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Supplementary Material

EC.1. Proof of Lemma 1

Proof of Lemma 1. Recall that VI) = ZT: Teon.  We decompose REG, =
Eo [V°%(Z,0,B)] — V°*(Z) in (3) into the regret fré):rrll time period T to period K + 2 and
the regret during the last K + 1 time periods:

T
E@ VOH(I,@,BT)—VOH(I,(@K+1,...,@1),3]{_,_1)+VOH<I,(@K+1,..., BK+1 ZT
t=1
T
- Z E(G)t ..... 01),Bt [VOH(I7 (Gt,"'7@1)7Bt)_VOH(Ia (Gt—la"w@l)aBt—l)_rs‘g“}
t=K+2
K+1
+ E(@K+1 ,,,,, @1) BK+1 VOH (I7 (@K+17 R 7 BK+1 Z TSOD
T
Samax'M'Tmax' Z P(VOH(I7<@ta-"a@1)7Bt)_VOHCZ?(@t—lﬂ""@1)7315—1)>T$§m)+ZT8‘
t=K+2 seS

In particular, the first part of the last inequality comes from the explanation right below

the statement of Lemma 1, and the second part follows from the fact that

K+1
VOH(L (OK41,.-+,01), Bry1) — eron < ZTS (EC.1)
t=1 ses

To see (EC.1), note that with a K-period delay, the online policy has full knowledge of
(Ok41,...,01) so that the gap between VI (T, (Ok,1,...,01), Bx,1) and Kil Teon is due
to integrality. This gap has an upper bound » | 7, by rounding each variable (t)?lthe optimal
solution to the LP, which is independent of %e gnd K. The proof of Lemma 1 is completed.

O

EC.2. Proofs of Statements in the Multisecretary Problem
Derivation of (8). We first characterize the optimal solutions to the offline and online
LP Problems (6) and (7). Because both B, and D;,[t,1] are integers, Problem (6) has an

optimal integer solution {X X } . for each t:
jelN

t,go t,05

N
X;; = min (Bt— > Dg[t,1]> , Djit,1] p  and Xjy;= Djlt,1]-X;,. (EC.2)
f=j+1
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Similarly, Problem (7) has an optimal solution {Xy;, X¢;}civ:

N +
X,; = min <Bt— 3 (Dg[t,t—K]+/\g[t—K—1,1])) L Di[t,t— K]+ A\t — K —1,1]

l=j+1
(EC.3)
Xt,(Z)j — D][t,t— K] + )\j[t - K - 1, ]_] - Xt,j-

Recall that for each t =T,T —1,..., K 4+ 2, the algorithm accepts the candidate with
type ©, at time ¢ ift X, o, > X, go,, which is equivalent to that at least half of type ©;

candidates are accepted in the LP solution:

1

Xio, > = (De,[t,t — K]+ Xo, [t — K —1,1]). (EC.4)

o |

Combining with (EC.3), (EC.4) is equivalent to

N
1
B> > (Dyft,t— K]+ N[t — K —1,1]) +5 (Do [t:t = K]+ o[t — K —1,1])
{=O++1
Ao,
= (1—F@t+?>(t— —1 ( Z Dé +2 D@t[ K])
(=O¢+1
Similarly, the algorithm rejects the candidate with type ©, at time t iff
1
Xio, < 5(D@t[t,t—K]—f—/\@t[t—K—l,l]). (EC.5)

Combining with (EC.3), (EC.5) is equivalent to

B, < (1—F@t A;t)(vt—ff—l)Jr( XN: Dg[t,t—K]—F%'D@t[t,t—K]).

