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Online Appendix for “Dynamic Pricing With Infrequent
Inventory Replenishments”

Boxiao Chen, Menglong Li, David Simchi-Levi

Appendix EC.1: Salvage Value

We show that the deviation of the regret with a salvage value different from the unit order-
ing cost ¢ is upper bounded by O(H). Suppose that inventories or backlogs in epoch T+ 1 can
be salvaged with a unit value s. Denote this system by S° and the system with unit salvage

value ¢ by S§°. For system S°, the total expected profit over the planning horizon with decisions

(ylaplla---ulea--wyTyple-'prH) is

T
th(ytvptla-"aptH)

t=1

gs(ylvpllu s P1H, -, Y15, PT1,5 -"7pTH) = CIq +E + (3 - C)E[xT+l]-

For any learning algorithm 7, we can define regret Rp(7) for system S° by
Elg* (") —g° (7)),

where 7* is an optimal inventory and pricing policy for system S* and ¢°(w) is the total expected

profit of .

LemMA EC.1. For any policy © and learning environment I € Z, |RL(7) —E;(ﬂ')‘ <O(H)

Proof.  Since the optimal policy in system S¢ is a feasible policy of system S*,

—I

Ry (m) = Ry (m) < —(s — 0)E[7y] — (s — 0)E[7,],

where E[z}. ] and E[z7.,] are the expected inventories or backlogs in epoch 7'+ 1 for the optimal
policy of system S¢ and 7, respectively. Consider the last epoch, after ordering to some inventory
level (must be nonnegative), the total demand in this epoch is at most H d. Thus the expected

inventories or backlogs in epoch T'+1 is at most O(H). Hence, R4 (7) —R;(ﬂ') < O(H). Similarly,

Ry (m) — Ri(r) <O(H). O
By Lemma the worst-case regret bound for system S* is the same as that in Theorem

when H <O(T).
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Appendix EC.2: Proofs in Section [6]
Proof of Lemma[3 Fix a problem instance I. By the definition of GZ., it suffices to find a policy
7 in II¥ under the full-information setting such that
T
B 9 pi()s i (D, €) = g(y™ 07 (), oo P () Ds€) | < (Pd+2Ld)(H —m—1)T. (EC.1)
t=1
Such a policy m can be constructed as follows. At the beginning of each epoch t, m orders up to
the inventory level y* of the optimal policy and then implements pj(y*) for periods 1,...,5; — 1.
Let z,5, be the inventory level at the beginning of period \S; as if implementing the optimal policy
pi(+); -, s, 1 (+) during periods 1,...,.8; — 1. For periods S, ..., S, — 1, policy m impliments the price
ps, (z1s,). Repeat this process until the end of epoch t. The profit gap in epoch ¢ between the
optimal policy and 7 under the same realization of random noises is

> pDilp;) i Di(p})) - G (y — Z D;(p;) — Z en-)

i#S,k=0,1,...,m

H H
+Gly = Y Dilp)— Y Dipf)— ) en
i=Sg,k=0,...,m 1#Sg,k=0,...,m i=1
< Pd—e)+L| > Di(p})—Di(p})
i#Sg,k=0,1,..., m 1#Sk,k=0,...,m
<pdH-m—-1)— > pey+2Ld(H-m—1),

i# Sk k=0,1,...,m
where the first inequality is from the upper bounds of demand and price and the Lipschitz continuity
of function G(-), and the second inequality is from the upper bound of demand. The inequality
is obtained by taking summation over ¢ and taking the expectation of the noises. [

Proof of Lemmalj Note that € is (UM)—sub—Gaussian. By applying Theorem 2 of
Abbasi-yadkori et al. (2011) with V' = (S, — Sy_1)I, we have with probability 1 —§/(m + 1) uni-

formly over ¢ > 1 that

X 14+t02/(S, — Sy
168 — 0|, gax/Sk—Sk_l\/llog< 5/(?(%’_11) b 1)> + v/ Sk — S L < .
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By Cauchy-Schwarz inequality,

[1(p) - (6 = 6")| < [1n(@)l1x-110F = 0l <yelln(®)ls;1 = Auk(p)-

The statement then follows from the union bound inequality. [

Proof of Lemma[j. We have

t t
ZAsk(psSkfl) g\/z ZAsk(psSk,1)2
s=1 s=1

t
gL’Yk\/z min{l, ||77<pssk,1)||2—1}
\ 1 Ask

t
gL’Yk\/Z QZlog(l + Hn(psskﬂ)Hi‘—kl%

s=1

where the second inequality is from ||5(p) HAfkl <||n(p)|l2 < L and the third one is from e*/2 <1+
for x €10, 1].

Since Atk - At—l,k) + n(pt—l,sk,l)n(pt—l,Sk,l)T,

det(Ay) =det(A—1) det(I+ A2 n(pe—1se  )N(Di-1,5, 1) AL L)

=det(Ar-1) (1 + In(peors DI ),

and thus

t
Zlog(l + ||77(pssk71)|]/2\_k1) =log(det(Asy 1)) —log(det(Ayy)) < llog(Sy, — Sk_1 +tL?).

s=1

Therefore, 22:1 Agi(Pss,,_,) < Ly \/21 log(Sy, — Sk_1 +tL2)\/t with probability 1. [

Proof of Lemmalf Let H%, = [t] \ H%,. By definition and Lemma ar|HE | /VE <

ZSQH;; Agi(pss,_,) < Zse[t] A (pss,_,) < Ly \/2l log(Sy, — Sk_1 +tL2)\/t. It follows that |HE,| <

tL'yk\/Qllog(Sk—Sk,l +tL2)/Oék gt/2 [l
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Proof of Lemma[7]. Let fif = Hk N Zse"ﬂk I[d% — n(pss,_,) - 0] be the empirical distribution of
the aggregated noise €¥. Since € is 04/S), — Sj_1-sub-Gaussian, the variance of €¥ is bounded by

0%(Sy — Si_1). By Theorem 1 of [Fournier and Guillin| (2015)),

E[W, (uf, if)] < Cov/S, — Si|[HE, |72 < \[CU\/W‘

Since under event A7 ‘(dlsC - n(pssk71) ' é];) - (d]; - n(psskfl) : gk)’ = ‘n(psskfl) ' (é? - 916)‘ <

A (pss,_,) < ay/Vt for s € HE,, we have W, (af, if) < oy /V/t. Tt follows that

E[W1 (i, 1) A] <

SE

By the proof of Lemma {4} P(A) > 1 — 4. Therefore,

E[Wy (i, i )| Al S E[W: (g, i )| A] + E[W (g 17 )| A]

Co Sk—Skfl Oy
< —.
16 t * Vit

O
Proof of Lemma[8 This is clearly true for k= N + 1. Suppose the statement is true for k+ 1.

