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Electronic Companion to “A Graphical Point Process
Framework for Understanding Removal Effects in
Multi-Touch Attribution”

In this Electronic Companion, we first list the important notations in Table EC.1. Then, we

present the details of the proposed ADMM algorithm in Section EC.1, the assumptions for con-

sistency in Section EC.2, and the proofs of Theorem 3, Theorem 4, and Theorem 5 in Sections

EC.3-EC.5.

Notation Type Description

p Integer The number of event types (conversion and touchpoints) in the attribution problem.

& Set of labels {1,...,p}, the set of all event types, used as the node set for the Granger causality graph.

e Label in € An event type, standing for a node on the Granger causality graph.

i Integer The index of an event on a path.

t; Number in R, The relative timestamp of the i-th event on a given path.

€; Label in £ The event label of the i-th event on a given path.

(ti,e;) Element in R x £ A detailed representation of an event.

7" Integer The index of a conversion event on a path. (¢;+,e;+) is the conversion event.

m Integer The number of events on a path.

D Set of events {(t:,e;)},, a detailed representation of a path.

T Number in Ry, The time length of observation or the upper bound of ¢;.

n Integer The number of observed paths, i.e. sample size.

j Integer The index of a path among all the observations. When empﬂlllasized7 the notations in the
above rows are adapted correspondingly as in D; = {(t/,e)},Z, with length Tj.

N.(t) Counting function R>o — N Zm:e Lg,<ty, the point process of event type e.

N(t) Vector of counting functions (Ny(t),...,N,(t))", the multivariate point process of event type 1,...,p.

Nw(t) Vector of counting functions (Ne(t))eew the subprocess of N(t) for event label subset W C £.

NE&.(¢) Vector of counting functions (NP(#))eew with NP (t) = ZOM’)GD:QZQ 1y4,<¢y, the observed subprocess for path D.

FY(D)
Mt | HP)
At | H)

R®

Non-negative function
Element in €& x €

Set of edges

Integer

Set of labels

Set of labels

Number in R,
Non-negative function
Number in Rsq
Vector in R,

Matrix in RES?

Set of observed events
Set of observed events
Number in R,

Number in R,

Random set of observed events

The conditional intensity function for event type e.

The directed edge from node €’ to node e, representing Granger causality.

The set of all edges where the Granger causality relations exist.

1 < ¢ < p, the number of customer-initiated event types.

The set of customer-initiated event types, assumed to be {1,...,¢}.

The set of firm-initiated event types, assumed to be {¢+1,...,p}.

The baseline intensity of event type e.

The kernel/transfer function describing the shape of the Granger causality impact (e’ — e).
The coefficient describing the scale of the Granger causality impact (e — ¢).

(Qes- -+, ape) T, the vector of Granger causality coefficients for node e.

(Qere) rce cce, the Granger causality coefficient matrix.

A touchpoint event subset of a converted path D.

{(tiye;) €D :t; <t, e; € W}, a subset of D filtered by timestamp ¢ and event type set W.
The conditional intensity value of conversion (e =1) at ¢ =t;« given path D.

The conditional intensity value of conversion at ¢t =¢;« given path D\ R.

A superset of R obtained from thinning. The set of removed events in R and additional
events possibly to lose.

Ye Number in Rxq The regularization parameters to control the sparsity of c..
[ Vector in REH! (Ke, ey - - -, ) T, the vector of parameters to learn for a given node e.
S Set of indices {0}U{e’ € £ ap. >0}, the active set of signals corresponding to nonzero values of 6.
S¢ Set of indices {e' €€ :au, =0}, the set of signals corresponding to zero values of 6.
s Integer The cardinality of the active set S.
r Integer The cardinality of the removal set R.
0 Vector in RZH! The regularized estimator of 6.
z Label in {1,..., 2} The channel label for a touchpoint event type, where Z is the number of channel types.
C. Set of labels The set of touchpoint event types belonging to channel z.
P Number in [0, 1] The proportion of channel-level conversion count (CCC) for channel z.
p- Number in [0,1] The proportion of channel-level aggregated score (CAS) for channel z.
p Vector in [0,1]% (p1,---,pz) ", the vector of proportions of CCC.
p Vector in [0,1]% (p1,.--,Pz) ", the vector of proportions of CAS.
Table EC.1 Summary of important notations.
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EC.1. Details of the Proposed ADMM Algorithm
For each node e € &, learning its parent nodes yields

min que i e @) + Vel 1, (EC.1)