(=O¢+1

The derivation of (8) is completed. O
Proof of Theorem 1. Combining (5) with the fact that ap.x =1, M =1, rpax = 7N, and
when the decision for ©; incurs regret is exactly when incorrect acceptance or rejection

occurs, the regret REG of Algorithm 1 can be upper bounded by

ry - Z P (VH(Z,(0...,01),B) — VL, (0 1,...,01),Bi1) >ren).  (EC.6)

t=K+2
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Note that the probability in (EC.6) is w.r.t. (©,_1,...,01) and B;. It is straightforward
to verify that incorrect acceptance for ©; occurs iff X7g =0 and (8) holds, and incorrect
rejection for ©, occurs iff X7y =0 and the reverse of (8) holds. From (EC.2),
N
Xio,=0 < > D(t1]>B,

1=0++1
N

0o, =0 < > D[t,1] < B,
(=04

(EC.7)

Combining (EC.7) and (8), it follows that incorrect acceptance implies
N

A 1
Y. Dift—K-1,1]—(1-Fo,)(t—-K—-1)> ;t (t=K—1)+5-De[t,t - K],
(=0:+1
and incorrect rejection implies
(1—Fo,+ Xo,) (t 1) ZD[t— Ao, (t—K—1)+1 De,[t,t — K]
@t 9,5 l 9 - 2 2 et Y °
=6,
Hence, conditional on (Oy,...,0,_ k), the probability of incorrect acceptance for ©; is at

most

N

1

P( S Dilt - K -1~ (1- Fo )t~ K~ 1) > 22 -<t—K—1>+§-D@t[t7t—K1>,
(=0:+1

(EC.8)

and the probability of incorrect rejection for ©, is at most

1
P ((1—F@t+)\@t) (t—K—1) ZDM— ~1,1]> == -(t—K—1)+§-D@t[t,t—K]) .
(=6,
(EC.9)
Furthermore, from Hoeffding’s inequality, both (EC.8) and (EC.9) can be upper bounded
by
t—K—1 Do, [t,t — K]\?
—— A — . EC.1
exp( 5 (@t—i— K1 > (EC.10)

Note that B; is the only state variable in the multisecretary problem and the upper bound
(EC.10) holds for any value of B;. Thus, conditional on ©,, it follows that

P (VH(Z,(Or;-..,01), Bi) = VL, (O11,...,01), Bi1) > rem)

t—K—1 Do, [t t — K]\ ?
<E |exp (—T()\eﬂr%) > O, (EC.11)
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where the probability and expectation above are w.r.t. (0;_1,...,0;_ ). Furthermore,

t—K—1 Do, [t t — K]\ ?
P <_T'<’\et+%) > @t]
@t]

exp (e, - Do [t t = K]) - exp (‘ (1292; . 2__K1]>) )

E

NS,
= exp | —— (t—K-1)|-E

)\2
S exp (—&(t—K_l) E[exp(_)\@t'DGt[t7t_K])’@t]

;)
/\2
= exp (— ;t -(t—K—l)) o E [exp (— e, - Do [t — 1,t — K]) |©] (EC.12)
)\2
= exp (-%41&-1{-1)) Ao (Ng,e e +(1—>\@t))K, (EC.13)
_ (De, [t,t—K})2

where the inequality comes from the fact that the term exp ) is no greater

2(t—-K—1)
than one and (EC.12) is from the fact that Dg,[t,t] =1 conditional on ©;.

Recall that Ay, = m[%l] Aj and py = Aminemin 4 (1 — Amin) < 1. Note that the function
je

g(z) = e~ + (1 — ) is non-increasing in = on [0, 1]. Hence, combining (EC.6), (EC.11),
and (EC.13), the expected regret is no greater than

- Z >N ( A exp(—%?-(t—K—1)>-(Aje—AJ‘+(1—Aj))K)

t= K+2]6[N]
2

IS Z Z A ( Amin . exp ( /\I;m (t— K — 1)) +(Amine™ e 4 (1 - )‘min))K)

t=K+2 je[N]

T
— . A1211111
= ry e tmin. plt. Zexp(— 5 (t—K—l))

—Amin K - )\Iznint
TN . e . pO . Z eXp _T

TN'e Amln.pg‘ p( 2/ )
1- eXp(_)\min/2)
_)\min K 1
6 . 0 .
exp( m1n/2) —1
2.7y - e tmin
< Pé('/\g—,

min

IN

IN

IN

_T‘N.

where the last inequality comes from the fact that e* > 1+ x for x > 0. The proof of

Theorem 1 is completed. U
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EC.3. Proofs of Statements in the General Online Resource
Allocation Problem

Proof of Theorem 2. We first prove that X;S?n < Qmax + 1 is a necessary condition for
VOH (I, (@t7 e ,@1), Bt) — VOH (I, (@tfh e 7@1)7 Btfl) > 7’3?“.