Without loss of generality, assume uy,(y) > ur(y’). Then
Jur(y) — wn(y')| = ur(y) —ux(y')
< I;lgg{{E[Rk(p) —G(y — Di(p) — Br)li=n + ur11(y — Di(p) — Br)]
—E[Ry(p) = G(y' = Di(p) — Bi)li=n + urs1(y — Di(p) — Bi)]}
<Ly =y ey + max{Efug1(y = Di(p) = Bi) = una(y' = Di(p) = )]}
<Lly -y
O
Proof of Lemma[4 We prove by induction on k. This clearly holds for k= H + 1. Suppose this

holds for k+ 1. For a fixed y, let p; be an optimal solution for u(y). By assumption, there exists

p;c € P such that Dk (p;c) = Dk (pk) and Rk(p;g) = Rk(pk) Then

tr(y) ZE[Ry(pi) — G(y — Di(pl,) — Br)i=n + trt1(y — Di(pi) — B)]
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=E[Ry.(pk) — G(y — Dilpr) = Bi)lk=n + U1 (y — Di(px) — )]
ZE[Ri(pr) — G(y — Di(pr) — Bi)li=n + 1 (y — Di(pr) — Br)]
ZE[Ri(pr) — G(y — Di(pr) = Br)lk=n + tns1(y — Di(pr) — Br)]
=uk(y)-

O

Proof of Lemma[I0 Tt is easy to see that

|ur(y) — o (y)|
< iIglf{EgN(gk,Bk)‘G(?/ — Dy(pr(y)) — Br) — G(y — Di(py(y)) — Bk)m:z\r}
+Elurs1 (y — Dr(0i(y)) — Br) — s (¥ — Dilpi () — Br)|

LWy (Br, Br) e + Eltnsr (v — Di(05(y)) — Br) — 41 (y — D0 () — B)|-

Note that

Elu1(y — Di(Pi(y)) = Br) — x41(y — Di(ph(v)) = Br)|
< igf{EgN(ﬁk,Bk)‘ukH(y — Di(pr(y)) = Br) — k1 (y — Di(pr(y)) — Bk)|}
+Elupg1 (y — Di(0i(y) — Br) — i1 (y — Da(Pi(v)) — Br)|

<LW1(Br, Bi)lken + Elus1 (y — Di(pi () — Br) — D1 (y — Di(pii (1)) — Br)-

The last inequality is from Lemma |8} Hence,

i (y) — i ()| < LW1 (B, Br) + Elugsr (y — Di (0 () — Br) — Ot (y — Di(03 () — Br).

By induction,
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Proof of Lemma|11. The proof is similar to that of Lemma

|ur(y) — O ()]
<|Ri(pr) — Ri(p)| + i%ngw(ﬂk,ﬁk) |G(y — Di(pr) — Bx) — G(y — Di(py) — Bk)mk:N
B s, 5y trs1 (Y = Di(Ph) = Bi) = Ona (5 — Di(p}) = Be)

<|Ri(pr,) — Rie(pi)| + LI Dy (py) — Dic(pp) L= v LinfEe 5, 5|8 — Billizn

+ irElegw(ﬁk,ﬁk)wknLl(y — Di(pr) = Br) — Ors1(y — Di(pi) — B
<|Ri(p;) — Ri(py)| + LI D (py) — Di(py) Te=n + LW1 (B, Bk)ﬂk:N

+1anE ~(Br, Bk)|uk+1( — Di(py) = Br) — tes1 (y — Di(py) — 3k)‘

We only need to bound the last term.

fEe s, il tk1 (¥ — Di(pr) = Br) = Oryr (y — Di(py) — B)]
<1nng~5 ol (y = Di(py) = Br) — ty1 (y — Di(pr) — Br)|

+Eglupii(y — Di(p) — Br) — a (v — Di(0}) — Bi)|

<L(IDx(p}) = Dr(pi)| + Wi (Br, Bi) T + Eglursr (y — Di(p}) — Bi) — Brgr (y — Di(ph) — Bu).
The last inequality is by Lemma |8l We now have

|ur(y) — o (y)| <|Ri(p}) — Ri(p})| + LIDw(p}) — Di(pi)| + LW (B, Br)

+Ej w1 (y — D (p}) — Br) — Drsa (y — Dic(p}) — Be)|-

The lemma is then obtained by induction. [

Proof of Lemma[3. Let A be the event that |n(p) - (0 — 0%)] < Ay(p) for all t € [T], k € [m +
1],p € P. By the proof of Lemma 4] P(A) >1—0.

We first show that under event A, Ff(p) and ?f(p) = pﬁf(p) satisfy the assumption in Lemma
@ For any p € [p,p], since Df(p) > D¥(p) and D} () < D¥(p) < Df(p), then continuity of DJ(-)

implies that there exists p’ > p such that DF(p/) = D¥(p) and thus R¥(p') = p'DF(p') = p' D (p) >

pDf(p) = Rf(p).



e-companion to Chen, Li, and Simchi-Levi: Dynamic Pricing With Infrequent Inventory Replenishments

ec’?

Note that the decisions (yi,pu(-),...,peu(-)) given by Algorithm |[I| are from the solutions

of dynamic program with estimated DF and e k€ [m+ 1. Lemma |§| implies that

Elg:(y®, 07 (), -, 05 (1D, €) = 9oy, per (), -, 2o ()| D, €) | A] 0. It follows that

Elg:(y*, 07 (), s PE () Dy €) = g (Y101 (), s e ()| Dy €) | A
=Elg:(y°,p7 (), 05 ()ID, €) = g:(y® 97 (), -, P ()| D, €) | A]
+E[ge(y”, 07 (), s 05 (1D, €) = 96(ye, 2 (), s 2ers () D, €) | A]
+E[ge (Yo, 1 (), s et () D, €) = 9e(yes 2 (), s e (1D, €) | A]
<Elg.(y*,p7 (), . 0 () D, €) = gy, 07 (), ., i ()| D, €) | A]
+Elg:(ye 21 (), oo et ()ID, )] = Elge(ye, Pua (), -, e () 1D, €) | A].