#eZ‘lae@R

where

T

0uDyeon) =5 [ HEPat= [ #2)an ).

In the following context, we write 6 = (6y,01,...,0,)" = (p,a])" € Rg—gl‘ Let X,(f) =
(Xj0(), X;1(t),.., X;,()" with

t
vao(t)zl, Xj,k(t):/ wke(t—u)deDj(u), kzl,,p
0

Now the conditional intensity can be written as (¢ | H?j) =0T X;(t). Let V = (Viw)] v €
RP+HDXE+HD and b= (b, -+ ,b,)" € RP*! where for k=0,...,p,

View = — Z/ X u() X0 (t)d Z/ X, 1 (AN (1) (EC.2)

Then the regularized solution satisfies

- 1
6 =argmin —0'VO—b"0+ .| . (EC.3)

p+1
Rt

The above problem is equivalent to a linearly constrained one

1
min —0'VO-b"0+~. .
0eR ! ae=al 2
For any p-dimensional vector @ = (z1,...,x,)" € RP, let |z||2:= /> ,_, 7 denote its Ly-norm.
We design an alternating direction method of multipliers (ADMM). The corresponding augmented

Lagrangian function is

1 1
En(g’a/evw) = §0TV0 - bT0+'Ye||a/eH1 +wT(ae - a/e) + 577”04@ - a/eHgv

where ||a, — a||? = (. — &))" (a. — &) represents the squared L,-distance between a, and o.
The learning algorithm is shown in Algorithm 3. It consists of two steps, pre-computation and

optimization, corresponding to (EC.2) and (EC.3) respectively.
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Algorithm 3 Graphical point process learning by ADMM
Input: Paths D,,..., D, and the regularization parameter ~..

Pre-compute: V, b.
Initialize: Set n > 0 and proper initial values of y., a., al, and w.

while not converge do

()1 (o)) (o eit))

a, = (ae + ﬁ_lw - 77_1’76]lp)+~

+

w=w+n(a.—al).
end while

Return: 6 = (p.,a])".

For typical attribution use cases with sufficient observations, the main computational cost of
Algorithm 3 is the pre-computation step, which requires traversing all the paths to collect the
first-order and second-order statistics. Recall the assumption that the number of events m; on each
path D, satisfies m; <m, j=1,...,n. The time cost for this step is O(m?>n) for each node.

According to Hong and Luo (2017), ADMM converges linearly in this problem. During each itera-
tion, the computation cost depends on (p+ 1)-dimensional matrix operations. Then the complexity
of the optimization step is O(p*) for each node.

DRE requires the neighborhood of conversion only with p+ 1 parameters and thus the learning
complexity is O(m?n +p?). As a comparison, TRE needs the information of the entire graph. There
are ¢ unique nodes to be learned, with a total of (p+ 1)g parameters. Therefore, the overall graph
learning complexity is O(m>ng + pq). It is worth pointing out that these ¢ nodes can be learned

parallelly.

EC.2. Assumptions
In this section, we provide the assumptions for establishing the rates of convergence of the proposed

estimators and consistency results.

AssuMPTION EC.1. (Independence) The process of the customer-initiated event types N?j (1),

j=1,...,n are independent and follow model (1).

This assumption basically says the prospective customers behave independently of the ads, which
is generally true due to interactions between them being sparse. The convergence properties of the
estimator rely on this independent distribution of the observations. We do not need to assume the

external (firm-initiated) events are I.1.D. across paths.
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AssumpPTION EC.2. (Boundedness) There exist constants T and X such that Ty < T and
SUDse (0,1 HX](t)HOO <X as. forj=1,...,n.