Indeed, if Xzsgn > max + 1, then By; for each resource i € [M] satisfying aen > 0 is
at least (Gmax + 1)aisgn. This implies that the remaining resource after action s{" is at
least max * Gison > Amax, because apyiy is normalized to be 1. Thus, action s" does not
result in an update of feasible action sets. That is, S' = S*"! and V°I(Z,(0y,...,0,), B;)
and VT (Z,(0;_1,...,01),B;_) have the same coefficient matrix. From this, we prove
that V°T(Z,(©y,...,01), B,) = VI (Z,(0-1,...,01), Bi_1) +rsn. More specifically, for any
given sample path ©, we define w; as the indicator of whether action s € S; is chosen
for arrival ©; with customer type j, namely, wt =1{©; = j, s?" = s}. Let us consider the

following variant of the offline Problem (19):

mex 3z, (EC.14)

SESt

s.t. Z a;sxs < By, Vi € [M],

SESt

Z xs:Dj[tvlL VJG[NL

SESt,]'

Ts > Ws, Vs € S,.

Let Vo (Z,(0y,...,01), B, {w,}) denote the optimal value of Problem (EC.14) with right-
hand side vector B;, {Dj[t,1]}, and {w,}. It is easy to see that the optimal value
of the offline LP Problem (19) is V°T(Z,(©,,...,0,),B;,0) = VT (Z,(0,...,0,), B,).
After action sj" is chosen for ©;, the optimal value that can be obtained afterwards
reduces to VOE(Z,(@t,...,@1),Bt,{wgg}), Note that VOH(I, (©¢,...,01), By, {wps ) =
VOl(Z,(0y-1,...,01), Bi_1) + rgn, because S* = S, Thus, for any given ¢, the regret of

the decision s for ©, is

Diff £ V(Z,(6,...,01),B,,0) = V°T(Z,(6y,...,01), B, {wih})
e VOH (I, (@ta . .,@1),Bt) —_ (VOH <I7 (@t—17 . '791)7Bt—1) +’)”S?n) .
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Furthermore, for an optimal solution { X}, }ses, of Problem (19), because X; jon > amax+1 >
1, we have that { X/ }.cs, is a feasible solution of Problem (EC.14) with w, = wpY, implying
Diff = 0. Therefore, if Diff > 0, then we must have X} son < Gmax + 1.

Plugging this fact into (5), we have

T
REG < e Mo D P (X o < s +1)

t=K+2

T
= Omax* M * Tmax Z Z )\j P (Xzs?n < ama.x+ 1|@t :j> . (EC]_5)

t=K+2 je[N]

Recall that C7 = (amax + 1)Cinax + @max. We next bound P (Xzs?n < Gmax + 1|0y = j):

@t:j>
@t:j>

Djft—1,t— K]+ \({t—K—1)—C,

tson < a/max + 1|@t >

Djlt,t— K]+ M\t — K — 1)
Cmax + 1

| /\

tson<amax+]—+thon_

Djlt,t— K]+ \(t— K — 1)
Cmax _|_ 1

IN

- (amax + ]-)

P max‘X th|

seSt

]P’(max - K —1,1]—)\j(t—K—1)‘>

<
- JE[N] /ft(cmax + 1)

Dt —1,t— K]+ \(t—K —1)—C, ,
<P ‘D - K—1,1 )\-*t—K—l‘ it j 0, =
: I= A= K1) s Co + 1) =
2P (E)). (EC.16)

Here, k; = k(Jy), j; € argm%{\l)j[t— K —1,1] = \j(t— K —1)|}, and E/ represents the
je

following event conditional on ©; = j:

Dit—1,t— K|+ X\(t—-K—1)—C,
Rmax(cmax—f—l) .

Dj;ﬂ[t—K—l,l]—Aj;@—K—l) >

In addition, the first inequality comes from (21), the third inequality comes from (22), and
the fourth inequality is due to the monotonicity of x; in .