By Lemma [10]

Elgi(y®, 07 () 05 (1D €) = 9u(y%, 07 (), o 05 (1D, &) | AT LY E[W (', 1) | A]

By Lemma

E[gt(ytaptl(')a -'~aptH(')’Dué) — 9ty 21 (), o, Der ()| D5 €) | A]

m+1
Z |Des,_, D ptSk )= ptsk_lDf (Prsy,_ )|+ LAy (pes,,_,) + LW, (Mfa ﬂf) A
m+1
g]E Z 2ﬁAtk(ptSk71) =+ LAtk(ptSkfl) + LWl (Hf’ [j’f) A

k=1

m—+1 m—+1

=(2p+ L)E Z Av(pes o )|A| LY E[Wius, 4f)[A4],
k=1
where the expectation is taken over the randommness of pg . It is clear that

g:(v°,p3 (), ....p% ()| D,e) < Hpd. Thus,

E[gt(ys,pf('), ...,p%(-)‘D,E) _gt(ytyptl(')v '-'7ptH(')‘D76>]
<Elg:(y°, 07 (), s 05 ()ID, €) = 90 (W, 21 ()5 -y e ()| D €) | A]

—i—E[gt(ys,pf(-), ~--7P§{(‘)|D’€) = 9:(Ye, 211 ()5 s e ()| D €) |Z]]P(Z)

m+1

Z Atk ptSk 1

m+1

+2L ) E [Wi(uy, if)|A] + 6Hpd.

k=1

<(2p+ L)E
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Set 6 = 7. By Lemma |5 with probability 1

m+1 T m+1 m+41
SN Awlpis, ) <D Lyy/210g(Sk — Sy + TL)VT =0 (Z Sk — Sk_1ﬁ> .
k=1 k=1

k=1 t=1

By Lemmal[7]

< T mzl Co \/m izﬂ2L’yk\/2110g(5k—5k—1+tL2)
1—1/(TH) Vi

t=1 k=1 t=1 k=1

Combine the above inequalities, we have

Ré(ﬂ's) < O (% \ Sk - Sk_l\/f> .
]

Appendix EC.3: Proof of Theorem

We first prove the following technical result.
LEMMA EC.2. Let A, B and C be positive semi-definite matrices such that A=B+C. If A,B
are invertible, then

x' Bz < det A
su .
:,37}0) zTA-1z — det B

Proof of Lemma[EC.3. Fix x # 0 and let y = A~'z. Clearly, y # 0, 2" A~z = y" Ay, and
x"B7'z = y"AB7'Ay. Note that AB™*A=AB Y(B+C)=A(I+ B7'C)=A+ AB™'C and
AB™!C is positive semi-definite. By Lemma 12 of |Abbasi-yadkori et al.| (2011), we have y' (A +

_ det(A+AB~1C) g7
AB~'C)y < <===2—y" Ay, which implies

(det A)*>det B~* T4 ~ det A

T 41
det A y y_deth AT

v ' B lz=y"AB Ay <
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In Algorithm 2] the estimated demand functions are updated much more rarely than in Algorithm
Nevertheless, Lemma implies that the lengths of the confidence intervals for each epoch
in Algorithms (1| and [2| are of the same order. More specifically, let 7, be the last epoch (from
epoch 1 to epoch t) in which the estimated demand function and noise distributions are updated

in Algorithm
COROLLARY EC.1. For any p€ P and t,k, we have A,.(p) < V2Au(p).

Proof of Corollary[EC.1. By Algorithm 2] the estimations are updated when the regularized
design matrix is doubled for some k. Thus, det Ay, < 2det A, for all k. By Lemma AL k(p) =
Yer/n(P) TALn(p) < e/ 2n(p) TAL n(p) = V2A4(p 0

The following lemma implies that the aggregated statistical error for the estimated noise distri-

butions is still bounded by O(v/T).
LemMa EC.3. For any T, we have Y,_, \/%7 <O(T).

Proof of Lemma[EC.3. By the update rule of Algorithm t < 27. Thus, 3., ,

T g =0WD). O

We are ready to prove Theorem

1
Ve

Proof of Theorem[4 ~We only need to prove that the learning regret of 7g satisfies

m—+1

supR Z\/Sk—Sk 1\F

IeT

For ease of exposition, we consider the following variant of Assumption (d): there exists dg >0
and i € [H] such that for all ¢t € [T'], Dy;(p) + € > 0o almost surely. One can apply concentration
inequalities to reduce Assumption (d) to this variant.

After solving each DP, the number of epochs used to reduce the inventory level is upper bounded
by Hd/8. As the number of DP computations is bounded by O(log(T)). The learning regret due
to the inventory clearance process is upper bounded by O(H log(T)). In the following, we only

consider epochs whose initial inventory is no more than the target order-up-to level.
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Let A be the event that [n(p) - (0% —6%)| <A, (p) for all t € [T], k € [m +1],p € P. By the same

argument of the proof of Lemma |3} we have

Elge(y®,p7 ()P ()ID,€) = g1y, pa (), -, pen ()] D €)]

m—+1 m—+1
<(2p+L)E Z Ark(pis,_,)|A| +20 ) E[Wi(uk,, if,)|A] + 6Hpd.
k=1
Set 0 = 7. By Lemma |5/ and Corollary [EC.]] ‘ with probability 1

zAnk(ptSk 1 \fz Atk ptsk 1 (\/ Sy — Sk 1\/>>
t=1
By Lemmas [7] and [EC.3]

T

> E[Wi(uk,, k)| A]

t=1

T T
C Sy — Sk_ 2L 201og(S, — Sp_1 +tL?
<21 1UTH k k1+2 ’Yk\/ 0g(Sk p—1+tL?)
Z1-YTH)Y Pt VT
=) (x/sk - Sk_lﬁ) .

Combine the above inequalities and note that H < O( mH \/ Sk — Sk— 1\/> we have

Ré(ﬂ's) < O (Tf:l \ Sk - Sk_1\/T> .

0

Appendix EC.4: Results for Different Inventory Cost-Accounting
Schemes

In this section, we extend our results to the settings where inventory costs are accounted for more
frequently (instead of being accounted for every epoch in the original model). We first consider a
cost-accounting scheme where inventory cost is accounted for every period, and then consider a
cost-accounting scheme where inventory cost is accounted for in the period before the price change.
EC.4.1. Account for Inventory Cost Every Period

We now consider the case where the inventory cost is accounted for every period. Specifically, we
assume that at the end of period ¢ of epoch ¢, i € [H],t € [T], a holding and backlogging cost G(-)
depending on the current inventory level is incurred. We still impose Assumption [I] and a slightly

modified Assumption [2] defined below.
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AssumpTIiON EC.1. Assumption@ holds except that Assumption @(e) 1s replaced by the follow-

ing: function G(-) is L/H -Lipschitz continuous.