The first condition in this assumption requires a limit to the length of observation. Assuming
Ure(+), k=1,...,p are universally bounded, the second condition reduces to the overall frequency
of each type of event is bounded.

For a matrix M = (M;;);;, the matrix L;-norm is defined as HMH1OO = max; (), |M;;|). Let

G= (Gkk’)z,k/:o =IEV be the population version of V. Assume the sub-matrix Gss = (Gir )k x'cs

is non-singular and define x := HG;;Hl o

AssumpTION EC.3. (Irrepresentability) There exists a constant & € (0,1) such that
|GGl <16

This condition is similar to Condition 3 for sparse survival models in Lin and Lv (2013). It is a
generalization of the irrepresentable condition (Zhao and Yu 2006) that is almost necessary and
sufficient for the LASSO to achieve the model selection consistency. For example, Wainwright
(2009) used their Condition (15) to analyze the recovery of sparsity pattern using the LASSO.

Below we repeat Theorem 3 with constants given in detail.

THEOREM 3. Under Assumptions EC.1-EC.3, there exist C3 >0 and Cy >0 such that the regu-
larized estimator 0 satisfies the following properties:

(i) If p is fized, then for any constant 0 <v <1, when

{n > max(Cy !, 85_2/12Y4T282) =
1—v )

_1
Yo = 467105 2Cn 2

with probability at least 1 —2(p+1)(p + 2) exp(—n"),
e (Edge selection) s =0
e (L.,-error) Hé -0|_ < 105*15037%0472*15”;
(ii) If p diverges, then for any constant { > 2, when

{n > max(C§1,8£_2ﬁ2y4T282) -Clog(p+1)

Yo =4E71C, o8 |

with probability at least 1 —3/(p+1)72,
e (Edge selection) s =0
e (L.,-error) Hé—GHOO < 10571:%037%04 Sloglptl)

n

EC.3. Proof of Theorem 3
In this proof, let 8* denote the ground truth of @ to distinguish from the variable 8 in the opti-

mization problem. In the sequel, we first prove part (i) and then prove part (ii) of Theorem 3.
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EC.3.1. Proof of (i) of Theorem 3.
Proof of Part (i) of Theorem 3. Let U(0) be the negative derivative of the loss function, that
is

U@)=b-V0= % i / : X,(t) (dNeDJ' () -07TX, (t)dt) .

For any K-dimensional vector © = (z1,...,2x)" € RX where K > 1 is an arbitrary integer, let
sign(z) denote the vector (sign(zy),...,sign(zx))T. Then the vector 6 = (fi., &.) € RZH is a strict

local minimizer of problem (EC.3), if the following conditions hold:

Us(0) — .85 0sign(65) =0
A s EC.4
{HUSC<0)HOO<% (BCS

where § = (0,1, )" and o denotes the Hadamard product.

We study the oracle solution:

~ 1
6= argmin §9TV9 —b'0+ .

95\{0}H1. (EC5)

Note that 8 will be a solution to the original regularized problem (EC.3) as long as H Usge (é) HOO <Ye
is satisfied.

For 0 and the true 6%, we have Us(é) =bg — Vss0s and Us(60*) =bs — V5505, and thus
Us(0) — Us(68*) = —Vss(0s — 65%).

Then by (EC.4),
Os — 0% =V [Us(0*) — 7.0 osign(Bs)]. (EC.6)

Need to guarantee Vsg is strictly positive definite and thus invertible, which requires that the
least eigenvalue of Vgg, denoted by A (Vss), is positive. Since 0 < foTj k()X (t)dt < XT is

a bounded random variable, by Hoeffding’s inequality, for any ¢, > 0,

2ne?
>e) < 2exp(—T712).