Note that (EC.16) is independent of B;. Conditional on (©;_1,...,0; k), we further
decompose P (Ef|@t_1, e, G)t_K) into two parts:

P (Eﬂ@t—lv O k) = AP+ A2 (EC.17)
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where

AP E T(Dft = 1.t = K]+ N(t = K = 1) = C1 <0)
-]P’(Ef

Dj[t—l,t—K]—’r)\j(t—K_l)_Cl<O>’
AP E (Dt = 1,t = K]+ N(t = K — 1) = C1 2 0)

-P(Eg' Dj[t—l,t—K]—l—)\j(t—K—l)—Cl20).

It is easy to see that P (Eg

Dit—1,t— K|+ \(t—-K—-1)—-C, < 0) = 1. It implies that

T .
> E[4]"]
t=K+2
T
= > E[I(Dt—1,t— K]+ X(t— K —1)—C, <0)
t=K+2
IP(Et] Dit—1t-— K|+ \(t—K—-1)—C4 <0>]
T
= > PD[t—1Lt-K]+X\(t-K—1)—C;<0)-1,
t=K+2
T-K-1
= Z P (BIH(K, )\J) < Cl - )\jm) 5
m=1
where the expectation above is w.r.t. (0;_1,...,0;_ ), and the last equality holds because

D;[t — 1,t — K] follows a binomial distribution with parameters K and A; (denoted by
Bin(K, \;)). It is straightforward to see that

s

m=1

T 1

P (Bin(K, \;) < C; — \jm) < [%w P (Bin(K, ;) <)
J

(EC.18)

IN

Kﬂ P(Bin(K,\;) < C1).

For K > -9 Hoeffding’s inequality can yield the following upper bound on

)\min

P (Bin(kK, \;) < Ch):
P (Bin(K,\;) <C1) < exp (—QK <)\j B %) 2)

2
S €xXp <_2K ()‘min - %) )
Ct

= exp (—QK)\fmn + 4 minC1 — 2?)
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< eXp( INZ (K—2)\Cl ))

In addition, P (Bin(/, A;) < C) has a trivial upper bound 1 for 0 < K < Cl . Thus, for all
K >0, we have

P(Bin(K,\) < C1) < (exp (=23,,)) "R =y (EC.19)
where p; = exp(—2A2, ). It implies that
T
C K—25°L
>[4 <[] p T (EC.20)

t=K+2

T )
Next, we bound > E [A{’ﬂ from above. From Hoeffding’s inequality, for all t > K + 2,

t=K+2
we have
]P(Eg Dj[t—l,t—K]+)\j(t—K—1)—Cl20)
2
< 2exp _2(D][t 1,t— K]+)\(t K—-1)-0C)) ,
(t - K — 1) max : (Cmax + 1)2
which follows that
T .
> E[4]7]
t= K+2
< ZE t—1,t— K]+ \(t—K—1)>0))
t=K+2
(Dt -1t = K]+ X\(t— K -1) = Cy)°
2exp< . (t_K_l) max'(cmax+1)2
- <Aj<t—K—1>+<D[ t—1,t—K]-C1))’
Z exp .
t=K+ (t - K- 1) max ’ (Cmax + 1)2

In addition,

E

2()\j(t—K—1)+(D [t—l,t—K]—Cl))2
oPT (t—K —1)- K2 (Couae + 1)?

o (G e (M)

2(D,[t —1,t — K] — Cy)*
- exp _(t—K—l) K2 (Crax +1)?
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2M3(t— K —1) 4\ (D[t —1,t— K] —CY)
= o (‘Kﬂ ]-(cmax+1>2>E{eXp <‘ 12 (Coe + 1)2 ﬂ

2)‘2‘(t - K-1) 4N - Cy 4\ K
B eXp( max-(OmaxH)?) o (fe?nax (Omax+1>2> (AJ’ exp( e G T 12 )Hl_w)

2)\2 (t - K - 1) 4)\max : Cl K
< min EC.21
N eXp ( K?nax ’ (Cmax + 1)2> exp (Ii2 ' (Cmax + ]-)2) p2 , ( C )

max

ZJLAmin

m) + (1 — A\pin) and the last inequality comes from the

where py = A\pin €xp <

fact that the function f(x) £ zexp (—W) + (1 —=z) is non-increasing in z € [0, 1].