This assumption requires that the per-period inventory cost scales with the length of a period,
which is O(+) (if considering the length of an epoch is fixed). This is especially relatable under the
simplest setting of linear holding and backlog costs. If this assumption does not hold, we discuss
its impact on regret after presenting Theorem in this section.

Under this cost-accounting scheme, one must estimate the inventory level at the end of
each period to calculate the inventory cost, which requires estimating the accumulated demand
Z;: 5., Dti(p) and noise Z;: 5., €t for each period i within two consecutive price change points
Si_1 and Si. This leads to the following modifications of our learning algorithm design.

Algorithm Design. The algorithm design is similar to that in Section [3] The main difference is
that we need to estimate the accumulated demand and noise for each period. Fix the price change
plan S = (S, S1,...,Sm+1). Let {d;}sepi—11,:c1m) be the observed historical demand at the beginning
of epoch t. For k€ [m+1] and j = Sk_1,...,Sr — 1, we use superscript k,j to denote the corre-
sponding aggregated quantity from period Sj_; to j during an epoch (e.g., %7 = f:Skil #; and

= 7: dy; for t € [T]). Using regularized least-squares estimation, we construct estimates
i=Sk_1

éf 7 of the aggregated demand parameters 657 as

t—1 .
Ay . . 2 j — Sk— + 1
0,7 = arg min > (d7 = npss,)"0) +————lol
oerl ‘5

for k € [m+1],j:Sk_17...7Sk—1.
Define Ay; = (j — Sk—1 + 1)1 + Zt;ll n(pss,_,)N(Pss,_,) ", where I is an [-by-/ identity matrix.

S

For every pe P, k€ [m+1], and j=S_1,...,S, — 1, define Ay, (p) as

Atkj (p)= Vk,j ||77(p)”At—klj :

Parameters v, ; will be determined later. We construct an upper confidence bound (UCB) of the

aggregated demand D} (p) as

DI (p) = min {n(p) 0 + Ausy (p), DI (0) + (j — Sica + DI [p—pl, (EC2)
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Let HY) = {s € [t—1]: Agj(pss,_,) < an;/Vt}, where ay,; is determined later. Define the estimated

»J

distribution of the aggregated noise ef as

. 1 , .
= — Y T[d —n(p.s,_,) 657, (EC.3)
|H<t ‘ er,j
St

where I[z] is the point mass at x.

It is convenient to define the following dynamic program.

Sk 1
ur(y) = maxE[Ry (p — Y Gly—D"(p) = ™) + upa(y — D5 (p) = B 1), k=1,..., N,
J=Sk_1
UN+1('):0,

(EC.4)

where N =m + 1, P C R, is the feasible set of a generic control p, %7 are generic independent
random variables, R;, D*7 are generic univariate functions, and the expectation is taken with
respective to S5,

The learning algorithm is similar to Algorithm except that the dynamic program

we solve is (EC4) with Ry(p) = pD™ '(p), D" (p) = D (p), B ~ i, and ~,; =

Vi= S+ 1 |o/Tog (T+ TLITH?) + L|, ;= 2Ly /2010g(Sk — Sy + TL?). We still refer
to this algorithm as Algorithm [2] for simplicity.

We need an additional technical assumption.

AssumpTION EC.2. For allt €[T] and y € Y, the profit-to-go function u,(y) defined in (EC.4)
with Ry,(p) = pDy %" (p), D" (p) = D (p), ¥ ~ 7 is no less than that defined with Ry(p) =

pDy % (p), DRI (p) = Dy (p), B ~ i

Assumption [EC.2|means that it is more profitable if the demand is increased while the price remains
the same for each feasible price. This assumption trivially holds when inventory is accounted only
at the end of each epoch (Lemma [J) or at the end of the period S — 1 (Lemma [EC.17). This
is because one can always increase the price to match aggregated demand during periods Sy_1

to S, — 1 while collecting more revenue. This argument does not hold when inventory cost is
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accounted for every period as one cannot find a price p’ to match all the accumulated demands

D¥i(p) =D (p'), j=Sk_1,...,Ss — 1. Nevertheless, we can show that Assumption holds

under a mild cost parameter assumption.
LEmMmA EC.4. Assumptz’on holds if G(x) = h*x" +h~x~ withh™ <h" +p and h*,h~ > 0.

Proof. This is clear because under the same price, more demand means more profit when
h-<ht+p. 0O

We can now state the main result of this section.

THEOREM EC.1. Suppose Assumptions[1], [EC.1], and[EC.Z hold.

(a) (Lower bound) There is a constant ¢ >0 such that

H_ 1T m+1
inf sup Ry.(7) > (?2) +CZ Sk — S VT;
k=1

Tells IeT

(b) (Upper bound)

m—+1
() < 01— - 1)+0 (32 VS=ST).

1€

where g is the policy of Algorithm 3

Theorem implies that the worst-case regret of Algorithm [2] matches the lower bound. We
point out that when Assumption does not hold, especially if the per period holding and
backlogging costs are of order O(1) instead of O(5), the regret upper bound would be scaled with
a factor of H, i.e., O(H—m —1)HT) + O (H St m\ﬁ> It seems that this upper
bound is hard to improve in this case. To gain some insights, consider the case that price can
be changed every period, i.e., S, — Sp_1 =1 for any k, and the regret upper bound we have is
0 (H 2T ) (while the lower bound is Q(H+/T)). Because there are H demand functions and noise
distributions to be learned and the estimation error will be carried over during H periods, the
upper bound is very likely to scale with H? no matter what algorithm we use. Thus, we conjecture
that the lower bound is not tight when the unit holding and backlogging costs are of order O(1).

However, it is rather challenging to improve the lower bound because one needs to construct a hard
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problem instance where inventory cost plays a significant role and has to investigate the difference
between two value-to-go functions for any two pricing and inventory policies. We thus leave this
as a future research direction.

The proof of the lower bound is the same as that in Section [5| The proof of the upper bound is

similar to that of Theorem [2 By the decomposition RL(7g) = GL(S)+ RL.(rs), we have

sup RE(mg) <sup GL(S) +sup RL.(ws). (EC.5)

IeT IeZ IeT

Note that the first term sup,.; G%(S) is the profit gap due to less pricing flexibility under the full-
information setting and the second term sup;.; Ré(ws) is the profit gap due to lack of knowledge

of the demand-price function as well as the noise distribution.
Upper Bound for sup,.; G5(S)

LEMmMmA EC.5. It holds that

sup G%.(S) < (pd + 2Ld)(H —m — 1)T.