P(|Viar — G
XT

Now, we use the union bound to obtain that

2
P(|V-G|_>e)<2p+ 1) exp(— 221 ).
XT

Let ¢; = %YQTn_FTV, then with probability at least 1 —2(p+1)?exp(—n”), where 0 <v <1is a

constant,

Vool < AxXThs
=z
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We let €; < 52—, which suggests the choice of n:

1

> (862X T8

(EC.7)
Let || - ||op denote matrix operator norm. Given the fact that
Amm(GSS - HGSSHop< HGSSHIOO Ry

[Vos = Gssll,, < Hvss—assumgsemi,

we have

§

Ain(Vss) > Ain(Gss) — HVss - GssHOp >(1- Z)ﬁ_l > 0.

Then we give a bound of HU(G*)

’OO, the gradient of the loss function at 8*. By the definition of

u(e),
* 1 - g Dj *\ T
Ue)=->" X0 (dNe (t) — (6") Xj(t)dt) .
j=1
Note that N’ fo (0*)" X;(u)du is a counting process martingale with respect to H;. On the

other hand, the component

winl0):= | "X 0) (NP () — (607X, (0

for k=0,...,p is a martingale as well. By Theorem 3 in Hansen et al. (2015), the random variable

u;j x(0*) is sub-exponential. For any ey >0,

JE 1 €
>\/2]|67||, X Tes + 562) < 2exp (—)?) )

By Up(0%) = >0, u;x(6°) and Bernstein’s inequality (Vershynin 2018), there exist constant
C5 >0 and C, >0 depending on X and T such that

P (Ju;(67)

P(|UL(67)

2
SRR EER)

And thus
P(||U(6")

2
2 ) <2+ Dexp (~Conmin( 5, ).

When €, < Cy, with probability at least 1 —2(p+ 1) exp(—n"),

[T(67)]| < C5 2=~ (EC.8)

Now we check the strict dual feasibility condition (EC.4). According to (EC.6),

USc(é) :Usc(e*) - Vscs(ég - 9;1)
=Usc(0") — Vises Vs [Us(8") —7eds 0 Sigﬂ(és)]-
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If [|U(6)

OOSEQ,then
[Use(O)]], < [[Use(0)|, + [|ViesVis ], o |Us(67) = s osign(85s)]|
< [|Use(0)]| . +[[ViesVss ] o ([ Us (07| . +7e)

<ot Voo Vil a2

Let €3 < &7./4 < Cy, which suggests the choice of n and 7. by (EC.8):

1
T I—v
{”> Cs . (EC.9)

1—v

_1 _
Ye :46_103 2Cm~ 2
Recall the choice of n in (EC.7), which implies kse; < £/4 <1/2. Then

Vs — Ggéul,m = ||Gs5(Gss = Vss)Vas ||, o
< (1G5l [1Gss = Vsl Vs |,
<[|Gsslli ol Gss = Vas|l, L (IGsslly o + [1Vss' = Gl )
1G55I, NG = Vs,

T 1[Gl o llCss = Vs,

K2s€;
— 1—kse
<RK.
Therefore,
Vs [ oo <NGsslly oo + Vs = Gl . < 25 (EC.10)
As a result,

|VsesVag — GscngéHlm
<[ (Vises = Gses) Vs ||, o + [ GsesGs5(Vss — Gss)Vas ||
<([|Vises = Gses |, oo +[|GsesGssll, ool Ves = Gssl, Vs ] o

<2561 k.
Use the fact that rse, < £/4 again, we have
| Vses Vg HLOO < ||VsesVag — GSCSG;éHLOO + ||GSCSG§§HLOO <1-¢&/2.
Therefore

HUSC(é)HOO <e+ HVSCSVS_SlHl,OO(62 +r‘>/e)
<EY /A (1= €/2)(Eve /44 7e)

< Ye-
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Thus 6 satisfies the strict dual feasibility condition (EC.4). Therefore, the oracle solution 6 is a
finite solution to the original problem and any solution has a support S as a subset of S. Thus 0
is also a solution to the oracle problem (EC.5) and we have 6 = 0 since the objective function of
the oracle problem (EC.5) is strictly convex.