Thus,

T T
4 202 (t—K-1) A\ pax - C1
> e <2 3 (o (-2 Yoo (e ) o
t=K+2 t=K+2 K?nax ) (Cmax + 1)2 max (Omax + 1)
2X2 .
exp <H?nax (Cr::::-f-l) ) 4)\max : Cl ) K
P2

exp (
222 b . 5
L —exp <Wn[$+1)2> Kinax (Cmax + 1)

<2.

2 ( A pax - C1 ) K
pr— . eXp . p
exp (¢> -1 HIQHaX ) (Cmax + 1)2 2

max (Cmax+1)

< 2 4)\max : Cl K
. eX .
1+ % 1 P Fmax * (Cmax + 1) &
H?nax il‘z)bmax + 1) 4>‘max : Cl

where the last inequality comes from the fact that e* > 1+ z for x > 0.
Therefore, by (EC.20) and (EC.22), (EC.15) is upper bounded by

oo - M - P - Z >N P (X < e + 116, = j)

t=K+2 j€[N]

Cl K72>\:,71in /i?nax (Cmax + 1)2 4)\max ) Cl K
(s M T ,;ﬂ & quJ TR, P\ G+ 12) 77
J

Cl K72>\:‘71m max (Cmax + 1) 4)\max : Cl K
Amax * M - Tmax ( ’Vm—‘ P + )\2 1 exXp /{2 (Cmax + 1)2 P2

min max

Cl -2 ilm 12nax : (Cmax + 1)2 4)\max : Cl K
amax'M'Tmax' (’V)\min—‘ * P + )\2 - exXp /f?nax'(cmax—f‘].)Q P,

min

IN

IN

IA

where p = max{pi, po}. The proof of Theorem 2 is completed. U
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EC.4. Proofs of Theorems 3 and 4 in Section 6
Proof of Theorem 3. Recall that the estimated arrival probability of type j € [IN] in

period t is
D;[T,t—- K]

T—t+1+K
Additionally define the following event:

Ft]é{ <77}»

where 1 = ’\g—“ min {é, 1} as defined in (26). Let Fy; be the complement set of

Atj =

At

Kmax(cmax+1)
F, ;. By Hoeffding’s inequality, for all j € [N],

P (Fy;) :P(]Dj[T,t— Kl =T —t+14+K)|>n(T—-t+1 +K)) < e 2 (T=HHIHK),

(EC.23)
Similar to (21) and (EC.15), we have
X > De,[t,t — K]+ Mo, [t — K — 1,1]7
ot Cmax + 1
and
REG < tyax - M - Tina - Z >N P (X < e+ 110, = ). (EC.24)
1=K+2je[N]

We next bound P (Xzsgn < Umax + 1|0y :j). Similar to (EC.16),

P (X g < s +1]0, =)
Dj[t—1,t— K]+ M\ ;(t—K—1)—C,

@t:j>

gIP’<‘Dﬁ[t—K—1,1]—S\t,jt*(t—K—l)’> o (Co D)
2 p(A)

:]P(A, FC )+P A Ft]t Ffj)—l—P(A, Ft,jfv EJ)

- IED(A Fy; )+IP’ (A, Frj;, F) +P(Fy;, Fiy) - P(AFy;, Fiy)

< P(Fiy:) +P(F) + B (A|Figz, Fuy).,

where A represents the conditional event

Dj[t —1,t — K]+ A\ ;(t— K —1) = Cy
’imax(cmax + 1)

{‘Djt*[t—K—l,l]—S\t,jt*(t—K—l)‘ >

@t:]}
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From (EC.23),
P (Ftcj*> < Qe WI—tHIHK)  p (Ftcj) < e 2P(T—HHIFK).
In addition, it is straightforward to verify that conditional on F j:,

Dilt =K =1,1]= Ay (¢ = K = 1)

IN

Dyl — K = 1,1] = xjp (¢ = K = 1)] +| (S5 = A ) (t—K—l)‘ (EC.25)

*
t

*
t

SI%U—K—LH—Mﬁ—K—DMm@—K—m
and conditional on F} ,

/A\t,j > N —=N> N Kmax(Crax + 1) + % (EC.26)
(EC.25) and (EC.26) together imply that

P (A|F.j;, F;)

SPQ@ﬁ—K—LH—Mﬁ—K—UhﬂMFJJ—M+&@—K—DB—Q).

