< 2%, the manufacturer’s expected
. _ c2(340)°—4(146)2(—3+20) —4c(9+186+1162+203)
profit is w4 = 1(100) (3107 (5120) .

e Solution 5: {p97 wb} — {73+109+02+26(3+9)’ 2(3+¢) }7 f0<e< % and -5 —c+ /28+4C+C2 < 0 < 17 or

2(7+06) 740
if % <c<1and —1+42¢c< 6 <1, the manufacturer’s expected profit is my,,5 = %

e Solution 6: {p,, w,} = {O,g—:;}, if 0<c¢<1 and 0 <6 <1, the manufacturer’s expected profit is
0(3(1-0)—2¢(3+6))

Tom6 = ~ (1+6)(3+0)
- 2 P
o Solution 7: {p, wy} — { A1) pitesaces 02| if (< o<1 and ma{0,3e ~2} <0< 1,
the manufacturer’s expected profit is my,,7 = %.

The optimal solution(s) should be higher than the EDLP solution and the others at same time
within the region of {c,0}. By comparing the solutions above, we can obtain the optimal policy

for the manufacturer in Proposition EC.4. [

Proof of Corollary 6. The optimal solutions for the supply chain are provided in Table EC.19.

MBOGO MBOGO
Parameters | Boundary Solution | Interior Solution
0<c<é0) ) <c<20—-1
w 94+9¢+70+6c6—62 l+c
b 154146462 2
24+4230+602+3c(3+6) 14+764+2c6
Do 2(15+140+02) 2180
6(24+230+0%+3c(3+0)) 0(2+c+20)
Pg 2(15+140+62) 1+46
D 3(2+0—3c)(3+6) 30—c—2cf
b 2(15+ 140+ 62) 1+40
x 9(14-6)(3+6)(2—3c+6)? (c—36+2c6)?
br 4(154149102)2 2(1+46)2
- (3+6)(2—3c+6)> 1+4c2—6c0+2c20+202
bm. 4(154+146+62) 2+86

Table EC.19 Manufacturer-Retailer Optimal Policies with MBOGO-NSP

Similar to the proof of Corollary 2, we can prove Corollaries 6(a), 6(b), and 6(c). Similar to the
proof of Corollary 3, in the model of MBOGO, we integrate over individual consumer’s surplus to
find the total consumer surplus, if 0 < ¢ <¢é(6)

(2+40)(3+6)°(2—3¢c+0)*
8(15+0(14+0))?

C’S’b:
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If ¢(0) < ¢ <26 — 1, the consumer surplus is

C14+60(4+2¢2 —T0+4(—34c)ct + 86?)

cs
’ A(1+46)°

Combining the profits of the retailer and manufacturer, if 0 < ¢ < ¢é(0), the social welfare is

3(340)(2—3c+6)° (18 + 170 + 62)
8(15 4 146 + 62)*

SW,, =

If é(0) < ¢ <26 —1, the total social welfare is

—12¢0(2+70) + (4 + 220 + 286?) 4 3(1 + 460 + 50* + 86°)

SWb - 2
4(1 +40)

Comparing the results above with those in Corollary 3, Corollary 6 follows. [J