Finally, by (EC.6), (EC.7), (EC.8), (EC.9), and (EC.10), if

1

{n >max(Cy*, 85*252Y47232) T~

1—v )

e = 467105 20"

then with probability at least 1 —2(p+1)(p+2) exp(—n"),

lo—o7|.=l6—e|.
:Hés — 03|
=||Vss [Us(0") — .65 o sign(05s)]||
<[Vss' |l o ([Us(8)]] . +¢)
<2r(€e2+7e)
<1067'wC; 2O 2
Now, we complete the proof of part (i). 0

EC.3.2. Proof of (ii) of Theorem 3.
Proof of Part (ii) of Theorem 3. Compared with the fixed p setting, the case where p diverges
does not have a significant difference except for the tail probability.

Recall the L.-error of the Hessian matrix obtained by the union bound, which is

2ne? )
X'T

P(||V - GHOO >e€) <2(p+1)%exp(—

Let ¢ :YQT\ / %SH), then with probability at least 1 —2/(p+1)~2, where ¢ > 2 is a constant,

—2— 1 1
V-a <X'T %.
o0 2n
We let € < 2=, which requires
n> 85_2(52Y47232 log(p+1). (EC.11)

The martingale concentration gives

P([[u(er)

2
L >€)<2(p+1)exp <anmin(§2, 2’2)> .
1 G
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When €, < Cy, with probability at least 1 —2/(p+1)S~!, where ¢ > 1 is a constant,

Clog(p-+1).

e o

_<C (EC.12)

For the strict dual feasibility condition (EC.4), we let €5 < £v./4 < Cy, which suggests the choice

of n and 7, by (EC.12):
{n > Cy'Clog(p+1)

Y e (EC.13)
€ Csn

Finally, combining (EC.6), (EC.10), (EC.11), (EC.12), (EC.13), if

{n > max(Cy ! 8§_ZH2Y4T282) ~Clog(p+1)

’YE - 4£ 10 C1c}§'3p71+1)

then with probability at least 1 —3/(p+1)S72,

~

i Clog(p-+1).

an

o < Vs [l (U5 (67)

) S1067RC,

Hloo

Now, we have completed the proof of part (ii). O

Therefore, the proof of Theorem 3 is complete.

EC.4. Proof of Theorem 4
Proof of Theorem 4. By the triangle inequality,

‘ — (dlrect)

T (R| D) - att®(R | D)
Y @) 10— Y s ()1 D)

(tiei)ER (ti,ei)ER
— (direct) (direc
< 30 Ja Y (b e)} | D)~ ({ (1)} D). (BC.14)
(tie;)ER

So it is sufficient to show the theorem is true for each touchpoint. Let A;(t | HP) denote the

estimated conditional intensity of conversion:

5\1(t | HtD) = /'21 + Z &ei1¢eil(t _tz)

ity <t

Without loss of generality, assume 1, > 1. Then for the conversion intensity,

Mt [HP) = Mt | HY)

= |(f11 + Z Ge1 Ve (tir — 1)) — (11 + Zaeilweil(ti* — 1))

1<i* 1<i*
<=l + > [ — o] Yo (s — ;)]
1<i*
Smwlug -0 ‘oo’
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where 6 = (1, ] ) 7. By Theorem 3, we can take n to be sufficiently large such that ma), Hé — OHOO <
Mi(t | Hy),)/2. As a result, we have Ar(ti | HP,) > Mi(tis | HP,)/2. Then the estimated direct

removal effect of {(¢;,e;)} given D satisfies

‘ — (dlrect)

att, " (b e} | D) = atti ™" ({(t,, )} | D)

_ Ge1Pep1(tin —1;) _ Qe1Pep1(tix —1;)