1eT

Proof: Fix a problem instance I. Consider the policy 7 constructed in the proof of Lemma

The profit gap in epoch ¢ between the optimal policy and 7 under the same realization of random

noises is
H j i i i
Y. D)) —piDie))] =) |G (y - Di(p}) - Zm) -G (y = Di(p]) - Zen)]
i#8S),,k=0,1,....m j=1 i=1 i=1 i=1 i=1

D;(p;) — Di(p;)

T &~
]

< Y Pd-e)+)

i#Sp,k=0,1,...,m i#Sp,,k=0,....m

1<i<y

<pAdH-m—-1)— Y pei+2Ld(H—m—1),

i#Sp,k=0,1,...,m
where the first inequality is from the upper bounds of demand and price and the Lipschitz continuity
of the function G(-), and the second inequality is from the upper bound of demand. The statement

is obtained by taking a summation over ¢t and taking the expectation of the noises. [
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Upper Bound for sup,.; RL.(7s)

LEMMA EC.6. sup[gR (rs) < < s L Sk — Sk 1\F)

To prove Lemma [EC.6, we need to establish similar technical results as in Sections and

[6.2.2] As the proofs are similar, we only present the statements.

Lemma EC.7. Fiz  arbitrary  failure — probability 6 € (0,1).  Suppose  ~y; =

N j—Sk_1+1 [o llog <1Jg/TI§2) —i—L]. Then with probability 1 — & uniformly over t € [T], k €

[m+1], and j = Sg_1,..., Sk — 1, it holds that D, (p) > D’ (p) and Dy’ (p) — Dy’ (p) < 2Au;(p)

for any peP.

LEmMA EC.8. For anyte[T], k€ [m+1], and j = Si_1,...,S, — 1, it holds that

t
Z Agij(Pss, ) < Lk \/21 log(Sk — Sk—1+ tLQ)\/i.

LEMMA EC.9. If ay; > 2Ly /2l 1og(Sy — Sk_1 +tL2), then |HE]| >1/2.

LEMMA EC.10. Let A be the event that |n(p)- (657 —657)| < Aw; (p) for allt € [T), k€ [m+1],pe
P and j=Sy_1,...,S:—1. There exists an absolute constant C' such that for anyt € [T], k € [m+1]

and j=8Si_1,...,5, — 1, we have

. Co [7—=Sk1+1
k,j k,j < ]
E[Wl(lu’t y Mt )|A] X 1 —(5 t + \/E .

The following are error propagation results for the dynamic program (EC.4)).

LEmMA EC.11. For any two initial states y,y’ and k € [N + 1], we have

, L(H+1-5,- ,
lu(y) — u(y)] < ( = kl)ly—yl-

For any pricing policies p(-), ..., pn(+), we can define value-to-go functions following these policies

by
SE—1

ve(y) =E[Re(pe(v)) = D Gly—D" (pi(y)) = B*) + vnaly = D (pi(y)) = B )], k=1,.., N,
J=S5k-1

on41(+) =0.

(EC.6)
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LEmMA EC.12. Let pi(-),...pN(+) be optimal policies obtained from the dynamic program (EC.4)).
Let %9 k € [N],j = Sk_1,...,5 — 1 be independent random variables. Denote 0(y),k € [N +1]
the value-to-go functions defined in (EC.6|) with noises B3 and following pi(+), s P (1), Then for

any state y and k € [N +1],

H+1 S;)

N
lur(y) — Or(y)| < Z W, (8, /sz + Z 1(51‘,51-71761',5’1-71)‘

LEMmA EC.13. Let pi(-),...p5(+) be optimal policies obtained from the dynamic program (EC.4]).
For k€ [N] and j = Sp_1,...,S, — 1, let D*I R, be functions of p € P. Let %1 k € [N],j =
Sk—1y-.-,5, — 1 be independent random variables. Let 0x(y),k € [N + 1] be value-to-go functions

defined in ([EC.6) with D*7, Ry, 3% and following p;(-),..p%(-). Then

N I N S;—
) = 0u0)| <E| IR0~ BeDl + 7 30 3 (IDV(0) =DVl + WA(6. 5)
i=k i=k j=5;_1
N
—{—Z L H+£[1 Sz) (|Dz ,S; 71( ) DHSi— (p:)’ —i—Wl(B"’SFl,ﬁA"’SFl)) ]’

where pf = p(y;), Vi1 = yi — D¥5i7(pr) — B; with y. =y, and the expectation is taken for the

randomness of p;.

Proof of Lemma Similar to the proof of Theorem 2] we only consider epochs whose initial
inventory is no more than the target order-up-to level. Let A be the event that |n(p)- (9} —0%7)| <
Ayj(p) for all t € [T,k e [m+1],j = Sk_1,...,5% — 1,p € P. Again, P(A) > 1 — 6. Similar to the

proof of Theorem [2, we have
Elgi(y*,p7 (), s D5 () D1 €) = ge(yes ia () ey e (-) | D €)]

<Elge(y°, 07 (), s 05 ()ID, €) = g (4,01 (), oo ers ()| D €) | A]

+E[g:(y°, 07 ()s s D ()| D,€) = g (Y 1 () oo et ()| D, €) | AJP(A)

m+1 m+1 SE—1

gE Z A”k Sp—1 ptsk 1 Z Z ATth Pis,_ 1) A
k=1 k 1 j=Sk_1
m—+1 m+1 Sp—1

1S W (ks sy | A +2Y ) Y 71@ (Wi (b7, ji57) | A+ 6 Hpd.

kljskl
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Set § = 757. For k€ [m+1],j = Sk_1,..., S, — 1, with probability 1,
T
ZAnk] (Pesy,_) (\/] —Sp_1+ \/>)
t=1
Hence, Zthl Zzl Arksi—1(Pes,_y) m“ LSk — Sk WT) and
T L m+1 Sp—1 m+1 Sp—1
Zﬁ Arki(Pes, ) Z Z VJ—Sk-1+1 WT
t=1 k=1 j=S,_1 k 1 =Sk
1 m+1 m41
- 3 -
=0 (H (S) — sk_l)uﬁ) =0 (Z VS — Sk_1ﬁ> ,
k=1 k=1
where the last equality is from the fact that ZmH(Sk — Si_1) = H. Similarly, we have
T m+1
DO ERW (kS k%) | A
t=1 k=1

<m+1zT: \/m i T 2L7k75k_1\/2110g(5k—5k_1+TL2)

k=1

]
k=1
m-+1

OIS E[Wmn,mlA]:é(;Z(sk—sk )3 T)zé(zmﬁ).

k=1

Combining the above inequalities, we have

Ré«(’fl’s) < O <T§:1 \/ Sk - Sk_1ﬁ> .