Emax(cmax + 1)
Moreover, similar to (EC.20) and (EC.22), we can derive

i P(‘Dj;[t—K—l,l]—)\j;(t—K_l)‘>Dj[t—1,t—K]+/\j(t—K—1)/3_Cl>

t=K42 Kmax(cmax + 1)
3C, K25 C-‘1/3 Ko (Cmax + 1)2 4- (AmaX/g) Oy ~K
< . min max . .
- ’V)\min—‘ 1 i (/\min/3)2 o K?nax : (Cmax + 1)2 Pa>

where p; and po are defined in (26). Combining all the above, (EC.24) is upper bounded
by

T
o M T 3 300 B (X < s+ 10, 1)
t=K+2 je[N]
T
S U - M e - Z 46—2772(T—t+1+K)
t=K+2
301 K—2>\ q1/3 :‘i2 . (Cmax + 1)2 4. ()\max/3) : Cl K
max M * Tax * A min max X A
ta " ( ’V)\min—‘ P * ()\min/S)2 o H?nax : (Cmax + 1)2 2
2 3C1T 25 K2 (Cmax +1)2 4 (Anax/3) - Ch K
< max M - max " | "o 3 | i — : ' )
= ' (n2 ’ M o T /3 TP R (Cone 4 12

where the last inequality comes from the fact that
T —92 2
Z fo 2 (T—tH1+K) « g,—20°K e < 3
- 1—e 2 = p2
t=K+2

The proof of Theorem 3 is completed. 0
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Proof of Theorem 4. As discussed in Section 6.3, T'= (K + 1)([T/(K +1)] — 1) +
R and there are [T/(K + 1)] batches. It suffices to consider the regret incurred
in the first [T/(K + 1)] — 1 batches. Particularly, the n-th batch consists of
Or—(n—1)(K+1)> OT—(n-1)(K+1)=15 - - - s Or—n(i1)+1 forn=1,..., [T/(K +1)] —1, and the deci-
sion for ©r_(,—1)(k+1)—(k—m) in the n-th batch is equivalent to m-period delay based on
the expected demand A[T —n(K +1),1]| for m=K,K —1,...,0. Each arrival in the first
[T/(K +1)] —1 batches can be specified by some n € [[T/(K +1)] —1] and m € {0} U[K]:

t=tn,m)=T—(n—1)(K+1)— (K —m)

(EC.27)
= (K+1)([T/(K+1)]—-1-n)+(m+1)+R.
Namely, the arrival at time ¢(n,m) is in the n-th batch with m-period delay.
By the characterization of (n,m) and (EC.15), we have
[T/(K+1)]-1
REG < auax M * T Z Z >N P (X, < s+ 1Ortamy =3 )
m=0je[N]

Similar to (EC.16), P (X*

t(n,m),s?{lnym)

< Amax + 1|Oynm) = j) can be bounded by

F ( tmm).sgn, ) < Gmax 1Oty = 7 > s P (Ef(n,m>> ’

where Ef(n m) represents the following event conditional on Oy, ) = j:

‘Dj;(w T —n(K +1),1] = \; (T —n(K + 1))‘
- D;t(n,m)—1,t(n,m) —m]+ X\;(T —n(K+1)) — C’l‘
Fmax (Cmax + 1)
Here, ji,, . € arg?é%ﬂDj[T—n(K—f— 1),1] =\ (T'—n(K+1))|} and t(n,m) —m —1=
T —n(K+1) from (EC.27). Similar to (EC.17), define

P < |@t (n,m) Gt(n m) m) A](n m) + AJ m)’

where
Ai(}zm) £ 1(Dy[t(n,m) — 1,t(n,m) —m] + X\;(T —n(K +1)) — C; <0)

P (B | Dilt0,m) = 1, () = m] 4+ X(T = n(K +1)) = €1 <0)

A,

m) = 1(Dy[t(n,m) — 1,t(n,m) —m] + X\;(T — n(K + 1)) — C; > 0)

P (Ei(n,m) \Dj [t(n,m) —1,t(n,m) —m] + X\;(T —n(K +1)) = C, > o) .
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It is easy to see P(E nm)‘D n,m)—1,t(n,m) —m]+X\;(T"—n(K +1)) —C} <0> =1.
It implies that