M(t [ HE,) Au(ti | HE,)
ol ae'l Qe
<ty | = : — i
1 Al(ti* | Ht[:*) )\1('[72'* | 7‘[5*)
de Q1 — Q.1 Qe q
<¢ il — — 2 +¢ _ 4 _ i
A P At IHP) | T At RPNt [HE)
_E ’aeil_aei1| _l_w | |’/\ ( ‘HD)_/\1(751'*‘H£*)|
BREENTREEYEAN Qle;1
Artis [HEL) Mt [HE )Mt | HE,)
16—l mi, 66|
=2 200010\ o2 T EC.15
¢1)\ ( ‘HD )+ ¢ H Hoo )\2 |,Hti*) ( )
Combining (EC.14), (EC.15), and Theorem 3, we complete the proof of Theorem 4. O

EC.5. Proof of Theorem 5
Proof of Theorem 5. By the definitions and the triangle inequality,

/\ (total)

(R| D) - att; "™ (R| D)

— (direct)

=\E[att (| D) | D] - Blatt{" (R* | D) | D]

= > att et R DYP(RC = R'| D) — > att (R | D)P(R°=R'| D)

RCR/'CQ RCR/'CQ

< ¥ ]attid““ (R'| DYP(R®> = R'| D) —att{"™) (R’ | D)P(R® = R | D)
RCR/CQ
< Y [at (R | D) —at O (R | D)|
RCR/'CQ
+ Y ’ (R°=R'| D) — (R°:R’|D)’, (EC.16)

RCR'CQ

where the last inequality is due to the the attribution scores and the probabilities involved being
bounded by 1. Each component of the first term is bounded in Theorem 4. For the second term,

the estimated version of thinning yields

_ o (b | HOVE
P(R°*=R'|D)= H P(Bernoulli(1 — M

)= Lit;,erery)-
(tire)EO\R Ae;(ti | HE)
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Therefore,

‘]P(J/%\<>:R’|D)—]P(R°:R’|D)‘

: D\R'\ \ {(ti.ep)eR'} /3 D\R'\ \ " L{(ti.ep)er}
H (1_/\6¢(ti|/Hti\ )) (Aei(ti|Hti\ ))

(t.0) EO\R Aei (ti | 1) A, (t [ HiY)

’ Lok e / , 11, . )
- II (- Aot H )N O 1))
Aes(ti [ 1) A, (ti | HE)

(ti,e;)EQ\R

< >
t;,e;)EQ

(

At [ HP)  Aq(ti[HD)
Ae (b | M) o (1| HE)

A, (ti | HD) e (ti[HE)

At HE™) (1 HEY) ‘

\R

<(m-—r) max
(tises ) EQ\R

(EC.17)

Using similar tricks in Theorem 4, we can show that each component in (EC.17) has the same
rate of convergence up to some constants. Combining (EC.16), (EC.17), and Theorem 3, we can
derive the desired bound. It suffices to make sure Theorem 3 holds for each e =1,...,q. The
corresponding tail probabilities can be obtained by the union bound. Let 8(¢) = (u., )" denote
the true parameter and 0 be its regularized estimate for e =1,...,q in the following context.
Then there exists Cy > 0 such that

(i) If p is fixed and n is sufficiently large, then for any constant 0 <v <1,

— (total)

]P(}attti* (R| D) —att{"™)(R| D)| > Cyn~*3%)

q
<3 P8 -6
e=1

<q-2(p+1)(p+2)exp(—n)

1—v

=)

> 10(E@) (el e In

<2p(p+1)(p+2) exp(—n");

(ii) If p diverges and n is sufficiently large, then for any constant ¢ > 3,

— (total)

P(fatt,,. " (R| D)~ att!"™ (R | D)| > C, cloglp+ 1),

tix n
q
<> p(|6 -6
e=1

-1 (e 1 ~(e) [Clog(p+1
> 10(5( )) L )(C§ )) %Ci ) 74 (p ))
<q-3/(p+1)~°

<3/(p+1)%

Therefore, the proof of Theorem 5 is complete. n
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