O
EC.4.2. Numerical Comparison of Different Cost-Accounting Schemes
In this section, we numerically compare the optimal expected profit during one epoch under two
inventory cost-accounting schemes. For a given inventory level y, we denote uf®(y) as the opti-
mal expected profit during one epoch under the cost-accounting scheme where inventory cost
is accounted only at the end of each epoch (per-epoch cost-accounting scheme), and u!”(y) as

the optimal expected profit during one epoch under the cost-accounting scheme where inventory
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cost is accounted every period (per-period cost-accounting scheme). The inventory cost G(z) =
htzt +h~ 2~ is incurred at the end of the epoch for the per-epoch cost-accounting scheme and the
inventory cost G(z) = %x* + ’%x* is incurred at the end of each period for the per-period cost-
accounting scheme. We use similar demand functions and noise distributions as well as parameter
settings as in Section |8 Specifically, we consider linear demand functions Dy;(p) = 30 — 20p for any
i=1,...,H. The range of prices is P =[0,1]. We set A" =0.05 and h~ = 1. The random noises
€; are generated by the normal distribution with mean zero and a variance of four. Price can be

changed at every period. Figure shows the curves of average profits u*(y)/H and u!'* (y)/H

for H € {10,100}.

Average profit for different cost-counting schemes Average profit for different cost-counting schemes
—— Perepoch inventory cost

—— Per-epoch inventory cost
Perperiod inventory cost /\ Per-period inventory cost

Average profit
Average profit

0 50 100 150 200 250 300 [ 500 1000 1500 2000 2500 3000

Figure EC.1  H =10 (left) and H =100 (right).

One can see from Figure that the two curves are very close to each other near their peaks.
Let y"¥ € argmax,zoul®(y) and y©" € argmax,-oul”(y). Table [EC.1] shows that the relative
gap of the two curves uP?(y) and uf?(y) at their peaks y*F and y©? are quite small for both

small H =10 and large H = 100. This numerically shows that our regret bounds are robust to the

inventory cost-accounting schemes.

ul’P (yPP) ulE(yPE)
10 2.68% 2.69%
100 3.02% 2.08%

Table EC.1 Relative gap at the peaks
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EC.4.3. Account for Inventory Cost Right Before a Price Change

We now consider the case where the inventory cost is accounted for right before a price change.
Specifically, fix a price change scheme S = (Sy,S1,...,Sm.1) € Z™? such that 1 =5, < S; < Sy <
ce < S < Spp1 = H 4 1. We assume that at the end of period Sy — 1 of epoch t, for k € [m+ 1] and
t € [T], a holding and backlogging cost G}(+), depending on the current inventory level, is incurred.

We continue to impose Assumption [I| and a slightly modified Assumption [2 defined below.

AssumpTIiON EC.3. Assumption@ holds except that Assumption @(e) 1s replaced by the follow-

ing: for any k € [m+1], Gi(-) is L(Sy — Sk_1)/H-Lipschitz continuous.

This assumption requires that the inventory cost function at the end of a price interval scales

with the length of the period(s) during which the price is in effect.

THEOREM EC.2. Suppose Assumptions[1] and [EC.3 hold.

(a) (Lower bound) There is a constant ¢ >0 such that

H-m-1)T -
inf SupR#(w)Z(g;)—i—cZ Sk — SpVT;
k=1

rells IeT

(b) (Upper bound)

Il

sup RL(mg) < O(H—m—1T)+0 (ni Sk — Sk_1ﬁ> ,

where g is the policy of Algorithm 3

Note that in Algorithm [2| the dynamic program solved is slightly modified to include the inven-
tory cost G}, (see equation (EC.8|)). The proof of the lower bound is the same as that in Section
The proof of the upper bound is similar to that in Section @ By the decomposition RL(7g) =

GL(S)+ RL(ns), we have

sup RL.(mg) < sup GL(S) 4 sup Rl (7). (EC.7)

Ier Iez IeT
Note that the first term sup,; .z G5(S) is the profit gap due to less pricing flexibility under the full-
information setting and the second term sup; Ré(ws) is the profit gap due to lack of knowledge

of the demand-price function as well as the noise distribution.
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Upper Bound for sup,.; G%.(5)

LEmMMA EC.14. It holds that

sup GL(S) < (pd + 2Ld)(H —m — 1)T.

IeT

Proof: Fix a problem instance I. Consider the policy 7 constructed in the proof of Lemma

The profit gap in epoch ¢ between the optimal policy and 7 under the same realization of random

noises is
m+1 Sp—1 Sp—1 S —1
Z [p; Di(p;) — p7 Di(p])] — Z [Gk (y* - Z Di(p;) — Z 5ti> -Gy (y* - Z D;i(p}
i£Sk,k=0,1,...,m k=1 i=1 i=1 i=1
m+1 L(S S )
_ = E— Pk—1 X -
<4 Z p(d_eti)‘i_ZT _ Z Di(p;) — Di(p;)
1#Sk,k=0,1,...,m k=1 i#85;,j=0,....,m
1<i<S,—1
<pdH-m-1)— Y pe;+2Ld(H—m—1),

i#S5,k=0,1,....m

where the first inequality is from the upper bounds of demand and price and the Lipschitz continuity
of the function Gy(+), and the second inequality is from the upper bound of demand. The statement
is obtained by taking a summation over ¢ and taking the expectation of the noises. [

Upper Bound for sup,.; R%(7s)
LEMMA EC.15. sup;ey Rh(rms) < O ( S — Sit Sk_l\/T).

To prove Lemma[EC.15| we need to establish similar technical results as in Section [6.2.2] Results

on statistical error bound in Section [6.2.1] still hold in this setting.

Error Propagation Through Dynamic Program. This subsection provides general stability

results for the following generic dynamic program,

uy(y) :mfg(E[Rk(p) — Gr(y — Di(p) = Br) +urs1(y — Di(p) — Bi)], k=1,..., N,
pe (EC.8)

UN+1 () :Oa
where P C R, is the feasible set of a generic control p, {f1, ..., Sn} are generic independent random
variables, Ry, Dy, G}, are generic univariate functions, and the expectation is taken with respect to

B1, ..., Bn. Because all of the following lemmas can be proved with similar arguments in the proofs

of the corresponding lemmas in Section [6.2.2] we omit their proofs.