[T/(K+1)]-1 K
il
> ZE[Atm,m)}
n=1 m=0
[T/(K+1)]-1 K

= Z ZP(Dj[t(n,m)—l,t(n,m)—m]+)\j(T—n(K—|—1))—C'1<O)~1

K ]'T/ K—i—l)] 1

:Z Z P (Bin(m, A;) < Cy — \(T —n(K +1)))

K [T/( K—i—l)] -2

= Z Z P (Bin(m, A;) < Ci1 — X;j(n(K +1)+ R))

me{ [K+ J 1, [%w }]P’(Bin(m,)\j) <Cy—\R),

where the last equality comes from the expression of T'= (K + 1)([T/(K +1)| - 1)+ R

IN

and the last inequality is similar to (EC.18). Thus, by applying Hoeffding’s inequality and
using a similar argument to (EC.19),

[T/(K+1)]-1 K

K
) T C, m+2R—2-1
3 E:E[A” }< S T P Kin
2o 2o | Filnm R N 7| A (K + 1) m:0p1

(EC.28)
where p; = exp(—2A2, ).
(K01~ ,
Next, we bound Z Z E [AJ (n m)] from above: by Hoeffding’s inequality,

P(Eﬂ(nm))D (n,m) —1,t(n,m) — ]+)\j(T—n(K+1))—C’120>

< 2exp <_2[Df[t<”7m> —1,t(n,m) - ]+Aj<T—n(K+ 1)) —01]2> |

(T (K + 1)) max ’ (Cmax + 1)2

which implies

E[47,)] < 2E

(T =n(K+1)) - i (Conax + 1)

oxo (_Q[Djwn,m) ~ L t(n,m) ~m] + AT = (K +1) —01]2>

In addition, similar to (EC.21),

E |exp (—2[Dj[t(n’m) L,t(n,m) — ]+)‘j(T_n(K+1)) —01]2>]

(T =n(K+1)) - £ (Conax + 1)

202, (T —n(K +1)) Amax - C1
< eXp min eXp pm
N /i?nax ’ (Cmax + 1)2 K/ilax ’ (Cmax + 1)2 2
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where p2 = Amin exp (—%) + (1 — )\min)- Thus, we have

T/(K+1)]-1

7,2
>, E [At(nm]
n=1
(K] -1

N2 (T —n(K +1)) W - C1
< 2 min m
=2 X <eXp ( e Conae 12 ) i (Conae +12)
, fT/(I<Z+1ﬂ—2e 2)\?“1( (K +1)+R) I pax - O .
= X X
o TP R (G +1)2 P AR (Conme +1)2)
222 (K+1) T Admin
B 2 (1 — €xp ( 2 (ConenF 1) (’VK+1—‘ - 1))) exp (‘@m (cmax+1)2R> exp ( Aax - C1 ) o
- 22 ’ 2 . 2 | P2
1-— exp (—W(K =+ 1)) Kiax (Cmax + 1)
2,\§nn(K+1) T
- 2 <1 —exp( K2, (Cmaxt1)2 ((KHW - 1))) . p( 4 ax - Ch ) pR P
. X . .
— 22 2 3 2
1-— exp <—m) max (Cmax + 1)
max "~ “1 R m
= . - DR EC.29
1—[03 exp (K?nax'(cmax+1)2) P3 P2 ( )
where p3 = exp ( R (Coan T 1 ?é’fn‘:ﬁl) )
Therefore, by combining (EC.28) and (EC.29), we conclude that
[T/(K+1)]—1
Z Z >0 P (X gy < o+ 1Oty =)
m=0j€[N]

T
< 3 - _1 - - rnm.
_mmHFHLJ ’[Amm(F.’HH E pl i

10)
4/\max'
1= py 'eXp<n2 (G 417 ) Z”? o

_|_
max
K e Zewerw <—4Ama;:;1>

. (K1) ([2-]-1
where ¢; = min { [KLH] -1, [%-‘ } , ca=1—ps ([=1-1) and p = max{p?, p3}.
The proof of Theorem 4 is completed. U