)
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LEMMA EC.16. If Gi(-) is Lg-Lipschitz continuous, k € [N], then for any two initial states y,y’

and k € [N + 1], we have
lug(y) —ur(y')| < Loy — o'l
where L.y = Zj\]:k L; fork=1,...,N.

LEMMA EC.17. Let Ry(-), Dy(+) be functions of p € P such that for any p € P there exists p'

with Dy, (p') = Di(p) and Ri(p') = Ri(p), k € [N]. Let i, (y) be defined in dynamic program (EC.8)

with Ry, Dy. Then for any k € [N +1],

g (y) = up(y)-

For any pricing policies p(+), ..., pn(+), we can define value-to-go functions following these policies

by

ve(y) =E[Ri(pr(v)) — Ge(y — Di(pe(y)) — Br) + vis1 (y — Di(pr(y)) — Be)], k=1,...; N,
(EC.9)

un+1(+) =0.

LeEmMMA EC.18. Suppose Gi(-) is Ly-Lipschitz continuous, k € [N]. Let pi(-),...px(-) be optimal
policies obtained from dynamic program . Let Bk,k‘ € [N] be independent random variables.
Denote 0x(y),k € [N + 1] the value-to-go functions defined in with noises By, k € [N] and
following pi(-),...p5 (). Then for any state y and k € [N + 1],

N
Jur(y) — 0 () <D (Li + L) Wi (B3, B:).-
i=k

LemmA EC.19. Suppose Gy(-) is Ly-Lipschitz continuous, k € [N]. Let pi(-),...px () be optimal
policies obtained from dynamic program . Let Dy, R;, be functions of p € P and Bk,k €
[N] be independent noises. Let U(y),k € [N + 1] be value-to-go functions defined in with

Dy, Ry, B, k € [N] and following pi(-),...p% (). Then

N

lue(y) — on(y)| <E Z |Ri(p;) — Ri(p;)| + Li:n | Di(p;) — Di(p;)| +Li:NW1(5i,Bi) 5

i=k
where pi = p(y:), Yir1 =y — Di(p?) — B with yr, =y, and the expectation is taken for the random-

ness of p;.
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Proof of Lemma Similar to the proof of Theorem [2, we only consider epochs whose
initial inventory is no more than the target order-up-to level. Let A be the event that |n(p) - (9% —
0%)| < Ay (p) for all t € [T), k € [m+1],p € P. By the proof of Lemma[d] P(A) >1-4.

Denote Ly = L(Sx — Sk_1)/H, k € [m + 1]. Similar to the proof of Theorem [2 we have

E[gt(ysapf(')7 "'7p§1(')|D76) _gt(yhptl(‘)v '”7ptH(')‘D76)]
<Elg:(y”, 07 (), s D ()ID, €) = 9t (e, per (), s e (1) | D €) | A]

—i—E[gt(yS,pf(-), ...,pi{(')’D,ﬁ) _gt(yhptl(')v ‘--:ptH(')|D7€) ’Z]P(Z)

m—+1 m—+1
<E | D 2P+ Liem1) A (pis, ) |A| + D (Lis + 2Lins1)E[Wi (i, i%,) | Al + S Hpd.
k=1 k=1
Set 6 = 7. By Lemma |5/ and Corollary [EC.1] - with probability 1,
T m+1 m—+1 T
Z (2D + Liim+1) Ar(pesy_,) = Z 2D+ L1 Z ik (Pesi_y)
t=1 k=1 k=1 t=1
m+1
<V2 (25 + Lims1) L/ 21108 (S, — Spmy + TL2)VT
k=1

=0 (nil VS — Sk_1ﬁ> :

where the last equality is from Lj.,, 41 = Z;’H,: L= ZmH L(S;—S;-1)/H=L(Sy+1— Sk-1)/H <

L=0().
By Lemma [7] and Lemma
T m+1
DD (La+ 2L )E W4, 7)) |A]
t=1 k=1
m+1 T m+1 T
Co Sk —Sk 1 2L'yk\/2llog(Sk—Sk_1+TL2)
< (L + 2Lk 1) + (L +2Lym41)
— ;1—1/(TH) T4 Z tz; VTt
B m+1 _ m—+1
= (Z(Lk +2Lms1)\/ Sk — S;H\/T> =0 (Z /S — S,H\/T> .
k=1 k=1

Combine the above inequalities, we have
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Appendix EC.5: Explore-Then-Exploit Algorithm for Numerical

This section presents the explore-then-exploit heuristic used for performance comparison in our

Studies

numerical experiment. Please see Algorithm

Algorithm 3: Explore-Then-Exploit for Numerical Studies

1

N

©

10

11

12

13

14

Set v, = /Sk — S [a\/z log (1+ TLA)TH(m +1)) +L| and

oy, = 2Ly5/2110g(Sy, — Sk—1 + TL?), k € [m + 1]; the exploration length T, = [T"/?] or
[T?%/3]; set the order-up-to level in exploration phase by yo =0

for epoch t=1,...., T, do

Raise the inventory to yq

for periodi=1,...,H do

if i =Sy_1 for some k € [m + 1] then

Randomly sample the price following the uniform distribution over [p,7];

else

Implement the price of period i — 1

Calculate Wﬁl(p) according to (4)) for all pe P, k € [m+1]
Construct empirical distribution i}, ,, according to (5)), & € [m+ 1]
Solve the dynamic program (1)) with N =m+1, Ry(p) :pfoﬂ(p), Dy.(p) :Ww(p),

Br ~ i, 41, k € [m +1], and G being the inventory cost function
Let pi(-), k € [m+ 1] be the pricing policies from solving the dynamic program and

Yt +1 € argmax,cy uy (y)
for epoch t=Ty+1,...,T do

Raise the inventory to yr,4+1 and implement pricing policies pi(-), k € [m + 1] under the

price change scheme S
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Appendix EC.6: More Numerical Experiments
In this section, we test our algorithm for epoch-wise nonstationary demand functions and show that
our algorithm is still efficient when the estimated demand functions are constructed without
the knowledge of Dy;(p).
EC.6.1. Epoch-Wise Nonstationary Demand
Online decision-making in a nonstationary environment is challenging as one has to update the esti-
mates of the changing parameters (or even functions) frequently to make good decisions. Although
our algorithm is not designed for this setting, we still test its performance when the demand
functions are nonstationary over the epochs.

We consider demand functions Dy;(p) = a; + b;(t)p, i € [H], where the price sensitivity changes
over epochs. The price range is [0, 1]. Following Besbes et al. (2015a), we define the total variation

of functions Dy,(-),t € [T] by

V=) max |Dy;(p) = Det1,i(p)] :Z|bz‘(t+1)—bi(t)\~

€lo,1
Pl [0,1]

Following |(Cheung et al. (2023), we consider

. [Vt
bi(t)=— <5+)\Sln <2T>> g4=1,....T

One can see that the total variation of the above sequence is approximately AV. We set H =
20,m = 10, a; = 10,i € [H], and b;(t) follows the above formula with A =4,7 = 2'2. Figure [EC.2|
shows the average profit of Algorithm [2] for different total variations of demand functions V =
log,(T), T°2,T°5. Not surprisingly, for all the cases, our algorithm cannot converge to the oracle
solution that knows the demand functions and noise distributions.

If the demand functions change across epochs, then as illustrated in the numerical results, our
learning algorithm and regret guarantees cannot be directly applied, but they can be a very useful
starting point. One possible solution is to adopt the restarting procedure analyzed in [Besbes et al.
(2015Db)). The restarting procedure takes both an online learning algorithm &7 and a batch size Ar

(which is a function of the planning horizon 7" and the variation budget) as input. For every Ar
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epochs, the procedure restarts the algorithm 7. |Besbes et al.| (2015b)) proves that when either the
gradient feedback or bandit feedback is available, the restarting structure guarantees tight regret.
Our problem in a nonstatonary environment will be very different and probably much more complex
than the setting studied in Besbes et al. (2015b), due to the required analyses of the DP recursions.
But we believe the restarting procedure is one promising direction to try, and our proposed learning
algorithm can be an excellent candidate for /. Completely solving the nonstationary setting will
require some modifications and different analyses, therefore it is beyond the scope of this paper
and requires a separate paper. This is an interesting and highly relevant future research topic to

explore. For related discussions, see Chen and Shi| (2019)).

V=log,(T) V=702 V=705

80 75 75
60 L 50 o 50

Average profit
IS
]
Average profit
Average profit

-~ Oracle solution Oracle solution —50

Oracle solution
-40 —— Algorithm 2 —— Algorithm 2

—— Algorithm 2

2 4 6 8 10 12 2 4 6 8 10 12 2 a 6 8 10 12
loga(T) loga(T) log>(T)

Figure EC.2  Average profit of Algorithm |2| for different total variations of demand functions

EC.6.2. Algorithm [2] with Different UCB Constructions
In the design of our algorithm, we assume Dy;(p) is known (see Assumption 2{f)) when constructing
the estimated demand functions . In this section, we propose two alternative constructions of

the estimated demand functions without this assumption. The first alternative is

Sp—1

F(p) =min{ n(p) "0 + Au(p), D di+ (Sk—Se—) L [5—pll, ¢ (EC.10)

1=Sk_1

)

where d, is a lower bound of the demand in period i, ¢ € [H]. In other words, we replace Dy;(p)

with a lower bound of the demand. The second alternative is

D (p) =n(p) 0 + Au(p). (EC.11)

This alternative simply drops the term involving the lower bound of demand.
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We first test the impact of the tightness of lower bounds d; on the average profit of our algorithm.
We consider a lower bound d;, = Dy;(p) — Ao, where o is the standard deviation of the random noise
and the multiplier A € [0,00) measures the tightness of the lower bound (the smaller the better).
From the property of subgaussian random variables, the realized demand is greater than this lower
bound with a probability larger than 1 —exp(—A?/2) (e.g., the probability is 0.864 when \ =2
and is 0.988 when A =3). Set T =2'2, H = 5,m = 3, Dy;(p) = 30 — 5p,i € [H]. Figure [EC.3| shows
the average profit of Algorithm [2] using the first UCB alternative with different levels of tightness
of the lower bound. When the lower bound becomes looser (i.e., when the multiplier A becomes
large), the average profit becomes smaller and does not change when it is too loose. This is because
when the lower bound becomes looser, the second term of would be smaller than the first
term for some price points, and this makes the estimated demand function inaccurate and thus
results in profit loss. When the lower bound is too loose, the estimated demand function would be
determined by the second term of for most price points, and thus the policy of Algorithm
and the average profit would not change. To obtain a tight lower bound, in our algorithm, one
can first implement p in the first O(log(T")) epochs to estimate Dy;(p). The modified algorithm
would have the same regret bound as that of Algorithm

We then compare the performance of Algorithm [2| with different UCB constructions. In addition
to the above two alternatives, we consider Algorithm [2] with an additional demand cap term
ij;}il d; in the UCB construction , where d; is an upper bound of the demand in period i,
i€[H]. Weset H=5,m=3,D,(p) =30—20p,i € [H]|. Figure compares the average profit of
Algorithm [2] using UCB with a demand cap, Algorithm [2] and Algorithm [2] using the second UCB
alternative. The demand cap we use is Df (p) for illustration purposes. All the algorithms converge
to the oracle solution. Moreover, incorporating a demand cap in the UCB improves the average
profit at the early stage of the time horizon because it makes the demand function estimation more
accurate when the first term in UCB is large due to inadequate data collected at the early

stage. Algorithm [2| converges faster than Algorithm [2| with UCB ([EC.11)) due to the same logic.

Appendix EC.7: Figures in Section
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(a) Average profit

Figure EC.5

(b) Average learning regret

Average profit (left) and learning regret (right) of our algorithm and the baseline

explore-then-exploit algorithm for different time horizons with H =20,m =5
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Figure EC.6 Average profit when demand parameters {a;};c[g] are period-wise nonstationary. Increasing case
(ai,b;) = (19+414,—5),i € [H]; decreasing case (a;,b;) = (25 —i,—5),4 € [H]; increasing-then-decreasing case
(a1,...,am) =1(20,21,22,21,20) and (b1,...,ba) =(—5,...,—5); and non-monotone case

(a1,...,am) = (20,25,20,25,20) and (b1,...,by)=(—5,...,—5). H=>5m=3.
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Average profit when price sensitivity parameters {b;};c(x] are period-wise nonstationary.

Increasing case (a;,b;) = (20, —4 — i), € [H]; decreasing case (a;,b;) = (20,—10+1),: € [H];

,CLH):(QO,...

.,am) =(20,...,20) and (by,...

,20) and (b4, ...,

,bm)=(—5,—6,—7,—6,—5); and

bi) = (—5,—10,—5,—10,—5). H=5m=3.



